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Efficient and simple Gibbs state preparation of the two-dimensional toric
code via duality to classical Ising chains
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We introduce the notion of polynomial-depth duality transformations, which relates two sets of operator
algebras through a conjugation by a poly-depth quantum circuit, and make use of this to construct efficient Gibbs
samplers for a variety of interesting quantum Hamiltonians as they are poly-depth dual to classical Hamiltonians.
This is, for example, the case for the two-dimensional toric code, which is demonstrated to be poly-depth dual to
two decoupled classical Ising spin chains for any system size, and we give evidence that such dualities hold for
a wide class of stabilizer Hamiltonians. Additionally, we extend the above notion of duality to Lindbladians in
order to show that mixing times and other quantities such as the spectral gap or the modified logarithmic Sobolev
inequality are preserved under duality.
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I. INTRODUCTION

Given a Hamiltonian H and some inverse temperature 0 <

β < ∞, its associated Gibbs state is defined as

σ (β ) = e−βH

Tr[e−βH ]
. (1)

The Gibbs state of a Hamiltonian describes its equilibrium
properties at a given inverse temperature [1] and has been a
subject of interest in the community for a long time [2–5].
One of the main ambitions in the field is being able to pre-
pare Gibbs states efficiently with a quantum computer. There
are multiple algorithms for preparing Gibbs states [6–11],
but an avenue that has gained special attraction is that of
algorithms based on dissipation [12–16]. In order to prepare
Gibbs states—also known as Gibbs sampling—efficiently us-
ing dissipation, there are two conditions that must hold: The
Lindbladian associated with the model must thermalize fast,
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and it must be efficiently implementable on a quantum com-
puter.

In this article, we prove that efficient Gibbs state prepa-
ration is preserved under conjugation by polynomial-depth
quantum circuits. This fact lies at the core of the subsequent
results obtained and motivates the definition of poly-depth
dual families of Hamiltonians, which will be the main focus
of the text. Indeed, as any Hamiltonian composed of com-
muting Pauli strings can be diagonalized using a poly-depth
Clifford circuit [17,18], it is possible to perform efficient
Gibbs sampling for any such Hamiltonian by sampling its
classical poly-depth dual counterparts, provided these can be
efficiently sampled. A similar approach is studied in Ref. [19].
Furthermore, Clifford circuits can be simulated efficiently on
classical computers, so the Gibbs sampling algorithms we
propose in this work can be realized entirely without using
quantum circuits. Even in settings where equilibrium proper-
ties like free energies can be efficiently computed classically,
quantum Gibbs sampling can be useful to simulate more
complicated properties such as the behavior under quantum
quenches.

In order to study explicit examples, in Sec. III we provide
a formal proof of the two-dimensional (2D) toric code being
poly-depth dual to two decoupled classical Ising chains. In
particular, as these can be efficiently sampled, this allows
us to provide an efficient Gibbs sampling algorithm for the
2D toric code for any system size whose run-time is inde-
pendent of β. Note that up to date it was only proven that
the Davies generator associated with the 2D toric code was
gapped [20,21] and, more recently, had a positive modified
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log-Sobolev inequality (MLSI) [22]. Therefore, we obtain a
more efficient and practical sampler.

Furthermore, we provide explicit circuits mapping several
well-known quantum models, such as the 3D toric code,
Haah’s code, or the X-cube model, to simple classical models.
The results obtained, which are summarized in Table I and dis-
cussed in Sec. IV, are backed by a computer-assisted proof up
to a large, finite system size. Should these poly-depth dualities
hold for every system size, our methods would provide, for
the first time, a constructive method for performing efficient
Gibbs sampling for these models. Therefore, the Gibbs state
associated with the models could be efficiently sampled for
every β < β0, where β0 < ∞ only in the three-dimensional
(3D) toric code case and β0 = ∞ in the remaining cases.

Finally, the notion of poly-depth duality can be extended
to the context of Lindbladians. In this context, dual Lind-
bladians arise as an alternative to well-known Lindbladians
such as the Davies generator [23] or the Chen-Kastoryano-
Gilyén (CKG) Lindbladian [24]. Indeed, if L is fast/rapid
mixing, then any Lindbladian that is dual to it—as defined
in Sec. V—is also fast/rapid mixing. Furthermore, if L is effi-
ciently implementable in a quantum computer, every dual to it
will be efficiently implementable, irrespective of its locality,
as long as the duality is given with respect to a poly-depth
quantum circuit.

In Sec. V, it is shown that fundamental properties such
as uniqueness and full rankness of fixed points, as well as
estimates on the mixing times of the dynamics, are preserved
under conjugation by unitaries. This, in particular, provides
us with a plethora of examples of Lindbladians satisfying
rapid/fast mixing (which is implied by an MLSI/gap, respec-
tively). Furthermore, given an initial sampler in terms of a
Lindbladian with MLSI, we show that when restricting to du-
alities with poly-log circuits, we obtain an even more efficient
sampling.

II. DUALITIES AND EFFICIENT SAMPLING

In this work, we will consider a possibly infinite graph
V and increasing families of finite subgraphs {�}��V , with
corresponding Hamiltonians {H�}��V . We will typically con-
sider square lattices and the spins of the system will be placed
at the vertices or the midpoints of the edges of the lattices.

Definition 1. (Poly-depth dual Hamiltonians, dual Lindbla-
dians). Two families of Hamiltonians {H1

�}��V and {H2
�}��V

are poly-depth dual if for every � � V there exists a unitary
matrix U�, which can be implemented by a circuit of polyno-
mial depth in |�| consisting of two-local gates, and such that
H1

� = U�H2
�U †

�.
Note that our definition of duality is not standard; in

Ref. [25], two Hamiltonians are defined to be dual if their
partition functions are proportional, and thus the sum of their
eigenvalues is preserved. In particular, our definition of dual-
ity, which preserves all the eigenvalues—and the number of
interactions—implies that of Ref [25]. On the other hand, the
notion of duality introduced in Ref. [26] is restricted to poly-
log-depth circuits and only requires the preservation of the
ground-state energy—and degeneracy—of the Hamiltonian.

Poly-depth dualities do not preserve many physical prop-
erties, such as topological order or any notion of locality. In

particular, our duality sits between that studied in Ref. [25]
and the one from Ref. [26], and is best characterized as a
duality that preserves polynomial-time guarantees. The lack
of physicality of our duality is a crucial feature as it allows us
to leverage efficient sampling algorithms for physically much
simpler models to obtain algorithms for topologically ordered
Hamiltonians.

The main tool that will be used throughout the rest of the
paper is the following.

Lemma 1. Fix β < ∞. If {H�}��V and {H̃�}��V are poly-
depth dual families of Hamiltonians and there is an efficient
quantum Gibbs sampler for {σβ (H�)}��V , then there is an-
other efficient quantum Gibbs sampler for {σβ (H̃�)}��V .

More specifically, for any �, if H� and H̃� are related by
a poly-depth unitary U�, i.e., H� = U�H̃�U †

� and σβ (H�)
is efficiently sampled with C�, then σβ (H̃�) is efficiently
sampled with U�C�. Note that C� acts on the physical and
additional ancillary qubits, where the latter are used in order
to generate the randomness as we start from an initial pure
state and generate a mixed state. In this work, we will find
dualities to classical models, which means the entire circuit C
and randomness generation can be performed classically. See
Fig. 1 for a better understanding.

From a complexity-theoretic point of view, the above also
rules out poly-depth dualities between computationally hard
and easy Hamiltonians [27,28]. It remains an open question
whether such examples exist for local Hamiltonians with the
same spectrum. Nevertheless, even in this case, finding ex-
plicit circuit dualities remains a nontrivial task that we address
in the following sections.

The proof of Lemma 1 is included in Appendix E 3. This is
in fact very powerful, as we will show that several well-known
Hamiltonians—including some whose ground state(s) have
nontrivial topological order—can be mapped via a poly-depth
quantum circuit to very simple classical Hamiltonians. Thus,
efficient sampling for the Gibbs states of those Hamiltonians
will follow immediately from the efficient sampling of the
Gibbs states of their classical counterparts.

Let us now show where the motivation for our definition of
duality comes from. Let H be a Hamiltonian

H =
m∑

i=1

αiHi, (2)

where {Hi}m
i=1 is a set of mutually commuting Pauli operators

and {αi}m
i=1 are some scalars. A Pauli operator is given by the

tensor product of the Pauli matrices σx, σy, σz, and the identity.
It is known that the terms {Hi}m

i=1 can be simultaneously
diagonalized, as they commute. Furthermore, this diagonal-
ization can be performed using an explicit one-dimensional
(1D) quantum circuit of quadratic depth in the number of spins
of the system, as proven in Ref. [18], following an algorithm
originally presented in Ref. [29].

One key property of the aforementioned algorithm is its
classical complexity of O(n2 max(m, n)), where n is the num-
ber of spins of the system and m is the number of terms of H .
Furthermore, the resulting circuit is a Clifford circuit of depth
O(n2) [18].

In this paper, we study several well-known quantum mod-
els of the form shown in Eq. (2) and make use of this algorithm
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TABLE I. Summary of the results obtained for the different models considered. The boundary conditions considered depend on the model;
most models have been studied under periodic (P) boundary conditions, while others have been studied with open (O) or cylindrical (C)
boundary conditions. Except for the 2D toric code, for which we incorporate a formal proof of the duality, all of the above findings are verified
for system sizes up to 90 × 90 in the two-dimensional models, and 20 × 20 × 20 in the three-dimensional models. Efficient Gibbs sampling
follows by Lemma 1 from the poly-depth duality of the models. Refer to Appendix G for a proof of the existence of an efficient Gibbs sampling
method for the lasso Ising chains, while the other models follow from well-known results (see Appendix C for more details).
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FIG. 1. Visual representation of the setting described in
Lemma 1. Note that the number of qubits is |�| = n, while the depth
of U� is polynomial in n. C� is assumed to be an efficient Gibbs
sampler for σβ (H ) taking a ancilla qubits.

to obtain classical poly-depth dual Hamiltonians for each of
them, which in general do not have a clear structure. For this
reason, we apply a simple algorithm, which we call pseudo-
Gaussian elimination algorithm (Algorithm 1)—which has
a classical complexity of O(n2m2), and obtains a quantum
circuit of depth at most O(mn2)—which allows us to further
restructure, via conjugation by CX gates, the classical Hamil-
tonian obtained in order to identify its structure.

III. DUALITY BETWEEN 2D TORIC CODE AND
CLASSICAL ISING CHAINS

One of the main results of this work is the poly-depth
duality between the two-dimensional toric code and two
decoupled classical Ising chains. A duality between these
models in the sense of having the same partition function had
already been established in Ref. [30], but here we extend this
to our stronger definition of poly-depth duality, i.e., conjuga-
tion by unitaries that are additionally of poly-depth. The proof
is deferred to Appendix B 2. Nevertheless, in this section we
will provide a brief introduction to the model along with a
discussion of the result.

The two-dimensional toric code [31,32] is defined on a
square lattice with periodic boundary conditions. We define
these lattices following the same notation as in Ref. [33];
indeed, let L ∈ N, and define SL as R/∼, where the quotient is
taken with respect to the relation x ∼ x + L for every x ∈ R.
Without loss of generality, one can identify SL with [0, L).
Let (VL, EL ) be the square lattice on the torus SL × SL with
vertices on the integer coordinates. Let �L be the set of spins
of the system. In this case, one spin is located at the midpoint
of every edge in EL (see Fig. 2).

In order to define the 2D toric code Hamiltonian, we use
the following notation: Given a vertex of the lattice v ∈ VL,
we denote by ∂v the set of the four spins that lie on the edges
adjacent to v. We also define p as any four-spin set such that

FIG. 2. Visual representation of a 3 × 3 two-dimensional toric
code. We have used pink crosses and blue squares to represent star
and plaquette operators, respectively.

its associated edges—which by a slight abuse of notation we
also denote by p ⊂ EL—form a square.

Thus, the Hamiltonian associated with this model is given
by

HTC = −
∑
v∈VL

JvAv −
∑
p⊂EL

JpBp, (3)

where Jv, Jp ∈ R for every v ∈ VL and every p ⊂ EL,

Av :=
⊗
i∈∂v

σ i
x, Bp :=

⊗
i∈p

σ i
z .

The above operators are known as star and plaquette opera-
tors, respectively. See Fig. 2 for a visual representation of both
of them.

In this context, we prove the following theorem.
Theorem 1 (Theorem B1, informal version). Let HTC be

the two-dimensional toric code Hamiltonian defined on an
L × L lattice, written as in Eq. (3). Then, there exists a
quantum circuit C composed of O(L3) CX gates and O(L2)
Hadamard gates such that

C

⎛⎝∑
v∈VL

JvAv

⎞⎠C†

is an Ising chain Hamiltonian and

C

⎛⎝∑
p⊂EL

JpBp

⎞⎠C†

corresponds to another Ising chain Hamiltonian with disjoint
support from the first.

The proof, which we defer to Appendix B 2, is inspired by
the circuits produced by the algorithm from Ref. [18] and Al-
gorithm 1. From analyzing such finite-sized circuits, we find
an explicit description of the circuit C needed to diagonalize
the Hamiltonian of the toric code for any lattice size L × L.

In fact, the circuit C can be decomposed into two circuits,
namely, V1 and V2. When conjugating the toric code Hamilto-
nian by V1, its operators get restricted to only act on a subset
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FIG. 3. Visual representation of the dual model obtained for
a 3 × 3 two-dimensional toric code, which corresponds to two
decoupled one-dimensional Ising chains. Note that the final dual
Hamiltonian acts trivially on both spins 3 and 16. Pink and blue col-
ors represent the two decoupled final Ising chains. Each bar denotes
a σz ⊗ σz interaction, and every circle represents a σz magnetic field.

of their support, i.e.,

V1Av (V1)† =
⊗

i∈(∂v)′⊂∂v

σ i
x and V1Bp(V1)† =

⊗
i∈p′⊂p

σ i
z ,

for every v ∈ VL and every p ⊂ EL.
This results in two decoupled simple and classical systems,

whose interaction graph is a tree. Finally, for each decoupled
system we will construct V2, which maps the resulting interac-
tion terms in each decoupled system to Ising interactions (see
Appendix B 1), thus resulting in two Ising chains.

See Fig. 3 for a visual representation of the final two Ising
chains that are dual to the toric code model in a 3 × 3 lattice.
Notice that, as we will prove in Appendix B 2, the resulting
Ising chains are of length L2 − 1 and do not include every spin
of the system, but rather there will always be two noninteract-
ing spins, which are related to the four-dimensional ground
space of the toric code. These two noninteracting spins can
also be seen as the logical subspace of the 2D toric code.

Since our proof provides an explicit construction of the
circuit realizing the duality, Theorem 1 has an additional
application: Our algorithm allows to explicitly prepare Gibbs
states within the logical sector [34]. An interesting open ques-
tion that can be addressed experimentally with this is whether
the logical information of Gibbs states within the logical sec-
tor could be recovered using active error correction routines.

The following theorem gives our main application of the
duality in this section: the efficient ground and Gibbs state
preparation for the toric code.

Theorem 2. The ground and Gibbs states of the 2D toric
code can be prepared with a gate complexity of O(L3) for any
0 � β � ∞.

Note that our circuit model assumes gates between arbi-
trary pairs of qubits. In particular, if a more restrictive circuit
connectivity is assumed, the size of the circuit may increase
by up to a O(L2) factor.

While we include the ground-state preparation in the
theorem, more efficient algorithms for this part are known
[35–40]. Note that the only error dependence is due to the
sampling error of a single classical bit with a given binary

distribution, while the quantum circuit is inherently error-free
for a gate set containing noiseless CX and H gates.

The proof of this theorem only involves sampling from a
classical Gibbs state of two Ising chains and then applying
the explicit circuit from Theorem 1. Sampling from a one-
dimensional Ising chain can be achieved by a simple iterative
procedure that we describe in Appendix B 2.

Prior approaches to efficient sampling exist based on
Davies generators [20] and modifications thereof [21], achiev-
ing fast mixing with a polynomial scaling in β, which come
with cumbersome and less efficient implementations based on
implementing the Lindbladian evolution. Moreover, for the
Gibbs state preparation, we achieve a circuit complexity of
O(N3/2) on N = |�| = O(L2), independently of β. To the
best of our knowledge, this improves the results known to
date, which relied on dissipative Gibbs sampling algorithms
using the Davies generator, and required a quantum circuit
of complexity Õ(N3 exp(β )) [20] or Õ(N5β ) [21], or more
recently Õ(N2 exp(β )) [22]. Recently, an alternative approach
studied in Ref. [41] obtains a classical algorithm running in
O(N4) time. Finally, a depth of Õ(N2) was obtained for the
defected 2D toric code in Ref. [19]. A more detailed discus-
sion is deferred to Appendixes E 1 and E 2.

IV. DUALITY BETWEEN COMMUTING PAULI
OPERATORS AND CLASSICAL MODELS

As indicated in the previous section, the explicit circuit
obtained in Theorem 1 was inspired by a computational
procedure, which we explain here together with a plethora
of analogous poly-depth dualities. We provide an algorithm,
which takes as input a commuting Pauli Hamiltonian and
outputs—deterministically in time polynomial in the number
of sites and terms—a polynomially sized circuit that maps the
Hamiltonian to a classical model (see Ref. [42]). Before even
considering asymptotic scaling, this can be seen as a practical
tool to preprocess Hamiltonians for quantum state preparation
tasks. We break down the sampling problem into an often
simpler state preparation problem followed by postprocessing
by an explicit efficient quantum circuit.

While the procedure, described in more detail in Ap-
pendix C, provably diagonalizes every given input Hamilto-
nian by performing operations that correspond to gates on a
tableau containing the Hamiltonian coefficients, the locality
of the final Hamiltonian cannot be predetermined. However,
with a suitable design of Algorithm 1, we were able to identify
patterns in the algorithmic output corresponding to the eight
interaction models given in the left column of Table I. Tracing
back these patterns allowed us to empirically establish poly-
depth dualities in the sense of Definition 1 between the initial
lattice models and well-understood interaction terms such as
the 1D Ising model. This results in the following conjecture.

Conjecture 1. The poly-depth dualities listed in Table I
hold in the sense of Definition 1.

Our evidence consists of computing the output of the above
algorithm for system sizes up to L = 90 (2D models) or L =
20 (3D models), which constitutes a proof for such system
sizes and leaves us with little doubt about its correctness in
arbitrary sizes. If the claimed structure of the output is correct,
the polynomial asymptotic circuit size provably follows from
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run-time bounds on the algorithm. However, we omit a formal
proof that would involve a similar analysis to the one in the
previous section, as it involves a separate tedious description
for each model.

Henceforth, adopting this conjecture, we state the follow-
ing application to state preparation.

Theorem 3. Assuming Conjecture 1, there are polynomial-
time Gibbs sampling algorithms for the models in Table I at
any 0 � β < ∞ except for the 3D toric code for which there is
a polynomial-time Gibbs sampler for β < β0 for some critical
temperature 1/β0.

The proof of this theorem, analogously to the previous
section, consists of applying the circuit to the respective clas-
sical Gibbs sampler, and hence only requires such a classical
algorithm. These are given by the previously described Ising
chains, which are again sampled in the same way as described
in the section before, with the only exception being the 3D
toric code.

For the 3D toric code, the dual system consists of local
interactions with bounded degree interaction graphs. For these
systems, efficient Gibbs sampling follows from results on the
mixing time of Glauber dynamics at high temperature [43]. At
low temperature, phase transitions in the 3D toric code have
been studied in Ref. [44], such that we do not expect efficiency
in that regime as thermal phase transitions are commonly
linked to computational ones [9]. It is not clear whether the
critical temperature of the phase transition coincides with the
limit of computational efficiency.

Note that the selection of models is motivated by the find-
ings in Ref. [25], which proves this duality in a weaker sense:
The factorization of the partition function into partition func-
tions of the dual models. Their results imply that computing
the 3D toric code partition function is as hard as computing
the partition function of the 3D Ising model, explaining the
breakdown of the efficiency of our algorithms for this model
at low temperatures.

V. PRESERVATION OF MIXING TIMES UNDER
CONJUGATION BY UNITARIES

In this section, we apply the notion of duality explored
above in the context of Lindbladians. Given a state ρ ∈ S (H),
let us recall that a Lindbladian is given by

L(ρ) = −i[H, ρ] +
∑

k

γk

[
LkρL†

k − 1

2
{L†

k Lk, ρ}
]
, (4)

with positive constants γk , a Hamiltonian H = H†, and
(bounded) jump operators {Lk} ⊆ B(H). For an arbitrary uni-
tary U ∈ U (H), define the map L̃ as

L̃ := AdU ◦L ◦ AdU † , (5)

with adjoint action AdU (X ) := UXU †. Then, we say that L
and L̃ are dual Lindbladians.

The following properties are preserved under duality of
Lindbladians (see Appendix D 3 for a precise formulation of
these properties).

Theorem 4 (Theorem F1, informal version). Let L, U , and
L̃ be defined as above. Then, the following statements hold
the following:

(1) If σ is the unique fixed point of L, σ̃ = UσU † is the
unique fixed point of L̃.

(2) The spectral gap, MLSI and mixing time of L coincide
with those of L̃.

The proof of this result is deferred to Appendix F. Note
that it can be immediately extended to families of Lind-
bladians in order to show that rapid and fast mixing are
preserved under dualities: {L̃�}��V achieves fast/rapid mix-
ing, or has MLSI/spectral gap if and only if {L�}��V does
(cf. Corollary F1). This immediately gives us a plethora of ex-
amples of systems satisfying a positive MLSI/spectral gap or
having rapid/fast mixing, as explicitly written in Corollary F2.
In particular, if Conjecture 1 holds, we can find a Lindbladian
that satisfies a positive MLSI at every positive temperature
for all these models except for the 3D toric code, for which
such a Lindbladian will satisfy a positive MLSI at high enough
temperature (cf. Theorem 3).

While we note that the above theorem makes no further
assumption on the unitary, in the context of this work we are
most interested in the case where U is a poly-depth circuit. In
Ref. [28], the same type of duality has been observed to relate
two Davies generators of a classical noninteracting and a com-
muting low-locality Hamiltonian, respectively. Consequently,
the two corresponding dual Davies generators come with an
efficient implementation due to their low locality. We improve
upon their result, Lemma 2.3, by showing that the MLSI does
in fact not decay with the circuit depth when conjugating the
Davies Lindbladian as well.

Furthermore, we can consider polynomial-sized circuits as
the unitaries relating strictly local Lindbladians to their duals
as in the rest of this paper. While the dual Lindbladian is no
longer local, we notice that standard simulation techniques
like Theorem 1 in Ref. [45] based on block encodings yield an
efficient implementation of the dual Lindbladian: Simply con-
jugating each application of the block encoding of Lindblad
operators and unitary terms by the circuit yields an efficient
implementation of the dual Lindbladian [46].

Let us conclude by mentioning a straightforward appli-
cation of Lemma 1 and Theorem 4. By conjugation with
poly-depth unitaries, efficient sampling is preserved, as shown
in Lemma 1. Additionally, the same conjugation in the Lind-
bladian preserves the mixing time (Theorem 4), and thus,
by restricting the depth of the unitaries, if we sample with
known Lindbladians we can improve the efficiency of the
corresponding dual samplers (cf. Corollary F2).

VI. OUTLOOK

In this paper, we introduce a notion of duality based on
conjugation by poly-depth circuits, and we show that effi-
cient sampling is preserved under such a duality. We prove
analytically that the 2D toric code is dual to two decoupled
classical 1D Ising models for any system size. In addition,
we give computer-assisted proofs of multiple other dualities
between Hamiltonians composed of commuting Pauli opera-
tors and classical Hamiltonians up to a finite system size. We
conjecture that these dualities extend to arbitrary system sizes.
We leave it as an open question to formally prove the dualities
in Table I, which we expect to be achievable by a proof
analogous to the case of the toric code. Another direction to
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explore in future works is the extension of the results of the
current paper to higher-dimensional Paulis, as well as more
general models.

A very similar notion of duality to that explored in this
paper was already studied in Ref. [47] to disentangle Hamil-
tonians, i.e., to map them to noninteracting models. They
show that the circuit to disentangle the XY model is of depth
O(n log n), and mention that something similar could be done
for the honeycomb and stabilizer states. As the disentangling
of the XY model goes through free fermions, we expect that
the results of the current article can be extended to fermions,
and more generally to coherent states [48], but leave this for
future work.

A natural question from our duality relations is to identify
further Hamiltonians that are dual to “easy” Hamiltonians.
More specifically, given a Hamiltonian whose associated
Gibbs state can be efficiently sampled (e.g., a noninteracting
one), which Hamiltonians can we reach from it with a poly-
depth circuit?

Finally, while scaling to large system sizes will require
fault tolerance as our circuits are not shallow depth, testing
our approach for Gibbs state preparation for small systems on
noisy quantum computers in the near future appears within
reach. Indeed, the sampling part of the computation can be
performed entirely on a classical computer, whereas the quan-
tum circuit comes with a very moderate gate count, when
restricting to small system sizes. In particular, for the 2D toric
code, the number of gates used in the duality circuit associated
with a 3 × 3 lattice is 84, and the gate count remains below
1000 for a 7 × 7 lattice, which should make the implementa-
tion possible given error rates in the order of 10−3 achieved
by current hardware. A detailed discussion including depth
estimates may depend on the connectivity and is left for future
work.
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APPENDIX A: NOTATION AND BASIC RESULTS

1. Notation

Let us consider a possibly infinite graph G = (V, E ) with
vertices V and edges E . This graph will be endowed with
the metric d : V × V → R+ given by the shortest path in the
graph, and for X,Y ⊂ V ,

d (X,Y ) := inf
x∈X

inf
y∈Y

d (x, y). (A1)

We will denote by � � V that � is a finite subset of V . In this
paper, we will generally take V ≡ ZD for D any dimension,
although some of our results can be extended to more general
graphs.

In order to describe the Hilbert space associated with the
quantum spin system, we set at each site x ∈ V a local Hilbert
space Hx ≡ Cd , and thus the global Hilbert space associated
with � � V is H� = ⊗

x∈�Hx of dimension d |�|. In some of
the examples presented in this paper, we associate the spins
to the edges, rather than the vertices of the graph, but the
definition of the Hilbert space is totally analogous. Moreover,
whenever we consider a square lattice and place the spins
either in the vertices or the edges, we denote by �L the
set of spins defined in a cubic lattice of size L. We denote
the algebra of bounded operators in � by B� ≡ B(H�), its
subset of Hermitian operators by A� ≡ A(H�), and the set of
density matrices by S� ≡ S (H�). For any two finite subsets
� ⊂ �′, we identify B� ⊂ B�′ via the canonical linear isom-
etry between B� and B�′ given by X �→ X ⊗ 1�′\�. From
this, we can define the algebra of local observables as Bloc :=⋃

��VB�, and its closure, which is the algebra of quasi-local
observables.

In the following, we adopt the setting of a finite-
dimensional Hilbert space H with the Hilbert-Schmidt (HS)
inner product, given by 〈X,Y 〉HS := Tr[X †Y ], where X † rep-
resents the transpose conjugate of X . Dual operators with
respect to the HS inner product will be denoted with ∗. Ad-
ditionally, given a full-rank state σ ∈ S (H), we will make use
of the Kubo-Martin-Schwinger (KMS) inner product, given by

〈X,Y 〉KMS
σ := Tr[σ 1/2X †σ 1/2Y ], (A2)

for every pair of matrices X,Y ∈ B(H). We will further-
more consider Schatten p-norms in these spaces, given for
X ∈ B(H) and any p ∈ [1,∞) by ‖X‖p := Tr[|X |p]1/p, with
extension to the operator norm, the ∞-norm, by ‖X‖∞ :=
limp→∞‖X‖p. Finally, we will frequently consider the cou-
pling of systems with arbitrarily large ancillas. In such a
case, we will employ the diamond-norm, given by ‖LX ‖� =
‖LX ‖1→1,cb, which is the completely bounded 1 → 1 norm,
i.e.,

‖LX ‖1→1,cb := sup
n∈N

sup
ρ∈S(Cn⊗H)

‖(idn ⊗LX )(ρ)‖1.

023277-7



PABLO PÁEZ-VELASCO et al. PHYSICAL REVIEW RESEARCH 8, 023277 (2026)

2. Basic operations

Throughout the text, we will frequently use the Pauli
matrices on C2×2, which we will denote by {1, σx, σy, σz}.
Moreover, we recall the definition and basic properties of the
quantum gates that we will use in the circuits constructed in
this paper. All quantum gates act on one or two qubits. We
will use in the rest of the paper the following one-qubit gates:

Phase π
2 gate Hadamard gate

S =
(

1 0
0 i

)
, H = 1√

2

(
1 1
1 −1

)
.

(A3)

In two qubits, we will mainly use CX gates and CZ gates. They
are, respectively, given by the following expressions:

CX gate CZ gate

CX =

⎛⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎞⎟⎟⎠, CZ =

⎛⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

⎞⎟⎟⎠.

(A4)

Note that, in the last two examples, we define the first qubit
as the control qubit and the second one as the target qubit. For
general, CX and CZ gates with control spin i and target spin
j, we write CX (i, j) [resp. CZ (i, j)].

Let us recall the following important relations between CX
gates and the Pauli matrices, which will be used later in the
text:

CX (σx ⊗ 1)CX † = σx ⊗ σx,

CX (σx ⊗ σx )CX † = σx ⊗ 1,

CX (1 ⊗ σx )CX † = 1 ⊗ σx,

CX (σz ⊗ 1)CX † = σz ⊗ 1,

CX (σz ⊗ σz )CX † = 1 ⊗ σz,

CX (1 ⊗ σz )CX † = σz ⊗ σz. (A5)

APPENDIX B: FROM 2D TORIC CODE TO CLASSICAL
ISING CHAINS

Before proceeding to the main proof of the paper, which
will be shown in Appendix B 2, let us present a simple yet
illustrative example. Using an explicit circuit, we conjugate an
already classical Hamiltonian, namely, a classical Ising chain
with open boundary conditions and no magnetic field, by CX
gates to obtain a noninteracting classical Hamiltonian where
each term acts on a single spin.

1. From classical Ising chain to noninteracting Hamiltonian

Consider a classical Ising chain of length L with open
boundary conditions and no magnetic field;

H = −
L−1∑
i=1

Jiσ
i
zσ

i+1
z ,

where Ji ∈ R for every i ∈ {1, . . . , L − 1} and σ i
z denotes a

σz Pauli matrix acting on the ith spin of the lattice.
The idea is to conjugate H by CX gates in order to obtain

a simpler classical Hamiltonian. We choose the gates so that

FIG. 4. Visual representation of the different steps in the trans-
formation from an Ising model to a decoupled model in a chain with
five spins. Each bar represents a σz ⊗ σz interaction, and each circle
denotes a single-site σz term.

they have their control and target qubits situated in adjacent
spins. In particular, we consider

U := CX (1, 2)CX (2, 3) · · ·CX (L − 1, L).

Note that for every i ∈ {1, . . . , L − 1} the gate CX (i, i + 1)
will only affect two interactions of the Hamiltonian obtained
by conjugation with the previous gates. These interactions are
σ i

zσ
i+1
z and σ i−1

z σ i
z . In fact, the latter will remain unchanged,

while the former will get transformed to σ i+1
z [cf. Eq. (A5)].

Thus, the resulting Hamiltonian after conjugation by U is

UHU † = −
L∑

i=2

Ji−1σ
i
z .

See Fig. 4 for a visual representation of the intermediate steps
for an Ising chain with five spins. In particular, it is clear that
the depth of the circuit obtained is linear in the system size.
Note that the twofold ground-state degeneracy of H carries
over to the degeneracy of the first spin, which does not lie in
the support of UHU †.

Using the above circuit to sample from the Gibbs state
of an Ising chain is in fact equivalent to simulating the
corresponding Markov chain, where the noninteracting sys-
tems correspond to a source of randomness (with appropriate
weight) and with the CX gates applying the conditional prob-
abilities to the consecutive spins.

2. Duality between 2D toric code and classical Ising chains:
a formal proof

We recall the notation from the main text for completeness.
The two-dimensional toric code [31,32] is defined on a

square lattice (VL, EL ) on the torus SL × SL with vertices on
the integer coordinates. Let �L be the set of spins of the
system, where one spin is located at the midpoint of every
edge in EL (see Fig. 5).

For simplicity, we will label the spins of the lattice as
(i, j, k) ∈ Z2

L × {h, v}, with (i, j, v) and (i, j, h) correspond-
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FIG. 5. Example of a 2 × 2 two-dimensional toric code lattice.
We have shown the periodic boundary conditions using single and
double arrows.

ing to the spins below and right of the (i, j) vertex of the lattice
(see Fig. 6). Furthermore, i and j grow to the bottom and to
the right, respectively.

The 2D toric code Hamiltonian can be defined as

HTC = −
∑

(i, j)∈Z2
L

J(i, j)A(i, j) −
∑

(i, j)∈Z2
L

J̃(i, j)B(i, j), (B1)

J(i, j), J̃(i, j) ∈ R for every (i, j) ∈ Z2
L. A(i, j) and B(i, j) denote

the star and plaquette operators, respectively, which can be
written as

A(i, j) = σx
(i, j,h)σx

(i, j,v)σx
(i−1, j,v)σx

(i, j−1,h),

B(i, j) = σ (i, j,h)
z σ (i, j,v)

z σ (i+1, j,h)
z σ (i, j+1,v)

z ,

where σ i
x (resp. σ i

z ) denotes a σx (resp. σz) Pauli matrix acting
on the ith spin of the lattice, with i ∈ Z2

L × {h, v}. See Fig. 7
for a visual representation of both of them.

See Ref. [49] for a thorough analysis of the eigenstates,
partition function, and eigenenergies of this model. While
these insights could allow for the preparation of its Gibbs
state, exploring this lies beyond the scope of the present work.

In the proof, we will provide a bipartition �A ∪ �B = �L

of the lattice and an explicit quantum circuit C with the fol-
lowing properties:

(1) The circuit is of depth O(L3) for every lattice of size
L × L, and only consists of CX and Hadamard gates.

(2) For every star operator Av and every plaquette opera-
tor Bp, supp(CAvC†) ⊂ �A, and supp(CBpC†) ⊂ �B, i.e., the
sum of star and the sum of plaquette operators are mapped
onto two classical Hamiltonians with no interaction between
them.

(3) The component �B includes two spins s1, s2, which
are not contained in the support of the final Hamiltonian.

(4) The final Hamiltonian associated with each component
�A and �B \ {s1, s2} corresponds to an Ising chain with a
parallel magnetic field at each end.

FIG. 6. Visual representation of the coordinate system that will
be used throughout the Appendix.

FIG. 7. Visual representation of the star and plaquette interac-
tions A(i, j) and B(i, j)—left and right, respectively—of a 2D toric code.

In particular, we will prove the following statement.
Theorem B1. Let HTC be the Hamiltonian of an L × L two-

dimensional toric code system. There exists a quantum circuit
C composed of O(L3) CX and O(L2) Hadamard gates such
that CHTC C† is diagonal.

Furthermore, let HTC = H1 + H2, where H1 (resp. H2) de-
notes the star (resp. plaquette) operators of HTC. Then, CH1C†

corresponds to a Hamiltonian with an all-to-all σz interac-
tion supported on �A, and a parallel magnetic field on each
site of �A. Similarly, CH2C† corresponds to an all-to-all σz

interaction on every spin in �B except for two spins, and
a parallel magnetic field on each site in �B except for the
aforementioned two spins.

Note that the above statement does not mention the Ising
chains we described previously, but rather describes a differ-
ent system with an all-to-all interaction. Nevertheless, both
systems are equivalent.

Lemma B1. Let � = {si}N
i=1 be some set of spins and let

H1, H2 be two Hamiltonians supported in �, defined as

H1 := −
N∑

i=1

Jiσ
i
z −

N⊗
s=1

JN+1σ
i
z

and

H2 := −
N−1∑
i=1

Ji+1σ
i
zσ

i+1
z − J1σ

1
z − JN+1σ

L
z ,

where Ji ∈ R, for every i ∈ {1, . . . , N + 1}. Then, there ex-
ists some quantum circuit U composed of N − 1 CX gates
such that

UH1U
† = H2.

Furthermore, the statement remains true up to any reorder-
ing of the spins in �.

Note that H1 corresponds to an all-to-all σz interaction and
a parallel magnetic field at each spin, while H2 corresponds to
an Ising chain with a parallel magnetic field at each end.

Although the mapping goes from a 2D to a 1D model,
note that the conjugation procedure preserves the number of
free parameters; each Hamiltonian term of the Ising chains is
in one-to-one correspondence to a Hamiltonian term of the
two-dimensional toric code. In particular, each Ising chain
Hamiltonian has L2 terms.

Proof. We make use of the relations [Eq. (A5)] and recall
their action on the terms at present. Note that conjugation is a
linear operation, thus the coefficients Ji do not get modified.

We start by conjugating H1 by CX (1, 2). This gate will
affect two of its interactions, namely,

⊗N
s=1 σ i

z and σ 2
z , since

CX (1, 2)σ 1
z CX (1, 2)† = σ 1

z .
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Following the rules presented in Eq. (A5), we conclude that

CX (1, 2)

(
N⊗

s=1

σ i
z

)
CX (1, 2)† =

N⊗
s=2

σ i
z

and

CX (1, 2)σ 2
z CX (1, 2) = σ 1

z σ 2
z .

Conjugating now the resulting Hamiltonian by CX (2, 3),
we transform

⊗N
s=2 σ i

z into
⊗N

s=3 σ i
z , and transform σ 3

z into
σ 2

z σ 3
z .

Repeating this process until we apply CX (N − 1, N ), we
will transform

N⊗
s=1

σ i
z

into

σ N
z .

Furthermore, for every i ∈ {2, . . . , N}, the magnetic field σ i
z

will be mapped to σ i−1
z σ i

z . Note that the only interaction that
remains untouched is σ 1

z .
This way, the final circuit is given as

U := CX (N − 1, N )CX (N − 2, N − 1) · · ·CX (1, 2),

and UH1U † = H2. �
Equipped with the proof for the above auxiliary lemma, let

us briefly discuss the notation and the main structure of the
proof of Theorem B1.

Moreover, we include figures throughout the Appendix that
correspond to a 4 × 4 toric code lattice. The size has been
chosen for readability. Nevertheless, the proof is general and
does not depend on the specific lattice size, as long as it is an
L × L square with periodic boundary conditions.

We will study the star and plaquette interactions separately.
In order to make the proof easier to follow, we decompose the
circuit C into three subparts:

(1) A circuit C̃ composed of commuting CX gates with
their control qubits contained in �A and their target qubits
contained in �B.

(2) A single layer of Hadamard gates acting on every spin
of �A.

(3) A final circuit Ĉ composed of noncommuting CX
gates, with their control and target qubits either both in �A

or both in �B.
Moreover, we will decompose C̃ into four subcircuits. In

order to define each subcircuit, let us define the set of gates
that compose them. Note that in general this is not the way
to define a quantum circuit, as the order in which the gates
are applied can change its outcome. Nevertheless, in this case,
the gates considered are always mutually commuting—as the
control qubits of the gates in the set never act as target qubits
and vice versa—so the sets uniquely identify the circuit.

The circuit C̃ will allow us to decouple the initial Hamil-
tonian HTC into two noninteracting systems, while the circuit
Ĉ will allow us to identify each noninteracting system as a
classical Ising chain.

FIG. 8. Visual representation of the CX gates from the sets C1

(horizontal) and Ci
2 (vertical), i ∈ {0, . . . , 3}. The control qubits are

marked in red.

Proof. We begin by studying the effect of C̃ onto the initial
Hamiltonian. Let us define its subcircuits. First, consider a
horizontal line of CX gates acting on the first row of the lattice;
let (0, L − 1, h) be the last spin in the top row of the lattice.
We will consider the gates

C1 := {CX ((0, i, h), (0, L − 1, h)) : 0 � i < L − 1}.
We will also consider vertical lines of CX gates acting on

every column of the lattice. Thus, for every spin in the last row
of the lattice (L − 1, i, v), 0 � i � L − 1, we consider

Ci
2 := {CX ((k, i, v), (L − 1, i, v)) : 0 � k < L − 1}.

See Fig. 8 for a visual representation of the sets C1 and Ci
2,

0 � i � L − 1.
Next, for every site (i, j, h) with 1 � i � L − 1 and 0 �

j < L − 1, we consider the set

C(i, j)
3 :=

⋃
0�k<i

{CX ((k, j, v), (i, j, h))}
⋃

0�k<i

{CX ((k, j + 1, v), (i, j, h))}

∪ {CX ((0, j, h), (i, j, h))}.
See Fig. 9 for a visual representation of the sets C(i, j)

3 .
Finally, for every site (i, L − 1, h), 1 � i � L − 1, we con-

sider the set of gates

Ci
4 :=

⋃
0�k<L−1

{CX ((0, k, h), (i, L − 1, h))}
⋃

0�k<i

{CX ((k, 0, v), (i, L − 1, h))}
⋃

0�k<i

{CX ((k, L − 1, v), (i, L − 1, h))}.

See Fig. 10 for a visual representation of the sets Ci
4.

The above sets allow us to define the four subcircuits
and the final circuit C̃. By a slight abuse of notation, we
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FIG. 9. Visual representation of the sets C (i, j)
3 in a 4 × 4 lattice. Again, the control qubits have been marked in red.

define

C1 :=
∏

U∈C1

U,

C2 :=
∏

0�i�L−1

∏
U∈Ci

2

U,

C3 :=
∏

1�i�L−1
0� j<L−1

∏
U∈C(i, j)

3

U,

C4 :=
∏

1�i�L−1

∏
U∈Ci

4

U,

C̃ := C4C3C2C1.

As previously mentioned, the circuit C̃ allows us to par-
tition the set of spins of the model, �L, into two mutually
noninteracting spin systems. We will denote the spins of each
system as �A and �B:

�A = {(0, j, h) : 0 � j < L − 1}
∪ {(i, j, v) : 0 � i < L − 1, j ∈ ZL},

�B = �L \ �A.

We will prove that, after the conjugation by C̃, the star
operators act on �A only while the plaquette operators act on
�B only, see Fig. 11 for a visual representation of the two
decoupled systems.

Let us first observe that for every gate CX (v,w) in C̃, the
control qubit v lies in �A, while the target qubit w lies in �B.

As we noted earlier, we will study the star and plaquette
interactions separately. Let us first focus on the plaquette
operators. We will consider the action of C̃ on the plaquette
terms B(i, j), (i, j) ∈ ZL × ZL.

Let B be any σz-string operator, i.e., an operator that is a
tensor product of σz operators over all sites in its support. Let
CX (v,w) be a CX gate with control qubit v and target spin w.
Let us recall Eq. (A5), which can be interpreted as follows:

(1) If v and w lie in the support of B, then
CX (v,w)BCX (v,w)† is a σz-string operator with support
supp(B) \ {v}.

(2) If w lies in the support of B but v does not, then
CX (v,w)BCX (v,w)† is a σz string with support supp(B) ∪
{v}.

(3) If w does not lie in the support of B, the interaction
remains unchanged after conjugation.

FIG. 10. Visual representation of the sets Ci
4 in a 4 × 4 lattice. The control qubits are marked in red.
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FIG. 11. Visual representation of the two decoupled systems in
a 4 × 4 lattice. The two systems are highlighted in red and blue,
respectively.

The above effect can be summarized as follows: Given a
Pauli-σz string, the effect of conjugation by the gate CX (v,w)
is to multiply by σ v

z if a σz operator is present at site w.
Our goal is to prove the following characterization of the

terms C̃B(i, j)C̃†:
(1) For every (i, j) ∈ ZL × ZL, C̃B(i, j)C̃† is a σz-string

operator.
(2) For every (i, j) ∈ ZL × ZL, supp(C̃B(i, j)C̃†) = �B ∩

supp B(i, j).
The first property is immediate from the above discussion

of the action of CX gates on σz strings.
We will make a number of case distinctions regarding the

index (i, j) of a plaquette interaction.
(1) 0 < i < L − 1: The gates in C1 have no overlap with

these terms nor do the target qubits of C2, so they do not affect
B(i, j).

(a) j < L − 1: The target qubit of all gates in C(i, j)
3

is (i, j, h) and thereby they affect the operators B(i, j) and
B(i−1, j) only. In addition, since the control qubits of the
gates in C(i, j)

3 and C(i+1, j)
3 are identical except for (i, j, v)

and (i, j + 1, v), and multiplication by σ 2
z = id has no

effect, we find

C3B(i, j)C
†
3 = σ (i, j,h)

z σ (i+1, j,h)
z .

The target qubits of C4 are not contained in the supports of
B(i, j) for j �= L − 1.

(b) j = L − 1: The target qubits of C3 are not contained
in the supports of B(i,L−1). The action of the Ci

4 circuits,
analogously to before, only affects B(i,L−1) and B(i−1, j).
Also analogously, when considering the circuits acting on
B(i,L−1), the control qubits of the gates in Ci

4 and Ci−1
4 are

identical except for the sites (i, L − 1, v) and (i, 0, v), and
as such we find

C4B(i,L−1)C
†
4 = σ (i,L−1,h)

z σ (i+1,L−1,h)
z .

Overall, we confirmed that

C̃B(i, j)C̃
† = σ (i, j,h)

z σ (i+1, j,h)
z ,

for every 0 < i < L − 1 and every 0 � j � L − 1.

FIG. 12. Visual representation of the final plaquette interactions.
The two decoupled systems are marked in red and black, respectively.

(2) i = 0: The target qubit of the gates in C2 do not lie in
the support of B(0, j).

(a) 0 � j < L − 1: The target qubit of C1 does not lie
in the support of B(0, j). The circuits C(1, j)

3 have their target
qubits in the support of B(0, j), yielding

C(1, j)
3 B(0, j)C

(1, j)†
3 = σ (1, j,h)

z .

The other gates in C3 have no target qubits in B(0, j). The C4

gates have no target spins in B(0, j).
(b) j = L − 1: The gates in C3 have no target qubits in

B(0,L−1). All gates in C1 and C1
4 , however, do. Their action

cancels on all spins except for (0, 0, v) and (0, L − 1, v).
Therefore,

C4C1B(0,L−1)C
†
1C†

4 = σ (0,L−1,h)
z σ (1,L−1,h)

z .

(3) i = L − 1:
(a) j �= L: The target qubits of the gates in C1 and C4 do

not lie in the supports of B(L−1, j). B(L−1, j) is only affected
by C(L−1, j)

3 , C j
2 , and C j+1

2 , whose action cancels except for
the multiplication by σ

(0, j,h)
z . Therefore,

C3C2B(L−1, j)C
†
2C†

3 = σ (L−1, j,h)
z σ (L−1, j,v)

z σ (L−1, j+1,v)
z .

(b) j = L − 1: The target qubits of C3 do not lie in the
support of B(L−1,L−1). The action of CL−1

4 cancels exactly
with the joint action of C1, C0

2 , and CL−1
2 , leaving us with

C4C2C1B(L−1,L−1)C
†
1C†

2C†
3 = B(L−1,L−1),

as desired.
This way, we have proven that for every (i, j) ∈ ZL × ZL,

supp(C̃B(i, j)C̃
†) = �B ∩ supp B(i, j).

See Fig. 12 for a visual representation of the final plaquette
operators.

Let us now study the star terms. As we showed when study-
ing the plaquette operators, let A be any σx-string operator, let
CX (v,w) be a CX gate with control qubit v and target spin w.
Equation (A5) can be interpreted as follows:

(1) If both spins lie in the support of A, then
CX (v,w)ACX (v,w)† is a σx-string operator with support
supp(A) \ {w}.
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FIG. 13. Visual representation of the final star operators. The two
decoupled systems are marked in red and black, respectively.

(2) If v lies in the support of A but w does not, then
CX (v,w)ACX (v,w)† is a σx-string operator with support
supp(A) ∪ {w}.

(3) If v does not lie in the support of A, the interaction
remains unchanged after conjugation.

From this, it is clear that, in the worst case, after conjugat-
ing the star operators with C̃, their support could be extended
to some of the spins in �B, but never to any of the spins in �A.
In the following paragraphs, we will prove that in fact

supp(C̃A(i, j)C̃
†) = �A ∩ supp(A(i, j) ),

for every (i, j) ∈ ZL × ZL.
Let us fix some w ∈ �B. We define Cw as the set of CX

gates in C̃ that have w as target qubit:

Cw := {CX (v,w) : CX (v,w) ∈ C̃}.
Furthermore, let us consider the set of star operators con-

taining w in their support:

Aw := {A(i, j) : w ∈ supp A(i, j)}.
By inspecting C1 to C4, we observe that for every w ∈ �B

and every A(i, j) ∈ Aw, there exists exactly one gate in Cw,
which we denote by CX (v,w), with v ∈ supp A(i, j). This im-
plies that w will no longer be in the support of C̃A(i, j)C̃†.

Also, for every w ∈ �B and every A(i, j) ∈ Ac
w, there exist

exactly two gates in Cw that are supported in A(i, j), which
we denote by CX (u1,w) and CX (u2,w). Again, this im-
plies that w will not be in the support of C̃A(i, j)C̃†; indeed,
CX (u1,w)A(i, j)CX (u1,w)† will include w in its support, as
we discussed previously, which implies that

CX (u2,w)CX (u1,w)A(i, j)CX (u1,w)†CX (u2,w)†

will not include w in its support.
In this case, we have also proven that for every (i, j) ∈

ZL × ZL,

supp(C̃A(i, j)C̃
†) = �A ∩ supp A(i, j).

See Fig. 13 for a visual representation of the final star opera-
tors.

FIG. 14. Visual representation of the two decoupled systems,
where we have reshaped the final interactions shown originally in
Figs. 13 and 12.

The final Hamiltonian obtained after conjugating by C̃
corresponds to two decoupled “combs.” See Fig. 14 for a
visual representation of the two decoupled combs and their
interactions.

Note that, while

C̃

⎛⎝ ∑
(i, j)∈ZL×ZL

B(i, j)

⎞⎠C̃† (B2)

is classical,

C̃

⎛⎝ ∑
(i, j)∈ZL×ZL

A(i, j)

⎞⎠C̃† (B3)

only contains σx interactions. Since our aim is to obtain two
classical systems, we use the fact that the Hadamard gate acts
on σx as

HσxH† = σz,

and conjugate the resulting Hamiltonian from Eq. (B3) by a
circuit defined as ∏

v∈�A

H (a), (B4)

thus changing every σx term to a σz, which ultimately leads
the resulting Hamiltonian to be classical.

It only remains to study the effect of the final subcircuit,
Ĉ, which will transform the current interactions in each sys-
tem into one all-to-all interaction in each comb, and a single
magnetic field in each term. From this setting, it follows from
Lemma B1 that the Hamiltonian is equivalent to a classical
Ising chain with magnetic fields at both ends.

Let us focus on the system that results after conjugating the
Hamiltonian from Eq. (B3) by the Hadamard gates shown in
Eq. (B4).

The resulting Hamiltonian consists of three different inter-
actions:

(1) Three-body interactions:

σ (0, j−1,h)
z σ (0, j,h)

z σ (0, j,v)
z ,

for every 1 � j < L − 1.
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(2) Two-body interactions: Most of which are vertical,

σ (i−1, j,v)
z σ (i, j,v)

z ,

for every j ∈ ZL and every 1 � i < L − 1. Furthermore, there
are two extra two-body interactions:

σ (0,0,h)
z σ (0,0,v)

z and σ (0,L−1,v)
z σ (0,L−2,h)

z .

(3) Magnetic fields:

σ (L−2, j,v)
z ,

for every j ∈ ZL.
Note that in the leftmost three-body interaction

σ (0,0,h)
z σ (0,1,h)

z σ (0,1,v)
z , (B5)

there are two classical Ising chains starting from it; one start-
ing from the spin with coordinates (0, 0, h) and the other
starting at (0, 1, v).

Let us consider the chain starting from (0, 0, h), and let us
apply

CX ((L − 2, 0, v), (L − 3, 0, v)) · · ·CX ((1, 0, v), (0, 0, v))

× CX ((0, 0, v), (0, 0, h)).

This way, we extend the three-body interaction from
Eq. (B5) to act on every spin in �A of the form (i, 0, v),
while at the same time transforming every two-body interac-
tion of the chain—σ (0,0,h)

z σ (0,0,v)
z and σ (i−1,0,v)

z σ (i,0,v)
z , 1 � i <

L − 1—into a magnetic field on each target spin of the gates
used.

Similarly, for the other chain we apply

CX ((L − 2, 0, v), (L − 3, 0, v)) · · ·CX ((1, 1, v), (0, 1, v)),

obtaining the same result; the three-body interaction from
Eq. (B5) is now further extended to the second column of the
lattice; i.e., to every spin in �A of the form (i, 1, v), while
transforming the two-body interactions into magnetic fields.

If we now further apply CX ((0, 1, h), (0, 2, v)), we trans-
form the next three-body interaction into a two-body interac-
tion, and further extend the interaction from Eq. (B5) to an
extra spin, thus creating an Ising chain starting from it—in the
spin situated at (0, 2, v)—which we tackle in the same way.
See Fig. 15 for a visual representation of the interactions after
applying CX ((0, 1, h), (0, 2, v)).

Repeating this process until we reach the last three-body
interaction and its corresponding Ising chains will lead to
obtaining one interaction term supported on �A, and a parallel
magnetic field on each spin of �A, which, as we proved in
Lemma B1, is equivalent to a classical Ising chain with a
magnetic field at each end.

Finally, for the plaquette part, note that the interactions
obtained are the following:

(1) One four-body interaction:

σ (L−1,L−1,h)
z σ (L−1,L−1,v)

z σ (L−1,0,v)
z σ (0,L−1,h)

z . (B6)

(2) Three-body interactions:

σ (L−1, j−1,v)
z σ (L−1, j−1,h)

z σ (L−1, j,v)
z ,

for every 1 � j � L − 1.

FIG. 15. Visual representation of the resulting interactions af-
ter applying CX gates on the two Ising chains starting from the
leftmost three-body interaction of the system in �A, and the gate
CX ((0, 1, h), (0, 2, v)).

(3) Two-body interactions: In this case all of which are
vertical

σ (i−1, j,h)
z σ (i, j,h)

z ,

for every j ∈ ZL and every 2 � i � L − 1, and

σ (0,L−1,h)
z σ (1,L−1,h)

z . (B7)

(4) Magnetic fields:

σ (1, j,h)
z ,

for every 0 � j < L − 1.
The above interactions are almost the same as those ob-

tained for the star operators, after mirroring them (cf. Fig. 14),
with the exception that one magnetic field has been substituted
by a two-body interaction, and the two nonvertical two-body
interactions have been replaced by a three-body and a four-
body interaction, respectively.

We start by conjugating the resulting Hamiltonian shown
in Eq. (B2) by∏

1� j�L−1

CX ((L − 1, 0, v), (L − 1, j, v)) (B8)

and ∏
1� j�L−1

CX ((0, L − 1, h), ( j, L − 1, v)). (B9)

The above gates will map the four-body interaction from
Eq. (B6) to

σ (L−1,L−1,h)
z σ (L−1,L−1,v)

z .

Furthermore, the two-body interaction from Eq. (B7) will get
mapped to a magnetic field on (1, L − 1, h), and the three-
body interaction

σ (L−1,0,v)
z σ (L−1,0,h)

z σ (L−1,1,v)
z

to

σ (L−1,0,h)
z σ (L−1,1,v)

z .

023277-14



EFFICIENT AND SIMPLE GIBBS STATE PREPARATION … PHYSICAL REVIEW RESEARCH 8, 023277 (2026)

FIG. 16. Visual representation of the interactions obtained after
conjugating the final Hamiltonian associated with �B [cf. Eq. (B2)]
with the gates shown in Eqs. (B8) and (B9).

Now, the resulting interactions are analogous to those ob-
tained for the stars (see Fig. 16), so we can proceed in the
same manner.

Note that, by applying the gates shown in Eqs. (B8) and
(B9), we are obtaining two free spins—(0, L − 1, h) and (L −
1, 0, v)—in the sense that they are not in the support of either
of the two final Hamiltonians. �

Remark B1. Note that conjugating by a unitary matrix does
not affect the coefficients of the toric code Jv and Jp [see
Eq. (B1)]. Therefore, when Jv = Jp = 1 for every v ∈ VL and
every p ⊂ EL, the final two Ising chains are ferromagnetic,
with a ferromagnetic magnetic field at each end, thus having
a unique ground state. In this case, the four possible values
for the two free spins are in direct correspondence with the
ground states of the toric code.

Next, let us provide the details of the proof of Theorem 2
based on the previous diagonalization

Proof. Due to Lemma 1 and the preceding Theorem B1,
we are left to provide an efficient Gibbs sampling al-
gorithm for a 1D Ising chain for which we employ a
standard iterative procedure. Denote the spins of an Ising
chain by xi ∈ {−1,+1}, i = 1, . . . , N , and the Hamiltonian
H = ∑N−1

i=1 Jixixi+1 + ∑N
i=1 hixi. We can simply make use

of the conditional independence of the Gibbs distribution
p(x1, . . . , xn) ∝ exp(−βH ):

p(xi|x1, . . . , xi−1) = p(xi|xi−1).

We sample the spins consecutively from the distribution
q(x1) := exp(−βh1), q(xi+1|xi ) := exp(−β(Jixi+1xi + hi+1)),
evidently resulting in the desired distribution. This requires
simply to take N samples of binary distributions with the re-
spective weights given by the coefficients and comes without
any further sampling error.

Finally, note that this procedure extends to the ground
state by deterministically defining consecutive spins by the
respective limit of conditional probabilities. �

TABLE II. Representation of each Pauli matrix in the tableau.
The above notation assumes that the operator corresponds to the jth
Pauli term in the ith operator of H .

Operator xi j zi j

σx 1 0
σz 0 1
σy 1 1
1 0 0

APPENDIX C: DIAGONALIZING HAMILTONIANS

Our implementation of the diagonalization algorithm for
Hamiltonians composed of commuting scalar multiples of
Pauli operators is based on the method originally presented
by Aaronson and Gottesman [29], as shown in Ref. [18]. The
code used can be found in Ref. [42].

In the following, we provide a short summary of the main
ideas of this approach. Wherever we mention the algorithm
from Ref. [18] in this work, we refer to the sequential applica-
tion of Algorithms 1 and 2 as described in the same paper. For
an in-depth study, we refer to the aforementioned references.

Let H be a Hamiltonian associated with an n-spin system.
Assume that H is the sum of m scalar multiples of commuting
Pauli operators, as in Eq. (2). In order to diagonalize it, we
will construct a tableau associated with it.

The tableau consists of two m × n matrices, which we
denote by X := {xi j} and Z := {zi j}, and an m × 1 column
matrix, which we denote by s := {si}. This way, the tableau
is an m × (2n + 1) matrix of the form—in block notation—

(X |Z|s).

Each row of the tableau represents a term of H in the
following way: Let i ∈ {1, . . . , m} and consider the ith term
of H , which we denote by αiHi [cf. Eq. (2)]. We set si = 0
if αi > 0 and si = 1 otherwise. The values of the ith row
of X and Z—{xi j}n

j=1 and {zi j}n
j=1, respectively—are chosen

according to Table II, depending on the jth Pauli matrix in Hi.
As an illustrative example, consider a Hamiltonian H act-

ing on three sites with two terms,

σz ⊗ σy ⊗ 1 − σx ⊗ 1 ⊗ σy.

Its associated tableau is(
0 1 0 1 1 0 0
1 0 1 0 0 1 1

)
.

Once the tableau associated with the original Hamiltonian
H is constructed, the algorithm only regards the tableau in
order to diagonalize H . The main idea is to encode the ef-
fect of conjugating H by a unitary into an operation on the
tableau. Note that, while the size of H scales exponentially
with respect to the number of spins of the system, the size
of its associated tableau only grows linearly in the number of
spins and terms of H .

Since the algorithm presented in Ref. [18] diagonalizes H
using only CX , CZ , Hadamard and phase gates, it is sufficient
to encode the effect of conjugating H by such gates onto the
tableau. See Table III for more details. For simplicity, we have
not included the effect of the CZ gate in the table, as it can be
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TABLE III. Summary of the tableau update after conjugating its associated Hamiltonian by the different gates used in the algorithm. We
have used xi (resp. zi) to denote the ith column of the X matrix (resp. Z matrix) in the tableau. The sign update is performed before the column
update.

Gate Sign update Column update

H (a) s ← s ⊕ (xa ⊗ za) Swap xa and za

S(a) s ← s ⊕ (xa ⊗ za) za ← za ⊕ xa

CX (a, b) s ← s ⊕ (xa ⊗ zb ⊗ (xb ⊕ za ⊕ 1)) xb ← xb ⊕ xa, za ← za ⊕ zb

written as

CZ = (1 ⊗ H )CX (1 ⊗ H ).

We will use the same notation as in Ref. [18]. Thus, we denote
a Hadamard (resp. phase) gate acting on the ith qubit by H (i)
[resp. S(i)]. And a CX (resp. CZ) gate acting on the ith and
jth qubits—with the ith acting as control—as CX (i, j) [resp.
CZ (i, j)].

Furthermore, as we mentioned earlier, note that the algo-
rithm uses only a quadratic number of gates—in the system
size—in order to diagonalize H .

When the diagonalization algorithm terminates, the X ma-
trix of the tableau is always identically zero, meaning that
there are no σx or σy interactions in any of the terms of the
final Hamiltonian.

It is important to note that the algorithm shown in Ref. [18]
first performs a series of operations on the tableau that do not
correspond to actual conjugation by gates, but rather corre-
spond to spin reordering, term reordering, and multiplication
of terms. This way, the algorithm is performed on a modified
tableau, which corresponds to a different Hamiltonian than the
one given as input. Nevertheless, note that the same circuit
will diagonalize both the original and the modified Hamilto-
nian. This way, by maintaining a record of the actual gates
applied to the modified Hamiltonian, one can later apply the
same gates to the original one to obtain its diagonalized—thus
classical—version (see Sec. 4.2 in Ref. [18]). Throughout this
Appendix, we will therefore use “final tableau” to refer to
the one that corresponds to the diagonalized version of the
original Hamiltonian, not the one obtained originally from the
algorithm.

Reconstructing the Hamiltonian from the final tableau, we
obtain a classical Hamiltonian H̃ with the same number of
terms, such that

H̃ = UHU †,

where U is the circuit explicitly constructed by the algorithm.
Although this is enough to find an explicit correspondence
between quantum and classical Hamiltonians, it is often not so
easy to recognize a clear structure in H̃—such as translation
invariance, dimension of the model or locality. For this reason,
we implement a final stage in the algorithm, based on the idea
of columnwise Gaussian elimination, which we call pseudo-
Gaussian elimination. It consists of CX gates in order to create
as many rows with a single nonzero entry as possible, which
correspond to single-σz terms.

As mentioned in the main text, this algorithm has a classi-
cal complexity of O(m2n2) and the output is a quantum circuit
of depth at most O(mn2).

By running the above algorithm on the final tableau, we
were able to recognize classical Ising chain Hamiltonians aris-
ing from the models considered (cf. Table I). It is important to
note that, although Algorithm 1 is useful for identifying Ising
chains, it is less straightforward to recognize 2D or 3D Ising
models via this method. Thus, we believe that there should
be other algorithms that could be applied at the final stage in
order to identify more intricate classical models.

In the following Appendixes, we give a short introduction
on every model considered in this work, and discuss how the
correspondence shown in Table I arises by inspecting the final
tableau obtained after performing the pseudo-Gaussian elim-
ination. Note that the results that we will discuss correspond
to empirical observation of the final tableau associated with
the models considered, for sizes up to 90 × 90 in 2D models,
and 20 × 20 × 20 in 3D models, which correspond to systems
with over 104 spins. Also note that the final tableau obtained
for a given Hamiltonian depends on the order considered for
both its terms and the spins. For this reason, we will always
emphasize that the structures that we will present here are
always up to column and row reordering.

Note that the dualities obtained are explicit in the sense
that we have been able to obtain—for almost every model
considered—a correspondence between the different kinds of
interactions in the original Hamiltonian and the different de-
coupled systems; similarly to the 2D toric code case where the
star and the plaquette operators were each dual to a decoupled
Ising chain.

Finally, since the tableau associated with a given Hamil-
tonian H does not contain the scalar prefactor of each
term—only their sign—we consider each term of the Hamilto-
nian to be multiplied by its respective prefactor. Furthermore,
as we mentioned previously, after running the diagonalization

ALGORITHM 1. Pseudo-Gaussian elimination of Z .

v ← {1, . . . , n} � Array with the unused columns
for i ∈ {1, . . . , m} do

for j ∈ v do
if zi j = 1 them

remove j from v

for k ∈ {1, . . . , n} \ { j} do
if zik = 1 them

apply CX (k, j)
end if

end for
end if

end for
end for
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algorithm, the X matrix in the tableau will always be identi-
cally zero. In the same manner, for all considered models, the
algorithm does not change any of the values in the s column.
Therefore, we will often omit them in the coming Appendixes.

For simplicity, we only consider regular lattices—in the
sense that they are always of size L × L or L × L × L. Never-
theless, the algorithm used can be easily adapted to study any
other nonregular lattices such as L × L′ with L �= L′.

1. 2D toric code

Let us first discuss the two-dimensional toric code. Al-
though we have given a formal proof of the duality between
the 2D toric code and the two decoupled classical Ising chains
in Appendix B 2, we include the discussion in this context as
well for illustration.

Recall that the toric code is defined on a square lattice with
periodic boundary conditions, where a spin is considered at
the midpoint of each edge. This way, the 2D toric code model
defined on SL × SL contains 2L2 spins.

After performing the pseudo-Gaussian elimination on the
final tableau, the rows and columns of the Z matrix can be
rearranged so that it is of the form⎛⎜⎜⎜⎜⎜⎜⎝

I 0
0 0
...

1 · · · 1 0 · · · 0
...

0 I
...

0 · · · 0 1 · · · 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠,

where the identity matrices are of size (L2 − 1) × (L2 − 1).
Furthermore, under this arrangement, the first L2 rows of Z
correspond to the star operators and the last L2 correspond to
the plaquette operators.

From the structure of Z , the two decoupled models can be
distinguished easily; note that there is no row in the Z matrix
containing ones in any of the first L2 − 1 columns and any of
the next L2 − 1 columns at the same time, meaning that both
spin subsets do not interact with each other.

Let us now inspect each subsystem in detail. Without loss
of generality, we consider the first L2 − 1 columns and the
first L2 rows of Z , obtaining the matrix(

I
1 · · · 1

)
, (C1)

which corresponds to the terms as described in Theorem B1.
Equivalently to Lemma B1, let H̃ be the Hamiltonian associ-
ated with the Z matrix from Eq. (C1)—taking the X matrix as
identically zero. Thus, conjugating H̃ by

U := CX (L − 2, L − 1)CX (L − 3, L − 2) · · ·CX (1, 2),

we obtain the following Z matrix:⎛⎜⎜⎜⎜⎝
1 0 0 0 · · · 0 0
1 1 0 0 · · · 0 0
0 1 1 0 · · · 0 0
0 0 0 0 · · · 1 1
0 0 0 0 · · · 0 1

⎞⎟⎟⎟⎟⎠, (C2)

which corresponds to an Ising chain with a magnetic field on
both ends.

FIG. 17. Visual representation of a 2 × 2 × 2 toric code lattice.
The colors illustrate the periodic boundary conditions.

This way, we can see that the star interactions get mapped
to a classical Ising chain and the plaquette interactions get
mapped to another classical Ising chain decoupled from the
first one.

As the sign vector s associated with the original Hamilto-
nian H remains intact after the algorithm, there are no sign
changes in any of its terms. In particular, as discussed in
Remark B1, when Jv = Jp = 1 for every v ∈ VL and every
p ⊂ EL, the final two Ising chains are ferromagnetic, thus
having a unique ground state. Therefore, the last two all-zero
columns of Z show that the ground-state degeneracy of the
final Hamiltonian is 4, the same as that of the original toric
code [31,50,51].

2. 3D toric code

We also consider the 3D toric code model [32,44], which
is defined on a regular cubic lattice (VL, EL ) on the three-torus
SL × SL × SL where the vertices have integer coordinates
(see Fig. 17). Again, one spin is placed at the midpoint of
every edge of the lattice (see Fig. 18). Thus, each 3D toric
code system defined on SL × SL × SL contains 3L3 spins.

In the same spirit as for the 2D toric code, for every v ∈ VL,
we denote by ∂v the set of the six spins that lie on the edges
adjacent to v. We also denote by p ⊂ EL any set of four spins
whose corresponding edges form a square in the lattice—note
that this time the squares can lie in the xy, yz, or xz plane.

The 3D toric code Hamiltonian is given by

H = −
∑
v∈VL

JvAv −
∑
p⊂EL

JpBp,

where Jv, Jp ∈ R for every v ∈ VL and every p ⊂ EL, and

Av :=
⊗
i∈∂v

σ i
x, Bp :=

⊗
i∈p

σ i
z ,

FIG. 18. Visual representation of a single block in a 3D toric
code lattice.
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FIG. 19. Visual representation of the star operator Av and the
three plaquette operators Bp—contained in the yz, xy, and xz plane,
respectively—of a 3D toric code.

are the star and plaquette operators (see Fig. 19). Thus, the 3D
toric code Hamiltonian has 4L3 terms.

After the pseudo-Gaussian elimination, the rows and
columns of Z can be rearranged so that it is of the form⎛⎜⎜⎜⎝

I 0
0 0 0

...

1 · · · 1 0 · · · 0
...

0 Z ′ 0 0 0

⎞⎟⎟⎟⎠,

where the identity matrix is of size (L3 − 1) × (L3 − 1), and
the first L3 rows correspond to the star operators.

This structure allows us to map the star operators to an
Ising spin chain with L3 − 1 spins and a magnetic field on
each end.

Although we are able to identify this subsystem, we have
systematic description of the terms on the remaining, despite
believing that the remaining columns should represent a 3D
Ising model, in the spirit of Table 1 in Ref. [25]. Neverthe-
less, we confirm for all instances up to the sizes we address
that, prior to the Gaussian elimination, the resulting classical
Hamiltonian for this second subsystem is such that each inter-
action acts on at most four spins, and for each spin there are at
most four interactions acting on it. Thus, this can be efficiently
sampled at a high enough temperature [43].

As in the 2D toric code case, recall that the sign vector
s remains unchanged. Furthermore, there is always exactly
three all-zero columns in the final Z matrix, which, as in the
2D toric code case, should be related to the eight ground states
of the original model when Jv = Jp = 1 for every v ∈ VL and
p ⊂ EL [44].

3. Color code on a honeycomb lattice

Let us now show our findings for the color code [52,53],
which can be defined on any trivalent graph. For the pur-
pose of this work, we consider the color code model on a
two-dimensional regular honeycomb lattice (VL, EL ) defined
on the two-dimensional torus SL × SL. This time, one spin is
considered at each vertex of the lattice (see Fig. 20).

We consider models associated with lattices having 2(L +
1) × 2(L + 1) honeycombs, for L � 0, which consist of
8(L + 1)2 spins.

Let denote the set of six spins around a honey-
comb plaquette of the lattice. The Hamiltonian of the color
code is defined as

FIG. 20. Visual representation of a 4 × 4 honeycomb lattice. We
use single and double arrows to show the periodic boundary condi-
tions. Note that the dotted lines are auxiliary and do not correspond
to the edges of the graph.

where for every , and

are both plaquette interactions (see Fig. 21).
In this case, the final Z matrix obtained after the pseudo-

Gaussian elimination depends on the size of the system.
Indeed, if L mod 3 = 0 or 1 then the final Z matrix contains
exactly one nonzero element in every row and every column,
which implies that the final Hamiltonian is noninteracting and
each of its terms acts nontrivially on exactly one spin. Note
that this result is even stronger than the duality shown in
Ref. [25].

Finally, when L mod 3 = 2, the rows and columns of the
Z matrix can be rearranged after performing the pseudo-
Gaussian elimination so that Z is of the form⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

I 0 0000

1 · · · 11 · · · 10 · · · 0 0 · · · 0
...

0 · · · 01 · · · 11 · · · 1 0 · · · 0
...

0 I
...

0 · · · 0 1 · · · 11 · · · 10 · · · 0
...

0 · · · 0 0 · · · 01 · · · 11 · · · 1 0000

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

where we note that the first 4(L + 1) rows correspond to the
X� operators and the last 4(L + 1) rows correspond to the
Z� operators. In this case, there are always exactly four all-
zero columns.

This structure allows us to immediately identify two de-
coupled models, each corresponding to a different type of
interaction.

FIG. 21. Visual representation of the X� and Z� interactions
of the color code on a 2D honeycomb lattice.

023277-18



EFFICIENT AND SIMPLE GIBBS STATE PREPARATION … PHYSICAL REVIEW RESEARCH 8, 023277 (2026)

FIG. 22. Visual representation of a seven-spin lasso Ising chain.
The ellipses denote σz ⊗ σz interactions. We omit any possible mag-
netic fields for readability.

In fact, each model is a lasso Ising chain, i.e., an Ising chain
where the last spin of the chain has an extra interaction with
a spin situated in the bulk of the chain (see Fig. 22). Indeed,
let us consider the columns and the rows of one of the two
decoupled systems:⎛⎝ I

1 · · · 1 1 · · · 1 0 · · · 0
0 · · · 0 1 · · · 1 1 · · · 1

⎞⎠.

Once again, by applying CX gates as discussed in the 2D
toric code case, we arrive at⎛⎝ A

0 · · · 0 0 · · · 1 0 · · · 0 0
0 · · · 1 0 · · · 0 0 · · · 0 1

⎞⎠,

where

A :=

⎛⎜⎜⎜⎜⎝
1 0 0 0 · · · 0
1 1 0 0 · · · 0
0 1 1 0 · · · 0
...

. . .
...

0 0 0 0 · · · 1 1

⎞⎟⎟⎟⎟⎠.

This implies that the final Hamiltonian corresponds to an
Ising chain with a magnetic field in one spin, and an extra
two-body interaction, which creates the lasso shape of the
model. The Davies generator associated with this Hamiltonian
is shown to have a positive MLSI at any positive temperature
in Appendix G, thus yielding efficient sampling.

In this case, the number of ground states varies depending
on the system size; when L mod 3 �= 2 our findings show that
the number of ground states is 2a, where a is the number of
zero couplings J�, J̃�. In the other case the four all-zero
columns should be related to the existence of 24 ground states
[54].

4. Rotated surface code

Next, we consider the rotated surface code, which is a
slight generalization of the defected toric code studied in
Ref. [19].

This model is defined on a regular square lattice (VL, EL )
on [0, L]2, which corresponds to considering open boundary
conditions. One spin is situated at each vertex v ∈ VL. Further-
more, the lattice is “colored” in a chessboard manner, using
blue and red (see Fig. 23). The interactions of the model will
depend on the color of each square.

In order to define the Hamiltonian associated with the
model, let us denote by p ⊂ �L any four-spin set correspond-
ing to the corners of a square in the lattice. Let us also denote
by sh (resp. sv) any set of two adjacent spins situated at the

FIG. 23. Visual representation of a 3 × 3 rotated surface code
lattice. Some circular segments are added to represent the interac-
tions considered at the boundary of the lattice.

top or bottom (resp. left or right) boundaries of the lattice. We
say that p is red (resp. blue) if its corresponding square is red
(resp. blue). Similarly, we say that sv or sh is red (resp. blue) if
the edge connecting them belongs to a red (resp. blue) square.

We define H as

H = −
∑
p⊂�L
p red

JpAp −
∑
p⊂�L
p blue

J̃pBp

−
∑

sv⊂�L
sv red

Jsv
Csv

−
∑

sh⊂�L
sv blue

J̃sh Dsh ,

where Jp, J̃p, Jsv
, J̃sh ∈ R, and

Ap :=
⊗
i∈p

σ i
x, Bp :=

⊗
i∈p

σ i
z ,

Csv
:=

⊗
i∈sv

σ i
x, Dsh :=

⊗
i∈sv

σ i
z .

See Fig. 24 for a visual representation of the interactions.
After performing the Gaussian elimination on the final Z

matrix of the tableau, we encounter an analogous situation
to the one reached when considering the color code with
L mod 3 �= 2. In particular, the final Z matrix contains exactly
one all-zero column, while the rest of the columns contains
exactly one nonzero element. Furthermore, there is exactly
one non-zero element in every row of Z , which, in particular,
implies that the final Hamiltonian is noninteracting and single-
site.

FIG. 24. Visual representation of the Ap, Bp (top row), Csv , and
Dsh (bottom row) operators.
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FIG. 25. Visual representation of a single cube in Haah’s code
model.

Moreover, the above structure implies that the number of
ground states of the model is 21+a, where a is the number of
zero couplings Jp, J̃p, Jsv

, J̃sh .

5. Haah’s code

Next, we study Haah’s code [55,56]. This model is defined
on the same cubic lattice as the 3D toric code. This time, we
consider two spins in each vertex v ∈ VL of the lattice (see
Fig. 25). Since we consider a lattice in SL × SL × SL, the
system will contain 2L3 spins.

The Hamiltonian of Haah’s code is defined as

H = −
∑
v∈VL

JvAv −
∑
v∈VL

J̃vBv,

where Jv, J̃v ∈ R and both Av and Bv act on every spin of a
single block of the lattice, whose bottom down leftmost vertex
is v (see Fig. 26).

As done in Ref. [25], we only consider those values of L
for which the ground-state degeneracy of the Hamiltonian is 4
when Jv = J̃v = 1 for every v ∈ VL, which correspond to odd
values of L such that L mod 4p − 1 �= 0 for every p � 2.

After performing the pseudo-Gaussian elimination, the
rows and columns of the Z matrix can be arranged so that
it is of the same form as in Eq. (C2), where the first L3 rows
of the tableau correspond to Bv operators, and the last L3 rows
correspond to Av operators.

This allows us to conclude that the Bv interactions get
mapped to one Ising chain chain and the Av interactions get
mapped to the other.

Once again, since the sign vector remains unchanged, we
know that when Jv = J̃v = 1 for every v, this corresponds to
two decoupled ferromagnetic Ising chains with a ferromag-
netic magnetic field at both ends. Thus, since both chains have
a unique ground state, the final two all-zero columns of Z
correspond to the four ground states of the model.

6. X-cube

Another model considered is the X-cube model [57,58].
This time, motivated by Ref. [25], we consider cylindrical

FIG. 26. Visual representation of the Av and Bv cube interactions
of Haah’s code.

FIG. 27. Visual representation of the cube operator Ab—left—
and the three cross operators—Bv , Cv , and Dv , respectively—of the
X-cube model.

boundary conditions, which correspond to defining the model
on a cubic lattice (VL, EL ) in SL × SL × [0, L], where the
vertices have integer coordinates. As in the 3D toric code, one
spin is placed at the midpoint of every edge in EL. This time,
due to the different boundary conditions, the system contains
3L3 + 2L2 spins.

Let us denote by b ⊂ EL(≡�L ) the set of 12 spins in any
given cube of the lattice. Furthermore, given any vertex of the
lattice v ∈ VL, let us denote by ∂xyv the set four spins situated
in the edges adjacent to v that lie in the xy plane. Similarly, we
define ∂yzv and ∂xzv. We define the X-cube Hamiltonian as

H = −
∑
b⊂EL

JbAb −
∑
v∈VL

v∈SL×SL×(0,L)

(JvBv + J̃vCv + ĴvDv ),

where Jb, Jb, J̃v, Ĵv ∈ R, and

Ab :=
⊗
i∈b

σ i
x, Bv :=

⊗
i∈∂yzv

σ i
z ,

Cv :=
⊗

i∈∂xyv

σ i
z , Dv :=

⊗
i∈∂xzv

σ i
z .

Note that SL × SL × (0, L) contains the whole lattice except
for the vertices at the boundary in the direction in which we
consider open boundary conditions. See Fig. 27 for a visual
representation of the operators.

After finishing the pseudo-Gaussian elimination, we ob-
tain several all-zero columns. In fact, the number of all-zero
columns grows with the dimension of the lattice as 4L2 +
2L − 1, which is consistent with the fact that the X-cube has
a number of ground states that grows superpolynomially with
the system size (Appendix A in Ref. [57]).

After rearranging the rows and columns of the Z matrix
associated with the final tableau, we find the following block-
diagonal structure,⎛⎜⎜⎜⎜⎜⎜⎜⎝

D1
. . .

DL

D′
1

. . .

D′
L−1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

where the rows in which each Di block is situated correspond
to those operators Ab for which b is such that its corner
vertices have coordinates (x, y, i − 1) and (x, y, i) for some
x, y ∈ {0, . . . , L − 1}. Every matrix Di, i ∈ {1, . . . , L} has
L2 rows and is of the same form as in Eq. (C1). This allows
us to conclude that there are L decoupled Ising chains, each
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corresponding to a block Di, which in turn corresponds to a
“slice” parallel to the xy plane of the cube operators.

Let us now study the remaining L − 1 decoupled systems,
which correspond to the blocks D′

i, which again correspond to
a “slice” of the cross operators.

First of all, the rows in which each D′
i block is situated

correspond to those cross operators Bv,Cv, Dv for which v has
coordinates (x, y, i) for some x, y ∈ {0, . . . , L − 1}. Every
matrix D′

i, i ∈ {1, . . . , L − 1} has 3L2 rows, 2(L2 − 1) + 1
columns and is of the form

D′
i:=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

D 0

D
...

. . .
...

D 0
0 0
0 1
0 1

0 0
0 1
0 1

· · ·
0 0
0 1
0 1

1
0
1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(C3)

where

D :=
⎛⎝1 0

0 1
1 1

⎞⎠.

Relabeling the columns of Eq. (C3) as 1, 2, . . . , 2(L2 −
1) + 1, for simplicity and conjugating its associated Hamilto-
nian by

U := CX (2(L2 − 1) − 2, 2(L2 − 1))

× CX (2(L2 − 1) − 3, 2(L2 − 1) − 1) · · ·CX (1, 3)

× CX (2, 4),

we obtain ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

D 0

D D
...

. . .
...

D D 0
00 · · · 00 00 1
00 · · · 00 01 0
00 · · · 00 01 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

which, after blocking each spin situated in an odd column
to the spin situated in the next column, results in a nearest-
neighbor 1D system.

7. Stabilizer subsystem toric code

The final two models that we consider correspond to sim-
plified versions of the subsystem toric code model [59,60],
which are again defined on a cubic lattice (VL, EL ) on the
three-dimensional torus SL × SL × SL. In these models, the
lattice is colored with two alternating colors in a chessboard
manner (see Fig. 28). This way, the interactions defined in
each cube will depend on its color.

As in the 3D toric code and the X-cube models, one spin
is situated at the midpoint of each edge (see Fig. 18). Thus,
the system contains 3L3 spins. We only consider system sizes
where L is even; otherwise, the checkerboard pattern cannot
be accomplished, due to the periodic boundary conditions.

FIG. 28. Visual representation of a 2 × 2 × 2 subsystem toric
lattice model. We have omitted the spins for simplicity.

The first simplification of the subsystem toric code arises
from only considering the stabilizer operators, i.e., defining
b ⊂ EL as in the X-cube model, consider the set of eight
vertices of the cube defined by b. We say that b is red if the
sum of the coordinates of its bottom down leftmost vertex is
even, and we say that it is blue otherwise.

The Hamiltonian is defined as

H = −
∑
b⊂EL
b red

JbAb −
∑
b⊂EL
b blue

J̃bBb,

where Jb, J̃b ∈ R and Ab and Bb are defined as

Ab =
⊗
i∈b

σ i
x, Bb =

⊗
i∈b

σ i
z

(see Fig. 29).
In this case, the final Z matrix, after performing the pseudo-

Gaussian elimination, contains 2(L3 + 1) all-zero columns,
which again is related to the existence of an exponential num-
ber of ground states.

After rearranging the rows and columns of Z , it is of
the same form as the one obtained when studying the two-
dimensional toric code. Therefore, this model is again dual to
two decoupled Ising chains.

Similarly to the previous models, the first L3/2 rows of Z—
those corresponding to the Ab operators—correspond to one of
the chains, while the last L3/2 rows of Z , corresponding to Bb

operators, describe the second chain.

8. Commuting checks subsystem toric code

The last model considered corresponds to the second sim-
plification of the subsystem toric code model.

In this case, the simplification only considers some of
the check operators defined originally in Refs. [59,60]. Each
check operator acts on three spins situated in the edges adja-
cent to a given vertex v ∈ VL (see Fig. 30).

In order to formally describe the Hamiltonian associated
with this model, let b ⊂ EL be a 12-spin subset as defined
in the X-cube model. As we mentioned previously, there are

FIG. 29. Visual representation of the stabilizer operators Ab and
Bb, respectively.
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FIG. 30. Visual representation of the four check operators con-
sidered in each cube, depending on the color. Each three-spin
operator in the cubes is of the form shown on their right-hand side,
which corresponds to Av and Bv , respectively.

eight vertices that lie in the cube associated with b. Let us
denote by V b

1 ,V b
2 the two four-vertex subsets in b such that if

v ∈ V b
1 (resp. v ∈ V b

2 ), then v′ /∈ V b
1 (resp. v′ /∈ V b

2 ) for every
v′ connected to v by an edge of b (recall that b can be regarded
both as a subset of �L or EL). We denote by V b

1 the subset con-
taining the bottom-down leftmost vertex of the cube defined
by b.

Let b ⊂ EL. For every v ∈ V b
i , i ∈ {1, 2}, let ∂v be the set of

three spins in b such that they are situated in the edges adjacent
to v.

With the above notation in mind, we define H as

H = −
∑
b⊂EL
b red

∑
v∈V b

2

J̃vAv −
∑
b⊂EL
b blue

∑
v∈V b

1

JvBv,

where Jv, J̃v ∈ R and

Av :=
⊗
i∈∂v

σ i
x, Bv :=

⊗
i∈∂v

σ i
z

(see Fig. 30). In this case, the total number of interactions is
4L3.

After performing the pseudo-Gaussian elimination on Z ,
there are no all-zero columns and each row will either have
one or three nonzero elements. Furthermore, let i be a row
i ∈ {1, . . . , 4L3} containing three nonzero elements, which
we denote by zi j , zik , and zil . Then, the jth, kth, and lth
column of Z will contain exactly two nonzero elements. One
of which will be zi j , zik , or zil , respectively, and the other will
be in certain different rows p, q, s. There will not be any more
nonzero elements in either of those rows.

The above structure implies that the final Hamiltonian cor-
responds to L3 decoupled classical Ising chains with exactly
three spins, with a magnetic field on both ends. This accounts
for all the 4L3 original terms. In this case, we are not able
to identify which interactions get mapped to which Ising spin
chains, apart from noting that every Ising chain is associated
with Av-only rows, or Bv-only rows.

APPENDIX D: LINDBLADIANS

1. Uniform family of Hamiltonians

Let us present now the kind of Hamiltonians considered
in this work. Let us define a potential 
 as a family 
 =
{
�}��V , where each 
� ∈ A�. We can then consider fam-
ilies of many-body Hamiltonians {H�}��V such that

H� =
∑
X⊂�


X . (D1)

By the definition of the potential, note that for each X ⊂ �,

X is a self-adjoint operator acting only nontrivially on the
subregion X .

Let us fix hereafter � � V . The potential is called com-
muting if for each X,Y ⊂ �, [
X ,
Y ] = 0. We denote by
J := maxX⊂�{‖
X ‖} the strength of the interaction, and by
r := max{diam(X ) | X ⊂ �,
X �= 0} the range or locality of
the interaction, where diam(X ) stands for the diameter of
region X with respect to the graph distance introduced above.
We say that a potential has range r if, and only if, it is
r-local, and when r = 2, we say that the potential has nearest-
neighbor interactions.

Then, the family {H�}��V is called the associated family
of Hamiltonians to (V,
). It is called uniformly bounded if
the strength J of all Hamiltonians is uniformly bounded. In
this work, we will only consider uniformly bounded families
of k-local Hamiltonians, which will frequently be commuting
as well.

For any � � V , the associated Gibbs state of the local
Hamiltonian at inverse temperature 0 � β < ∞ is denoted by

σ�(β ) := e−βH�

Tr[e−βH� ]
∈ S (H�), (D2)

and any marginal or reduced state onto any subregion X ⊂ �

is given by

σX := Tr�\X [σ�] ∈ S (HX ). (D3)

Similarly to the description of the associated family of Hamil-
tonians to the potential (V,
) and a β, we call the family of
their corresponding Gibbs states {σ�}��V the family of Gibbs
states associated with (V,
, β ).

2. Uniform family of Lindbladians

The dynamics of an open quantum system weakly coupled
to a thermal bath can be described by a quantum Markov
semigroup. Given a finite-dimensional Hilbert space H, a
quantum Markov semigroup (QMS) is a one-parameter con-
tinuous semigroup of quantum channels {Tt }t�0, with Tt :
S (H) → S (H) for every t � 0 satisfying:

(1) T0 = id.
(2) Tt ◦ Ts = Tt+s ∀t, s � 0.
Associated with any QMS, there is an infinitesimal gen-

erator L : S (H) → S (H) such that Tt = etL for every t � 0.
This also leads to the following differential equation:

d

dt
Tt = L ◦ Tt , ∀t � 0. (D4)

This is frequently known as master equation or Liouville’s
equation. The conditions above precisely dictate the structure
of the generator, which is shown to satisfy the Gorini-
Kossakowski-Lindblad-Sudarshan (GKLS) form [61,62]:

L(ρ) = −i[H, ρ] +
(d |�| )2−1∑

k=1

γk

[
LkρL†

k − 1

2
{L†

k Lk, ρ}
]
,

(D5)

for ρ ∈ S (H), with non-negative constants γk � 0 termed re-
laxation rates, a Hamiltonian H = H†, and bounded operators
{Lk} ⊆ B(HS ) known as Lindblad or jump operators.
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A state η ∈ S (H) is said to be invariant, stationary, or
simply a fixed point of L if L(η) = 0. We say that L and its
associated QMS are faithful if there is a full-rank invariant
state. Moreover, L and the QMS are said to be primitive if
this full-rank invariant state is the unique fixed point, which
we denote by σ . Primitivity thus ensures convergence for any
initial state to σ , namely,

etL(ρ)
t→∞−→ σ. (D6)

This is crucial in the context of Gibbs sampling.
Given a graph (V, E ) and a finite subset � � V , we con-

sider a family of Lindbladians LV = {L�}��V , such that

L� =
∑
k∈�

Lk, (D7)

where {Lk}k∈� are local and finite-range Lindbladians. We
assume that the strength of the Lindbladians is uniformly
bounded, namely,

J := sup
k∈V

‖Lk‖� < ∞. (D8)

The set LV = {L�}��V thus constitutes a uniform family of
Lindbladians that are local, bounded, and of finite range.

We say that the family is as follows:
(1) Locally primitive if L� is primitive for every � � V .
(2) Locally reversible if each L� is locally reversible, or

KMS-detailed balance, namely,

〈ρ,L�(η)〉KMS
σ� = 〈L�(ρ), η〉KMS

σ� ,

for any ρ, η ∈ S� and any finite � ⊃ �.
(3) Frustration-free if for any two � ⊂ � � V , L� (ρ) =

0 implies L�(ρ) = 0.
The uniform families of Lindbladians considered in

this work will be locally primitive, locally reversible, and
frustration-free. Note that the properties of local primitivity
and frustration freeness are compatible because the former
concerns for any L� the existence of a unique full-rank in-
variant state σ� ∈ S (H�), whereas the latter refers to multiple
invariant states for L� supported in larger spaces, i.e., in S�

for any finite � ⊃ �.

3. Mixing times and functional inequalities

Hereafter, we assume that LV = {L�}��V is a uniform
family of local, bounded, finite-range, locally primitive, lo-
cally reversible, and frustration-free Lindbladians.

The canonical notion employed to study the convergence
time of quantum Markov semigroups to their fixed points is
the mixing time. Given a Lindbladian L with associated QMS
{etL}t�0, and unique full-rank fixed point σ , for ε > 0 the
mixing time of the QMS is given by

τmix(ε) := inf

{
t > 0 : sup

ρ∈S(H)
‖etL(ρ) − σ‖1 < ε

}
. (D9)

In this work, we are interested in the cases in which the mixing
time is short enough. We say that the family of Lindbladians
{L�}��V satisfies the following:

(1) Rapid mixing if

τmix = O(polylog|�|). (D10)

(2) Fast mixing, or polynomial-time mixing, if

τmix = O(poly|�|), (D11)

for every � � V . Note that, from Eq. (D9), rapid mixing can
thus be equivalently written as

‖etL(ρ) − σ‖1 � poly(|�|)e−γ t (D12)

and fast mixing as

‖etL(ρ) − σ‖1 � exp(|�|)e−κt . (D13)

To facilitate the practical estimation of mixing times, there are
in general two central quantities, which impose strict upper
limits for τmix: The spectral gap λ and the modified logarith-
mic Sobolev constant α of a Lindbladian L.

Given any primitive Lindbladian L with fixed point σ , its
spectral gap λ(L) is defined as

λ(L) := min
μ∈Spec(L)\{0}

{|Re(μ)|}, (D14)

where the spectrum of L given as

Spec(L) = {ν ∈ C | ∃ ρ ∈ S (H) : L(ρ) = νρ}. (D15)

When the Lindbladian is additionally locally reversible, its
spectral gap is the optimal constant appearing in the Poincaré
inequality, given by

λ(L)Varσ (X ) � − d

dt

∣∣∣∣
t=0

Varσ (Xt ) = −〈X,L∗(X )〉KMS
σ ,

(D16)

for any X ∈ B(H), where Xt = σ−1/2etL(ρ)σ−1/2 for every
t � 0, and Varσ (X ) = 〈X − Tr[σX ]1, X − Tr[σX ]1〉KMS

σ .
The existence of a positive spectral gap automatically yields
an exponential decay of the variance with time by Grönwall’s
lemma, namely,

Varσ (Xt ) � Varσ (X )e−λ(L)t . (D17)

A stronger condition can be defined from the exponential
decay rate of a stronger measure of distinguishability between
states, namely, the relative entropy. Given a primitive Lindbla-
dian L with fixed point σ , it satisfies an MLSI if there exists a
constant α such that

2αD(ρ‖σ ) � − d

dt

∣∣∣∣
t=0

D(etL(ρ)‖σ ) (D18)

= −Tr[L(ρ)(log ρ − log σ )] , (D19)

for any ρ ∈ S (H), where the relative entropy is given by
D(ρ‖σ ) = Tr[ρ(log ρ − log σ )], and the term in Eq. (D19)
is called entropy production. The optimal constant for which
this inequality holds is called modified logarithmic Sobolev
constant, and it is given by

α(L) := inf
ρ∈S(H)

−Tr[L(ρ)(log ρ − log σ )]

2D(ρ‖σ )
. (D20)

Similarly to the case of the spectral gap, the previous inequal-
ity is equivalent to

D(etL(ρ)‖σ ) � D(ρ‖σ )e−2α(L)t . (D21)

From both the spectral gap and the MLSI of a Lindbladian,
we can derive the following estimates on the mixing time of
the evolution, respectively:
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(1) From the spectral gap,

‖etL(ρ) − σ‖1 �
√

1/σmin e−λ(L)t , (D22)

(2) and from the MLSI,

‖etL(ρ) − σ‖1 �
√

2 log(1/σmin) e−α(L)t , (D23)

where σmin represents the smallest eigenvalue of σ (note
that σ has full-rank and therefore σmin > 0). Since σmin =
�(1/ exp(|�|)) due to σ being a Gibbs state of a local Hamil-
tonian, then Eq. (D22) implies Eq. (D13) with an

√
exp(|�|)

prefactor, whereas Eq. (D23) implies Eq. (D12) with a |�|
prefactor.

4. Quantum Gibbs samplers

In this Appendix, given a Hamiltonian H in a finite-
dimensional Hilbert space, we are concerned with the
sampling of the quantum Gibbs state

σβ = e−βH

Z
with Z = Tr[e−βH ]. (D24)

There are different approaches to prepare Gibbs states such
as quantum Metropolis algorithms, which try to mirror their
classical counterpart [6], quantum imaginary time evolutions
[63] and, most relevant here, dissipative simulations based
on Lindbladian dynamics. The discussion below concentrates
on this last path. A dissipative sampler succeeds only if the
evolution drives every initial state toward the desired Gibbs
state. Consequently, the most important requirement for a
Lindbladian is that σ is its unique fixed point, and thus primi-
tivity and detailed balance are crucial in our setting.

Let us consider a finite lattice � � V , a Hamiltonian H�

on it, and an inverse temperature 0 � β < ∞. In the remain-
der of this Appendix, we will introduce several Lindbladians
with the desired properties that guarantee that σ�(β ) =
e−βH�/Tr[e−βH� ] is its unique fixed point.

a. Davies generators

Given a local and commuting Hamiltonian H�, the Davies
generator constitutes the canonical model to describe quan-
tum spin systems weakly coupled to a thermal bath and is
given by

LD
�(ρ) := −i[H�, ρ] +

∑
k∈�

LD
k (ρ), (D25)

where the local dissipators are defined as

LD
k (ρ) :=

∑
α(k),ω

χα(k)(ω)

(
S†

α(k)(ω)ρSα(k)(ω) (D26)

− 1

2
{S†

α(k)(ω)Sα(k)(ω), ρ}
)

. (D27)

In the upper expression, ω are the Bohr frequencies, defined
by all possible differences between the energies in Spec(H�),
and the operators Sα(k)(ω) can be understood as the Fourier
components of Sα(k), decomposed into the energy basis

Sα(k)(ω) =
∑

Ei−Ej=ω

�Ei Sα(k)�Ej , (D28)

where �Ei is the projection onto the eigenspace of H� with
energy Ei

H� =
∑

i

Ei �Ei . (D29)

The Sα(k)(ω) are local, self-adjoint operators, and χα(k)(ω)
depend on β, characterize the influence of the bath onto the
system, and fulfill the so-called KMS condition χα(k)(−ω) =
e−βωχα(k)(ω).

Given a family of systems {�}��V , a family of
Davies Lindbladians {LD

�}��V with associated Hamiltonians
{H�}��V is a family of locally primitive, locally reversible,
and frustration-free Lindbladians [12], for which the locality
of the Lindbladians is contained between once and twice that
of the associated Hamiltonians [64].

For any A ⊆ �, we can consider

LD
�,A(ρ) := −i[HA, ρ] +

∑
k∈A

LD
k (ρ), (D30)

and define the Davies conditional expectation on A by

ED
A (ρ) := lim

t→∞etLD
�,A (ρ). (D31)

Other Lindbladians that are frequently employed in the
literature in the context of commuting Hamiltonians are
the heat-bath generator [12,65] and the Schmidt generator
[66,67], which will be mentioned in more detail later in this
text.

b. Chen-Kastoryano-Gilyén generator

The first exactly detailed-balanced Lindbladian for arbi-
trary noncommuting Hamiltonians was constructed by Chen,
Kastoryano, and Gilyén in Ref. [24]. We provide here a brief
overview of its construction and refer the interested reader to
Refs. [24,68].

In contrast to the Davies generator, which derives jump
operators and rates from a physical bath in the weak-coupling
limit, the CKG sampler is a purely algorithmic construction.
It is designed for an arbitrary finite-dimensional Hamiltonian
H and—as the general GKLS form—decomposes into a co-
herent and a dissipative part

LCKG(ρ) = − i

h̄
[B, ρ] + T (ρ), (D32)

where the latter is given by

T (ρ) (D33)

=
∑

a

∫ ∞

−∞
γ (ω)

[̂
Aa(ω) ρ Âa(ω)†−1

2
{Âa(ω)†Âa(ω), ρ}

]
dω.

(D34)

A central innovation of the sampler lies now in the definition
of the frequency-dependent jump operators as

Âa(ω) = 1√
2π

∫ ∞

−∞
eiHt Aa e−iHt e−iωt f (t ) dt, (D35)

with

f (t ) =
(

σE√
2π

)1/2

e−σ 2
E t2/2, (D36)
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derived from the Hamiltonian H and an initial set of self-
adjoint jump proposals {Aa} that can be chosen relatively
freely. The applied Gaussian energy filter blurs every tran-
sition in energy by a gentle Gaussian window σE instead of
demanding exact Bohr frequencies ω. This leads to an ad-
vantage over other Lindbladians such as the Davies generator,
which for an accurate implementation requires the precise res-
olution of the Bohr frequencies, which is often exponentially
expensive [13]. The soft blurring incurs a tiny violation of
detailed balance, which is then canceled by a suitably chosen
coherent part B.

As a consequence, the CKG construction yields a Lind-
bladian that satisfies exact detailed balance with respect to
the Gibbs state of H and this state is its unique steady state.
Finally, shortly after the appearance of Ref. [24], another con-
struction with similar properties appeared in Ref. [13], with
the advantage that it uses a finite set of jump operators instead
of a continuously parametrized set as in the latter work. These
Gibbs samplers have a comparable quantum simulation cost,
but present greater design flexibility, a simpler implementa-
tion and error analysis, and generalize the CKG Lindbladian.

APPENDIX E: RESULTS ON GIBBS SAMPLING

Given a graph (V, E ), a uniform family of Hamiltonians
on it {H�}��V and a fixed inverse temperature 0 � β < ∞,
consider the associated family of Gibbs states{

σ�(β ) = e−βH�

Tr[e−βH� ]

}
��V

. (E1)

A family of quantum circuits {C�,ε} is called an efficient Gibbs
sampler [for {σ�(β )}��V ] if, for every finite � and every
precision ε > 0, the circuit C�,ε produces an output state ρ̃�

satisfying

‖ρ̃� − σ�(β )‖1 � ε,

with total depth bounded by

depth(C�,ε ) = O
(

poly

(
|�|, log

1

ε

))
.

In this article, we focus on the construction of quantum Gibbs
samplers with Lindbladians, i.e., the circuits above describe
the implementation of certain Lindbladians with fixed points,
the corresponding Gibbs states. In this context, two ingredi-
ents are crucial to derive efficient Gibbs samplers:

(1) Efficient implementation of Lindbladians. Each chan-
nel etL� can be approximated to error ε by a circuit of size
poly(|�|, t, log 1

ε
).

(2) Quick mixing of the Lindbladians toward their fixed
points. The semigroup etL� converges in ε-trace distance to
σ�(β ) in time τmix(ε) = poly(|�|, log 1

ε
).

The latter is studied through the estimation of mixing times
via spectral gaps and MLSIs as described above. We present
an overview on prior results regarding fast/rapid mixing of
Lindbladians in Appendix E 4. For the former, we need to
study the implementation time or implementation complexity,
which represents the quantum computational cost required to
approximate a given Lindblad evolution to within a specified
error tolerance. This metric depends sensitively on the partic-

ular simulation algorithm employed. This is explored in the
next Appendixes.

1. Prior results on Gibbs sampling

Sampling from Gibbs distributions lies at the heart of
many problems in statistical physics, machine learning, and
probabilistic inference. Equilibrium states of physical systems
are represented by Gibbs distributions, and they provide a
framework for modeling complex probability spaces of high
dimensions. In the context of Gibbs sampling, multiple classi-
cal algorithms such as Markov chain Monte Carlo have been
widely used in the literature [69]. These methods are typically
efficient at high temperatures [70], though more generally
believed to be efficient in practice [71]. The purpose of this
subsection is to review the extension of this and other classical
works such as Refs. [72–75] to the study of efficiency of the
quantum version of this problem.

The most natural extensions of the aforementioned works
to prepare quantum Gibbs states are those based on quantum
algorithms inspired by the classical Monte Carlo [6,14,76–
78], but they generally lack provable guarantees unless further
theoretical assumptions are made. Multiple other algorithms
for quantum Gibbs sampling are based on dissipation [12–15],
i.e., the existence of a Lindbladian that drives any initial state
to the desired Gibbs state. The efficiency of these algorithms
is based on a good implementation of the Lindbladians and
quick convergence of the dissipative process governed by
the Lindbladian. For general noncommuting Hamiltonians, an
algorithm based on dissipation was proposed in Refs. [24,68]
and subsequently shown to be efficient in Refs. [79–81].

In the case of local, commuting Hamiltonians, we can
restrict to quantum Gibbs samplers employing a Davies gen-
erator. [12] showed an equivalence between the spectral gap
of the Lindbladian and a form of decay of correlations in the
Gibbs state, yielding thus fast mixing for the Gibbs sampler.
An exponentially stronger result follows in the presence of an
MLSI, which was shown to exist (depending logarithmically
on the system size) for translation-invariant 1D systems in
Refs. [15,82] at any positive temperature, to be subsequently
improved to constant MLSI in Ref. [64], where this was also
extended at high temperature to any dimensional square lat-
tices and to binary trees. Other works regarding MLSIs for
commuting Hamiltonians for various systems and under dif-
ferent constraints involve, among others, Refs. [16,19,65,66].
At low temperature and in high dimensions, efficient Gibbs
samplers based on positive spectral gaps are only known to ex-
ist for Kitaev’s quantum double models in 2D [20,21,33,83].

Many other algorithms for Gibbs sampling based on other
methods than dissipation are [7,8] based on Grover ap-
proaches, or [63] based on quantum imaginary time evolution,
among others. Other works in this direction worth mentioning
are found in Refs. [9–11,84], and a recent review on the
subject can be found in Ref. [85].

2. Implementation of Lindbladians

The CKG approach is unusual in the sense that the
framework is already defined with circuit-depth and gate-
count bounds for implementing the entire semigroup. Other
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Lindbladian samplers as the Davies generator require addi-
tional work to implement their dynamics on a quantum device.
In this Appendix, we give a short overview of the methods
available to implement the Davies dynamics, and thereafter
briefly refer back to the CKG implementation protocol.

In general, there are many procedures in the literature to
simulate a given Lindblad evolution on a quantum computer;
three particularly influential approaches are the following:

(1) Trotter-Suzuki decomposition: In this method, the
semigroup et (LH +LD ) is approximated by alternating small
Trotter steps of the coherent exp(�t LH ) and the dissipator
part exp(�t LD), which has to be implemented with small
ancilla registers. The gate depth scales linearly in the number
of segments and the Lindblad-operator complexity [86].

(2) Block encoding and linear combination of unitaries
(LCU): With exponential improvement of the gate count at
same precision with respect to the Trotter method [87], here
each local part of the Lindbladian is embedded into a larger
unitary (block encoding). Then, amplitude amplification is
used to implement their weighted sum [88].

(3) Collision-model simulation: In this case, the dis-
sipative dynamics are implemented by repeating a fixed,
low-depth gate layer that couples the system to fresh environ-
ment ancillas (reset after each interaction). In the stroboscopic
limit, these repeated gate layers approximate the target dissi-
pative dynamics with minimal circuit overhead [89].

a. Implementation of the Davies Lindbladian

An efficient way to implement the Davies generator for
local, commuting Hamiltonians was recently proposed in Ref.
[87], based on a framework introduced in Ref. [45]. In the
constructed circuit, several tools including a series expansion
of the semigroup and block encodings are employed, yielding
a Gibbs sampler with circuit-depth scaling nearly linearly in
the system size.

Theorem E1. (Efficient Gibbs sampler for a local, com-
muting Hamiltonian, [45,87]). Let {H�}��Zd be a k-local,
commuting family of bounded Hamiltonians with strength
J on finite subsets � � Zd . Let {L�}��Zd be the uniform
family of Davies Lindbladians associated with {H�}��Zd . If
they satisfy MLSIs with respective MLSI constants α�, then
one can construct a quantum circuit that prepares the Gibbs
states σ�(β ) = e−βH�

Tr[e−βH� ] up to precision ε with

O
( |�|2

α�

polylog

( |�|
α�ε

))
one- and two-qubit gates

O
( |�|

α�

polylog

( |�|
α�ε

))
circuit depth,

where the dependencies on k, J , and the inverse temperature
β are absorbed in the Hamiltonian.

If the Lindbladians � � Zd are gapped with spectral gap
λ�, then the circuit that prepares the Gibbs states up to preci-
sion ε has

O
( |�|3

λ�

polylog

( |�|
λ�ε

))
one- and two-qubit gates,

O
( |�|2

λ�

polylog

( |�|
λ�ε

))
circuit depth,

where the dependencies on k, J , and the inverse temperature
β are absorbed in the Hamiltonian.

Our main result for the 2D toric code achieves a cir-
cuit complexity, i.e., number of one- and two-qubit gates, of
O(N3/2) for N qubits, at any positive temperature, indepen-
dently of β. Furthermore, as mentioned in the main text, by the
Gottesman-Knill theorem, the circuit can be simulated classi-
cally in O(N2N3/2) = O(N7/2) time. This can be compared to
other results that have previously appeared in the literature.

In Ref. [19], the authors derive a quantum circuit of depth
Õ(N2) to implement the Gibbs state of the defected toric code
at any positive temperature, independently of β.

In contrast, there are some results in dissipative quantum
Gibbs sampling of the 2D toric code based on the efficient im-
plementation of the Davies generator and a short mixing time
of the dynamics. In Ref. [20], the spectral gap of the Davies
generator was proven to be constant with the system size at
any positive temperature, with an exponential scaling in β. By
Theorem E1, this yields an algorithm to implement the Gibbs
state of the 2D toric code with circuit depth Õ(N2 exp(β )) and
circuit complexity of Õ(N3 exp(β )), at any positive tempera-
ture. The result of Ref. [13] proves that the gap of the Davies
generator can be also considered to be quadratic with respect
to the system size, thus yielding an algorithm for the same
object with circuit depth Õ(N4β ) and circuit complexity of
Õ(N5β ), at any positive temperature. The recent work [22],
which shows an MLSI for the Davies generator associated
with the 2D toric code at any positive temperature, improves
upon [20] and yields, by Theorem E1, a circuit depth of
Õ(N exp(β )) and circuit complexity of Õ(N2 exp(β )).

Finally, the recent work presented in Ref. [41] provides a
classical algorithm running in O(N4) time, which prepares the
Gibbs state of the 2D toric code.

b. Implementation of the CKG Lindbladian

As noted earlier, the CKG sampler comes with an ex-
plicit implementation protocol. The construction first dilates
the target Lindbladian into a block-encodable Hamiltonian
(leveraging the block encoding and LCU framework men-
tioned above) and then applies qubitization to simulate its
continuous-time evolution. The resulting quantum circuit has
depth [24]

Õ(t · β ), (E2)

where the Õ notation absorbs several logarithmic dependen-
cies. To build a full Gibbs sampler from this framework, one
needs to set t = τmix(ε), which can cause the circuit depth to
vary greatly. A key advantage is that this depth bound remains
valid even for noncommuting local Hamiltonians.

3. Efficient sampling under unitary conjugation

Here, we show the proof of Lemma 1. For any � � V , the
Gibbs state of H̃� is given by

σ̃ �(β ) := e−β U�H�U †
�

Tr[e−β U�H�U †
� ]

= U� e−β H� U †
�

Tr[U� e−β H� U †
�]

= U� σ�(β )U †
�.
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Assume that there exist efficient Gibbs samplers {C�,ε}��V

for {H�}��V (up to ε-trace distance). Then, one can construct
efficient Gibbs samplers {C̃�,ε}��V for {H̃�}��V as follows:
To prepare any σ̃ �(β ) within ε-trace distance, one has to

(1) prepare a state ρ within ε distance of σ�(β ) with the
corresponding circuit C�,ε, which exists by assumption; and

(2) apply the circuit U� to the prepared state ρ to reach the
state ρ̃ = U� ρ U †

�.
The final state ρ̃ is then ε-close to σ̃ �

β , since

‖ρ̃ − σ̃ �(β )‖1 = ‖U�(ρ − σ�(β ))U †
�‖1

= ‖ρ − σ�(β )‖1 � ε, (E3)

and the circuit depth is given by

depth(C̃�,ε ) = depth(U�) + depth(C�,ε )

= O(poly(|�|)) + O
(

poly

(
|�|, log

1

ε

))
= O

(
poly

(
|�|, log

1

ε

))
, (E4)

proving that {C̃�,ε} is an efficient Gibbs sampler and one may
simply set

C̃�,ε := U� ◦ C�,ε ∀� � V. (E5)

4. Mixing times of Lindbladians

This Appendix provides a general overview of the current
state of the art regarding estimates on the mixing times of
some Lindbladians, such as the Davies and CKG.

Let us first consider the simplest possible case. Given a
finite lattice � � V , a 1-local (i.e., noninteracting) Hamilto-
nian on it, H�, and given its Gibbs state at a fixed temperature
β > 0, σ ≡ σ�(β ), for any A ⊆ � we define the heat-bath
generator [12,65] as

LHB
� (ρ�) :=

∑
x∈�

(ρxc ⊗ σx − ρ�), (E6)

for any ρ� ∈ S�. The semigroup generated by this Lindbla-
dian reduces to the generalized depolarizing semigroup [90].

Theorem E2. (See Refs. [91,92] for σ = 1/d and Refs.
[90,93] for general product σ ). Consider LHB

� defined as
above, over a finite-dimensional Hilbert space in a finite graph
�, with unique fixed point σ = ⊗

x∈�
σx. Then, LHB

� has a posi-

tive MLSI, with optimal constant given by 1/2.
This generator is not unrelated to the Davies Lindbla-

dian. Each summand of Eq. (E6) can be written in terms of
a so-called conditional expectation onto a subgraph, which,
when applied infinitely many times, coincides with the corre-
sponding conditional expectation associated with the Davies
generator [94].

Considering now more general commuting Hamiltonians
and their associated Davies Lindbladians, we can summarize
the current knowledge about positive MLSIs as follows.

Theorem E3. (Refs. [15,64,82]). Let V be a graph and con-
sider a family of finite subgraphs {�}��V . Consider {LD

�}��V

defined as above, with corresponding unique fixed points
{σ�}��V for {H�}��V and inverse temperature β < ∞. Then,
we have the following results:

(1) If V = Z and {H�}��V are commuting and finite-
range Hamiltonians, then {LD

�}��V have a positive MLSI
constant, independent of the system size, at any 0 < β < ∞.

(2) If V = ZD and {H�}��V are commuting and nearest-
neighbor Hamiltonians, then {LD

�}��V have a positive MLSI
constant, independent of the system size, for 0 < β < β∗.

(3) If V = Tb is a binary tree and {H�}��V are commuting
and nearest-neighbor Hamiltonians, then {LD

�}��V have a log-
decreasing MLSI constant for 0 < β < β#.

For the specific value on each critical temperature, we refer
the reader to Ref. [64]. The extension from nearest-neighbor
to k-local Hamiltonians is unfortunately highly nontrivial and
we can only guarantee that an MLSI follows for a k-local com-
muting Hamiltonian from the existence of a positive spectral
gap in the Lindbladian and an exponential decay of a condition
named matrix-valued conditional mutual information, which,
in particular, implies the decay of the conditional mutual in-
formation and the mutual information [16].

For specific models such as the so-called Kitaev’s quantum
double models in 2D, a positive spectral gap for the associated
Davies generator is known to hold at every positive tempera-
ture. The canonical representative of this family of models is
the 2D toric code.

Theorem E4. (Refs. [20,21,33,83,95]). Let {H�} be a fam-
ily of Hamiltonians associated with a possibly non-Abelian
quantum double model in 2D, 0 < β < ∞ an inverse temper-
ature, and {LD

�} a family of Davies Lindbladians with unique
fixed point the Gibbs states {σ�(β )}. Then, {LD

�} has a posi-
tive spectral gap independently of the system size.

We conclude this Appendix with the more general case of
noncommuting Hamiltonians, even possibly with long-range
interactions. In that setting, rapid mixing is known to hold for
the CKG generators at high temperature.

Theorem E5. (Refs. [79–81]). Let {H�}��ZD be a family
of noncommuting Hamiltonians and {LCKG

� }��ZD a family of
CKG Lindbladians with unique fixed point the Gibbs states
{σ�(β )}��ZD at inverse temperature 0 < β < ∞. Then, there
exists βc > 0 such that for all β < βc, {LCKG

� }��ZD have rapid
mixing.

APPENDIX F: PRESERVATION OF MIXING TIMES
UNDER CONJUGATION BY UNITARY

The following constitutes a formal version of Theorem 4.
Theorem F1. Let H be a finite-dimensional Hilbert space,

L : B(H) → B(H) a primitive Lindbladian with unique fixed
point σ , U ∈ U (H) a unitary, and L̃ defined as in Eq. (5).
Then, the following statements hold:

(1) Primitive Lindbladian. L̃ is a primitive Lindbladian
and its unique fixed point is σ̃ = UσU †.

(2) Spectral gap. The spectral gaps of L and L̃ coincide:
λ = λ̃.

(3) MLSI constant. If L satisfies an MLSI with constant
α > 0, then so does L̃ with the same constant α.

(4) Mixing time. Given the mixing time τmix(ε) of L to-
ward its fixed state σ , L̃ has an identical mixing time τ̃mix(ε)
toward its respective fixed state σ̃ , i.e., ∀ ε > 0 : τ̃mix(ε) =
τmix(ε).

Proof. (1) Primitive Lindbladian. First, since unitary
transformations conserve the rank, σ̃ = UσU † has full rank.
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By definition of L̃, it satisfies the form of Eq. (4) replacing H
with H̃ = UHU † and Lk by L̃k = ULkU † for every k. Since

L̃(σ̃ ) = (AdU ◦L ◦ AdU † )(σ̃ ) = (AdU ◦L)(σ ) = 0, (F1)

σ̃ is a fixed state of L̃. This fixed point is unique: If there exists
another fixed state σ̃ ′ �= σ̃ of L̃, then

L(U †σ̃ ′U ) = (AdU † ◦ L̃ ◦ AdU )(U †σ̃ ′U ) (F2)

= (AdU † ◦ L̃)(σ̃ ′) = 0, (F3)

so U †σ̃ ′U �= σ would be a second fixed point of L, which
contradicts its primitivity of L.

(2) Spectral gap. By the definition of the spectral gap [see
Eq. (D14)], then for any eigenstate ρ with L(ρ) = νρ, the
state UρU † is an eigenstate of L̃ with the same eigenvalue
ν. On the other hand, any eigenstate � of L̃ automatically
corresponds to the eigenstate U †�U of L, again both with
the same eigenvalue. This ultimately leads to the conclusion
of identical spectra for L and L̃, and thus according to its
definition to an identical spectral gap λ = λ̃.

(3) MLSI constant. Assuming that L satisfies an MLSI with
constant α � 0, we have

α = inf
ρ∈S(H)

−Tr[L(ρ)(log ρ − log σ )]

2D(ρ‖σ )
. (F4)

Note that

− Tr[L̃(ρ)(log(ρ) − log(σ̃ ))]

= −Tr[L(U †ρU )(log(U †ρU ) − log(σ ))] (F5)

by unitary invariance of the trace. Since for any U ∈ U (H),
we have {ρ ∈ S (H)} = {U †ρU : ρ ∈ S (H)}, then

α = inf
U †ρU∈S(H)

−Tr[L(U †ρU )(log(U †ρU ) − log σ )]

2D(U †ρU‖σ )

= inf
ρ∈S(H)

−Tr[L̃(ρ)(log(ρ) − log σ̃ )]

2D(ρ‖σ̃ )
, (F6)

and hence L̃ satisfies an MLSI with the same constant α.
(4) Mixing time. It follows trivially from the definition of

mixing time, the unitary invariance of the 1-norm, and the fact
that {ρ ∈ S (H)} = {U †ρU : ρ ∈ S (H)}. �

We can immediately extend the previous result to families
of Lindbladians associated with families of Hamiltonians.

Corollary F1. Let {L�} := {L�}��V be a primitive uni-
form family of Lindbladians with corresponding fixed states
{σ�}��V . For a family of unitaries {U�}��V with U� ∈
U (H�), the transformed family {L̃�} given by

{L̃�} := {
AdU�

◦L� ◦ AdU †
�

}
��V , (F7)

satisfies the same mixing bounds as {L�}. In particular, {L̃�}
achieves fast/rapid mixing if, and only if, {L�} does so.

In the next result, we explore the preservation of efficient
sampling under conjugation by circuits of polylog depth, pro-
vided that an initial family of Lindbladians satisfies an MLSI.

Corollary F2. Consider {H�}��V a family of Hamiltoni-
ans with corresponding Gibbs states at β � 0 {σ�(β )}��V

and {L�}��V , a family of Lindbladians that will be taken
to be the Davies or the CKG. Given any family of unitaries

{U�}��V , consider the dual families {H̃�}��V and {L̃�}��V

as above. Then, we have the following:
(1) For {L�}��V Davies generators and {U�}��V of

polylog depth, σ̃ can be sampled with a circuit of depth
O(|�| polylog(|�|)) in the following cases:

(a) If {H�}��V are noninteracting, ∀β < ∞.
(b) If V = Z and {H�}��V are commuting and finite-

range Hamiltonians at any 0 < β < ∞.
(c) If V = ZD and {H�}��V are commuting and

nearest-neighbor Hamiltonians for 0 < β < β∗.
(d) If V = Tb is a binary tree and {H�}��V are com-

muting and nearest-neighbor Hamiltonians for 0 < β <

β#.
(2) For {L�}��V CKG generators and {U�}��V of poly-

log-depth, σ̃ can be sampled with a circuit of depth
O(|�| polylog(|�|)) if V = ZD and {H�}��V are noncom-
muting Hamiltonians for 0 < β < βc.

Proof. These are straightforward consequences of Theo-
rem F1 jointly with the existence of a positive MLSI and/or
rapid mixing for these models at the corresponding tempera-
tures mentioned in the statement, as recalled in Theorems E3
and E5, respectively, and the efficiency on the implementa-
tion of the sampler of the original family of Gibbs states, as
recalled in Theorem E1. �

This result can be translated to circuits of depth
O(poly(|�|)) in the case in which the initial Lindbladian
satisfies a positive spectral gap (possibly depending polyno-
mially on the system size), and the unitaries considered are of
poly-depth. This applies to all the models of Theorem E4.

APPENDIX G: LASSO 1D ISING MODEL

This Appendix is devoted to a more thorough understand-
ing of the lasso 1D Ising model. In particular, here we show
that the lasso 1D Ising model can be efficiently sampled. Even
more, we show that the Davies generator with unique fixed
point its Gibbs state at any positive temperature satisfies a
positive MLSI constant.

Beforehand, we need to introduce another mathemati-
cally tractable conditional expectation (and therefore local
Lindbladian) that has been employed in the recent literature
of quantum Markov semigroups. This construction requires
commuting Hamiltonians that are additionally nearest neigh-
bor, and can therefore be applied in our setting.

The Schmidt conditional expectation was introduced in
Ref. [66] following a construction of Ref. [67]. Given a graph
(V, E ) and a 2-local commuting interaction on it, for � � V
the corresponding Hamiltonian

H� =
∑

(i, j)∈E�

Hi, j (G1)

is composed of terms that act nontrivially only on vertices i
and j. Given any two terms of the interaction, they overlap
in, at most, one vertex. Let us consider the simplified case
of vertices A, B,C, and interactions HAB and HBC , for a fixed
β > 0. Then, we can Schmidt decompose e−βHAB and e−βHBC ,
simultaneously, with a compatible decomposition of BB for
both interactions, in the sense that the algebras generated by
the “B part” of the decompositions of both e−βHAB and e−βHBC

commute. This is extended to any subregion of V in the same
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FIG. 31. 2-coloring of the lasso 1D Ising, where we are coloring
�0 in red and �1 in green.

way, by considering any three consecutive sites of that region
and performing this Schmidt decomposition, verifying that the
decompositions of the algebras in the intermediate sites are
always compatible.

Then, for A, this allows us to define a conditional ex-
pectation ES

A onto a *-subalgebra that acts trivially on A,
decomposes its boundary so that the action of two conditional
expectations with two overlapping boundaries commute, and
acts nontrivially in the complement of the lattice. For any
subregion of V , the local Lindbladian onto such a subregion
is defined as the difference between such a conditional expec-
tation and the identity. This construction, in particular, yields
the property that, for A1, A2 ⊂ � � V with d (A1, A2) � 2, the
following holds:

ES
A1

◦ ES
A2

= ES
A2

◦ ES
A1

= ES
A1∪A2

, (G2)

which is crucial for the derivation of estimates of mixing
times. For a general description of these dynamics, see Sec.
3.2 in Ref. [64].

Now, we are in position to state and prove the main result
of this Appendix.

Theorem G1. For any 0 < β < ∞, let {H�} be a family of
Lasso 1D Ising models (see Fig. 22) and let {LD

�} be the as-
sociated Davies generators with unique fixed points {σ�(β )}.
Then, {LD

�} have a positive MLSI independent of the system
size.

Proof. Here, we will only follow the steps of the proof of
Theorem 5.3 in Ref. [64], where the analogous result for 1D
spin chains was shown. As a 1D lasso is a slight modification
of the geometry of 1D chains, we will only present here a
sketch of the proof focusing particularly on those steps that
differ from the aforementioned result.

Let us first fix �, an inverse temperature 0 < β < ∞, and
consider a 2-coloring of the lasso {�0,�1} as in Fig. 31,
where we enforce that the site of connection with the lasso
belongs to �0. In the case of an odd number of sites in the
cycle, we block two sites into one, so that a 2-coloring exists
without loss of generality. Let us recall that we want to prove

2α
(
LD

�

)
D(ρ‖σ�) � −tr

[
LD

�(ρ)(log ρ − log σ�)
]
, (G3)

for every ρ ∈ D(H), where we drop β from σ� for simplicity.
The first step of the proof requires conditioning onto the set
of points �0 and the chain rule for the relative entropy [96]
(Lemma 3.4 in Ref. [97]):

D(ρ‖σ�) = D
(
ρ‖ES

�0
(ρ)

) + D
(
ES

�0
(ρ)‖σ�

)
. (G4)

FIG. 32. Splitting of � into two overlapping regions A and B,
where the interactions fully contained in A are represented in pink,
those in B in blue, and those in the overlap in purple. The overlap has
two connected components, each of size �, and in the figure � = 3,
as the size is measured in number of sites.

Let us denote ω := ES
�0

(ρ). The first summand of Eq. (G4)
satisfies exact tensorization due to Eq. (G2), as all points of
�0 are at least at distance 2. Therefore,

D(ρ‖ω) �
∑

xk∈�0

D
(
ρ‖ES

{xk}(ρ)
)
.

Moreover, since we are interested in obtaining an MLSI for
the Davies generator, not the Schmidt one, we can further
upper bound this term as in Lemma 3.10 in Ref. [64] by

D(ρ‖ω) �
∑

xk∈�0

D
(
ρ‖ED

{xk}∂ (ρ)
)
, (G5)

where ED
{xk}∂ is the Davies conditional expectation from

Eq. (D31). The second summand on the right-hand side of
Eq. (G4) is more complicated. It requires a standard argument
of “divide and conquer” in order to upper bound D(ω‖σ�)
by a sum of relative entropies involving Davies conditional
expectations. This argument typically splits the graph consid-
ered at each step into two overlapping pieces and obtains an
upper bound for a conditional relative entropy in that graph
in terms of two conditional relative entropies in each of the
pieces, and a multiplicative error term depending on how cor-
relations decay on the Gibbs state between the regions in the
complement of the overlap. In particular, it completely follows
the steps of Lemma 5.11 in Ref. [64], except for the first step,
since now, in order to split the lasso into two pieces, we have
to “cut” from two parts, and thus consider two overlaps (see
Fig. 32). By Theorem 8 in Ref. [66] and its modified version
(Theorem 5.9 in Ref. [64]), we have

D(ω‖σ�) � 1

1 − 2ηA,B

[
D
(
ω‖ES

A (ω)
) + D

(
ω‖ES

B (ω)
)]

,

(G6)

where ηA,B is a condition of decay of correlations between Ac

and Bc called qL1 → L∞-clustering. Note that, up to blocking
of a few sites and their corresponding interactions as shown
in Fig. 33, Ac and Bc constitute two 1D segments, which we
denote by X and Y , respectively (see Fig. 34). Thus, we can
use Theorems 4.22 and 4.23 of Ref. [64] to conclude that the
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FIG. 33. Blocking performed in one of the sites of the B region,
where four sites are blocked into 1, and all their 2-local interactions
are transformed into a larger 1-local interaction.

decay of the standard covariance

Covσ� (Ac : Bc)

= sup
‖OAc ‖=‖OBc ‖=1

|tr[σ�OAc OBc ] − tr[σ�OAc ]tr[σ�OBc ]|

is equivalent to the qL1 → L∞ clustering, and thus, by
Ref. [98], it decays exponentially with the distance between
Ac and Bc. In more detail, note that even though X and Y
are 1D segments, it is not immediate to interpret the decay of
correlations between them with � as contained in a 1D chain
as in Refs. [99,100]. However, we could pairwise identify and
block all the sites in Fig. 34 except for the last two on the
left, and “bend” both segments X and Y so that the construc-
tion is transformed into a fully 1D model. Using this, that
correlations decay exponentially in 1D even for commuting,
nontranslation invariant interactions at any positive temper-
ature, as proven in Ref. [98], we conclude the exponential
decay of ηA,B with � + 1.

This is the first step for the recursion in Lemma 5.11 in
Ref. [64]. In the next step, each of the segments X and Y
is split into two overlapping parts, using a similar result of
approximate tensorization to Eq. (G6). This yields four condi-
tional relative entropies (in each of the “halves” of each of the
two segments above) and two multiplicative error terms of the
form of η, which will decay exponentially with the size of the
overlaps. By carefully choosing the size of the “halves” and
the size of the overlaps, it can be shown as in Lemma 5.11 in

FIG. 34. Complements of A and B, denoted by X and Y , respec-
tively. The distance between X and Y is � + 1, i.e., 4 in the figure.

Ref. [64] that, after a multiple-step recursion, we have

D(ω‖σ�) = D(ω‖E�(ω)) � C
∑

Rk⊂�

D
(
ω‖ERk (ω)

)
,

for C a positive constant, where all the Rk are given by
segments of size �0 intersected with �0. By data-processing
inequality and again the use of Eq. (G2) and Lemma 3.10 in
Ref. [64], we have

D(ω‖σ�) � C
∑

Rk⊂�

D
(
ES

�0
(ρ)‖ES

Rk
◦ ES

�0
(ρ)

)
� C

∑
Rk⊂�

D
(
ρ‖ES

Rk
(ρ)

)
� C

∑
Rk⊂�

D
(
ρ‖ED

Rk∂
(ρ)

)
. (G7)

Now, combining Eq. (G4) with Eqs. (G5) and (G7), and using
that by Theorem 1.4 in Ref. [101], there exist positive cMLSI
constants α1 and α2 such that for any j, k,

α1D
(
ρ‖ED

{x j }∂ (ρ)
)
�−tr

[
LD

{x j}∂ (ρ)
(
log ρ − logED

{x j}∂ (ρ)
)]︸ ︷︷ ︸

EPLD{x j }∂
(ρ)

(G8)

and

α2D
(
ρ‖ED

Rk∂
(ρ)

)
� −tr

[
LD

Rk∂
(ρ)

(
log ρ − log ED

Rk∂
(ρ)

)]︸ ︷︷ ︸
EPLD

Rk ∂
(ρ)

,

(G9)

where EP stands for entropy production, we conclude

D(ρ‖σ�) � 1

min{α1, α2}

·
⎛⎝ ∑

x j∈�0

EPLD
{x j }∂

(ρ) + C
∑

Rk⊂�

EPLD
Rk ∂

(ρ)

⎞⎠
� mC

min{α1, α2} EPLD
�

(ρ),

where we are using the positivity and additivity of the entropy
production, as well as the fact that, by construction, each site
is contained in at most a constant number of Rk , say m. Since
all multiplicative factors in the last term are positive constants,
this concludes the proof. �

In an analogous way, we could have proven a positive
MLSI for classical generators associated with the Lasso 1D
Ising, such as the Glauber dynamics, as the Hamiltonian is
purely classical. We have preferred to include the proof for the
Davies dynamics, as it concerns quantum systems evolving
toward the Gibbs state of the Lasso, and thus is more general
in principle.
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