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While bipartite quantum correlations have been extensively studied across various fields, the role of multi-
partite quantum correlations in many-body systems remains elusive due to their complex structure. A primary
challenge lies in the fact that the calculation of multipartite quantum correlation measure often requires an expo-
nential cost with respect to the system size. In this work, we address this problem by adopting a thermodynamic
approach: We introduce a measure of multipartite quantum correlations based on the difference in extractable
thermodynamic work between global operations and LOCC (local operations and classical communication).
This can be regarded as a multipartite generalization of the bipartite work deficit, which has attracted attention
as a thermodynamic measure of bipartite quantum correlation. Importantly, we develop an efficient method for
computing the multipartite work deficit in a special class of quantum many-body systems described by matrix
product states (MPS). The numerical cost of this method scales linearly with system size, significantly reducing
the exponential overhead required for direct calculations. We apply this method to an MPS family and show that
a quantum phase transition is well captured by the multipartite work deficit, which exhibits singular behavior
at the transition point. Our work shows that the multipartite work deficit not only highlights the fundamental
connection between multipartite quantum correlations and quantum thermodynamics, but also serves as an

efficiently computable probe of the structures of quantum many-body systems.
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I. INTRODUCTION

In light of recent developments in quantum technolo-
gies [1-6], quantum correlations are becoming increasingly
important not only in quantum computation and quantum
communication [7-9] but also in various fields of physics,
including condensed matter physics [10,11] and high-energy
physics [12—14]. For example, quantum correlations have
been utilized as useful probes for understanding critical phe-
nomena [15-17], topological order [18,19], and information
scrambling [20]. While the understanding on bipartite quan-
tum correlations has been well established through various
measures with clear operational meanings [21-24], multipar-
tite quantum correlations remain a very active research avenue
[25-56], mainly because of their rich and complicated struc-
ture [57,58]. For example, even in tripartite quantum states,
there are different types of quantum correlations represented
by the W state and the Greenberger-Horne-Zeilinger (GHZ)
state.

Another fundamental aspect of quantum correlations is
its connection to thermodynamics [59]. A crucial issue is
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how quantum correlations affect energetic quantities such as
extractable work and free energy. This connection between
quantum correlations and thermodynamics is twofold: It not
only reveals the extractable work from quantum correlations
[60-71], but also enables the quantification of quantum cor-
relations themselves based on thermodynamics. Specifically,
a measure of quantum correlation, called the work deficit,
is introduced as the difference in extractable works through
global operations and LOCC (local operations and classical
communication) [72-78]. While the work deficit is widely
investigated in bipartite systems, the multipartite work deficit
is almost unexplored except for simple demonstrations in the
seminal works such as Refs. [72,74]. Now, the critical ques-
tions are the following: (1) how to formulate multipartite work
extraction, (2) how the thermodynamic approach is useful
for multipartite quantum correlations, and (3) how one can
efficiently compute the multipartite work deficit.

In this work, we introduce the multipartite work deficit
defined with work extractions as shown in Fig. 1, for which
the above points are clarified. By formulating the multipartite
work extraction through nonadaptive LOCC, we obtain its
expressions exactly calculable for general few-body states.
For example, we show that the tripartite work deficit is given
by In2 in the GHZ state and In3 in the W state. This quan-
titatively demonstrates that the W state has larger tripartite
quantum correlation than the GHZ state, in terms of thermo-
dynamically extractable work.

Furthermore, we develop an efficient calculation method
of the multipartite quantum correlations for a special class
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FIG. 1. Schematic of the definition of the multipartite work
deficit. The multipartite work deficit, denoted by A, is defined as the
difference between the extractable work through global operations,
W,, and that through LOCC, W,, expressed as A = W, — W,. It is
defined for arbitrary multipartite systems with finite local dimen-
sions, and the explicit expressions for W,, W;, and A are given in
Egs. (2), (4), and (5), respectively. Note that in this framework, work
is extracted in contact with a heat bath with inverse temperature S.

of quantum many-body systems described by matrix product
states (MPS) [79-83]. While the cost of naive direct calcu-
lation of the multipartite work deficit grows exponentially
with the system size as is the case for many other measures
of multipartite quantum correlations [25-43], the cost of our
efficient method is proportional to the system size enabling
the significant cost reduction (Table I). It is noteworthy that
this efficient method is not restricted to the work deficit but
also is applicable to another measure of multipartite quan-
tum correlation (i.e., global quantum discord [38]), thereby
enabling the same reduction in numerical cost. This suggests
the potential applicability of our method to various measures
of multipartite quantum correlation.

By utilizing our efficient method, we demonstrate the mul-
tipartite work deficit in an MPS family introduced in Ref. [84].
In this example, we observe that the multipartite work deficit
shows a sharp kink at the quantum phase transition point.
This showcases that the multipartite work deficit serves as
an efficiently computable probe of quantum phase transitions.
We further show that the kink at the transition point becomes
sharper under coarse graining, which confirms that our probe
indeed captures the singularity that is physically relevant (i.e.,
not from the artifact of optimization).

TABLE I. Numerical costs for calculating the multipartite work
deficit in N-site MPS and MPS in the thermodynamic limit, up to
constant multiples. Direct calculation scales exponentially with the
system size N, making it infeasible in the thermodynamic limit.
Such exponential computational cost is a common issue for other
measures of multipartite quantum correlations [25—43]. On the other
hand, by employing the efficient calculation method introduced in
this work, the costs are reduced to scale linearly with respect to N.
Furthermore, this method is applicable even in the thermodynamic
limit, for translationally invariant normal MPS [81,82], achieving a
constant cost dependent only on the desired error bound &, which
scales as €@+

Direct Efficient calculation
calculation with error bound &
N-site MPS O Ne©@)
Normal MPS in Not applicable O

thermodynamic limit

The present work establishes a fundamental relationship
between multipartite quantum correlations and thermodynam-
ics, introducing measures of quantum correlations with clear
operational meaning based on thermodynamic work extrac-
tion. Since the introduced measure is efficiently computable
for quantum many-body systems described by MPS, it is use-
ful for probing the structure of quantum many-body systems
including quantum phase transitions. It is also noteworthy that
because of the operational definition of the multipartite work
deficit, our framework can also be applied to real experimen-
tal setups such as ultracold atoms [1,2] and superconducting
qubits [3,4].

This paper is organized as follows. In Sec. II, we introduce
the multipartite work deficit in terms of thermodynamic work
extraction and discuss its basic properties. In Sec. III, we
propose an efficient calculation method of this measure in
many-body systems and demonstrate it in an MPS family. In
Sec. IV, we introduce the framework of coarse graining and
apply it to the MPS family. In Sec. V, we summarize our work
and discuss the future perspectives.

II. MULTIPARTITE WORK DEFICIT
A. Definition of multipartite work deficit

We here introduce a measure of multipartite quantum cor-
relations, defined for a given state p of an N-partite system
composed of d-dimensional subsystems {a;}Y_,. This measure
is based on thermodynamic work extraction and is therefore
referred to as the multipartite work deficit. It is defined as the
gap between extractable thermodynamic work through global
operations W, and LOCC W, as

A=W, —W. (1)

We consider the situation where the work is extracted under
the interaction with a heat bath at inverse temperature 8 (with
B =1 set for notational simplicity), and the system Hamilto-
nian is trivial. In this case, the energy levels are completely
degenerate and the change in the system’s internal energy
is negligible. While this framework for quantifying quantum
correlations has already been studied in bipartite systems
[72—78], we introduce it here in a self-contained manner for
N-partite systems, for any N > 2. We note that our framework
of considering work extraction from the heat bath is distinct
from the previous works [64-69,85-88], where the work ex-
traction from system’s internal energy without utilizing a heat
bath is discussed.

We first quantify the extractable work through the global
operations W,. It is given by

W, =Nlnd — S(p), 2)

where S(p) = —Tr[p In p] denotes the von Neumann entropy.
This equation shows that the extractable work W, is character-
ized with the gap between the maximum entropy of the system
N 1Ind and the entropy S(p) of the total system. This can be
understood as the consequence of the second law of thermo-
dynamics, which states that a larger amount of work can be
extracted from a state with high purity. Concrete protocols to
achieve the work extraction in Eq. (2) have been discussed,
for example, in Refs. [89-92], and are also described in detail
in Sec. S1 of the Supplemental Material [93].
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FIG. 2. Schematic of nonadaptive local measurements and clas-
sical communication. Projective measurements are performed at each
local party, and the outcomes are shared among the parties after
the measurements. Note that in this setup local feedback operations
conditioned on the outcomes of other parties are not allowed.

We next consider the extractable work through LOCC W,.
When we denote the work extraction with a certain protocol A
as Wy, W, can be defined as the optimization of W, over the
set of allowed LOCC protocols. In this section, we consider
the LOCC class called zero-way closed LOCC, where the
nonadaptive local projective measurement and classical com-
munication are allowed, as shown in Fig. 2. Correspondingly,
we can refer to the work deficit (1) mainly focused in this
paper as the zero-way work deficit, while we often call it just
the work deficit for simplicity. The extractable work with such
a protocol A can be quantified as

N

Wa=)1nd =Y paG)S(pi)

n=1 Yn

—H,(Yv), ()

where Yy = (y1, y2, - . ., ynv) represents the measurement out-
comes for all parties, with y, denoting the outcome of the nth
party. Here, Hp (Yy) = — ZYN PAo[Yy]1n PA[Yy] is the Shan-
non entropy for Yy, where P, [Yy] denotes the probability for
the measurement outcomes Yy with measurement protocol A.
The conditional density operator B represents the condi-
tional state of nth party when the measurement outcome y,, is
obtained, and p4 (y,) denotes the corresponding probability.

Ind - S(pn"")

v w9 w

FIG. 3. Schematic for extractable work through a measurement
protocol A. Extractable work from nth party a, is Ind — S(p/**")
when the measurement outcome y, is obtained, and the averaged
work extraction becomes Ind — Z)_n Pa (yn)S(b,f"y"). On the other
hand, the work required to erase the measurement outcomes Yy is
Hx(Yy). Therefore, the net work extraction can be quantified as the
gap between these two contributions as shown in Eq. (3).

Hpy(Yy)

As shown in Fig. 3, the net work extraction W, is de-
composed into two contributions: work extraction from the
system after the measurement and the work needed to erase
the memory. The first contribution corresponds to the terms
in the curly brackets in Eq. (3). Since we cannot feed back
the measurement outcomes of the different party in the current
setup, the extractable work from each party is the gap between
the maximum entropy Ind and the entropy of conditional
state S(,Z),f\ ¥). By taking the average over the measurement
outcome y,, we can derive the expression in Eq. (3). The
second contribution of the memory erasure corresponds to
the Shannon entropy term Hx (Yy). Since the measurement
outcomes can be communicated among parties, we can col-
lectively erase all the outcomes Yy = (y1, y2, ..., yn). This
enables the memory erasure with work cost Hu (Yy), which
is less than that in the case without classical communication
ZnNzl H A (y n)

The extractable work W, can be calculated by further op-
timizing the measurement protocol A. Since we can show
that the optimal local measurement becomes always rank 1
as detailed in Appendix A, W; can be represented as

W, =NlInd — min Hj(Yy). @
AEMN

Here, My is the set of measurement protocols whose mea-
surement operators are denoted as {I1,, ® I1,, ® - - - ® I1,, },
where {Il, } is a set of rank-1 projectors on nth party. By
combining the expressions of Egs. (2) and (4), we can derive
a formula for the multipartite work deficit as

A= AIS,/i\EllN Hpy(Yy) — S(p). &)

This equation shows that A involves the minimization over N
sets of local measurement basis, which can be carried out by
brute-force optimization when the system size N is small.

For example, consider the GHZ state in a three-qubit sys-
tem, defined as

1
|IGHZ) = —(|000) + |111)).
V2
By brute-force optimization, the optimal measurement proto-
col for this state is given by the projective measurement in the
computational basis |0), [1) on all parties, and therefore the
work deficitis A = In 2. Similarly, for the W state,
1
IW) = —(|001) + |010) + [100})),
NG

the work deficit is A = In 3, with the same optimal measure-
ment protocol as in the GHZ state. These results indicate that
the W state possesses a larger amount of multipartite quantum
correlation than the GHZ state in terms of work deficit.

B. Expression with quantum relative entropy

By simple transformation, Eq. (5) can be reformulated as
the following expression:

A = min S(pllo), (6)
O‘EC}V

where S(p|lo) = Tr[p(In p — In o)] denotes the quantum rel-
ative entropy. Here, Cy represents the set of classically

043307-3



YADA, YOSHIOKA, AND SAGAWA

PHYSICAL REVIEW RESEARCH 7, 043307 (2025)

correlated states, which can be represented as

o= qUyI, @M, @ I, (7

Yv

with a set of orthogonal rank-1 projectors {1, }, and a certain
probability distribution g(Yy). From Eq. (6), we can see that
the multipartite work deficit A is the optimization over the
local bases of the relative entropy of coherence.

We remark that multipartite work deficit, reduced to
Eq. (6), is equivalent to other measures of multipartite quan-
tum correlations introduced in the previous works [94-98],
in the contexts totally different from thermodynamics. Here,
we have formulated the multipartite work deficit based on
thermodynamics. More importantly, we emphasize that the
efficient calculation method discussed in Sec. III has not been
proposed in any of the previous works.

We also remark the relationship between the multipartite
work deficit and entanglement. For the bipartite pure state, it
has been shown in the previous work [72] that the work deficit
is reduced to the entanglement entropy A = S(p;), where p;
is the reduced density operator for a single party. On the
other hand, for the mixed states in bipartite and multipartite
systems, the work deficit can take positive values even for sep-
arable states, as is the case for the quantum discord [99,100].
This indicates that the notion of multipartite quantum correla-
tion for the work deficit is broader than that of entanglement
theory. This can be understood from the fact that the set of
classically correlated states [Eq. (7)] is included by the set of
separable states, represented as

UEZQ(_X)O’f@O’f@"'@O’K].

III. EFFICIENT CALCULATION
IN MANY-BODY SYSTEMS

While the multipartite work deficit can be calculated ex-
actly with a reasonable numerical cost in few-body systems,
the calculations in many-body systems are challenging due
to the exponential growth of the numerical cost. The reason
for such a cost explosion is the necessity of optimizing all the
local bases: We need to optimize N sets of measurement bases
in order to calculate the work deficit (5), which requires an
exponential cost in the brute-force optimization. Such a diffi-
culty in optimizing local bases is not unique to the multipartite
work deficit but is a common issue across various measures
of multipartite quantum correlations; for example, the rela-
tive entropy of entanglement [25,26], geometric entanglement
[27-29], and global quantum discord [38] involve optimiza-
tion parameters proportional to the system size, similarly to
the multipartite work deficit. While there have been some
attempts to overcome this problem [101], systematic methods
to calculate these measures with polynomial costs are yet to
be established.

In this section, we propose an efficient calculation method
for the multipartite work deficit, which is applicable for MPS
with fixed bond dimension. MPS can efficiently represent the
ground state of gapped one-dimensional local Hamiltonians
[102,103] and has played a significant role in condensed mat-
ter physics and quantum information science. An N-site MPS

with bond dimension Dj is represented as [79-83]

Y)oc Y TH[ATA% - AMX]|o1. 00, ... 0n).  (8)

where A" is Dp-dimensional square matrix corresponding to
the orthogonal basis |o;,) for nth site, and X is the matrix of the
same size that represents the boundary condition (e.g., X =
1p, for periodic boundary condition and X = vgv! for open
boundary condition, with certain Dg-dimensional vectors vg
and v;). In what follows, we introduce the efficient calculation
method for this class of states, which enables significant cost
reduction as shown in Table I. We also note that this method
can be extended to another measure of multipartite quantum
correlation called global quantum discord [38], as detailed in
Sec. S4 of the Supplemental Material [93].

A. Overview of efficient calculation method

Since the work deficit A increases proportionally with the
number of party N for typical N-partite states, we here focus
on the work deficit density, which is defined as

A

R ©))

This quantifies the leading term of the work deficit in
many-body systems, and does not diverge even in the ther-
modynamic limit. For the calculation of the work deficit
density, we need to search for N sets of measurement bases
{lvny}, {Iy2)}, ..., {lyn)}, which minimize the Shannon en-
tropy in Eq. (5). If we perform a brute-force optimization
over these N sets of measurement bases, we must calculate
the Shannon entropy for all possible combinations of meshed
basis parameters, leading to an exponential computational
cost with respect to N, regardless of the system’s state.

To avoid such exponential computational overhead, we
evaluate the work deficit density through its lower and upper
bounds, instead of directly calculating it:

L <8 <U,. (10)

8

Here, these bounds U; and L; are defined by dividing the entire
system into /-site segments, and by optimizing the local mea-
surement bases within each segment. The tightness of these
bounds can be improved by increasing the locality parameter
[, while the numerical costs also increase with /. Especially for
the systems described with MPS, we can derive the following
inequality, which is also depicted in Fig. 4(a):

U —L go(%). an
This is one of the main results of this paper, along with Eq.
(10). Since the computational costs for U; and L; in MPS
scale as Ne©® (up to constant factor) as discussed later in
Sec. III B, Eq. (11) implies that the evaluation of § with an
arbitrary accuracy ¢ can be achieved at the cost that scales as
Ne®@), as shown in Table I. Furthermore, these bounds are
calculable even in the thermodynamic limit for translationally
invariant normal MPS [81,82], where the direct calculation
of § is infeasible. Normal MPS is a class of MPS with finite
correlation length and represents the unique ground state of
gapped one-dimensional local Hamiltonians [79].
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FIG. 4. Efficient calculation method for the work deficit density § with systematically improvable upper and lower bounds. (a) Schematic
of the systematic improvement of the lower and upper bounds, L; and Uj, by increasing the locality parameter /. (b) The measurement protocol
A € M,,, optimized to define the upper bound U;. (c) The measurement protocol A € N,.;, optimized to define the lower bound ;.

B. Upper and lower bounds for work deficit density

We now explicitly express the lower and upper bounds for
the multipartite work deficit density, which are utilized in its
efficient calculation. The upper bound U; is defined as

= Z min Hy (%) =S(e) . (12)

nel;

where I; = {ml|m € 7,0 < m < 7} is the set of the party la-
bels. Here, M,,,; represents the set of measurement protocols
composed of the local projective measurements on {a;}F! |,
and Y,y = (Vut1,---,Yuts) represents their outcomes, as
shown in Fig. 4(b) [104]. By denoting the measurement out-
comes from parties {a;}}_, as ¥, = (y1,...,y,), this upper

bound can be derived as follows

1
0=\ min ZHA(Ynl|Y>—S<p>
<2 > Ha (V) — S(p)
X N Aﬁ?ln — A\Un:l P
nel
Z min H () = S(p)
neI/
=U. 13)

In the upper bound U; defined as Eq. (12), the global
optimization of § is divided into the optimization of [-site
segments. The cost for optimizing each term miny Hx (Y,) is
¢©® due to the necessity to optimize the local measurement
bases on [ sites. Since U is calculated as the sum of % such
terms, the total computational cost is represented as Ne®"),
capturing the dominant factors of N and /. Furthermore, for
translationally invariant normal MPS in the thermodynamic
limit, U; can be calculated with a cost of ¢®"). This is because
almost all the terms in the summation {mina Hj (Y,:)},ej, are
reduced to the same value due to the translation invariance and
finite correlation length, eliminating the need for summation.
More detailed discussion is provided as Theorem 3 in the
Supplemental Material [93].

We remark that despite the universal applicability of this
type of upper bound U, different types of upper bounds are
more effective for some multipartite states. In fact, since § is
defined as the minimization over the measurement protocol,
its upper bounds can be derived in various ways, e.g., by
utilizing the ansatz protocol or restricting optimization region
reasonably. For example, by employing arbitrary ansatz mea-
surement protocol A* € My, we can define the upper bound
of § as

1
Ur- = _{HA*(YN) —S(p)}, (14)

where the inequality § << Uy+ directly follows from the defi-
nition of §. As another type of upper bound, we introduce Uy x
with natural numbers / and k, which is derived by restricting
the optimization region of the measurement protocols. This
bound U is the generalization of the upper bound U; and
is utilized in the numerical calculation in Sec. IIIC. The
definition and derivation of this type of bound are provided
in Appendix B.
The lower bound L; is defined as

L= Z min Hy(YulZ,) = S(p) ¢, (15)

nel; AN

where N,; denotes the set of measurement protocols com-
posed of an arbitrary POVM (positive operator valued
measurement) on the parties {a;}?_; and local projective mea-
surements on [ parties {a,}:?:,f 41 [105], and Z, is the outcome
of the POVM, as shown in Fig. 4(c). By denoting the set of the
local projective measurements on {a[}:’:{ as M,,1,, this bound
is derived as follows:

1
o= 1, min > HaWulY,) = S(p)
n€11
1
> G122 min Halul¥) = S(p)
nel;
1
> 120 min Ha(lZy) = S(p)
nel;
=1L, (16)
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where the inequality in the third line follows from the inclu-
sion relationship of the set of measurement protocols M,,; C
ML:I .

From Eq. (15), we can see that this lower bound L; is
defined as the sum of the local terms mins H (Y;,.;|Z,), which
is similar to the upper bound U;. The difference is that in the
lower bound L;, we need to optimize the POVM on the d"-
dimensional subsystem {a;}?_,, whose numerical cost seems
to grow exponentially with the subsystem size n. However,
in MPS with fixed bond dimension Dg, we can perform this
optimization at a constant numerical cost, since the subsystem
{a;}}_, can be effectively regarded as a fixed-dimensional
system (Dp-dimensional for open boundary conditions and
D3-dimensional for periodic boundary conditions). Because
of this reduction of subsystem dimension, the numerical cost
for L; becomes Ne®" up to constant multiple in N-site MPS,
and ¢“" for the translationally invariant normal MPS in the
thermodynamic limit.

Finally, we discuss the tightness of these bounds L; and
U,, which is directly related to the accuracy of our calculation
method. In general states, we can show that the tightness of
these bounds is improved with increasing the locality param-
eter [, as

L; < Ly, Uu < U, 17

where k is arbitrary natural number. Furthermore, for systems
described with MPS, we can derive Eq. (11), which indicates
that an arbitrary error bound is achieved with our method
by increasing /. Since the numerical costs for calculating the
bounds Z; and U; scale as ¢©) with the locality parameter /,
Eq. (11) demonstrates that the cost scales with the inverse of
the error bound, ¢, as O (Table D).

C. Demonstration in an MPS family

We next demonstrate our efficient calculation method of
work deficit density, in an MPS family introduced in Ref. [84].
The MPS family is represented with the following set of
matrices with one parameter g:

eo(@ 0 W= ) o

We consider the region —1 < g < 1 and system under peri-
odic boundary condition. These MPS are the ground states of
the parametrized Hamiltonian

Hy=Y"2(¢g — Dojo, — (g+ 1) 0,

+(g— 1)20;Urf+10;f+2’ (19)

where o, and o7 are the pauli x and z matrices on nth
site, respectively. As the special cases of this MPS family,
the cluster state is realized at g = —1, the generalized GHZ
state JLE(|OO- -+0) + [11---1)) is realized at g = 0, and the
product state |+ + ---+) is realized at g =1 with |+) =
1

25310) + 1)),

This MPS family is widely studied as a model that exhibits
a quantum phase transition while maintaining a fixed bond
dimension Dg = 2 [106—110]. The phase transition occurs at
g = 0, transitioning from a symmetry-protected topological

| SPT phase trivial phase

-1.0 03 0.0 0.5 1.0
g
f I !

cluster state generalized GHZ state product state

FIG. 5. Correlation length as a function of the system parameter
g for the MPS family [Eq. (18)]. The correlation length diverges at
the quantum phase transition point g = 0, indicating a transition from
the SPT phase in g < O to the trivial phase in g > 0.

phase (SPT phase) when g < O to a trivial phase when g > 0.
The correlation length &, of this MPS family diverges at the
transition point as follows, depicted in Fig. 5:

(In H%(‘ZD_I (g <0),

(In |:%Z|)71 (g > 0).

§g = (20)

We note that at g = 0, the system resides in a generalized
GHZ state characterized by long-range, nondecaying corre-
lation. This feature is distinct from conformal critical points,
which are known for power-law decaying correlations. Previ-
ous studies have identified the point g = 0 in this MPS family
as a multicritical point [106—108].

The result of our numerical calculation is shown in Fig. 6.
In Fig. 6(a), the behavior of the work deficit density as a
function of the system parameter g is depicted, while in
Figs. 6(b) and 6(c) the lower and upper bounds for fixed g
as a function of the locality parameter / are displayed. All of
these figures illustrate that the lower and upper bounds are
improved systematically with increasing locality parameter /,
showcasing the validity of our calculation method.

From Fig. 6(a), we can observe the bimodal structure of
8, with its peaks in the regions —1 < g<0and 0 < g < 1,
respectively. The reasons for this bimodal structure can be
attributed to two factors: long-range correlation around g = 0
and the short-range correlation around g = £1. At g=1,
work deficit density § becomes zero, since the system is in
a product state and does not have intersite correlation at all.
On the other hand, at g =0, § drop to zero due to the non-
decaying correlation. The generalized GHZ state realized at
g = 0 is the superposition of the completely aligned states
[00---0) and [11---1), and therefore the multipartite work
deficit remains the same value A = In2 independent of the
system size N. In the thermodynamic limit N — oo, this leads
to 8 = & — 0. Consequently, the peak of § occurs between
these two extremes, where the system has the intermediate-
scale correlation length. The peak in the region —1 < g < 0
occurs in a similar mechanism.

We further discuss the kinks observed in Fig. 6(a). In this
figure, the unsmooth change in § is observed at the phase tran-
sition point g = 0, reflecting the drastic change of the quantum
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FIG. 6. Numerical calculation of the work deficit density in the
MPS family [Eq. (18)]. (a) Work deficit density as a function of the
system parameter g. The gray region, sandwiched by the lower and
upper bounds, represents the range for the work deficit density 6. The
step size for g is 0.025, except near g = 0, where the data points are
more densely sampled at g = £0.025 x 0.5" for n ranging from 1 to
5. (b), (c) Lower and upper bounds of the work deficit density as a
function of the locality parameter / at fixed system parameters g =
—0.5 and 0.5, respectively. Systematic improvement of the bounds
with increasing / is observed. The data points for L;, U;, and U, ;. are
taken as the best value among results from numerical optimization
for random initializations.

correlation structure. Around this point g = 0, the optimal
measurement protocol A* is kept unchanged; it is to perform
the measurement on the basis {|0), |1)} for all sites. On the
other hand, the kink observed around g = 0.175 in Fig. 6(a) is
due to a discontinuous change in the optimal measurement
protocol at this point; in the region g < 0.175, the optimal
protocol is to perform projective measurements on the basis
{10y, [1)} for all sites, while for g > 0.175, the optimal basis
suddenly switches to {|4), |—)}, where |£) = $(|0) £ |1)).
Additionally, the kink may occur for the same reason in the
region 1 < g < 0, although it is not clearly observable in the
current numerical calculation due to the gap in the lower
and upper bounds. Such kinks, resulting from changes in the
optimal measurement protocols, do not necessarily indicate a
drastic change in the quantum correlation structure at those
points. To distinguish between such kinks and the unsmooth-
ness due to the phase transition at g = 0, we further introduce
the framework of coarse graining in Sec. IV, demonstrating
that the kink around g = 0 becomes sharper while the kinks at
the other points shift or get dull under the coarse graining.

IV. COARSE GRAINING

In the foregoing sections, we have focused on the situation
where each site is regarded as a single party. In this section, we
calculate the work deficit density defined in a coarse-grained
picture. Specifically, we consider the situation where m sites

Q.. gggg g888-$884 -

Amn—n+1 Amn Amn+1 Amn+n

coarse graining
m sites

I

new party b, new party by, .1

(b) Normal MPS, m > ¢ Q

n+1

- =0 5 .E.b

bipartite-entangled pair
.E. Ziva@lli)

FIG. 7. (a) Schematic for the coarse graining. The neighboring
m sites {@mut1, Aunt2, - - -, Am+1)n—1} are merged and regarded as
a single party b,y,. (b) Convergence of normal MPS to bipartite-
entangled form under coarse graining. By taking the party size m
much larger than the correlation length &, normal MPS converges
to the form where bipartite-entangled pair ), \/g; |} |i) is shared
between the neighboring parties.

{@mn+1s Qungas - - Qensin—1} are merged and regarded as a
single party b, 1, as shown in Fig. 7(a). To represent the work
deficit density defined under such a partitioning, we introduce
the notation §,,, where the subscript m denotes the number of
sites per a single party. In the case of m = 1, the subscript may
be omitted, as has been done so far.

In the framework of coarse graining, we can get access to
the structure of longer-range multipartite quantum correlation.
For example, the work deficit density §,,, defined under the
partitioning of Fig. 7(a), does not account for the short-range
quantum correlation among m sites {Gmnt1s - - - Aont+1)n—1}»
while it captures the structure of longer-range quantum cor-
relation well. This is contrary to §;, which accounts for
the effects of local quantum correlations across all sites. In
this section, we analyze the long-range structure using the
framework of coarse graining, demonstrating that the quantum
phase transition in the MPS family (18) can be effectively
probed with this framework.

A. Work deficit density for normal MPS under coarse graining

In this subsection, we show that the work deficit density &,,
converges to half of the entanglement entropy by increasing
number of sites per party m. Especially, we focus on the
translationally invariant normal MPS [81,82] under periodic
boundary condition. We consider an N-site system divided
into m-site parties, where the number of parties is denoted as
M= ’n—\i In this setup, we can derive the following equality,
which is the main result of this section:

S o
S = % + O #), @21
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FIG. 8. (a) Entanglement entropy for the MPS family [Eq. (18)]. Here, Sgg is defined as the entanglement entropy of a subsystem whose
size is much larger than the correlation length &,, for each parameter g. Therefore, Sgg is ill-defined at g = 0 due to the divergence of the
correlation length. (b) Rough sketch of the behavior of work deficit density §,, in the MPS family under coarse graining. In the region |g| > i,
8, converges to half of the entanglement entropy depicted in panel (a), while in the region |g| < 11 , 8, 1s close to zero. Based on these analyses,

m

we can conclude that §,, undergoes drastic changes in the parameter region |g| ~ O(m™"). It is important to note that this figure is a rough
sketch derived from analytical calculations in the regions |g| < i and |g| > ﬁ and is not based on the calculations in the entire parameter

range —1 < g < 1.

where £ is the correlation length of this MPS, Sgg is the
entanglement entropy for subsystem much larger than &, and
the notation O(x) represents O(x Inx). In the following, we
provide an intuitive discussion of why Eq. (21) is satisfied,
while the rigorous proof is presented in the Supplemental
Material [93] as Theorem 4.

The essence of the derivation of Eq. (21) is the fact that
under coarse graining, a normal MPS converges to the state
where the bipartite-entangled pairs are shared between the
neighboring parties, as shown in Fig. 7(b). This convergence
is the consequence of the renormalization group transforma-
tion, as discussed, e.g., in Refs. [81,82,111,112]. The state in
Fig. 7(b) is represented as

l¥) =~ Z Vi 4, - iy

..... iy

X i) ) ip 2o 13)20 -+ liedaen lindan s (22)

where {|j), 1 |k)n,2}£ — denotes the orthonormal basis of nth
party b,,. In this representation, each m-site party is effectively
regarded as a D3-dimensional system due to the fixed bond
dimension of |y). Since Eq. (22) represents a state in which
the bipartite-entangled pair ), \/g; |i),5 i), is shared be-
tween neighboring parties, the work deficit density reduces to
the bipartite contribution as follows:

1 M
b +2 D H(gi) = H(lgi}). (23)

n=1

Here, the optimal measurement protocol for §,, is to perform
the projective measurement with basis {|j),, | 1k}, »};« for all
parties. Since Sgg = 2H({g;}) as shown in Fig. 7(b), we can
derive Eq. (21). The error term O(e” %) in Eq. (21) is the
consequence of the error in the approximation in Eq. (22).

B. Detection of quantum phase transition
with work deficit density

We apply the framework of coarse graining to the MPS
family defined in Eq. (18), to reveal its long-range quantum
correlation structure. We consider the system under peri-
odic boundary condition in the thermodynamic limit, in the
same way as Sec. IIIC. Instead of conducting numerical cal-
culations across the entire parameter range —1 < g < 1 in
a coarse-grained framework, we here perform the analysis
solely within the regions |g| > % and gl K % to grasp a
rough sketch for the behavior of the work deficit density.
Given that the correlation length [Eq. (20)] is approximately

£, =~ %gl for |g| < 1, the regions |g| > 1 and |g| < + corre-

spond to the situations of & < m and &, > m, respectively.
In the region |g| > %, we can utilize Eq. (21), since &, <«
m is satisfied. Therefore, the work deficit density converges to
half of the entanglement entropy of subsystem much larger
than the correlation length &,, which can be calculated as

follows:

SE _ In2 (g <0), "
2 (- %) (g > 0),

where h(p) = —pInp — (1 — p)In(1 — p) denotes the binary
entropy function. It is depicted in Fig. 8(a).

On the other hand, in the region |g| < %, work deficit
density deviates from the entanglement entropy since the party
size m is smaller than the correlation length &,. Therefore, in
this region, we take a different strategy to evaluate §,,. To be
specific, we can derive the heuristic upper bound

S < Omlg)), (25)

by utilizing a certain ansatz measurement protocol [93]. From
this inequality, we can see that §,, is close to zero in the
region |g| K % Such a behavior of work deficit density can be
understood as the consequence of the long-range correlation
around g = 0. For example, in the generalized GHZ state
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at g = 0, the total work deficit remains the same value In 2
independent of the number of parties M, resulting in §,, = 0
in the thermodynamic limit M — oo.

Figure 8(b) shows the rough sketch of the behavior of work
deficit density, reflecting these analytical calculations. This
figure illustrates that §,, converges to half of the entanglement
entropy in the region |g| > % while it rapidly approaches to

zero in the region |g| K % Therefore, by changing the size
of the party m, the unsmoothness of the work deficit density
around g = 0 becomes sharper, showcasing the drastic change
in the long-range structure of multipartite quantum correla-
tion. On the other hand, the other kinks observed in Fig. 6(c),
such as the one at g = 0.175, shift or become dull under
sufficient coarse graining, since §,, converges to S%, which
is smooth at these points as depicted in Fig. 8(a). This illumi-
nates that these kinks are regarded as artifacts of optimization.
We remark that Fig. 8(b) roughly predicts the behavior of the
work deficit density based on the analysis in the regions |g| >
% and |g| < % The behaviors in other parameter regions are
merely interpolations from these extremes.

V. SUMMARY AND DISCUSSION

In this work, we introduced the multipartite work deficit,
a measure that quantifies multipartite quantum correlation
based on work extraction. It is defined as the difference in
extractable works through global operations and nonadaptive
LOCC. We obtained its expression [Eq. (5)] that is exactly
calculable for general few-body states and computed its values
in simple examples.

Importantly, we introduced an efficient calculation method
for this measure in many-body systems described with MPS,
in Secs. IIT A and III B. While the numerical cost for directly
calculating the multipartite work deficit grows exponentially
with system size N, the cost for our efficient method is linear
with respect to NV, enabling significant cost reduction (Table I).
This method is applicable not only to the multipartite work
deficit but also to another measure called global quantum
discord [38], which highlights its potential applicability to
various measures. In Sec. III C, we demonstrated this method
in an MPS family [84]. We also introduced the framework of
coarse graining of the multipartite work deficit in Sec. IV. By
utilizing this framework in the MPS family, we observed the
drastic change of multipartite quantum correlaiton structure at
the quantum phase transition point.

A remaining issue of this work is to investigate whether
our efficient calculation method for MPS can be applied
to broader classes of many-body states. Such extension
may be straightforward for the systems described with
projected-entangled pair states, matrix product operators, and
projected-entangled pair operators, which are the general-
izations of MPS to higher-dimensional and/or mixed states
[81,82]. In fact, these states can be represented with fixed
bond dimensions independent of the system size, which is
essential for our calculation method. On the other hand, exten-
sion to states that exhibit volume-law entanglement entropy
is much more nontrivial, since the bond dimension for these
states grows exponentially with the system size. It is an
important open question to develop approaches for evaluating
multipartite work deficit in such states.

Another future task is to study the multipartite work deficit
defined with fully adaptive LOCC. In this work, we intro-
duced the work deficit defined with zero-way LOCC, where
only the nonadapative local measurements are allowed. Fur-
thermore, as discussed in detail in the Supplemental Material
[93], we can formulate the work deficit based on the one-way
LOCC, where the local measurement and one-way classical
communication are allowed. These restrictions of the LOCC
classes are crucial for deriving their closed formula that can
be calculated exactly for general few-body states, while main-
taining clear operational meanings based on work extraction.
On the other hand, the investigation of the measure defined
with fully adaptive LOCC, in which the adaptive local op-
erations and arbitrary classical communication are allowed,
poses a greater challenge due to the extensive range of al-
lowable protocols. Since studies on such a case have so far
been limited to demonstrations in a few examples [72,74],
it remains a future task to establish calculation methods for
general few-body and many-body systems.

It is also important to explore how the multipartite work
deficit reveals the structures of quantum correlations in quan-
tum many-body systems. While the quantum correlations of
many-body systems at zero and finite temperature have been
extensively studied in the previous works [113—-123], they
primarily focused on bipartite or tripartite measures, leaving
the structure of multipartite quantum correlation largely unex-
plored. We expect that the multipartite work deficit introduced
in this work would serve as a probe for elucidating such
multipartite structures. Particularly, its convergence to entan-
glement entropy in normal MPS, as discussed in Sec. IV A,
represents a significant step forward. Clarifying the conditions
under which this convergence to bipartite entanglement occurs
poses an open question.

Finally, we discuss the relevance of our work to experi-
ments. Recently, single-site measurement and manipulation
of quantum many-body systems [124,125], as well as thermo-
dynamic work extraction from quantum systems [126—128],
are becoming possible on real experimental platforms, such as
ultracold atoms and superconducting qubits. The multipartite
work deficit has fully operational meaning, as it is defined
based on the work extraction through sitewise operations,
which would be feasible with these current or near-future
quantum technologies. Therefore, the multipartite work deficit
is expected to serve as an experimental probe of multipartite
structure of quantum correlations in many-body quantum sys-
tems. It would also be an interesting perspective to investigate
the role of quantum correlations in thermodynamics in such
experimental platforms.
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APPENDIX A: EXPRESSIONS OF MULTIPARTITE
WORK DEFICIT

1. Expression of W,

We here show that extractable work through zero-way
closed LOCC is expressed as

W, =NInd — min Hy(Yy). (A1)
AEMN

To derive this expression from Eq. (3), we need to show
that optimal measurement protocol is always rank 1. In the
following, we prove that for any measurement protocol A that
includes higher-rank projectors, there exists a certain protocol
A’ consisting solely of rank-1 projectors, such that Wy, > Wy
is satisfied.

In the zero-way closed LOCC, the allowed local measure-
ment on each party is not arbitrary POVM but projective
measurement. Therefore, the measurement protocol A is de-
scribed with the sets of orthogonal projectors, represented as

{IT,,}, {I1,,}, ..., {I1,, }. In this case, the conditional density
operator on the nth party is defined as
PA (yn )Tolyf\’yn = Yn Pn Hy,l )

where pa(y,) represents the probability of the measure-
ment outcome y,. The rank-1 measurement protocol A’,
which satisfies Wy > Wy, can be constructed by replacing
each higher-rank projector I1, in A with its fine-grained
rank-1 projectors {ITy'Ily, },, where {II'}, is the pro-
jectors on the diagonal basis of the conditional density
operator defined as 7" = Y. ¢ ()T By representing
the measurement outcomes for protocol A’ as (Y, X,) =
1, X1, Y2, X2, « - - s Y, X ), We can derive the inequality Wy >
W, as follows:

Wa = NlInd — Hy (Y, Xy)

N
=NInd — ZHA’(ynv xn|Yn—laXn—l)

n=1
N
> Nlnd — ZHA’(ymxﬂYnfl)

n=1

N
=NInd — {ZHA’(xn|Yn) + HA’(yn|Ynl)}

n=1

WV

N
Nll’ld — {ZHA’(xnlyn) ‘I’HA/(yn|Yn—l)}

n=1

> paGS(BAY) t — Ha(Yy) = Wi

Yn

N
=Nind -
n=1

2. Expression with quantum relative entropy

We here show the equivalence of the two expressions of
multipartite work deficit, namely, Eqgs. (5) and (6). Equa-
tion (5) can be transformed into the representation with
quantum relative entropy as

Arg/i\EN Ho(Yy) —S(p) = Agl/i\ﬂlN S(Da(p)) — S(p)

(A2)

i D
Jin S(eIDa(p)),

where D, denotes the dephasing map with respect to the
measurement basis of A. Since Dj(p) € Cy, the following
inequality holds:

. S mi .
Join S(pDa(p)) = min S(pllo) (A3)

Furthermore, quantum relative entropy of p with respect
to a classically correlated state o = ), q(Yy)IT,, ® 1), ®
--- ® I1,, can be decomposed as

S(pllo) = S(pIDy(p)) + S(Ds(p)llo),

where D, denotes the dephasing map with respect to the
diagonal basis of o. Therefore, we can derive the following
inequality:

féicrﬁ S(pllo) = fe‘icll S Ds(p)) + S(Ds(p)llo)

> i .

> mmin S(plDa(p)) (A4)
From Egs. (A2), (A3), and (A4), we can derive the equiva-
lence of Egs. (5) and (6) as follows:

min Hx(Yy) — S(p) = min S(p[lo). (A5)
AeMy ageCy

APPENDIX B: EFFICIENT CALCULATION METHOD
FOR WORK DEFICIT DENSITY §

1. Upper bound U x

We here introduce the definition of the upper bound U 4
of work deficit density §, which is defined for the translation-
ally invariant state with periodic boundary condition. This is
regarded as a generalization of the upper bound U;, which is
defined as follows:

U= A Y min Hy) - S(0) (B1)
=N Afen/}/flln:’ ATn: o)

nEI/

where M, describes the set of measurement protocols whose
measurement operators are denoted as

{HYnH ® H)‘n+2 ®: H}'H/}Yn:/'

Here, {I1,,,,} represents the set of orthogonal rank-1 projec-
tors on party a,;;. For the translationally invariant system
under periodic boundary condition, Uj is represented as

1 S
U[ = — min HA(Yn:l) - ﬂv

B2
| AeM,, N (B2)

since all the terms in the summation {minaeam,, Ha (Yir)}ner,
are identical.
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For such states, the upper bound U, ;. is defined as follows,
which is reduced to Eq. (B2) when k = 0:

Ul,k K lnd + ; mm HA®(/<+|)(Y,,1|Y” klkl) — %,

(B3)

where M, is the set of local projective measurements on the
[-site segment, and the measurement protocol A®*+D is to
perform the identical measurement A on (k + 1) sequential
I-site segments, specifically {a;}/-"1 . ... {a:}!h, .
note that in the thermodynamic limit N — oo, the first term in
Eq. (B3) is negligible. We can derive the inequality § < U, «
as follows:

. S(p)
§ = — min HyYpilY) ¢ — —
N min 2; AFlY) ¢ = =
nel;
| S(p)
g — H Yn: Ynf : - T a7
N Aléljl\illN 261: AN\ Yakikr) N
nel;
1 S(p)
< — H ¢ Yn‘ Yn— : - T
v Arg}\r}l’ ; et (Vg | Yo—rika) N
nel;

o Kiind  S(p)
< — Hysu Yn‘ Ynf : — Tt
w Auin ; nett (Yt | Yo gikr) N N

n}kll
1k in H YolY, )+ kllnd S(p)
= _— — min + n: n—kl: - T
7~ ) min Hyewen (o (Voiicia N N
< Uk

The equality in the fifth line follows from the fact that all
the terms in the summation {H yew+n (Yo | Yo—ki:k1 )Y nel, n>k1 are
identical due to the translation invariance of the system and
measurement protocol.

2. Reduction of the optimization region for the lower bounds

We provide a detailed discussion on the optimization in-
volved in the definition of the lower bound L;. The lower
bound is defined as

= Hio YotlZ) — S(p) §, (B4
Z,E‘;‘Qn‘?}? G Yt Z) = S(p) . (B4)

where &, denotes the set of arbitrary POVMs on the par-
ties {a;}_, and M, represents the set of local projective
measurements on the neighboring [/ parties {a,};‘:,f +1- Equa-
tion (B4) is equivalent to the representation in Eq. (15), since
the measurement protocol A € N, is divided into u € &,
and r € M, as A = (u, ). The measurement operators for

(u, ) are given by
{EZn ® H}’n+1 ® H}’m—z ® & H,Vn+1 }ZrnYn:[’

where {E7 } is the set of POVM operators for p and {IT,, .}
is the set of orthogonal projectors on party a,4;. Since the
Hilbert space dimension of the subsystem {a;}}_, is d", the

optimization cost for p € &, appears to grow exponentlally
with respect to n, at first glance.

an  Ap41 An+1

$- 43§

Ve [Vnad]

- J
Y

Yn:l

Set of arbitrary POVM on {a;}}-,, &

(EXtremKalﬁ1 )

Optlmal

protoc /

FIG. 9. Reduction of the optimization region in the calculation
of lower bound ;. Although the lower bound L, includes the op-
timization over the set of arbitrary POVMs on the parties {a;}",,
denoted as &,, this optimization region can be effectively reduced
to the set of extremal rank-1 POVMs on Row|[p, . ,], denoted as &,
(Theorem B1). Especially for the MPS with fixed bond dimension
Dg, optimization over the reduced region &£, can be performed at a
constant cost independent of n.

On Row[pl n]

However, we here show that this cost can be reduced to
constant independent of n, for MPS with fixed bond dimen-
sion Dg. While we have only provided an intuitive explanation
for this cost reduction in the main text, suggesting that the
subsystem {a;}?_, is regarded as a fixed-dimensional system,
we present a more detailed discussion in this subsection.
Specifically, we show that the optimization region &, for the
POVM p can be reduced to the set of rank-1 extremal POVMs
»] denoted as £, as illustrated in Fig. 9. Here,

.....

.....

for Row[p; .. ,] is fixed (Dp for open boundary condition and
D3 for periodic boundary condition). A rank-1 POVM is a
class of POVM defined by rank-1 operators {Ez }, and an
extremal POVM is one that cannot be described as a convex
combination of other POVMs [129,130]. This reduction of
optimization region is stated as the following theorem:
Theorem Bl. Let &, be the set of arbitrary POVMs on
parties {a;}_, and &, be the set of rank-1 extremal POVMs

on Row[p; .. ,]. Then, the following equality is satisfied:
= ﬁ Zgggl min Houn (Xl Z) = S(0)
nel;
N D_min min Hy,n(ulZ) = S(o) . (BS)
nel;
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The proof of this theorem is provided in the Supple-
mental Material [93]. Since the rank-1 extremal POVM on
x-dimensional system is described with fewer than x> rank-
1 measurement operators {Ez } [129,130], the optimization
of pu within £ can be performed at a constant cost inde-
pendent of n. This is crucial for the lower bound L; to be
calculated with linear cost with respect to the system size N
(Table I).

3. Lower and upper bounds for states approximated by MPS

While we have primarily focused on systems exactly repre-
sented by MPS, we here explain that our efficient calculation
method is applicable also for states approximated by MPS.
Specifically, we consider the state p that is approximated with
an MPS p’ with fixed bond dimension. To evaluate the lower
bound L;(p), we utilize the fact that it is well approximated
with L;(p’), which is efficiently computable as the conse-
quence of Theorem B1. To be more precise, we derive the
following theorem:

Theorem B2. Let p and p’ be the states satisfying |p —
O lle < v, where || X||¢ = Tr[|X|] denotes the trace norm.
Then, the following inequalities are satisfied:

Ui(p) = Un(p")] < Ov), (B6)

ILi(p) = Li(p")] < O). (B7)

The proof of this theorem is provided in the Supplemental
Material [93]. Since Eq. (B7) implies the inequality

8(p) = Li(p) = Li(p') — O(v),

we can obtain the efficiently computable lower bound of §(p)
through the calculation in the MPS p'.

4. Tightness of the lower and upper bounds
We here derive the systematic improvement of our lower

and upper bounds by increasing the locality parameter /. Espe-
cially for MPS with fixed bond dimension Dg, we can derive

the inequality
1
U-L < 0(7). (B8)

This inequality shows that we can achieve arbitrary accuracy
¢ by increasing the locality /. In the derivation, we utilize the
measurement protocol A%, € N,.;, which achieves the min-
imum for minaep,, Ha (Ya:|Z,). With this notation, we can
derive the inequality (11) as follows:

1
UL < > Haz, (V) — Ha:, (Yl Zy)

nel;

1
= 2 Hay, (s 2)

nel;

1
< 3 22 L sans,, 0)

nel;

nel;

1 1

Here, Hy\(y : z) = HA(y) + Hx(2) — HA(y, z) represents the
classical mutual information between measurement outcomes
y and z under the measurement protocol A, and I, .., (p) =
S(p1) + S(p2) — S(p1,2) represents the quantum mutual in-
formation between parties a; and a,. The inequality in the
third line follows from the fact that quantum mutual informa-
tion decreases monotonically under local CPTP (completely
positive and trace-preserving map), which is the consequence
of the monotonicity of quantum relative entropy [131]. In
the derivation of the final line, we utilize that the system is
described with an MPS with a fixed bond dimension Dg.

Additionally, we can derive the following inequalities,
which are satisfied in general, not only in MPS:

Ly <Ly, Uuy<U. (B9)
The inequality L; < Ly; can be derived as
1
L= 312 min Hy(uxilZy) = S(p)
ne]k,
1 k=1
= ]V Z mln ZHA(Yn+jll|YnjlaZ )_ S(,O)
nely n“
1 k—1
2_ min H Yn ':Yn:‘»Zn _S
v > > min HaGnejealtici. Z2) = S(p)
nely j=0
1
> 120 min Ha(nilZn) = S(p)
mel;
=1L, (B10)

where subscript m in the fourth line corresponds to n + jl in
the third line, and therefore the inequality in the fourth line
follows from the inclusion relation N,.(j+1y C Nyt jrs. The
inequality Uy; < U; can be derived as follows:

1
Uu = 5122 min Ha(oir) = S(p)
nelk, Mot
1 k—1
Zﬁ ;A?AIAI}‘HZHA(YH+1H|Y}1 ]l) S()O)
neiy
1 k—1
<y ZA%%ZHMYHW) —S(p)
HEI/‘,
1
<y 2 min Ha() = S(p)
mel/ ml
=, (B11)

where the subscript m in the fourth line corresponds to n + ji
in the third line.

043307-12



MEASURING MULTIPARTITE QUANTUM CORRELATIONS ...

PHYSICAL REVIEW RESEARCH 7, 043307 (2025)

[1] C. Gross and I. Bloch, Quantum simulations with ultracold
atoms in optical lattices, Science 357, 995 (2017).

[2] F. Schifer, T. Fukuhara, S. Sugawa, Y. Takasu, and Y.
Takahashi, Tools for quantum simulation with ultracold atoms
in optical lattices, Nat. Rev. Phys. 2, 411 (2020).

[3] M. Kjaergaard, M. E. Schwartz, J. Braumiiller, P. Krantz,
J. L.-J. Wang, S. Gustavsson, and W. D. Oliver, Superconduct-
ing qubits: Current state of play, Annu. Rev. Condens. Matter
Phys. 11, 369 (2020).

[4] P. Krantz, M. Kjaergaard, F. Yan, T. P. Orlando, S. Gustavsson,
and W. D. Oliver, A quantum engineer’s guide to supercon-
ducting qubits, Appl. Phys. Rev. 6, 021318 (2019).

[5] D. M. Lukin, M. A. Guidry, and J. Vuckovi¢, Integrated quan-
tum photonics with Silicon carbide: Challenges and prospects,
PRX Quantum 1, 020102 (2020).

[6] E. Altman et al., Quantum simulators: Architectures and op-
portunities, PRX Quantum 2, 017003 (2021).

[7] N. Gisin and R. Thew, Quantum communication, Nat. Photon.
1, 165 (2007).

[8] M. A. Nielsen and I. L. Chuang, Quantum Computation and
Quantum Information (Cambridge University Press, Cam-
bridge, UK, 2010).

[9] H. J. Briegel, D. E. Browne, W. Diir, R. Raussendorf, and M.
Van den Nest, Measurement-based quantum computation, Nat.
Phys. 5, 19 (2009).

[10] L. Amico, R. Fazio, A. Osterloh, and V. Vedral, Entanglement
in many-body systems, Rev. Mod. Phys. 80, 517 (2008).

[11] G. De Chiara and A. Sanpera, Genuine quantum correlations
in quantum many-body systems: A review of recent progress,
Rep. Prog. Phys. 81, 074002 (2018).

[12] S. Ryu and T. Takayanagi, Aspects of holographic entangle-
ment entropy, J. High Energy Phys. 08 (2006) 045.

[13] S. Ryu and T. Takayanagi, Holographic derivation of entan-
glement entropy from the anti—de Sitter space/conformal field
theory correspondence, Phys. Rev. Lett. 96, 181602 (2006).

[14] T. Takayanagi, Entanglement entropy from a holographic
viewpoint, Classical Quantum Gravity 29, 153001 (2012).

[15] G. Vidal, J. I. Latorre, E. Rico, and A. Kitaev, Entanglement
in quantum critical phenomena, Phys. Rev. Lett. 90, 227902
(2003).

[16] P. Calabrese and J. Cardy, Entanglement entropy and quantum
field theory, J. Stat. Mech. (2004) P06002.

[17] P. Calabrese and J. Cardy, Entanglement entropy and confor-
mal field theory, J. Phys. A: Math. Theor. 42, 504005 (2009).

[18] A. Kitaev and J. Preskill, Topological entanglement entropy,
Phys. Rev. Lett. 96, 110404 (2006).

[19] M. Levin and X.-G. Wen, Detecting topological order in
a ground state wave function, Phys. Rev. Lett. 96, 110405
(2006).

[20] B. Swingle, G. Bentsen, M. Schleier-Smith, and P. Hayden,
Measuring the scrambling of quantum information, Phys. Rev.
A 94, 040302 (2016).

[21] M. B. Plenio and S. Virmani, An introduction to entanglement
measures, Quantum Inf. Comput. 7, 1 (2007).

[22] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki,
Quantum entanglement, Rev. Mod. Phys. 81, 865 (2009).

[23] K. Modi, A. Brodutch, H. Cable, T. Paterek, and V. Vedral,
The classical-quantum boundary for correlations: Discord and
related measures, Rev. Mod. Phys. 84, 1655 (2012).

[24] A. Bera, T. Das, D. Sadhukhan, S. S. Roy, A. S. De, and
U. Sen, Quantum discord and its allies: A review of recent
progress, Rep. Prog. Phys. 81, 024001 (2018).

[25] M. Plenio and V. Vedral, Bounds on relative entropy of entan-
glement for multi-party systems, J. Phys. A: Math. Gen. 34,
6997 (2001).

[26] T.-C. Wei, M. Ericsson, P. M. Goldbart, and W. J. Munro,
Connections between relative entropy of entanglement and
geometric measure of entanglement, arXiv:quant-ph/0405002.

[27] H. Barnum and N. Linden, Monotones and invariants for
multi-particle quantum states, J. Phys. A: Math. Gen. 34, 6787
(2001).

[28] T.-C. Wei and P. M. Goldbart, Geometric measure of entan-
glement and applications to bipartite and multipartite quantum
states, Phys. Rev. A 68, 042307 (2003).

[29] A. Shimony, Degree of entanglement, Ann. N. Y. Acad. Sci.
755, 675 (1995).

[30] R. Orts, Universal geometric entanglement close to quantum
phase transitions, Phys. Rev. Lett. 100, 130502 (2008).

[31] Q.-Q. Shi, R. Orts, J. O. Fjerestad, and H.-Q. Zhou, Finite-
size geometric entanglement from tensor network algorithms,
New J. Phys. 12, 025008 (2010).

[32] R. Ords and T.-C. Wei, Visualizing elusive phase transitions
with geometric entanglement, Phys. Rev. B 82, 155120 (2010).

[33] C.-Y. Huang and F.-L. Lin, Multipartite entanglement mea-
sures and quantum criticality from matrix and tensor product
states, Phys. Rev. A 81, 032304 (2010).

[34] V. A. Mousolou, C. M. Canali, and E. Sjoqvist, Unifying
geometric entanglement and geometric phase in a quantum
phase transition, Phys. Rev. A 88, 012310 (2013).

[35] R. Orts, T.-C. Wei, O. Buerschaper, and A. Garcfa-Saez,
Topological transitions from multipartite entanglement with
tensor networks: A procedure for sharper and faster charac-
terization, Phys. Rev. Lett. 113, 257202 (2014).

[36] Q.-Q. Shi, H.-L. Wang, S.-H. Li, S. Y. Cho, M. T. Batchelor,
and H.-Q. Zhou, Geometric entanglement and quantum phase
transitions in two-dimensional quantum lattice models, Phys.
Rev. A 93, 062341 (2016).

[37] R. Orus and T.-C. Wei, Geometric entanglement of one-
dimensional systems: Bounds and scalings in the thermody-
namic limit, arXiv:1006.5584.

[38] C. C. Rulli and M. S. Sarandy, Global quantum discord in
multipartite systems, Phys. Rev. A 84, 042109 (2011).

[39] S. Campbell, L. Mazzola, and M. Paternostro, Global quantum
correlations in the Ising model, Int. J. Quantum Inf. 9, 1685
(2011).

[40] S. Campbell, L. Mazzola, G. De Chiara, T. J. G. Apollaro,
E. Plastina, T. Busch, and M. Paternostro, Global quantum
correlations in finite-size spin chains, New J. Phys. 15, 043033
(2013).

[41] M.J. M. Power, S. Campbell, M. Moreno-Cardoner, and G. De
Chiara, Nonclassicality and criticality in symmetry-protected
magnetic phases, Phys. Rev. B 91, 214411 (2015).

[42] Z.-Y. Sun, Y.-E. Liao, B. Guo, and H.-L. Huang, Global quan-
tum discord in matrix product states and the application, Ann.
Phys. (NY) 359, 115 (2015).

[43] H.-L. Huang, H.-G. Cheng, X. Guo, D. Zhang, Y. Wu, J. Xu,
and Z.-Y. Sun, Global quantum discord and matrix product
density operators, Eur. Phys. J. B 91, 117 (2018).

043307-13


https://doi.org/10.1126/science.aal3837
https://doi.org/10.1038/s42254-020-0195-3
https://doi.org/10.1146/annurev-conmatphys-031119-050605
https://doi.org/10.1063/1.5089550
https://doi.org/10.1103/PRXQuantum.1.020102
https://doi.org/10.1103/PRXQuantum.2.017003
https://doi.org/10.1038/nphoton.2007.22
https://doi.org/10.1038/nphys1157
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1088/1361-6633/aabf61
https://doi.org/10.1088/1126-6708/2006/08/045
https://doi.org/10.1103/PhysRevLett.96.181602
https://doi.org/10.1088/0264-9381/29/15/153001
https://doi.org/10.1103/PhysRevLett.90.227902
https://doi.org/10.1088/1742-5468/2004/06/P06002
https://doi.org/10.1088/1751-8113/42/50/504005
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevLett.96.110405
https://doi.org/10.1103/PhysRevA.94.040302
https://dl.acm.org/doi/abs/10.5555/2011706.2011707
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/RevModPhys.84.1655
https://doi.org/10.1088/1361-6633/aa872f
https://doi.org/10.1088/0305-4470/34/35/325
https://arxiv.org/abs/quant-ph/0405002
https://doi.org/10.1088/0305-4470/34/35/305
https://doi.org/10.1103/PhysRevA.68.042307
https://doi.org/10.1111/j.1749-6632.1995.tb39008.x
https://doi.org/10.1103/PhysRevLett.100.130502
https://doi.org/10.1088/1367-2630/12/2/025008
https://doi.org/10.1103/PhysRevB.82.155120
https://doi.org/10.1103/PhysRevA.81.032304
https://doi.org/10.1103/PhysRevA.88.012310
https://doi.org/10.1103/PhysRevLett.113.257202
https://doi.org/10.1103/PhysRevA.93.062341
https://arxiv.org/abs/1006.5584
https://doi.org/10.1103/PhysRevA.84.042109
https://doi.org/10.1142/S0219749911008404
https://doi.org/10.1088/1367-2630/15/4/043033
https://doi.org/10.1103/PhysRevB.91.214411
https://doi.org/10.1016/j.aop.2015.04.015
https://doi.org/10.1140/epjb/e2018-80691-x

YADA, YOSHIOKA, AND SAGAWA

PHYSICAL REVIEW RESEARCH 7, 043307 (2025)

[44] H. C. Braga, C. C. Rulli, T. R. de Oliveira, and M. S. Sarandy,
Monogamy of quantum discord by multipartite correlations,
Phys. Rev. A 86, 062106 (2012).

[45] J. Xu, Analytical expressions of global quantum discord for
two classes of multi-qubit states, Phys. Lett. A 377, 238
(2013).

[46] S.-Y. Liu, Y.-R. Zhang, L.-M. Zhao, W.-L. Yang, and H. Fan,
General monogamy property of global quantum discord and
the application, Ann. Phys. (NY) 348, 256 (2014).

[47] V. Coffman, J. Kundu, and W. K. Wootters, Distributed entan-
glement, Phys. Rev. A 61, 052306 (2000).

[48] C. Radhakrishnan, M. Lauri¢re, and T. Byrnes, Multipar-
tite generalization of quantum discord, Phys. Rev. Lett. 124,
110401 (2020).

[49] M.-L. Hu, X. Hu, J. Wang, Y. Peng, Y.-R. Zhang, and H. Fan,
Quantum coherence and geometric quantum discord, Phys.
Rep. 762, 1 (2018).

[50] P. Hyllus, W. Laskowski, R. Krischek, C. Schwemmer, W.
Wieczorek, H. Weinfurter, L. Pezzé, and A. Smerzi, Fisher
information and multiparticle entanglement, Phys. Rev. A 85,
022321 (2012).

[51] G. Téth, Multipartite entanglement and high-precision metrol-
ogy, Phys. Rev. A 85, 022322 (2012).

[52] F. Frowis and W. Diir, Measures of macroscopicity for quan-
tum spin systems, New J. Phys. 14, 093039 (2012).

[53] P. Hauke, M. Heyl, L. Tagliacozzo, and P. Zoller, Measuring
multipartite entanglement through dynamic susceptibilities,
Nat. Phys. 12, 778 (2016).

[54] N. D. Mermin, Extreme quantum entanglement in a superpo-
sition of macroscopically distinct states, Phys. Rev. Lett. 65,
1838 (1990).

[55] M. Ardehali, Bell inequalities with a magnitude of violation
that grows exponentially with the number of particles, Phys.
Rev. A 46, 5375 (1992).

[56] L. Pezze, M. Gabbrielli, L. Lepori, and A. Smerzi, Multipartite
entanglement in topological quantum phases, Phys. Rev. Lett.
119, 250401 (2017).

[57] O. Giihne and G. T6th, Entanglement detection, Phys. Rep.
474, 1 (2009).

[58] I. Bengtsson and K. Zyczkowski, A brief introduction to mul-
tipartite entanglement, arXiv:1612.07747.

[59] F. Binder, L. A. Correa, C. Gogolin, J. Anders, and G. Adesso,
Thermodynamics in the Quantum Regime, Fundamental Theo-
ries of Physics Vol. 195 (Springer Cham, Switzerland, 2018).

[60] T. Sagawa and M. Ueda, Second law of thermodynamics
with discrete quantum feedback control, Phys. Rev. Lett. 100,
080403 (2008).

[61] K. Funo, Y. Watanabe, and M. Ueda, Thermodynamic work
gain from entanglement, Phys. Rev. A 88, 052319 (2013).

[62] S. W. Kim, T. Sagawa, S. De Liberato, and M. Ueda, Quantum
Szilard engine, Phys. Rev. Lett. 106, 070401 (2011).

[63] J. J. Park, K.-H. Kim, T. Sagawa, and S. W. Kim, Heat engine
driven by purely quantum information, Phys. Rev. Lett. 111,
230402 (2013).

[64] K. V. Hovhannisyan, M. Perarnau-Llobet, M. Huber, and A.
Acin, Entanglement generation is not necessary for optimal
work extraction, Phys. Rev. Lett. 111, 240401 (2013).

[65] M. Perarnau-Llobet, K. V. Hovhannisyan, M. Huber, P.
Skrzypczyk, N. Brunner, and A. Acin, Extractable work from
correlations, Phys. Rev. X 5, 041011 (2015).

[66] M. Huber, M. Perarnau-Llobet, K. V. Hovhannisyan, P.
Skrzypezyk, C. Klockl, N. Brunner, and A. Acin, Thermody-
namic cost of creating correlations, New J. Phys. 17, 065008
(2015).

[67] D. E. Bruschi, M. Perarnau-Llobet, N. Friis, K. V.
Hovhannisyan, and M. Huber, Thermodynamics of creating
correlations: Limitations and optimal protocols, Phys. Rev. E
91, 032118 (2015).

[68] G. L. Giorgi and S. Campbell, Correlation approach to work
extraction from finite quantum systems, J. Phys. B: At. Mol.
Opt. Phys. 48, 035501 (2015).

[69] G. M. Andolina, M. Keck, A. Mari, M. Campisi, V.
Giovannetti, and M. Polini, Extractable work, the role of cor-
relations, and asymptotic freedom in quantum batteries, Phys.
Rev. Lett. 122, 047702 (2019).

[70] C. Elouard, D. A. Herrera-Marti, M. Clusel, and A. Auffeves,
The role of quantum measurement in stochastic thermodynam-
ics, npj Quantum Inf. 3, 9 (2017).

[71] G. Manzano, F. Plastina, and R. Zambrini, Optimal work ex-
traction and thermodynamics of quantum measurements and
correlations, Phys. Rev. Lett. 121, 120602 (2018).

[72] J. Oppenheim, M. Horodecki, P. Horodecki, and R. Horodecki,
Thermodynamical approach to quantifying quantum correla-
tions, Phys. Rev. Lett. 89, 180402 (2002).

[73] M. Horodecki, K. Horodecki, P. Horodecki, R. Horodecki, J.
Oppenheim, A. Sen(De), and U. Sen, Local information as a
resource in distributed quantum systems, Phys. Rev. Lett. 90,
100402 (2003).

[74] M. Horodecki, P. Horodecki, R. Horodecki, J. Oppenheim, A.
Sen(De), U. Sen, and B. Synak-Radtke, Local versus nonlocal
information in quantum-information theory: Formalism and
phenomena, Phys. Rev. A 71, 062307 (2005).

[75] L. Devetak, Distillation of local purity from quantum states,
Phys. Rev. A 71, 062303 (2005).

[76] W. H. Zurek, Quantum discord and Maxwell’s demons, Phys.
Rev. A 67, 012320 (2003).

[77] A. Brodutch and D. R. Terno, Quantum discord, local op-
erations, and Maxwell’s demons, Phys. Rev. A 81, 062103
(2010).

[78] M. D. Lang, C. M. Caves, and A. Shaji, Entropic measures
of non-classical correlations, Int. J. Quantum Inf. 9, 1553
(2011).

[79] D. Perez-Garcia, F. Verstraete, M. M. Wolf, and J. 1. Cirac,
Matrix product state representations, Quantum Inf. Comput.
7,401 (2007).

[80] F. Verstraete, V. Murg, and J. 1. Cirac, Matrix product states,
projected entangled pair states, and variational renormaliza-
tion group methods for quantum spin systems, Adv. Phys. 57,
143 (2008).

[81] J. 1. Cirac, D. Perez-Garcia, N. Schuch, and F. Verstraete,
Matrix product density operators: Renormalization fixed
points and boundary theories, Ann. Phys. (NY) 378, 100
(2017).

[82] J. 1. Cirac, D. Perez-Garcia, N. Schuch, and F. Verstraete,
Matrix product states and projected entangled pair states: Con-
cepts, symmetries, theorems, Rev. Mod. Phys. 93, 045003
(2021).

[83] R. Orts, A practical introduction to tensor networks: Matrix
product states and projected entangled pair states, Ann. Phys.
(NY) 349, 117 (2014).

043307-14


https://doi.org/10.1103/PhysRevA.86.062106
https://doi.org/10.1016/j.physleta.2012.11.054
https://doi.org/10.1016/j.aop.2014.05.015
https://doi.org/10.1103/PhysRevA.61.052306
https://doi.org/10.1103/PhysRevLett.124.110401
https://doi.org/10.1016/j.physrep.2018.07.004
https://doi.org/10.1103/PhysRevA.85.022321
https://doi.org/10.1103/PhysRevA.85.022322
https://doi.org/10.1088/1367-2630/14/9/093039
https://doi.org/10.1038/nphys3700
https://doi.org/10.1103/PhysRevLett.65.1838
https://doi.org/10.1103/PhysRevA.46.5375
https://doi.org/10.1103/PhysRevLett.119.250401
https://doi.org/10.1016/j.physrep.2009.02.004
https://arxiv.org/abs/1612.07747
https://doi.org/10.1103/PhysRevLett.100.080403
https://doi.org/10.1103/PhysRevA.88.052319
https://doi.org/10.1103/PhysRevLett.106.070401
https://doi.org/10.1103/PhysRevLett.111.230402
https://doi.org/10.1103/PhysRevLett.111.240401
https://doi.org/10.1103/PhysRevX.5.041011
https://doi.org/10.1088/1367-2630/17/6/065008
https://doi.org/10.1103/PhysRevE.91.032118
https://doi.org/10.1088/0953-4075/48/3/035501
https://doi.org/10.1103/PhysRevLett.122.047702
https://doi.org/10.1038/s41534-017-0008-4
https://doi.org/10.1103/PhysRevLett.121.120602
https://doi.org/10.1103/PhysRevLett.89.180402
https://doi.org/10.1103/PhysRevLett.90.100402
https://doi.org/10.1103/PhysRevA.71.062307
https://doi.org/10.1103/PhysRevA.71.062303
https://doi.org/10.1103/PhysRevA.67.012320
https://doi.org/10.1103/PhysRevA.81.062103
https://doi.org/10.1142/S021974991100826X
https://dl.acm.org/doi/10.5555/2011832.2011833
https://doi.org/10.1080/14789940801912366
https://doi.org/10.1016/j.aop.2016.12.030
https://doi.org/10.1103/RevModPhys.93.045003
https://doi.org/10.1016/j.aop.2014.06.013

MEASURING MULTIPARTITE QUANTUM CORRELATIONS ...

PHYSICAL REVIEW RESEARCH 7, 043307 (2025)

[84] M. M. Wolf, G. Ortiz, F. Verstraete, and J. 1. Cirac, Quantum
phase transitions in matrix product systems, Phys. Rev. Lett.
97, 110403 (2006).

[85] A. E. Allahverdyan, R. Balian, and T. M. Nieuwenhuizen,
Maximal work extraction from finite quantum systems,
Europhys. Lett. 67, 565 (2004).

[86] P. Skrzypczyk, A. J. Short, and S. Popescu, Work extraction
and thermodynamics for individual quantum systems, Nat.
Commun. 5, 4185 (2014).

[87] E. C. Binder, S. Vinjanampathy, K. Modi, and J. Goold, Quan-
tacell: Powerful charging of quantum batteries, New J. Phys.
17, 075015 (2015).

[88] F. Campaioli, F. A. Pollock, F. C. Binder, L. Céleri, J. Goold,
S. Vinjanampathy, and K. Modi, Enhancing the charging
power of quantum batteries, Phys. Rev. Lett. 118, 150601

(2017).

[89] R. Alicki, M. Horodecki, P. Horodecki, and R.
Horodecki, Thermodynamics of quantum information
systems—Hamiltonian description, Open Syst. Inf. Dyn. 11,
205 (2004).

[90] K. Jacobs, Second law of thermodynamics and quantum feed-
back control: Maxwell’s demon with weak measurements,
Phys. Rev. A 80, 012322 (2009).

[91] J. M. Parrondo, J. M. Horowitz, and T. Sagawa, Thermody-
namics of information, Nat. Phys. 11, 131 (2015).

[92] T. Sagawa, Entropy, Divergence, and Majorization in Classical
and Quantum Thermodynamics (Springer Nature, Singapore,
2022).

[93] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/s8h3-5ptz for detailed descriptions of the work ex-
traction protocols, the efficient calculation method for the
multipartite work deficit, and additional calculations for the
MPS family.

[94] M. Piani, P. Horodecki, and R. Horodecki, No-Local-
Broadcasting theorem for multipartite quantum correlations,
Phys. Rev. Lett. 100, 090502 (2008).

[95] A. SaiToh, R. Rahimi, and M. Nakahara, Nonclassical corre-
lation in a multipartite quantum system: Two measures and
evaluation, Phys. Rev. A 77, 052101 (2008).

[96] K. Modi, T. Paterek, W. Son, V. Vedral, and M. Williamson,
Unified view of quantum and classical correlations, Phys. Rev.
Lett. 104, 080501 (2010).

[97] Y. Yao, X. Xiao, L. Ge, and C. P. Sun, Quantum coherence in
multipartite systems, Phys. Rev. A 92, 022112 (2015).

[98] H. C. Braga, C. C. Rulli, T. R. de Oliveira, and M. S. Sarandy,
Maxwell’s demons in multipartite quantum correlated sys-
tems, Phys. Rev. A 90, 042338 (2014).

[99] H. Ollivier and W. H. Zurek, Quantum discord: A measure of
the quantumness of correlations, Phys. Rev. Lett. 88, 017901
(2001).

[100] L. Henderson and V. Vedral, Classical, quantum and total
correlations, J. Phys. A: Math. Gen. 34, 6899 (2001).

[101] In some previous works [30-34,37,42,43], the numerical costs
are reduced by posing assumptions on the optimal local
bases. For example, in the translationally invariant systems,
the optimal bases are assumed to be also translationally
invariant. While such an assumption is powerful in reduc-
ing the numerical cost and also seems to be natural, there
is no solid theoretical guarantee on it, to the best of our
knowledge.

[102] F. Verstraete and J. I. Cirac, Matrix product states rep-
resent ground states faithfully, Phys. Rev. B 73, 094423
(2006).

[103] M. B. Hastings, An area law for one-dimensional quantum
systems, J. Stat. Mech. (2007) P08024.

[104] We note that for n such that N — [ + 1 < n < N, the defini-
tions of M, and Y,, are changed reflecting the existence
of the edge in the system: M, is the set of proto-
cols where local projective measurements on {a;}% ., are
performed, and Y,; = (y,41,...,yny) is the corresponding
outcome.

[105] For n such that N — [+ 1 <n <N, N,,; becomes the set
of protocols where a POVM on {a;}!_, and local projective
measurements on {a;}%, are performed.

[106] A. Smith, B. Jobst, A. G. Green, and F. Pollmann, Crossing a
topological phase transition with a quantum computer, Phys.
Rev. Res. 4, 1.022020 (2022).

[107] N. G. Jones, J. Bibo, B. Jobst, F. Pollmann, A. Smith, and
R. Verresen, Skeleton of matrix-product-state-solvable models
connecting topological phases of matter, Phys. Rev. Res. 3,
033265 (2021).

[108] N. Tantivasadakarn, R. Thorngren, A. Vishwanath, and R.
Verresen, Pivot Hamiltonians as generators of symmetry and
entanglement, SciPost Phys. 14, 012 (2023).

[109] Z.-Y. Wei, D. Malz, and J. 1. Cirac, Efficient adiabatic prepa-
ration of tensor network states, Phys. Rev. Res. 5, L022037
(2023).

[110] K. C. Smith, A. Khan, B. K. Clark, S. Girvin, and T.-
C. Wei, Constant-depth preparation of matrix product states
with adaptive quantum circuits, PRX Quantum 5, 030344
(2024).

[111] L. Piroli, G. Styliaris, and J. I. Cirac, Quantum circuits assisted
by local operations and classical communication: Transfor-
mations and phases of matter, Phys. Rev. Lett. 127, 220503
(2021).

[112] D. Malz, G. Styliaris, Z.-Y. Wei, and J. I. Cirac, Preparation of
matrix product states with log-depth quantum circuits, Phys.
Rev. Lett. 132, 040404 (2024).

[113] R. Alicki, M. Horodecki, P. Horodecki, and R. Horodecki, On
thermal stability of topological qubit in Kitaev’s 4D model,
Open Syst. Inf. Dyn. 17, 1 (2010).

[114] T. Kuwahara and K. Saito, Exponential clustering of bipartite
quantum entanglement at arbitrary temperatures, Phys. Rev. X
12, 021022 (2022).

[115] M. M. Wolf, F. Verstracte, M. B. Hastings, and J. 1. Cirac,
Area laws in quantum systems: Mutual information and cor-
relations, Phys. Rev. Lett. 100, 070502 (2008).

[116] T. Kuwahara, A. M. Alhambra, and A. Anshu, Improved
thermal area law and quasilinear time algorithm for quantum
Gibbs states, Phys. Rev. X 11, 011047 (2021).

[117] A. Anshu, I. Arad, and D. Gosset, Entanglement subvolume
law for 2D frustration-free spin systems, Commun. Math.
Phys. 393, 955 (2022).

[118] J. I. Cirac, D. Poilblanc, N. Schuch, and F. Verstraete, En-
tanglement spectrum and boundary theories with projected
entangled-pair states, Phys. Rev. B 83, 245134 (2011).

[119] N. Schuch, D. Poilblanc, J. 1. Cirac, and D. Perez-Garcia,
Topological order in the projected entangled-pair states for-
malism: Transfer operator and boundary Hamiltonians, Phys.
Rev. Lett. 111, 090501 (2013).

043307-15


https://doi.org/10.1103/PhysRevLett.97.110403
https://doi.org/10.1209/epl/i2004-10101-2
https://doi.org/10.1038/ncomms5185
https://doi.org/10.1088/1367-2630/17/7/075015
https://doi.org/10.1103/PhysRevLett.118.150601
https://doi.org/10.1023/B:OPSY.0000047566.72717.71
https://doi.org/10.1103/PhysRevA.80.012322
https://doi.org/10.1038/nphys3230
http://link.aps.org/supplemental/10.1103/s8h3-5ptz
https://doi.org/10.1103/PhysRevLett.100.090502
https://doi.org/10.1103/PhysRevA.77.052101
https://doi.org/10.1103/PhysRevLett.104.080501
https://doi.org/10.1103/PhysRevA.92.022112
https://doi.org/10.1103/PhysRevA.90.042338
https://doi.org/10.1103/PhysRevLett.88.017901
https://doi.org/10.1088/0305-4470/34/35/315
https://doi.org/10.1103/PhysRevB.73.094423
https://doi.org/10.1088/1742-5468/2007/08/P08024
https://doi.org/10.1103/PhysRevResearch.4.L022020
https://doi.org/10.1103/PhysRevResearch.3.033265
https://doi.org/10.21468/SciPostPhys.14.2.012
https://doi.org/10.1103/PhysRevResearch.5.L022037
https://doi.org/10.1103/PRXQuantum.5.030344
https://doi.org/10.1103/PhysRevLett.127.220503
https://doi.org/10.1103/PhysRevLett.132.040404
https://doi.org/10.1142/S1230161210000023
https://doi.org/10.1103/PhysRevX.12.021022
https://doi.org/10.1103/PhysRevLett.100.070502
https://doi.org/10.1103/PhysRevX.11.011047
https://doi.org/10.1007/s00220-022-04381-2
https://doi.org/10.1103/PhysRevB.83.245134
https://doi.org/10.1103/PhysRevLett.111.090501

YADA, YOSHIOKA, AND SAGAWA

PHYSICAL REVIEW RESEARCH 7, 043307 (2025)

[120] K. Kato and F. G. S. L. Branddo, Locality of edge states and
entanglement spectrum from strong subadditivity, Phys. Rev.
B 99, 195124 (2019).

[121] A. Anshu, A. W. Harrow, and M. Soleimanifar, Entanglement
spread area law in gapped ground states, Nat. Phys. 18, 1362
(2022).

[122] T. Kuwahara, K. Kato, and F. G. S. L. Branddo, Clustering
of conditional mutual information for quantum Gibbs states
above a threshold temperature, Phys. Rev. Lett. 124, 220601
(2020).

[123] K. Kato and F. G. S. L. Branddo, Quantum approximate
Markov chains are thermal, Commun. Math. Phys. 370, 117
(2019).

[124] W. S. Bakr, J. I. Gillen, A. Peng, S. Folling, and M. Greiner,
A quantum gas microscope for detecting single atoms in
a Hubbard-regime optical lattice, Nature (London) 462, 74
(2009).

[125] C. Weitenberg, M. Endres, J. F. Sherson, M. Cheneau, P.
SchauB, T. Fukuhara, I. Bloch, and S. Kuhr, Single-spin ad-
dressing in an atomic mott insulator, Nature (London) 471,
319 (2011).

[126] N. Cottet, S. Jezouin, L. Bretheau, P. Campagne-Ibarcq, Q.
Ficheux, J. Anders, A. Auffeves, R. Azouit, P. Rouchon, and
B. Huard, Observing a quantum Maxwell demon at work,
Proc. Natl. Acad. Sci. USA 114, 7561 (2017).

[127] Y. Masuyama, K. Funo, Y. Murashita, A. Noguchi, S. Kono,
Y. Tabuchi, R. Yamazaki, M. Ueda, and Y. Nakamura,
Information-to-work conversion by Maxwell’s demon in a su-
perconducting circuit quantum electrodynamical system, Nat.
Commun. 9, 1291 (2018).

[128] M. Naghiloo, J. J. Alonso, A. Romito, E. Lutz, and K. W.
Murch, Information gain and loss for a quantum Maxwell’s
demon, Phys. Rev. Lett. 121, 030604 (2018).

[129] G. M. D’Ariano, P. L. Presti, and P. Perinotti, Classical ran-
domness in quantum measurements, J. Phys. A: Math. Gen.
38, 5979 (2005).

[130] E. Haapasalo, T. Heinosaari, and J.-P. Pellonpdd, Quan-
tum measurements on finite dimensional systems: Re-
labeling and mixing, Quantum Inf. Process. 11, 1751
(2012).

[131] D. Petz, Monotonicity of quantum relative entropy revisited,
Rev. Math. Phys. 15, 79 (2003).

043307-16


https://doi.org/10.1103/PhysRevB.99.195124
https://doi.org/10.1038/s41567-022-01740-7
https://doi.org/10.1103/PhysRevLett.124.220601
https://doi.org/10.1007/s00220-019-03485-6
https://doi.org/10.1038/nature08482
https://doi.org/10.1038/nature09827
https://doi.org/10.1073/pnas.1704827114
https://doi.org/10.1038/s41467-018-03686-y
https://doi.org/10.1103/PhysRevLett.121.030604
https://doi.org/10.1088/0305-4470/38/26/010
https://doi.org/10.1007/s11128-011-0330-2
https://doi.org/10.1142/S0129055X03001576

