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The non-Hermitian skin effect, characterized by the extensive localization of bulk modes at the boundaries,
has attracted significant attention as a hallmark feature of non-Hermitian topology. This localization invalidates
the conventional Bloch band theory, necessitating an analysis under open boundary conditions even in the
thermodynamic limit. The Amoeba formulation addresses this challenge by computing the spectral potential
rather than the spectrum itself. Based on the (strong) Szeg6 limit theorem and its topological generalization,
this approach reduces the evaluation of the potential to an optimization problem involving the Ronkin function.
However, while the generalized Szego limit theorem is formally applicable in arbitrary dimensions, its imple-
mentation is limited to single-band systems, and its applicability to multiband systems remains unclear even in
one-dimensional systems. In this paper, we establish the Wiener-Hopf factorization (WHF) of the non-Bloch
Hamiltonian as a powerful framework, providing a unified and rigorous foundation for Amoeba analysis in
one-dimensional multiband systems. By combining the WHF with Hermitian doubling, we first elucidate the
applicability criteria for the generalized Szego limit theorem in multiband systems. We then show that the WHF
provides the natural mathematical origin for the symmetry-decomposed Ronkin function in symmetry class AII",
leading to a rigorous proof of the generalized Szego limit theorem for these systems and opening a path toward

systematic generalizations to other symmetry classes.
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I. INTRODUCTION

Non-Hermitian matrices naturally arise in various kinds
of systems, from classical waves to dissipative quantum
systems [1-3]. The interplay of non-Hermiticity and trans-
lation symmetry fundamentally alters bulk-band topology,
introducing point-gap phases without Hermitian counterparts
[4,5]. A prominent consequence is the non-Hermitian skin
effect (NHSE) [6-50] where bulk eigenmodes accumulate
extensively near the system boundary. This exponential local-
ization invalidates the plane-wave expansions that underpin
conventional Bloch band theory. As a result, the Fourier-
based approach under periodic boundary conditions (PBC)
no longer approximates systems under open boundary condi-
tions (OBC), often necessitating a direct analysis of the OBC
Hamiltonian. However, a real-space treatment can obscure
the underlying bulk topology and is susceptible to numerical
instabilities.

For one-dimensional systems, the non-Bloch band theory
[7,9] provides a comprehensive framework for describ-
ing OBC spectral, topological, and dynamical properties
[51-76]. In this theory, the eigenmodes are expanded using
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exponentially modulated plane waves, known as non-Bloch
states, whose complex wave numbers trace out the general-
ized Brillouin zone (GBZ) [7,9]. Extending this framework
to higher dimensions, however, remains a significant chal-
lenge, since the localization behavior can no longer be
encoded by a single complex momentum. Indeed, higher-
dimensional systems host exotic boundary physics, including
skin-topological edge states [77,78], which defy a straightfor-
ward one-dimensional description. As a result, several distinct
formulations have been proposed [7,79-86].

The Amoeba formulation [8§7-92] addresses this challenge
by focusing on the spectral potential, a thermodynamic-limit
quantity derived from the characteristic polynomial under
OBC. Through the (strong) Szeg6 limit theorem [93-95] and
its topological generalization [87], this OBC spectral potential
can be related to a modulated PBC spectral potential, allowing
the computation to be performed in momentum space. These
results imply that the OBC spectral potential can be obtained
by optimizing the Ronkin function, whose argument directly
controls the inverse localization length of non-Bloch waves.

While the generalized Szeg6 limit theorem is, in principle,
applicable in arbitrary spatial dimensions, the current Amoeba
formalism based on this theorem is limited to single-band
systems. In multiband settings, the Ronkin function mixes
contributions across bands; when degenerate states with
different localization lengths occur, these contributions
compete during the optimization of the Ronkin function,
causing the standard Amoeba formulation to fail even
in one dimension. This breakdown is unavoidable in the
presence of symmetry-protected degeneracies, such as for a
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transpose-type time-reversal symmetry (TRS'), where
Kramers pairs localize on opposite edges.

In multiband settings, one might hope to resolve the failure
of the Amoeba formulation by decomposing the Ronkin func-
tion into bandwise contributions. However, a straightforward
mathematical decomposition is generally not feasible: The
mathematical properties of the Ronkin function are typically
not preserved under bandwise separation. In one-dimensional
two-band system with TRS", we previously demonstrated that
a symmetry-guided, phenomenological decomposition con-
sistent with non-Bloch band theory [51] can nevertheless be
constructed, leading to the symmetry-decomposed Ronkin
functions that separate the contributions of Kramers pairs
while retaining the required structure [96]. Nevertheless, its
relation to the generalized Szeg6 limit theorem remained un-
clear, and extensions beyond TRS', particularly to class A
multiband systems without protecting symmetries, were still
lacking.

Originally, the Szeg6 limit theorem was formulated using
the Wiener-Hopf factorization (WHF) for topologically trivial
Hamiltonians [94,95]. Recently, Ref. [97] demonstrated that
the WHEF itself offers a direct topological interpretation for
one-dimensional Hermitian Hamiltonians: The WHF partial
indices count the number of edge modes and thereby establish
the bulk-boundary correspondence. This intimate connection
between WHF and topology is central to the generalization
of the original theorem to topologically nontrivial Hermitian
Hamiltonians, a result known as the modified Szego limit
theorem [98].

Inspired by these developments, we apply the WHF in
this paper to non-Hermitian systems combined with Her-
mitian doubling [4,5]. We demonstrate that the WHF of a
non-Hermitian non-Bloch Hamiltonian faithfully captures its
topological properties. Moreover, this framework allows us to
identify the WHF partial indices as the exact criteria determin-
ing when the generalized Szegd limit theorem remains valid
in one-dimensional multiband systems. By reinterpreting the
generalized Szeg6 limit theorem as a corollary of the modi-
fied Szego theorem, we derive the necessary correction terms
to the optimization formalism. Finally, this approach reveals
the mathematical origin of the symmetry-decomposed Ronkin
functions and provides a direct proof of the generalized Szego
limit theorem for class AII" systems.

The remainder of this paper is organized as follows. In
Sec. I, we introduce our notation and summarize the Amoeba
formulation in one-dimensional class A and AII" systems.
Section III reviews the WHF for one-dimensional Hermitian
Hamiltonians and relates it to band topology via partial in-
dices. Next, we generalize this framework to non-Hermitian
Hamiltonians via Hermitian doubling. Section IV develops
the connection between WHF and the Szeg6 limit theorem in
one-dimensional multiband systems, including the modified
Szego theorem, and clarifies the precise criteria under which
the OBC and PBC spectral potentials coincide. Building
on this groundwork, Sec. V presents the central theoret-
ical results of this paper. We reformulate the generalized
Szegd limit theorem for one dimension as a corollary of
the modified Szegd theorem via Hermitian doubling, derive
the necessary correction terms for the multiband Amoeba

formulation, and provide a rigorous mathematical foundation
for the symmetry-decomposed Ronkin functions in class AII
systems. In Sec. VI, we validate our theoretical framework
through numerical studies on representative models. Sec-
tion VII concludes with a summary and outlook. Appendix A
analyzes the fragility of the k = 2 phase discussed in Sec. VI,
showing that it is unprotected by TRS" and disappears under
small TRS'-preserving perturbations. Finally, Appendix B
shows that our formulation is valid even in the presence of
isolated edge modes, and the partial indices count the number
of edge modes.

II. AMOEBA FORMULATION IN
ONE-DIMENSIONAL SYSTEMS

This section introduces the notation and provides a brief
review of the Amoeba formulation in classes A [87] and AII'
[96] systems.

A. Notation

We consider an M-band Bloch Hamiltonian of finite hop-
ping range,

q
h(e*) =" h;e", (1)
Jj==r

where p and g denote the maximal hopping range to the left
and right, respectively. Each &; is an M x M matrix specifying
the hopping amplitudes between orbitals separated by j sites.
Substituting 8 = e*, h(B) is a matrix-valued Laurent

polynomial

q
h(B) =Y hip’, )
j=-p
which we refer to as the non-Bloch Hamiltonian.

From the Fourier coefficients {#;}, we construct the OBC
Hamiltonian on a one-dimensional lattice with N sites,

[HN]x,y = hxfy (l <X, y < N), (3)

with the convention &; = 0 for [ ¢ [—p, q]. Equivalently, the
inverse Fourier transform of / generates an N x N Toeplitz
matrix Ty [h],

2” dk ik —ik(x—y)
[HN]J(,y = 77\/[}1])@\) = / _277: h(e )e R (4)
0

We define Hermitian conjugate, transpose, and complex con-
jugation on matrix-valued polynomials of h(8) so that they
commute with 7y:

Tulhl" = Tulh'l,  Tnlhl" = Talh'],
Tnlhl* = Tnlh*], S
where

W)=Y B, h(By=) hp7,
j J

R (B) =) h:p. 6)
J
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We stress that Hermitian conjugation and transpose reverse
the Laurent powers (8/ — B7/), whereas complex conjuga-
tion acts only on the coefficients and leaves the powers B/
unchanged.

B. Amoeba formulation for class A

We now focus on one-dimensional single-band systems
(M =1) in class A, i.e., systems without symmetry con-
straints. The Amoeba formulation determines the OBC
spectrum through its density of states (DOS) defined over the
complex energy plane. The DOS is defined using Dirac’s delta
functions as

1
p(E) = lim NTFS(E — Hy). @)

Viewing p(E) as a two-dimensional charge density, the spec-
tral potential ¢(E) is defined by the Poisson equation

1
p(E) = 2—A¢(E), ®
T
where A = 3%/3(ReE)? + 92/d(ImE)>. We can easily find
that ¢(E) takes the form
E)= 1 ! In |det Ty[E — h 9
¢()—N1_I>I;oﬁn|€ NIE — h]l. )

Leto(8) = E — h(B) denote the non-Hermitian symbol of
the system. We assume that o (8) is invertible for all 8 with
absolute value 1 and topologically trivial, i.e., the winding
number

Wio] = i Ak o Indeto (et 10
= 770k 1n eto(e™) (10)
0 Tl

is well defined and vanishes. Then, 7y[o] is invertible, and
Szego limit theorem yields [93]

li 11dtT[] [zndkldt(”‘) (11)
1m — Inde o| = — Indeto(e ).
N—oo N N 0 27T

This theorem states that the OBC and PBC spectral potentials
coincide for such E.

For an arbitrary (possibly topologically nontrivial) energy
E, the diagonal similarity transformation

DT 1[DY] " = Tvloyl, (12)

where [DU"],, = 8, e" and o, (e*) = o (e*T*) maps the
Toeplitz matrix Ty[o] to one defined by the analytically con-
tinued symbol o,. Since the determinant is invariant under
similarity transformations, det 7y[o] = det Ty[o,]. Hence, if
there exists a w such that W[o, ] = 0, Szeg6 limit theorem
Eq. (11) can be applied for o,,:

li 11dtT = Zﬂdkldt ik 13
Ngl(l)o]vne N[a]_O Eneau(e). (13)

This discussion is equivalent to the optimization problem
P(E) = mﬂinRa(u), (14)

where R, is the Ronkin function defined as

_ 2 dk 0
Ry (1) = 7 In |[det oy, (e™)], (15)
0 T

and its derivative with respect to u directly yields the winding
number W{o,].

The Ronkin function can be rewritten in a compact form
using the factorization

p+q

deto(B) = Cep™" [ [1B — B(E). (16)

j=1

where Cg is a S-independent coefficient and the § roots are
ordered by increasing modulus. With this factorization, the
Ronkin function is written as

ptq

Ro(w) =In|Cg| — pp+ Y max(u, pj), (17
j=1

where 1 ; = In |B;|. The second and third terms are the contri-
butions from the pole and roots of det o, respectively.

Using this compact expression, one finds that R, (i) attains
its minimum within the interval [ ,, 4,411, which precisely
corresponds to the GBZ condition [7,9]. In this region, the
transformed symbol o, is topologically trivial, corresponding
to a vanishing winding number W{[o,] = 0. For energies on
the OBC spectrum, this interval collapses to a single value of
u, whose magnitude gives the inverse localization length of
the corresponding eigenstate. Minimization over u gives the
compact expression of the potential

p+q

¢(E) = minR, () =In[Cpl+ Y ;. (18
g j=p+1

C. Amoeba formulation for class AIT'

The Amoeba formulation requires modification in the
presence of symmetry-protected degeneracies. We recently
addressed this issue in Ref. [96] (below, we summarize the
relevant results for later use).

In this section, we consider one-dimensional two-band sys-
tems (M = 2) in the transpose-type time-reversal symmetry
(class AIT"). The symmetry imposes the constraint

UrTa[n Uyt = Tylhl, (19)

where Uy is a unitary matrix. Using the non-Bloch represen-
tation and the convention in Eq. (6), where transpose reverses
the Laurent powers, the symmetry condition becomes

Urh"(B~HU; = h(B™). (20)

This symmetry constrains the polynomial det o () to sat-
isfy

deto(B) =deto (B, ¥2))
and hence it factorizes as
2p
deto(B) = Cep~ [ |18 — BB — B (BN (22)
J=1
We order the B; by modulus as
B | < < BT STLIBIS - < Byl (23)

so that each pair (8;, 5;1) encodes a Kramers pair.
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Class AII" is characterized by the Z, topological invariant

[5] defined by
[ ik
Xp—= dkoyIndett(e™) ¢ |,
2 Jo

(24)

Pfr(—1)

_ 1yl
=D _Sgn[ Prc(l) ©

with 7 = (E — h)Ur. The sign function, sgn(x), takes the
value 41 for x > 0 and —1 for x < 0, and Pf[A] corresponds
to the Pfaffian of the skew-symmetric matrix A.

The Ronkin function for class AIl" is compactly expressed
as

2p

Ro(u) =1In|Cg| — 2pp + Y _[max(se, i) + max(—pe, ),
j=1

(25)

where ;; =1n|B;| > 0.

In the Zj-nontrivial phase, two Kramers-related eigen-
states localize on opposite edges with inverse localization
lengths £¢;. Consequently, their contributions compete in the
minimization in Eq. (14) and the conventional optimization
formalism cannot be used.

To resolve this competition, we introduced the symmetry-
decomposed Ronkin functions R in Ref. [96]. We impose
that the decomposed Ronkin functions R&) inherit the key
mathematical properties of R,, namely convexity, piecewise
linearity, and integer-quantized derivatives. Moreover, R‘*
should satisfy the symmetry relations

Ro(w) =RV () +R7(w), RV (u) =R (—p), (26)

and remain consistent with the GBZ condition for class AII
systems [51], where R("™ is optimized within the interval
[pe1, 2l

Under these assumptions, the symmetry-resolved Ronkin
functions take the forms

1 1 &
ROy =5 (Cel = 5D =
j=1

2p
+ Y max(u, 1)), (27)
Jj=1
1 1 &
RS () = S nICel+ 5 ) ;= @p =T
j=1
2p
+ Y max(—p, ;). (28)

j=1

The contributions from the roots, the third and fourth terms in
Eq. (25), are distributed symmetrically between R(™ and R(,
whereas the pole contribution —2ppu is split asymmetrically
for consistency with the GBZ condition.

Optimizing yields the OBC spectral potential

min, Ry (1), v[z] =0,
E) = 29
$(E) {Zminﬂ Ry, v[r]l=1, 9)

which can be written compactly as

2p
¢(E) =In|Cg| + (—D)"py + Z/Lj. (30)
Jj=2

The Z, invariant determines the sign of the leading root’s
contribution, flipping the w; term between the topologically
trivial and nontrivial phases. This formulation reproduces the
correct OBC spectral potential.

However, the above discussion relies on phenomenological
intuition about assigning Kramers pairs to different decom-
posed functions, rather than on a rigorous mathematical basis.
In particular, the applicability criteria of the generalized Szego
limit theorem in multiband systems have not been established,
and the connection to this theorem therefore remains unclear.
This lack of a mathematical foundation prevents the exten-
sion of the Amoeba formulation to general multiband class A
systems.

III. WIENER-HOPF FACTORIZATION AND ITS
APPLICATION TO BAND TOPOLOGY

In this section, we introduce the WHF and clarify its
connection to the band topology of both Hermitian and
non-Hermitian systems. We first review the WHF of matrix-
valued Laurent polynomials arising from Hermitian Bloch
Hamiltonians and summarize its established correspondence
with band topology [97]. We then extend this framework
to non-Hermitian Hamiltonians by employing the Hermitian
doubling approach [4,5], thereby demonstrating how the WHF
naturally captures the topological structure of non-Hermitian
bands.

A. Wiener-Hopf factorization for matrix Laurent polynomials
In this section, we consider a matrix-valued Laurent poly-
nomial A(B) = 23{:7 p4j B/, defined on the Riemann sphere
C U {o0}.
A Wiener-Hopf factorization of A is a decomposition of the
form

A(B) = AL (B)D(B)A-(B). €19}

where the factors are given by
q 0
AcB) =) a8, AB)= D a_ ;B (32
Jj=0 j==r

and

D(B) = diag(B", ..., BM). (33)

Here, A, (B) must be invertible for || < 1 (including the
origin), while A_ () must be invertible for |8| > 1 (including
00). The integers «; are the partial indices of A, and we order
them in descending order. We denote the set of partial indices
of a symbol o as

Klo] = (k1, ..., kym)- (34)

We note that a WHF of A exists if and only if A(B) is
invertible on the unit circle, that is, det A(8) # O for |8]| = 1.
This condition ensures that det A(8) has no zeros on the unit
circle, so that analytic continuations of A, and A_ can be

013292-4



WIENER-HOPF FACTORIZATION AND NON-HERMITIAN ...

PHYSICAL REVIEW RESEARCH 8, 013292 (2026)

defined uniquely up to an invertible constant matrix. The fac-
torization is not unique. Given an invertible matrix U (8) with
det U (B) = const, another valid factorization can be found as

A.DA_ = (ALUD(D"'U"'DA)
=A.DA’, (35)

where A, =A,U and A” = D"'U~'DA_. However, after
fixing an ordering of the partial indices {«;}, the diagonal
factor D is unique, so that the partial indices are uniquely
defined.

We will often partition the index set {1, ..., M} into M,
My, and M_ corresponding to positive, zero, and negative
partial indices, respectively. The corresponding partial indices
are referred as K, Ky, and KC_.

B. Symmetric Wiener-Hopf factorization of Bloch
Hamiltonians and band topology

We now consider the WHF of Hermitian Bloch Hamiltoni-
ans. As recently shown in Ref. [97], a modified WHE, referred
to as the symmetric Wiener-Hopf factorization (SWHF), is
closely related to band topology. Motivated by applications
to non-Hermitian topology, we focus on classes AIIl and
DIII, although analogous statements hold for other symmetry
classes.

For a gapped Hermitian Bloch Hamiltonian, 4(8) admits a
WHE:

h(B) = hy(B)A(B)h—(B), (36)
which can be chosen to respect Hermiticity,
B, =h_, A"=A. 37

As defined in Eq. (6), the Hermitian conjugation reverses
the signs of the partial indices, «; — —&«;. Together with the
uniqueness of the partial indices, this implies that the set
of partial indices of o, denoted K[o], is symmetric, so that
every k, > 0 has a corresponding partner —«,,. Thus, we can
arrange A in a symmetric form

AM+17m,m = ﬁKm’ me M+9
Apmyr—m = B, me My, (38)
Amm = Sms m € My,

with s, € 1 arranged in ascending order. Here, the block as-
signment realizes a symmetric placement of positive/negative
indices. This type of factorization is called the SWHF [97].
In the presence of additional symmetries, the SWHF
assumes a symmetry-constrained (modified) form. A Hamil-
tonian in class AlII satisfies the chiral symmetry, which allows

h to be written as
0 Af

where A is a general (non-Hermitian) matrix. Then, the WHF
of A, A =A,DA_, yields an SWHF of & in the form of

h = h+Ah_

(7 )6 M) ) e

consistent with Eq. (37).

Similarly, Hamiltonians in class DIII are block off-
diagonal and admit an SWHF structurally equivalent to the
AIII form introduced in Eq. (40). Time-reversal and particle-
hole symmetries, however, constrain A to satisfy A = —AT
in an appropriate basis. Given the skew-symmetry of A, the
argument analogous to the Hermitian case [Eq. (37)] implies
that the partial indices must appear in pairs of opposite signs
(Kmy —Km)-

Choosing a suitable U, as introduced in Eq. (35), we can
determine the factors as

AT=A_, D' =-D, @1

where D takes the skew-symmetric form

mEM+,
m€M+,
me My, m < M2,
me My, m < M/2.

DMJrlfm,m = _;BKma
Dm,MJrlfm = ﬁ_’(m’
DM+1—m,m = 19
Dm,M+l—m = _17

(42)

Concrete algorithms for constructing both WHF and
SWHEF are provided in the Appendix of Ref. [97].

1. SWHF and Hermitian band topology

As demonstrated in Ref. [97], the SWHF of a Hermitian
Bloch Hamiltonian is directly related to its band topology via
the partial indices. For both classes AIIl and DIII, the relevant
topological invariants can be expressed in terms of the off-
diagonal block A introduced in Eq. (39).

For class Alll, the topological invariant is the winding
number of A. Considering the WHF A = A;DA_, the fac-
tors A, and A_ are analytic and invertible for |8]| < 1 and
|B] = 1, respectively. Since Ay have neither zeros nor poles
in their corresponding regions, their winding numbers vanish,
W[AL] = 0. Consequently, the winding number of A equals
that of D,

WIAl=W[D]= > «. (43)

keKI[A]

Hence, the winding number is given by the sum of the par-
tial indices. Furthermore, the number of right [left] localized
modes is equivalent to the sum of positive [negative] partial
indices.

Similarly, the Z, topological invariant for class DIII is
reduced by the WHF in Egs. (41) and (42) to

PfD(-1)

— (_ ZK6K+A K
PfD(1) =D o (44)

(=1 =

Here, we used detD =1 and Pf(A+DAI) = (detA,)PfD.
Therefore, the Z, invariant is determined by the parity of the
sum of the positive partial indices.

In both classes, the topological invariant is thus encoded in
the partial indices of the off-diagonal block A.

2. WHF and non-Hermitian band topology

The WHF framework can also be applied to non-Hermitian
Hamiltonians. Their topological classification can be carried
out through Hermitization, i.e., by classifying the doubled
Hermitian Hamiltonian at a reference energy E [4,5].
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A class A non-Hermitian Hamiltonian maps to a class AIII
Hermitian Hamiltonian via Hermitization,

G = (a "T>, (45)

where 0 = E — h. Therefore, a WHF of o induces an SWHF
of &, and the topological information of ¢ is encoded in its
partial indices.

A class AII" non-Hermitian Hamiltonian is mapped to a
class DIII Hermitian Hamiltonian, with

= (T ’T>, (46)

where © = (E — h)Ur. Therefore, the topological information
can be obtained from the partial indices of 7.

Note that the topological information obtained from
Hermitian doubling corresponds to the point-gap topology
derived via unitary flattening [4,5].

IV. STRONG SZEGO LIMIT THEOREM AND WHF

In this section, we consolidate the theoretical ground-
work connecting the Szeg6 limit theorem and the WHF as a
preparation for our later analysis of multiband non-Hermitian
systems. We first revisit the classical and modified Szego limit
theorems, interpreting them in terms of the partial indices of
the WHE. This review clarifies the conditions under which the
OBC and PBC spectral potentials coincide and identifies how
nonvanishing partial indices lead to deviations in the OBC
potential. These insights then form the basis for our gener-
alization of the Szegé limit theorem to multiband systems in
the following section.

A. Classical strong Szego limit theorem and partial indices

Let o be a matrix-valued Laurent polynomial (Hermitian
or non-Hermitian). The classical strong Szeg6 limit theorem
[93-95] concerns the asymptotic behavior of the determinant
ratio Ey,

. . detTy[o]
]\]11_{1;0 Eylo] = Nll_I)I;o Glo] 1" 47
where G[o] is the exponential of the Ronkin function for u =
0, corresponding to the PBC spectral potential. It is written as

2w dk .
Glo] =exp [ / 5, Indeto (e'k)} ="00 4y
0 T

This limit converges when o is gapped on the unit circle
and its winding number vanishes. Thus, the OBC spectral
potential can be expressed as

1 N+1 1
~ IndetTylo] = %R,,(O) +y nExlel, (49)

indicating that its deviation from the PBC spectral potential
is controlled by Ex[o]. The applicability of the Szeg6 limit
theorem can be expressed in terms of the partial indices of
the WHF of o [94]. When all partial indices of ¢ vanish, the
ratio Ey[o] — C # 0 converges to a nonzero constant, and
the OBC and PBC spectral potentials coincide up to O(1/N)
corrections. Deviations from this condition arise when one

or more partial indices are nonzero, in which case Ey[o]
in Eq. (47) decays to zero, and the OBC and PBC spectral
potentials no longer coincide. In this case, the convergence
rate of Ey[o],

EN[G] — e*O{NJrON’ (50)
determines the deviation of the OBC potential by —« [98].
The convergence rate « is related to the localization length .,
on which we will focus later.

For single-band Hamiltonians, the winding number equals
the partial index. Thus, optimizing the Ronkin function is
equivalent to finding a p for which the partial index of o,
is zero, and thus

1
lim — Indet Ty[o] = min R, (w). (51
N—oo N M

This is the generalized Szegd limit theorem proposed in
Ref. [87].

In multiband systems, however, the total winding num-
ber is the sum of all partial indices, so a vanishing winding
number no longer guarantees that each index individually
vanishes. Consequently, the naive Amoeba formulation can
fail unless there exists a u for which all partial indices become
zero. If such a p exists, the classical Szego limit theorem still
holds for o,; otherwise, the correspondence between OBC
and PBC potentials breaks down.

B. Modified Szego limit theorem for topologically nontrivial
Hermitian systems

As a next step, we review the modified Szeg6 limit
theorem established for topologically nontrivial Hermitian
Hamiltonians [97,98], which governs the convergence behav-
ior of Ey[o]. We further summarize how these deviations are
connected to boundary modes in such systems, thereby estab-
lishing the conceptual bridge used in the following section.

Let 6 be a Hermitian two-band class AIIl Hamiltonian,
written in the off-diagonal form of Eq. (39). Because of chiral
symmetry, the winding number of the full Hamiltonian satis-
fies W[6] = 0. However, the topology of & is characterized
by the winding number of its off-diagonal block, W[A] = «.
When « = 0, the system is topologically trivial and the de-
terminant ratio Ex[& ] converges to a finite, nonzero constant,
as predicted by the classical Szegod limit theorem. For « #
0, the Hamiltonian is topologically nontrivial, and K[&] is
(|« |, —|«k]). The resulting decay of Ex[&] to zero reflects the
contribution of boundary-localized modes in Ty[5].

It has been shown in Ref. [98] that the spectrum of Ty[&]
is well approximated by the PBC spectrum together with a
pair of boundary-localized modes. However, due to finite-size
hybridization, these two edge modes acquire small but finite
energies ¢ rather than lying exactly at zero. The splitting ¢
scales with the overlap between the edge modes, & o< e "V,
where p > 0 is the inverse localization length. The modified
Szegd limit theorem [98] then implies

En[6] o &2 oc e 2V, (52)
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The generalization to multiple pairs of edge modes is straight-
forward by

En[6] o ]_[ e 2N, (53)
j

where (1; > 0 denotes the inverse localization lengths of each
pair.

As discussed in Ref. [97], the number of zero modes is
determined by K[o]. A positive partial index of I[A] cor-
responds to a mode localized at the right boundary, while
a negative partial index of IC[A] (or equivalently, a positive
partial index of IC[A]) corresponds to a mode localized at the
left boundary.

For example, if x =1 (i.e., W[A] = 1), the off-diagonal
block A contributes one right-localized mode, while A" con-
tributes one left-localized mode. Thus, the full Hamiltonian
Ty[6] hosts one mode on each boundary. The localization
length of these modes is determined by the root of detA
with the largest magnitude inside the unit circle, yielding
u =In|B|. This shows that the Szeg6 limit theorem for a
topologically nontrivial Hermitian Hamiltonian must be mod-
ified by this decay exponent.

This argument extends to general nonzero . For positive
(negative) «, the block A contributes k right- (left-) localized
modes, governed by the « roots of det A inside (outside) the
unit circle with the largest (smallest) magnitudes. In either
case, the total decay exponent is given by the sum of their
inverse localization lengths.

The above discussion illustrates how nonzero winding
numbers modify the asymptotic behavior of Ey[&]. To fur-
ther clarify the role of partial indices in multiband settings,
we next consider a four-band class AIIl Hamiltonian where
the off-diagonal block A is a two-band matrix. In this case,
even when W[A] = 0, the block A may still have nontrivial
partial indices, e.g., KC[A] = (+1, —1). Since & is constructed
from A and A', the partial indices (+1, —1) of A lead to
K[&] = (+1, +1, —1, —1) for the full Hamiltonian 6. Thus,
A supports two edge modes localized at opposite boundaries,
and Ty[6] hosts two pairs of edge modes in total. These
modes are controlled by the dominant roots of det A: one root
B> with the smallest absolute value outside the unit circle
and one root B; with the largest absolute value inside. We
denote their inverse localization lengths as u; =1In|8;| > 0
and u; = In |B;| < 0, respectively. The contribution to Ex[5]
then becomes

En[6] e 2N 2N ,=2(pa—p)N . (54)

We note that u, — p; is equivalent to the length of the interval
where W o, ] vanishes.

V. AMOEBA FORMULATION FOR MULTIBAND
SYSTEMS VIA WHF

Building on the theoretical groundwork developed in the
previous sections, we extend the Amoeba framework by in-
corporating the WHF to treat non-Hermitian systems with
nonzero partial indices through Hermitian doubling. This for-
mulation unifies the analytic structure of the Amoeba with
the topological information encoded in the WHEF, leading to a
generalized Szeg0 limit theorem for multiband non-Hermitian

systems. Focusing on class AII", we further show that
the WHF naturally gives rise to the symmetry-decomposed
Ronkin function proposed in our previous work [96], thereby
providing a rigorous foundation for the generalized Szegd
relation in time-reversal-symmetric non-Hermitian systems.

A. Correction for nonvanishing partial indices for class A

We now extend the preceding discussion to topologically
nontrivial non-Hermitian Hamiltonians and derive the gener-
alized Szegd limit theorem with nonvanishing partial indices.

In non-Hermitian systems, topological phases often mani-
fest not through isolated edge states but through the extensive
localization of bulk modes near the boundaries, as seen in
the NHSE. Through Hermitian doubling, each localized non-
Hermitian bulk mode corresponds to a quasizero mode of a
doubled Hermitian Hamiltonian with the same localization
length [17,22]. This correspondence enables us to apply the
modified Szeg6 limit theorem established for Hermitian sys-
tems to derive a generalized version valid for non-Hermitian
Hamiltonians.

We first validate this approach in a single-band system and
confirm that it reproduces the known results of the conven-
tional Amoeba formulation. As an illustrative example, let o
be a non-Hermitian symbol whose determinant factorizes as

ptq
deto(B) =CB " [ 18 - 8. (55)

j=1
where By, ..., Bp41 are inside the unit circle (|8;| < 1) and
Bp+2, - -, Bpyq are outside the circle (|8;] > 1). This root

distribution corresponds to a winding number W[o] = 1. The
corresponding Hermitianized symbol & is defined in Eq. (45)
and belongs to a two-band class AIIl system. The edge mode
of this Hamiltonian is governed by 1,4 (< 0), which implies
En[6] = exp[2up+1N] [Eq. (52)]. Using the relation Ey[6] =
|Ex[o]|%, the modified Szegd limit theorem for 6 yields the
deviation for the potential of o:

oo
A}me N In[det Ty[o]| = Rs(0) + ppi1

p+q
=In[Cl+ Y uj  (56)
J=p+1

which reproduces the generalized Szegd limit theorem for
Wlo] = 1. This argument straightforwardly generalizes to ar-
bitrary winding numbers, corresponding to the optimization
form in Eq. (51).

This framework for evaluating potential deviations, based
on the asymptotic behavior of Ey[6], naturally extends to
multiband systems with nonvanishing partial indices. As an-
other illustrative example, consider a two-band symbol o with
vanishing total winding number W[o'] = 0 but nonzero partial
indices K[o] = (1, —1). Let det o factorize as

2(p+q)
deto(B)=CB~ ] [B— B, (57)

j=1
where By, ..., B, lie inside the unit circle (|8;| < 1) and
Bop+1s -5 Bap+q lie outside it (|B;] > 1). This choice
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ensures W[o] = 0. Using the asymptotic form of Ey[6] for
the (41, —1) index structure, Eq. (54), we obtain

) 1
lim —In|det Ty[o]l = Ry (0) — (Hops1 — pap),  (58)
N—o0 N

where (o, = In |, is the logarithmic radius of the largest
roots inside the unit circle and 2,41 = In|B;p4| that of the
smallest root outside.

It is instructive to interpret the correction term in Eq. (58)
from a “local” perspective using the roots of det o as Eq. (17).
For W[o] =0, the PBC spectral potential R,(0) is given
by the sum over roots outside the unit circle, In|C|+
Zig’;ﬁ:l w ;. The OBC spectral potential ¢ (E) in Eq. (58) thus
becomes

2(p+q)

GE)=In[Cl+ pop+ Y Wy (59)
j=2p+2

Thus, the contribution from the smallest outside root (pt2p41)
is removed and replaced by that of the largest inside root
(t2p). This result offers a clear interpretation: The nonvan-
ishing partial indices quantify how many root contributions
are exchanged across the unit circle. In this example, K[o] =
(1, —1) means that, even though W[o] = 0, the correct OBC
potential involves one such exchange, where the positive in-
dex brings in the innermost interior root and the negative index
removes the outermost exterior root.

Finally, we generalize this result to the case with a nonzero
winding number, W[o] # 0. Since the OBC determinant is
invariant under the similarity transformation in Eq. (12), we
can eliminate the winding number W{o, ] by introducing an
appropriate shift p. This allows us to apply Eq. (58) using
the roots of det o,,. Therefore, we obtain a modified form of
Eq. (51) that accounts for the nonvanishing partial indices
(1, -1):

lim ~ In|det Ty{o]| = min Ry (1) = (kics — ). (60)
N—oo N n
where p; and pr4; denote, respectively, the dominant roots
located just inside and just outside the circle of radius e*.
Building on the above observation, the validity of the
Amoeba formulation is determined by the behavior of
the partial indices after optimization. We therefore introduce
the residual partial indices,

K*[o] = Klo,-], 61)

defined as the set of partial indices evaluated at the optimal
shift ©*, chosen such that the global winding number van-
ishes, W[o,+] = 0.

If, at this optimum, all residual partial indices vanish
individually, £* = (0, 0, ... ), the conventional Amoeba op-
timization remains valid and the generalized Szegdé limit
theorem applies. However, when one or more residual indices
are nonzero, the simple Amoeba formulation breaks down,
and the generalized Szeg6 limit theorem must include addi-
tional correction terms determined by KC*. Consequently, the
generalized Szegd limit theorem takes the compact form

. 1
Nh_)rr;O N In |det Ty[o]] = Mg«[o], (62)

where M c+[o] depends on the residual partial indices as

Mooplo] = mljn R, (), (63)

Mgi-plo] = IIBDRU(M) — (M1 — Mi)- (64)

B. Generalized Szego limit theorem for class AII"

We now demonstrate that the WHF of a non-Bloch
Hamiltonian in the two-band class AII" naturally leads
to a decomposition of the Ronkin function, yielding the
symmetry-decomposed forms defined in Egs. (27) and (28).

1. WHF and symmetry-decomposed Ronkin functions

We focus on two-band (M = 2) class AII systems. Here,
we define the total Ronkin function and its symmetry-
decomposed counterparts using v = (E — h)Ur instead of
o = E — h. Since Uy is a unitary matrix, R, is equivalent
to R,. This redefinition aligns more naturally with the WHF
framework for class AII" systems, enabling a symmetric de-
composition of the Ronkin function.

As established in Sec. III B, the topological information is
encoded in the partial indices of 7. The SWHF of t can be
arranged as shown in Eq. (41),

T=1,.D,71_, (65)

where ‘L’I = 1_ and D, takes a form given by Eq. (42),

DK_0=(1 ”’) or DK>0=<_ﬂK ﬁ_K). (66)

We distinguish between the cases where the partial indices
are (0, 0) and (4«, —«) with ¥ > 0. The Z, invariant can be
evaluated as

(=D = (=1~ (67)

Thus, the parity of x determines the Z, invariant.
We can rewrite the SWHF of 7, Eq. (65), in a symplectic
form

=) P =18, J= (_1 1). (68)

Here, [t}"™]7 = t™™. The factor S appearing in 7" takes
the form

Sx_o=(1 1) or Sk>o=<’3_K 1). (69)

Using this factorization, we now define the decomposed
Ronkin functions:

2 dk
0 T
2
dk
RO(n) = — In |det[z¥™],]. (7D
0 27

These quantities correspond to the contributions from """

and "™ sectors, respectively. This WHF-based definition
is applicable regardless of the topological phase, providing a
unified framework.

Furthermore, this formulation is consistent with the phe-
nomenological construction in Eqs. (27) and (28). Since

013292-8



WIENER-HOPF FACTORIZATION AND NON-HERMITIAN ...

PHYSICAL REVIEW RESEARCH 8, 013292 (2026)

det J = 1, it follows that

det T = det(z}"™) det(z>"™). (72)
Considering 7;"""[t™"] has neither roots nor poles inside
[outside] the unit circle, we find that

2p 2p
det(eP™) = |87 xp[[1B- 8. (73)
=1 j=1
2p 2p
det(z®™) = | Cg l_[,Bj x BE l_[ [8 - ﬂfl]' (74)
=1 =1

By integrating these expressions, we obtain the symmetry-
decomposed Ronkin functions R, recovering the forms
given in Egs. (27) and (28) for the cases where x = 0 and 1.

2. WHF and generalized Szego limit theorem for class AIT'

We now provide a proof of the generalized Szeg6 limit the-
orem for class AII" using the WHF-based Ronkin functions.

The TRS' operator Uy is independent of 8, which implies
that Ty[Ur] is diagonal. Accordingly, the OBC spectral po-
tential ¢(E) can be rewritten as

.1 o1
O(E) :ngréoﬁlmdetm[(r” :ngléoﬁln|det77v[r]|.
(75)

Using the symplectic form of the WHF, Eq. (68), the spectral
potential can be decomposed as

2 sym 1 -
$(E) = 5 In |det Ty[x™ 1| + ~ In ldet Ty [J1] + O h.
(76)
The symplectic factor J does not contribute to the leading term
since det Ty[J] = (detJ)Y = 1. The factor """ itself does
not preserve TRS' symmetry, since it corresponds to only one

sector of the full WHF and therefore lacks the full symmetric
structure. The Kramers-paired roots have been separated into

"™ and ™.
For « =0, 7, is invertible inside the unit circle, and
"™ = 7,.§, shares the same analytic domain. Thus, ;"""

admits a trivial WHF, 73" = 7,5, - 1- 1, where both the
central factor D and the right factor A_ are the identity, so
all partial indices of 7" vanish. Consequently, the classical
symp,
s

Szegd limit theorem applies directly to the symbol t

2 dk symp 2 dk
PE) =2 — In|det ;™| = — In|dett|. (77)
0 21 0 2

For k > 0, the factor S, contains negative powers of S.
The WHF of t7"™ = 7.5, takes the form ;""" =7, - S, - 1,
where the central factor is S, and hence K[z}""] = (0, —«).
Consequently, we must apply the generalized Szegd limit
theorem, Eq. (62), which accounts for these nonzero partial
indices:

P(E) = 2Me- [1]™], (78)

where K* denotes the residual partial indices of 7},

Le., the partial indices of the similarity-transformed symbol
[tY™],(e*) = ™ (! k) evaluated at the optimally cho-
sen wu for which the total winding vanishes. If the partial

indices of [t}"""], vanish simultaneously, i.e., the residual

partial indices are trivial, K*[t""] = (0, 0), the simple op-
timization formulation is recovered:

P(E) = 2Mo0)[t7™] = 2min RD, (79)

If the partial indices of the optimized [7}"""],, do not vanish
simultaneously, i.e., K:*[‘L'iy "] = (—1, 1), the optimal value

must be corrected according to Eq. (62):

WE)=2A«H,DU?W]=2agnMﬂuw—«uH1—uwx
(80)

where 1 and ug4+ denote, respectively, the dominant roots
of 7" located just inside and just outside the circle of radius
et

Combining the results for « = 0 and ¥ > 0, we arrive at a
unified expression for the OBC spectral potential, valid for all
k> 0:

P(E) = 2M e [T, 1)

This expression reproduces Eq. (29) for k = 0 and 1, and
extends it naturally to higher topological sectors (k > 2).

VI. NUMERICAL VERIFICATION

In this section, we validate the WHF-based formula-
tion developed in the preceding sections. First, we analyze
class A two-band systems with nonvanishing partial in-
dices and examine the correction to the generalized Szego
limit theorem. We show that nonzero partial indices in-
validate the simple optimization formalism, and that the
necessary correction is given by Eq. (62). Next, we verify
the WHF-based decomposition of the Ronkin function for
systems with TRS', considering two representative parame-
ter sets. We demonstrate that the WHF-based decomposed
Ronkin functions reproduce the phenomenological symmetry-
decomposed Ronkin functions in the regions where ¥ = 0 and
1. Finally, we investigate the parameter regime where a k = 2
domain emerges.

A. Correction for nonvanishing partial indices in two-band
class A systems

In this section, we numerically verify the correction to the
generalized Szego limit theorem that arises from nonvanishing
partial indices [Eq. (62)]. Our aim is to demonstrate a situation
in which the conventional Amoeba formulation fails, thereby
necessitating the correction term derived in Sec. V.

To this end, we consider a model in which there is a
parameter regime, where the partial indices K[o,] do not
simultaneously vanish for any shift u. The simplest example
with this property is a block-diagonal two-band Hamiltonian
composed of two uncoupled Hatano-Nelson chains:

_(m®
Mm—(l me’

hB)=13p"1-02+0.78,
h(B)=058""+03+0.1i + 1.58. (82)
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FIG. 1. Comparison of OBC and PBC spectra for the two uncou-
pled Hatano-Nelson models defined in Eq. (82). Blue dotted lines
show the PBC spectra of the individual blocks h; and h,, while
red lines denote the full OBC spectrum for N = 70. Shaded regions
in the complex energy plane indicate where the partial indices are
nonzero. The blue-shaded region corresponds to x; = W[o] = —1
with k, = 0, and the red-shaded region corresponds to x, = W(o,] =
1 with «; = 0. Their overlap (purple) represents the regime K[o] =
(—1, 1), where the conventional Amoeba optimization breaks down
and the generalized formulation of Sec. V must be applied.

We define the symbols of the blocks as 01, = E — h;» and
the full symbol as o = diag(oy, 02). The partial indices of
the full system, K[o] = (k1, k2), are then given simply by the
winding numbers of the uncoupled blocks, «; » = W[o 2].

Figure 1 depicts the topological phases in the complex en-
ergy plane, showing the PBC (blue dotted lines) and OBC (red
lines) spectra. The shaded regions indicate where the partial
indices (winding numbers) take nonzero values. In the blue-
shaded area, K[o] = (—1, 0); in the red-shaded area, K[o] =
(0, 1). The overlap between them, shown in purple, marks
the regime where K[o] = (—1, 1), in which the conventional
Amoeba formulation fails and the generalized correction be-
comes essential. In the white region, where K[o] = (0, 0),
the PBC and OBC potentials coincide, and the conventional
Amoeba formulation holds.

Figure 2 verifies our theoretical prediction by analyzing
the optimization landscape at two representative reference
energies E for the Hamiltonian defined in Eq. (82). The
panels show the Ronkin functions R, (black), R, (red), and
R, (orange), with vertical gray dashed lines marking the
root positions ;. Figure 2(a) shows the trivial case at E =
—2.0 4 1.0i, where the partial indices vanish simultaneously,
i.e., K[o] = (0, 0). Figure 2(b) shows the nontrivial case at
E = 0.0+ 0.2{, where the partial indices do not vanish si-
multaneously, i.e., [o] = (—1, 1). We note that since the
winding number W o] vanishes at both points, the conven-
tional optimization formulation predicts the OBC potential as
R, (0).

For the case E = —2.0 4+ 1.0i [Fig. 2(a)], the reference
point lies in the white region of Fig. 1 and K[o] = (0, 0).
The Ronkin functions R,, and R, admit a common minimiza-
tion interval, so the simple optimization scheme applies. In
contrast, for £ = 0.0 4+ 0.2i [Fig. 2(b)], the reference point

FIG. 2. Ronkin functions for two representative reference ener-
gies E, selected from distinct topological domains in Fig. 1. The
total Ronkin function R, is shown in black, while the partial Ronkin
functions R,, and R,, are plotted in red and orange, respectively.
(a) Trivial case (E = —2.0 4 1.0i): The reference point lies in the
white region, where K[o] = (0, 0). Both R, and R,, can be min-
imized simultaneously, and the conventional optimization scheme
applies. (b) Nontrivial case (E = 0.0+ 0.2i): The reference point
lies in the purple region, where K[o] = (-1, 1). Here, R, and R,
cannot be minimized simultaneously, and the correction term in
Eq. (62) is required to obtain the correct OBC potential.

lies in the purple region with nonzero partial indices, K[o] =
(—1,1). As a result, there is no region where the Ronkin
functions R,;, and R,, can be jointly minimized, signaling the
breakdown of the simple optimization scheme and requiring
the correction term in Eq. (62). For this specific model and
parameter set, the correction term evaluates to —(u3 — o),
corresponding to the modification min, Ry () — (ti1 —
wi) in Eq. (62). This correction accounts for the exchange
of contributions between the largest inner root (i) and the
smallest outer root (143) at the minimum of R,;.

The above discussion extends to points with nonvanishing
winding number W[o] # 0 by employing the similarity trans-
formation and using p-dependent partial indices K[o,] =
(Kl(” ), /cé” ). Figure 3 illustrates this for two instructive ref-
erence energies from the red region in Fig. 1. In addition to
the Ronkin functions, we show the partial indices /(1(”) (red)

and Kz(") (orange) separately. For E = 2.2 4 0.1i [Fig. 3(a)],
the partial indices share a common vanishing interval; equiva-
lently, the residual partial indices vanish K*[o] = (0, 0). In
this case, the simple optimization scheme applies, and the
minimum of R,(u) correctly yields the OBC potential. For
the case E = 0.5 + 0.6i [Fig. 3(b)], the partial indices never
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FIG. 3. Ronkin functions and pu-dependent partial indices for
two reference energies taken from the red region in Fig. 1. Each top
panel shows the Ronkin functions, similar to Fig. 2. Each bottom
panel displays the p-dependent partial indices K[o,] = (Kl(” ), /cz(“ .
(a) E =2.2+0.1i: The partial indices vanish after optimization,
i.e., the residual partial indices are IC*[o] = (0, 0), yielding the cor-
rect OBC potential through the standard optimization scheme. (b)
E = 0.5+ 0.6i: The residual partial indices are nonzero even after
optimization, K*[o] = (+1, —1), indicating that the correction in
Eq. (62) is required to obtain the correct potential.

vanish simultaneously for any u, so K*[o] = (+1, —1), and
the correction in Eq. (62) is necessitated.

To test our prediction quantitatively, we compute the DOS,
using the residual partial indices as a guide to determine where
the correction term must be applied. Figure 4 compares the
DOS obtained from (a) the conventional simple optimization
and (b) our WHF-based formulation [Eq. (62)]. Because of
the discretization of the Hessian in Eq. (8), the plotted val-
ues are scaled by the energy cell area ARe E x Alm E ~
2.5 x 107*. As shown in Fig. 4(a), the simple optimization
fails to reproduce the OBC DOS. By contrast, the corrected
WHF-based formulation [Fig. 4(b)] accurately reproduces the

(a) 0.0150
| ©PBC
LOr = opc 0.0125
0.5F 0.0100
a
= _ k 0.0075
= 00f -
0.0050
—0.57 0.0025
S L U V)
3 2 -1 0 1 2 3
Re ¥
(®) 0.0200
1.0 0.0175
0.0150
0.5 0.0125
&
= . 3 0.0100
= 00 - ) 0.0075
0.0050
05
0.0025
0

-3 -2 -1 0 1 2 3
Re F

FIG. 4. Comparison of the DOS evaluated by (a) the conven-
tional formulation and (b) our WHF-based formulation. Values are
scaled by the area of the energy cell ARe E x AImE ~ 2.5 x 10~
due to the discretizations of the Hessian in Eq. (8). (a) The con-
ventional simple optimization fails to reproduce the OBC spectrum
(red line), as evident from the mismatch with the calculated DOS
(gray scale). (b) The WHF-based formulation, which includes the
correction for nonvanishing partial indices, accurately reproduces the
OBC spectrum.

OBC DOS, in excellent agreement with the spectrum shown
in Fig. 1.

B. WHF framework in systems with TRS'

Next, we verify the WHF-based decomposition for class
AII" in one dimension by analyzing the two-band symplec-
tic Hatano-Nelson model with next-nearest-neighbor hopping
for two different parameter sets. The first set corresponds to
the model previously studied in Ref. [96]. We demonstrate
that the WHF-based decomposition of the Ronkin function
reproduces the symmetry-decomposed form introduced in that
work, confirming the consistency of the two approaches.

The non-Bloch Hamiltonian is given by

h(B) = (tr — irX + g Z)B 2+ (h —iA X +512)p™"

+(t +iMX — g1Z2)B + (6 + iAX — g22)8,
(83)
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FIG. 5. Validation of the partial index « as the topological invari-
ant. The Hamiltonian is defined in Eq. (83), with parameters #; = 0.3,
t, =038, g1 =0.5 A; =0.3, and A, =0.2. Blue and red points
indicate the PBC and OBC spectra, respectively (N = 400). The
shaded region denotes the domain where the WHF-derived partial
index is ¥ = 1. This region coincides with the Z,-nontrivial phase
(v[t] = 1) obtained independently, confirming that the parity of «
correctly captures the Z, topology.

where X, Y, Z are Pauli matrices. The TRS' operator is Y,
which is independent of 8, consistent with Eq. (6).

1. Regime with k = 0, 1

First, we confirm that the WHF-based formalism re-
produces the symmetry-decomposed Ronkin function for

parameters yielding the positive partial index as k = 0 or 1.
The parameters are setto t; = 0.3, = 0.8, g1 = 0.5, A| =
0.3,and A, =0.2.

In this parameter regime, the system is characterized by
the Z, topological invariant v[r] defined in Eq. (24) [5],
where t = (E — h)Ur. As established in Sec. III B, v[t] is
equivalent to the parity of the sum of positive partial indices.
Since the partial indices in this system take the paired form
Kl[t] = (k, —k), v[t] corresponds simply to the parity of «.

Figure 5 shows the positive partial index « of T across the
complex energy plane. Blue and red points indicate the PBC
and OBC spectra, respectively, obtained by diagonalizing the
Hamiltonian with 400 sites. This model exhibits two distinct
phases: k = 0 (white) and x = 1 (shaded). As evaluated in
Ref. [96], the shaded x = 1 region coincides with the topo-
logically nontrivial region identified by the Z, topological
invariant v[7]. This confirms that the parity of « provides a
consistent and physically equivalent characterization of the Z,
topology in class AIl" systems.

Having confirmed that x serves as the correct topo-
logical index, we now verify the central mechanism of
our WHF formulation [Eq. (81)], which defines the OBC
potential through the symplectic form of the WHF, t =
7,8 J[1S]", as given in Eq. (68). Figure 6 illus-
trates this test for three representative energies E. The
top row [Figs. 6(a)-6(c)] presents the WHF-based de-
composed Ronkin functions Rii), while the bottom row
[Figs. 6(d)-6(f)] shows the corresponding partial indices of
[t7™],, = [t+S¢],.. The reference points are chosen as E =
—0.540.3i («k = 1) [panels (a) and (d)], E = 0.5 4+ 0.265i
(« = 1) [panels (b) and (e)], and E =1.0+0.5i (x =0)
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FIG. 6. WHF-based decomposed Ronkin functions [top row, panels (a)~(c)] and partial indices of [z"™1,, K[[z"™1,1 = (", ki)
[bottom row, panels (d)—(f)]. The panels correspond to three reference energies: (a), (d) E = —0.540.3i (k = 1), (b), (e) E = 0.5 4+ 0.265i
(« = 1), and (c), () E = 1.0 + 0.5i (¢ = 0). (a)~(c) Decomposed Ronkin functions R(" (red), R* (blue), and total R, (black). Vertical dashed
lines mark the root positions i = £, where the colored lines correspond to the GBZ condition jt; = . Due to TRS', R, is even in u, and
R obey the symmetry relation in Eq. (26). (d)—(f) Partial indices «\*’ (red) and «{" (orange) of [7""],,. Due to the symmetry, we shaded the
negative region p < 0 in gray. The colored shaded regions for « > 0 indicate the optimization intervals: [0, ;] for the x = O phase [panels
(c) and ()] and [u1, u2] for the k = 1 phase [panels (a), (b), (d), and (e)]. The partial indices change whenever p crosses a root ; where
o, closes its gap. Their sum, Kf“) + Ké’”, equals the derivative of R(Y). The WHF-based decomposition reproduces the phenomenological
symmetry-decomposed Ronkin functions for k = 1 and symmetrically decomposition R, for k = 0.
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[panels (c) and (f)]. In all panels, the vertical dashed lines
indicate the roots & ;. Specifically, the colored dashed lines
mark the GBZ roots w1, i, and their negatives. The red and
blue shaded regions indicate the intervals over which the min-
imization is performed.

The top panels [Figs. 6(a)-6(c)] demonstrate that the
WHE-derived R™®) perfectly reproduce the phenomenological
decomposed Ronkin functions [Eqgs. (27) and (28)]: They
are convex, piecewise linear, and satisfy the symmetry re-
lation RP(u) = R (—p) [Eq. (26)]. The bottom panels
[Figs. 6(d)-6(f)] display the partial indices K[[7}""],] =
03 ),/cz(“ )) of the factor [t¥™],. Given that their trans-
posed counterparts follow K[[t>"],] = (—Kz(f“), —Kl(f“)),
the negative region u < 0 is shaded in gray to focus on the
positive sector. Each index changes when p crosses a root
w; where T closes its gap. The sum Kl(”) + K;M) corresponds
to the winding number of [z}"""],, which in turn equals the
derivative of R(T).

As shown in Fig. 6(f) for the x = 0 phase, the partial
indices vanish within the interval 0 < u < . This includes
the vicinity of the origin, thereby validating the conventional
optimization of the total Ronkin function. However, for the
k = 1 phase [Figs. 6(d) and 6(e)], the behavior is distinct.
Strikingly, we find that the partial indices K{Mz) vanish si-
multaneously within the finite interval p; < ,u < uo; thus,
K*[z3™1 = (0, 0). The emergence of this interval provides
direct numerical evidence that the WHF framework is fully
consistent with the non-Bloch band theory for class AII'
systems: It coincides precisely with the optimization window
[1e1, mo] dictated by the GBZ condition [51]. From the per-
spective of the formulation based on the WHF, the condition
KC*[z3™] = (0, 0) precisely marks the regime in which the
generalized Szegd limit theorem [Eq. (79)] holds exactly,
without requiring any additional correction terms.

Finally, as a comprehensive validation of our framework,
we compute the OBC spectral DOS by evaluating the OBC
potential through the WHF-based optimization [Eq. (70)]
across the entire complex energy plane. The resulting distribu-
tion is shown in Fig. 7, where each point represents an energy
cell of size AReE x AImE ~ 4 x 10~*, used for discretiz-
ing the Hessian in Eq. (8). The WHF-based decomposition
accurately reproduces the OBC spectrum, in full agreement
with Fig. 5 and consistent with the results obtained from
the symmetry-decomposed Ronkin functions. This excellent
correspondence confirms both the validity and the practi-
cal applicability of our method across the x =0 and « = 1
regimes.

2. Regime including k = 2

To demonstrate that Eq. (81) also holds in parameter
regimes with partial index k = 2, we analyze the same Hamil-
tonian using parameters t; = 0.3, 1, = 0.5, g» = 1.0, A| =
0.0, and A, = 0.9.

Figure 8 shows the spectrum and partial index in the
complex energy plane. The blue and red points denote the
PBC and OBC spectra, respectively, obtained using N =
200 (PBC) and N = 50 (OBC) sites. The partial index « of
T = (E — h)Uy takes the value 1 in the light gray region,
2 in the dark gray region, and O elsewhere. Because the
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0.005
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53]
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0.001
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' : : ' : : 0
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FIG. 7. DOS multiplied by ARe E x Alm E ~ 4 x 107*, calcu-
lated by optimizing the WHF-based decomposed Ronkin functions
defined in Eq. (70). The Hamiltonian and parameters are equivalent
to those in Fig. 5. The WHF-based formulation reproduces the OBC
spectrum (red line, N = 400).

numerical diagonalization of this two-band Hamiltonian un-
der OBC becomes increasingly demanding with system size,
we restrict the calculation to 50 sites for the OBC case, which
still captures the essential spectral features.

Crucially, in the ¥ = 2 region (dark gray), the Z, topolog-
ical invariant [Eq. (24)] yields v[z] = 0, implying topological
triviality from the Z, viewpoint. Yet, this regime reveals a

1.0+
........ou.:.:.......-oooco.... :
Y 5 .
q 00 :'{':
5 ;
:: - :: ._.'
—05¢+ s '... ..o o
—1.0f
—-15 —1.0 =05 00 05 1.0 15 20
Re E
=1 =2 /C*:(L*l)
@ PBC ® OBC

FIG. 8. Map of the OBC and PBC spectra with WHF-derived
partial indices of the regime, including a « = 2 phase. Blue and
red points denote the PBC (N = 200) and OBC (N = 50) spec-
tra, respectively. Model parameters are t; = 0.3, , = 0.5, g, = 1.0,
Ay =0.0, and A, =0.9. The shaded regions indicate the WHEF-
derived partial index: k = 1 (light gray) and, notably, a k = 2 phase
(dark gray). The unshaded (white) region corresponds to the trivial
k = 0 phase. The green overlay marks a parameter domain where the
partial indices do not vanish simultaneously, leading to nonvanishing
residual partial indices IC* = (41, —1).
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FIG. 9. Partial indices of [t}"""],, for three representative energies: (a) and (d) with E = —0.5 4+ 0.3i k = 2, (b) and (e) with E = 0.6 + 0.2i
k =1, and (c) and (f) with £ = 0.9 4+ 0.7i « = 1. Red and blue vertical lines correspond to the GBZ condition. The shaded regions indicate
the target intervals for optimization for the k = 2 phase [panel (a)] and for the k = 1 phase [panels (b) and (c)]. Outside the green region in
Fig. 8 [panels (d) and (f)], and vanish simultaneously within the shaded interval, resulting in vanishing residual partial indices. Inside the green
region [panel (e)], however, the partial indices never vanish simultaneously, indicating the breakdown of the simple optimization formalism

due to nonvanishing residual partial indices.

previously unexplored structure: despite its Z,-trivial char-
acter, the partial indices of the symbol remain nonzero,
indicating the presence of exponentially localized states under
OBC, as typically associated with the NHSE. This sets the
k = 2 phase apart from both the conventional trivial (x = 0)
and topological nontrivial (x = 1) cases. Further evidence for
the presence of a skin effect in this regime is provided by
the OBC spectrum, which differs markedly from the PBC
spectrum and shows pronounced boundary sensitivity. The
combination of nonvanishing partial indices (signaling local-
ization) and the pronounced boundary sensitivity of the OBC
spectrum relative to the PBC spectrum provides clear evi-
dence that a skin effect occurs in the ¥ = 2 regime. This skin
effect is not protected by TRS™ symmetry but instead origi-
nates from the nontrivial k = 2 winding. The resulting x = 2
skin modes are fragile: A small TRS'-preserving perturbation
(e.g., A; = 0.01) can remove them entirely without closing
the point gap, confirming that these skin modes lack symmetry
protection and arise solely from the winding structure. For
further details, see Appendix A.

Having established the existence of the k = 2 phase, we
now examine the optimization of the factor [t}"""], [from
Eq. (68)], which plays a central role in decomposing the
Ronkin function. Our WHF analysis reveals a complication:
a parameter region where the partial indices of [¢}"™"], do
not vanish simultaneously, leaving residual partial indices
K*[z™] # (0, 0) even after finding the optimal y, as indi-
cated by the green area in Fig. 8. Within this green region, the
optimization yields K*[t}""™"] = (1, —1) [or (—1, 1)], demon-
strating that a straightforward optimization of the decomposed
Ronkin function is insufficient and that a correction for the
nonvanishing partial indices is required, analogous to the
multiband class A case.

Figure 9 illustrates this behavior. The top panels
[Figs. 9(a)-9(c)] display the WHF-based decomposed Ronkin
functions, while the bottom panels [Figs. 9(d)-9(f)] show
the jp-dependence of the partial indices, K[[z}""],]=
(Kl(" ), Kz(“ ). In each panel, the shaded regions indicate the op-
timization interval dictated by the topological phase: [12, ©3]
for the k = 2 phase [Figs. 9(a) and 9(d)] and [, p2] for the
« = 1 phase [Figs. 9(b), 9(c), 9(e), and 9(f)].

For the x =2 case [Fig. 9(a)] and the ordinary « =1
case [Fig. 9(c)], the decomposed Ronkin function R (red
line) is correctly minimized within the respective red shaded
intervals, where the partial indices K[[t}""],] vanish si-
multaneously [Figs. 9(d) and 9(f)]. This confirms that the
simple optimization formalism remains valid in these regimes.
In contrast, for the intermediate « = 1 regime shown in
Figs. 9(b) and 9(e) (corresponding to the green region in
Fig. 8), the partial indices do not vanish within the candidate
interval [i), io]. These nonvanishing residual partial indices
imply that the simple optimization fails, necessitating the cor-
rection term in Eq. (62).

The resulting OBC DOS, multiplied by the surface element
ARe E x Alm E ~ 3 x 1074, is plotted in Fig. 10. The OBC
potential is obtained by optimizing the decomposed Ronkin
functions defined in Eq. (70), together with the correction
in Eq. (80). By combining these two relations, the WHF-
based formulation successfully reproduces the OBC spectrum
shown in Fig. 8.

Our numerical analysis reveals that the conventional
GBZ condition pu; = u, [51] is replaced by u, = ws3. This
modified GBZ condition is consistent with the WHF decom-
posed Ronkin functions and directly dictates the localization
length of the eigenmodes. We interpret this behavior as a
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FIG. 10. DOS multiplied by the surface element ARe E x
Alm E ~ 3 x 10~*. The Hamiltonian and parameters are identical
to those in Fig. 8. The OBC spectral potential is obtained by op-
timizing the WHF-based decomposed Ronkin functions [Eq. (70)]
together with the correction term accounting for nonvanishing partial
indices [Eq. (80)]. The resulting WHF-based formulation accurately
reproduces the OBC spectrum (red line, N = 50).

manifestation of the k = 2 phase, which, as discussed in Ap-
pendix A, is generally fragile.

To verify the accuracy of the localization length, Fig. 11
shows fits of the OBC eigenstates (N = 50) using the func-
tional form e *2@¥=25) 4 (=25 \where the values of u,(=
Wu3) are obtained from the WHF-based optimization process.
The red and blue lines represent the wave functions of the
+1 and —1 sectors of the Pauli matrix Z, respectively. For
E =1.02 4 0.06i [Fig. 11(b)], the partial index is k = 1, and
the corresponding eigenmode exhibits a TRS'-protected Z,
skin mode. In contrast, for E = —0.13 4 0.08i [Fig. 11(a)],
the partial index is k = 2, and the corresponding eigenmode
realizes a nonprotected skin mode. The fitting form, based on
the optimized p,, accurately reproduces the spatial profiles in
both regimes.

VII. CONCLUSION

In this work, we have established the WHF as a powerful
framework for extending the Amoeba formulation to multi-
band non-Hermitian systems. Our approach resolves a key
limitation of the existing formalism: Although the general-
ized Szegd limit theorem is, in principle, valid in arbitrary
dimensions, its practical application has been restricted to
single-band systems due to complications arising from com-
peting localization lengths in multiband settings, an effect that
becomes unavoidable in the presence of symmetry-protected
degeneracies.

By combining the WHF with Hermitian doubling, we have
provided a clear physical interpretation of the generalized
Szegd limit theorem: edge modes in the doubled Hermi-
tian Hamiltonian generate the shift between the OBC and
PBC spectral potentials. This perspective naturally identifies
the precise criterion for the validity of the simple Amoeba
optimization, i.e., that all residual partial indices must van-
ish. When this condition holds, the conventional generalized

site

site

FIG. 11. Fitting of wave functions for (a) x = 1 and (b) «k = 2.
The chain length of the OBC systemis N = 50 sites. The correspond-
ing eigenenergies are (a) £ = 1.02 4+ 0.06i and (b) £ = —0.13 +
0.08i. The red and blue lines represent the wave functions of the +1
and —1 sectors of the Pauli matrix Z, respectively. The black dotted
line shows the fitted profile using the localization lengths determined
from the optimization, corresponding to p, = p3.

Szegd limit theorem applies directly; when it does not, we
derive the corresponding correction terms [Eq. (62)], which
account for the nonvanishing residual partial indices.

For systems with transpose-type time-reversal symme-
try (class AII"), we showed that the WHF naturally yields
the symmetry-decomposed Ronkin functions introduced phe-
nomenologically in Ref. [96]. Through the symplectic form
of the WHF [Eq. (68)], we obtain a rigorous decomposition
R.(n) = R§+>(M) + Rg’)(pv), directly linking the WHF to the
non-Bloch band theory. This decomposition is not merely a
computational convenience but reflects the intrinsic structure
of Kramers pairs in these systems.

Our WHF-based framework reveals a fundamental con-
nection between the topological structure of non-Hermitian
Hamiltonians and the asymptotic behavior of their OBC de-
terminants. The partial indices, which encode the number
and localization of boundary modes, directly control the de-
viations between OBC and PBC spectral potentials. This
insight extends the modified Szegd limit theorem, origi-
nally formulated for Hermitian topological systems [98], into
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the non-Hermitian domain, as the generalized Szegd limit
theorem [87]. The breakdown of the simple optimization for-
malism in multiband systems is thus not a deficiency but a
natural manifestation of nontrivial topological structure. The
required correction terms acquire a transparent physical in-
terpretation: they describe the exchange of root contributions
across the Brillouin zone boundary.

While this work focused on one-dimensional systems in
classes A and AII', the same mechanism is expected to ex-
tend to certain higher-dimensional cases [80], though its full
generalization to higher dimensions remains an open chal-
lenge. This is primarily because the extension requires a
multivariable Wiener-Hopf factorization, for which a general
mathematical theory has not yet been established. Con-
versely, however, the relationship between the accumulation
of topological edge and skin modes and the deviation of the
spectral potential may provide a physical guiding principle
for constructing a generalized Szegd limit theorem in higher
dimensions.

Although we focus on the case without edge modes, our
formulation remains valid even in the presence of the edge
modes. Since the number of edge modes is finite, they do not
provide the relevant contributions to the OBC spectrum under
the thermodynamic limit. Notably, the residual partial indices
can detect the edge modes. For details, see Appendix B.

In conclusion, the Wiener-Hopf factorization provides a
unified mathematical foundation for the Amoeba formula-
tion in multiband systems, resolving long-standing questions
about the applicability of the generalized Szegd limit theo-
rem and establishing rigorous connections to non-Hermitian
topology. This framework not only validates existing phe-
nomenological approaches but also paves the way toward
systematic extensions across symmetry classes and spatial
dimensions.
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APPENDIX A: INSTABILITY OF THE « = 2 PHASE
AND MODIFIED GBZ CONDITION

In this Appendix, we examine the fragility of the x =2
phase in class AII" and show that its apparent stability orig-
inates from an underlying unitary symmetry. This hidden
symmetry enforces the modified GBZ condition u; = us,
replacing the conventional relation @ = us.

B0 k=1
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FIG. 12. Test of the stability of the ¥ = 2 phase under a TRS-
preserving perturbation. The parameters are identical to those in
Fig. 8 except for A; = 0.01. Introducing the perturbation Ah(e*) =
—2AX sin k removes the k = 2 phase, confirming its fragility. The
original k = 2 phase changes to a k = 0 phase without any qualita-
tive change in the PBC spectrum, indicating that the bulk winding of
the PBC Hamiltonian remains unchanged.

The k = 2 phase is inherently fragile. Within the frame-
work of the Hermitian-doubled Hamiltonian, this phase
corresponds to the presence of two Kramers pairs. As in the
case of Z, topological phases, an even number of Kramers
pairs is not protected against generic TRS'-preserving pertur-
bations: pairs can hybridize and gap out each other, rendering
the phase topologically trivial.

In our model, this inherent fragility can explicitly be con-
firmed. The k = 2 phase, which exists for A; = 0, disappears
upon introducing a TRS'-preserving perturbation Ah(e’*) =
—2A X sink, even for a small value A; = 0.01, as shown
in Fig. 12. Under this perturbation, the ¥ = 2 in the system
changes to a k = 0 phase without appreciable change in the
PBC spectrum. The winding in the PBC spectrum remains
unchanged, indicating that the underlying bulk topology of the
PBC bands is unaffected.

This behavior can be understood by analyzing the symme-
tries of the unperturbed Hamiltonian A(k) (i.e., for A} = 0):

h(e™) = 21, cosk + 21, cos 2k — 2(ArX + ig,Z) sin 2k.
(A1)

The Hamiltonian /(k) can be diagonalized by a k-independent

unitary matrix V,
h
~lpy [+
= ()

where each block is given by

hi(e™) = 2t; cosk + 2t cos 2k £ 2iZ,/ g3 — A} sin2k.
(A3)

(A2)

This diagonal form reveals an additional hidden unitary sym-
metry of the unperturbed Hamiltonian,

[h,VZV~'1=0. (A4)
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FIG. 13. DOS multiplies by surface element ARe E x Alm E >~
2 x 107*. The Hamiltonian and parameters are identical to those
in Fig. 12. Due to the finite-size effect, the OBC spectrum shifts
from the Amoeba results. However, these results coincide in the
thermodynamic limit.

Owing to this symmetry, the system decouples into two in-
dependent blocks Ay and h_, corresponding respectively to
Kramers partners with partial indices £k = W[hy]. As a re-
sult, hybridization between the Kramers pairs is prohibited,
which stabilizes the x = 2 phase for these specific parameters.

The perturbation Ah(e’) = —2A,X sin k, however, breaks
this hidden symmetry, since the perturbed Hamiltonian
h(e*) 4+ Ah(e’*) can no longer be diagonalized by a k-
independent matrix. As a consequence, the two Kramers pairs
hybridize and gap each other out, leading to the disappearance
of the k = 2 phase. This demonstrates that the k = 2 phase is
not protected by TRS' alone but instead relies on the addi-
tional hidden unitary symmetry VZV ~'.

This hidden symmetry also drives the shift of the GBZ
condition from the conventional w; = uy [51] to uy = us.
The intrinsic instability of the k = 2 phase underlies the emer-
gence of the green region in Fig. 8, the parameter domain
where C* = (1, —1) and whose boundary satisfies the con-
ventional relation w; = u;. In our specific model, both the
k =2 phase and this K* # (0, 0) region are stabilized by
a hidden unitary symmetry. When a small TRS'-preserving
perturbation breaks this symmetry, the x = 2 phase disap-
pears, and the OBC spectrum expands to the boundary of the
green region, thereby restoring the standard GBZ condition.
Thus, the nonvanishing partial indices and the accompanying
“abnormal” GBZ relation (u, = u3) are fragile artifacts of
this hidden symmetry rather than a robust modification of the
GBZ itself.

Figure 13 corroborates this discussion by showing
the OBC DOS of the perturbed Hamiltonian, scaled
by the surface element ARe, E x Alm, E ~ 2 x 10~*. Be-
cause the perturbation breaks the hidden symmetry, the
conventional GBZ condition w@; = u, is restored. Due to
finite-size effects, the OBC spectrum obtained by direct di-
agonalization (N = 50, red dotted line) exhibits a small shift
relative to the WHF-based results, which represent the N —
oo limit. Nevertheless, both results are consistent within the
thermodynamic limit.

APPENDIX B: RESIDUAL PARTIAL INDICES
AND BULK-BOUNDARY CORRESPONDENCE

In this Appendix, we analyze systems with sublattice sym-
metry (SLS), in which topological edge modes coexist with
skin modes. We demonstrate that our formulation remains
valid even in the presence of these edge modes and that the
residual partial indices successfully capture their topological
origin.

From the perspective of the spectral potential, a finite num-
ber of edge modes yields a vanishing contribution to the DOS
in the thermodynamic limit. Consequently, our Amoeba for-
mulation for determining the bulk spectrum remains strictly
valid. Nevertheless, as we discuss below, the analysis based on
the residual partial indices provides a powerful tool to detect
and characterize these zero modes essentially.

In the following discussion, we focus on class A systems
with SLS. The SLS is defined by the relation

ShS™' = —h, (B1)
where S is a unitary matrix satisfying > = 1.

In the presence of SLS, the Hamiltonian takes the canonical

block-off-diagonal form in a proper basis (with S = Z),

= )

Accordingly, the SWHF can be generalized to respect the SLS
structure as

() N )

where A =A;D4A_ and B = B DgB_ correspond to the
WHEF of the off-diagonal blocks A and B, respectively.

Based on this block structure, the point-gap topology at
E = 01is characterized by Z @ Z, with invariants correspond-
ing to the two distinct winding numbers [5]:

(B2)

(WI[A], W[B]) = (W[Dal], W[DgD. (B4)
Non-Hermitian systems exhibit another gap structure
known as the line gap. Here, we consider the line gap with
respect to the imaginary axis, the real-line gap,
det[h —in] #0 (BS)
for any real number 7. Since the topological invariant is pre-
served under continuous deformations that keep the gap open,
we have

W[h] = lim W[h — in] = 0. (B6)
n—00

Topological phases characterized by a line gap are classi-
fied by continuous deformations to Hermitian Hamiltonians
while preserving the gap. In the Hermitian limit, the SLS
reduces to the standard chiral symmetry, which enforces the
vanishing of the total winding number, W[A] = 0. Therefore,

the real-line gap opening ensures the Hamiltonian can be
deformed to a Hermitian one.
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FIG. 14. Numerical results for the system with SLS. The Hamiltonian and its parameters are defined in Eq. (B11). (a) PBC (blue) and
OBC (red) spectra. The PBC spectrum forms a single loop, indicating the non-Hermitian skin effect, while the OBC spectrum exhibits a pair
of zero-energy modes at the origin isolated from the two bulk bands. The partial indices («y, k»). k| remains zero regardless of the reference
point, whereas «, captures the topological structure. (b) The DOS calculated from the OBC spectrum. Note that the zero-energy edge modes
do not appear in the DOS, as their contribution vanishes in the thermodynamic limit.

Assuming the opening of a real-line gap, we can define the
SLS-protected topological invariant as

/-ZJT dk ;
Wsislh] ——t[Sh™" 0¢hl, B7)
o 4mi
WI[B] — W[A]
= 3 ,
which counts the number of edge modes [4,5,45].
However, in the presence of the NHSE, the winding num-
ber can be nonzero (W[h] # 0), which seemingly contradicts
the connection to the Hermitian limit. To resolve this con-
sistency issue, we employ the non-Bloch band theory [7,9].
Strictly speaking, the invariant should be defined along the
GBZ to enforce the vanishing winding number. However,
since the topological invariant is stable against gap-opening
deformations, we can define the invariants on the circular path
|B] = e, instead of the exact GBZ, such that

Wlh,] = WIA,]+WI[B,] =0.

(B8)

(B9)

This vanishing total winding ensures that the modified Hamil-
tonian £, is homotopic to a Hermitian Hamiltonian.

Based on this formulation, the SLS-protected winding
number is given by

WI[B.] —WI[A,]
—

Consequently, the topological properties are entirely deter-

mined by the residual partial indices defined in the main text.
We numerically analyze the non-Hermitian Su-Schrieffer-

Heeger (SSH) model [99]. The Hamiltonian is defined as

_( 0 R (B)

Ri(B) = tarB™" + t1r + 131,

R.(B)=tuB +tir + 18"
where ti; =1/5,tir =9/5, tar =6/5, g =4/5, B =
9/40, and t3g = 1/40. The SLS operator is given by S = Z.

The OBC and PBC spectra are plotted in Fig. 14(a). While
the PBC spectrum forms a single loop, the OBC spectrum

WsLslhul = (B10)

(B11)

splits into two distinct bands and hosts a pair of zero modes
at the origin. The partial indices (k1, k), corresponding to
the respective off-diagonal blocks, are shown in Fig. 14(b).
Since «; vanishes regardless of the reference point, we only
plot «;, which takes —1 inside the PBC spectrum. The DOS is
presented in Fig. 14(c). As expected, since the finite number of

) ,i(lu) ,{(ZM) | |

—1.0 —0.5 0.0
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(
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o
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7

—1.0 —0.5 0.5

FIG. 15. Residual partial indices calculated at reference ener-
gies (a) £ =0 and (b) £ = 0.01. Red and orange lines represent
the partial indices Kl(“) and Kéﬂ), respectively. Vertical dotted lines
indicate the roots of det[2(8)] = 0. At u = 0, the total winding num-
ber is nonzero (W[h] = —1), signaling the presence of the NHSE.
However, nontrivial residual partial indices (quantized plateaus) are
observed only at E = 0 in panel (a), demonstrating that the proposed
indices successfully detect the topological zero modes even in the
presence of the skin effect. In contrast, no such topological structure
is found at £ = 0.01 in panel (b).
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edge modes yields a vanishing contribution to the OBC spec-
tral potential in the thermodynamic limit, these zero modes
are not visible in the DOS.

Figure 15 illustrates the residual partial indices calculated
at (a) E =0 and (b) £ = 0.01. The red and orange lines
represent the partial indices «\"’ and «{*), respectively. The
vertical dotted lines indicate the roots of det 4(8) = 0. The
total winding number W[h] = k; + k, takes a value of —1
at u =0, signaling the presence of the NHSE. Crucially,
however, nontrivial residual partial indices exist only at E = 0
[Fig. 15(a)].

Finally, we comment on cases where edge modes deviate
from zero energy, such as in the non-Hermitian Rice-Mele
model [100]. While our formulation for determining the bulk
spectrum remains valid, the detection of edge modes via resid-
ual partial indices requires additional care. Since the partial
indices characterize the kernel and cokernel of the Hamilto-
nian under the semi-infinite boundary condition 7Tggc[E — ],
detecting nonzero edge modes requires performing the WHF
specifically for the shifted symbol E.gee — h. A systematic
framework for counting such dispersive edge modes is left for
future work.
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