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Spin systems as quantum field theories in inflationary universe:
A study with Unruh-DeWitt detectors
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We propose a method to probe the thermal properties of quantum field theory (QFT) in an inflationary universe
simulated by spin systems. Our previous work [Phys. Rev. Res. 7, 023197 (2025)] has demonstrated that QFT of
Majorana fermions in an arbitrary two-dimensional spacetime can be mapped onto a spin system. In this study,
we apply this mapping to investigate the thermal properties of an inflationary universe. An interaction between
a quantum field and a detector allows one to extract information about the quantum field from the excitation
probability of the detector, known as the Unruh-DeWitt detector. In an inflationary universe with Hubble constant
H, the excitation probability of an Unruh-DeWitt detector follows a thermal distribution with temperature
H/(2m), indicating that a static observer in the inflationary universe perceives a thermal field. We consider
a spin system corresponding to QFT in an inflationary universe and introduce a single spin interacting with
this system as an Unruh-DeWitt detector. We demonstrate that the detector response asymptotically approaches
the result of QFT with an appropriate power of the number of spin sites. Since the dynamics of spin systems
can be implemented on programmable quantum simulation platforms, our study offers a concrete route toward
experimentally probing the thermal properties of an inflationary universe in controlled quantum settings. This
highlights the potential of quantum technologies to emulate and investigate aspects of quantum field theory in

curved spacetimes.

DOI: 10.1103/s3gb-n9%4w

I. INTRODUCTION

In an inflationary universe, which is well described by
de Sitter spacetime, a static observer experiences a funda-
mental limitation in their observable region due to too rapid
cosmic expansion. This gives rise to a cosmological event
horizon. This horizon, analogous to a black hole horizon,
defines a boundary beyond which information cannot reach
the observer. The entropy and temperature associated with
this horizon can be defined through the first law of ther-
modynamics, and the observer perceives thermal radiation
at a temperature H/(2m) [1], where H is the Hubble con-
stant. This phenomenon, known as the Gibbons-Hawking
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effect, highlights the thermal nature of quantum fields in
curved spacetime. However, due to the extremely small mag-
nitude of such quantum effects, direct observation in our
universe is practically infeasible. In this study, we propose
a method to investigate the thermal properties of an infla-
tionary universe using spin systems, providing a possible
avenue for experimentally probing these fundamental as-
pects of quantum field theory (QFT) in curved spacetimes
through controllable, tabletop-scale quantum systems. As re-
lated theoretical proposals, expanding edges of quantum Hall
systems have been used to simulate scalar field dynamics in
(1 + 1)-dimensional Friedmann-Lemaitre-Robertson-Walker
and de Sitter universes, enabling studies of analog Hawk-
ing radiation and entanglement dynamics [2,3]. A scheme
to realize an effective de Sitter universe using an expanding
Bose-Einstein condensate and to implement an Unruh-DeWitt
detector within this setup has been proposed [4,5]. A spin
system analogue of the accelerating Unruh-DeWitt detector
has also been proposed [6].

The interaction between a quantum field and a detector
allows one to extract information about the quantum field in
curved spacetime from the excitation probability of the detec-
tor, known as the Unruh-DeWitt detector [7,8]. (See also Ref.
[9].) In an inflationary spacetime with Hubble constant H, the
excitation probability of an Unruh-DeWitt detector follows
a thermal distribution with temperature H/(2m), making it

Published by the American Physical Society
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possible to characterize the thermal nature of the quantum
field through an observable quantity [10]. Our previous work
has demonstrated that the theory of Majorana fermions in an
arbitrary two-dimensional spacetime can be mapped onto a
spin system [11]. In this study, we extend this approach to an-
alyze quantum field theory in an inflationary spacetime using
spin systems. In particular, by coupling an Unruh-DeWitt de-
tector to a spin system, we provide a framework in which the
excitation probability of a detector in an inflationary universe
can be measured experimentally.

The rest of this paper is organized as follows. In Sec. II, we
briefly review the basics of the Unruh-DeWitt detector cou-
pled to quantum fields. In particular, we exhibit the relation
between the detector response and the Wightman function for
quantum fields. In Sec. III, we consider a quantum field theory
in terms of massless Majorana fermion in the two-dimensional
flat spacetime and discuss the detector responses. The main
subjects of this paper are discussed in Secs. IV and V. We
elucidate the behavior of the Unruh-DeWitt detector in an in-
flationary universe based on the field theory for the Majorana
fermion and the corresponding spin system, respectively. In
Sec. VI, we propose a model to implement the Unruh-DeWitt
detector in the spin systems.

II. UNRUH-DEWITT DETECTOR

We consider quantum fields in a curved spacetime and
a detector interacting with the fields. The Hilbert space of
QFT and the detector are denoted as Hqrr and Hg. The
total Hilbert space is given by their tensor product: Hy, =
Horr ® Hqa. The detector is moving in the spacetime with a
timelike trajectory x* = x*(t) = (¢(1r), x(7)), where 7 is the
proper time for the detector. In other words, x*(7) satisfies
g,w(x(r))% % = —1, where g, (x) is the spacetime metric.
In the Schrodinger picture, the Hamiltonian describing the
time evolution of a coordinate time ¢ is given by

dt
dt

The Hamiltonian of QFT I-?QFT(Z) can explicitly depend on
t through a time dependence of the metric. The detector’s
Hamiltonian Hj is associated with the proper time 7. We as-
sume that it does not depend on time. The interaction between
the quantum field and the detector, represented by V (¢), is
written as

N N N drt
Hio(t) =Horr(t) @1 + 1 ® —Hy + )»EV(I)- 2.1

V(@)= —h(t)®x(t)) Q m, 2.2)

where @ is a Hermitian operator consisting of the quantum
fields in the QFT and m is a Hermitian operator of the de-
tector, independent of time in the Schrodinger picture. The
function A(t) is a window function with a compact support
in an interval 7p < 7 < 17. This describes the switching of the
detector, which is switched off outside the interval. The dt /dt
in Eq. (2.1) synchronizes the proper time t with the coordinate
time of the target spacetime 7.

We assume that the initial state in Hopr ® Ha is | (1)) =
|R2) ® |Ey), where |2) is the vacuum state in QFT and |Ej)
is an energy eigenstate of the detector. Because of the inter-
action, the detector can be excited (or de-excited) as a result
of the time evolution. The probability that the detector will be

excited to a state with an energy E is
P(Ey — E) = A*[(E|m|Eo)*F(E — Eo),  (23)

where the detector response function is given by

Flw) = / 5 dt’ / i dre T h(h(t)G (x(7), x(t))

- / i dt’ / i dte T (t)h(z)G (x(1), x(T)).
K K (2.4)

See Appendix A for the derivation. Here, we have introduced
the Wightman functions for the vacuum state as

G*(x,x) = (QIP()P()|R),
G (x,x') = (QO() D)),

(2.5)

where ®(x) is the Heisenberg operator evolved in time by the
unperturbed Hamiltonian (i.e., the operator in the interaction
picture). We can say that the Fourier transform of the Wight-
man function multiplied by window functions represents the
detector response.

We can also define the detector response for the thermal
state as

Fp(w) = f v’ / 'dre—"w“—”h(r)h(z’)Gg(x(r),x(z’))

- / i dt’ / 5 dre” " h(T)h( )Gy (x(1), x(T)).
! K (2.6)

This describes the transition probability of the detector in-
teracting with thermal QFT. Here, we have introduced the
thermal Wightman functions as

G}'(x,x/) = (Px)DP(x))p,

Gy (x,x) = (@) P(x)) g, 2.7

where the thermal average for an operator (’) at the inverse
temperature B is defined by (O)z = Tr(e P11 (0)/Z, where
Z = Tr(e—PHarr),

Now, let us consider the case in which the Wightman
functions G*(x(t), x(t’)) depend only on the difference of
the proper time 7 — 7’. This means that the system has a time
translation symmetry along the detector’s trajectory, t — © +
const. We apply the Fourier transformation to G* and / as

“dw . ; )
_Gi(a))e—M)(T—T ),

G*(x(7), x(t))) = /

—00

®dw . .
h(t) = —h(w)e ", (2.8)
oo 2T
Due to time translation symmetry, it can be shown that
G (w) =G (~w). (2.9)

From the second line of Eq. (2.4), the detector response is

written as

*do - N2

Flw) = 2—|h(w—a))| G (). (2.10)
oo 2T
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Thus, the response function is given by the convolution of
the power spectrum of the window function ||?> and G~. We
introduce the parameter 7 defined by

T = foo dth(t)? = /oo d—:lﬁ(w)lz,

3 @2.11)

which is referred to as “effective measurement time.” We will
focus on the detector response per unit effective measurement
time F /7T, which gives a finite value even for the infinite-time
measurement, 7 — 00.

One of the simplest choice of the window function is the
rectangular window:
I (m<t<T1)

. ) (2.12)
0 (otherwise)

h(t) = {

which means that the detector switches on/off instantaneously.
Then, its Fourier transformation is
2 (11 — 79)

hw) = Ze@m+/2gy —— =7
w 2

T =1 —1. (2.13)

Note that the effective measurement time 7 is nothing
but the width of the window function in this case. If the
measurement time becomes infinity, 7 — oo, we obtain
|h(w)|?)T — 278(w). It follows F(w)/T — G~ (w) (T —
oo) from Eq. (2.10).

Another choice is the Gaussian window:

mt?
h(T) = exXp [_ﬁ]’

where the parameter 7 corresponds to the effective measure-
ment time defined in Eq. (2.11). Its Fourier transformation is

given by
T2w?
2 |

Again, we have |h(w)]*/T — 2n8(w) and F(w)/T —
G~ (w) in the limit of 7 — oo. (For the numerical calculations
in this paper, in the region where |t| > 37, h(7) is forcibly set
to 0, that is, we actually set t; = —tp = 37 and use a compact
window function. Because the contribution of the integral for
|t| > 37 can be neglected practically, it will continue to be
ignored in the following discussion.)

The above results indicate that, if one makes the mea-
surement time sufficiently large, the Fourier transform of the
Wightman function can be approximately obtained from the
detector response even for either window function. However,
in the case of the rectangular window, its power spectrum
|2(w)|? exhibits a power-law tail as w — oo, causing con-
tributions from a wide frequency range of the Wightman
function to appear in the detector response. In contrast, for the
Gaussian window, since its Fourier transform is also Gaussian,
the power spectrum of the window function decays expo-
nentially as w — oco. Contributions from only a relatively
narrow frequency range of the Wightman function appear
in the detector response. Therefore, in the case of a finite
measurement time, the detector response using a Gaussian
window is expected to more clearly extract information about
the Wightman function if the Wightman function has a con-
tinuous spectrum.

(2.14)

h(w) = V2T exp [— (2.15)

III. EXAMPLE OF DETECTOR RESPONSE
FOR MAJORANA FERMIONS IN TWO-
DIMENSIONAL FLAT SPACETIME

A. Majorana fermions in flat spacetime

As the simplest example, we consider the flat spacetime:
ds* = —dt* + dx?, (3.1

where we assume that the spatial direction is compactified as
x ~x + £. (In this section, we will eventually consider the
infinite spatial region taking the limit £ — oo, but in later
sections, we use the results for finite £.) As QFT, we consider
the massless Majorana fermions whose Lagrangian density is
given by

L=—iyiy,

where ¥ = ¥ 7y? and ¥ = (¥, ¥»)T are two-component
spinor fields of real Grassmann variables, satisfying ¥ = v,
(a = 1, 2). The Feynman slash notation is defined as § = y9;
(i =0, 1) and the gamma matrices y' in the Majorana repre-
sentation can be written as

0

_1>. 3.3)

, 0 1 1
0 __ .y _ 1 _ 7z __
y_za_( 1 0>, y_a_(o

They satisfy {y', y/} = 2n"/ = 2diag(—1, 1). We will assume
that the Majorana field satisfies the antiperiodic boundary
condition: Y (t,x + £) = —y (¢, x).

Introducing the complex variable ¥ = ¥, — iy, we can
rewrite the Lagrangian density as

(3.2)

j 1
L= %(qﬁa,w + W, wh) — E(waxqz — v uh). 3.4

The Hamiltonian is simply written as

. 1 /2 . .
Horr = E/ dx(Wa, ¥ — Wiy wh), (3.5)

2

The Majorana field satisfies the canonical anticommutation
relations as

(W, x), Wi(t,y)} = 8(x —y),

(W(t, x), O, y)) = (¥, x), ¥, y)}) =0. (3.6
B. Solution of the Heisenberg equation
The Heisenberg equation for W is given by
U — v =0, ¥I4iw =0. (3.7)
We apply the Fourier transform as
1 .
W(t,x) = — Z WL (1),
ﬁ keK
1 o
Ui, =—=) &l ), (3.8)
L

where, from the antiperiodic boundary condition, the domain
of the wave number is

<2

(3.9)

neZ}.
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FIG. 1. Contours for integrations.

Then, the Heisenberg equations are rewritten as

d 0 1 W (1)
(o)) =0

Decomposing the time dependence of variables into the
Fourier modes as (Wy, \Ill Q) X e~ "', we obtain eigenfrequen-
cies and their eigenvectors as

o 1 1
@ = [k, ﬁ(isgn(k))’

_ I (isgn(k)
e ()

Thus, the general solution of the Heisenberg equation in the
momentum space is given by

)\ 1 —ilk|r 1 ik (1sgn(k)
(#40) = e ™ (ram) e (1)
(312)

In the position space, we obtain

(3.10)

@3.11)

1 . ) )
Wt x) = —— Y (e ™ fisgn(k)y’ e,
m kEZK yk g y k
' 1 . . )
Vi x) = —= ) Misgnpe ™ + T,
NGY; k%; ¢
(3.13)
Using the canonical anticommutation relation (3.6), we obtain
o v =, rond =W vi=0 314

Substituting Eq. (3.13) into Eq. (3.5), we can write the Hamil-
tonian of the Majorana fermion as

H =Y |kly v + Eo,
keK |

where Ey = — ), |k|/2 is the vacuum energy. Although this
summation naively diverges, it can be formally rewritten as
— >, kl/2 = £ (—1)m /¢, where £ (s) is Riemann’s zeta func-
tion. Thus, we obtain a Casimir energy Ey = —m /(12¢) after
appropriate subtraction procedures. The vacuum state |2) is
defined by

YelR2) =0, (Vk € K). (3.16)
Excited states can be constructed by acting the creation oper-
ators on |£2).

C. Detector response in flat spacetime
Now, to discuss the detector response, we consider a de-
tector coupled to the Majorana field through a scalar operator
[12]. We define the Hermitian scalar operator as

O, x) =i P (t, )Y, x), (3.17)

where the normal ordering for an operator O is denoted by
:0:. By the normal ordering, all creation operators V/j are
to the left of all annihilation operators y; in the operator
O, where the spin statistics are taken into account when
exchanging the operators. For example, :ykykT,:z —ykT, Vi. Us-
ing the complex variable W, the scalar operator is given by
® =:WTW:. The above operator is also written as the

O, x) = iy (t, )P, x) — i(QUE, )P, x)|RQ). (3.18)

In this expression, the divergence of the operator is canceled
by its vacuum expectation value.
As in Appendix B, for the vacuum state, the Wightman

GHt,x, ', xX') = (QID(t, x)P({', X )|Q) =

where € is a positive infinitesimal. Especially, in the limit of £ — oo, the above expression becomes

G (t,x,t',x)=—

Am2((t —t' —ie)? — (x —x')?)’

(3.15) function for @ is directly computed as
! 3.19
4¢2sin[Z(t —t' — (x —x) —ie)|sin [Z(t — 1’ + x —x' —ie)]’ ©-19)
1
(3.20)
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Let us consider a static detector at the origin whose trajectory is given by (¢, x) =
detector’s trajectory is

(z, 0). Then, the Wightman function on the

1

Gt (t(1),0,1(x"),0) = QYT (3.21)
From Eq. (2.4), for the rectangular window (2.12) with 7) — —oo and 7; — 00, the detector response is
o—io(T—1) p—i0AT
F(w) = —4—2 d'C f dr T = —m drC/ dAr(AT o (3.22)
where we have introduced
At=1—-7, 1.= TJ;T/. (3.23)

The integration over 7, gives an infinite factor in the detector response. This is because the Wightman function has time
translation symmetry, which results in the number of quanta absorbed by the detector being constant over time. Here, we consider
the transition probability per unit time: F(w)/7T with T = f_oooo dt.. Taking the contour of the integration as in Fig. 1(a), we
obtain

Flw 1 o0 e—twAr
T s
T 4m? J_ (AT —i€)?
This is a trivial result: A static detector in Minkowski spacetime remains unexcited.
Let us next consider the case where the field theory is in a thermal state. The thermal Wightman function for £ — oo is also

(3.24)

computed in Appendix B as

G;(t,x, 1, x) = (P, )P, x))p =

Again we consider the static observer (¢(t), x(t)) = (t, 0). Then, the Wightman function on the detector’s trajectory is

The detector response is now given by

1

. 2

4ﬂ251nh[ t—t—(x—x)— le)]smh[ t—t4+x—x — ie)] (3:25)
1

* ! =— . 2

G, 0.1 0 42 sinh? [ £ (AT — i€)] (3:20)
e*iwAr w

(3.27)

]:,3(0))_ 1 o0
T ‘@f d

This integrand has poles at At = ifn + ie (n € Z). We have
taken the contour of the integration as in Fig. 1(b). The tran-
sition probability to excited states of the detector is nonzero
because of the thermal fluctuation of QFT. The thermal prop-
erties of QFT are reflected in the Boltzmann factor of the
detector response.

D. Kubo-Martin-Schwinger relation

Now, we recall the thermal Wightman functions, which are
defined by Eq. (2.7). Using the cyclic property of the trace, we
have

Gf(x, %) = Z7 (e Pl ()@ (x'))

= Z7 " Tr(e Mot o (i )e~PHarr @ (x)ePHlorm)
= Z7'"Tr(e PR o (x' ) D (x + iB))
=G, (x +ip.x), (3.28)

where B in the argument means B8!. This relationship is
referred to as the Kubo-Martin-Schwinger (KMS) relation
[13,14]. This holds for the thermal Wightman function of any
operator. Along the trajectory of the static observer, the KMS

A
"Sinh? [Z (A7 — ie)]

- 2w (efo — 1)

(

relation is written as G/}L(r, 0,7,0) =
From its Fourier transform, we obtain

G; (1 +iB.0,7',0).

Gy (@) = e "G (w). (3.29)
As discussed in Sec. II, the detector response will goincide
with the Wightman function as Fg(w) = G5 (w) = G;;(—a))
for an infinite measurement time. Thus, the above equa-
tion implies

Fg(w)

— p B
Fo(—) =e 7. (3.30)

It can be immediately verified that Eq. (3.27) satisfies this
relation.

E. Finite-time measurement

So far, we have focused on the case of infinite measurement
time, where 7y — —oo and t; — oo in Eq. (2.4). However, in
the actual experiment, the duration of the measurement should
be finite. Now, we elucidate the effect of the finiteness of
the measurement time on the detector response in the ther-
mal Minkowski. As we mentioned previously, switching on
the detector coupling for a finite time interval is equivalent

043135-5
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Tc+7:7—() Te— 5 =T0

(a) Domain of (7., A7)

% 0
01 . CS
e
? % —i0
¥ —2i0

(b) Contour of the numerical integration

FIG. 2. (a) The domain of (7., At). Numerical integration is performed over the region shaded in red. (b) Contour of the numerical

integration for the detector response with a finite-time measurement.

to introducing an appropriate window function A(t) in the
detector response. Here, we adopt the Gaussian window [Eq.
(2.14)] as the window function. In terms of 7, and At defined
in Eq. (3.23), the domain of integration is the diamondlike
region shown in Fig. 2(a). It is written as

To < Te ST,

—Tmax < AT < Tiax, (3.3D)

where T,x = min(2t. — 219, —27. + 27;). The integrand has
a pole at At = 0. So, the original contour of the integration
—Tmax —> Tmax along the real axis is not suitable for the numer-
ical integration. Thus, we deform the contour into the complex
plane as

C=C+C +Gs, (3.32)
where
Cl: —Tmax = —Tmax — 1Y,
Co i —Tmax — 1Y — Tpax — 1Y,
C3: Tax — 1Y —> Tmax- (3.33)

We chose Y = i/2 as an offset from the real axis. The con-
tour is shown in Fig. 2(b). This above contour goes through
between poles. Then, the response function for a finite tem-
perature is written as

1 o )
Faw) = = 15 / . /C dz e h(t, + 2/ Dh(z, — 2/2)

1

X prm P /) (3.34)

For the numerical calculation, we simply use the trapezoidal
rule. The result is shown in Fig. 3 for 277 /8 = 3, 3, 10, co.
As the measurement time increases, the detector response
approaches the Planckian distribution, which corresponds to
an infinite measurement time. The inset displays the same
figure using a logarithmic scale. We observe that the detector
response has the behavior ~e~#® for w > 1/B. This result
suggests that the temperature of the system can be measured
from the large-w behavior of the detector response even for a
finite measurement time.

IV. UNRUH-DEWITT DETECTOR IN THE INFLATIONARY
UNIVERSE

A. de Sitter spacetime

Let us consider the (2 + 1)-dimensional Minkowski space-
time R>' whose metric is given by ds? = —(dX°)* +
(dX")? 4+ (dX?*). The (1 + 1)-dimensional de Sitter space-
time is defined as a submanifold of R*':

1
042 12 22 _
X"+ X))+ X =
where H is a constant that corresponds to the Hubble parame-
ter describing the expansion rate. We introduce coordinates of
the de Sitter spacetime (¢, x) as

“.1)

1 1
X% = —sinh(Ht), X'= — cosh(Ht)cosx,
H H

1
X? = 7 cosh(H?)sin x, 4.2)

where the spatial coordinate is compactified as x ~ x + 2.
We will take its domain as —7 < x < . Then, the metric of

0.04 T T T T T

0.035

0.03 ,
0.0001 |

0.025 ? 1x10® |
10, 1x10® E
7 F

0.02 1x107° E B

1x10% |
1x10° &

0.015

Fp(w)/(2nT/PB)

0.01

0.005

0

wen)

FIG. 3. Detector response in thermal Minkowski. The time du-
ration of the interaction is varied as 277 /8 = 3, 5, 10, and oco. The
inset shows the same figure using a logarithmic scale.
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n=m/2
0
8 o
[ o ?
\ N 3
3 E
éQ,
&S
T
e
g
S
n=—-m/2
Identified

FIG. 4. Penrose diagram of the de Sitter spacetime. The red lines
represent the future event horizon for a static observer O located at
the origin x = 0.

the de Sitter spacetime is written as

ds®> = —di* + % cosh>(Hr)dx*> (—o0 <t < 00). (4.3)
The coordinates (¢, x), which cover the whole de Sitter space-
time with topology R' x S, are called global coordinates. In
order to examine the global causal structure of the de Sitter
spacetime, it is useful to introduce the conformal time 7, as
dn = Hdt/ cosh(Ht). The relation between time coordinates
t and n is explicitly written as

M = tan |:—

(03]

2

In terms of the conformal time 7, the metric of the de Sitter
spacetime can be rewritten as the conformally flat form

(4.4)

1
ds* g (—dn* + dx?). (4.5)

"~ H2cos
Note that the conformal time is defined in —7 /2 < n < 7 /2.
The Penrose diagram of the de Sitter spacetime is given in
Fig. 4.

Let us focus on an observer O located at the origin x = 0.
Such an observer only perceives the region where n < —|x| 4
/2. Its boundary n = —|x| + 7 /2 is called the future event
horizon for the observer O.

B. Majorana fermions in de Sitter spacetime

The Lagrangian for the massless Majorana fermion in two-
dimensional curved spacetimes is [11,15-17]

L=—i/=gyiy.

For the curved spacetime, the Feynman slash notation is de-
19, where e!' is the zweibeins. Latin indices

fined as § = y'e!
i, j,k,... and Greek indices u, v, p,... are used for the

(4.6)

J

local Lorentz coordinates and the general coordinates, respec-
tively. The term involving the spin connection vanishes for the
(1 4 1)-dimensional Majorana fermions [11,16,17]. For the de
Sitter spacetime, we adopt the following zweibeins:

0 1
dxt = dn, dxt = dx. 4.7
utx H cosn Teudx H cosn * “.7)
The Lagrangian (4.0) is rewritten as
i -
L=- T8, + 'y 4.8)
H cosn
Introducing the complex variable
1
V= — i), 4.9
m(wz Y1) (4.9)
we obtain the Hamiltonian as
A 1 ("
Horr = E/ dx(Wa, ¥ — Wi wh). (4.10)

In the conformally flat coordinates (7, x), it is the same form
as the Hamiltonian for the flat spacetime as in Eq. (3.5). This is
a consequence of the fact that the theory of massless Majorana
fermions (4.6) is conformally invariant. Thus, the solution of
the Heisenberg equation is obtained by replacing ¢ with n and
setting £ = 2 in Eq. (3.13):

1 ) . ) ;
V.0 = 7= 3 e (e M 4 isgnkyy e,
keK
1 - - ,~
W0 = = 3 sentdome M 4 1),
kekK

@.11)

where the domain of the wave number £ is given by K = {n —
1/2|n € Z}.

C. Detector feels thermal bath in the inflationary universe

In the de Sitter spacetime, the Bunch-Davies vacuum [18],
|€2), is defined by

%|R) =0, (Vk € K). (4.12)

In other words, it is a conformal vacuum defined with respect
to the conformal Killing vector d,. The scalar operator (3.17),
which couples to the detector, is given by

D (17, x) = i 1 (0, )Y (0, x):= H cos 1 -9 (1, )P (11, x): .
(4.13)
Since the solution of the Heisenberg equation has the
same form as in flat spacetime, the Wightman function for
Wi (n, x)W(n, x): is given by Eq. (3.19) with £ = 27 and ¢
replaced by 7. It follows that the Wightman function for the
operator & becomes

H?cosncosn’

G (n,x, ', x") = (QUP(n, )P (', x)|2) =

" 1672 sin E

(n

- = (x—x) —i€e)]sin [}

. 4.14
l(n—n/—i—x—x/—ie)] ( )
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We consider that the detector is located at the origin, x = 0. Its conformal time 7 is expressed in terms of the proper time ©

through

1™ = tan [%(n(r) + %>:|

Using the above equation, we obtain the Wightman function
on the detector’s trajectory as
H2
1672 sinh? [£ (AT —ie)]’
(4.16)

G*(n(r),0,1(z"),0) =

where AT = t — t/ denotes a time interval for the detector’s
proper time. This is the same form as Eq. (3.26) with 8 =
27 /H. Therefore, we obtain

F(w) _ w
T 2m(e¥me/H — 1)

(4.17)

This indicates that the detector in the inflationary universe
feels the thermal radiation with the temperature B! =
H/(2m). The detector cannot have access to the entire space-
time, but only to a limited region. Consequently, it detects
radiation as an effect of tracing out part of the entangled
vacuum. This situation is precisely identical to the well-
established result in quantum field theory in curved spacetime,
where Hawking radiation and the Unruh effect appear even in
conformally invariant theories [9,19].

We can also consider the finite-time measurement and ob-
tain completely the same results as in the case of the thermal
Minkowski with 8~! = H/(Q2m).

V. SPIN MODEL FOR INFLATION

A. Spin model for Majorana fermions in de Sitter spacetime

In Ref. [11], the spin model Hamiltonians corresponding
to the QFT of Majorana fermions in arbitrary two-dimensional
curved spacetimes have been revealed. In particular, if we con-
sider the Friedmann-Lemaitre-Robertson-Walker spacetime,
in the Hamiltonian with respect to the conformal time 7, the
scale factor a(n) appears only in the form of a product with
the mass m of the Majorana particle. It follows that, for the
massless case, regardless of the functional form of the scale
factor, the Hamiltonian of the spin system is given as

L
N 1 Y ox i
Hpin = =2 ; (070}, +07). (5.1)
where
2
= — 5.2
£=— (5.2)

represents the lattice spacing. This is nothing but the
transverse-field Ising model at the critical point. We note that
the nature of being a de Sitter spacetime will be taken into
account by coupling with a particle detector in Sec. V C.

The spin operators crjﬁE =(oj & icr]y.~ ) and crj? are written in

terms of fermionic operators c; and cJ‘ via the Jordan-Wigner

4.15)

[
transformation as
Jj—1 Jj—1

of = ]_[(1 —2cfe)e;. o = ]_[(1 —2cje))c],

I=1 I=1
(5.3)

z_ 1 _n. b,
oj_l chc_,,

where ¢; and cj. satisfy the canonical anticommutation re-
lations {c;, ¢/} =8; and {c;, i} = {c].c]} =0. After the
Jordan-Wigner transformation, the Hamiltonian (5.1) be-
comes

L
n 1
Tt
HSpin = — Z Z(CJ-HCj + CjCjJrl
j=1

+clejtcl o+ 1-2cke). (54

Here, we only focus on the state with even fermion num-
ber and impose the antiperiodic boundary condition for the
fermion operator as cy+; = —cj. As shown in Ref. [11],
the above Hamiltonian reduces to that of Majorana fermions
(4.10) in the continuum limit ¢ — 0, with the following iden-
tification:

ci(m)

NG
The coordinates were assigned such that the spatial coordinate
of the j = 1 spinis settox = 0.

Wy, x;) = xj=e(j—1). (5.5)

B. Exact solution of Heisenberg equations

The Heisenberg equations for ¢; and c; are exactly solved
by

E em](u/c VKe_leKn + UKVLcelEM)a
kell

1 - . )
T X e ),
kell

where the domain of the wave number « is defined by

27 1 L L

2 2
and the time-independent operators ., y, satisfy

1
ci(n) = ﬁ

C}(n) = (5.6)

(5.7)

e v =8y vt =vl vl =0. (5.8)

See Appendix C for detailed calculations. We have also intro-
duced
1 —cosk

sin k \/ﬁ 2.«
e =—"_""> W= € =/ +Yy =—‘sm—
K e I K e ’ K K K e 2

(5.9)

3

DRSS
V) S2e(ec +z)\ e )
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FIG. 5. Detector response computed by the spin model for H7 = 3,5, 10. In each panel, the number of spins are varied as L =

16, 32, 64, 128.

Substituting Eq. (5.6) into the Hamiltonian (5.4), we have

H =Y ey +Eo,
kell

where Eg = — ), c €/2 = —% csc(mwr /2L). As in the case
of the continuum theory, we define the Bunch-Davies vacuum
as

(5.10)

Yel) =0 (Ve € K). ;.11

C. Detector response in the spin model

In terms of the spin system, the scalar operator that couples
to the detector is given by

®(n, x;) = H cosn W' (1, x))W(y, x)):
_ H cosn

el (n)e;(n): . (5.12)
From Egs. (5.6) and (5.11), the Wightman function for this
scalar operator in the spin system is computed as

(QIP(m, x)P(0, x;)|K2)

H? cosncosn’
= E Uy Ve (Ut Ve — Uy V)

472
K,k'e

. Ap_ x
x e~ Etes)An—ili+k )AJ,

(5.13)
where An =n—1n' and Aj = j— j'. (See Appendix C for
detailed calculations.) The detector response is given by

F(w) = / dt’ / dre” ™" h()h(r)
T0 70

x (@(n(r), 0)(n(r"), 0)).

The relation between the conformal time 1 and the detector’s
proper time 7 is the same as Eq. (4.15). We numerically
compute it taking the contour [Eq. (3.32)].

Figure 5 shows the detector response computed using the
spin model with L = 16, 32, 64, 128. The black curves are
results for QFT in the continuum limit (L = o0o). The ef-
fective measurement time is varied as H7 = 3 [panel (a)],
HT =5 [panel (b)], and HT7 = 10 [panel (c)]. In panel
(a), the detector response takes almost identical values for
L =16, 32, 64, 128, oo, making it difficult to distinguish each

(5.14)

curve in the overall plot. For clarity, the insets with magnified
views are provided. We observe convergence of the detector
response to that of QFT as L increases. Although there are
differences in the rate of convergence, all panels (a), (b), and
(c) exhibit convergence to the results of QFT. We will discuss
the origin of the differences in the rate of convergence in the
next subsection.

Figure 6 shows the ratio of the detector response in the spin
model to that of QFT:

F(w)
Fr=oo(@)’

This figure illustrates more clearly how the results of the spin
system converge to those of QFT as L increases. Each panel
shows that even in the large w regime, the detector responses
for the spin model and the QFT differ by at most a factor of
a few. This indicates that the detector response behaves as
F(w) ~ e P even for finite L, allowing us to measure the
temperature of de Sitter spacetime using the spin system.

So far, although we have focused only on the frequency
with @ > 0, it is also possible to calculate the detector re-
sponse in the @ < 0 region. As discussed in Sec. II, by taking
a sufficiently long measurement time and evaluating the detec-
tor response over w € R, we can obtain complete information
about the Wightman functions G*(w) from the detector re-
sponse. Here, using the results of the detector response for
negative frequencies, we evaluate

(5.15)

o F@)

F(-w)
If this quantity becomes one, it is equivalent to satisfying
the KMS relation (3.30). In a thermal Minkowski spacetime,
when the measurement time is sufficiently long, this value
becomes exactly equal to 1. Figure 7 shows the above quan-
tity for HT = 3,5, 10. Typically, F(w)/F(—w) behaves as
~e~me/H hut its coefficient deviates from 1. However, as
expected, it can be seen that the coefficient approaches 1 as
the measurement time increases. This result suggests that the
KMS relation is well satisfied when the measurement time
and the number of sites are taken to be sufficiently large. (As
described in the next subsection, it is necessary to choose the
number of sites such that L > e7 is satisfied, depending on
the measurement time.)

(5.16)
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I8
Eo.e - L= 64 .
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w/H
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FIG. 6. The ratio of the detector response in the spin model to that of QFT for H7 = 3, 5, 10. In each panel, the number of spins are varied

as L = 16, 32, 64, 128.

D. Trans-Planckian problem

We find that the convergence to the results in the QFT
appears to be slower as the value of H7 increases. This
indicates that, when the detector interacts with the spin system
for a long period, the spin system is no longer a good ap-
proximation to the QFT. This phenomenon is analogous to the
trans-Planckian problem in cosmology [20]. We simulate the
QFT in the de Sitter spacetime using a finite number of spins.
The coordinate spacing between spins is given by ¢ = 27 /L,
which provides the minimum length of the system. (This is
analogous to the Planck length in our universe.) In terms of the
wave number k, this gives a UV cutoff kyy ~ 2w /e = L. As
in Eq. (3.13), the mode function with wave number k behaves
as ~exp(=ilk|n + ikx). In cosmological time ¢, this can be
expressed as ~ exp(i|k|(w /2 — 2e7H") + ikx) fort > 1/H.
It follows that the mode function with wave number k does not
oscillate for |kle"" < 1. (In cosmology, this phenomenon is
known as freeze-out.) In other words, at a given time ¢, only
the modes with |k| 2> €' are dynamical, and the QFT is de-
scribed by these modes. Thus, in the spin model, it is required
that kyy 2~ L >> e/" for it to accurately describe the QFT.

At a cosmological time ¢, a physical length scale should be
less than the Hubble scale H~!, which means that a proper
distance satisfies e/’ Ax/H < 1/H. On the other hand, a co-
ordinate distance should be Ax 2 € ~ 1/L in the spin model.

will be expanded beyond the Hubble scale. If the measurement
time 7 is too large, it is inevitable that it will be affected by
this late-time behavior.

Figure 8 illustrates the convergence of the detector re-
sponse with respect to L = 4, 6, ..., 128. The vertical axis is
[1 — F(w)/Fr=oo(w)| evaluated at ® = H. Panels (a)—(e) cor-
respond to the results for effective measurement time H7 =
2,2.5,3,3.5, 4, respectively. In each panel, the position of
M7 is indicated by the vertical dashed line. Roughly speak-
ing, the left side of the line behaves “discrete systemlike,”
while the right side behaves “continuous systemlike.” To the
left of that line, the spin system fails to approximate QFT well
due to the trans-Planckian problem. The green line represents
the curve of oc L2 fitted using data for L = 64, ..., 128. In
the region where L > e/, especially for panels (a)—(c), good
convergence obeying a power law ~L~2 can be observed. [For
panels (d) and (e), since the number of data points satisfying
L > "7 is limited, the power law is not clearly observed.]

VI. IMPLEMENTATION OF UNRUH-DEWITT DETECTOR
IN SPIN SYSTEMS: HAMILTONIAN FOR QUANTUM
SIMULATION

As a concrete example of a detector in the spin system, we
consider a single spin whose Hamiltonian is given by

Thus, at sufficiently late time, ¢ = H! log L, the Planck scale Hy = gaz. 6.1)
2
25 T T T T 4 T T 1.6 T T T
L = 16,32,64, 128, 00 L =16,32,064,128, 00 L =16,32,64,128,
3 ) ’ ) ) 3 25 B /3 151 i
0 20 ‘ \‘/
[y o [y W 14t E
>~ 15} ! 4 ~ ¥ =
\3 . v 3 3 25 298 x v i 3/ 13 =
18.1 “l E'\
; i %/ ? 2r \4 i T 12 i
§ 178 4 ? 2.94 B 3
olku 50 n c‘i@ 15 ‘c\:wu 1.1 i
! 0 (;5 ‘1 1‘.5 ‘2 2‘5 3 ! 0 0‘5 ‘1 1‘5 = ‘2 2552‘5 263 ! 0 0‘.5 ‘1 1‘.5 ‘2 2‘,5 3
w/H w/H w/H
(a) HT =3 (b) HT =5 (¢) HT =10

FIG. 7. The ratio of the detector response in the spin model to that of QFT for H7 = 3, 5, 10. In each panel, the number of spins are varied

as L = 16, 32, 64, 128.
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FIG. 8. The convergence of the detector response with respect to the number of sites L. Panels (a)—(e) correspond to different effective
measurement times, H7 = 2,2.5,3, 3.5, 4. The vertical dashed lines indicate ¢7. The green lines represent <L~ fitted using data for

L=¢64,...,128.

Its eigenstates are denoted by || ) and |1 ). The eigenvalues
are —w/2 and w/2, respectively. We assume that the initial
state of the detector is || ). We will consider the transition
probability of | | ) — |1 ) due to the interaction between the
detector and the quantum field. As the detector’s monopole
moment operator, we adopt

m=o". (6.2)
From Eq. (2.3), the transition probability from | | ) to | 1) is

P(I) = 1) = (1oL PF() = ¥ F(o). (63)
It follows that we can measure the detector response through
the transition probability of the detector as

1

Flw) = 2PUV) = 11D (6.4)
By repeating the experiment while sweeping frequencies, we
can obtain the detector response F as a function of w.

When the number of sites L is sufficiently large (L > e
the spin system (5.1) provides an approximation to QFT of
Majorana fermions (4.10). The scalar operator @ in QFT is
written by operators in the spin system as in Eq. (5.12). Using
the spin operator, it is rewritten as

Ht)
9

H
O(n,x;) = — ;ZS" (o3(m) = (o)), 6.5)

where (07%) = (Q|aj(n)|§2). From the solution of the Heisen-
berg equation (5.6), this is explicitly written as

2
(@) =1-23 lul

kel

(6.6)

This does not depend on space j and time 7.

When we take the single spin introduced in Eq. (6.1) as the
detector, the total Hamiltonian of QFT and detector (2.1) is
given by

Aoi(n) = Ao ® 1 +1® —— Lo
= in —0
tot 7] Sp Hcosn 2

A
+ MO )~ 07) B 0.

e 6.7)

Just by solving this system and computing the probability of
[4) — |1), we have the detector response. The above Hamil-
tonian describes the time evolution in terms of the conformal
time n. The proper time 7 in the argument of the window
function 4(7) is determined from 7 via Eq. (4.15).

Before concluding this section, we comment on the choice
of time coordinate. While we have adopted the conformal time
n to formulate the spin system in our discussion, it is also
possible to use the cosmological time ¢ as the time coordi-
nate. In this case, since the detector’s proper time coincides
with the coordinate time, there is no need to synchronize the
Hamiltonians of quantum field theory and the detector. The
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total Hamiltonian in this setting takes the following form:

A ) =0 ©1+1¢ 264 M0 _H
frd . —O0"
tot Spin 2 2¢ cosh Ht
x (of(t) — (0%)) ® o (6.8)
where
A, = L D (ofot, + (6.9)
Sein ™ cosh Hr | 26 L U '

Jj=1

Then, the proper time is simply given by 7 = ¢, while the
Hamiltonian of QFT, ﬁS/pin’ explicitly depends on the coor-
dinate time ¢. Although Eqgs. (6.7) and (6.8) yield distinct
spin systems, they merely describe the same physical system
using different time variables. Therefore, either of them can
be employed, and the choice should be made according to the
convenience of simulation.

VII. CONCLUSION

In this study, we have developed a framework to probe the
thermal properties of quantum field theory in an inflationary
universe by leveraging spin systems as a simulable analog.
Building on our previous work, which established a mapping
between the QFT of Majorana fermions in arbitrary two-
dimensional spacetimes and spin systems [11], we extended
this approach to the context of an inflationary universe, mod-
eled as the de Sitter spacetime. By coupling an Unruh-DeWitt
detector to both the continuum QFT and its discrete spin
system counterpart, we investigated the detector’s excitation
probability as a means to characterize the thermal nature of
the quantum field.

Our analysis in Sec. IV demonstrated that, in the contin-
uum limit, a static observer in de Sitter spacetime perceives
a thermal bath with a temperature H/(2m), consistent with
the Gibbons-Hawking effect. The detector response, derived
from the Wightman function of Majorana fermions, exhibits
a Planckian distribution, confirming the thermal character of
the inflationary universe. In Sec. V, we translated this scenario
into a spin system framework, specifically the transverse-field
Ising model at its critical point, and showed that the detector
response in the spin model converges to the QFT result as the
number of spin sites L increases. This convergence, however,
is modulated by the effective measurement time 7 and the
system size, with deviations arising due to the trans-Planckian
problem when L <« &7

A key practical advancement of this work, detailed in
Sec. VI, is the proposal of a concrete implementation of the
Unruh-DeWitt detector within a spin system. By modeling
the detector as a single spin with a Hamiltonian Hy = z0°
and coupling it to the spin system via the operator ®(7, x;),
we derived a total Hamiltonian amenable to quantum simula-
tion. The transition probability P(| |) — | 1)) directly yields
the detector response F(w), offering a measurable quantity
that can be experimentally realized on quantum computing
platforms. This approach bridges the gap between theoretical
predictions and experimental verification, providing a path-
way to test the thermal properties of an inflationary universe
in a controlled laboratory setting.

Our findings suggest that spin systems, despite their dis-
crete nature, can effectively approximate the thermal behavior
of QFT in curved spacetimes, provided the system size and
measurement time are appropriately tuned. The satisfaction of
the KMS relation in the large-L and long-7 limits further vali-
dates the thermal interpretation of the detector response in the
spin model. However, the trans-Planckian problem highlights
a limitation: As 7 increases, an exponentially large number
of spins is required to maintain fidelity with the continuum
theory, posing a challenge for practical simulations.

Importantly, these findings not only deepen our under-
standing of the thermal nature of quantum fields in curved
spacetimes, but also open the door to experimental exploration
of these effects. In particular, our approach offers a practical
means of accessing the effective temperature associated with
cosmological horizons—an observable that has long been es-
tablished in theory but has remained difficult to probe directly
due to the extremely weak nature of quantum gravitational
effects in our universe. By embedding an Unruh-DeWitt-like
detector within a spin system and relating its excitation prob-
ability to measurable quantities, we provide a concrete and
scalable framework for investigating horizon-induced thermal
behavior in controllable quantum systems. With the ongoing
development of programmable quantum simulation platforms
[21]—such as superconducting qubits [22-25], trapped ions
[26-28], and Rydberg atom arrays [29,30]—these ideas are
becoming increasingly feasible to realize in the laboratory.
In this way, our work helps to connect theoretical predictions
with experimental possibilities, and contributes to the growing
effort to simulate quantum field theory in curved spacetimes
using tabletop quantum systems.

This work opens several avenues for future research.
First, extending the spin model to include massive Majorana
fermions could provide deeper insights into the robustness
of our approach across different physical regimes. More-
over, considering higher-dimensional spacetimes could offer
further perspectives [31-33]. Second, optimizing the quan-
tum simulation protocol—perhaps by exploring alternative
window functions or detector couplings—could mitigate
finite-size effects and enhance convergence rates. In addi-
tion, employing two Unruh-DeWitt detectors could enable the
measurement of entanglement between two distinct points of
the target system. Finally, experimental realization on near-
term quantum hardware would serve as a critical test of our
predictions, potentially shedding light on the quantum nature
of inflationary cosmology. By establishing spin systems as
a viable tool for simulating QFT in curved spacetimes, this
study lays the groundwork for an intersection of quantum
information science and cosmology.
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APPENDIX A: BRIEF REVIEW OF THE DETECTOR
RESPONSE FUNCTION

For the following discussion, it is convenient to adopt the
detector’s proper time as the time coordinate of the spacetime
applying the coordinate transformation, ¢t = ¢(t). Then, the
Hamiltonian (2.1) becomes

Ho(t) = Hoer(1) ® 1 + 1 ® Hy + AV (2). (A1)
We will denote the unperturbed Hamiltonian as
Ao(t) = Ha()lhmo = Horr()) @ 1 + 1@ Hy. (A2)

Consider a quantum state for the total system | (7)) €
Horr ® Hg, and its time evolution. We introduce a time evo-
lution operator for the unperturbed Hamiltonian as

Uy(t, 19) = Uqrr(7, T0) ® Ua(7, 10),
*in(T*TO).

(A3)

{ef"fro HQ”(T’MT/}, Us(t,9) = e

UQFT(Tv TO) =T

Defining a state in the interaction picture as |V (7)); =
UOT (7, )| (7)), we can write the Schrodinger equation as

d
i W @) =2Vl (T, (A4)

where V(1) = UOT(r, 70)V (v)Uy(7, 19). Since Uy(t, 79) is a
separable operator in Horr ® Hg, we have

Vi(t) = —h(z) ®(z, x(1)) ® m(7), (A5)
where
D(7, (7)) = Ul (7, 1) P (2)Uqrr (T, T0),
m(t) = U, (t, 1) mUy(z, 19). (A6)

They are nothing but Heisenberg operators without interac-
tion. We expand the state in terms of the coupling constant A
into | (7)) = |¥ (7)) + A|S¥(T)); + ---. Then in the first
order of A, we have

189 (D)) = —i/ dt'Vi(t)lY (). (A7)

To

We assume that the initial state is the ground state in
Haorr ® Ha:

[V (70)) = [£2) ® |Eo).

For 7 > 1, the transition amplitude to |p) ® |E) (E # Ey) is
given by

M(Ey — E;Q — ¢) = A((p| ® (E])I5Y (10))

(A8)

— i / dt'h(t' )| D(t', x(2')|R) (Elm(z')|Eo) .
' (A9)

Thus, the probability that the energy of the detector becomes
E is
P(Ey — E) = Z IM(Ey — E;Q — ¢)?

_,\Zf dr/ dth(t)h(z")

x (Q]P (7, x(r)P(r', x(z')I2)
x (Eolm()|E)(E|m(z")|Ep), (A10)

where we used complete relation Zw lo)(¢| = 1. Because of
(E|m(t")|Ey) = "E~E)T(E|m|E,), the above expression be-
comes

P(Ey — E) = »*|(E|m|Eo)|>F(E — Ep), (A11)
where
Flw) = /Tl dr’ /-r] drh(f)h(r/)eiiw(rir’)
X (Q|P(T, x(0))P (', x(t))|Q). (A12)

The function F(w) is called detector response function and
does not depend on the detail of the detector.

In the original coordinate system x = (¢,x), we simply
have ®(¢,x) = ®(7,x), as we assumed that @ is a scalar
operator. Thus, the detector response is given by

Flw) = / " dt’ / i dth(t)h(t)e TG (x(1), x(1))),

(A13)

where we have introduced the Wightman function as
G (x,x') = (QP)P()|). (Al4)

In this sense, the Fourier transform of the Wightman function,
multiplied by a window function, is the detector’s response.

APPENDIX B: WIGHTMAN FUNCTIONS FOR A SCALAR
OPERATOR OF MAJORANA FERMIONS IN FLAT
SPACETIME

1. Solution of the Heisenberg equation

The Heisenberg equation for W is given by
U —iw" =0, ¥'+iw =0 (B1)
We apply the Fourier transform as

W(n, x) = IZ W (o),

keK

Ze’kwik(n (B2)

keK

Ui, x) =

where, from the antiperiodic boundary condition, the domain
of the wave number is

ey

Then, the Heisenberg equations are rewritten as

d 0 1 W (1)
B S | G B LY

n ez}. (B3)
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Decomposing the time dependence of variables into the
Fourier modes as (W, ‘-I-'ik) o e~ "' we obtain eigenfrequen-
cies and their eigenvectors as

— |k 1 1
@ = Ikl ﬁ(z’sgn(k))’

1 isgn(k)) BS
ﬁ( (), (BS)

Thus, the general solution of the Heisenberg equation in the
momentum space is given by

W)\ 1 —ilklr 1 s e isgn(k)
<‘I’ik(l)) = E[Vke [K] (isgn(k)> + v e |K| ( ) )]
(B6)

In the position space, we obtain

a)=_|k| b

1 ) . .
V(0 = - Y e (et isgn(k)y e,
keK
1 ) ; .
Ui, x) = \/7 Z e* (isgn(k)yre M + )/jke"klt). (B7)
keK

Defining the set of the positive wave number as K+ = {k >
0, k € K}, above expressions are rewritten as

1 —iku | - ikv —ikv . iku
\I/(t,x)=—_2£ Z(Vke iy ™ty e — iy fe,
keK+
1 . —iku i . —i T iku
‘I”(t,X)=\/—2_1Z D (ime M4yl e —iy e * +yl M),
keK+
(B8)

where u =t — x and v = ¢ + x. Using the canonical anticom-
mutation relation, we obtain

Wove) =8&w, owl=vii=0. (B9)

Substituting Eq. (3.13) into Eq. (3.5), we can write the Hamil-
tonian of the Majorana fermion as

H = "|kIN¢+Eo, Ne=yn. (B10)
keK
where Eg = — ), |k|/2 = —oo0 is the vacuum energy. There-
fore, the vacuum state |€2) is defined by
vl2) =0, (Yk e K). (B11)

Excited states can be constructed by multiplying creation op-
erators to |€2). The Fock space is spanned by

F

[' o (Vk:)miz(ykt, )y (Vko)"m(ykf)m' (VkZ)mz T ]|Q>’ (B12)
where k, =2n(n—1/2)/¢ andm; =0or 1 (i € Z).

2. Wightman function for the vacuum state

We define the Hermitian scalar operator ® as in Eq. (3.17).
The normal ordering is denoted by : O :. By the normal
ordering, all creation operators y,j are to the left of all annihi-
lation operators Y4 in the operator O, where the spin statistics
are taken into account when exchanging the operators. For
example, : vy, i= —y, vk We will he Wigh

ple, : VkVy ‘= —VpVk. We will compute the Wightman
function for the operator ®:

GH(t,x,t',x) = (Qd(t, x)D(', x)| Q). (B13)

Using the solution of the Heisenberg equation (B8), we have

eq)(t’ .X) — Z (yjk, )/keiikquik/U + l-yky_k,efikufik/v
k.k'eK+

T iku+ik'v

T iku—ik'v
—Y_pVi € ).

(B14)

+ VkT Y-ke

From Eq. (B11), the Wightman function becomes

1
Grt.xt' x)=— >

e—iku—ik’v+iplt'+ip’v’
EZ
k.k'.p,p'eK*

X (Qyey—iyl )19

le Z e*ik(ufu’)fik’(va’)
L

k,k'eK+t
= g(u—u")g(v — ), (B15)
where we define
1 ik(u—ic) 1
u)=— R , B16
s =73 2 2if sin [Z(u — i€)] (B16)

keK+

where we infinitesimally shifted the coordinate # on the com-
plex plane to make the geometric series converge. In the
limit of £ — oo, the function g and corresponding Wightman
function are given by

1
g(u)|£—>oo—M’
1
GH(t,x, 1", X )psoo = — '
@, x,t', x>0 42U — ' — i€)(v — v — i€)

(B17)

This is consistent with the prediction of conformal field
theory. We have determined the prefactor of the Wightman
function by its direct calculation.

3. Wightman function for the thermal state

Here, we compute the thermal Wightman function for the
operator &, which is defined as

G:.,f(t, x,t',x") = (P, )P, X)) p.

We substitute Eq. (B14) into the above equation. Then, we
need to compute the thermal expectation values of the com-
posite operators of y and y'. For these computations, it is
convenient to use the following formulas:

e*ﬁHVkT — yk’fe*ﬂ(HJrlk\)’ *ﬁHyk = ye

These relations can be verified by multiplying both sides of
Eq. (B12). Using the above equations and the cyclic property
of the trace, we can also prove

(v, O = e P (Oy)s

for any operator O. ,
As an exercise, let us consider (y, y,)s. It is computed as

(B18)

¢ —B(H—IKI)

(B19)

(B20)

W vos = e PMypvds = e M= vo)p + 8ip). (B2D)
At the first equality, we used Eq. (B20). Therefore, we have

Skp

= SHT (B22)

(V/ij)ﬁ
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This is nothing but the Fermi distribution function. In a similar
way, we also have

O

Ty P
vs = (B23)

Now, we address the thermal Wightman function (B18).
Then, terms involving four y’s appear. These terms can be

computed as, for example,

o envivoms = e P ey v_pvi)s
P =y v v—p + Sepyiy))p.
(B24)

267

At the first equality, we have used Eq. (B20). At the second
equality, we have moved yjk, to the front of the sequence
of operators using the anticommutation relation (3.14). (Note
that all wave numbers k, k', p, p’ are positive.) Thus, together
with Eq. (B23), we obtain

Skpgk’p’

VLY = R e T ) (B25)
Similarly, we also have
AT ATES — +8T))(Zfﬂk' o 6
AP AR P 7 f%il;gk - (B27)
vyl volp = i ff;’(if"_”;k, — (B28)

As a result, the thermal Wightman function is given by

G;(t, xt',x)
e—ik(u—u’)+ik’(v—v’) e—ik(u—u’)—ik’(v—v/)

E [@ﬁ" TOE D @ P D D)

eik(u—u/)-ﬁ-ik/(v—v’)

eik(u—u/)—ik/(v—u’)
+ Bk k' + k —Bk' ]
(P +1)(ePK +1)  (ePk+ 1) (e PK + 1)

= gpu—u)gplv — "), (B29)
where
1 eiku e—iku
=g 2 (eﬂk+1 tom 1>
keK+
gik"‘*,‘gk + e*iku
T T I yem
keK+ 1 te
1 o0
= Z Z(_l)n Z (e—ik(—u—i(n+l)ﬁ) + e—ik(”—iﬂﬂ))
n=0 keK+

= Z(—l)"(g(—u —i(n+ DP) + glu—inp))
n=0

= Z (—1)"g(u — inp). (B30)

Here, we use the relation g(—u + inf) = —g(u — inB) for
n # 0. In the limit of £ — oo,

oo

(="

2mi u—inp —ie
n=—00

1 [ 2(=1D"u 1
_%(Zu2+n2ﬁ2+u—ie)

n=1
1

8|00 =

= ) (B31)
2iB sinh [%(u - ie)]
At the last equality, we have used
i e, T (B32)
— X+ ~ 2x2  2xsinhzx’
Therefore, the thermal Wightman function is given by
G;(t’ x? t/y x/)|[—>00
. 1
4p2sinh [ 5 (u — u' — ie)] sinh [ (v — v — i€)]’
(B33)

APPENDIX C: DIAGNALIZATION OF THE
TRANSVERSE-FIELD ISING MODEL

In this Appendix, we diagonalize the transverse-field Ising
model. (See also Refs. [34,35] for nice reviews.) Using the
results, we calculate the Wightman functions in the transverse-
field Ising model. We apply the Fourier transformation of the
operator ¢; and ¢; as

1 -
To_ ircj T
= — et
I~

kell

cj = % Zeikjcxv

kel

-2

Substituting the above expressions into Eq. (5.4), we obtain
the Hamiltonian in the momentum space as

L L
n=——+1,...,§}. (C1)

. 1 B .
HSPiH = _g Z[e Me_ece + €’KC,]:CT_K
kel

+2coskcic, + (1 —2cc)]

1 ¥ i
- Z [(1 —cosk)(c.ce —c—cl,)
€ ket

— isink (CICL( —Cc_xC)]

3 (e c_K)M(C";” ) (€2)
Kkek+ -«

where KT = {k € K | ¥ > 0} and the matrix M is defined as

Ze  —iye 1 —cosk sink
M={. , =—, = .
(lyK —Z ) < & Ve &

(C3)

This matrix is diagonalized as

ivrr— (€« O (e —ui
UMU_<O _GK), U—(UK u) (C4)
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where

ue\ 1 €c + 2
(vK)_VZGK(6K+ZK)< A ) ©

Thus, defining operator y, as

Ve N _ 514 Cx
()-v(%) ©

we have the diagonalized Hamiltonian as

Hspn = Y &(ive —v-rl) =Y evive +Eo, (C)

ket kel
where Eg = — ), i €c/2. The ground state is defined by
YelR) =0 (Vk € K). (C8)

In the Heisenberg picture, y, (1) = ¥, (0)e . Therefore, the
solution of Heisenberg equation written in the position space
is

1 -
cj(n) = 7L D e e

kell

1 Zen«j(ukne*iem + v,(yjkeie””),

B EKEK
T 1 iKj
e =—= > e

kel

1 - ) )

_ I (veyee N + MK)/I ey, (C9)
ﬁ Z K

kel

where y, = ¥, (0).

We define the number operator for the fermion operator at
the jth site as

nj(n) =:c;m’e;m:=:5(1 - o5 ():
= —3{o7m — {ojm)).

We will compute the Wightman function for this operator.
Using the definition of the ground state (C8), one can compute

(C10)

1 . o
mIR) = T Y v G ),
kK eC
(C11)
where
R = AN AN )8 (C12)

We also have

1 4 .
(Qlnj(n) = —7 P R S R

kK'elkC
(C13)
where
(=i, =K' = QY Vs (C14)
We can check
(—p, =P | —«',—k) = BpecBpicr — BperSpic- (C15)

Therefore, the Wightman function for ;(n) is given by

1
<nj(n)nj’(77/)> = - 17 Z MK’UK(MK’UK - ukvk’)
KkK'€C
—i(ex+€)An—i(k+Kk" A

(C16)

X e

where An=n—n"and Aj = j—j.
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