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Periodically driven systems intertwined with non-Hermiticity open a rich arena for topological phases that
transcend conventional Hermitian limits. The physical significance of these phases hinges on obtaining the
topological invariants that restore the bulk-boundary correspondence, a task well explored for static non-
Hermitian (NH) systems, while it remains elusive for the driven scenario. Here, we address this problem by
constructing a generalized Floquet non-Bloch framework that analytically captures the spectral and topological
properties of time-periodic NH systems. Employing a high-frequency Magnus expansion, we analytically derive
an effective Floquet Hamiltonian and formulate the generalized Brillouin zone for a periodically driven quasi-
one-dimensional system, namely, the Creutz ladder with a staggered complex potential. Our study demonstrates
that the skin effect remains robust (despite the absence of nonreciprocal hopping) across a broad range of driving
parameters, and is notably amplified in the low-frequency regime due to emergent longer-range couplings. We
further employ a symmetric time frame approach that generates chiral-partner Hamiltonians, whose invariants,
when appropriately combined, account for the full edge-state structure. To substantiate the theoretical framework,
we propose a topolectrical circuit (TEC) that serves as a viable experimental setting. Apart from capturing the
skin modes, the proposed TEC design faithfully reproduces the presence of distinct Floquet edge states, as
revealed through the voltage and impedance profiles, respectively. Thus, our work not only offers a theoretical
framework for exploring NH-driven systems but also provides an experimentally feasible TEC architecture for
realizing these phenomena stated above in a laboratory.
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I. INTRODUCTION

The interplay between topology and non-Hermiticity [1-7]
has recently emerged as a captivating frontier in condensed
matter physics, unveiling a plethora of intriguing physical
phenomena that challenge traditional paradigms. One such
striking manifestation is the emergence of exceptional points
[8-10] where the Hamiltonian becomes defective and multi-
ple eigenvectors coalesce, giving rise to spectral singularities.
Another significant hallmark of non-Hermitian (NH) systems
is the non-Hermitian skin effect (NHSE) [11-17], wherein
the system becomes extremely sensitive to boundary con-
ditions. Nevertheless, in order to address the breakdown of
bulk-boundary correspondence (BBC) caused by NHSE, var-
ious strategies have been proposed, such as the biorthogonal
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formulation of eigenstates [12], singular value decomposition
approaches [18], and gauge transformations [19]. A particu-
larly significant advancement in this regard is the development
of the non-Bloch band theory [20-22], which generalizes
the conventional Brillouin zone (BZ) to a complex-valued
generalized Brillouin zone (GBZ). This formalism enables
the precise definition of non-Bloch topological invariants,
thereby accurately characterizing nontrivial edge states in
NH systems. These features have sparked intense theoretical
and experimental investigations across diverse platforms, in-
cluding ultracold atoms [23,24], electronic circuits [25-28],
mechanical [29], and acoustic systems [30,31], underscoring
the versatility of NH physics as a robust platform for exploring
the nexus between topology and non-Hermiticity.

While the exploration of NH topological systems has al-
ready unveiled a multitude of exotic physical phenomena, a
further dimension of control can be achieved by extending
these studies beyond equilibrium scenarios. In this context,
Floquet engineering [32-38] has emerged as a powerful quan-
tum control technique, offering an elegant and systematic
framework to tailor and manipulate topological properties
in out-of-equilibrium scenarios. By periodically modulating
system parameters, Floquet theory reveals that additional
nontrivial states of matter can be realized, which have no
static analog. Moreover, Floquet engineering has uncov-
ered remarkable features such as the realization of Floquet
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topological phases with multiple dynamically generated edge
states [39—43], unconventional transport phenomena [44—47],
Floquet Anderson phases featuring localized bulk and pro-
tected edge modes [48], and even discrete time crystalline
phases that spontaneously break the time-translation symme-
try [49,50]. These discoveries underscore the transformative
potential of periodic driving in broadening the landscape of
accessible quantum phases and controlling exotic phenomena
unattainable within a static framework.

Building upon the profound capabilities of Floquet engi-
neering to realize exotic topological phases, it becomes im-
perative to investigate how these driving-induced phenomena
manifest in specific lattice models, especially when combined
with NH effects [51-54]. Among various tight-binding (TB)
models, the Creutz ladder, being a quasi-one-dimensional
(1D) system [55,56], emerges as an exceptionally powerful
and versatile model due to its direct experimental realiz-
ability in cold atomic systems [57,58]. Originally introduced
to study chiral fermions, the Creutz ladder consists of two
rungs of lattice sites connected via diagonal, vertical, and
horizontal hoppings, encapsulating effective two-dimensional
topological aspects and unique symmetry classifications [59].
Furthermore, the localization of zero-energy modes in the
Creutz ladder is influenced by Aharonov-Bohm caging,
wherein the destructive interference confines particles within
a finite region. This dual protection ensures the robustness of
edge modes against perturbations. Recent studies have pro-
posed various modifications of the Creutz ladder to uncover
rich information in the realms of many-body interactions
[60] and drive-induced localization phenomena [41,61,62].
Despite extensive studies on the Creutz ladder in both static
and periodically driven scenarios [63,64], an explicit investi-
gation into NHSE and the associated GBZ framework remains
largely unexplored. Our primary aim is to unravel the in-
terplay between non-Hermiticity and periodic driving, and
capture it through the Floquet GBZ formalism.

Moreover, to bridge the gap between theoretical predic-
tions and experimental implementation, we further seek to
translate our driven model into a realizable physical system.
Among various experimental platforms, topolectrical circuits
(TECs) have evolved as a particularly powerful and ver-
satile tool in experiments, relying on their ability to map
TB Hamiltonians onto circuit Laplacians [25,27,65-69]. The
zero-energy edge (skin) modes can be realized through the
impedance (voltage) profile via exciting specific nodes within
the circuit network. By adjusting electrical components and
connection configurations, TECs offer remarkable flexibility
to engineers and explore a wide range of topological charac-
teristics, enabling precise control over the system parameters.
This unique flexibility, combined with their direct measure-
ment capabilities, makes TECs an outstanding platform to
realize theoretical models, particularly those emerging in NH
systems. Notably, while static Hamiltonians have been widely
explored, it remains a crucial open challenge to realize time-
dependent perturbations, such as periodically driven systems,
within the framework of TECs. Thus, we intend to systemati-
cally characterize the topological phases of the NH Creutz lad-
der using the GBZ, construct a comprehensive phase diagram
as a function of different driving and NH parameters, and
finally validate our theoretical findings by designing a TEC.
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FIG. 1. Schematic representation of the quasi-1D Creutz ladder,
where a, and b, denote the two distinct sublattices. The different
hopping amplitudes #4, ty, and ¢, denote the horizontal, vertical, and
diagonal hoppings, respectively.

The remainder of this paper is organized as follows. Sec-
tion II presents an overview of the static NH Creutz ladder
and its key topological features, followed by which we in-
troduce the Floquet formalism and construct the effective
time-independent Floquet Hamiltonian for the driven model.
Section III explores the NH characteristics of the driven sys-
tem and utilizes the Floquet GBZ to restore BBC. In Sec. 1V,
we propose an experimental realization of our results using
TECs. Finally, Sec. V concludes with a summary of our find-
ings and future outlook.

II. DRIVEN NH CREUTZ LADDER: FLOQUET
TOPOLOGY AND SKIN EFFECT

The Creutz ladder is composed of two parallel chains (or
“rungs”) of lattice sites, interconnected via diagonal (¢p),
vertical (ty), and horizontal (#5) hopping amplitudes, as il-
lustrated in Fig. 1. A distinctive feature of this model is the
presence of a magnetic flux threading the ladder, thereby in-
troducing an additional degree of freedom through the Peierls
phase (¢) associated with horizontal hopping. Each unit cell
contains two sublattice sites, denoted by a, and b,. The cor-
responding Hamiltonian in momentum space takes the form
[55,56]

H (k) = 2ty [cos k cos ¢ ap + sink sin ¢ o]
+ (ty + 2tp cosk)o,. (1)

Here, the operators o; = x, y, z correspond to the Pauli ma-
trices, and oy represents 2 x 2 identity matrix. Further, a
magnetic flux ¢ threads each plaquette of the ladder, which is
related to the hopping phase via 2¢ = %, with @, denoting
the magnetic flux quantum. Interestingly, at the special points
¢ = £m /2, the Creutz ladder becomes mathematically equiv-
alent to the Su-Schrieffer-Heeger (SSH) model [70], provided
arotation of the spin basis is performed via the transformation,
oy = 0; = —0y.

At this stage, it is essential to highlight the symmetries in-
herent in the model [60,71,72]. The system exhibits inversion
symmetry concerning a horizontal axis centered between the
two legs of the ladder, captured by the condition o, H (k)o, =
H(—k). In addition, the model supports a chiral symme-
try at the special values ¢ = £%, expressed as o,H (k)o, =
—H (k). Remarkably, despite the presence of a magnetic flux,
the system retains an effective time-reversal symmetry (pro-
vided ¢ = %), given by KH(k)K™! = H(—k), with K being

043331-2



FLOQUET NON-BLOCH FORMALISM FOR A ...

PHYSICAL REVIEW RESEARCH 7, 043331 (2025)

the complex conjugation operator. Finally, for ¢ = 7, the
model also respects a particle-hole symmetry, described by
o.H(k)o, = —H(—k).

Unlike the standard SSH chain, the Creutz ladder features a
broader set of tunable parameters, opening the door to a richer
landscape of phenomena when NH effects are introduced.
In particular, we examine the impact of adding a sublattice-
dependent imaginary onsite potential, represented by the term

Hy, =" i(ya ajan + vs byby). @)
n

In general, such an NH potential (iy) does not induce non-
reciprocity and, therefore, does not give rise to the NHSE.
However, when a staggered configuration is imposed, specif-
ically, y4 = —yp = y, and the pseudospin basis is rotated
as o, — o, — —0,, an effective asymmetry emerges in the
intracell hopping terms involving #y and y. This asymmetry
mimics that found in nonreciprocal extensions of the SSH
model [11,73], thereby enabling the onset of NHSE in the
Creutz ladder. In the following sections, we validate this
mathematical framework using TECs and demonstrate that an
analogous phenomenon to the skin effect can arise without
the introduction of any explicit nonreciprocity in the TEC.
With the introduction of H, to the Hermitian Hamiltonian H
in Eq. (1), the total Hamiltonian of the system can be written
as

Hy=H+H,. 3)

At this stage, the addition of periodic driving adds a
layer of complexity to the system, substantially enriching
its topological behavior. A powerful framework to ana-
lyze such time-dependent systems is the Floquet formalism
[32-38], which enables the construction of an effective time-
independent Hamiltonian that governs the time evolution of
the system at discrete time intervals.

In the following, we focus on the introduction of a har-
monic drive, outlining the associated technical challenges and
the strategies required to restore BBC in this periodically
driven NH setting. We begin by considering a harmonic mod-
ulation of the vertical hopping term, described by

ty(t) = 2V coswt + ty). 4)

Here, Vj is the driving strength and w = 27 /T is the driv-
ing frequency. While alternative driving protocols such as
step drives, implemented via certain periodic quenches, are
also possible, their impact on the preservation of BBC has
already been systematically analyzed in earlier works [74].
However, the harmonic driving case remains relatively unex-
plored. Moreover, a key motivation here is the experimental
feasibility, since one of our ultimate objectives is to design an
electrical circuit that can emulate the dynamics of this model.
While implementing other driving schemes (which, anyway,
require completely different frameworks) in such physical
platforms can be technically challenging and less feasible.
Harmonic driving, on the other hand, when analyzed in the
suitable frequency domain, offers a more tractable framework.
It not only simplifies the theoretical treatment of restoring
BBC but also facilitates practical realization in TECs.

In order to tackle such time-periodic systems, one con-
venient way is to construct the effective Hamiltonian via
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FIG. 2. Panel (a) shows the Floquet quasienergy spectrum corre-
sponding to the harmonic drive, plotted as a function of the vertical
hopping, #y. Panel (b) demonstrates the bulk invariants v, , evaluated
from the coordinates of GBZ, which correctly coincides with panel
(a). The rest of the parameters are chosen as, ty = 0.6, tp, = 0.6,
V=0.3,y =04,and w = 3.

working in the frequency domain, which embeds the prob-
lem in an extended Hilbert space Z ® 7, where &% denotes
the usual Hilbert space, while .7 is the space of T-periodic
functions spanned by {e~""'}. This yields the following form
of the Floquet effective Hamiltonian, Hr as:

1 [T : ,
Hr = 3 (b + 7 [ drie ) )
0

m,m’

Consequently, in matrix notation, the Floquet Hamiltonian can
be generally represented as

(ml HF |m/) = mwsm,m’ + EOSm,m’ + Hmfm’v (6)

where Ej is the energy of the static Hamiltonian and the
Fourier elements H.,, are expressed as the second term in
the right-hand side of Eq. (6). The elements H),, except for
m = 0, £1 vanish owing to the mathematical form of the
drive. Moreover, the spectrum of Hy requires the full infinite-
dimensional matrix. In practice, however, one can truncate the
matrix to a finite number of replicas, whose extent depends
on the drive frequency w. When w is larger than the system
bandwidth D [defined as D = 2(|ty| + 2|tp|], higher-order
couplings (|m| > 1) are strongly suppressed, so that keeping
only a few replicas suffices to capture the essential physics. In
the following, we use this truncated Floquet Hamiltonian to
analyze the quasienergy spectrum and demonstrate the emer-
gence of the NHSE.

Figure 2(a) represents the absolute value of the quasienergy
spectrum obtained by diagonalizing Eq. (6) with an
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FIG. 3. Panels (a) and (b) display the probability distributions
of the eigenstates for two specific values of fy, namely, t, = 0.3
and ty = —1.5, as indicated in Fig. 2(a) by the A and ¢ symbols,
respectively. The corresponding Floquet GBZs, denoted as Cg, are
shown in panels (c) and (d). These GBZ coordinates are then used
to compute vy , presented in Fig. 2(d), which match accurately with
the open boundary quasienergy spectrum. The rest of the parameters
are chosen as, ty = 0.6,1p = 0.6,V = 0.3,y = 0.4, and w = 3.

appropriate truncation of the off-diagonal Fourier compo-
nents. The spectrum exhibits the coexistence of both zero and
7w modes as a function of #y, with other parameters fixed at
tgy =tp =0.6, w =3, Vp = 0.3, and y = 0.4. On the other
hand, Fig. 2(b) illustrates the behavior of the bulk invariants
Vo and v, which indicate the presence of zero and 7 modes,
respectively. These results are in complete agreement with the
quasienergy spectrum shown in Fig. 2(a), confirming that we
have successfully restored the broken BBC. This has been
achieved within a generalized Floquet non-Bloch framework,
which requires explicit analytical expressions for the matrix
coefficients of the driven Hamiltonian. In the following sec-
tion, we outline how one can approximate the corresponding
d vectors from the driven Hamiltonian. Before doing so,
however, we first discuss the role of drive-induced skin modu-
lation by focusing on two representative points highlighted in
Fig. 2(a), namely, ty = 0.3 and #y = —1.5. In both cases, as
we see, the system exhibits NHSE (see Fig. 3); however, while
the wavefunctions are localized at the left edge for , = 0.3
[Fig. 3(a)], they are localized at the right edge for ty = —1.5
[Fig. 3(b)]. This implies the breakdown of conventional Bloch
theory, necessitating the use of non-Bloch band theory to
correctly characterize the system.

III. FLOQUET GBZ VIA MAGNUS EXPANSION:
NON-BLOCH INVARIANTS

In general, constructing the GBZ in a Floquet setup is
highly nontrivial, as it requires explicit expressions for the

d vectors in the driven scenario [75], which are difficult
to extract numerically from the infinite-dimensional Floquet
Hamiltonian in Eq. (6). To overcome this challenge, we adopt
a rotating frame approximation followed by a high-frequency
expansion, also known as the Magnus expansion [76-78],
which enables us to derive the expressions for the components
of the effective d vectors.

Specifically, under a unitary (rotation) transformation
O(t), the Floquet Hamiltonian is transformed as

Hoe k(1) = O@) (OH(1)O(t) — iOT(1)O@). (7

For our analysis, we choose the rotating frame defined by
t
O) :exp[—i(ﬂa)%}, (8)

where 71 = (d,/|dk|, 0, d;/|dy|). Additionally, the expressions
for d, (k) and d, (k) are determined by isolating the coefficients
of the o, and o, terms in Eq. (1), evaluated at ¢ = /2.
Working in this rotating frame simplifies the calculation by
enabling a systematic expansion of the effective Hamiltonian
in powers of the inverse driving frequency, an approach known
as the Magnus expansion [76-78]. This yields the Floquet
effective Hamiltonian as

[Hiot,0, Hul (Hns H_]
Heff = Hrot,O(k) + Z % + Z E— (9)

mw
m#0 m>0

where H.,, denotes the Fourier components as defined earlier
in Eq. (6). Moreover, based on the preceding discussions, in
the high-frequency regime, the expansion can be safely trun-
cated at the first order, resulting in an effective Hamiltonian of
the form

He = d, (k) + d;(k), (10)

thus providing an approximate expression for the d vectors
required in constructing the Floquet GBZ, and are given as

’ _ o Vo 2

d. (k) = [1 2|dk|}dx(k)+ 2|dk|2dz (k), (11a)
w V()

Ay = |1 - 2 |d.(k) — —2_a.(k)d, (k). (11b

(k) [ 2|dk|i| (k) 2|dk|2()()( )

A detailed derivation of the expressions for these d vectors
is provided in the Supplemental Material (S1) [79]. At this
stage, it is also important to understand that before delving
into the expansion, the unitary rotation was performed to
transform the Hamiltonian into a rotating frame oscillating at
/2, effectively capturing single-photon absorption/emission
processes. In this rotating frame, the rapidly oscillating terms
are eliminated, and the remaining slow envelope dynam-
ics are well approximated by a time-independent effective
Hamiltonian. As a result, the phase boundaries obtained using
these d vectors can remain accurate not only in the strict
high-frequency regime (w > D), but also provide good ap-
proximations in the intermediate regime (w ~ D).

Next, we focus on the non-Bloch framework, which
forms the basis for constructing the GBZ. In this approach,
the Floquet Bloch Hamiltonian is reformulated in terms of
the complex variable, 8 = &%, where k € [—7, 7], yield-
ing the non-Bloch Floquet Hamiltonian H(8). The allowed
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values of § are obtained by solving the characteristic equa-
tion det[H (8) — E] = 0, resulting in an algebraic equation of
an even degree. While this method has been successfully
applied to various static NH systems [20,80,81], extending it
to Floquet scenarios is technically challenging due to their in-
herent mathematical complexity. Unlike static systems, where
the effective Hamiltonian typically contains only short-range
couplings leading to a characteristic polynomial of a finite
order in B, periodic driving induces effective long-range
interactions. This results in a more intricate characteristic
equation that complicates the direct construction of the GBZ.
This is precisely why a high-frequency expansion was carried
out earlier, as it yields the Hamiltonian in terms of approxi-
mate expressions for the d vectors, making further analytical
treatment feasible. We have provided a systematic and de-
tailed derivation of the Floquet GBZ, obtained by analytically
solving the characteristic polynomial formulated in terms of
the d vectors in the Supplemental Material (S1) [79].

Figures 3(c) and 3(d) illustrate the Floquet GBZ cor-
responding to the two representative points highlighted in
Fig. 2(a), namely, ty = 0.3 and ty = —1.5, respectively. It
is clear from these plots that the GBZ consistently deviates
from the conventional BZ, which underpins the emergence of
NHSE. Notably, the radius of the GBZ encodes the localiza-
tion direction of the states; that is, when all states are localized
toward the left (right) edge of the chain, the radius of the GBZ
becomes smaller (larger) than 1. Additionally, these GBZ pro-
files exhibit pronounced sharp features, commonly referred
to as cusps, appearing along their circumference. Such cusps
typically arise when three out of the four solutions for g attain
the same absolute value. Interestingly, in the regime of weak
driving strengths, the contributions from the second terms in
Eq. (11) become negligible. This simplification reduces the
characteristic polynomial for 8 to a quadratic form, implying
that under weak driving conditions, the GBZ may approxi-
mate a circular trajectory with a constant radius, akin to the
behavior observed in static systems.

Before delving into the characterization of distinct topo-
logical phases using the GBZ framework, it is important to
recognize that the unique features exhibited by the GBZ stem
from the pivotal role of periodic driving in effectively simu-
lating long-range interactions within the system. This can be
understood by observing that, depending on the sign of #y, all
the elements in the effective Hamiltonian (Hcg), correspond-
ing to either the upper or lower diagonal sites, can become
completely occupied, leaving the other set entirely empty.
This behavior arises due to the interplay between periodic
driving and non-Hermiticity, wherein the imaginary onsite
potential introduces an effective nonreciprocity in the hopping
amplitudes. Such a nonreciprocal effect is further amplified
by the presence of the periodic drive, especially in the low-
frequency (7 > 1) limit. As shown in Fig. 4, for positive
values of #y, the upper diagonal elements are fully occupied,
leading to all the eigenstates being localized at the left edge
of the system. Conversely, when #, is negative, the lower
diagonal elements become completely occupied, resulting in
all eigenstates being localized at the right edge.

Finally, to conclude the discussion on non-Hermitian BBC,
it is essential to accurately characterize the distinct topological
phases. This can be effectively achieved by exploiting the

1.0

0.5

0.0

—-0.5

—-1.0

40 80 120 40 80 120
n n

FIG. 4. The associated expansion coefficients corresponding to
the Hamiltonian for ty, = 1 and #y = —1 in the coordinate basis have
been shown in panels (a) and (b), respectively. Here, / and m denote
the base indices, namely, the row and column indices of the Hamilto-
nian matrix in the coordinate basis. While panels (c) and (d) denote
the distribution of the NH skin modes at the edges corresponding to
positive (ry = 1) and negative (ty, = —1) values of #y, respectively.
The other parameters have been chosen as ty =tp = 0.6, V; = 0.3,
w=1,and y =04.

chiral symmetry, which remains preserved even in the driven
effective Hamiltonian, H. Therefore, by substituting e* with
B, Heg can still be expressed in an off-diagonal matrix form af-
ter performing a suitable rotation of the spin basis o, — 0, —
oy. In this representation, the effective Hamiltonian takes the
form

He(B) =R (B)oy +R_(B)o_, (12)
where
Vi
RL(B) = |:1 - E F #[&(ﬂ) —R—(ﬂ)]i|Ri(ﬂ) (13)
B
and

RiB) =ty xy+tpB+p HFtuw(B-p". (14

Once these R vectors are constructed, following the method
outlined in Refs. [20,82,83], one can build the definition of
non-Bloch invariant using the expression

i 1
Gy T

21

15)
where the integral is performed along the GBZ contour
Cg. The corresponding non-Bloch invariant is determined by
tracking how the phases of R/, evolve as § traverses the GBZ
(Cp) in the anticlockwise direction. This behavior is illustrated
in Figs. 5(a) and 5(b), which depict the trajectories of R/,
and R’ corresponding to the GBZs shown in Figs. 3(c) and
3(d). Notably, in both cases, the loops encircle the origin,

043331-5



ROY, HALDER, GOGOI, TANATAR, AND BASU

PHYSICAL REVIEW RESEARCH 7, 043331 (2025)

—2 0 0 5 10
Re[R(B)] Re[1'(3)]

FIG. 5. Panels (a) and (b) display the trajectories of R’ and R"
on the complex plane along the GBZ fory = 0.3 (A)andty = —1.5
(0), respectively. Notably, both loops encircle the origin, indicating
the presence of a topological phase. Furthermore, R, rotates in the
clockwise direction, while R’ rotates counterclockwise, resulting in
a net finite winding of the R vectors. All other parameters are the
same as those used in Fig. 2.

indicating the presence of a topological phase, consistent with
the open boundary spectra displayed in Fig. 2(a). Further,
in both the figures, R, rotates clockwise, while R_ rotates
counterclockwise, resulting in a finite value of W due to the
negative sign in Eq. (15). Notably, the loop traced by R is
larger than that of R_ in Fig. 5(a), whereas in Fig. 5(b), the
situation is reversed, that is the R_ loop is larger than the R
loop.

While this approach confirms the existence of a topological
phase, it does not distinguish whether the edge modes cor-
respond to zero modes, m modes, or a combination of both.
Furthermore, simply counting the number of how many times
these R vectors wind around the origin does not yield the
correct number of edge states, particularly when both zero
and 7 modes coexist. To address this limitation and accurately
enumerate the distinct edge states, it becomes essential to
employ a pair of invariants, which we derive using the con-
cept of symmetric time frames [84,85]. To begin with, it is
useful to remember that Floquet eigenstates correspond to the
eigenstates of the stroboscopic time evolution operator, U (T'),
which evolves the system over one complete period. Interest-
ingly, the symmetry properties of the effective Hamiltonian,
H.¢ obtained from the stroboscopic evolution can depend
on the chosen time frame within a period. Moreover, if we
identify + = T'/2 as a time reversal symmetric point, then the
entire cycle can be symmetrically divided into two parts. Let
F and G denote the time evolution of the first and second part
of the cycle, respectively, that is,

F=Te hHOd G ge-iffHoa (16

Consequently, these two segments are chiral symmetric part-
ner to each other, and one can construct two symmetric time
frame operators, namely, U, = FG and U, = GF, which not
only reproduce the same quasienergy spectrum as the original
effective Hamiltonian, but also recover the symmetries asso-
ciated with the static model that were otherwise lost in the
driven scenario. Furthermore, depending on the periodic table
of Floquet topological insulators [86], each nontrivial phase
in the system can be then characterized by a pair of winding

numbers, vy and v, given as

Vi + vy v — 1
s Vg = 5
2 2

where v; and v, denote the conventional definition of winding
numbers [87,88] associated with the effective Hamiltonians
in the two symmetric time frames, with the integration being
carried out along GBZ contour Cg. In Fig. 2(b), we present the
variation of the two invariants, vy and v,, as functions of fy,
which accurately captures the emergence of both zero and &
modes observed in Fig. 2(a).

Notably, the computation of each invariant involves inte-
grating over the Floquet GBZ, which we estimate through a
high-frequency expansion of the Floquet Hamiltonian. There-
fore, due to the technical complexities of these procedures,
constructing a comprehensive topological phase diagram can
turn out to be computationally cumbersome. Nevertheless,
it is still possible to identify the distinct phase boundaries
without explicitly considering both symmetric frames. Specif-
ically, in the weak driving limit, the criterion for gap closing,
that is, R\ (B)R_(B) = E?(8) = 0 can be obtained from the
simultaneous conditions, R (B)R_(B) = 0 and w = 2dpg [see
Egs. (13) and (14)], leading to the phase boundary conditions

Vo = a7

given as
w=22tp x /12 — y?|, (18a)
tv = /43 + y2, (18b)

provided ¢, = ty and the driving strength is sufficiently small
compared to the bandwidth. Note that a smaller driving
strength is chosen to eliminate the quartic 8 terms in Eq. (13).
Furthermore, the condition 7, = ty is imposed solely for an-
alytical convenience. While one could in principle consider
ty # tp, this does not introduce any topological features apart
from a possible shift in the phase boundaries. However, in
that case, the conditions for gap closing, namely, R, R_ =0
and w = 2dg, would assume a much more complicated form.
Figure 6 illustrates these phase boundaries in the w-#y plane
with other parameters being fixed as in Fig. 2. Evidently, these
three distinct boundaries divide the parameter space into eight
subregions (as shown in Fig. 6). Furthermore, via analyzing
the quasienergy spectrum and evaluating the two invariants
at representative points within these regions, one can classify
each subregion as a distinct nontrivial phase characterized by
its corresponding pair of vy and v, values, as shown in Fig. 6.

At this stage, it is important to note that the phase diagram
presented in the manuscript has been extended to the low-
frequency regime, even down to values close to zero. While
it is expected that the results obtained from the Magnus ex-
pansion may not remain quantitatively accurate in this regime,
we have expressed the results corresponding to the complete
frequency range to achieve a comprehensive understanding
of the driven system. This is motivated by the fact that the
crossover between the high- and low-frequency regimes is not
universal but depends on the bandwidth, D = 2(|ty | + 2|tp]),
which varies with ty. As a result, the boundary between differ-
ent dynamical regimes shifts along the #y axis. Nevertheless,
one should keep in mind that at very small w, the results
still might fail. This can be understood physically by the fact

043331-6



FLOQUET NON-BLOCH FORMALISM FOR A ...

PHYSICAL REVIEW RESEARCH 7, 043331 (2025)

4 i 7
1 \ 4
1 \ 4
i h 4
: \\ I,I
\
34 (0,1) /4 \ (1 0) ,' (0,-1)
i
: \
w ., t(1,1) (1,-1)
1
i (1,0)
1
1
1 | ——— W =202+ /B -7
i -== w=202p—\/t} —?)
(070) : ===ty =4, 92 (030)
0—2 -1 0 1 2

ty

FIG. 6. Topological phase diagram in the w-f, plane character-
ized by the pair (vy, v, ). The phase boundaries are determined by
solving the gap-closing conditions of the effective Hamiltonian H.g
derived using high-frequency expansion. The other parameters are
setasty =tp =0.6,V =0.3,and y = 0.4.

that at very small w, the Floquet Brillouin zone gets com-
pressed, and the system remains essentially gapless, leading
to ill-defined topological invariants. To illustrate this, we have
computed the bulk gaps corresponding to both zero and &
modes, as shown in Fig. 7. From this figure, one can clearly
identify the frequency regimes where the system becomes
gapless. Precisely, these are the regions where the topolog-
ical invariants inferred from Fig. 6 may no longer be valid.
Interestingly, the gapless boundaries associated with the zero
and 7 modes closely follow the topological phase boundaries
in Fig. 6, with small deviations that stem from neglecting
higher-order terms in Eq. (13), in the weak driving assump-
tion. Therefore, by comparing the bulk-gap diagram with the
Magnus expansion-based phase diagram, one can systemati-
cally identify the range of frequencies where our analytical
results remain quantitatively reliable. Thereby, building on

150 1.50
Gr
0.75
0.25

2% ty

FIG. 7. The figure depicts the bulk gap invariant corresponding
to both zero (Gp) and 7w energy modes (G,) in the fy-w plane.
The Gy-G, diagram highlights regions in the low-frequency regime
where the system effectively exhibits gapless states, indicating sce-
narios in which the topological invariants, as evaluated in Fig. 6, may
not provide a reliable characterization. The remaining parameters are
chosenasty =tp =0.6,Vy =0.3,and y = 0.4.

this theoretical framework, in the next section, we explore an
experimental realization using classical circuit platforms.

IV. TOPOLECTRICAL CIRCUIT OF A CREUTZ LADDER

Thus far, we have theoretically demonstrated that the BBC
can be restored in driven NH systems by characterizing each
distinct phase through the non-Bloch invariants evaluated in
two symmetric time frames. Specifically, Figs. 4(c) and 4(d)
illustrate the appearance of NHSE arising from a staggered
onsite imaginary potential, while Fig. 6 presents the phase
diagram indicating the presence or absence (including coex-
istence) of zero and m modes in the driven TB model. We
now aim to design a TEC capable of faithfully mimicking
the Floquet NH Creutz ladder. The goal is not merely to
simulate a quantum phenomenon in an electrical setting, but
to directly visualize the localization behavior predicted by
the TB model within the TEC framework. The voltage and
impedance profiles (IPs), being the key measurable quantities
in such circuits, will serve as direct probes of the TB model’s
features. Before proceeding, we briefly outline the formalism
underlying the TEC implementation.

Similar to the Hamiltonian of a TB model, electrical circuit
networks operate based on their Laplacians, which govern
the network’s response at each node [89]. For an electrical
network with Ny nodes, let £ represent the Laplacian, and
Vi and I denote the voltage and the total current through an
external source at the kth node. According to Kirchhoff’s law,
the following relation holds

I = Z Xiy (Vi = V) + XV for k=1,2,3,..., Ny,
plk£p)

(19)
where X;, is the conductance between the kth node and the
pth node. Note that Xj; has no physical meaning and is
set to zero, while X; represents the resultant conductance
between kth node and the ground. With these definitions,
Eq. (19) can be expressed as I = LV, where L is the Ny x Ny
Laplacian matrix with elements, Ly, = —Xx, + 8, Wi, where
W =>" » Xip + Xi. Now, the impedance between two nodes,
namely, j and &, is given by

|\pn,' - \pn,klz
Zip=)y — " (20)
) qn

where g, is the nth eigenvalue of the Laplacian £ and W, ;
is the jth element of the corresponding eigenmode. This ex-
pression will help us obtain the IP of the TEC in subsequent
sections.

A. TEC construction

To emulate the Creutz ladder, whose Hamiltonian is given
by Eq. (1), we construct an equivalent electrical circuit, shown
in Fig. 8(a), whose Laplacian is denoted by L. Positive hop-
ping amplitudes are realized using capacitors, contributing a
positive imaginary admittance without dissipation under ac
driving. In particular, the diagonal (vertical) hopping ampli-
tude 7p (ty) in Fig. 1 is implemented via a capacitor Cp (Cy)
as shown in Fig. 8(a). The admittance of Cp (Cy) is given by
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FIG. 8. (a) The TEC diagram corresponding to the NH Creutz ladder. The output voltage at the subnode A/B of the nth node is denoted by
Vi.,as8- The circuit elements Ry, Cp, and Cy represent the hopping amplitudes =%ity, fp, and ty, respectively. Further, the resistors Rg(A/B)
encode the NH onsite potentials =iy. A grounded inductor L is included at each subnode to tune the diagonal terms of the TEC Laplacian at
the resonating frequency wg. (b) Circuit implementation of £Ry between two adjacent nodes n and n + 1. A unidirectional current passing
through diode Dy, from node n to n + 1, experiences an effective negative resistance of —(R; + R,) = —Ry due to the 7w phase shift in the
output voltage V,,,, generated by the inverting amplifier configuration of the op-amp U. However, while flowing in the reverse direction, that
is, from n + 1 to n, the current experiences a positive resistance (R; + R,) = Ry. (c) The TEC diagram corresponding to the NH Creutz ladder
under a harmonic drive applied to the vertical hopping. The diagram illustrates three replicas of the original TEC, corresponding to Floquet
indices |m| = 0, 1, interconnected by capacitors Cy,. These capacitors simulate the Floquet drive by coupling adjacent Floquet layers.

iwgCp (iwgCy) and must satisfy the condition
liorCp| =tp and |iwgCy| = ty. 201

The value of the grounded inductor, L, is chosen to satisfy the
following relation:

1
iwr(Cy +2Cp) + -

=0, 22
iwgL (22)

at the resonating frequency, wg. The remaining terms in
H [see Eq. (1)] correspond to horizontal hopping modified
by the Peierls phase e, with ¢ = /2. These terms
are implemented using resistors, which introduce dissipative
impedance into the circuit. Note that the values must satisfy
the condition

F—| = £ityl. 23)
Ry
This negative resistance, —Rp, is implemented using an in-
verting op-amp configuration, which functions as an amplifier
with fixed negative gain, producing an output voltage of

opposite polarity. In Fig. 8(b), if V,, (V,41) is taken as the
input (output) voltage, assuming current flows only from V;, to
Vat1, the effective impedance is given by —(R; + R;), where
R 4+ R, = Ry. This is equivalent to —ity in the TB model.
The configuration is implemented by placing a diode (D))
at the inverting output of the op-amp (U), ensuring unidi-
rectional current flow from the nth to the (n + 1)th node,
which effectively generates negative resistance for currents
in the intended direction. To realize the hopping term +ity
(the Hermitian conjugate of —ity), a parallel path is added
between the nth and (n + 1)th nodes, consisting of a series
connection of Ry, R,, and a diode (D) oriented opposite to
Dy, as shown in Fig. 8(b). To realize iy, given via Eq. (3),
within the TEC we place resistors Rg(A) and Rg(B) at the
subnodes A, and B,, respectively, such that their magnitudes
are equal but their signs are opposite, consistent with the
relation y4 = —yp = y. Thus, depending upon the sublattice
index (a, or b,) as illustrated in Fig. 1, the corresponding
resistors must exhibit positive or negative resistance (A, or
B,), as shown in Fig. 8(a). The values of R;(A) and Rs(B) are
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given by

Ro(4) = —Ro(B) = ——. 24)
¥l

The negative resistance, —Rg(B), is implemented using the
same configuration as —Ry. The analytical details behind
the formulation of the Laplacian and its equivalence to the
Hamiltonian in Eq. (1) at the resonant angular frequency, wg,
are thoroughly discussed in the Supplemental Material (S3)
[79].

We now turn our attention to the simulation of the Floquet
Hamiltonian using TECs. The design consists of multiple
interconnected circuit layers, each representing a specific
Fourier mode, as presented in Ref. [90] for the case of a
driven Hermitian SSH TEC. Nevertheless, one can still opt for
a real-time implementation with dynamically varying circuit
parameters as suggested in Refs. [91,92], which offer a direct
way to probe Floquet physics. In the context of the driven NH
Creutz ladder, the mathematical form of the drive associated
with the vertical hopping ty ensures that only the Fourier com-
ponents with m = 0 and |m| = 1 contribute significantly to
the Floquet expansion. In Fig. 8(c), we schematically present
the circuit diagram corresponding to the driven NH Creutz
ladder. The diagonal blocks H & w in Eq. (6) are implemented
using grounded inductors (L,,) and capacitors (C,) connected
to each subnode, depending on the sign of the shift, and the
following relations must be satisfied:

liwgC,| = =w and |iwgCyl="Vo.  (25)

The nonzero off-diagonal couplings between adjacent Floquet
replicas (Jm| =0, 1) are realized using capacitors of value
Cy,, corresponding to the driving amplitude Vy. Thus, Fig. 8(c)
provides the complete TEC-based realization of the driven
NH Creutz ladder. For convenience, we fix the following
parameter values throughout the rest of the paper, Cp =
0.6 uF (tp = 0.6), C, =3 uF (w =3), Cy, =0.3uF (Vp, =
0.3), Ry = % Q(ty =0.6) ,and Rg(A) =2.5Q2 (y =0.4).
Note that in TECs, imperfections inevitably arise due to
the nonideal characteristics of circuit components such as
capacitors, inductors, resistors, and op-amps. Examples
include the parasitic resistance of capacitors and inductors,
thermal noise in resistors, and the finite gain-bandwidth of
op-amps [26], all of which can cause deviations between
experimental observations and theoretical predictions.

B. Results and analysis in TEC setting

Let us first analyze the TEC corresponding to the static
Hermitian Creutz ladder. For the Hermitian model, the topo-
logical phase transition is governed by the vertical and
diagonal hoppings in Eq. (1), in particular by the ratio 2%
As shown in Fig. 8(a), setting Rg(A) = Rg(B) — oo ef-
fectively removes the connection, yielding y = 0. To get
the zero-energy edge modes in our TEC setup, we calcu-
late the IP of the Hermitian Creutz ladder, as shown in
Fig. 9(a), using Eq. (20). In the topological regime, that is, for
Cy < 2Cp, two topological edge modes emerge, resulting in
a substantial increase in the circuit impedance. This manifests
as two prominent edge IPs. The first port is fixed at the first

x 103 x 1010
(a) 31(b)
S
.’ 2
g
21 1
=
0 ) .AAA/\/‘\/\ 0 f
20 40 1 84 126

42
Node index Node index

FIG. 9. (a) The IP of the Hermitian Creutz ladder TEC, consist-
ing of 21 unit cells, is shown for both the trivial and topological
regimes. The first and second edge IPs are represented by red tri-
angles and blue squares, respectively. (b) The IP of the driven Creutz
TEC, incorporating three Floquet replicas (|m| = 0, 1), is presented.
In this case, the first edge IP is predominantly localized near the right
edge of the m = 0 ladder (84th node), while the second edge IP local-
izes near its left edge (43rd node). Additionally, each edge IP exhibits
minor localization near the adjacent edges to its primary localization
node. The topological phase, which is evident from the presence of
edge modes in the IP, is achieved by setting Cy = 0.4 uF < 2Cp.

(last) node, while the second port is swept across all nodes
to obtain the second (first) edge IP. Each node is connected
to two Cp capacitors and one Cy capacitor, and for a fixed
amount of charge Q, this asymmetry leads to large potential
differences.

Let V| and V, be the voltage differences across the ver-
tical and diagonal capacitors, respectively, and satisfy the
condition, Q = CyV; = 2CpV,. For Cy < 2Cp, this implies
that the voltage drop across Cy is greater than that across
each Cp. This further leads to V,/V; =Cy/(2Cp) < 1 in
the topological phase. When the circuit is driven by an ac
source, the potentials V| and V, oscillate out of phase, giving
rise to a spatial voltage configuration of the form, V(n) o
(1,0, =, 0, ()% 0, =(#)*, 0, ... (=*)", 0), where the in-
dex n runs through the two-node unit cells [27]. This
alternating pattern is reflected in the IP shown in Fig. 9(a).
For the driven case, the IP of the Hermitian Creutz TEC is
constructed according to Fig. 8(c), with the values of the
circuit elements kept unchanged. As shown in Fig. 9(b), the
IP exhibits localization at the edges of each Floquet replica
(Jm| = 0, 1). Specifically, the first (second) edge IP is predom-
inantly localized at the left (right) edge of the central Floquet
replica (m = 0), consistent with the spatial probability distri-
bution of the topological edge modes in the corresponding TB
model.

To construct the NH Floquet Creutz TEC, we include
the resistors Rg(A/B), with Rg(A) = —Rg(B) =2.52. As
demonstrated via Fig. 4 in Sec. IIT A, the staggered imaginary
onsite potential £iy induces the NHSE in the driven NH
Creutz ladder. This phenomenon manifests in the TEC as
shown in Fig. 10(a), where the absolute values of all the eigen-
modes of the Laplacian are plotted against the node index.
The localization at the edges clearly indicates the presence
of NHSE via theoretical simulations of the TEC setup. How-
ever, in practical experiments, one cannot directly observe
the eigenmodes of the Laplacian. Instead, the measurable
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FIG. 10. (a) The eigenmodes of the Laplacian for the driven NH
Creutz ladder TEC with Rg(A) = 2.5 Q exhibit localization near the
edges of the Floquet replicas, signaling the emergence of NHSE in
the TEC. The value of Cy is chosen to be 0.3 uF. (b) A random
node (node 66 in this case) is excited using a current source of
amplitude 1 pA, and the resulting voltage profile is plotted against
the node index. The circles (peak at the 43rd node) and stars (peak at
the 84th node) correspond to the cases with capacitors (Cy = 1 uF)
and inductors (Ly = 1 uH), respectively. The IP in the log;, scale are
plotted for three different cases, (c1) Cy = 0.3 uF, (c2) Cy =0.7 uF,
and (c3) Cy =1.7 uF. The red triangles (blue squares) correspond to
the IP for the realization of the zero (;r) energy modes via the TEC.

quantities are the impedance or the voltage at each node. To
experimentally probe NHSE in such a setup, one must excite
the TEC at a randomly chosen node and measure the resulting
voltage profile. Figure 10(b) illustrates this situation, where
the 66th node is excited using a current source, and the voltage
at each node is recorded accordingly. As demonstrated earlier,
reversing the sign of #y alters the direction of the skin effect,
resulting in the localization of bulk modes at the opposite edge
of the system [see Figs. 4(c) and 4(d)]. To implement this sign
reversal of #, within the TEC, one must effectively reverse
the sign of the vertical hopping, which requires replacing the
capacitor Cy with an inductor Ly of the same magnitude. The
value of Ly must satisfy the relation

1

licwrLy |

ty,

and a corresponding adjustment must be made to the grounded
inductor L. It has been previously demonstrated that an on-
site potential can induce a skin effect even in the absence
of nonreciprocity in static cases [93] via TECs. This clearly
demonstrates that one can control the direction and ampli-
tude of voltage localization in the TEC by switching between
vertical capacitors and inductors, an analog of which has
been elaborately discussed in the TB model. We now explore
the topological zero and m modes, as illustrated in Fig. 6
and discussed in Sec. IIIB. To demonstrate this, we con-
sider three representative points from distinct regions of the
phase diagram in Fig. 6, characterized by the following wind-
ing numbers, 1.vp =1,v, =0, 2.v9=1,v, = —1, 3.9 =
0, v, = —1. For the first case, corresponding to vy = 1, the
logarithm of the IP is plotted in Fig. 10(cl). The impedance
exhibits peaks at the right edges of each circuit row, indicat-
ing the presence of zero-energy modes. In the second case
(vo = 1, v, = —1), both zero and m modes are predicted by
the TB model. However, since the m modes have nonzero
energies =%, they do not lead to impedance divergence
in the conventional setup used to detect zero modes. As a

result, the m modes are not directly visible in the standard IP
measurement. To detect the 7 modes in the TEC, an effective
chemical potential shift of =% must be introduced. This can
be achieved by incorporating additional capacitors (to add
+%) or inductors (to add —5) [90]. This adjustment ensures
that the circuit impedance diverges at eigenenergies of the
Laplacian corresponding to the 7 mode energies of the TB
model. Accordingly, Fig. 10(c2) shows two configurations:
one without added inductors (capturing the zero modes), and
another with inductors that simulate the required chemical
potential (—%), enabling the detection of the 7 modes. In
both cases, the IP exhibits maxima at the right edges of the
circuit rows, signaling the presence of both zero and 7 modes
in the TEC. Finally, Fig. 10(c3) corresponds to the third region
(vo = 0, v, = —1), where only m modes are present, with no
accompanying zero modes. This is consistent with the phase
diagram in Fig. 6.

V. CONCLUSION

To summarize, we have explored the intricate interplay
between periodic driving and non-Hermitian effects in a
Creutz ladder, thereby establishing a comprehensive theoreti-
cal framework based on the Floquet non-Bloch band theory.
By employing the Magnus expansion, we derive an ap-
proximate expression for the effective Floquet Hamiltonian,
providing a formalism for evaluating the Floquet generalized
Brillouin zone and analyzing the bulk-boundary correspon-
dence for driven non-Hermitian systems. We found that the
conventional non-Bloch invariants derived from this effec-
tive Hamiltonian are insufficient to account for the full set
of independent Floquet edge modes. To resolve this, we in-
troduced a symmetric frame approach that constructs two
chiral-symmetric partner effective Hamiltonians. The cor-
responding invariants associated with each partner, when
combined appropriately, successfully identify and character-
ize the distinct edge modes, thereby restoring a modified
bulk-boundary correspondence in the driven non-Hermitian
model.

Recognizing the importance of experimental validation
of our theoretical exploration, we have proposed a topolec-
trical circuit design that offers a practical and tunable
platform for realizing both the skin modes and Floquet non-
Hermitian topological phases. Remarkably, the skin effect,
realized via the voltage profile, persists even in the absence
of nonreciprocity in the electrical setup, while the non-
Hermitian Floquet topological phases manifest through the
circuit’s impedance profile. Collectively, our work bridges
two rapidly advancing fields, that is, Floquet engineering
and non-Hermitian topology, and lays the groundwork for
their unification within experimentally accessible platforms,
thereby opening avenues in the exploration of driven non-
Hermitian systems.
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