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Classical simulation of a programmable quantum processor is crucial in identifying the threshold of a quantum
advantage. We demonstrate the simple update of projected entangled-pair states (PEPSs) in the Vidal gauge that
represent random quantum circuit states, which center around recent quantum advantage claims. Applied to
square lattices of qubits akin to state-of-the-art superconducting processors, the PEPS representation is exact for
circuit depths less than D, = Slog, x, where x is the maximum bond dimension and 2 < 8 < 4 depends on
the choice of two-qubit gates, independent of the qubit number n. We find the universal scaling behaviors of the
state fidelity by treating large-scale circuits of n < 10%, using ¥ < 128 on a conventional CPU. Our method has a
polynomial scaling of computational costs with z for circuit depth D = O(log n) and is more advantageous than
matrix product state approaches if n is large. This work underscores PEPSs as a scalable tool for benchmarking
quantum algorithms with future potential for sampling applications using advanced contraction techniques.
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I. INTRODUCTION

In recent years, the development of quantum devices has
made significant progress in both the number of qubits and
the fidelity of their operations. It has fueled the expectation
that for certain tasks designed to favor quantumness, quantum
devices can achieve a computational advantage over their
classical counterparts.

Sampling from a random quantum circuit (RQC) [1] is ex-
tensively studied as such a task. An RQC starts with the initial
state of unentangled qubits, say |0) = |0)®", and entangles
them through a unitary U formed by randomly chosen single-
and two-qubit gates. Measurement of the RQC state U|0) in
the computational basis generates random bitstring samples,
following Born’s rule; a bitstring x € {0, 1}" is sampled with
probability p(x) = |(x|U|0)|>. The question is whether a clas-
sical algorithm can generate bitstring samples efficiently, in
a way indistinguishable from actual quantum measurements.
If the gate set is universal, an RQC of sufficiently large
depth would draw a random state from the Haar ensemble,
which typically has volume-law entanglement [2-5] and huge
nonstabilizerness (the amount of non-Clifford resources, also
called magic) [6-10]. A classical simulation of such states is
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thought to be computationally hard, as it requires exploring an
exponentially large Hilbert space.

Despite complexity-theoretic proofs and arguments for an
asymptotic quantum speedup for RQC sampling [1], the pre-
cise border of quantum advantage—in terms of the system
size and operation fidelity—has been elusive. It is highlighted
in a recent debate on Google LLC’s “quantum supremacy”
claim in 2019 [11], where the Google team performed RQC
sampling with the Sycamore processor that consists of n = 53
superconducting qubits on a two-dimensional (2D) lattice.
Assuming that the linear cross-entropy benchmark (XEB),
evaluated via bitstring sampling, is a proxy for fidelity, they
estimated the fidelity F ~ 0.2% of the RQC output state
for circuit depth D = 20. They further argued that classical
algorithms cannot achieve the fidelity of a similar level, even
using a state-of-the-art supercomputer for 10 000 years.

However, after a few years, this claim has been refuted
by several studies using tensor networks. In one approach
[12-16], the sampling problem is recast as a contraction of
a (2 + 1)-dimensional tensor network, where the two spatial
dimensions encode the qubit layout, and the third dimension
runs along the circuit depth. Using large-scale parallelization,
Pan et al. [17] demonstrated that the Sycamore experiment
could be reproduced in 15 h on a cluster of 512 GPUs, while
Liu et al. [18] further reduced this time to 304 s on a super-
computer with 107 520 nodes (41 932 800 CPE cores).

Another approach [19-22] uses matrix product states
(MPSs) that efficiently represent many-qubit states for which
the bond dimension x controls the trade-off between accuracy
and cost. Even for x much smaller than the generic exact limit
212 MPS representations are still accurate when the Schmidt
coefficients (singular values) decay quickly, as shown by
its widespread success in quantum many-body physics [23].

Published by the American Physical Society
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FIG. 1. (a) Layout of a square lattice of qubits (gray circles),
whose state will be represented by a PEPS with the same lattice
geometry (cf. Fig. 2). (b) At each layer of an RQC, all qubits are acted
on by randomly chosen single-qubit gates (square boxes). Then, two-
qubit gates (long rectangles) are applied to the qubit pairs selected by
an alternating pattern (see Sec. Il for details).

Ayral et al. [20] simulated an RQC using the density-matrix
renormalization group (DMRG) algorithm that variationally
updates the constituent tensors of an MPS. Their closed sim-
ulation, which targets one bitstring at once rather than the full
RQC state, achieved F > 0.2% for the Sycamore circuit us-
ing a small bond dimension y ~ 100 < 2"/ on conventional
CPU machines.

Given further progress in the latest experiments
[21,24-26], the arena of quantum-classical competition
has moved to the region of larger n and lower gate error.
The tensor network methods mentioned above, both the
(2 + 1)-dimensional contraction and the DMRG, have
complexity that scales exponentially with the size of the
two-dimensional system, which calls for a different scheme.

Generally, the performance of a potentially useful quantum
algorithm is associated with the fidelity of the states involved,
while RQC sampling has found no practical applications yet.
Indeed, a sampling experiment achieving a high XEB score
does not necessarily require a high-fidelity state, and vice
versa [16,25,27]; even with a perfect quantum machine, one
needs exponentially many measurements to determine bit-
string probabilities or to reconstruct quantum states. Since
RQC is a quantum-efficient way to generate a classically hard
state, a classical algorithm that can simulate large-scale RQC
states with high fidelity would be transferrable to benchmark-
ing useful quantum algorithms.

In this work, we demonstrate that a projected entangled-
pair state (PEPS) [28-35] in the Vidal gauge [36-46],
evolving with the simple update [39], can efficiently and faith-
fully represent the state of an RQC with local gates, over a
depth D of interest in experiments. As a concrete example, we
apply our algorithm to a square lattice of qubits with single-
qubit and nearest-neighbor two-qubit gates, reminiscent of
the Sycamore experiment [11] (see Sec. II and Fig. 1). The
differences from Ref. [11] are that our lattice is rotated by 45°,
and the controlled-Z (CZ) and two-qubit Haar random (2HR)
gate sequences are further investigated here. We emphasize
that our lattice geometry is more challenging for a tensor
network algorithm since the qubits on the boundaries have
more connectivity, hence larger entanglement.

The PEPS representation has a perfect fidelity F = 1 for
D < D, = Blog, x, where Dy, is the depth after which PEPS
tensors are truncated, 2 < 8 < 4 depends on the type of two-
qubit gates, and x is the maximum bond dimension. Unlike
MPS-based approaches, the truncation depth D, does not
depend on n. While x grows exponentially with the desired
value of Dy, experimentally demonstrated depth D ~ 20 can
be handled with a manageable size of y.

The Vidal gauge conditions provide a way to efficiently
estimate the fidelity based on discarded weights [47], without
the need to contract two PEPS layers, which is computation-
ally hard [48-50]. With this, we treat large RQCs up to n =
10* and identify the universal scaling behaviors of the fidelity
using conventional CPU machines. Since the simple update
algorithm is highly parallelizable, our method can be applied
to larger n, using a GPU cluster or a supercomputer. (Note that
we focus on achieving high-fidelity representation of an RQC
state in this work; the issue of sampling, which requires the
contraction of PEPS, will be addressed in a separate study.)

The remainder of this paper is organized as follows. We de-
scribe our RQC setup and PEPS algorithm in Secs. IT and 111,
respectively. In Sec. IV, we discuss how the fidelity measures
depend on D, x, and the type of two-qubit gates. In Sec. V, we
showcase a large-scale representation of RQC that reveals the
universal scaling behavior of the fidelity. We conclude with a
discussion on the entanglement scaling laws and an outlook
of our results in Sec. VI.

II. SETUP: RANDOM QUANTUM CIRCUIT

We consider a square lattice of n = n, x n, qubits with n,
rows and n, columns, as shown in Fig. 1(a). Nearest-neighbor
qubits are connected by edges, which are grouped into four
disjoint sets (A-D) distinguished by different colors. The
edges in each set form a brickwork pattern, ensuring that
different edges do not share the same qubit.

Each circuit layer begins with the application of single-
qubit gates to all qubits [see Fig. 1(b)]. Every single-qubit gate
is randomly drawn from three choices [depicted by square
boxes in three different colors in Flg 1(b)]:

VX = /f (1a)

i)/«/_z (1b)
ﬁ:(j__l ‘lﬁ)/fz, (10)

all represented in the basis of {|0), |1)}. Note that v/X and /Y
are Clifford gates, while /W is non-Clifford. Following the
single-qubit gates, two-qubit gates are applied to the pairs of
nearest-neighbor qubits connected by the edges belonging to
an edge set [depicted by long rectangles in Fig. 1(b), using the
same color coding as the edges in Fig. 1(a)]. Here, we select
the edge sets in a period-eight pattern of ABCD-CDAB-. . ,
which was used in the Sycamore experiment [11]. We denote
the number of two-qubit gates applied up to depth D as nyq,,
which scales as nyqs (D) ~ (2n — n, — n.)D/4.

In later sections, we will compare three sequences that
differ by the choice of two-qubit gates. (1) In the CZ
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sequence, all the two-qubit gates are controlled-Z gates. (2)
The fSim(6, ¢) sequence uses

1 0 0 0
) 0 cosf —isin@ 0
fSim(@. ¢) = 0 —isin® cosf oV @
0 0 0 e”i¢

represented in the basis of {|00), |01), [10), |11)}. The same
values of 6 € [0, /2] and ¢ € [0, =] are used for all the
two-qubit gates within the sequence. Note that CZ is a spe-
cial case of fSim, i.e., CZ = fSim(0, 7r), and £fSim becomes
non-Clifford for general 8 and ¢. (3) In 2HR sequence, each
two-qubit gate is independently drawn from the Haar random
U(4) unitary matrices.

II1I. METHOD

In this section, we explain how we represent RQC states
using PEPS in the Vidal gauge. Section III A provides the
background on the Vidal gauge. Readers who are experts in
tensor networks may prefer to skip directly to Sec. IIIB in
which we describe our algorithm. (On the other hand, read-
ers unfamiliar with tensor networks may consult pedagogical
reviews [32,51].) In Sec. III C, we develop a method for effi-
ciently computing the approximate fidelity of the PEPS.

A. Vidal gauge

A tensor network state on a tree graph, including MPS, can
be brought into a canonical form, where the different bonds
of the orthogonality center represent disjoint Hilbert spaces
[23,36-38]. With the canonical form, the expectation values
of local observables can be obtained by contracting only local
subnetworks, avoiding the need to contract the full network.
In contrast, the graph structure of a PEPS reflects that of the
problem to be solved (e.g., square-lattice geometry in this
work) and thus contains loops, which makes the bond spaces
correlated. While it is not easy to treat a canonical form for
such “loopy” PEPS (despite progress [52—59]), one can define
a quasicanonical form, called the Vidal gauge [43], which is a
higher-dimensional generalization of Vidal’s I'-A form used
in the infinite time-evolving block decimation approach for
one-dimensional (1D) quantum systems [38].

Figure 2(a) shows a PEPS representation of qubits on a
square lattice. The I" tensors are degree-5 and complex, whose
elements are denoted as F)(cj.)l,2.3,4’ where i is the qubit site
index, x; = 0, 1 indicates the qubit state, and 1, ..., 4 index
the bond-space bases associated with the four legs of the I'®
tensor toward neighboring sites. The A tensors are degree-2

and positive diagonal, Aii’{ ) = al(i’j ’81.2, where i and j index

the qubit sites connected by A"/). We sort the singular val-
ues al(”]) in descending order, 01(”") > 02(”) > (73("") > >
0. These singular values contain the information of entan-
glement, though it is not precisely a bipartite entanglement
because of the presence of loops.

Since we deal with finite-sized quantum systems, the PEPS
has open boundaries. The I" tensors on the boundaries have
“dummy” legs with dimension 1 toward the outside of the

lattice. One can attach A tensors, chosen to be scalar 1s, to

FIG. 2. (a) PEPS representation in the Vidal gauge for a ket state.
At every qubit site, there is a I' tensor (blue circle) surrounded
by four A tensors (yellow diamonds). A physical leg (red line)
of a I' tensor spans the space of a qubit with dimension d = 2.
The black lines connecting the tensors mean tensor contractions.
(b)—(d) Normalization conditions for the Vidal gauge, corresponding
to Egs. (3)—(5), respectively. The tensors in the bottom layer, which
depicts a bra state, are complex conjugated. (e) By approximating the
environment as the nearest-neighbor A tensors, a local observable
(orange square) can be measured by contracting only the local part
of a PEPS.

those dummy legs without changing the whole contraction of
the PEPS.

The Vidal gauge means two normalization conditions.
First, the diagonal vector of every A tensor is normalized,

TACP =Y o) =1, Vi, j (3)
1

which is depicted as a tensor network diagram in Fig. 2(b).
Second, the contraction of a I' tensor, its neighboring A ten-
sors except one, and their complex conjugates [see Fig. 2(c)]
yields the identity

0) (i)* () k) D)2 _
Z Cohasaliioaslor oy oy =845, (4)
xi,1,2,3
which holds for all i’s and any choices of the neighbors j, &, [
to contract. Combining Egs. (3) and (4), we derive another
normalization condition,
0] (iyx (i.)) k) G _(m) |2 _
Y Tiasaliiasaloi oy Voo =1, 5)
%,1,2,3.4
which is visualized in Fig. 2(d).
If the tensor network state were on a tree graph, the Vidal
gauge means the exact canonical form. Consider an environ-
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ment with respect to qubit i, which is the same as the original
network on a tree except that the I'”) and A/ tensors sitting
towards the nearest neighbor qubits j’s are blanked out. The
environment is a forest, i.e., a collection of disconnected trees,
each of which has 'Y at the end. Contracting all the legs of a
tree state (containing I') and its complex conjugate, except
for the legs toward site i, yields the identity. It can be easily
seen by applying the normalization condition (4) [cf. Fig. 2(c)]
from the farthest leaves of the tree from I'V). Thus, when we
measure local observables at the site i, the correlation between
the site and the rest of the system is exactly captured by the
A tensors.

On the other hand, when there are loops, the A/ tensors
surrounding I'” are rather the approximate descriptions of the
environment to I'”. The simplest approximation for comput-
ing a local expectation value (e.g., Pauli-Z measurement of
qubit i, (Z;)) is given by approximating the loopy environment
outside of site i as uncorrelated A tensors [see Fig. 2(e)].
The time complexity of this measurement is O(x**'zd), much
cheaper than the explicit contraction of a double-layer tensor
network. This approximation is consistent with the simple
update method we employ to evolve the tensors along an RQC
(cf. Sec. IIIB); see Sec. VIB for further discussion on the
environment approximation.

B. Tensor network algorithm

Below, we explain how we initialize and update a PEPS
that represents an RQC state. Once the circuit size and gate
sequence are given, the only hyperparameter to set is the
maximum bond dimension y, which controls the expressivity
of the PEPS.

(1) Initialization. The initial state of RQC is the product
state, which we choose to be the all-0 state |0) without loss of
generality. Its PEPS representation has bond dimension 1,

ACD =1, TV} | =840, Vi.j. (6)
which also satisfies the Vidal gauge conditions (3) and (4).

For every circuit layer, we repeat steps (2) and (3) to evolve
the PEPS.

(2) Simple update with truncation. For every two-qubit
gate, we update I'P, A®) and ') associated with the tar-
get qubit pair (i, j), using the simple update method [39,43]
(see Fig. 3). (For qubits to which only single-qubit gates are
applied, only the corresponding I' tensors are updated by
contracting the degree-2 tensors representing the gates.) Since
two-qubit gates entangle qubits, the bond dimensions will
grow exponentially ~27/# unless truncated, where D is the
circuit depth and 8 depends on the circuit and gate sequence
(see Sec. IV C for details). To keep the bond dimensions below
the prescribed maximum x, we keep the I' and A tensors
for bond indices [1, x], associated with the largest singular
values, and truncate the rest. With this, the number of nonzero
elements of I' and A is upper bounded by x*d and y, respec-
tively, throughout the computation.

(3) Simple update gauging. After step (2), the PEPS de-
viates from the Vidal-gauge normalization conditions since I"
and A tensors are updated. To restore the normalization, we
apply the simple update to all nearest-neighbor pairs of qubits
without contracting gates (cf. Fig. 3), coined simple update

(a)
Pl o
@

(b) R Q
= %Hﬂ
P

(c) ]

A(truncated)

= ﬁ

() e
=)

FIG. 3. Simple update method for updating the tensors associ-
ated with the nearest-neighbor pair of qubits, say I'®, A@/ and '),
(a) Contract each I" tensor (light blue circle) with its neighboring A
tensors (yellow diamond), except for A%/ (orange diamond). (b) QR
decompose the tensors on the qubit sites, which results in isometries
QO (light green objects) and degree-3 tensors R (gray circle). This
step, called bond projection [60,61], significantly reduces the com-
putational cost in the later part. The bond projection itself has a time
complexity of O(x**'d?), where z = 4 is the coordination number
and d = 2 is the local dimension. Then, contract the single- and two-
qubit gates with the R tensors and A%/, leading to a degree-4 tensor
(purple rectangle). If the simple update is used only for gauging
[cf. step (3) in Sec. III B], we do not contract the gates. (c) Perform
the truncated singular value decomposition (SVD) of the degree-4
tensor, which keeps at most x largest singular values in the A tensor
(red diamond). Since finite singular values are lost, the diagonal
vector of the A tensor is normalized to restore the Vidal-gauge con-
dition (3) [47]. For the simple update gauging [cf. step (3)], the bond
dimension does not increase (due to the lack of gates); hence, it is not
truncated. We contract the isometries (gray and light green objects)
to get new pair of isometries (dark green objects). The computational
cost of the SVD scales as O(x>d®), which is independent of the
lattice geometry. (d) Factor out the neighboring A tensors [which
were absorbed in panel (a)] from the isometries by contracting their
inverses (brown diamonds), which results in new I'® and "',

gauging [43]. Note that this step does not involve truncations,
so the fidelity does not decrease.

In this work, we perform the gauging serially in the
English-reading directions (horizontal pairs in the first row,
left to right; vertical pairs between the first and second rows,
left to right; horizontal pairs in the second row, left to right;
and so on). We find that only one or two sweeps of gauging
suffice in achieving the normalization conditions within ac-
ceptable errors.

The PEPS representation loses information when the ten-
sors are truncated, which can happen only in step (2). In other
words, the PEPS is exact if x is set large enough so that we
keep all the tensor elements in the simple update.
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The simple update we use here is the cheapest approach
to evolve a PEPS since it involves only the local tensors by
taking separate A tensors as the proxy for the environment.
Due to the locality, the simple update can be applied to multi-
ple sites simultaneously, which makes our algorithm highly
parallelizable. (Note that there is a newer, faster approach
for performing the simple update based on belief propagation
[431)

Of course, the PEPS obtained by the simple update may not
be the optimal representation for given bond dimensions since
the environment is correlated, rather than being described
by disconnected trees. More elaborate approaches, such as
the full update [62], can accurately describe the correlated
environment, but their computational cost scales with a higher
power of x, limiting the accessible range of x. On the other
hand, our loopy PEPS can contain loop correlations, which are
unphysical correlations that do not influence physical observ-
ables but consume the expressivity. It will be worthwhile to
consider the methods that remove loop correlations, such as
the graph-independent local truncations [63,64], loop tensor
network renormalization [65], and nuclear norm regulariza-
tion [66], which is left for future studies.

C. Computation of approximate fidelity

A figure of merit in our study is the fidelity between the
PEPS and the exact state,

|(Yex (D) Yrees (D, )
Wex D) I Wrews (D, 3O

where |V (D)) is the exact RQC state at depth D and
[VYeers (D, x)) 1s its PEPS approximation with the maximum
bond dimension x. Although |¥) can be obtained by a
brute-force state-vector simulation (the so-called Schrédinger
method) or as a truncation-free PEPS by setting a large y,
it becomes exponentially hard for large qubit numbers n or
circuit depths D; the state-vector simulation involves a vector
of length 2", and the truncation-free PEPS has bond dimen-
sions exponentially increasing with D. Even when a PEPS
form of |) is available, computing the norm and the overlap
requires the full contraction of two-dimensional tensor net-
works, which is computationally demanding. Therefore, the
exact fidelity F is not easy to verify [48,50,67].

To circumvent this problem, we devise a method that ef-
ficiently estimates the fidelity, by generalizing an approach
used in MPS simulations [19,47] to the PEPS case. The
approximation is based on the observation that the fidelity
decreases by truncating the tensors in the simple update, as
discussed in Sec. III B. Assuming that the fidelity decreases at
different circuit depths are independent, we can approximate
the fidelity as a product [19,20]:

Fex(D, x) = @)

D
Feo~ [TTT£" (8a)
=1 (i.j)

(s mme | pield) 2

[y ™) Dy =)

)
=

(8b)

where f,“’j ) is the fidelity between the states before and after
the truncation in the simple update for a (i, j) pair when
considering the tth circuit layer. The pretruncation PEPS
[y contains T®, AG9), and T'Y) that are obtained by
the full SVD. The post-truncation PEPS [y:)"Y) is equiv-
alent to replacing A“) from |5 with A@P, whose
elements are given by

Al =081, 12

0, otherwise.

R _ < min(y, rank A®7),

12

©))
The Os in A%/ are multiplied with the elements of ' and
') associated with bond indices > x, reproducing the effect
of the truncation. (Of course, in actual calculations, we do not
pad those Os to keep the memory usage small.)

Figure 4(a) shows the tensor network diagrams describing
Eq. (8b). We evaluate the individual terms on its right-hand
side by invoking the approximation treating the environment
as the identity, which underlies the simple update method.
With this, each term reduces to a loop contraction of two A
tensors [see Fig. 4(b)],

f(i’j) - |Tr[AGDAED]2
’ Te[(ACD 2] Tr[(AGD)2]
— Tr[A(i’j)[_\(i’j)] — Tr[(j_\(i’j))z] =1- w(i,j)’ (10)

where we have used Eq. (9) and of’j ) € R, and
ij ij)2
wi =" o7 (11)
I>x

means the discarded weight due to the simple update. Note
that, after the truncation in the simple update, we divide the

truncated A tensor (without padded 0s) by /Tr[(AG-))2] =
J1 — w” to restore the Vidal-gauge condition (3).
Therefore, we can compute the approximate fidelity,

Fapx :—HH

t=1 (i, ])

(l]) ’ (12)

on the fly without extra computational overhead. Despite the
simplicity, F,py is a faithful approximation of the exact fidelity
Fex» as we will show in Sec. IV C and Fig. 8.

IV. FIDELITY FOR FINITE BOND DIMENSIONS

The accuracy of a PEPS representation is quantified by the
fidelity. In this section, we discuss how the exact fidelity Fex
[Eq. (7), Sec. IV A], the approximate fidelity Fpx [Eq. (12),
Sec. IV C], and normalized XEB (nXEB) [Eq. (16), Sec. IV B]
behave under finite bond dimensions.

A. Exact fidelity

Based on our numerical results, we find that F.;x manifests
a three-stage dependence on D,

1, D < ,Dtr’
Fex(D) = {e~weP=P) - Dy <D < Dy, (13)
27, D < D,
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(a) 2

(b) A (exact)

/o
e

&2

A (truncated) [:j

FIG. 4. Tensor network diagrams depicting (a) the terms in Eq. (8b) and (b) those in Eq. (10).

where the truncation depth D, the error per circuit layer
Elayer> and the saturation depth Dy, depend on the number
of qubits n, the gate sequence, and x. In the shallow-depth
regime, D < Dy, a PEPS is exact since the bond dimensions
are not larger than the maximum y and thus the tensors are not
truncated (cf. Sec. III B). Since the bond dimensions increase
exponentially, one encounters bonds with dimensions larger
than x at D = Dy. Once truncations are made, F., starts to
decrease exponentially; in other words, it decays by a fac-
tor e~ ®wer < 1 after every layer. The decay stops when Fex
reaches the saturation limit,

|(Yex | ¥) P

Fop _ WV _ g, 14
w@a[nwexnvnwnv] (1

which is the average fidelity over the Haar ensemble of n-qubit
states, with respect to the exact state |Y). Therefore, for
D 2 Dgyt = Dy + (n/&1ayer) In 2, the PEPS representation is
not better than guessing a maximally mixed state with fidelity
27" While detailed parameters may differ, the general scheme
of fidelity decay is universal across different gate sets [68].

As a concrete example, we consider the fSim sequences
on n = 4x4 qubits that are small enough to compute |ex)
and F. explicitly, using the exact state-vector simulation. In
Fig. 5, we show the result for fixed n and y, with changing the
fSim gate parameters (6, ¢). Solid lines in Figs. 5(a) and 5(b)
agree with Eq. (13). We estimate Dy and éjaye, for various 6
and ¢, by fitting the numerical result of F (D) to Eq. (13),
to study their gate dependence. As shown in Figs. 5(c) and
5(d), Dy and épayer are anticorrelated. The gate with larger
Dy and smaller &jayer is easier to handle with PEPS since
the fidelity can be kept larger for given D < Dy, and .
The easiest cases are (6, ¢) = (0,0) and (;r/2, ) in which
Dy = 00 and &pager = 0. While £Sim(0, 0) is the identity and
does not generate entanglement, fSim(z /2, ) can increase
entanglement in general, since it is a SWAP gate preceded by
local phase shifts,

fSim(r /2, 7) = SWAP - [P(—7/2) ® P(—=7/2)], (15a)

where

SWAP = , P(—rr/2):<(1) fi).

(15b)
Note that the operator entanglement entropy of fSim(z /2, )
is maximal for two-qubit gates, i.e., log4 (cf. Sec. IV C).
However, the initial state of an RQC is a product state |0), so
SWAP as the only multiqubit gate in the circuit keeps the RQC
state being a product state (see Sec. II). On the other hand,
the hardest gate to simulate is fSim(sr /2, 0), where Dy, is the
smallest and &,y is the largest. Recently, this choice was also
underscored as the hardest gate for classical simulations in
a different sense [27]; the effectiveness of spoofing XEB is
minimized for the fSim(z /2, 0) sequence.

The three-stage dependence is further supported by Fig. 8,
which shows Fe (D) for other choices of two-qubit gates and
x’s. We find that Dy, ~ log x increases with x, while ejaye; is
independent of x. While the overall behaviors of Fe (D) are
similar, there are small but noticeable deviations between dif-
ferent gate sequences. The curves for CZ and fSim(w /2, 7 /6)
show sharp transition from F.x = 1 to the exponential decay
with small steplike wiggles. On the other hand, the curves for
2HR gates show smooth crossovers to decay with almost no
wiggles. We explain this gate dependence in Sec. IV C, where
we discuss the behavior of Fypx (D).

S oo
o= OO
oo =0
- o O O

B. nXEB
Before moving on to the discussion on the approximate
fidelity F,px, we examine the relation between JFox and nXEB
[68,69], which is defined by
r _ 2" er{o,l}n pPEPS(X)peX(X) -1
e 2" er{o,l}" pL(x) —1

| 2

, (16)

where pex(X) = [(X[Vex) | and ppgps(x) = |<X|WPEPS)|2 are the
bitstring probabilities according to, respectively, the exact
state |Wex) and the PEPS |pgs). The numerator is the linear
XEB [11], which can be much larger than 1 when D is small.

The denominator normalizes the overshooting for small D,
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FIG. 5. (a), (b) The exact fidelity F¢, (solid lines) and the nXEB Fxgs (dots, cf. Sec. IV B) as a function of circuit depth D with varying
the fSim gate parameters (6, ¢), while the number of qubits n and the maximum bond dimension x are fixed. Panel (a) [panel (b)] shows the
results for £fSim(0, ¢), which includes CZ = {Sim(0, ) [fSim(0, 7 /6), which includes fSim(rr /2, 7 /6) that we consider as the representative
of the fSim gates for the rest of this paper]. Different colors indicate different values of ¢ or 6. The data of Fe (D) and Fxegs(D) collapse
on the scaling behaviors in Egs. (13) and (18), respectively. (c), (d) The truncation depth D;; and the error per layer &j,y.r chosen to make the
scaling collapse. For each (6, ¢), we consider one circuit instance and the same values of Dy, and &,y are used to rescale both F (D) and

Fxes(D).

while it becomes 1 for large D where the distribution of
Pex follows the Porter-Thomas distribution (PTD) Prob(p) =
2"exp(—2"p). The XEB family is of particular interest in RQC
sampling experiments for two reasons: First, it is regarded
as a proxy for fidelity, which can be estimated via sampling
[11,70]. Second, achieving its high value is considered a quan-
tum advantage task [71]. However, Refs. [20,27] criticized the
first aspect, showing that the XEB can be much larger than the
fidelity.

Figure 6 reveals that the relation between F.x and Fpygs in
PEPS calculations depends on x. When y is small, Fz can
be much larger than Fx. We find that Prob(pys) differs from
the PTD in this case (Fig. 7), so the assumption underlying
the use of the nXEB as a fidelity proxy does not hold. As
X increases, Prob(ppgs) converges to the PTD (Fig. 7). Ac-

cordingly, the curve of Fy s versus Fex approaches two-stage

dependence,
‘FHXEB ~ {

which means that Fy; is a faithful proxy of F.x when x
is large enough and Fjg is larger than its saturation limit
272 The D dependence of Fy; for such large x is plotted
in Figs. 5(a) and 5(b). The saturation limit of Fye = 272,
which is the square root of the saturated fidelity Fex = 27", is
also observed in MPS numerics and justified based on random
matrix theory [20].

fem
2—n/2

Fox > 2712,

. (17
otherwise,

n =4 X 4 qubits, Fex VS Fnxes X 16
L 1
(b) fSim(rn/2, 11/6) (c) Two-qubit Haar
1 1
8
o
CE S 2 e o A B A Ty [ B T T e
& 1 / 1 /’
1 /, 1 //
1 // 1 //
1 ’, 1 7, 4
. 2—n/2 1 7’ 1 Vs
1 4 1 4
== Fnxe = Fex 1 ,’ I ,’
== FnxeB = V Fex _L, ____________________ _L, ____________________
71 Z1
107> 10* 1073 1072 107! 1 10> 107* 103 1072 107! 1
2
Fex Fex

FIG. 6. The nXEB F g Vs the exact fidelity Fx for three different choices of two-qubit gates, (a) CZ; (b) £fSim(z /2, 7 /6); and (c) 2HR.
Each dot marks ((Fe), (Faxes)) for a certain depth D and bond dimension x, where (-) means the average over ten circuit instances. The dots

for the same x are in the same color and connected by lines.
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n =4 x 4 qubits, D = 20, Bitstring probability distribution X 6
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10 [— = Prob(2"ppeps) = e~ 2"Prers ]
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FIG. 7. The distribution of bitstring probabilities ppeps from the PEPS representation of RQCs with (a) CZ, (b) fSim(x /2, 7 /6), and
(c) 2HR gates. Different line colors indicate different x. Gray dashed lines represent the PTD, Prob(p) = 2"exp(—2"p). Here, we choose
‘D = 20 at which exact state-vector simulations of these RQCs result in the PTD; that is, the deviation of the plotted curves from the PTD line

is due to finite bond dimensions.

C. Approximate fidelity

As discussed in Sec. IIIC, one of the major advantages
of tensor network approaches is that one can calculate the
approximate fidelity F,,x without computing the exact state
[19,20,47,72]. Figures 8(a)-8(c) reveal that Fe and Fypx
agree well when D < Dg,. While F. saturates to 27" for
D > Dy, Fapx keeps decaying since the bonds are consis-
tently truncated. Thus, F,px exhibits the two-stage dependence
on D,

1 D < Dtrv

P
efelaycr(,Dfpu’) , Dll‘ g 'D

Fupe(D) = { (18)
The agreement validates the use of JF,px for large-scale repre-
sentation in which F is not available (cf. Sec. V).

Since Fypx (D) is a good approximation of Fe, and it de-
pends only on the singular values {al(i’j )}, the gate-dependent
behaviors of F (D) mentioned in the previous subsection

can be explained accordingly. The singular values are highly
degenerate for fSim(m /2, 7 /6), less degenerate for CZ, and
nondegenerate for 2HR gates (see Fig. 14 and Appendix).
(The singular value degeneracy in a PEPS generated by the
CZ gate sequence is also reported in Ref. [50].) In the CZ or
fSim(m /2, 7 /6) case, the discarded weight as a function of x
is discrete, as the singular value spectrum is highly discrete;
the sharp drop of the fidelity at D = D, and the steplike
wiggles in the decaying regime reflect the discreteness. On
the other hand, the singular value spectrum in the 2HR case is
smooth, 50 Fex (D) and Fypx (D) are smooth.

The singular value degeneracy is directly linked to the
degeneracy of the operator Schmidt coefficients (OSCs)
of each two-qubit gate. Here, the OSCs of a gate g=
le,xz,x;,xg ’)‘C‘]Z |x1x2)(x|x5| are defined as the Schmidt co-
efficients of its Choi-Jamiotkowski isomorphism |g) =
Dt 8 1X1%]) ® [x2x3). The OSCs for CZ and fSim

2

n =4 x 4 qubits, 10 circuit instances, F= (1 — £)"w9 = e =&z X
100% 16
90% (b) fSim(m/2, n/6) (c) Two-qubit Haar
80%
. 70%
w 60% ’
\T -
_ Nz7.. R 8
50% I-:-I}}I— ———————— {}"61 SRR R | -
2l \ 10890 o0 25000
N 5] ! { P18
40%
12% " .
(d) cz y (e) fSim(r/2, n/6)
10%
4
8%
w
5%
2%
0 2
0A)O 10

FIG. 8. Comparison between F,(D) and its approximation F,,, (D), for three different choices of two-qubit gates, (a), (d) CZ; (b), (e)
fSim(m /2, 7 /6); and (c), (f) 2HR. (This correspondence between a column of panels and a choice of two-qubit gates will be also used in
later figures.) Panels (a)—(c) [panels (d)—(f)] show the fidelity per qubit F'/" [the effective error per two-qubit gate & = 1 — nz’qlg log F1, where
n2qe(D) = (2n — n, — n.)(D/4) means the number of two-qubit gates applied up to depth D. The average and the standard deviation of the
data obtained for ten different circuit instances are depicted as dots (solid lines) and error bars (shades) for Fx (Fypx), respectively. Line colors
distinguish different values of the maximum bond dimension x. In panels (d)—(f), black dashed lines represent & = 1 — 27"/"a &~ D~ log 4,
associated with the fidelity saturation F = 27". Here ¢ derived from F,, is not shown beyond the saturation line since the PEPS representation

is no better than a random guess in that regime.
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n =8 x 8 qubits, 12 circuit instances, e = a(1 — B/D-10g, x)
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FIG. 9. (a)—(c) Error per two-qubit gate & derived from F,, plotted as a function of D for various values of x. (d)—(f) The same data (for
D’s that are multiples of 4) is plotted differently, as a function of x for various values of D. In all panels, solid lines (accompanying shades)
show the average (standard deviation) of the results obtained for 12 circuit instances. Black dashed lines in panels (a)—(c) indicate ¢ &~ D! log4
associated with the saturation limit F,,, = 27". Colored dashed lines in panels (d)—(f) depict the scaling relation ¢ = «[1 — (8/D) log, x] with
o and B estimated by fitting the PEPS results of ¢ to the relation. In panel (e), the green line with stars (purple line with triangles) represents the
open (closed) MPS results taken from Fig. 2(a) of Ref. [20]. Note that the MPS simulations were for (n, D) = (54, 20) on the Sycamore-like
rotated lattice, which is computationally easier than n = 8 x 8 qubits on the standard square lattice we consider here.

are {1, 1} and {1, 1, 1, 1}, respectively, while they are nonde-
generate for 2HR in general.

To compare with other theoretical and experimental results,
we convert the fidelity F into an effective error per two-qubit
gate ¢ = 1 —n, log F (where nyq, denotes the number of
two qubit gates used; cf. Sec. II), based on the assumption that
the single-qubit gates are noiseless and the two-qubit gates
have uncorrelated noises ¢, leading to the fidelity decrease
F=(1—g)yme ~ e t@nmmIP/4 While Fo and Fypx de-
cay exponentially at D > Dy, the corresponding increase of
&(D > Dy ) is sublinear.

V. ERROR SCALING IN LARGE-SCALE
REPRESENTATION

We demonstrate a computational advantage of the PEPS
approach in representing RQC states for large n. We evaluate
its performance based on the error per two-qubit gate ¢ derived
from F,px, as the computation of Fe is hard for large n or
large D (cf. Sec. IITIC).

In Figs. 9(a)-9(c), we show the results for n = 8x 8 qubits,
where the state-vector simulation is unavailable. For a given
X, €(D) stays at 0 until D reaches Dy, then it increases before
crossing the fidelity saturation line ¢ ~ D~! log4. When one
chooses a larger yx, the truncation depth Dy increases, and
the overall slope after Dy, lowers. Note that the behavior of
&(D = Dy ) can be nonmonotonous as shown in Figs. 9(a) and
9(b) for the CZ and fSim(;r /2, 7 /6) sequences, which reflects
the steplike wiggles of F (D) originating from the singular
value degeneracy (cf. Sec. IV C). To rule out such wiggles
in the scaling analysis, we plot the data for D = 0 (mod 4)
as a function of x, in Figs. 9(d)-9(f). These plots show the

following scaling behavior:

&(x) ~ max |:oz(1 - %1032)()»0}

where « and 8 depend on the choice of two-qubit gates. These
are related to Dy and &iayer as

19)

Dy = Blog, x,  Elager = an/2. (20)
That is, the error scaling of Eq. (19) is consistent with
the fact that bond dimensions of an untruncated PEPS
grow exponentially as D increases. We estimate (o, ) =~
(0.24,4.02), (0.19,2.03), and (0.14,2.98), for the CZ,
fSim( /2, 7 /6), and 2HR gates, respectively, by fitting the
n = 8x8 data to Eq. (19). As the value of x giving ¢ =0 is
solely determined by g in Eq. (19), we can rank the compu-
tational difficulties of the three gate sequences based on the
values of B: The fSim(sr /2, 7 /6) case is the hardest and the
CZ case is the easiest. This ranking can also be confirmed by
comparing the curves from Figs. 9(a)-9(c) for a fixed x.

In Fig. 10, we further extend the analysis to square-sized
qubit lattices with n = /i x /n for a wide range of 16 <
n < 10*. The behavior () in Figs. 10(d)-10(f) follows the
scaling in Eq. (19). We find that 8, which determines x such
that e(x) = 0, is almost independent of n, while «, which
determines the slope of ¢ versus log yx, has a weak dependence
on n. The &(x) curves for n 2 10? lie on top of each other,
which reveals the universality in the error scaling in the large-
n limit.

The log x behavior of £(x) in Eq. (19) also appears in the
MPS-based simulations of RQC states [19-21]. In Ref. [20],
the DMRG calculation for the Sycamore-like circuits
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FIG. 10. (a)—(c) Error per two-qubit gate ¢ as a function of D, for different number of qubits n and a fixed x. (d)—(f) ¢ as a function of yx,
for different number of qubits n and a fixed D. In all panels, solid lines with dots show the average saturation limit of the results obtained for
ten circuit instances. In panels (d)—(f), dash-dotted lines indicate the error scaling relation ¢ = «[1 — (8/D)log, x] for the parameters (o, )

estimated by fitting the results for n = 8 x 8 qubits in Fig. 9.

manifests the error scaling at the chaotic limit,

1 log4
s ™ 5(1og2 _ ng/zx ) @1

which can be derived analytically by assuming that the coeffi-
cients of the n-qubit state vector are given by the elements of
a2"? x 2"/? random Gaussian matrix.

Based on the log x behaviors that appear in both MPS
and PEPS calculations, we can benchmark their computa-
tional cost required for error-free representation, i.e., € = 0.
For this, we compare our PEPS result for (n, D) = (64, 20)
(orange line) and the MPS result for (n, D) = (54, 20) [20]
(purple line), both plotted as a function of x in Fig. 9(e).
When the ¢ versus log x dependencies are linearly extrap-
olated, & becomes 0 for y =~ 10° and ~ 10° for the PEPS
and MPS cases, respectively. By substituting the values into
the time complexity of our PEPS method given in Table I,
one gets O(10'%) floating point operations. In contrast, the
time complexity of the DMRG approach used in Ref. [20]
scales as O(DLy?2""), where L = 3 is the number of MPS

TABLE 1. Performance of our PEPS method for representing an
n-qubit RQC state at depth D. Here, z is the coordination number
of the qubit lattice, and the gate-dependent coefficients o and g are
obtained via regression (cf. Fig. 9). The third and fourth rows indicate
the scaling behaviors, not strict relations.

Time complexity O(Dnx*t)
Space complexity O(nx*)
x for exact PEPS representation (¢ = 0) ~ 2P/k

Error per two-qubit gate & ~a(l— £log, x)

tensors, each of which is associated with a subset of qubits.
Substituting the numbers, its time complexity is on the order
of 0(10'7). Given that we ignore prefactors and subleading
contributions, we can say that our PEPS method is not much
slower (unless faster) than the MPS approaches in obtaining
the exact state representation. This advantage comes from that
the PEPS inherits the geometry from the lattice to solve; its
generalization to random geometry [21] will be an interesting
topic for future research.

For even larger systems in two spatial dimensions, the
PEPS approach would become more favorable since the
computational cost for the MPS method increases exponen-
tially with the shorter length (see the factor 2"/‘ in the
time complexity), while the PEPS method’s time and space
complexities are linear in n. Furthermore, the simple update
algorithm concerns tensors only locally, so it can be highly
parallelized.

VI. CONCLUSION AND OUTLOOK

We represented the RQC states as PEPSs in the Vidal
gauge, treating their evolution along the circuits with the
simple update method. As an ansatz that directly reflects the
qubit lattice geometry, the PEPS representation can encode the
entanglement generated by nearest-neighbor two-qubit gates
by manipulating tensors only locally, hence scalable in terms
of the number of qubits n up to logarithmic depth D = clogn,
regardless of the choice of single- and two-qubit gates. The
Vidal-gauge conditions provide an efficient way to estimate
the state fidelity. The fidelity has a systematic dependence on
the maximum bond dimension y and the choice of two-qubit
gates, and the effective error per two-qubit gate derived from
the fidelity manifests the universal scaling in the limit of
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FIG. 11. (a)—(c) The expectation values of the local Pauli-Z measurements, (Z;), averaged over n = 4 x 4 qubits, plotted as a function
of D. Dashed lines show the exact values obtained by state-vector simulations. Dots are from the approximate local contraction based on
the Vidal gauge, depicted in Fig. 2(e), while their colors distinguish x. (d)—(f) Solid lines with dots represent the absolute error of the PEPS
results, [(Z;)peps — (Zi)ex|» averaged over qubits, where colors code x. Magenta dashed lines represent the average of |(Z;)e|; the error lower
than |(Z;)x| implies that the PEPS is better than a naive guess (Z;) = 0. Shades accompanying these lines indicate the corresponding standard

deviations.

large n. While x needed for error-free exact representation in-
creases exponentially with the circuit depth, we could handle
n=_8x8upto 12 <D < 24 (depending on two-qubit gates)
by using a conventional CPU for O(1) core-hours per circuit
instance. The PEPS method has lower computational costs
than the MPS approaches, especially when n 2 50. Note that
another computational advantage of the Vidal-gauge PEPS
has recently been demonstrated [73-75] in benchmarking
IBM’s kicked Ising experiment [76].

Below we discuss the performance of the PEPS method in
the context of entanglement scaling laws (Sec. VI A), phys-
ical observables (Sec. VIB), and how far it can reach, if
it is leveraged with high-performance computing techniques
(Sec. VIC).

A. Entanglement scaling laws

An RQC with sufficiently large D is expected to draw a
typical state from the Haar-random unitaries, which has a
volume-law entanglement, i.e., a bipartite entanglement with
magnitude proportional to the number of qubits in a smaller
subsystem. Indeed, we confirm that the RQC states have
volume-law entanglement in later depths, from state-vector
simulations (cf. Fig. 13 and Appendix). On the other hand,
the PEPS with constant x can capture only up to an area-law
entanglement whose magnitude is proportional to the number
of bonds sitting between the two subsystems. So our claim of
the scalable PEPS representation may sound contradictory to
the volume-law entanglement of a Haar random state.

What is important here is that an RQC should be viewed
as a dynamic system, whose initial state has zero entangle-
ment and thus has sub-volume-law entanglement for smaller
D. Accordingly, the PEPS can exactly describe an RQC

state up to a finite depth, until the entanglement grows be-
yond its expressivity set by x. Once the expressivity limit
is reached, truncations happen and the fidelity decays expo-
nentially. Though the exponential decay seems daunting, the
equivalent error per two-qubit gate increases only linearly as a
function of D, which makes the PEPS calculation competitive
against noisy experiments.

B. Physical observables

A quantum state cannot be directly determined in ex-
periments, unless one performs quantum state tomography,
whose cost increases exponentially with the number of qubits.
Therefore, a classical simulation is benchmarked with quan-
tum hardware by measuring observables. In tensor network
methods, the expectation value of an observable is obtained
by contracting tensor networks. While such contraction is
straightforward for MPSs, it is generally nontrivial for PEPSs
because of loops therein. However, with proper approximation
of the environment, one can efficiently extract the expectation
value of local observables from a PEPS with high accuracy,
as showcased in many applications to strongly correlated sys-
tems (see, e.g., Ref. [77]).

As an example relevant to digital quantum circuits, we
compute the expectation value of local Pauli-Z measurement
(Z;), approximating the environment outside of site i to the
A tensors, as described in Fig. 2(e). Figure 11 shows that
the absolute error |(Z;)ex — (Zi)weps| Of this simple calculation
(with computational complexity comparable to each simple
update step) can be systematically decreased by increasing
x. The error can be finite even when the PEPS has fidelity
F = 1for D < Dy, since the correlated environment was ap-
proximated to an uncorrelated one. Accordingly, the accuracy
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FIG. 12. Estimated computational resources for representing an RQC state at depth D = 2.15x log n, as a function of the number of qubits
n and the desired error per two-qubit gate €. Color gradients indicate floating point operations in the log scale. Black solid lines are the contours
of memory requirements on a log scale. Red stars represent the heaviest computational costs performed in this study, which are mostly limited
by the 128 GB memory of the CPU machine we used. In white regions on the upper right corners, state fidelities are smaller than the random

guess limit 27", so any simulation becomes futile.

can be further improved by incorporating a larger correlated
environment, as in the cluster and full updates [45,46], or by
using the loop-corrected belief propagation method [78,79].

Nonlocal observables can be decomposed into the sum
of weight-m observables, i.e., the product of Pauli operators
acting on m different qubits. Each weight-m observable can
be transformed into a single Z via Clifford gates. That is, by
applying the inverse of the Clifford gates to a PEPS, then by
performing a local Z measurement with the updated PEPS,
one obtains the expectation value of the weight-m observable.
Employed in Refs. [73,75], this approach is shown to outper-
form IBM’s quantum hardware.

A global observable, which is of interest in the context of
RQC sampling, is the bitstring probability, p(x) = |(x|¥)|?,
since the strong simulation, i.e., computing {p(x)} with
small total variation distance €ryp, = (1/2) er{o,l}n | Pex(X) —
Peeps(X)|, 18 considered to be asymptotically hard for RQCs
[1]. A conventional PEPS-based approach for p(x) is to
project the physical legs onto {|x;)} and then to contract the
resulting two-dimensional tensor network using the boundary
MPS. However, when the PEPS has volume-law entanglement
(cf. Sec. VI A), this approach fails because of exponentially
large bond dimensions of the boundary MPS. We expect the
loop-corrected belief propagation will be beneficial in over-
coming this issue, as shown in a recent benchmark against the
boundary MPS method about the quantum annealing dynam-
ics of Ising spin glasses [79].

C. Computational costs for log-depth circuits

RQCs of depth D = clogn with ¢ = O(1), called log-
depth circuits, have been of particular interest in the theory
of RQC in the context of anticoncentration of bitstring proba-
bilities p(x). The probabilities, which were concentrated to a
single bitstring p(x) = ¢ in the initial state |0), spread over
a large subset of bitstrings [80] through a log-depth circuit
[81,82]. This anticoncentration underlies complex-theoretic
proofs and arguments that quantifying bitstring probabilities
is hard using classical algorithms. For 2HR gates, the value

of ¢ is found to be 5/3 >~ 1.67 and 1/1og(5/4) >~ 4.48 for a
complete graph and a one-dimensional geometry, respectively
[81,82].

We find that our observation of the 2HR case is consis-
tent with the anticoncentration at a depth D = clogn with
c >~ 2.15. A random PEPS, whose constituent tensors are
randomly drawn from the Haar ensemble for a given bond
dimension yx, exhibits anticoncentration when y > /n [83].
On the other hand, in our study, a PEPS constructed using the
simple update method has bond dimensions x ~ 2P/#, when
bonds are not truncated. If the latter—a PEPS obtained via
the simple update—can be viewed as a random PEPS, then
anticoncentration occurs at depth D, such that 2P=/# ~ _/n.
(In the case of one-dimensional circuits, the similarity be-
tween the MPS representations of RQC states and random
MPSs is investigated in a recent work [84].) Accordingly, the
anticoncentration depth is given by D,. ~ 8/(2log?2)logn,
which leads to the ¢ log n depth with ¢ >~ 2.15 as 8 ~ 2.98 for
2HR gates.

For log-depth circuits, the bond dimension for error-free
representation is linear in n, so the time and space complex-
ities of our PEPS method scale as O(n@t1eloe2/f+1 100 p)
and O(n*c1°22/P+1) respectively (cf. Table I). The polynomial
cost scaling means that the PEPS method is efficient and can
be further scaled up for much larger » if one has access to
computational resources, as we estimated in Fig. 12. We find
that the easiness for log-depth circuits is consistent with the
result of a recent complex-theoretic study [85].
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n=>5 x5 qubits, row 1-2 vs row 3-5

APPENDIX: ENTANGLEMENT PROPERTIES
OF RQC STATES

Since the performance of tensor network approaches is
intimately related to entanglement structure, it is necessary
to understand the entanglement properties of RQC states.
In Fig. 13, we plot how the bipartite entanglement en-
tropy S; evolves with the circuit depth for n = 5x5 qubits.
For the CZ and 2HR sequences, the entanglement entropy
grows linearly for D < 6 and then stays at plateaus for 6 <
D < 10. After that, it increases again to reach the maxi-
mal volume-law entanglement, S; >~ min(i, n — i) at D > 13.
Those intermediate plateaus resemble the prethermalization
regime [86] in nonequilibrium dynamics. On the other hand,
for the fSim(;r /2, w/6) sequence, the intermediate plateaus
are almost invisible and S; quickly approaches the volume-
law limit. It shows that the fSim(x /2, 7 /6) gates generate
more entanglement than others, which is consistent with
our PEPS results shown in the main text. Such gate depen-
dence can also be seen in the entanglement spectra, shown
in Figs. 14(a)-14(c). The fSim(xw /2, 7 /6) sequence gener-

D
16

0.5

(a) CZ, exact

Rescaled Schmidt coeffs

(c) Two-qubit Haar, exact

12

(f) Two-qubit Haar

a PEPS, x=64
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FIG. 14. (a)—(c) Entanglement spectra (i.e., Schmidt coefficients) associated with the entanglement entropy between rows 1-2 and rows
3-5, in state-vector simulations. (d)—(f) Diagonal elements of the A tensors lying between row 2 and row 3, in PEPS calculations. Different
line colors indicate different depth D. Both entanglement spectrum and A tensor elements are sorted in nonincreasing order and rescaled by
dividing by the largest element so that the first data point is 1. We perform exact PEPS representation for depths D < 16 shown here, by

choosing x = 64.
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ates Schmidt coefficients larger than the other two sequences,
rapidly reaching a flat entanglement spectrum.

On the other hand, the diagonal elements {a](i‘j )} of the
A tensors exhibit somewhat different gate dependence [Figs.
14(d)—14(f)], reflecting the degeneracy of the OSCs of two-
qubit gates (cf. Sec. IVC). The A tensor elements show
degeneracies (i.e., plateaus) for the CZ and fSim(x /2, 7 /6)

sequences, while in the 2HR case, they are nondegenerate.
Such degeneracies explain the steplike wiggles in F (D) for
the former two sequences, shown in Fig. 8 and discussed
in Sec. IVC. For a given D, the A tensor elements for the
fSim(r /2, 7w /6) sequence show a more pronounced tail than
others, which is consistent with the above observation that it
generates more entanglement.
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