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Fluctuation-induced Hall-like lateral forces in a chiral-gain environment
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Here, we demonstrate that vacuum fluctuations can induce lateral forces on a small particle positioned near
a translation-invariant uniform non-Hermitian substrate with chiral gain. This type of non-Hermitian response
can be engineered by biasing a low-symmetry conductor with a static electric field and is rooted in the quantum
geometry of the material through the Berry curvature dipole. The chiral-gain material acts as an active medium
for a particular circular polarization handedness, while serving as a passive, dissipative medium for the other
polarization handedness. Owing to the nonreciprocity and gain characteristics, momentum is continuously
exchanged in a preferred direction parallel to the surface between the test particle and the surrounding elec-
tromagnetic field, giving rise to lateral forces. Interestingly, the force can be viewed as a fluctuation-induced
drag analogous to a Hall force. Indeed, although the gain is driven by an electric current, the resulting force
acts perpendicular to the bias—unlike conventional current-drag effects. This effect stems from the skewed
propagation characteristics of surface modes and gain-momentum locking. Our theory reveals a Hall-like
asymmetry in the field correlations and establishes a link between quantum geometry and fluctuation-induced

phenomena, offering possibilities for nanoscale control via tailored electromagnetic environments.
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I. INTRODUCTION

Non-Hermitian systems have attracted the attention and
curiosity of researchers and have been extensively studied
across a broad range of fields, including optics and pho-
tonics, acoustics, electronic circuits, and condensed matter
physics [1-5]. Non-Hermiticity—arising from loss and/or
gain—may dramatically modify the system’s response, giving
rise to phenomena that have no counterparts in Hermitian
platforms. These include exceptional points and related non-
trivial topological structures. The distinct characteristics of
non-Hermitian systems have enabled a variety of effects in op-
tics and photonics, including enhanced lasing, unidirectional
transmission, and perfect absorption. Moreover, in condensed
matter physics, the non-Hermiticity gives rise to phase tran-
sitions, such as PT-symmetric phonon lasing [6], re-entrant
superconductivity [7], and non-Hermitian many-body local-
ization [8].

Over the past decade, it has been shown that non-Hermitian
electromagnetic responses—such as optical gain—can be in-
duced and controlled by driving nonequilibrium dynamics,
enabling active tuning of material properties in optical and
photonic systems. For example, setting a lossy medium in
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motion at a constant speed can lead to optical gain [9-12],
which has been identified as the origin of the Zeldovich super-
radiance [13,14] and vacuum-fluctuation-induced noncontact
frictional forces—quantum friction [15-18]. Similarly, in-
stead of physically moving the system, an electrostatic bias
can be applied to induce electric carrier drift, leading to optical
gain [19-23] and related phenomena, such as Coulomb drag
[24-30], which parallels quantum friction.

Applying an electrostatic bias can also induce electro-optic
effects, such as the Pockels and DC Kerr effects. These phe-
nomena manifest as changes in the refractive index (or more
generally, the permittivity tensor) in response to an applied
electric field. Of particular relevance to this study, recently,
it was theoretically shown that an electrostatic bias may give
rise to gain terms in the dielectric response function [31-34],
a phenomenon referred to as the non-Hermitian electro-optic
effect (NHEO). This effect originates from the quantum ge-
ometry of low-symmetry materials, where a nonlinearity in
the transport equation arises due to the coupling between
the Berry curvature of Bloch electrons and an applied elec-
tric field. Specifically, the combination of a static bias with
Berry curvature dipoles in low-symmetry conductors—such
as twisted bilayers [32] and trigonal tellurium [33]—generally
results in polarization-dependent optical gain. Furthermore,
as the Berry curvature acts as an effective magnetic field
in the presence of the electrostatic bias, electric carriers in
such materials follow skewed trajectories under the applied
bias, and the dielectric response tensor also gains a magneto-
optical-like conservative component [33]. Thereby, reflecting
the nonequilibrium nature due to the bias-induced carrier
motion, the dielectric response of such systems acquires
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“probe” (two-level system)
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Y

FIG. 1. Schematic illustration of the setup under study. A point
particle is placed at a distance zq above a low-symmetry material

exhibiting a chiral-gain response. The electrostatic bias is applied
along the x direction. The particle is modeled as a two-level system.

nonconservative and nonreciprocal components, and thus
.- . . T o
lacks both Hermitian and transpose symmetries (i.e., € # €

and ?T #* €). Note that the system can exhibit a nonrecip-
rocal response, since the bias-induced carrier motion (i.e.,
electric current) is odd under time reversal.

Interestingly, for some material symmetry groups, the non-
Hermitian response exhibits chiral properties, such that left-
and right-handed circularly polarized fields experience differ-
ent effects—for example, one handedness may be dissipated
while the other is amplified. It has been shown that such
chiral-gain responses can enable transistorlike distributed
behavior, which may be exploited for optical isolation, am-
plification [31,32], and terahertz lasing [35]. The polarization
dependence on these low-symmetry conductors can be under-
stood as a consequence of the skewed trajectories followed by
Bloch electrons.

In this work, we study fluctuation-induced phenomena in a
chiral-gain environment. A well-known example of such phe-
nomena in passive systems is the Casimir effect—an attractive
interaction between two plates, mediated by the fluctuation
of electromagnetic fields in their surroundings [36]. The
Casimir-Polder effect [37] describes a similar attractive force
in a configuration involving an atom and a plate instead of two
plates.

Here, we consider the Casimir-Polder configuration in the
presence of a chiral-gain medium as shown in Fig. 1. A small
particle modeled by a two-level system is placed above the
material substrate. The chiral-gain medium occupies the lower
half space (z < 0), and the position of the particle is denoted
by rq = Xq + zqu;, where x4 := xqu, + yqu, represents the
transverse part of the position vector of the particle. The unit
vectors along the x, y, and z directions are denoted as u, ..

In our setup, the electric bias Eyi, is applied along the
x direction. Under an applied electric bias, the material re-
sponse of conductors belonging to the 32-point group takes
the form [33,38]

<~ s <~ .
€(z <0)= €p + €po = €al3x3 + i€y X L3, (1)
The cross symbol “x” represents the vector product operator,

and 5,3 1= wu, + uyu, +uu, is the 3x3 identity matrix.

The diagonal contribution €p is determined by a conven-
tional Drude-type dispersion, €4 = 1 — a)g /(@* + iwy), with

wp the plasma frequency and y the collision frequency. The

off-diagonal contribution ?Eo arises due to the electro-optic
effect and is determined by

w= (24 1) @

w \y y—iw

where wg = 4ma.ecDEy;s/(fiy) is a cyclotron-type fre-
quency characterizing the strength of the static electric bias
[33]. Here, e is the electron charge, c is the speed of light,
o, ~ 1/137 is the fine-structure constant, and D is the strength
of the (dimensionless) Berry curvature dipole of the low-
symmetry conductor (see Appendix A). For tellurium, its
magnitude is on the order of D ~ 10~* according to the first-
principles calculations [33,39], though significantly larger
values can be achieved in other materials from different sym-
metry groups [38]. In experimental studies (see, e.g., Refs.
[40,41]), the kinetic Faraday rotation due to the gyrotropic re-
sponse was measured, validating, in part, the result in Eq. (1).

The particle is described as a two-level system whose
transition frequency is denoted by wqy. The corresponding
Hamiltonian is

Hy = —~o, 3)
where we introduced the population inversion operator o, =
[1){1] — 10)(0].

The remainder of this article is organized as follows. In
Sec. II, we discuss the properties of the chiral-gain medium,
particularly polarization-dependent gain. The field quantiza-
tion in the gain environment is discussed in Sec. III. We
describe how to express the fluctuating current operator j~ in
terms of the non-Hermitian material response and provide the
“bare” Hamiltonian for the field. In addition, we characterize
the field correlation functions, which play the central role in
effectively describing the two-level system in the chiral-gain
environment. In Sec. IV, following the Lindblad formalism,
we derive a reduced quantum master equation that governs the
dynamics of the internal degrees of freedom of the two-level
system in the gain environment. Building on these results, in
Sec. V, we calculate the fluctuation-induced force acting on
the two-level system and demonstrate that it includes a lateral
component arising from the polarization-dependent gain. A
discussion and the final conclusion are presented in Sec. VI.

II. CHIRAL GAIN

As briefly discussed in Sec. I, previous studies have
shown that the nontrivial Berry curvature dipole of certain
low-symmetry conducting materials can induce distinctive
electro-optic effects. These effects stem from the anomalous
velocity of Bloch electrons, which includes a component
governed by the Berry curvature, effectively acting as a
magnetic field. It has been shown that Berry curvature un-
derlies a range of phenomena, including current-induced
magnetization [41-46], tunable valley magnetization [47,48],
circular photogalvanic effects [39,49-51], and nonlinear Hall
effect [52-54]. Moreover, the anomalous electron trans-
port can render the dielectric tensor magneto-optical-like (1)
[33,41,51,55] leading to a nonreciprocal permittivity response

(—)T <~
(e # €) that underpins the kinetic Faraday effect [40,41].
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Additionally, as the electric bias drives the system into a
nonequilibrium steady state characterized by a drift current, it
becomes possible to extract energy from the moving carriers,
resulting in optical gain. Specifically, the bias introduces an

additional component € g to the material response, enhanc-
ing its non-Hermitian character and potentially leading to

# €)[33,51].

optical gain ((Z'

A. Decomposition of the response tensor
It is instructive to perform an eigen decomposition of the
electro-optic contribution ?Eo to the dielectric tensor. Since
A . . </ a4 </
the matrix € go isnormal [i.e., [€ g, € o] = 0, Where € 1=

<> (—)T
(€go + €pg)/2 and
Hermitian

</ < < .

€po = (€go — €gp)/(2i) are the
and non-Hermitian parts], it 1is unitary
diagonalisable (the eigenvectors of the matrix €go are
mutually orthogonal),

<>

€E0 = EEO’+u+u*+ + GEO77u—uiy (43)

€0+ = tég, (4b)
u, + iu, u, — i,

= ——, . = —, (4C)

V2 V2

where ego, is an eigenvalue and u, is the corresponding
eigenvector (¢ = +, —).

The non-Hermitian part of the matrix ?EO has the same
structure as the full permittivity tensor [see Eq. (4a)] when it
is eigen decomposed,

< ot
/! €EO — €go

_ o * " *
€go = o = €po,+ Ut} + 6o _u-uz. ()

Here, €f .. denotes the imaginary part of €go +. Note that the

Lol . .
Drude contribution € is already diagonal. For convenience,
we write
N

€p = €p, Wy + e uul +ef _uut (6)

where €]} . = €[} , = €]. Itis also useful to write

<_>// PN P "
E €, = E E €0.0€0.a€) o (7)
14 o

¢=D,EO

For passive systems the matrix describing the nonconser-

vative response € must be positive definite to ensure that
non-Hermitian light-matter interactions always result in ma-

PR/

terial absorption. Accordingly, the eigenvalues of € are
required to be positive. In contrast, gain media can supply
energy to the wave, allowing for gain interactions that may
produce negative eigenvalues.

In the case under analysis, the eigenvalues € , determine
whether the corresponding eigen-polarization experlences dis-
sipation (e, > 0) or gain (¢;, < 0) in the channel specified
by £. In the Drude channel (¢ = D), all polarlzatlons should
experience dissipation as er = eD + = ed > 0. In contrast,
in the electro-optic channel (¢ = EO), the field may undergo
either dissipation or gain: The “right-handed” field experi-
ences dissipation (eEO L= +eé’ > 0), while the “left-handed”
field experiences gain (efj, _ = —eg < 0). Note that the terms

Drude (first term)
+0.5
E «u,+iu,
(RCP) .@*
zA 0.0
E o u, —iu,
(LCP) ‘6—
-0.5 : :
0.0 1.5 3.0
wlw,
EO (second term)
+0.5

E uy + iu,
I (RCP) 6'
/ E o« u,— iu,
I (LCP) ‘@—
-0.5

0.0 1.5 3.0
a)/a)p

€EO,+
()
(e)

"

FIG. 2. Two elgenvalues €, .. of the non-Hermitian part of the

dielectric response e( in the Drude and electro-optic channels
(¢ = D, EO) as a function of frequency. The dashed curve represents
the response e” from the Drude channel, and the red and blue
curves represent the one €g, , from the electro-optic channel. In the
Drude channel (¢ = D), both the right-handed polarization (RCP)
and left-handed polarization (LCP), u; and u_, experience dissi-
pation (ef) , > 0). On the other hand, in the electro-optic channel
(¢ = EO), the right-handed (left-handed) polarization is subject to
dissipation (gain) [eg . > 0 (egp _ < 0)]. The following parameters
were used to generate the plot: ¥ /w, = 0.5 and wy/w, = 0.1.

“right-handed” and “left-handed” are defined with respect to
the optical axis of the material (+x axis).

Evidently, reversing the direction of the applied electric
bias interchanges the circular polarizations that experience
gain and dissipation. We underline that the polarizations as-
sociated with gain and loss are determined by the material
properties themselves; they are not dictated by the field distri-
bution within the material or the direction of propagation. The
actual response of the material, whether dissipative or active,
depends on the overlap between the field distribution and the
eigen polarizations that govern the non-Hermitian response.

In Fig 2, we depict the frequency dependence of the eigen-
values €, for the two distinct circular polarizations in each
channel (E = D, EO). Note that the non-Hermitian response,
including the polarization-dependent gain in the electro-optic
channel, is naturally suppressed in the high-frequency limit,
€, . — 0 (w — 00). This is consistent with the fact that the
pélarization-dependent gain is due to the motion of elec-
tric carriers within the medium, which cannot keep pace
with a dynamic field oscillation when it becomes excessively
rapid. For sufficiently low frequencies (w = 0), the gain effect
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becomes less significant, as the dissipative Drude contribu-
tion €4 dominates the overall non-Hermitian electromagnetic
response (|eg|/|€q| = 3w0y/a)§ < D).

B. Surface plasmon resonance

The surface plasmon resonance (SPR) is the frequency at
which charge oscillations at a metal-dielectric interface couple
strongly to an electromagnetic wave. In the unbiased case, the
SPR is isotropic: It occurs when €; + 1 = 0, giving wy, ~
wp/ NOES 0.7wp, independent of the propagation direction.
When a chiral gain (electric bias) is introduced, this sym-
metry is broken. The dielectric response becomes direction
dependent, similar to a magnetized passive plasma [56,57].
The dispersion of the resulting surface plasmons follows from
the poles of the reflection and transmission coefficients (see
Appendix C for the derivation).

Within the quasistatic approximation, the poles can be
found by solving (g + 1)|K| — €k, = 0. The solutions are

2
Y woky y? ok, . woky
- G 4 2y 2 _ 7 ) Y
w 12 + 2IK| \/a)sp 7 + <2|k| + iy K|

®)

If the electro-optic effect is sufficiently weak (i.e., wg is
much smaller than any other relevant frequencies), we can
approximate

k ky
+‘”°y—i§(1— ‘”‘”), ©)

~ +o — —
@ T K BoplK|

where we defined @y, = «/a)fp — y2/4. The real part of the
complex dispersion relation clearly exhibits the direction de-
pendence of the SPR. Remarkably, the SPP dispersion in
Eq. (9) exhibits asymmetric behavior along the y direction—
that is, perpendicular to the applied bias. In particular, the
imaginary part, which governs the plasmon lifetime, is sen-
sitive to the sign of k,. As we will further discuss in Sec. III C,
this asymmetry underlies the emergence of a fluctuation-
induced Hall-like lateral force.

The direction dependence of surface plasmons arises
from the spin-momentum locking [58,59] combined with
our polarization-dependent gain, which originates a “gain-
momentum locking” [60,61]. Specifically, since the hand-
edness of the plasmons is determined by their propagation
direction, and the non-conservative effects are governed by
the handedness, the gain becomes locked to a particular prop-
agation direction, while the opposite direction experiences
enhanced dissipation.

The imaginary part of the complex dispersion relation de-
termines the system’s stability. One can show that

Max%{w}:—%(l —i"—o) <o0. (10)

Wgp

Thus, the system is stable when the electro-optic effect is
weak (wy < @gp).

III. FIELD QUANTIZATION

The objective of this article is to study fluctuation-induced
forces when a particle is placed near the chiral-gain environ-
ment considered in the previous section. To this end, next, we
introduce the formalism required to characterize the quantized
electromagnetic fields.

A. Particle-field interaction

The interaction between the particle and the surrounding
electromagnetic environment is described within the dipole-
coupling Hamiltonian (within the secular approximation),

Him=—/ @ Et(rg. o) +p" - E (rg. o)do, (1)
0

where we introduced the electric field operators, E~ and ET =
(E7)', and transition operators, p~ = d.|0)(1| and p* =
(p~)f, with d. the transition dipole moment of the two-level
system. Note that the frequency integration limits may be
omitted for conciseness when appropriate in the following.
The electric field operator E~ has bosonic nature and satis-
fies an inhomogeneous wave equation, which is derived from

Maxwell’s equations:
602 e
[V XVx——¢€ (r, a)):|E_(r, w) = iowuej (r, ), (12)
c

where 1 is the vacuum permeability, and the electric current
source j~ represents fluctuations in our system, which we
shall discuss in more detail in the subsequent sections. Note
that for conciseness, we shall omit position and/or frequency
arguments in the following, whenever there is no risk of con-
fusion.

Following the standard phenomenological quantization
procedure of macroscopic quantum optics [62-66], we

<>

introduce the photonic Green’s function G :=[V x V x

—w¥e /c*17! to solve the wave equation (12). Specifically, the
electric field operator can be expressed as

E-(r1, ) = iopo / G ) j (o o)dr.  (13)

In the following, we examine how the presence of chiral gain
modifies the quantization of the electromagnetic field.

B. Hamiltonian and field correlations

In general, the quantized electromagnetic field in a non-
Hermitian environment is described by two sets of harmonic
oscillators [67—72]. The Hamiltonian will be

Hfzfooozz

N3
’ eéfu(r,cu)>0

+fooozz

o
€], (rw)<0

(+ho) f] (r, ©) fi.a(r, w)drdw

(—ho)f} (¢, ©)fi.a(r, w)drde,

(14)

where €/ ,(r,w) is an eigenvalue, labeled by «, of the
non-Hermitian part of the dielectric response from the chan-

nel labeled by £, €, (r, @) = [€¢(r, @) — €,(r, w)]/(2i), and
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fe.«(r, ®) is a bosonic annihilation operator associated with
the mode specified by its labels and arguments (¢, o, r, w). It
is crucial to introduce bosonic operators for each mode in each
physically distinct channel, as clarified in our recent work
[73]. This is because each channel may provide distinct fluc-
tuations. Note that in Eq. (14), positive-frequency oscillators
are assigned to modes experiencing loss (€, > 0), whereas
negative- frequency oscillators are assigned to modes experi-
encing gain (¢, , < 0). This is a consequence of the fact that
the roles of anmhllatlon and creation operators are swapped
in the presence of field amplification [67-70]. This prescrip-
tion also generates the correct Maxwell equations via the
Heisenberg equations of motion, which have been justified by
the input-output theory [67—69] and the path-integral formal-
ism [72]. It correctly describes the impact of gain media on the
Casimir force [74], spontaneous emission in PT-symmetric se-
tups [75-77], and quantum friction in which motion-induced
gain plays a vital role [9,10,78-80].

The field quantization can be completed by establishing
an appropriate relation between the bosonic operators f, and
the fluctuating current source j~. The relation should be con-
sistent with the fundamental canonical commutation relation
of the field operator [E(r;), B(rz)] = ifidy, X I3x36y, .r,, Where
we used a shorthand notation &y, r, := 8(r; —r2). In their
pioneering works [62,63], Gruner and Welsch demonstrated
that setting,

== /—Ve -a, (15)
T 1o

works if the system is purely dissipative, where all the eigen-
values of the non-Hermitian part of each response tensor are

positive [i.e., ¢ = Dt w€laea® , suchthate/ > 0 forall
(¢, a)]. Note that we introduced a = ZM eg,a’fg,a, and the
square root can be written in terms of the eigen decomposition
=) 1 \/%eg,aejja. With Eq. (15), we can readily
evaluate the symnietrized’current correlation function,
a)2 <!

i
(7D, j ) = ——¢€ )8 m, (16)
o ¢

where we have defined j© = (j7). The anticommutation re-
lation is defined as {A, C} = AC + (CA)'. Equation (16)
can be viewed as a fluctuation-dissipation relation in that the
current-current correlation is connected to the non-Hermitian
part of the response. However, setting the fluctuating current
operator as in Eq. (15) does not work in the presence of gain:

The nonconservative part ?U of the response is no longer pos-
itive definite, but the correlation function should be positive
definite by definition, so that Eq. (16) becomes inapplicable.
The fundamental reason for this breakdown is that the square-

root decomposition of the matrix, ?” = \/? . \/? , 1S no
longer valid in the presence of gain [81], and Eq. (15) becomes
ill defined.

To address this issue, we shall proceed with a generalized
prescription [65,71], which remains valid even in the presence
of gain. In Refs. [65,71], it was proved that taking the abso-
lute value of the nonconservative part of the permittivity and
swapping the roles of annihilation and creation operators does

the trick,

_e i @t
=2 @, (a7)

where the square root is defined in terms of the channel-wise

"
eigen decomposition, 4/ !? | =20/ yeéca’eg,aeza, and the

vector-valued operators are defined as

a= ) eaftes b =) eaf, (8

<0

€lq>0 €la

With these vector-valued operators, the Hamiltonian (14) can
be written in a compact form,

Hy = / hiwla' (r, w) - a(r, w) — b (r, ) - b(r, w)]drdw.
(19)

The generalized prescription (17) reproduces Eq. (15) in the
absence of gain. Moreover, we obtain a modified fluctuation-
dissipation relation,

(i~ @D, j ) =

N,

h
|6 (r1)| r;,ry- (20)
T o €

"
Note that the matrix I? | on the right-hand side is positive
definite, as it should be. It is also worth noting that

R

h
(G- @jtay) = ——!e ()8, 1, 1)
Ty €

N,

h
i )" = — 2|e C)|8rwy. (22
T o €

where the positive (negative) component of the non-Hermitian
part of the response tensor is defined as

(_>//
€o0= D Clatatia (23)
€/ >0
(e}’a<0)
" 2
The “absolute values” are defined as |e> <| = (?>’<) .

Note that the Drude term of the permittivity only contributes

"
to the dissipative part of the decomposition ?>, whereas the
electro-optic term has polarization-dependent contributions to

both the dissipative (?l) and gain (?l) parts.

As the electric field operator is written in terms of the fluc-
tuating current operator and of the system Green’s function
(13), we can readily determine the field correlation functions
from Eqs. (21) to (22). There are two distinct field correlation
functions,

h 2 N7 of
(E~(r)E"(r)) = N_E()G(rl’ P)-|e.®] G @ p). 24)

h = N of
(EY(r)E (1)) = n—GOG(ru B -le.®)] -G @) 25

<>
where we defined G = (w?/c?)G. The integration over the
slashed variable ¥ is implicit. As discussed above, the non-
Hermitian part €” of the dielectric tensor characterizes the

<>
fluctuations in the system, whereas the Green’s function G is
responsible for propagating the fluctuations from one point
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w/w, = 0.1
5.0 0.5
(a) 5
2
0 ‘ ' o)
=
=8
w/wp—lo w/wp—13

+5.0 —5.

zz zZ

w/w, = 0.7

(syrun * qre) Of X

w/wp— 1.6

(syun * qre) O X

+5.0 —5.0
zz zZ

FIG. 3. Amplitude of the emission rate spectrum ||;L||, characterizing the directionality of the photon emission for various frequencies.
The simulation parameters are y /w, = 0.5, wy/w, = 0.1, and wyz/c = 0.0001. Note that panel (a) has an individual color bar; panels (b)-(d)
share a color bar located in the top right corner; and the color bar for panels (e)—(h) is shown in the bottom right corner.

to another. From Egs. (24) and (25), it is evident that both
correlation functions are positive definite, as it should be. We
can recognize that the order of r; and r, appearing on the
right-hand side is different for Egs. (24) and (25). In addition,

a4
one can see that the loss contribution |e } appears in the

"
first correlation function (24), while the gain counterpart | € }H |

appears in the second one (25). This observation suggests that
the two correlation functions represent “inverse” processes.
Indeed, it is well known from perturbation theory (Fermi’s
golden rule) that the first one (E~E™) characterizes the spon-
taneous decay rate [82], whereas the second one (ETE™)
controls the rate of the inverse process (i.e., photon absorption
by the system), as we shall see in the following section.

C. Quasistatic approximation

Next, we calculate the field correlation functions [Eqgs. (24)
and (25)] for our setup, using a quasistatic approximation. We
note that the non-Hermitian part €” vanishes for the upper-
half space (z > 0) in the air region; therefore, we can focus
on the lower-half space (z < 0) when performing the spatial
integration.

In Appendix B, we derive an explicit semianalytical for-
mula for the Green’s function, neglecting the effects of time
retardation. The Green’s function is calculated in the spectral
domain (denoted by k), corresponding to a Fourier transfor-
mation in the x and y directions, exploiting the translational
symmetry of the system. It is given by

/€
2|k|

Gk(z1,22) = — - ki ke MEO™2 (2 <0 < 2p), (26)
where we defined k; =k +ilkju, with k = k.u, + kyu,
and the transmission coefficient f, =2¢q4/(eq—€qk,/|k[+1),
which is derived in Appendix C. The Green’s function in

the spatial domain is obtained through an inverse Fourier
transform:

G(r, 1) = / Gy (z1, 22)e™ ™™ dk, (27)

where dk := dk.dk,/ (2m)%. At a given position z, we can
evaluate the first correlator (24) in the spectral domain as

7Lk, 2) = / (E-(x1, DE" (%0, 2))e ¥ dx

k|
X))

Pk ke [€o] KD K
2kl 2k 2k|

tke_‘k‘z

(28)

€d

where we separated the transverse and z components of the

position vector, E¥(xy, z) := E*(ry)|;,—.. Note that we ap-

plied the Fourier transformation to the transverse coordinate

X12 := X] — Xp. In the lower-half space (z < 0), the dissipa-
P/

tive part of the non-Hermitian response e
written as follows:

can be explicitly

N, N

€. =¢€pteuul. (29)

Figure 3 represents the spectral amplitude (trace norm)

||()7L(k, 2)|| of the first correlation function. For low frequen-
cies [Fig. 3(a)], the spectrum is isotropic so that there is
no preferred direction for the radiative emission of photons.
This is consistent with the fact that the NHEO effect is less
relevant at low frequencies, where the response is dominated
by the isotropic dissipative Drude contribution. On the other
hand, at moderately higher frequencies, the spectrum becomes
directional, exhibiting pronounced asymmetry between -+k,
and —k,, in agreement with the anisotropic electromagnetic
response of the chiral-gain medium. In this case, the photon
emission can be strongly directional.
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FIG. 4. Amplitude of the absorption rate spectrum ||<]7G||, characterizing the photon absorption for various frequencies. The simulation
parameters are as in Fig. 3. Note that panel (a) has an individual color bar; panels (b)—(d) share a color bar located in the top right corner; and

the color bar for panels (e)—(h) is shown in the bottom right corner.

The spectral asymmetry originates from the directional
dependence of the SPR induced by the applied electric bias,
as discussed in Sec. IIB. Note that in the absence of the
static bias, the resonance occurs for wg, ~ w, /\/E, which is
independent of the propagation direction. Accordingly, under
a static bias, the ?L spectrum asymmetry is especially pro-
nounced near w = wp/ V2. Thus, the photon emission from
an excited two-level system may be lopsided, with a tendency
toward the negative (positive) y direction. Note that the color
map darkens progressively as the frequency increases [com-
pare, e.g., Figs. 3(e)-3(h)].

Following the same procedure, we can evaluate the spec-
trum of the second correlator (25),

Volk.2) = /(E+(X27Z)E_(lez)fe_ik'x"dxlz

AIK| | ek | k, ky-|e Pkt
_ k| | txe + | | E 30
weo| e | 2kl 2[kP 2Ikl
where the gain part of the non-Hermitian material
response, e
¢ =cu . 31)

In Fig. 4, we depict the spectrum ||)(_/)G(k, z)|| of the second
correlation function. It is evident that spectral peaks appear
on the negative side of k,. This means that a two-level system
can efficiently absorb photons propagating in the —y direction
from the environment. Similar to <)7L, here the density plot
also darkens as the high-frequency regime is approached.
These observations are consistent with the fact that the chi-
ral gain is weak compared to the dissipative Drude term at
low frequencies, becomes most significant at intermediate
frequencies—on the order of the collision frequency—and

is gradually turned off as we approach the high-frequency
limit. Note that the qualitative difference between the loss
and gain spectra arises because the loss spectrum contains
contributions from both the Drude term and the electro-optic
term, whereas the gain spectrum is governed solely by the
electro-optic term.

IV. REDUCED MASTER EQUATION AND STEADY STATE

Following a standard procedure for open quantum systems
[70,83,84], next we develop an effective description of the
two-level system, namely, we obtain the evolution equation of
the reduced density matrix pq := tr¢(p). Here, try represents
the partial trace of the total density matrix over the electro-
magnetic field degrees of freedom.

Since the field operator behaves like a harmonic oscillator
and evolves as E~(r, w;t) ~ ¢~ in the interaction picture,
it is convenient to introduce

E (rq,1) = f E™(rq, w)e ™ do. (32)

As we are going to focus on the field evaluated at the position
rq of the particle, the position argument may be suppressed in
this section for conciseness [e.g., E7(t) = E7(rq, 1)].

We start with the evolution equation for the total system
(the integral form of the von Neumann equation), p(t) =
p(0) + (ih)~! f(; [Hine(t — 5), p(t — s)]ds. Up to the second
order in the interaction Hamiltonian (11), we can write

dny

1 o0
2 fo te[Him (), [Hin(t — ), pO)11ds,  (33)

where we have assumed [Hiy (7), 0(0)] = 0 and also adopted
the Markov approximation, p(s) — p(t), letting the upper
limit of the integral go to the infinity (i.e., fot = ). We
assume that the electromagnetic field state approximately

013158-7



DAIGO OUE AND MARIO G. SILVEIRINHA

PHYSICAL REVIEW RESEARCH 8, 013158 (2026)

stays the same upon the evolution of the two-level system,
factorizing p(t) — pq(t) ® pr. This is nothing but the Born
approximation. The justification for employing the Born ap-
proximation, much like in open-systems theory, is the stability
of the electromagnetic environment around the equilibrium
point established by the dc bias.

In the following, we will assume that the electromagnetic
subsystem stays in the vacuum state p; = |0)(0|. The tempera-
ture effect may be taken into account by modifying the density
matrix [73]. Then, the integrand in Eq. (33) becomes

tri[Hin (1), [Hin (1 — 5), p(1)]]
= tre[p (1) - E7(0), [p”(t = ) - ET(t = ), pg (1) ® px]]
+tre[p~ (1) - ET (1), [pT (1 =) - E7(1=5), pg()®pr]1,
(34
where we have retained only the relevant terms: The conjugate
pair of the field operators [e.g., E7(¢) and ET (¢ — )] should
be picked within the nested commutators to yield a finite
contribution after the partial trace is taken. If an irrelevant
pair [e.g, E7(¢) and E~(¢r — s)] is chosen, it will eventually
result in tre{pfE~()E~ (¢t — 5)} = 0, and therefore, no contri-
bution to the integral. Expanding the nested commutators and

using p*(t) = p*e™!, the contribution from the first term in
Eq. (34) can be written as

1 _ T PRS -~
2;(Pap CoP +pT-CL-P pg

(—)T <>
—(Cq P pgp” —(CL-P ) pgp"). (35)

and the second term in Eq. (34) yields similar but conjugate
results,

1 o ot B
- 2_l(p 'Cg'p+Pq+pqp+'CL'p
—(Cq-PY)-pp” = (Cp-P)-pgp").  (36)
Here, we have introduced
< o0 .
CL = 2i/ (E-(ET(t — 5))et®ds, 37
PS OOO .
Cg= Zi/ (EY(t — )E~ (1)) Teti@esds, (38)
0
where we have written (---) = tr¢(o¢ - - - ). Note that these
correlation functions are eventually independent of ¢, as
shown in Appendix D. Substituting the two contributions,

Egs. (35) and (36) into the right-hand side of Eq. (33), we
obtain a Lindblad-type equation,

dp p" < p- p <7 p*
_q:_l[P_.SL_P_,pq]ﬂ[P_.SG.P_,pq

dr h h h h
= Pt Ifp" = p°
L — ) pg— —={=— . —,
+<L h) th 2{h L Pq
T pt - T p*
=T p p PP =’ P
Tg-— ) pg——=1— T —.pqt
+(G h) a7y 2{h G T

where we defined the non-Hermitian parts of the cor-
<>

relation functions, I'y) = (CrL) — CyG))/(2i), and the

Hermitian parts, Sy = —(Cr@) + Crg))/4. As shown in
Appendix D, they can be written as

T'L = 27 (B~ (rq, 0 E* (g, ), (40)
T'g = 27 (E* (g, 0B~ (rg, )" (41)
- - +
S, =PV / (B (rg, 0)E(rg, 0)) (42)
Cl)q — W
< + - T
Sg =PV, / (ETrg, 0B (rg. 0) 4 (43
a)q —

<>
While the non-Hermitian parts 'y, g are responsible for irre-

versible evolution, the Hermitian parts <§L,G give an additional
unitary evolution of the two-level system due to the interaction
with the surrounding environment. The effect of this addi-
tional unitary evolution can be interpreted as a type of Lamb
shift, which is typically negligibly small [83]. However, in
passive environments, it is responsible for the Casimir-Polder
force [37,85], which is normal to the surface. As we will focus
on the fluctuation-induced lateral forces in the following,
the Lamb-type shifts may be neglected. It is interesting to
note that the Lamb shift may provide a clear spectroscopic
signature of how the electro-optic interaction renormalizes the
atomic response, akin to quantum friction [86—88]. A detailed
analysis of this effect is left for future work.

In the second line of Eq. (39), we can recognize that the
relaxation operator p~ acts on the left of the reduced density

<>
matrix pq together with I'L. From this observation, the matrix

<>
I'L describes a relaxation process that promotes downward
transitions in the two-level system. A similar argument can

<>
be made for I'g, which describes an excitation process that
promotes upward transitions. In other words, the correlation

<>
function (E~E™), which is proportional to I'r, controls the
(spontaneous) photon emission of the two-level system, while

the correlator (ETE™), which is proportional to I'g, governs
the photon absorption by the two-level system.

As we shall further discuss in the next section, the
fluctuation-induced forces are determined by the steady-state
properties of the two-level system, where the system no
longer evolves in time. The steady-state populations can be
found from the reduced master equation (39). Since the
Lindblad-type terms, which are responsible for the irreversible
evolution [i.e., the second and third lines in Eq. (39)], spoil
the off-diagonal elements (coherence) of the density matrix,
one may expect that the density matrix becomes diagonal
in the steady state (f — o00). The commutators in Eq. (39),
which are responsible for the Lamb-type shifts, vanish if the
density matrix is diagonal. Thus, we may safely neglect the
Lamb-type shifts in evaluating the steady-state density matrix
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pq(00): At the steady state, we can set d/df = 0 and solve the
equation for (£1]0q(c0)|£2) (£12 € {0, 1}) to get

T, -d
(0]pg(00)|0) = ———=—L"=¢ = (44a)
d;‘~Fg~de—|—d:-FL~de
d* - Tg-d
(1]pg(00)|1) = e O (44b)

d*-FG-de-I-d:'FL-de

€

Note that we used tr{pq} = 1. Itis clear that the ground-state
(excited-state) population becomes unity (zero) in the absence
of optical gain, as it should be. It can be analytically confirmed
that, in the steady state,

(Olpg(00)[1) = (1]pg(00)|0) = 0.

Thus, the steady-state density matrix is indeed diagonal,
and the steady-state populations are not affected by the Lamb-
type shifts, as anticipated.

(44c)

V. FLUCTUATION-INDUCED HALL-LIKE
LATERAL FORCE

The fluctuation-induced lateral force can be found from the
expectation value of the derivative of the interaction energy
with respect to the lateral position x4 of the particle,

F = tr{—p(t)0x,Hint (1)} (45)

Here, we first construct a reduced force operator, which
is compatible with the Lindblad description of the two-
level system. We use the approximation p(t) =~ p(0)+
@in)~! fOOO[Him(t —5), pq(t) ® prlds, as we did in deriving the
reduced master equation. We suppose that tr{p(O)aquim} =
0; therefore, the term p(0) can be ignored [note that the
interaction Hamiltonian Hj,, contains a single relaxation (or
excitation) operator so that taking the trace with the initial
density matrix p(0) gives a trivial contribution]. After some
algebra, the lateral force expectation can be expressed in terms
of the density matrix of the two-level system as

PN + + ol -
F) = tr{(% [FGl" - PP FL %)Pq(t)}'

(46a)

<>
Here, F ) are matrices that determine the momentum trans-
fer in the gain (loss) channel:

<

Fe = [{—ihdy, )27 (B (1), 0 )E™ (rq, @) ' Iry=r,, (46b)

<l

Fr = [{—ihdx 2 (E™ (rq, wq ET (r(’], o), =r,-  (46¢)

Recall that we defined rq = xq + zqu;. It is also use-
ful to mention that the normal component of the force
contains additional terms related to the principal-value inte-
grals Sg 1, which represent the Lamb-type shifts (see, e.g.,
Refs. [56,57,89]). Our result for the lateral force agrees with
the previous literature [56,57], when the material is passive.
In the passive case, the lateral force always vanishes when the
two-level system is in the ground state (i.e., (0|p|0) = 1). In

lbare SPR frequency o = wp/\/i

= 0.0 :
Z 1
RS :
S :
g :
—-0.1 !
g 0 :
s :
8
.S , ground
-0.2} 3 ‘ ,
0.0 0.75 1.5 2.25 3.0

Transition frequency ®q/w,

FIG. 5. Fluctuation-induced lateral force F;, = u, - F} as a func-
tion of the transition frequency of the two-level system. The green
curve represents the total lateral force. The orange (blue) curve
corresponds to the contribution from the excited (ground) state,
corresponding to Eqs. (46b) and (46c), respectively. The force is ex-
erted along the negative y direction. The following parameters were
used to generate the plots: d./|d.| = u_, |d.| = 100D, wy/w, = 0.1,
v/wp = 0.5, wpzq/c = 0.0001, and w, /(27 ) = 1.0 THz. The dashed
line represents the surface plasmon resonance frequency in the ab-
sence of chiral gain (o ~ w,/ V2).

contrast, in systems with the chiral gain, the lateral force can
remain finite even if (0|p|0) = 1.

We can regard the quantity inside the curved parentheses
in Eq. (46a) as the reduced force operator. The first (second)
term within the parentheses has the excitation (relaxation)
operator p*(~) on the far right, which acts on the density
matrix, so that we can understand that it corresponds to the
gain (loss) contribution. The operator in the curly brackets
in Egs. (46b) and (46¢) corresponds to the lateral component
of the canonical momentum operator of the electromagnetic
field. As the field correlators can be written in terms of the
momentum spectra [see Eqs. (28) and (30)], the expression
can be simplified in the reciprocal space,

FoL = f fik 2y 6.1 (K, zg)dk. (47)

Recall that we defined dk := dk,dk,/(27 )>. The expression
(47) shows that the force can be expressed as the integral
of the transferred momentum /Zk multiplied by the spectra

;}G’L of photon absorption and emission in each channel. The
<>

matrices JFg . represent the momentum transfer rates in the
respective processes.

As illustrated in Figs. 3 and 4, the matrices ()_/)G,L are even
functions of k,. This implies that the overall integrands in
Eq. (47) are odd functions of k,, and thereby the x component
F, =u, - F| of the force vanishes. This result is somewhat
counterintuitive: As the electric current induced by the bias
field flows along x, one would normally expect a frictional
drag opposing the carrier motion. Surprisingly, in our system,
the lateral force is instead perpendicular to the bias field,
resembling a Hall-like effect.

In Fig. 5, we depict the fluctuation-induced lateral force
F, =u, -F} as a function of the transition frequency wq of
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FIG. 6. The lateral force as a function of the distance between the
two-level system and the surface. The inset is a double logarithmic
plot. The fitting of the logarithmic plot indicates that the force scales
with the distance as 1 /zg. We considered wy/w, = 0.73; the other
parameters used to generate the plot are the same as those of Fig. 5.
The distance z4 is normalized by the plasma wavelength A, = ¢/w;.

the two-level system. The parameters of the chiral-gain ma-
terial assumed for the figure are analogous (but not exactly
coincident) to those of the electro-optical response of p-
doped trigonal tellurium under a bias strength on the order of
3 x 10° V/m [33,39]: The effective plasma frequency of tel-
lurium (permittivity near zero point) is given as " /(27) &
1.2 THz, and the damping constant is y ~ 1.6 x 10'? rad/s
[33]; hence, we can estimate y /" & 0.2 and wp/wg" ~ 0.1
for Epias = 3 x 10° V/m. In the calculation, we use the “equi-
librium” density matrix [oq(t) — pq(00)], as the two-level
system eventually relaxes to the steady state. The fluctuation-
induced lateral force is exerted due to the chiral optical gain
and is significantly enhanced near the surface plasmon reso-
nance condition w = w,/ V2. The peak slightly deviates from
the “bare” resonance condition due to the NHEO effect. The
lateral force is along the negative y direction.

This is consistent with the following qualitative discussion.
As we have seen in the momentum spectra representing the
photon emission (absorption), the two-level system is more
likely to emit (absorb) photons propagating in the positive
(negative) y direction. Thus, the recoil force generated during
photon emission is directed along the negative y direction.
Similarly, the “kick” imparted to the two-level system during
photon absorption is also directed in the negative y direction.
Consequently, the net force acting on the two-level system
points toward the negative y direction, in agreement with the
numerical simulations. It is also worth noting that the +y di-
rection corresponds to the propagation direction of plasmons
that experience gain due to the NHEO effect. The emission of
such plasmons is stimulated by the two-level system, which in
turn experiences a corresponding recoil force.

It can be verified that the lateral force scales with the
distance to the slab approximately as l/zfi (see Fig. 6). This
scaling behavior is the same as that of the standard (vertical)
Casimir force near a metallic slab when retardation effects are
negligible.

As previously noted, the lateral force is perpendicular to
the expected direction of frictional drag arising from carrier
motion in the conductor. It may be interpreted as a Hall-like

force rooted in the quantum geometry of the low-symmetry
conductor. Consistent with this picture, the sign of the lateral
force reverses when the electric-bias direction is switched.
Furthermore, its magnitude is proportional to the cyclotron-
type frequency wy, and is therefore directly governed by the
Berry-curvature dipole D. Thus, much like the Berry dipole
can give rise to nonlinear Hall effects [52,54], our analysis
shows that it can also generate Hall-like fluctuation forces.
To conclude, we note that in principle, a force component
along the direction of motion may also exist. However, such
a contribution typically depends on Doppler shifts in the ma-
terial response due to particle motion, which are negligible in
our calculation [26-29,90] (see Appendix E for more details).

VI. CONCLUSION

In this study, we have uncovered fluctuation-induced lateral
forces acting on a small particle, which is modeled by a
two-level system and placed near a translation-invariant gain
medium substrate. Unlike in passive environments, we found
that the two-level system experiences a persistent lateral force
even when it is in the ground state. Moreover, the sign of the
force is independent of the atomic state. This suggests that
gain-assisted environments can be used to induce and control
the lateral motion of small particles, opening up intriguing
possibilities for optical manipulation based on fluctuation-
induced fields.

In our system, the gain arises due to the non-Hermitian
electro-optic effect, which produces a chiral gain response.
We demonstrated that how this chiral gain modifies the prop-
agation of surface plasmon polaritons in the material and, in
turn, shapes the momentum spectra of emission and absorp-
tion processes.

The momentum transfer associated with its relaxation and
excitation processes produces a lateral force on the two-level
system. Specifically, our analysis shows that the momentum
transfer rates associated with the relaxation and excita-
tion processes are described by two distinct field-correlation
functions, which can exhibit pronounced asymmetry in the
direction perpendicular to the applied electric bias with
the spectral asymmetry governed by the Berry curvature
dipole. Consequently, the lateral force can be interpreted as
a Hall-like fluctuation-induced force, establishing an exciting
connection between the quantum geometry of the material and
its manifestations in fluctuation electrodynamics.
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APPENDIX A: BERRY CURVATURE DIPOLE

The Berry curvature dipole is the dipole moment (first-
order derivative) of a given Berry curvature. It is a traceless
tensor of the following form [38,52]:

d
D;; Z/(a—kiﬁj(k)>nm(k)dk,

where d/0k; is the derivative in the i direction in the reciprocal
space, (k) is the j element of the Berry curvature evaluated
at k, and ngp(k) is the Fermi-Dirac distribution function.
Three-dimensionl materials belonging to the 32-point group
(such as trigonal tellurium) have the Berry curvature dipole of
the form [38]

(AD)

D= —2Du,u, + Du,u, + Du,u,, (A2)

where the x direction corresponds to the trigonal axis. In
general, the Berry curvature dipole (and hence its strength
D) should be determined by the electronic band structure
according to Eq. (A1).

APPENDIX B: QUASISTATIC GREEN’S FUNCTION

In the quasistatic regime, electric and magnetic fields are
decoupled, and we can write

E=-Vg, (B1)

VXxE=0, (B2)

v.¢E=L = LV iomi (B3)
€ - —_ = . ,
o = @V iond

where we introduced the electrostatic potential ¢ and the elec-
tric charge density o and used the continuity equation —iwp +
V - j = 0. The quasistatic approximation holds in the near-
field region, where electromagnetic propagation delays are
negligible, and the speed of light can be effectively treated
as infinite.

Since Eq. (B1) automatically satisfies Eq. (B2), we can
focus on the third equation (B3). Substituting Eq. (B1) into
Eq. (B3), we can get

-1 1
————V - iwugj. (B4)
€d

Note that we have € = €al353 +i€gu, X I3,3 for z < 0 (and

€ = L3 for z > 0); thus, we can write V- € - V = g4 V2
with £4(z) = 0(4+2) + €40 (—2).
We introduce a scalar Green’s function, which is defined as

gr,v') = f gk(z, 2)e™ Kk, (B5)

(k* — 92)gk(z. ) = 8. 2, (B6)

where we defined k = k,u, + k,u,. Note that we used the
shorthand notation dk = dkxdky/(er)z. Then, the electric

field can be written as

E(r) = —V/g(r, r)— V' iwpoj(r’)dr’

w2/62 &d (Z/)

= / {wz_/lcz \AY

where V' represents the derivative with respect to r’. Note
that we performed the integration by parts. Comparing this
equation with Eq. (13), we find that the Green’s function can
be expressed as

,8(r,r’)
£4(2)

} “iopoj(r)dr’,  (B7)

pes g(r, 1)

G(r,v') = % . B8

(r,r’) ey @) (B3)
Solving the Fourier-transformed Laplace equation

(k> — 83)(;51((1) =0 above and below the surface (z =0)
and imposing the field continuity conditions at the surface,
we can write g(r, r’) with the help of transmission () and
reflection (r¢) coefficients for plane-wave incidence from the
chiral-gain medium to the air region. These coefficients are
explicitly calculated in Appendix C. In the relevant spatial
region, the scalar Green’s function is

e klz=)

gk(z,7) = e (7 <0<2). (B9)

21k|
Finally, the Green’s function dyadic can be expressed as
G(r,v') = [ Gk(z,7)e™*X)dk, with the Fourier amplitude
given by (forz/ < 0 < 2)

-1 tn/eq K
- e
w2 2kl

where we defined k, = k + i|k|u,.

8k(Z Z/) = —|kl(z—z2")

(B10)

APPENDIX C: TRANSMISSION COEFFICIENT

To obtain the scalar C(}_{een’s function introduced in
Appendix B, we solve —V - € - V¢ = 0, above and below the
interface,

nee Ikl
oKz 4y oKz

(z>0),

<0 €D

Pk(z) = {
where we assumed an incoming “plane wave” propagating
toward +z in the chiral-gain medium. Here, #; and r are the
transmission and reflection coefficients, respectively. These
coefficients can be found by enforcing the continuity of the
electrostatic potential and the continuity of the electric dis-
placement field:

Pp(z=0")—¢(z=07)=0, (C2)
¢ A L)
8_2 7=0" B Gda—z —0 leg dy =0 (C3)

where 07(7) is the positive (negative) infinitesimal. Imposing
these boundary conditions, we obtain the following explicit
formulas for the reflection and transmission coefficients:
_ ealKk| + €ky — |K| _ 2€q /K|
= N k — .
calk] — egk, + K] calkl — eghy + K]
(C4)

Tk
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APPENDIX D: COEFFICIENT MATRICES IN THE REDUCED MASTER EQUATION

In the reduced master equation (39), there are two types of coefficient matrices,

<~ 1 < T pas 1 < <t
L= E(CL,G —CLg) SLc= _Z(CL,G +Cp ) (D1)
where ZL,G are defined as
CL= Zi/ (E-(OET(r — 5))e®a*ds, (D2)
< OOO .
Cg = Zi/ (Et (@ — )E~ (1)) TeT®a*ds. (D3)
0

In this Appendix, we obtain simplified formulas for I'y g and S G-
We write explicitly the time-dependent field operators as

E (t)= f E™ (0)e ™ dw, (D4)
where we applied the shorthand notation E™ (w) := E™ (ry, ®). Then, Eq. (D2) can be reduced to
/ / f (E™(0)E (o)) e @™ H@q=sqiyd ey ds = / / (E~(0)E* (w))e™ @ dwds. (D5)
0 0

Note that only the equal frequency part (@’ = w) can contribute to the integral, so that the integration over ' is removed (and
we set ' = w in the integrand). Similarly, Eq. (D3) becomes

/ ~ / (ET(0)E™ (w))et @5 dwds. (D6)
0

<>
From these expressions, it is clear that the correlation functions Cy ¢ are independent of time ¢.

The FL matrix can be written as
N 00 . o0 .
w, Tp-u, = / / (E; (0)E/ (0))e™ ™ dods + / / (Ej (0)E/ (0))*e "~ dwds
0 0
= / /(E[](w)EZ(w))e'h(wq—w)sda)dS +/ f(E[_?(a))EZl'(w))*e+z(wq—w).vdwds
0 oo 2
= / / (E, (0)E} (@)t ™™ dwds + / f (E; (0)E, ())e™ ™ dwds
0 —00
o0 .
= / / u, - (B (0)ET(0)) - ug,e™ @ S dwds
—00
=uy, - 27 (E” (wq)E+(wq)) - Uy,. D7)
A similar operation may be applied to evaluate the?G matrix. Overall, we have
I'L =27 (E™(rq, wg)E* (rq, wq)), (D8)
g = 2 (E* (rg. ) B~ (rq, ) - (DY)
On the other hand, thegL matrix can be written as
< o0 . e .
2iS. = / [ (E=(0)EY ())et @5 dpds — / / (E=(0)EY (w))e @i~ dwds
0 0
: f <<E (w)E*(w))  (E” (w)E+(w)))
i dw

wq — o+ 0t wq —w — 0
E (w)E*
=2iP.V. / de, (D10)
wg — ®

<>
where P.V. stands for Cauchy’s principal value. A similar treatment gives an analogous expression for S¢. In summary, we have
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SL= P.V./ (E™(rg, ®)E" (rg, »))

do, (D11)

a)q—a)

oo py. [ O ry0)

APPENDIX E: DOPPLER CONTRIBUTION

In our system, the carrier drift can also modify the permit-
tivity through a Doppler effect [92]. Specifically, the Drude
component is altered as €4(w) — €4(w — kyVgrife). The influ-
ence is characterized by the Doppler shift A = k,vg;if; thus, it
may, in principle, contribute to the force along the x direction,
but not along the perpendicular (y) direction, which is the
main focus of this study.

As clarified in our previous works [20,22,80,90], the
Doppler shift becomes relevant only in the deep subwave-
length regime (k,zq > 1) with extremely large drift velocities.
However, the contribution from such deep subwavelength
modes to the force is exponentially suppressed by the factor
exp(—2|k|zq). In contrast, the Berry-dipole contribution is
independent of k, and therefore much less affected by this
suppression.

To be more quantitative, next, we compare the Doppler and
Berry-dipole contributions to the dielectric response. Up to
first order in the drift velocity, the Doppler contribution to the
permittivity is

déd

€poppler = €4(® — kyVarire) — €4(@) ~ —kyVarift——»

o (ED)

+
dow. (D12)
wg —

(

where €3 =1 — a)g/ (w? +iwy), and the drift velocity is
Varift = €Fpias/(Mey) with the electron mass m.. Recall that
the Berry-dipole contribution is given by Eq. (2). With the
parameters used in the calculation of the lateral force (D =
107™* and y = 0.5wp), the ratio between the two contribu-
tions around the surface plasmon resonance frequency is
estimated as

ks

P

€Doppler

~50x1078

bl

Gg w:wp/\/i

where the plasma wave number is denoted by kp, = wp/c.
Note that both epgppier and €, are proportional to the bias
Eyips so that the ratio is independent of the bias. Hence,
only the deep subwavelength components of the Doppler
contribution could be comparable to the Berry dipole con-
tribution, but these are exponentially suppressed, and the
expected Doppler-induced forces should be very small. There-
fore, the Doppler effect can be safely neglected in the present
regime.
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