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Entropy transport through a superfluid quantum point contact: A Keldysh field-theory approach
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We study the matter and entropy transport between two ultracold neutral Fermi-gas reservoirs linked by a
quantum point contact under a chemical-potential gradient. We describe the two leads with a BCS mean-field
model and derive the current-bias characteristics for both particle and entropy transport. We compute the out-
of-equilibrium steady-state currents by using the Keldysh formalism. In accordance with previous works in
the literature, we confirm the well-known behavior for the particle current and extend the computation to the
entropy current in the BCS regime. The entropy current shows an oscillatory behavior at low voltage in the
ballistic junction limit. We analyze the results for a wide range of values of the junction’s transparency. We also
compare our findings with experimental results in cold atomic gases in the unitary regime.
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I. INTRODUCTION

Recent advances in quantum-manipulation techniques for
controlling individual atoms have enabled the experimental
realization of a wide range of transport phenomena in both
ultracold atomic systems and solid-state platforms. Foci of
interest are transport of particles [1-6], heat [7], and entropy
[8]. In particular, experiments with ultracold gases have al-
lowed ballistic probing experiments [5], unlike in condensed
matter where high-transparency tunneling is still difficult to
achieve, due to the elastic scattering with phonons created by
the lattice vibrations. Technological advances have also made
it possible to control various aspects of a cold-atom system,
such as dissipation [9]. The latter highlights the importance of
cold-atom experiments as an excellent quantum platform for
exploring novel physical phenomena. Indeed, the unexpected
current behavior that has emerged from these recent works
[10] has prompted the theoretical community to provide mi-
croscopic descriptions. In addition, the ability to conduct a
wider range of experiments stimulates the theoretical com-
munity because it allows for the study of different transport
quantities [11-13], such as entropy flow. This gave us a
more direct and broader access to ultracold physics. Partic-
ularly, out-of-equilibrium systems are a large subset of these
experiments.

By implementing a tunneling-Hamiltonian approach [14],
we analyze a system of two superfluid reservoirs in separate
local equilibria and connected by a point contact. The applica-
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tion of a gradient of chemical potential or temperature brings
the system to an out-of-equilibrium configuration. Computa-
tional difficulties are associated with the consideration of a
ballistic channel, i.e., tunneling with high transparency. The
latter means that we need to consider higher-order processes
and does not allow a direct perturbative treatment. From a
physical-relevance point of view, all these higher-order pro-
cesses are of heightened interest within the superconducting
gap, that is, when the chemical potential gradient is less
than twice the superconducting gap, An < 2A. Indeed, due
to multiple Andreev reflection (MAR) process [15], a parti-
cle from the lower band on the left reservoir can tunnel to
the right reservoir by creating a multiple number of virtual
Cooper pairs (npair = 2A/2A ) [16]. This behavior is more
evident for high-transparency tunneling; indeed, for low trans-
parency the currents, both particle and entropy, are suppressed
inside the gap. Even if the limit of low transparency is well
known, the entropy current change induced by increased
transparency is still a largely unexplored question from a
theoretical point of view.

In this study, we investigate a model consisting of two
superfluid reservoirs coupled via a quantum point con-
tact (QPC), with the two subsystems described within the
framework of standard BCS mean-field theory. The latter is
reasonable, considering that such theoretical modeling per-
fectly reproduces the particle current as measured in the
experiments [8,17,18]. The rest of the paper is organized
as follows: In Sec. II, we introduce the model within the
tunneling-Hamiltonian formalism and derive the entropy cur-
rent. Then, in Sec. III, we briefly explain the Keldysh
approach needed to deal with out-of-equilibrium systems. In
the final part, we show the results for the high (in Sec. IV) and
low (in Sec. V) transparency regimes, with a more detailed
focus given to the ballistic case. Throughout the study, we
use the standard natural units, 7 = ¢ = kg = 1, and measure
energies in units of the superfluid gap, A.

Published by the American Physical Society
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II. MODEL OF THE QPC

In this work, we consider a constriction linking two reser-
voirs, whose width is comparable to the Fermi wavelength and
whose length is shorter than the superconducting correlation
length [19]. Under these conditions, we can faithfully model
the system through a quantum point contact. To define the
Hamiltonian, we first consider two isolated reservoirs with
different particle numbers, i.e., different chemical potentials,
while aligning the bottoms of the two bands. We then intro-
duce the tunneling term and perform a gauge transformation
Y — e it for later convenience in the calculations. The
total Hamiltonian thus reads

H=H.+H;+Hr

= Z Vit )o k(€ x — LVi(0)o k

o.k,ie{c,d}

+ Z [Aik ¥i()rx ¥i(t)),—x + Hee.]

K.ielc.d}

Y

o={t.J}LkK

[ Pe(t)g xWa(O)ope +Heed, (1)

where €; i is the energy dispersion for the left (¢) and right (d)
particles. Here, we go beyond a linear-dispersion approxima-
tion around the Fermi energy (|¢; x| = vr|k — kg |, where vp
is the Fermi velocity and kr the Fermi momentum) and use
instead a more experimentally realistic quadratic dispersion,
€ix = % — Ep, with m the mass of the fermionic particle and
Ep the Fermi energy. We also define u; as the chemical poten-
tial and Ay = u. — ug as the chemical potential difference
that enter as shifts in the particle distributions or as an explicit
time dependence of the tunneling term. A;x = A}, = A; is
the superconducting gap and t the tunneling—amplitude con-
stant. We work in a Nambu-spinor representation that leads us
to the more compact Hamiltonian,

Hi =Y Win®l(€ix — n)o: + Ao ]Wix(t),  (2)
k

and the tunneling term,

Hp = =t ) ™" 0oy (t) 0; Wau (1) + He.,
k. kK’

where the Nambu spinor is
Uik(t) = Wik (1), Yi—x, (1))

and o, ; are the usual Pauli matrices [20]. We model current’s
flow by a single-point tunneling from two separate bulks with-
out boundaries, as illustrated in Fig. 1.

A. Charge and entropy current

In order to extract the particle and entropy currents, we
apply the Heisenberg equation of motion [20],

%A(t) = i[H(t),A@)] 3)

r=0

In, Js

FIG. 1. Ilustration of a two-reservoir system coupled at a single
point x = 0, filled with an s-wave superfluid, where the reservoirs
may have distinct temperatures and chemical potentials. This graph-
ical representation shows the particle, Jy, and entropy, Js, currents
flowing along the x direction.

to the particle number and heat operators, necessitating the
evaluation of the associated commutators,

A .
@) =< - >= z<[H, D Veldok mma,kD,
k,o

dH.\ .
J;;)(t) =< dr > = l< |:H’ Z(ec,k - /ch) WL'(t)a,k WC(t)a,k
k,o

Y AcPepa Vet x + Hc]> )
k

where for A, — 0, we recover the current for the metallic
limit. Given by the two expressions above, we find the change
of rate of particle and heat on the left reservoir. The cor-
responding quantities for the right reservoir are obtained by
exchanging the two reservoirs. To show a direct link between
the particle and heat currents, we evaluate the left and the
right operators at two different times, leading to the following
change of rates, first for the particle:

1O 1) = —i< D e Yook Ya (€ ore — H-C~]>

kKo
®)]
and then for the heat as
I = —< 3 e Gk Va o + H.c.]>,
kK o
(6)

where V. (1), x = i[H(t), ¥c(t)yx]. A brief derivation of the
above current operator is described in Appendix D. The form
of the heat rate given in Eq. (6) is particularly convenient [21],
as it facilitates a direct connection to the two-body operator in

Eq. (5),
Vel i Va )y ae = 00 rx Va1 e )

In frequency space, we get the following two-body operators
for the rate of heat transfer:

G (o Wi ose = f dd@ i0F (@) x V(@ Yo
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Since in this work we are only focusing on the dc component,
after the limit7 — ¢’ is taken we average out the ac component
by using the following expression for the Dirac delta function:

1 T/2 ) ,
lim — / eFOIHA g — §(w — W' +Ap).  (9)
T—ooo T )

Finally, with the chemical potential term included, the rates of
particle and heat transfer are given by

5= f " 2Re[—i (Ve (@) a0 (0 + A))]do,
) (10)

where n = 0 gives the particle (N), while n = 1 is the heat
(H), and we have summed over momentum space. Therefore,
the central quantity to evaluate is the correlation between the
left and right fields.

The total current of interest is given by the difference
between the change of rate of particle and heat associated
with the left reservoir, J,ﬁc), and those associated with the right
reservoir, J @

sy s
J© _ j@
n n

‘]l‘l = ’
2

Y
as detailed in Appendix A. Up to this point, we have focused
on the heat current. However, we ultimately present the en-
tropy current, which can be easily related to the heat current,
through thermodynamic considerations, as explained also in
Appendix A,

Js = (ATJy — (4uT — ApAT)Iy)

4T2 — AT?

where Jy is the energy current, computed within the canonical
ensemble.

In the next section, we summarize the Keldysh path in-
tegral formalism that is essential to compute the integrand
kernels needed in an out-of-equilibrium setting, and conse-
quently the particle and entropy currents.

III. KELDYSH FORMALISM

In order to compute the currents in an out-of-equlibrium
system, we need to implement the Keldysh formalism [22].
The main feature of the Keldysh formalism is the closed-path
integral, which allows us to evaluate the required two-point
functions, in particular, the integrand kernels of the currents.
With respect to the usual open-path integral, the closed-path
one requires two copies of the fields, one on the forward
branch, ¥, and one on the backward branch, ¥ _, as graphi-
cally shown in Fig. 4. We then perform the Keldysh rotation

of these fields,

vy el W +v2)
— = ,
V- ¥ W —v)

where we introduce the classical and quantum fields, respec-
tively. Regarding the Green’s functions, we have the following
transformation [22]:

Gy Gyo Gk  Gg
% s
G, G__ Gy O

Gap = —il{Wa(OPp(1")),

with a, b = £. The zero entry of the latter matrix is a direct
consequence of the density-matrix conservation law [23].

Starting from the definition of the mean value of an
operator,

where

(0) = / DYy 0S5V, (13)

we can compute the physical quantities of interest, such as
the particle and entropy currents, but we must first define the
action corresponding to our system. The total action, S, is the
sum of the actions of the left and right reservoirs, S; and Sg,
plus the tunneling term S7. Particularly, in real space these
actions read as follows:

Si = /dl‘ Z Wik(O0@ — €ix + 1i)o; — Ao ]Wk(0),
K

Sr =1 / dt Zemﬂ’@i,k(t)azxpi,k(z) +Hec. (14)
k

The structure of the action is nontrivial, as the superconduct-
ing gap couples frequencies that are symmetric with respect
to the chemical potential, while the tunneling term con-
nects states at the same (Apu-shifted) frequencies across the
leads. This interplay significantly complicates the analysis. In
Keldysh space, the rate of particle and heat transfer reads as

T

JO = yo ; / dwo™2Re[ — iy ()W, (@ + Ap))].

5)

We omit the contributions involving the quantum fields, as
they all vanish identically for off-diagonal terms. Conse-
quently, the only relevant nonzero two-point term is the
classical-classical correlation.

In the following section, we want to better understand the
structure of the action in the Keldysh basis for the two uncou-
pled leads and the tunneling term in frenquency-momentum
space.

A. Keldysh Green’s functions

In this section, we derive the Keldysh Green’s functions for
our system, considering both a quadratic-dispersion relation
and a superconducting BCS system. We begin by writing the
local action of the uncoupled leads,

S,-:/dt Ur=0,0)G'r=0,)¥(r=0,7), (16)
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where we integrate out all the points different from the point
of tunneling contact. The corresponding inverse Green’s func-
tions in Fourier space naturally follow as

-1
G (o, k>=< 0 G )(w, K).

17
Gy' G {7

Above, the components of the Green’s functions can be either
scalar functions, as for the case of a metal, or matrices in
Nambu space, as for the case of a superconductor. In what fol-
lows, we briefly report the components of the Green’s function
for the metallic case first and after we give the result for the
more involved superconducting case.

1. Metal

For metallic leads, the components of the Green’s function
in momentum and frequency space are [22]

1
GR(w, k) = lim _—
=0 @ — (e — @) +1in
A . 1
G"(w, k) = lim

n~0w — (ex — p) —in’
GX(w, k) = tanh (%)(—27”')5((61( — W) —w), (18)

where 7 is a positive infinitesimal introduced to regularize
the expression and physically representing an inelastic scat-
tering rate, and 7" and u are, respectively, the temperature and
the chemical potential of the lead. The above Green’s func-
tions are, respectively, the retarded, advanced, and Keldysh
components. The latter follows directly from the fluctuation-
dissipation theorem, as each of the two reservoirs is assumed
to be in thermal equilibrium [22]. Since we focus on a sin-
gle tunneling point contact, we integrate over momentum to
obtain the local retarded Green’s function,

X 2m3/? ,
> GRw. k)= W[—kmax +V—Ep — = (0 +in)
K| <kmax

kmax

V=Er —p—(o+ in)ﬂ’
(19)

X arctan (

where we introduce an ultraviolet cutoff in momentum space,
denoted by kmax, such that the summation over momentum
space is restricted according to

2. —
k K| <hmax

(20)

The corresponding advanced and Keldysh Green’s functions
then follow straightforwardly from the retarded component
[22]. Finally, the Green’s function is inverted to extract the
relevant matrix element of the action, as described in Eq. (17).

2. Superconductor

In the superconducting case, the Green’s function ac-
quires a nontrivial matrix structure. Besides the usual normal
components associated with spin-up and spin-down sec-
tors, the Nambu-spinor formalism introduces the anomalous
off-diagonal terms, which capture the spin-pair correlations
characteristic of the BCS state,

GRA(w, k)
B 1
C (wEin)? — (e — p)? — A?

8 (wxin)+ (ex — @)
—A

—A
(wxin)— (e —p))’
(21)

The superscripts R and A correspond to the choices of the
=+ sign, respectively. In the following, we omit the explicit
notation lim,_, ¢, with the understanding that n denotes a pos-
itive infinitesimal. In the following, we focus on the retarded
Green’s function, since the advanced one is its conjugate
[22]. From the fluctuation dissipation theorem, we write the
Keldysh Green’s function,

K w R A
G" (w, k) = tanh <ﬁ)(G (0w, k) — G*(w,k)). (22)
By using the free quadratic dispersion, we obtain the fol-

lowing matrix expression for the inverse retarded Green’s
function at the contact point for the superconductor:

-1
272 1 A_ —A

ZGR(w,k) = 7T32 2 |: 0ff:|’
- @Cmy32A_AL — A% | —Aor Ay

(23)

where the £ index indicates the two Nambu components
of the fermions. We define the different matrix components
below. Since our goal is to compute the entropy current, the
linear-dispersion approximation is no longer sufficient, since
particle-hole asymmetry must be incorporated into the model.
This is naturally achieved by adopting a quadratic-dispersion
relation, which leads to the following expressions parametriz-
ing the local Green functions:

A+ = kmax + [FT(f(Cl)), w, kmax’ EF + M, 77) + FT(_f(a))v w, kmaXv EF + M, 77)],

A kaax + [F¢(f((1)), w, kma)u Er + M, 77) + Fl(_f(w)a w, kma)n Er + M, 77)],

where we defined

(24)

(A2 = ((EF + i+ ) + in)(f(®) + o + in)) arctan [ —o—]

V=Er—pn—J @)

Fy(f(w), o, kmax, EF + 14, 1) =

2f (@) —EF —p — f(®) ’
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(A2 = (=Ep = 1t + @) +in)(—f (@) + o + in)) arctan [ —tos——]

F (f(w), w, kmax, EF + 14, 1) =

, (25)
2f(@)V—Er —n+ f(w)
with f(w) = /(@ + in)? — A2. We further evaluate the off-diagonal component associated with the superfluid gap,
kmax
+—Er —u+f(a))arctan|: j|>
«/—EF—,u—f(a)):| v —Er —pu+ f(w)

A _ _A _ —E — — t |: kmax
off—m( v —Er — n — f(w)arctan

By taking the limit of the gap going to zero, we can recover the retarded Green’s function for the metallic case. Indeed, we can
easily see the off-diagonal matrix element going to zero, while, instead, the diagonal element becomes

Rl 272
M T w32

The above expression is consistent with the metallic case
given by Eq. (19). The overall system is not block diagonal
in frequency, and therefore, inspired by Ref. [18], we can
write the action in a clever matrix way, such that after a finite
number of MARs the off-diagonal terms will tend to vanish
(more details below).

IV. HIGH TRANSPARENCY

Throughout this section, we focus on the high-transparency
regime, 7 — 1. Subsequently, we also present results cor-
responding to intermediate and low transparency. We begin
by deriving the expression for the current in a normal-
normal junction, followed by the corresponding analysis
for a superconductor-superconductor junction. In addition,
we briefly discuss the behavior of a normal-superconductor
junction, which will be relevant for later considerations.
Throughout the discussion, we use the parameters Er = 20A,
kmax =3Ep, T. =T, =T = 0.15A, p = (e — pna)/2 =0,
and n = 1077 A. All results are normalized with respect to
GoA, where Gy = % denotes the quantum of conductance. We
verified that taking the ultraviolet cutoff, kn.x, to larger values
does not significantly change the results.

A. Normal-normal junction

Before going into the case of superconducting leads, we
briefly review the results for two metallic reservoirs in the nor-
mal state, A, = Ay = 0. Generally, without any assumption
on the energy dispersion of the system, the particle and heat
current read as follows:

Jy=Go / 00" T*(@)(ne(w — Ap/2) — na(o + Au/2)).
@7

The above expression corresponds to the standard Landauer-
Biittiker formula for transport between two noninteracting
reservoirs [24—27]. The functions n, and n,; denote the Fermi-
Dirac distribution functions of the left and right reservoirs,
respectively. We define 7 (w) as the transmission function,
given by

4272 pe(@) pa(@)
11— GR(@)GR(@)r?|*

T (w) = (28)

where p¢/q(w) = —%Im[Gf/d(r = 0, w)] is the local density
of states (LDoS). Here, the functions with subscript c are eval-

. imax B
|:—kmax + \/—EF — i — (w +in) arctan (\/_EF 7 ra i’?))i| . (26)

vated at w — Ap/2, while those with subscript d are evaluated
at w + Au/2. The transmission function 7 (w) describes the
probability for a particle to tunnel and represents the relevant
physical parameter, as highlighted in Appendix B.

For a perfectly linear-dispersion relation, the transmission
function is a constant at it simplifies to

2,2
’ dm o

T 9)

with @ = pgrz, assuming a constant density of states py near
the Fermi energy. In this case, the kernel of the current is
odd for n = 1, which leads to a vanishing entropy current and
highlights the need for quadratic corrections.

We emphasize that the above formulas, in the metallic
limit, satisfy the Onsager relations [7], reproduce the Seebeck
coefficient, and, at low temperatures, are consistent with the
Wiedemann-Franz law [28].

B. Superconductor-superconductor junction

We now turn to the superconducting case. Here, for sim-
plicity, the two superconducting gaps are taken to be equal,
A, = Ay = A. The LDoS for the superconducting case is
obtained,

p(w) = —~Im{G%, (r = 0, )} (30)
g

and we show in Fig. 5 how it gets modified when a su-
perconducting gap opens around the Fermi level. The linear
approximation (dashed line) reproduces well the density near
the gap edges but fails to capture the asymmetry due the
overall curvature of the band, which is essential to model the
heat and entropy currents.

For superconducting leads, the system is no longer diag-
onal in the frequency domain; physically, this is understood
through MARs, as was shown graphically in Fig. 2.

Referring back to Eq. (15), we need to compute the
classical-classical Keldysh correlation function. Once the ex-
pression for the particle current is obtained, the next step
involves inverting the Green’s function appearing in the action
of the full coupled system to extract the current’s integrand.
While the Green’s function is, in principle, infinite dimen-
sional, the off-diagonal block elements decay, when computed
with respect to the reservoir chemical potential, as |w — u|
grows, which can be seen from the off-diagonal component of
the local Green’s function in Eq. (23), or more clearly from
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FIG. 2. Depiction of a Andreev composite tunneling process at
zero temperature (7, = 7T; = 0) by involving two virtual Cooper
pairs. Here, the chemical potential drop enters as a shift rather than
as an explicit time dependence in the tunneling as in Eq. (1), and it
is numerically set at Au = 1.2A. The light-green process represents
a particle from the left reservoir that tunnels elastically to the right
while entangled with two virtual Cooper pairs, one on each lead (or
via two successive Andreev reflections). The light blue is the dual
hole process starting from the right reservoir. Black (white) circles
represent spin-up particles (spin-down holes) and on the vertical axis
we give the single-particle density of states of each lead (with the
shading representing the zero-temperature occupation). The above
process occurs by n = ny + 1 =3 “cotunneling” events, where
each of them contributes with a transmission of 72, therefore giving
a total transmission weight of 7°. The pictured process can occur
when Ap > 2/3A.

the linear dispersion approximation [18]. The latter allows
the truncation of the matrix after a finite number of Andreev
reflections [18,29]. The detailed construction of the supercon-
ducting action is discussed in Appendix C. In our numerical
analysis, we included up to n = 100 “cotunneling events” for
the particle current (cf. with n = 3 in Fig. 2) and up to n = 50
for the entropy current. The number of cotunneling events
is related to the number of Cooper-pair tunneling events, or
MAR processes, through the relation np, = n — 1. Conse-
quently, for bias values below A = 0.02A multiple Andreev
reflections are suppressed in the particle current, and below
Ap = 0.04A for the entropy current. We note that even when
the action is truncated, the current is inherently suppressed
since the transparency 7 is not exactly unity. Indeed, the
current scales as 72" and is thus already strongly suppressed
before reaching the numerical MARs cutoff.

The particle current is shown in left panel of Fig. 6, where
we observe a clear enhancement in the current even at small
chemical potential differences, consistent with the presence
of a ballistic channel. This behavior aligns with earlier work
[18,31] and confirms the validity of the linear approximation

E AN
AN
o T = .
. = T T
T.
T,

FIG. 3. Depiction of a single Andreev reflection process at zero
temperature (7. = T, = 0). In this representation, the chemical po-
tential enters as a shift rather than an explicit time dependence in the
tunneling term as in Eq. (1), and it is numerically set at Au = 1.2A,
as in Fig. 2. The light-green process represents a particle from the
left reservoir that is being reflected as a hole to the same reservoir via
one virtual Cooper pair on the right reservoir. The light blue instead
is the dual hole representation starting from the right reservoir. Black
(white) circles represent spin-up particles (spin-down holes). The
above process occurs with a transmission weight of 7%, given that
the transport is happening through two “cotunneling” events. This
process can occur only if A > A.

for the energy dispersion. In contrast, the entropy current
shows an oscillating behavior (see right panel of the same
figure), which we will focus on in Sec. V.

C. Superconductor-normal junction

To gain a clearer understanding of the entropy current, we
first examine the behavior of a superconductor-normal metal
(SN) junction (see Fig. 7). To that end, we impose A, = A
and Ad =0.

In this case, only a single particle-hole reflection occurs
[30], with no contribution from multiple Andreev reflections
(see, e.g., Fig. 3). This allows us to isolate and clearly identify
the entropy current arising from this process. In particular, the
plots in Fig. 7 show the particle, in agreement with Ref. [30],
and entropy currents, respectively, for an SN junction in the
ballistic limit. From the latter, let us highlight the quadratic
behavior inside the gap (crossing over to linear outside). This
observation will be relevant for later discussions.

V. LOW TRANSPARENCY

To better understand the origin of the oscillatory behavior
in the entropy current, it is useful to sharpen the analysis of the
transition from low transparency to the ballistic limit briefly
mentioned above. Our analysis of the reduced-transparency
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Forward branch

,,,,,,,,, +0o0
......... Y ;
+0o0

Backward branch

FIG. 4. Graphical representation of the nonequilibrium closed-
path Keldysh integral. On the upper branch is where the forward field
lives; instead, the backward field lives on the lower branch of the
path.

case reveals a weakening of the MARSs’ effects, and as trans-
parency approaches zero, entropy and particle currents are
effectively suppressed within the gap region. As shown in
Fig. 8, the particle current increases progressively within the
superconducting gap as Au grows, in agreement with pre-
vious results [17]. This current enhancement is particularly
evident at intermediate transparency, where distinct peaks as-
sociated with the activation of a new MAR are clearly visible
at Au =2A/n, by going toward higher chemical potential

0.6 W
| —— Quadratic i
Linear i

p(w)

0.2 |

i‘

—20 10 20

FIG. 5. The LDoS as a function of frequency, with £ = 20A for
the linear (dashed line) and quadratic dispersion (solid line).

- — SS
4 NN
a
=) -
S
~ 2
S|
O_
1 | 1 1 | 1 L 1 L 1 | 1 L 1 1 L |
0 0.5 1 1.5 2 2.5

Ap/A

gradient, with n — 1 the number of MARs. Moreover, the
particle current also increases with higher transparency.

On the other hand, the entropy current, shown in Fig. 9,
does not increase monotonically with increasing transparency.
This behavior is already apparent in the metallic case. At low
transparency, the transmission can be treated perturbatively
and at first order depends explicitly on the LDoS; i.e., the nu-
merator of Eq. (28). In this regime, the transmission function
T (w) directly reflects frequency-dependent features of the
band structure, such as the characteristic /w + Er behavior
of a quadratic dispersion. As the tunnel-overlap strength t
increases, higher-order contributions—representing multiple
scattering events at the contact—become relevant, i.e., the
denominator of Eq. (28) decreases. These processes drive
the transmission toward the unitary limit, 7 (w) — 1, and
reduce the influence of the LDoS, as higher-order diagrams
compensate for the spectral weight. In the high-transparency
limit, 7 (w) becomes increasingly insensitive to the LDoS,
yielding a flatter and more symmetric profile around the mean
chemical potential, u = (. + 1q)/2 = 0. Since the entropy
current, Js, is governed by the energy-weighted asymmetry of
the transmission, the increased symmetry of 7 (w) leads to a
reduction in its magnitude.

Let us now focus on the most salient result, namely, the
oscillatory behavior observed deep within the superconduct-
ing gap by going toward the ballistic regime. At first glance,
these oscillations can be attributed to the divergence of the su-
perconducting density of states and to the resulting formation
of a gapped, nonmonotonic LDoS, in contrast to the square-
root behavior characteristic of a normal metal. However, as
discussed in Appendix E, this effect is not the primary source
of the oscillations; instead, it merely induces a shift of the
oscillatory pattern. In the following, we identify and explain
the underlying mechanisms responsible for the emergence of
the oscillatory behavior.

To provide a clear interpretation of the entropy current,
it is essential to distinguish between two different types of
transport processes that contribute to it. In the following, we

- —— SS
L NN
0.1F
q -
(=}
S’_)/ L
~
& 0.05 |-
0 - e,
1 | L 1 | 1 L 1 L 1 | 1 1 | 1 L 1
0 0.5 1 1.5 2 2.5
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FIG. 6. Current-voltage behavior for the particle (left panel) and entropy (right panel) transport under a chemical potential bias at 7~ = 0.99.
The solid line is the SS junction, while the dashed line is the normal-normal (NN) junction shown for comparison. The plots show the nonlinear
behavior for the SS junction, displaying oscillations in the case of the entropy current. We can see a suppression of the current at Ay = 0.02A
(Ap = 0.04A for the entropy current) due to the finite number of MARs taken into account in the numerical calculation. We emphasize that,
even when including a higher number of MAR processes, the current will ultimately start to converge to zero around the same A due to the

nonunitary value of 7.
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FIG. 7. Particle and entropy currents as a function of voltage for an SN junction under an applied chemical potential bias at transparency
T = 0.99. The figure isolates the contribution arising from a single Andreev reflection process in the subgap region and compares it with the
Ohmic response of the normal limit, in agreement with Ref. [30]. The right panel highlights the quadraticlike behavior of the entropy current

in the subgap region. The metallic limit is shown as a dashed line.

discuss these processes in order of increasing Au. Notably,
one can clearly differentiate between Andreev composite re-
flection, in which a particle is reflected as a hole within the
same reservoir through an odd number of MARs (0MARs),
as in Fig. 3, and Andreev composite tunneling, in which a
particle tunnels into the opposite reservoir through an even
number of MARs (eMARs), as in Fig. 2. The onset of o MAR
processes occurs at

2A
Ap=—, neN, n>1, (€2))
2n
whereas eMAR processes are activated at
A 24 N, n>1 (32)
=—) e N, .
=y M52

The contribution of a given MAR process is largely deter-
mined by the off-diagonal component of the Green’s function.
Once a process is activated, it can undergo multiple Andreev
reflections, generating virtual Cooper pairs within the super-
conducting gap. We have verified that these processes provide
the dominant contribution in the ballistic channel limit, in
agreement with Ref. [14]. As the chemical potential differ-
ence increases, the corresponding energy window for a given
MAR process broadens, leading to an enhancement of its
contribution. However, as A increases further and additional
MAR channels become energetically accessible, the contri-
bution of a specific MAR process is progressively reduced.
This reduction originates from the increasing involvement of
virtual Cooper pairs associated with states outside the super-
conducting gap (together with a diminished contribution from
those within the gap [32]), whose contribution is strongly sup-
pressed by the pairing correlations of the system, particularly
in the ballistic regime [33]. These results are consistent with
Fig. 2 of Ref. [16].

The importance of distinguishing between these two types
of processes originates on their different contributions to the
entropy integrand in Eq. (11). In Fig. 10, we show one ex-
ample of an eMAR process (upper panel) and another of an
0oMAR process (lower panel). For each type of process, we
consider the contribution from two specific frequency chan-

nels, such that in the case of a linear dispersion, their sum
vanishes. Indeed, the light-blue and light-green transport con-
tributions, .7, depend on the densities of states of the particles
involved. In the case of linear dispersion, those are equal and,

therefore, yield a vanishing contribution to the entropy current

Mpair MARs . Tpair MARs
( ];" *). In contrast, for the particle current ( ]X," %),

these contributions add up, resulting in a finite value.

Indeed, beyond the part arising from transport channels,
4/, the entropy current also includes a contribution associ-
ated with heat flow. On the one hand, the particle current
is characterized by a factor of n = 3 and n = 4, reflecting
the number of particles transferred in these two examples.
In contrast, for entropy transport one must account for the
heat carried by each process. For eMARs, the heat associ-
ated with the outgoing particle from the left reservoir and
that of the incoming particle from the right reservoir are
subtracted. In the case of oMARs, instead, the heat car-
ried by the outgoing particle and the reflected hole add up.
As a consequence, oMARSs processes provide a larger heat
contribution.

We can now understand the oscillatory behavior of the
entropy current by focusing on the ballistic limit. As dis-
cussed above, MAR processes involving a smaller number of
Cooper pairs possess wider transport windows in frequency
space. If even and odd MAR processes contributed with the
same integral kernel, as for the particle current, the resulting
behavior would be monotonic and dictated solely by the pro-
gressive enlargement of the transport frequency windows as
Apu increases. However, for the entropy current, the oMAR
processes provide a larger heat contribution than the eMAR
ones. Consequently, when the oMAR contribution is reduced,
the total entropy current decreases until the next o MAR pro-
cess is activated. This interplay between the relative weights
of oMAR and eMAR processes leads to the oscillatory behav-
ior observed in the entropy current.

A special case is the single Andreev reflection, shown in
Fig. 3. This process can be isolated in the case of an NS
junction, as illustrated in Fig. 7 (right panel), and shown to
produce a quadraticlike behavior of the entropy current. In
the case of particle transport, this mechanism gives rise to the
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FIG. 8. Particle current as a function of chemical potential bias for intermediate junction transparencies. Solid lines correspond to SS
junctions, while dashed lines denote NN junctions. From left to right, the panels show (a) 7 =0.99; (b) 7 =0.9; (¢) 7 =0.7; and
(d) 7 = 0.5. At lower transparency, the activation of successive MAR processes becomes clearly resolved. These appear as distinct peaks in
the current-voltage characteristics as the chemical potential gradient is increased, reflecting the opening of additional MAR transport channels

by going toward higher Apu.

well-known excess current [15,18]. For the entropy current,
the situation is different. This process produces a contribution
that grows monotonically with increasing bias. The reason is
that, in contrast to the particle current, the heat contribution
increases as the energy moves away from the chemical poten-
tial of the reservoir. This explains the large increasing entropy
current contribution observed at high bias for both SN (see
Fig. 7) and superconducting-superconducting (SS) junctions
(see Fig. 9).

In summary, the competition between the two mechanisms
of Andreev composite reflection and Andreev composite tun-
neling (with odd or even number of MARs, respectively) is
responsible for the predicted rich nonmonotonic behavior of
the entropy current.

VI. ENTROPY PRODUCTION

For completeness, we also compute the total entropy pro-
duction of the entire system. Starting from Eq. (A14) and
considering the case in which both reservoirs are at the same
temperature, we obtain

(33)

which is always positive, since the chemical potential differ-
ence has the same sign as the particle current. Indeed, particles
flow from the reservoir with higher chemical potential to the
one with lower chemical potential. This is in agreement with
the second law of thermodynamics. In our particular sce-
nario, the distinction between oMAR and eMAR processes,
done to explain the entropy current, does not apply to the case
of the total entropy production. Indeed, in the latter quantity,
the two composite processes contribute equally. While in the
calculation of the entropy current the two frequency contribu-
tions considered in Fig. 10 are added for the eMAR processes
and subtracted for the o MAR processes, in the total entropy
production, the two frequencies always add. This can also be
understood from the fact that, in the present case, the total en-
tropy production depends only on the particle current, which
indeed does not need a distinction between even and odd
MARSs processes. For completeness, we show the behavior of
the total entropy production in the ballistic limit in Fig. 11,
which indeed follows the behavior of Eq. (33).

Therefore, we see that the system exhibits a finite energy
production out of equilibrium. This can be traced back to the
voltage-driven breaking of time-reversal symmetry. Indeed,
under time reversal, the Hamiltonian remains invariant,

THT ' =H,
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FIG. 9. Entropy current as a function of bias for different values of the junction transparency 7. Solid lines correspond to SS junctions,
whereas dashed lines denote NN junctions. The insets provide a magnified view of the voltage range where the first oscillatory features emerge
upon decreasing the bias. Vertical dashed lines indicate the onset of MAR processes at Ay = 2A/n, with n € N. For clarity, we explicitly
mark the thresholds corresponding to n € {2, 3, 4, 5}. Dark-shaded regions highlight bias intervals where eMAR processes, i.e., Andreev
composite tunneling, dominate (in the low-transparency regime), while light-shaded regions indicate dominance of oMAR processes, i.e.,
Andreev composite reflection. Panels correspond to different junction transparencies: (a) ballistic limit, 7 = 0.99; (b) 7 = 0.9; (¢) 7 = 0.7;

and (d) 7 = 0.5.

whereas the matter and energy currents change sign, which
implies a change of sign also for the entropy current,

’]TJNT71 =—Jy

TJpT-! = —JE} = TR =

As a result, the nonequilibrium steady state is mapped onto
a different state with opposite currents, while the Hamil-
tonian is left unchanged. This breaking of time-reversal
symmetry gives rise to a finite entropy production in the
system [34-36]. The latter indicates that the system is in
a nonequilibrium state and breaks the symmetry by se-
lecting a preferred direction for the matter and entropy
currents.

VII. CONCLUSIONS AND OUTLOOK

Focusing on the behavior of the dc entropy current within
the superconducting gap, we find pronounced oscillations
arising from MARs, revealing a rich structure of subgap en-
tropy transport that goes well beyond a simple monotonic
response.

From an experimental perspective, recent advances in the
direct measurement of entropy in mesoscopic systems—via

Maxwell relations [37,38] and the Seebeck coefficient [39]
(i.e., thermopower)—have enabled direct access to the en-
tropy and heat of a variety of systems. In a cold-atom context,
a comparison with recent experiments [8,10] shows that, while
the mean-field BCS approach successfully captures the par-
ticle current, the entropy current exhibits clear quantitative
deviations. This highlights the enhanced sensitivity of entropy
transport to correlation effects beyond mean field.

A key difference between our BCS-based model and the
phenomenological approach reported in Ref. [10], which de-
scribes an ultracold Fermi gas at unitary, lies in the nature
of the driving forces for particle transport. In the metallic
scenario, the particle current is driven by a combination of
chemical potential and temperature gradients, expressed as
Ap + o, AT through the Seebeck coefficient «.. The latter
can be interpreted as the average entropy transported per
particle. In contrast, our results indicate that such a relation
does not hold in the BCS regime. Specifically, Ax and AT
influence the model junction in fundamentally different ways.
Within the Keldysh action framework (see Sec. III A), one
may introduce a temperature gradient between the left and
right reservoirs; however, in the absence of a chemical po-
tential bias, this alone is insufficient to induce MARs. This
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FIG. 10. Description of the contributions to entropy and particle
current for the Andreev composite tunneling (top panel, eMARs)
and for the Andreev composite reflection (bottom panel, o0MARs).
On the side of each illustration, the contributions from two iso-
lated processes are shown for both entropy and particle currents
(denoted as j;}’,":,"MARS). These two processes are chosen such that
their contributions to the entropy current cancel in the case of linear
dispersion. The curly symbol 7 highlights the contribution of the
selected process: The light-blue one indicates the transport of a
hole from the right reservoir, while the light-green one corresponds
to particle transport originating from the left reservoir. For linear
dispersion, these two contributions are equal and therefore cancel
in the entropy current. Notice that the processes shown in the top
panel occur only if Ay > 2A/3, while the processes in the bottom
panel for Ap > A/2. Additionally, since (for any given Ap) w; is
determined by w;, the frequency integration (performed over w)
must be restricted to w; < w, in order to avoid double counting when
computing the currents (if the processes are grouped in pairs).

points at a distinct mechanism for transport in the BCS side.
We note that our results may also be of significant interest
to the condensed matter community. For instance, the SN
junctions can be experimentally realized in scanning tunneling
microscopy setups [40,41].

Furthermore, our BCS model does not exhibit a propor-
tionality between entropy and particle currents, which was a
key feature of the unitary Fermi system analyzed in Ref. [10].
Even though the particle current in our BCS model accu-
rately reproduces the experimental behavior with respect to
the chemical potential bias, its dependence on the temperature
gradient, as well as the oscillating behavior of the entropy cur-
rent, differs significantly from the observations in the unitary
case. We emphasize that the cited experiments are performed
in cold-atom setups in the unitary Fermi-gas regime, which
is intrinsically distinct from the weak-coupling BCS frame-
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FIG. 11. The total entropy production for the ballistic case limit
of 7 =0.99, both for superconducting and normal junctions. The
above plot was obtained by directly computing the total entropy
production as the sum of the entropy variations in the two reservoirs.
This result is consistent with that obtained from the thermodynamic
relation (33).

work employed in our analysis; this fundamental difference
naturally limits a direct quantitative comparison, while at the
same time providing a clear direction for future theoretical ex-
tensions. Consistently, in the ballistic limit (see the right panel
of Fig. 6), the entropy current is found to be approximately 2
orders of magnitude smaller than the experimentally observed
values [10], suggesting that additional contributions—such
as pairing fluctuations or beyond-mean-field effects—play an
essential role.

In this work, we go beyond the linear-dispersion approx-
imation, which inherently imposes particle-hole symmetry
and therefore inevitably suppresses the heat current. To over-
come this limitation, we consider the full quadratic-dispersion
relation. Within the mean-field regime, we further demon-
strate that the subgap oscillations of the entropy current can
be attributed to two distinct microscopic mechanisms char-
acterized by different heat contributions: Andreev composite
reflection, in which a particle is effectively reflected as a hole
with opposite spin within the same reservoir, and Andreev
composite tunneling, in which a particle ultimately tunnels
into the opposite reservoir. The former process corresponds to
an even number of “cotunneling particles” (or, equivalently,
an odd number of MARs) where the heat of the particle
and the reflected hole contribute additively. In contrast, An-
dreev composite tunneling, associated with an odd number
of “cotunneling particles” (or an even number of MARS), is
determined by the difference between the heat of the outgoing
and incoming particles in the two reservoirs. Both of these
processes combined create the nontrivial behavior that we
compute.

Considering deviations from linear dispersion is not the
only route to avoid the suppression of the heat current due
to particle-hole symmetry. One could alternatively consider
two different superconducting gaps, A, # Ay, with either
linear or quadratic dispersion. A brief calculation shows that
this choice can produce, if |A, — Ay4| is sufficiently large, a
distinct and larger contribution as compared to the oscilla-
tions observed in the quadratic-dispersion case, which was our
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focus here. This suggests that further investigations along this
direction may be worthwhile.
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APPENDIX A: THERMODYNAMICS

In this Appendix, we briefly derive the thermodynamic
transport equations from which we can extract the particle and
entropy currents. In the following, we will identify the particle
¢ with the left reservoir (L) and the particle d with the right
reservoir (R). We start by defining the particle and entropy
currents as [43,44]

jo__LdAN _ 1(dNy _dNg
N 2 dr 2\ dr dr )

The energy flow instead is

Jg= -2 o (2E _TOR

2 dt 2\ dt dt

We shall also introduce two conserved quantities, the total
number of atoms and the total internal energy, respectively,

1dA 1/dS, d
S (SL SR). (A1)

dNp | dNe _

dt e~ 7

dU;  dUg

—+ —=0. A2
dt + dt (A2)

By taking the mean value of the above relations, we are going
to prove them for our particular quantum system in the follow-
ing. If we compute the particle flow from the left reservoir, we
get

Jli,c) = —l< Z T[eiAMt,Ipca,k Wdo,k’ - HC]> (AS)

k.k'.o

as well as the one for the right,

N = —i< 3 Tl gk Yoo — H.c.]>. (Ad)
kKo
We notice that
IO =—J@, (AS5)

which proves the particle conservation.

Ty = i< |:H, Z ek Yejdo k Vejdo k + Z AVesark Yeay.—x + HC:|>

k,o k

= —iT< Z exle™ " Yesi o xVajeon —Hel + Z AL Yoy aoWesd -k — € Vet 0 Werark — H-C-]>-

k,k' o kK

To get the total energy variation, we sum the contributions from the ¢ and d reservoirs,

J6+ 08 =) A ™ (Y pao Ve — Va o Ver i)l + Ae™ ™ [(Ye paoVa ke — Ve i Va i) — He. = 0.

kK’

When summing the two energy flows from the ¢ and d reser-
voirs, the first term in Eq. (A6) cancels out, and since the
system is symmetric under spin rotation, the above expres-
sion gives zero. For completeness, we numerically verify the
conservation of particle and entropy currents for the supercon-
ducting system with a fixed value of MAR process.

Thus, the corresponding currents can be written referring
to a single reservoir. For instance,

, __L1dAU _ 17dU. dUp) _ dUg

v 2 dr  2\dr  dr ) dr’
1 dAN 1 (dN, dN dN,

y=—s = = R =K (A8
2 dt 2\ dt dt dt

and by using the first law of thermodynamics [45] for a
generic reservoir /,

dQ; = T;dS; = dU; — judNj, (A9)

(A6)
(A7)
[
we find
ds 1dU dN,
Gor _ 2 @Y1 M alhr (A10)
dt T; dt T; dt

From the energy current, we can derive the heat current
[meaning the variation of the grand canonical Hamiltonian of

Eq' (1)]’

T =7 J_ldAQ
H=Jyu — MHIN = 2 dr

Combining this with Eq. (A8), we find [44]

(Al1)

1 1 mr 1 MR
SR Y (N ST e [ (S
2[< 1. vt T N) (TR YT N)}
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1
= (AT Jy+ Au AT Jy),

Al12
4T2 — AT? (A12)

where
T =T +Tr)/2,
AT =T — Ty,

w=(ur + 1r)/2,
Ap = pr — [R-

Furthermore, we generalize Eq. (A8) to quantum thermo-
dynamic quantities; the energy and particle currents are

() 2),
-H()-22),

where U; is the Hamiltonian in the canonical ensemble for
reservoir / and N; the number operator.

Using Eqgs. (A11)-(A13), we derive the expression for the
entropy current in the quantum case.

Additionally, we can also compute the total entropy varia-
tion [36],

s dsy
dr — dr

(A13)

ds ATJs + ApJ,
dor _ AlJs + Ay (A14)
dt T

APPENDIX B: TRANSMISSION FUNCTION

Here, we derive the transmission function in the metallic
limit, and then implement the same definition for the super-
conducting case.

In order to define the probability of tunneling from one
reservoir to the other, and therefore the physical parameter
to tune, we start from the Landauer-Biittiker formula for the
particle current [24],

v / dETX(EMN E)W(E)n(E) — np(E)],  (BI)
GoA
which describes the particle current between two reservoirs,
left (L) and right (R). Here, the integration is performed over
the entire energy spectrum. A/ (E) denotes the density of states
and v(E) the particle velocity, such that N (E)v(E) = 1.
The functions ny /g are the Fermi-Dirac distributions of the
left/right reservoirs, respectively. 72(E) denotes the tunnel-
ing (transmission) probability. The tunable parameter of the
system is the transmission function 72(E); for instance, in a
ballistic channel one has 7 (E) = 1, if instead the channel is

J

Y(w) = (4 (@0), 1 (@0), ¥y (@0), Y (@0), ¥ (@1), ¥ (@), -..)

closed, 7(E) = 0. Therefore, if we impose the transmission
function to be our tunable parameter at the Fermi level 7 (0)
and allow it to change from low to high transparency, we
will need to solve the following equation to find the tunneling
coupling:

47272 p%(0)
(1 — T2GR(0)2)(1 — 12GA(0)?)’
where 7T is defined in the metallic limit from Eq. (27). In the

T>=T2%0) = (B2)

linear-dispersion case, we have GR(0) = —im p(0). Therefore,
the above expression reduces to
4(z /W)H?
AW ®3)

(4 /W)
where W = —_

0" By solving from Eq. (B2) for a general
dispersion, we obtain the tunneling coupling:

’TZ
T2x +2Im GR*+ \/ — T4y24+4T2x Im GR*+ 41m GR*
(B4)

T=

where
GRIA = GR/A (0),
x =ReGR* — ImG*°,
y = 2Re G*Im G*.

Note that the retarded and advanced Green’s functions have
identical real and opposite imaginary parts.

APPENDIX C: THE SUPERCONDUCTING ACTION

Following Ref. [18], we construct the action for the all
superconducting point contact system. As we already outlined
in the main text, the action is not block diagonal in frequency
and this is physically translated as MAR processes. In this
Appendix, we explicitly show the latter by constructing the
inverse Green’s function in the frequency space. First of all,
we need to construct the frequency structure of the action. The
action for the point contact reads as follows:

and the inverse Green’s function truncated at the fourth MAR process is

[ Qe 1 (@0) T A (o) 0 0
T Q4,4 (@0) 0 0 Agy(@o)
Ac(@o) 0 Qe (@1) =T 0
0 0 T Q@) 0
1 0 Ag(@o) 0 0 Qq, 4 (@-1)
g7 @) = 0 0 0 0 -T
0 0 0 Ag(@r) 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

S = / do¥(0)G ™ (0)¥(w), (C1)
where the field, in the Keldysh formalism, is
(C2)
0 0 0 0 0 ]
0 0 0 0 0
0 0 0 0 0
0 Ag(@r) 0 0 0
—-T 0 0 0 0
Qe (@-1) 0 0 A(@-2) 0
0 Q4.4 (@2) T 0 0
0 T Qe (@2) 0 0
A(v-2) 0 0 Qer(@0-2) T
0 0 0 T Q@) |
(C3)
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where we define the same-spin block of the inverse Green
function as

0 [Gia(@)]7)
[Gir(@)]7 [G,»,K(@)];}T)
[Gia (67))]11)
[Gik(@)]},

Qi (@) = (

0
= = Q; (—o).
([G,»,R(a))m e
(C4)

The latter constructs the main diagonal block, and we iden-
tify it as the tunneling block, i.e., the horizontal line in Fig. 2,
where a particle tunnels by being annihilated and creating
another particle with the same spin on the opposite reservoir,
with the tunneling matrix,

(% " cs
_<—r O)' )

The outer off-diagonal blocks are built by the anomalous
component due to the superfluid pairing, i.e., the vertical lines

in Fig. 2, and read as
[Gia(@)];!
| “) . (C6)

0
Aj() = o -
(Gir(@)]; ),  [Gix(@)]]
The sequence of frequencies in Eq. (C3) is generated ac-
cording to the following recursive relations [17,18]:

Wp = 202—pmod2 — Wn—1,

W_p =2U14nmod2 — ©l—p. (e9))

These frequencies are subsequently shifted according to @, =
w, — [c/q, depending on whether the field is associated with
the left (¢) or right (d) reservoir (cf. Fig. 10). Notice how these
shifted frequencies grow continuously, eventually helping to
motivate the matrix truncation [17]. All the examples of pro-
cesses given in the main-text figures are fully captured at the
level of truncation shown in Eq. (C3). As another example,
Fig. 12 shows a full frequency sequence generated up to the
fourth order (and extended to a fifth in dashed lines).

Once the inverse Green’s function has been constructed, we
obtain the corresponding Green’s function by matrix inversion
and extract the integrand of Eq. (15). The resulting integral
is then evaluated numerically using a quadrature method that
adaptively samples wy [46].

APPENDIX D: CURRENTS

Throughout this Appendix, we briefly summarize the main
steps involved in the calculation of the current commutator.
Starting from the particle current, we write

J© = i([Hr, NJ) + i([H,, N.1), (D1)
where N = 3"\, Ye.ok» Ve.ox- The first contribution is
i([Hr, N]) = i< > e e Vaone —H.c.]>. (D2)

k.k',o
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Ty

FIG. 12. Schematic representation of a possible fifth-order
oMAR process, where we delineate the frequency structure as de-
scribed by Eq. (C7). Starting from a spin-up particle at frequency wy
(say, between the two chemical potentials), a cascade of frequencies
is generated as a result of multiple Andreev reflections. The inverse
Green’s function in Eq. (C3) can describe this process up to the fourth
order (solid lines), but to complete the oOMAR transport process one
would need to truncate at a higher order (dashed lines).

The second term reads

i([H61 Nc]> = l|: Z A(WC,T,kv WC,¢,7k> + H.C., Nc:|
k

=i ) (AWt ke k) = Ay ke 1))
k

=0. (D3)

This result follows from our choice of a real-valued superfluid

gap. Indeed, A = g(Vesar kVesa.y—k) = &Wesa. | kWesar. k)
where g denotes the contact interaction strength.

For the heat current, we evaluate
Jy) = —i([Hr, H.]). (D4)

Using

I;L'T,k = l[H, &c‘T,k] = i|:(ec,k - Mc‘)v_’c.T,k + AI//L',L,—k

(D5)

Y e WT]
o
we recover the current expressions given in Eqgs. (5) and (6).

APPENDIX E: TRUNCATED SYSTEM

To elucidate the origin of the entropy behavior, we intro-
duce an artificial model in which Andreev coupling is allowed
only within the superconducting gap, while outside the gap the
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FIG. 13. The LDoS for the truncated system at weyoff = 0 as a
function of the frequency with Er = 20A.

system is assumed to behave as a normal metal. We therefore
introduce a frequency cutoff, denoted by wcyoft, such that the
system is effectively metallic or superconducting depending
on the energy. Specifically,

lw| > \/m, metal,
(ED)
lo| < \/m ,  superconductor.

This construction allows us to disentangle the origin of the
oscillatory behavior and to determine whether it arises from

0.15 |
| —— SS Truncated
| Metal
_01f
<<]: 5
S;, 5
~
2 0.05
ofF -wv\/\/\
ol 1 1 1 1 1 1 1 1 1 | 1 1 | L L |
0 0.5 1 1.5 2 2.5

Ap/A

FIG. 14. Entropy current behavior of the truncated SS junction
with weyefr = 0, at transparency 7 = 0.99.

the nonmonotonic divergent LDoS or from the presence of a
pairing mechanism confined to the gapped region. We analyze
the limit of wcyor = 0 in order to avoid the divergence of the
LDoS at the gap edges. For completeness, we show the LDoS
for this system in Fig. 13.

Notably, as we can see from the entropy transport in
Fig. 14, the oscillatory behavior remains present even in
the absence of a divergent LDoS at the gap edge, provided
that Cooper-pair formation is restricted to the gapped region,
which still permits MAR processes. From the latter, we ob-
served that the physical superconductor density of states only
introduced a shift in the peaks of the entropy current in Fig. 6.
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