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Construction of hopfion crystals
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Hopfions, three-dimensional topological solitons characterized by nontrivial Hopf indices, represent a fun-
damental class of field configurations that emerge across diverse areas of physics. Despite extensive studies of
isolated hopfions, a framework for constructing spatially ordered arrays of hopfions, i.e., hopfion crystals, has

been lacking. Here, we present a systematic approach for generating hopfion crystals with cubic symmetry
by combining the Hopf map with rational mapping techniques. By superposing helical waves in R*, we
construct hopfion crystals with tunable Hopf indices and controllable topology. We demonstrate simple cubic,
face-centered cubic, and body-centered cubic hopfion crystals and extend our framework to create crystals of

more complex topological structures, including axially symmetric tori, torus links, and torus knots with higher
Hopf indices. Our results provide a foundation for searching hopfions in real materials and studying their

collective phenomena.

DOI: 10.1103/rr4k-x9m5

In 1975, Faddeev introduced hopfions as a class of truly
three-dimensional (3D) topological solitons characterized by
integer Hopf indices [1-3]. Since then, hopfions have sparked
intense research interest and have been studied in a variety of
physical systems across scales, including optical fields [4-8],
Bose-Einstein condensates [9-13], liquid crystals [14,15],
magnetic materials [16-20], ferroelectric materials [21],
superconductors [22], superfluid [23], etc. Hopfions, as 3D
topological solitons, exhibit rich topological structures such as
rings, links, and knots, which give rise to fascinating physical
pehnomena. For example, in magnetic systems, theoretical
studies have revealed hopfions’ unique nonlinear transport
effects and 3D dynamic characteristics [24-29], highlighting
their potential applications in 3D spintronics [30]. Recent
advances in fabrication and three-dimensional imaging tech-
niques from nano- to microscales have made it possible to
access the details of hopfions in laboratories [15,30-32].

Despite growing interest, searching for hopfions in real
physical systems and investigating their collective behaviors
remain challenging due to their sophisticated configurations
and complex models. Obtaining analytical expressions for
hopfion configurations is important for studying their stabil-
ity, dynamics, and physical properties, which in combination
with computational methods could enable efficient explo-
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ration of the parameter space and provide comprehensive
understanding. While analytical ansatzes for single hopfions
with various topologies have been developed based on meth-
ods like rational maps [33-35], the theoretical framework
for constructing spatially ordered hopfion crystals, critical for
unlocking real material models that host hopfions as ground
states and studying emergent phenomena in hopfion ensem-
bles, has been lacking.

In this Letter, we present a method for constructing hop-
fion crystals, which offers a robust framework for generating
topological solitons in three dimensions. We start by first
reviewing the construction process of a single hopfion. A
hopfion realizes the map from R? to S2. As long as the spins
at infinity are polarized to the same direction as required by
the finite energy, the base manifold R? is compactified to S*.
The isomorphism between r € R* and u € S? is enabled by
the stereographic projection

ri .
u; = —sin f,
r

uy = cos f, (1

where i = {1, 2, 3} are the Cartesian coordinates. A common
choice of the angle f is f = arccos i;—:z, but it can be any
smooth function interpolating between 0 and 7 from origin to
infinity. The Hopf map S® — S? can be constructed by the
rational map [34,36]. Introducing two complex coordinates

on S3,

Zy=uy +iup, Z; =u3+ iug. (2)
One can construct a variable £ € C in the Riemann complex
plane by
_ P(Z1, 20,71, %)

&= —,
0(Z1, 2y, 21, Zp)
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FIG. 1. Two mapping pathways from R? to S?. The lower one
is the standard construction for a single hopfion, and the upper one
is the path for hopfion crystals. sp stands for sterographic projection
and rp stands for rational map.

where P and Q are polynomials of Z;, Zy, Z;, and Z (the
complex conjugates of Z; and Zy). Depending on these two
polynomials, different types of hopfions can be constructed.
The final step is the stereographic projection C = S?:

2Re(§) 2Im(§ 1 -§§
n = =, m= =, N3 = =, 4
1+§§ 1 +&¢ 14§
or equivalently
_ontim
£ = Tm &)

The isomorphism C = S? can also be constructed in terms of
a spinor

x=N<%>, n = (xlolx). (®)

Here M is the normalization factor. The U(1) gauge degree of
freedom in yx is equivalent to projective degree of freedom in
Eq. (3). The entire mapping pathway for a single hopfion is
shown in Fig. 1.

A simple choice for & is & = Z, /7y, corresponding to the
spinor | x) = (Z1, Zy)". Equispin contour, i.e, the preimage of
map R?* — S2, of n = (0, 0, —1) locates at x = y = 0, where
& = 0o0. Meanwhile, on the preimage of n = (0,0, 1), £ =0
so that us = uy = 0,z = cos f = 0. If the conventional choice
cos f = (1 —r?)/(1 +r?) is used, which corresponds to a
circle with = 1 on the x—y plane.

The topological index of the hopfion is the linking number
between two arbitrary preimages. On the preimage & is kept
constant, so that its tangential direction defines an emergent
magnetic field

1 Véx VE

C2mi (14 £E)7
It can be easily proved that this field is equivalent to the real
space Berry curvature of the spin texture

(N

b= Ln -(Vn x Vn). (8)
vi%

The Hopf index is thus calculated as

Qyz—/d3ra-b, ©

given V x a = b, an arbitrary vector potential. A straightfor-
ward choice is a = —# (x|V|x). The example above has the
Hopf index Oy = 1.

Generalization of the aforementioned single hopfion to a
hopfion crystal is inspired by the construction of the skyrmion

crystal. A closely packed skyrmion crystal is a superposition

of three spin helices: n(r) = ny + Z?zl n(k;) exp(ik; - r) +
c.c. [37]. Here, three wave vectors Kk; having the same pitch
length are coplanar and equal lateral. n(k) = %(2 — ik) gives
a Néel skyrmion crystal. A Bloch skyrmion crystal takes an-
other choice of n but it relates to the Néel skyrmion by 7 /2
rotation about Z of all spins, so the topology is the same. ng is a
constant vector associated with k = 0. Its presence is essential
to avoid singularity n = 0. This construction is able to build
a crystal with nonzero topological charge f d’r b, because
the Fourier transformation of the emergent magnetic field in
Eq. (8) involves three linearlly independent n(k) associated
with three different k. The topological index of hopfion in
Eq. (9), however, involves six n(k). A direct search of valid
n(k) likes finding a needle in a haystack.

The key idea behind the skyrmion crystal is to embed a
spin vector—normally defined on S>—into R instead. It can
recover S? space by renormalization. Therefore, an analogous
way of constructing the hopfion crystal is to embed the vector
u in Eq. (1) into R* space instead. The map from R? to S?
takes the upper path in Fig. 1. Imitating the expression for the
Néel-type skyrmion crystal, we have

3
u(r) =uy + Zu(k,-)exp[i(k,- -r+ ¢;)] +c.c., (10)

i=1

where ¢; are phase factors of each helix. Here, three inde-
pendent k; are taken. This is the minimal number of linearly
independent vectors in three dimensions. In the skyrmion
crystal in two dimensions, in principle, superposition of two
wave vectors is enough to enable topological textures. How-
ever, the resulting state is a lattice of meron and antimeron
with zero net topological charge [38,39]. In our current case,
it will be shown shortly that three wave vectors are adequate.
We start with k; = 7; and u(k;) = %(IA — iﬁi) in analogy to
the skyrmion crystal. Here [ is the unit vector in the fourth
dimension. As a result, each helix takes the following forms:

u; = (sin(k; -r +¢1), 0, 0, cos(ky - r + ¢1)),
u; = (0, sin(ky - r + ¢»), 0, cos(ky - r + ¢2)),
uz; = (0, 0, sin(ks - r + ¢3), cos(ks - r + ¢3)), (11)

and uyp = (0,0,0,c) is introduced to avoid singularity at
which u = ug 4+ u; +uy +u3z = 0. If a singularity were to
exist, all sines in Eq. (11) are zero, and all cosines are +1.
Therefore, ¢ cannot take the values of £1 and +3. Every time
these values are crossed, the Hopf index changes.

With these preparations, a hopfion crystal can be con-
structed using the same rational map. We again choose the
simple case with Riemann coordinate £ = Z; /Zy. The corre-
sponding spinor state is then given by

= sin Q) + isin Q»
[x) —N<sin 03 + i(cos Q1 + cos Qs + cos O3 + C)),

12)

where Q;=k;-r+¢; and N =[(cosQ; + cosQ, +
cos Qs + ¢)? + sin® Oy + sin® Qs + sin® Q3]: is the
renormalization factor. Without loss of generality, k, the
amplitude of each wave vector, is chosen to be 1.
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arctan (n,, / ny)

FIG. 2. Qy =1 sc hopfion crystal. The left is the sc Oy =1
hopfion crystal with ¢ = 2 and x, y, z are from —2n to 27. The right
top is the spin texture of z = 7 plane. The right bottom indicates the
color dependence on arctan(n,/n,) and n;.

The spin configuration with ¢ =2 is shown in Fig. 2,
where we make Q; = —x, 0> =y, and Q3 = z (the purpose
of choosing these parameters is to get a Oy = 1 simple cubic
hopfion crystal structure). The conventional unit cell with
—27 < Xx,y,z < 2m is chosen in the plot. Cluster of preim-
ages with n, = 0 form isolated tori in a simple cubic (sc)
lattice. Two arbitrary preimages in the same torus wind around
each other once after completing a full circle. The Hopf index
of this structure within a unit cell is 1 (for details of the
calculation of the Hopf index, the choice of ¢ value and ¢;,
see Secs. I, 111, and IV of the Supplemental Material [40]).

One can try to write the resulting spin configuration into
a multi-Q state as the skyrmion crystal n(r) = psin(k - r) +
gqcos(k - r). As shown in Sec. II of the Supplemental Material
[40], 12 wave vectors are needed to rebuild the simple cubic
hopfion crystal. Among them, six wave vectors are associ-
ated with Bloch helix with both polarization vectors p and
q perpendicular to the wave vector Kk, so that spins rotate in
a plane that is perpendicular to the direction of propagation.
Four of them are associated with Néel helix with k parallel
with one of the polarization vectors. In this case, spin rotates
in a plane containing the propagation direction. Other than
these, there is one component —2c¢Z sin z, whose polarization
is collinear with the wave vector. This resembles a spin density
wave state. This component is responsible for the equivalency
between two hopfions in the simple cubic lattice mentioned
above. Due to the complexity of this multi-Q decomposition,
realization of a hopfion crystal in real materials poses a chal-
lenge. Nevertheless, the analysis of each component above
sheds light on the materials’ design and provides a hint for the
experimental detection of hopfion crystals with methods such
as neutron and x-ray scattering [37,41]. Moreover, if any of
the two Q; are linearly dependent, no hopfion is formed. The
configurations with different choice of ¢; can be connected
by the spatial translation. Some configurations with different
combinations of ¢;(i = 1,2, 3) are shown in Sec. III of the
Supplemental Material [40].

Choosing other sets of k; vectors, hopfion crystals
with other geometries can also be constructed. One may

FIG. 3. Oy =1 fcc [panel (a)] and bee [panel (b)] crystals with
c=2.

use u(k;) = %(IA — ik;). Alternatively, one can continue
to use Eq. (1). Two approaches just differ by a spin
rotation from each other, but the structure of hopfions
and the value of the Hopf index are unchanged. We will
use the latter approach in what follows. Selecting k; =
FL LD, ko= 2(1.1,=1), and ks = J=(1, =1, =1),
the unit vectors of a bcc cubic lattice, one can yield a
face-centered cubic (fcc) hopfion crystal. Similarly, choosing
k, = %(—1, —-1,0), k, = %(1,0, 1), and ks = %(o, 1,1
yields a bcc hopfion crystal. These structures are shown in
Fig. 3.

A central question is then how to stabilize these hop-
fion crystals in a realistic model Hamiltonian. This ques-
tion is translated to the possibility of minimizing the
Hamiltonian with finite & in Eq. (11). When k approaches
zero, the hopfion crystal is melted to become a conventional
ferromagnetic state. On the other hand, if k approaches infinity
with an atomic cutoff of 1/a, the continuum limit presumed
in Eq. (11) is no longer respected. The state then becomes
antiferromagnetic instead. We propose the following model
as a candidate:

H= /d3rJ[(Vn)2 — k(An)?], (13)

where A is the Laplacian operator. This model is the con-
tinuum limit of spin models with competing higher-order
exchange interactions [16,25]. It is important to fine tune the
amplitudes of these competing interactions to ensure that J
and « are both positive parameters. The reason for this is
the following. Given a finite k = 277 /A, one can perform a
scaling transformation r = AF. Under this transformation, the
first term in Eq. (13) becomes E; = A [ d*#J(Vn(¥))> and
the second term becomes E, = —k(1/1) [ d3FI(An(F))*. k
or equivalently A is optimized to minimize the energy density
% fc ube d37, where integral is carried outina 1 x 1 x 1 cube.
Given both integrals involved are positive definite, the first
term E; is proportional to 1/A% and the second term E, is
proportional to —«/A*. The energy density, which can be
expressed as £ = E| + E,, is minimized with a finite value
of A only when « is positive.

The energy density as a function of periodicity A for sc,
fcc, and bee hopfion crystals is shown in Fig. 4(a), where the
variables of vertical and horizontal axises have been trans-
formed into dimensionless ones. Without loss of generality,
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FIG. 4. (a) E/J vs A/a of sc, fcc, and bee hopfion crystals, where
a is the lattice constant. (b) |k| =1 and Qy = 1 sc hopfion crystal
after relaxation. Left is the sc crystal structure. Right top (bottom) is
the shape of one hopfion before (after) relaxation.

k is chosen to be 0.01. The energy is minimized at finite
periodicity. The minimal energy is negative for all crystals,
indicating the preference over ferromagnetic state whose en-
ergy is zero. Interestingly, the sc lattice has the lowest energy
density, so the hopfion crystal does not prefer the most closed
packed state. This is related to the geometric anisotropy of the
hopfions.

To further validate the numerical calculations, we have
performed atomic spin simulations based on a frustrated mag-
net model using MicroMagnetic.jl, an open access multiscale
magnetic simulation package with graphics processing unit
acceleration [42]. We discretize the spin texture shown in
Fig. 2 into a cubic lattice with size 129 x 129 x 129. The
lattice constant is set to 1. The Hamiltonian of the model is

H:—Zlijnionj, (14)
i<j

in which n; is the spin vector on site i. The exchange inter-
action between site i and j is J;;. The interactions include
the first four nearest-neighbor shells, with dimensionless cou-
plings J; = 61, J, = —10, J3 =0, and J; = —5 [16,43]. This
set of parameters approximates a discretized model of Eq. (13)
with J = 1 and ¥ = 0.01. Using the steepest descent method
under periodic boundary conditions, we relax the initial spin
texture to find stable hopfion crystals. The initial Oy =1
hopfion state, defined by wave vectors k; = (—1,0,0), k, =
(0, 1,0), and k3 = (0, 0, 1), exhibits a simple cubic lattice of
C, symmetric hopfions. After relaxation, the lattice structure
persists, but each hopfion evolves into a smaller and more
round form. The result is shown in Fig. 4(b). As the scaling
anlysis, the final state should have a fixed periodicity. Chang-
ing the magnitudes of wave vectors k; of the initial structures
may lead the hopfions to merge with each other during the

relaxation process. The final states are the hopfion crystals
with higher Hopf charge and the periodicities are different
from the initial states. For example, for a hopfion crystals
with k; = (—2,0,0), k&, = (0, 1,0), and k3 = (0, 0, 1) as the
initial state, two Qy = 1 hopfions merge into one Qg = 2
hopfion after relaxation. Increasing the magnitude of wave
vector k = |k| beyond a threshold ko (about 2.67 in our
model) causes the hopfions in the crystal structure to melt
(see Sec. V of the Supplemental Material [40]). Such a model
Hamiltonian may be realized in itinerant ferromagnets where
the magnetic interactions are primarily described by the
Ruderman-Kittel-Kasuya-Yosida mechanism. So far only
crystal of hopfions with Oy = 1 is concerned. Using complex
rational map, our method can be used to generate crystals of
other hopfion textures with higher Hopf index, such as axially
symmetric tori, torus links, and torus knots.

The axially symmetric torus is named as (m, n)-torus or
Aun, where m and n are the winding numbers of the spin
fields in two orthogonal directions. To construct an A4,, , spin
texture, one can choose the Riemann coordinate

_4a

s_z_g‘

s)
The resulting structure is a crystal of Qi = mn hopfions. The
aforementioned Qy = 1 hopfions correspond to m =n = 1.
The hopfion crystal with combinations of (m, n) = (3, 2) is
shown in Fig. 5(a). For simplicity, only the simple cubic form
is demonstrated; other forms of the crystal can be constructed
in a similar way as discussed above.

For torus links £}'] (the number of subscripts denotes
the number of linking components, each subscript describes
the charge of the linking component, and the superscript de-
notes the times of linking between different components), the
Riemann coordinate is given by
Zn+1

é = ZZ : ZZ :

1~ 40

When n = 2, this results in a torus link with Qy =2n+ 2 =
6, which has two toruslike hopfions, whose Hopf indices are
both 2, linked with each. The Qg = 6 simple cubic crystal is
shown in Fig. 5(b). For even more complex link topologies
with additional linking components (e.g., £5->%), similar ra-
tional map formulations can be developed by extending the
polynomial expressions in the numerator and denominator.

Finally, the Riemann coordinate of torus knot K, ; is ex-
pressed as

(16)

¢ A%
Z+z
The trefoil knot is characterized by the parameters as a =
3,b=2,0a =2, and B =1, yielding a Hopf index Qy =
apf + ab = 7. The simple cubic trefoil crystal is illustrated in
Fig. 5(c). Similarly, knot structures with higher Hopf indices
can be constructed by modifying the values of a, b, , and .
In summary, we have demonstrated a systematic approach
for constructing hopfion crystals through the superposition
of R* helical waves and rational maps. Our framework en-
ables the creation of various cubic lattices (sc, fcc, and
bce) with tunable topology. By controlling winding numbers
and geometric parameters, we can systematically generate

a7

L042036-4



CONSTRUCTION OF HOPFION CRYSTALS

PHYSICAL REVIEW RESEARCH 7, L042036 (2025)

(b)

FIG. 5. Higher-charge hopfion crystals. The left is the sc structure. The right is one hopfion in the crystal stucture. (a) (m, n) = (3,2) Qy =

6 torus. (b) Qy = 6 torus link. (c) Qy = 7 trefoil.

hopfion crystals with different Hopf indices and complex
topological structures, including axially symmetric tori, torus
links, and torus knots. Our theoretical framework provides
a foundation for studying hopfion crystals using variational
methods and numerical simulations, which could lead to the
identification of real materials that can host hopfion crys-
tals as ground states. Our method can also be applied to
construct heliknoton crystals by adding a spatial-dependent
helix rotation to all spins [44]. Furthermore, our approach
opens avenues for investigating collective behaviors of hop-
fion ensembles, such as phase transitions, internal modes,
magnon bands, magnonic crystals, and universality classes,

which would deepen the understanding of 3D topological
solitons and advance the development of hopfion-based de-
vices [30,45].
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