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Tunable two-dimensional energy orbital angular momentum synthetic lattices with free electrons
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Free-electron interactions with optical near fields are conventionally described as one-dimensional energy
ladders, in which multicolor photon-exchange pathways can become spectrally degenerate. In this work, we
show that coupling a single free electron to commensurate two-color optical vortices can unfold this degeneracy,
realizing a tunable synthetic lattice spanned by the electron energy and orbital angular momentum (OAM).
The resulting single-particle dynamics map the free-electron light interaction onto an effective tight-binding
Hamiltonian whose primitive hopping vectors and coupling anisotropy are controlled by the optical OAM
charges and near-field amplitudes. We use this construction to emulate a Lifshitz transition in the synthetic
quasienergy band structure, identified by a topological reconnection of the zero-quasienergy contour and
the associated Van Hove singularity in the density of states. We further show that the generated electron
state exhibits tunable intraparticle energy-OAM mode nonseparability, which serves as a diagnostic of the
synthetic-lattice geometry. These results establish free electrons as a tunable platform for synthetic-band en-
gineering, combining electron-wavefunction control with ultrafast electron-microscopy and nanoscale near-field
techniques.
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I. INTRODUCTION

Synthetic dimensions, in which internal or modal de-
grees of freedom are reinterpreted as lattice coordinates, have
emerged as a powerful framework for Hamiltonian engi-
neering and analog emulation of lattice phenomena [1–4].
By encoding higher-dimensional geometries into frequency
modes, photon arrival times, or angular momenta, synthetic
architectures provide access to band structures and lattice
connectivities that are difficult to realize directly in real
space. This concept has been extensively developed in pho-
tonics to investigate phenomena ranging from quantum walks
and the quantum Hall effect to high-dimensional topological
phases [5–11]. Extending synthetic-dimensional control to
free electrons offers a complementary setting that combines
coherent light-electron coupling, nanoscale near-field control,
and ultrafast electron-microscopy readout.

Recently, quantum optics with free electrons has become
a new frontier, significantly advanced by the benchmark ex-
periment of photon-induced near-field electron microscopy
(PINEM) [12–14]. In the standard framework of PINEM,
a free electron traversing an optical field acquires quan-
tized energy modulation, which creates a superposition of
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equidistant energy sidebands [12,15–22]. This process nat-
urally realizes a one-dimensional (1D) synthetic lattice in
energy space, probed via electron energy-loss spectroscopy
(EELS) [13,23,24]. However, the intrinsic dimensionality
of free-electron quantum optics is severely limited by the
“spectral collapse” problem: When driven by commensurate
multicolor fields (e.g., ω and 2ω), the distinct photon-
exchange pathways interfere and collapse onto a single 1D
energy axis N , obscuring the underlying high-dimensional
dynamics [25–28]. Unfolding these dimensions to construct
controllable, higher-order synthetic lattices remains a central
challenge [24,29–33].

In this work, we develop a theoretical framework for
two-dimensional (2D) synthetic-lattice engineering with free
electrons. By driving a single electron with commensurate
two-color plasmonic vortices, we unfold the hidden photon-
number space into an observable two-dimensional lattice
labeled by the electron energy order N and OAM order �.
The optical OAM charges �1 and �2 determine the primitive
hopping vectors, while the coupling strengths set the hopping
anisotropy and effective walk “depth.” Within this frame-
work, the electron-light interaction maps onto a synthetic
tight-binding Hamiltonian whose connectivity, anisotropy,
and quasienergy landscape are controlled by the optical
near fields. We show that tuning the coupling ratio drives
a Lifshitz transition of the synthetic band structure, mani-
fested by the reconnection of the zero-quasienergy contour
and a change of winding topology on the Brillouin-zone
(BZ) torus. The present construction concerns single-electron
Hamiltonian dynamics rather than an interacting many-body
problem, and establishes a microscopy-compatible route for
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FIG. 1. Spectral collapse and synthetic unfolding in two-color
free-electron quantum walks. (a) Schematic of a free electron
interacting with a two-color near field (ω1, ω2). (b) For incommensu-
rate frequencies, distinct photon-exchange pathways (n1, n2) remain
spectrally distinguishable in the ideal energy spectrum. (c) For
the commensurate case (ω2 = 2ω1), the observable energy order
N = n1 + 2n2 groups different hidden photon-exchange pathways
along constant-N diagonals (linked by the solid lines), producing
spectral degeneracy in energy-only EELS. (d) The collapsed one-
dimensional energy distribution PN obtained after summing over
the hidden constant-N pathways. Panels (b)–(d) are plotted for

engineering and probing synthetic-band phenomena in the
Hilbert space of a propagating free electron.

II. TWO-DIMENSIONAL ENERGY-OAM
SYNTHETIC-LATTICE CONSTRUCTION

We consider a recoil-free fast electron with a velocity v

propagating along the z axis, interacting with optical near
fields excited by a two-color optical field at frequencies ω1

and ω2, as illustrated in Fig. 1(a).
In the recoil-free PINEM regime, the interaction is

described by the standard longitudinal phase-modulation op-
erator. For two commuting optical frequency components, the
postinteraction state can be expanded on the photon-exchange
lattice (n1, n2) as [18,25]

|ψ〉 =
∑
n1,n2

cn1,n2 |n1, n2〉,

cn1,n2 =
∏
j=1,2

in j Jn j (2|βω j |)ein jφω j , (1)

where Jn is the Bessel function of the first kind and φω j =
arg βω j . The definition of the dimensionless coupling βω j and
the derivation of Eq. (1) from the PINEM unitary are given in
the Appendixes.

Each photon-exchange event corresponds to a nearest-
neighbor hopping in this synthetic (n1, n2) space. However,
the standard EELS detects only the total energy transfer
�E = n1h̄ω1 + n2h̄ω2. For an incommensurate frequency
ratio ω2/ω1, different integer pairs (n1, n2) correspond to dis-
tinct energy shifts within any finite sideband window, so that
the hidden two-dimensional distribution is in principle spec-
trally resolvable [Fig. 1(b)]. In contrast, for the commensurate
ω–2ω case, we define the integer energy order

N ≡ �E

h̄ω
= n1 + 2n2. (2)

All hidden sites lying on the same constant-N line be-
come degenerate in energy-only EELS [Fig. 1(c)]. If no
additional degree of freedom is resolved, the measured am-
plitude in the N th energy sideband is the coherent sum
AN = ∑

n1+2n2=N cn1,n2 , and the intrinsic two-dimensional dy-
namics collapses onto an effective one-dimensional energy
lattice [Fig. 1(d)]. To unfold this degeneracy, we use optical
OAM transfer as a second observable synthetic coordinate.

In a vortex PINEM geometry, the exchange of a photon
(ω j, � j ) changes both energy and OAM. For the ω–2ω con-
figuration, we define the physical synthetic coordinates as
the net energy order N [Eq. (2)] and the net OAM order
� = n1�1 + n2�2. The transformation from the hidden photon-
number basis (n1, n2) to the observable synthetic basis (N, �)

←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
|βω1 | = 2.4, |βω2 | = 2. In the lattice panels, the lattice and sphere
colors indicate the composite coordinate label, while sphere opacity
encodes the normalized amplitude magnitude; sphere size is kept
fixed for visual consistency.

033355-2



TUNABLE TWO-DIMENSIONAL ENERGY ORBITAL … PHYSICAL REVIEW RESEARCH 8, 033355 (2026)

FIG. 2. Continuous-time quantum walks on an energy-OAM synthetic lattice. (a) Interaction with two-color corotating vortex fields
(�1 = �2 = −1) generates a tilted rhombic Bravais lattice in the synthetic (N, �) plane. The primitive vectors v1 = (1, −1) and v2 = (2,−1)
correspond to single-photon (ω) and single-photon (2ω) exchange events, respectively. (b)–(d) Joint probability distributions P(N, �) for
coupling ratios |β2ω|/|βω| = 1/3, 1, and 3, respectively. The electron undergoes a continuous-time evolution driven by a local Hamiltonian,
accumulating high-order photon exchanges (large displacement on the lattice) determined by the coupling strengths. The insets schematically
indicate how the relative coupling strengths bias the walk along the two primitive hopping directions.

is governed by the linear map(
N
�

)
= A

(
n1

n2

)
, A =

(
1 2
�1 �2

)
.

Provided that det A = �2 − 2�1 �= 0, this mapping is invert-
ible, establishing (N, �) as a pair of independent synthetic
coordinates. For configurations where |det A| > 1, the trans-
formation enforces a parity selection rule, confining the walk
to a specific sublattice within the joint (N, �) space. The
two-color unitary U , defined explicitly in the Appendixes,
is translationally invariant in the (n1, n2) lattice and can be
expanded in terms of displacement operators:

U |n1, n2〉 =
∑

�n1,�n2

c�n1,�n2 |n1 + �n1, n2 + �n2〉, (3)

where c�n1,�n2 are the Bessel-weighted population amplitudes
defined in Eq. (1). By applying the inverse basis transforma-
tion A−1, we derive the hopping rules on the observable (N, �)
lattice. A displacement (�N,��) is allowed if and only if
it corresponds to an integer photon exchange (�n1,�n2)T =
A−1(�N,��)T. The effective hopping amplitude in the syn-
thetic space is given by

t�N,�� ≡ 〈N + �N, � + ��|U |N, �〉 = c�n1,�n2 . (4)

This allows us to program the connectivity and topology of
the 2D synthetic lattice through the choice of optical OAM
charges � j and coupling parameters βω j .

We explicitly construct this synthetic topology by consid-
ering a corotating ω–2ω configuration with OAM charges
�1 = �2 = −1 [Fig. 2(a)]. Applying the basis transforma-
tion A, the elementary photon-exchange events (�n1,�n2) =
(1, 0) and (0,1) map onto the primitive lattice vectors v1 =
(1,−1) and v2 = (2,−1) in the synthetic (N, �) plane. While
the final electron state involves multiple photon exchanges
(spanning many lattice sites), the underlying interaction is
controlled by a local generator. One can write the PINEM uni-
tary operator (see Appendixes) exactly as the time-evolution
operator of an effective tight-binding Hamiltonian, U =
exp(−iĤeff ), where the effective tight-binding Hamiltonian

can be written as

Ĥeff =
∑

R

(βω|R + v1〉〈R| + β2ω|R + v2〉〈R| + H.c.). (5)

Here, |R〉 = |N, �〉 denotes the lattice sites. Equation (5)
identifies the free-electron interaction with a continuous-time
quantum walk generated by a nearest-neighbor Hamiltonian
on the synthetic Bravais lattice. The primitive hops are fixed
by the optical selection rules, v1 = (1, �1) and v2 = (2, �2),
while the complex coupling amplitudes βω and β2ω set the
corresponding hopping strengths. Their ratio η ≡ |β2ω|/|βω|
determines the anisotropy of the walk, steering the electron
flux preferentially along v1 or v2, as shown in Figs. 2(b)–2(d).
This directional control can be visualized as a programmable
Hamiltonian vector on the Bloch sphere (insets in Fig. 2).
Their absolute values determine the “depth” of the walk.
In the |β| � 1 regime, the system evolves far beyond the
perturbative limit. The observed high-order photon sidebands
then arise from the finite-time propagator U = exp(−iHeff ):
Large displacements correspond to paths composed of suc-
cessive primitive hops. Thus, the coupling magnitude controls
the effective walk depth, whereas the lattice connectivity is
determined by the two elementary optical transitions.

We now analyze the spectral properties of this Hamiltonian
in the synthetic reciprocal space. Since Ĥeff [Eq. (5)]
commutes with the discrete translation operators Tv1 and
Tv2 , the eigenstates are Bloch waves |K〉 = ∑

R eiK·R|R〉,
parametrized by the synthetic crystal momentum
K = (KN , K�) within the BZ [−π, π )2. Diagonalizing Ĥeff

in this basis yields the Floquet quasienergy band dispersion
ε(K):

ε(K) = 2|βω| cos(K · v1 + φω ) + 2|β2ω| cos(K · v2 + φ2ω ).
(6)

Here, φω = arg βω and φ2ω = arg β2ω are the hopping phases
inherited from the optical near fields. For the unfolded
two-dimensional lattice considered here, where det A = �2 −
2�1 �= 0, these phases are gauge degrees of freedom (the
explicit gauge transformation is given in the Appendixes).
The topology of the electron dynamics is thus encoded in
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FIG. 3. Lifshitz transition on the BZ torus. Left column: Planar
BZ (KN , K�) ∈ [−π, π )2, where the color indicates the sign of the
quasienergy ε(KN , K�) and the black curve is the zero-quasienergy
contour ε = 0. The critical panel marks the saddle point K∗ by
a circle, where ε(K∗) = 0 and ∇Kε(K∗) = 0. Right column: The
same ε = 0 contour drawn on the glued BZ (a torus), revealing
its global connectivity under periodic boundary identification. (a),
(b) Before the transition, |β2ω|:|βω| = 1:3, the dominant contour
forms a noncontractible loop with winding class (wN , w�) = ±(1, 1)
(blue). (c), (d) At the critical point, |β2ω|:|βω| = 1:1, the ε = 0 set
passes through a saddle point and undergoes a topological recon-
nection (cyan). (e), (f) After the transition, |β2ω|:|βω| = 3:1, the
dominant noncontractible loop switches to a higher-order winding
class (wN , w�) = ±(1, 2) (red), providing a direct topological signa-
ture of the Lifshitz transition.

the geometry of the “Floquet Fermi surface,” defined by the
zero-quasienergy contour ε(K) = 0.

III. FLOQUET-BAND TOPOLOGY AND LIFSHITZ
TRANSITION

Figure 3 summarizes the quasienergy dispersion ε(K) and
its associated Lifshitz transition under tuning of the opti-
cal coupling ratio η ≡ |β2ω|/|βω|. In the left column, we
show the planar BZ (KN , K�) ∈ [−π, π )2, where the sign of
ε(KN , K�) is color coded, and the black curve denotes the zero-

quasienergy contour ε = 0. The right column plots the same
contour on the glued BZ, i.e., a torus obtained by the periodic
identification of opposite BZ edges. Numerically, we extract
the ε = 0 contours from a dense (KN , K�) grid and “stitch”
segments across the BZ boundaries by noting that successive
points are allowed to shift by integer multiples of (2π, 0) and
(0, 2π ). Each resulting loop is assigned a topological label
by its winding numbers (wN ,w�) ∈ Z2, calculated from the
net 2π advance of the stitched coordinates along the loop.
Noncontractible loops correspond to open orbits in the torus
representation, with (wN ,w�) �= (0, 0).

For η < ηc ≡ 1, the ε = 0 loop is noncontractible and
exhibits a characteristic winding class (wN ,w�) = ±(1, 1),
which indicates a quasi-1D drift direction dictated by the
group velocity vg = ∇Kε [Figs. 3(a) and 3(b)]. At the crit-
ical point η = ηc, the zero-quasienergy set passes through
a saddle point of the band structure, satisfying ε(K∗) = 0
and ∇Kε(K∗) = 0. We locate K∗ and ηc using fast Fourier
transform-based spectral gradients on a periodic grid. This
saddle-point crossing enables a topological reconnection of
the ε = 0 contours on the torus, reorganizing the set of non-
contractible winding classes [Figs. 3(c) and 3(d)]. For η >

ηc, the dominant noncontractible loop abruptly switches to
a higher-order winding class ±(1, 2) [Figs. 3(e) and 3(f)].
Physically, this corresponds to a global reorientation of the
open-orbit topology: The ballistic transport channel is redi-
rected such that the electron accumulates twice the OAM
per synthetic energy site traversed. This winding-class reor-
ganization on the torus constitutes a direct, high-dimensional
topological signature of the Lifshitz transition in our Floquet
synthetic band structure.

IV. SYNTHETIC-LATTICE GEOMETRIES
AND ENERGY-OAM MODE NONSEPARABILITY

Beyond the specific case considered here, the connectivity
of the synthetic tight-binding graph is set by the primitive
hopping vectors determined by the chosen integer charges
� j and the associated frequency harmonics, which reshapes
the effective Bravais lattice in synthetic space and thereby
the resulting band topology encoded in ε(KN , K�). Figure 4
illustrates three distinct lattice classes accessible within this
framework. When one of the driving fields carries zero
net OAM (linearly polarized near field at 45◦ azimuth in
our calculations), the transport along that frequency chan-
nel decouples from the OAM dimension. For instance, the
configuration (�1, �2) = (0, 1) [Fig. 4(a)] yields v1 = (1, 0),
creating horizontal hopping channels where energy changes
but OAM is conserved. The (�1, �2) = (1, 0) case [Fig. 4(c)]
produces a sheared lattice geometry. When both fields carry
nonzero and counterrotating OAM, such as (�1, �2) = (−1, 1)
[Fig. 4(e)], the primitive vectors span a widely open rhom-
bic cell, maximizing the mixing between the two synthetic
coordinates (n1, n2).

These geometric variations imprint onto the synthetic
quasienergy landscape. As shown in Figs. 4(b), 4(d), and 4(f)
(calculated at |βω| = |β2ω| = 2), changing the OAM charges
modifies how the primitive photon-exchange directions are
embedded in the observable (N, �) coordinates, producing
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FIG. 4. Engineering synthetic-lattice geometries and Floquet
band textures. (a), (c), (e) Real-space structure of synthetic (N, �)
lattices generated by two-color vortex fields with OAM charges
(�1, �2) = (0, 1), (1, 0), and (−1, 1), respectively. The primitive vec-
tors v1 = (1, �1) and v2 = (2, �2) dictate the connectivity graph. (b),
(d), (f) Corresponding synthetic-band dispersion ε(KN , K�) calcu-
lated over the first BZ, and the color bars specify the quasienergy
scale used in the calculations. We calculate the band textures with
coupling strengths |βω| = |β2ω| = 2 to visualize the full dispersion
depth. The interplay between the OAM-dependent lattice vectors
and the strong optical driving creates a diverse family of tunable
band structures, ranging from quasi-1D stripes [panel (b)] to complex
2D saddle-point landscapes [panel (f)]. In the lattice panels, the
background hue guides the synthetic coordinate, while the overlaid
sphere opacity encodes the normalized amplitude magnitude; sphere
size is kept fixed across panels.

band representations ranging from quasi-1D stripelike pat-
terns to fully two-dimensional saddle-point landscapes. The
OAM charges, therefore, provide geometric control over the
observable synthetic lattice, while the optical coupling ampli-
tudes independently tune the hopping anisotropy.

A further consequence of the lattice shear is the emergence
of high-dimensional energy-OAM mode nonseparability in
the outgoing single-electron state. Because the two fre-
quency components commute, the postinteraction state is
separable in the hidden photon-number partition, |ψ〉 =∑

n1,n2
cn1,n2 |n1〉 ⊗ |n2〉. The state is therefore separable with

respect to the hidden n1 ⊗ n2 partition. However, the exper-
imentally resolved synthetic coordinates (N, �) correspond

to a different tensor-product factorization H 
 HN ⊗ H�

whenever det A �= 0. Expressed in the physical basis,

|ψ〉 =
∑
N,�

CN,�|N〉 ⊗ |�〉, CN,� ≡ cn1(N,�),n2(N,�). (7)

Because the linear transformation from (n1, n2) to (N, �)
shears the two axes, the coefficient matrix CN,� generally
cannot be decomposed as f (N ) × h(�). This nonseparabil-
ity is therefore controlled by the synthetic-lattice geometry
itself: The optical OAM charges determine how the photon-
exchange axes are projected onto the physical energy-OAM
basis.

To quantify this structure, we compute the von Neumann
mode entropy SN |� associated with the energy-OAM factor-
ization of the single-electron state, using the reduced density
matrix ρN = Tr�|ψ〉〈ψ |,

SN |� = −Tr (ρN log2 ρN ) = −
∑

k

λk log2 λk, (8)

where λk are the Schmidt eigenvalues of ρN . For the repre-
sentative choice |βω| = |β2ω| = 2, geometries in which one
frequency channel carries no OAM, such as (�1, �2) = (0, 1)
or (1,0), yield SN |� 
 2.99 bits. When both colors carry OAM,
the lattice shear enhances the energy-OAM mixing; for the
corotating (−1,−1) and counterrotating (−1, 1) configura-
tions, we obtain SN |� 
 3.64 and 3.62 bits, respectively. The
corresponding effective Schmidt rank Keff = 2SN |� ≈ 12 illus-
trates that the synthetic lattice supports a large single-electron
energy-OAM mode space whose structure is optically pro-
grammable.

V. CONCLUSIONS

In conclusion, we have established a theoretical frame-
work for two-dimensional synthetic-lattice engineering in
free-electron quantum optics that unfolds the spectral degen-
eracy of commensurate multicolor interactions. By promoting
OAM from a passive readout variable to an active synthetic
coordinate, we construct tunable energy-OAM lattices whose
primitive hopping directions are determined by the optical
selection rules and whose anisotropy is controlled by the
near-field coupling strengths. Within this single-electron set-
ting, we emulate a Lifshitz transition and its associated Van
Hove singularity in the synthetic quasienergy band structure,
demonstrating access to band-structure phenomena beyond a
one-dimensional energy-sideband quantum walk. We further
identify energy-OAM mode nonseparability as a useful diag-
nostic of the engineered single-electron state.

As an experimental outlook, recent OAM-EELS measure-
ments using a postspecimen OAM sorter followed by an
energy spectrometer have demonstrated simultaneous record-
ing of electron energy loss and OAM, providing a possible
readout architecture for the joint P(N, �) distribution consid-
ered here [34]. Together with free-electron vortex generation
by chiral plasmonic near fields, tunable surface plasmon
polariton-mediated electron shaping, and phase-controlled
free-electron interferometry [35–37], these developments
provide ingredients for a proof-of-principle test of the low-
order synthetic-lattice selection rules. The present work is
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restricted to single-electron dynamics; extending synthetic-
dimensional control to sequential interactions, propagation
between interaction regions, and interacting electron ensem-
bles provides a natural route toward genuinely interacting
synthetic-lattice dynamics.
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APPENDIX A: PINEM PHASE OPERATOR
AND PHOTON-EXCHANGE COEFFICIENTS

Here, we summarize the convention used for the recoil-free
PINEM unitary and derive the photon-exchange coefficients
used in the main text. A fast electron moving along z with
velocity v samples the longitudinal optical near field along its
classical trajectory. For a monochromatic near-field compo-
nent written as

Ez(Re, z, t ) = Ez, j (Re, z)e−iω j t + E∗
z, j (Re, z)e+iω j t , (A1)

the recoil-free interaction gives the longitudinal phase modu-
lation

Uj = exp
[
i
(
βω j e

−iω j z/v + β∗
ω j

e+iω j z/v
)]

, (A2)

where the dimensionless PINEM coupling is

βω j = e

h̄ω j

∫ +∞

−∞
dz Ez, j (Re, z)e−iω j z/v. (A3)

The overall sign of βω j depends on the optical phasor conven-
tion and can be absorbed into the definition of φω j = arg βω j .
The measurable sideband probabilities are unaffected by this
convention.

For two optical components at ω1 and ω2, the longitudinal
phase factors commute. The total unitary is therefore

U = U1U2 = exp

⎡
⎣i

∑
j=1,2

(
βω j e

−iω j z/v + β∗
ω j

e+iω j z/v
)⎤⎦.

(A4)
Using βω j = |βω j |eiφω j , Eq. (A2) can be written as

Uj = exp
[
i 2

∣∣βω j

∣∣ cos
(
φω j − ω j z

/
v
)]

. (A5)

The Jacobi-Anger identity,

eix cos θ =
+∞∑

n=−∞
inJn(x)einθ , (A6)

then gives

Uj =
+∞∑

n j=−∞
in j Jn j

(
2
∣∣βω j

∣∣)ein jφω j e−in jω j z/v. (A7)

The factor e−in jω j z/v represents an electron energy change
of n j h̄ω j . Hence, for two colors, the outgoing state can be
expanded as

|ψ〉 =
∑
n1,n2

cn1,n2 |n1, n2〉, (A8)

with

cn1,n2 =
∏
j=1,2

in j Jn j

(
2
∣∣βω j

∣∣)ein jφω j . (A9)

This is the coefficient used in Eq. (1). The probability in the
hidden photon-exchange basis is therefore

P(n1, n2) = ∣∣cn1,n2

∣∣2 =
∏
j=1,2

J2
n j

(
2
∣∣βω j

∣∣), (A10)

which depends only on the coupling magnitudes in the fully
resolved (n1, n2) basis.

APPENDIX B: OPTICAL PHASES AS GAUGE DEGREES
OF FREEDOM

We show here why the optical phases φω and φ2ω do not
change the unfolded synthetic-band topology when the map
from photon-exchange indices to observable coordinates is in-
vertible. The effective Hamiltonian in the observable synthetic
lattice can be written as

Heff =
∑

R

(βω|R + v1〉〈R| + β2ω|R + v2〉〈R| + H.c.),

(B1)
where R = (N, �), v1 = (1, �1), and v2 = (2, �2). Let βω j =
|βω j |eiφω j . Under the site-dependent basis transformation

|R〉 → eiq·R|R〉, q = (qN , q�), (B2)

the hopping coefficient along v j transforms as

βω j → βω j e
−iq·v j . (B3)

Both phases are removed if

q · v1 = φ1, q · v2 = φ2, (B4)

or explicitly (
1 �1

2 �2

)(
qN

q�

)
=

(
φ1

φ2

)
. (B5)

This system has a solution whenever

det A = �2 − 2�1 �= 0. (B6)

Therefore, in the genuinely two-dimensional unfolded case,
the Hamiltonian with complex hoppings is unitarily equivalent
to the Hamiltonian with real hoppings |β1| and |β2|.

The same result is visible in reciprocal space:

εφ (K) = ε0(K + q). (B7)

The phases shift the origin of K but do not change the
topology of the zero-quasienergy contour. Consequently, the
unfolded probability distribution P(N, �), the density of states,
the Lifshitz transition, and the winding class of the zero-
quasienergy contour are phase invariant. Since the gauge
transformation in Eq. (B2) factorizes as eiqN N eiq��, the Schmidt
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spectrum in the N ⊗ � partition is also invariant under the
hopping phases.

APPENDIX C: LIFSHITZ TRANSITION AND VAN
HOVE SINGULARITY

For the corotating case (�1, �2) = (−1,−1), the primitive
vectors are

v1 = (1,−1), v2 = (2,−1). (C1)

Introducing

q1 = K · v1 + φ1, q2 = K · v2 + φ2, (C2)

the dispersion is equivalent to

ε(q1, q2) = 2|β1| cos q1 + 2|β2| cos q2. (C3)

The saddle points occur at q1, q2 = 0, π . At zero quasienergy,
a saddle-point crossing requires

2|β1| cos q1 + 2|β2| cos q2 = 0, (C4)

which is satisfied at |β1| = |β2| for opposite signs of cos q1

and cos q2. Thus, the critical coupling ratio is

ηc = |β2|
|β1| = 1. (C5)

At this point, the zero-quasienergy contour reconnects at the
saddle point, producing the Lifshitz transition shown in Fig. 3.

The corresponding density of states is

ρ(ε) = 1

(2π )2

∫
BZ

d2K δ[ε − ε(K)]. (C6)

A saddle point of ε(K) produces a Van Hove singularity in
ρ(ε). For the transition studied in the main text, this singular-
ity crosses ε = 0 at η = ηc, coinciding with the topological
reconnection of the zero-quasienergy contour.
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