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Harnessing the potential computational advantage of quantum computers for machine learning tasks relies
on the uploading of classical data onto quantum computers through what are commonly referred to as quantum
encodings. The choice of such encodings may vary substantially from one task to another, and there exist only
a few cases where structure has provided insight into their design and implementation, such as symmetry in
geometric quantum learning. Here, we propose the perspective that category theory offers a natural mathematical
framework for analyzing encodings that respect structure inherent in datasets and learning tasks. We illustrate
this with pedagogical examples, which include geometric quantum machine learning, quantum metric learning,
topological data analysis, and more. Moreover, such a perspective provides a language in which to ask meaning-
ful and mathematically precise questions for the design of quantum encodings and circuits for quantum machine

learning tasks.
DOI: 10.1103/rph8-g15q

I. INTRODUCTION

A critical step in quantum machine learning (QML) for
classical data is deciding how to encode the data in a Hilbert
space through a quantum circuit [1-6]. Finding the best en-
coding for a specific task within a large space of options
is often a time- and resource-intensive task, and rarely are
there any general-purpose guiding principles to choose encod-
ings. Here, we utilize category theory to organize and isolate
structure in the dataset and learning task [7]. This restricts
the initial unstructured space of all quantum encodings to a
structured subspace that is usually significantly smaller, thus
enabling the reduction of resources needed to find suitable
encodings. By isolating the structure that quantum encodings
preserve for a given learning task, such as a symmetry, a met-
ric, or a topology, one identifies the encodings as the space of
structure-preserving morphisms in the appropriate category,
thereby providing a mathematical model for what constitutes
structure preservation.

It is only after encoding the classical data onto a quan-
tum computer that one can try to take advantage of potential
speedups due to quantum information processing [8,9]. The
specifics of what happens after encoding depends on the
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model [10,11]. For example, in variational QML models, em-
bedded data are processed through a parametrized quantum
circuit with tunable parameters before obtaining an output
through measurement. The measurements can then be used
to provide a feedback loop to update the parameters defining
the parametrized quantum circuit in order to improve the
algorithm for unseen data [12]. Finding optimal parameters
is often plagued by barren plateaus, and much recent work
is spent on understanding and mitigating the effects of such
barren plateaus in variational algorithms [13—17].

Among the different components of a QML model, it is
the first step of the procedure, the embedding strategy—
sometimes called state preparation [18-20] or data encoding
[11,18,21,22]—that may arguably play the most significant
role. More concretely, it involves the choice of a function,
often referred to as a (quantum) feature map [3,19,23-27],
that assigns to each data point a quantum state, known as a
feature vector [24], data encoding [3,11,22], or (quantum)
embedding [3,23,27,28], to name a few. In this article, we use
quantum encoding to refer to the function, but the terminology
varies as do the encoding choices, each of which introduces
different inductive biases [29]. Notably, there is no general
framework for deciding what constitutes a good quantum en-
coding given a particular dataset or learning task. The notion
of “good” is indeed multifaceted and may encompass several
(sometimes competing) aspects required for the success of a
QML model. For example, previous works have focused on
quantum encodings’ expressivity [21,26], expressibility [2],
robustness to noise [22], computational cost [18], and effect
on model trainability [28].

Another facet, one that we focus on in this paper, is the
interplay between quantum encodings and structure in data.
One archetypal example is the field of geometric quantum
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machine learning, where group theoretic tools aid in con-
structing quantum encodings that respect a given symmetry
[30-32]. This field stems from its successful predecessor
of (classical) geometric learning [33,34], whose goal is to
characterize and analyze the structure of data from the per-
spective of symmetry [35]. Generalizing beyond symmetry,
how should a quantum encoding be constructed so that a
particular structure is preserved? And what is an appropriate
definition of “structure” to use in this context?

Similar questions have been asked by Bowles et al., who
recently called for a more scientifically rigorous approach to
benchmarking in QML [5]:

More studies that focus on questions of structure in data are
crucial for the design of meaningful benchmarks: What math-
ematical properties do real-world applications of relevance
have? ... How can we connect them to the mathematical prop-
erties of quantum models?

In a similar vein, Larocca et al. stated [36]

...models with little to no inductive biases (i.e., with no as-
sumptions about the problem embedded in the model) are
likely to have trainability and generalization issues especially
for large problem sizes. As such, it is fundamental to develop
schemes that encode as much information as available about
the problem at hand.

As another example, Thanasilp et al. pointed out that
many of the difficulties of extracting information from data
transferred to quantum states are due to the exponential con-
centration of quantum kernels. This is caused by various
factors, one of which includes the expressivity of quantum
encodings [4]:

Our work on embedding-induced concentration suggests that
problem-inspired embeddings should be used over problem-
agnostic embeddings (which are typically highly expressive
and entangling).

...Unstructured data embeddings should generally be avoided
and the data structure should be taken into account when
designing a data-embedding....

The problem-inspired embeddings that are mentioned here
are precisely those types of encodings that preserve a certain
structure. Such encodings form the focus of this paper.

Toward addressing questions of structure in data, a quick
perusal through the literature shows that a number of math-
ematical structures have relevancy depending on the dataset
and task at hand. Geometric quantum machine learning,
as mentioned above, exploits symmetry in data, whereas
quantum metric learning prioritizes similarity and distance
structure [23]. On the other hand, quantum topological data
analysis (TDA) [37], which has been studied in the con-
text of quantum encodings, concerns topological structure in
data [38]. Each involves the analysis of a different math-
ematical structure and the extent to which it is or is not
preserved under a passage to a Hilbert space under a non-
linear mapping. A methodical study of quantum encodings
can therefore benefit from a principled framework in which
to think about structured mathematical objects and structure-
preserving mappings between them.

Category theory, a relatively modern branch of mathe-
matics, is the study of precisely this [7,39-41] (see also
Refs. [42,43] for quantum-focused introductions). In addition
to providing a language to analyze mathematical objects and
relationships between them, category theory also formalizes
the notion of “structure” itself [44], thus lending clarity and
rigor to situations that may otherwise not be well under-
stood. Its purview has also extended well beyond mathematics
to data analysis where, for instance, it forms the backbone
of topological data analysis [45] and the dimensionality re-
duction technique of Uniform Manifold Approximation and
Projection (UMAP) [46], and more recently it has been
used to provide guiding principles in the context of (classi-
cal) machine learning, such as functional programming [47],
probabilistic programming [48], the architecture of software
engineering [49], neural network symmetrization [50,51],
backpropagation [52], and the general algebraic structure of
deep learning [53].

In this article, we provide an overview of various quan-
tum encodings and offer a guided perspective to designing
such encodings in a way that respects the structure within
a given dataset and learning task. We achieve this through
the usage of category theory, which allows one to analyze
a variety of mathematical structures simultaneously without
the intricate details that are problem specific. Importantly, the
reader is not assumed to have prior familiarity with category
theory. Instead, this article serves an invitation to those with a
background in QML to adopt a categorical perspective when
designing encoding schemes. And although we focus primar-
ily on quantum encodings toward the advancement of QML
techniques, the ideas presented here are equally applicable to
standard (classical) machine learning.

The article is outlined as follows. Section II introduces
quantum encodings and walks through several examples while
highlighting some of the mathematical structures that are
preserved. Section III introduces some basic definitions in
category theory and recasts the examples of the previous sec-
tion in a more formal, categorical context. This will reveal
the fact that each example is a special case of a more general
concept known as a forgetful functor. These observations are
finally summarized in Sec. III C in which we reformulate the
design setup and design goal of quantum encodings in the lan-
guage of category theory—the core perspective of the article.
Section IV proposes several open questions and avenues for
future directions.

II. STRUCTURE-PRESERVING QUANTUM ENCODINGS

Quantum circuits for quantum machine learning tasks can
often be decomposed into three essential components: the
encoding block, the variational block, and the measurement
block, as displayed in Fig. 1 [24]. Each component has a
significant influence on the output of a quantum algorithm,
though the first step plays a particularly important role. In-
deed, just as the quality of data influences the performance of
machine learning algorithms, it is desirable to preserve struc-
ture inherent in raw data when encoding it onto a quantum
computer. And yet, due to the wide variety of quantum algo-
rithms, there are no immediately obvious general guidelines
for preserving the latent information within the data in this
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FIG. 1. The three essential components of a (variational) quan-
tum machine learning task or algorithm: the encoding block that
transfers classical data x onto the quantum computer, the variational
block whose parameters 6 can be modified so as to optimize some
outcome, and the measurement. Our focus here is on the encoding
step.

encoding layer. For this reason, we focus our attention on
the encoding step, with special attention given to preserving
underlying structure within the data.

As we will see below, the meaning of “structure” will
depend on the data, the machine learning task, and/or the
problem in general. Intuitively, for example, the data could
admit geometric or topological structure (such as with data
points sampled from a distribution localized near a manifold),
algebraic structure (such as symmetries), and/or metric struc-
ture (such as when measuring distance based on similarities
and dissimilarities between data points). Moreover, many of
these structures are not mutually exclusive, which further
complicates selecting appropriate quantum encodings.

Several specialized encoding schemes for transferring clas-
sical data onto a quantum computer have been constructed for
specific cases. For example, a common choice in the context
of original quantum algorithms, such as the Deutsch-Jozsa
algorithm [54], is bit encoding, where a binary string such as
1011 is assigned to the four-qubit state [1011). Meanwhile,
encoding vectors v = (vy, ..., vy) in R into quantum states
can be done in many ways. For example, solving systems of
linear equations [55], supervised and unsupervised cluster-
ing [56], and computing persistent homology in topological
data analysis [37] utilize amplitude encoding when working
directly with the raw data [57,58]. Other popular choices of
encoding schemes in the context of quantum machine learning
include angle/rotation encoding, time-evolution encoding, in-
stantaneous quantum polytime encoding, and more [59]. Are
these encodings the most ideal ones used for their purposes?
What guiding principles should be followed so that one can
make better-informed decisions about what types of encod-
ings to use? Can structure that is inherent in the problem
be utilized in order to guide those choices? This paper aims
to answer that this can indeed be done using appropriate
category-theoretic tools [7,39]. Before getting there, however,
we first review some examples of encoding techniques and
the types of mathematical structures they preserve, saving the
categorical explanations for Sec. IIT A.

A. Generic encodings

En route to surveying examples of quantum encodings,
we begin by providing the mathematical definition of quan-
tum encoding used throughout this work. The definition is

meant to capture the idea that classical real-world data can
be mapped into a quantum system either as a data-dependent
quantum state or a data-dependent quantum circuit. To make
this mathematically precise, we first establish some notation
and terminology for operators and states in Hilbert space
[8,60,61]. Given a Hilbert space H, let () denote the set
of states, i.e., trace-class positive operators with trace 1, and
let 7 (1) denote the set of unitary operators on . Although
both . (H) and % (H) have more structure than that of mere
sets [for instance, .’(H) can be viewed as a convex space
and 7/ (H) can be equipped with the structure of a Lie group],
our aim is to first focus on the structure present in the data
and how that structure can be preserved on . (H) and % (H)
under quantum encodings. So, we consider them as mere sets
for now.

We will often let X’ denote a set, called a data domain or
feature space, containing the data of interest, with the notation
X typically used for the dataset itself (e.g., a sample), which
is usually taken to be finite. The following definition of a
quantum encoding is a minimalistic definition, in that it does
not refer to any specific task (e.g., classification or regression)
or model (e.g., variational quantum circuit, implicit, explicit,
data reuploading, etc.) but is general enough to be applicable
to most settings.

Definition 1. A quantum state encoding from a data do-
main X into a Hilbert space # is a function p : X — ./ (H).
A quantum unitary encoding is a function U : X — % (H).
A quantum encoding refers to either of these.

The two definitions are related in that every quantum uni-
tary encoding U : X — % (H), together with a quantum state
[Yo) € H, gives rise to a quantum state encoding p : X —

S (H) via
p(x) = U @)¥o) (YolU (x)". ey

The important point to notice in this general definition is
that a quantum encoding is simply a function, which does not
necessarily preserve any additional structure. In particular, it
is not assumed to be continuous, smooth, distance preserv-
ing, or symmetry preserving. An important step in designing
quantum encodings, therefore, is to first identify appropriate
structures on the data domain X and set of states . (H)
that are relevant to the problem at hand. One then seeks to
construct a quantum encoding that preserves that structure.
Demanding that a certain mathematical structure is preserved
places a restriction on the set of all functions from the data
domain X to the set of states . (), thus potentially making
it easier to search for quantum encodings (cf. Fig. 2).

In the next few sections, we will highlight several familiar
illustrations of this, where the relevant structures are symme-
try, topologies and smooth structures, distances in the context
of topological data analysis, and distances in the context of
quantum metric learning.

B. Symmetry

Geometric quantum machine learning provides one ex-
ample of structure-preserving quantum encodings that aids
in the design of quantum circuits [30-32,36,62,63]. In this
paradigm, symmetries are described in terms of group actions
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FIG. 2. Among all possible set-theoretic functions describing
quantum state encodings (dashed arrows) from a data domain X to
a Hilbert space H, demanding that a structure is preserved isolates
a subset of quantum encodings (solid arrows), thus potentially sim-
plifying the search for quantum encodings compatible with a given
structure.

on both the data domain and the set of quantum states. Quan-
tum encodings that preserve this structure of symmetry are
called equivariant quantum encodings, and such encodings
will be the focus of this section. Since there are fewer quantum
encodings that are equivariant with respect to these symme-
tries as compared to all quantum encodings, one is able to
isolate a smaller space of encodings, which in theory reduces
the resources needed to find appropriate encodings. More pre-
cisely, both the data domain X and quantum state space . (H)
are equipped with an action of a group G, and a quantum state
encoding p : X — .¥(H) that is compatible with the relevant
symmetry is a G-equivariant map. Let us now briefly review
how this works by first recalling the formal definition of a
group’s action on a set.

Definition 2. A G-set is a set X together with a group
homomorphism « : G — Aut(Xx’), where Aut(X') denotes the
group (under function composition) of bijections on X. The
map « is referred to as the group action. Such a G-set X is
often written as a pair (X, ).

In this definition, notice the distinction between the under-
lying set and the additional structure that defines the action.
The notation helps to keep this distinction front and center.
Indeed, if X is a G-set, then writing it instead as a pair
(X, @) helps to emphasize the additional structure that X’
carries with it, which is useful notation that will reappear
later. Unwinding Definition 2 further, “Aut” stands for “auto-
morphisms,” and the bijection (or automorphism) associated
with a group element g € G is often written as oz : X — &,
Its action on an element x € X' is written as o,(x), which is
another element of X'. The group homomorphism property
says that the action is compatible with the group operation,
in that agy (x) = ag(a(x)) for all g, h € G and x € & as well
as a1, = idx, where 1¢ is the identity in the group G.

As an example, if H is a Hilbert space, and if V : G —
% (H) is a unitary representation of G on H, then H becomes
a G-set because the set of unitary operators on H can be
viewed as a subset of Aut(#), since unitary operators can be
viewed as invertible linear transformations on . Moreover,
this action of G on H induces an action of G on the space
of states .#’(H) by sending each group element g € G to the
operator Ady, € Aut(.(H)) defined by

Ady,(0) :=V,oV, )

FIG. 3. This is a variation of Fig. 2 in Ref. [30] based on a
binary classification task with discrete symmetries given by o o),
a reflection along the line x, = x, ®(,1), an inversion, and o 1),
a reflection along the line x, = —x;. The structure is periodic so
that the symmetry is preserved. More details about how to explicitly
construct the decision boundaries for this classifier, as well as the
associated observable, are provided in Appendix B.

for all o € . (H). Here, “Ad” stands for the adjoint action.
Thus, (. (H), Ady) is a G-set as well.

Therefore, if we have a data domain X with a symmetry,
and we want to encode these data onto a quantum system
with Hilbert space #, then we might want to encode the data
in a way that preserves the symmetry. This leads to our first
example of a structure-preserving quantum encoding.

Definition 3. Given a G-set (X, ), a G-equivariant quan-
tum state encoding of (X, «) consists of a quantum state
encoding p : X — .(H) together with a unitary represen-
tation V : G — % (H) of G on the Hilbert space H such that
p is G-equivariant, that is,

plag(x)) = Vep(X)V, 3)
forallx e XY and g € G.

This definition of a G-equivariant quantum state encoding
is a special case of the more general notion of a G-equivariant
map between two G-sets, defined as follows.

Definition 4. Let (X, «) and (), B) be two G-sets. A G-
equivariant map from (X, o) to (), B) is a function f : X —
Y such that

Slog(x)) = Be(f(x)) )
forallx e XY and g € G.

As we will see in Sec. III, Definition 3 amounts to saying
that a G-equivariant quantum state encoding is a morphism
in a particular category. In the meantime, observe that Eq.
(4), and in particular Eq. (3), imposes a restriction on the set
of all functions from one G-set to another since not every
function will necessarily satisfy the constraint. Indeed, such
constraints have been used in QML to construct equivariant
quantum encodings by combining equivariant feature maps
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and equivariant gatesets in Ref. [30]. This is illustrated in the
following toy example.

Example 1. Following the example in Ref. [30, Sec. II A],
consider a supervised learning task that distinguishes between
two classes of points within a data domain X = R? as shown
in Fig. 3. The data domain X acquires a symmetry determined
by the relations

y(x1, x2) = y(x2, x1) = y(—x1, —x2), 5)

where y : X — R is a function that determines the class of
any input data point via y(x) > 0 implies x is of class +1,
while y(x) < O implies x is of class —1. The symmetry de-
picted in Eq. (5) is modeled by the Klein Four group

G =17, x Z, ={(0,0),(1,0), (0, D), (1, H} (6

under addition modulo 2. Suppose this group has the action « :
G — Aut(R?)on X = R? given by the linear transformations
whose associated matrices are
0 1
®a.0 = 4 ol

1 0
200 =g 1|

-1 0 0 -1
01(0,1)=|: 0 _J, 0l(1,1)=[_1 O]' )

Now set H=C>®C? and set V : G — % (H) to be the
representation specified by

V.o =1 ® 1, Vii1,0) = SWAP,

Viooy=X®X, V1,1 = SWAP(X ® X), (8)
. . . 0 1 .
where X is the Pauli matrix X = 1 ol 1, is the 2 x 2

identity matrix, and SWAP is the unitary operator characterized
by SWAP(|¥) ® |¢)) = |¢) ® |¥) for all [¢), |¢) € C>.

In this example, a G-equivariant quantum encoding would
beamap p : X — (M) such that Vop(x)V,” = p(a(x)) for
all x € X and g € G. One example of such an encoding can be
obtained from the unitary encoding U : X — %/ (H), which
sends a point x = (x, xp) € X to

U(x1, x2) = Rz(x1) ® Rz(x2), )
where the rotation gate is given by
. —i0/2 0
Ry (0) = " = [e 0 ei@/z}, (10)

1
0
encoding, one can obtain a state encoding by acting on a
fiducial state |v) € H of the form

Vo) = V/pl+.+) =1 = pl—, —), an

where 0 < p < 1. (The value of p chosen to produce Fig. 3
can be found in Appendix B.) Here,

1

where Z is the Pauli matrix Z = [ _Ol] From this unitary

1
(10) +11)) and |-)=—=(0) —[1)) (12)
V2 V2
are the spin-up and spin-down eigenvectors of X, respectively,
and |%, &) := |£) ® |£). Thus, the resulting state encoding

+) =

sends x = (x, xp) to

p(x) = U (x1, x2)|¥0) (YolU (x1, x2)". (13)

One can explicitly check that this defines an equivariant
quantum encoding. More generally, one might ask how such
an equivariant encoding can be obtained from the equivariance
condition. To see how demanding equivariance reduces the
space of possible quantum encodings, it helps to make some
assumptions about the form of the encoding. Suppose that the
unitary quantum encoding U : X — % (H) is of the form

U(x) = e 5™, (14)

where £ : R2 — Mj is a linear transformation sending each
point x € X to a Hermitian operator L£(x) € My, where My
is the algebra of complex 4 x 4 matrices. (Encodings of this
form are described in more detail in Appendix A.) Moreover,
it suffices to assume that this Hermitian operator is traceless so
that —iL(x) € su(4), the Lie algebra of 4 x 4 special unitary
matrices. Such a linear transformation £ is uniquely deter-
mined by the image of the two unit vectors

Ly :=L(e;) and L, := L(es), (15)

where e¢; = (1,0) and e, = (0, 1). Therefore, the set of all
such linear transformations is isomorphic to the span of all
ordered pairs of traceless Hermitian 4 x 4 matrices, which is
a real vector space of dimension 2(4> — 1) = 30.

The equivariance condition singles out a subspace of this
vector space as follows. First, notice that the equivariance
condition

Vee L0V = gmiLiao) (16)
at the level of the unitary encoding becomes
VoLV, = L(ag(x)) 17)

at the level of the generating elements L£(x) because each V,
is unitary [64]. Let us now see what this says for some of the
specific group elements. For g = (1, 0), equivariance implies
SWAP L SWAP = L, (and also SWAP L, SWAP = L;, but this
is equivalent to the first equation). For g = (0, 1), equivari-
ance implies (X @ X)Li(X ® X)=—L;and X @ X)[,(X ®
X) = —L,. However, the second of these follows from the
previous constraints. Hence, these give us two operator con-
straints

SWAP L, SWAP = L,,
(X®X,Li}=0 (18)

on the space of all quantum encodings parametrized by or-
dered pairs of Hermitian operators, thereby reducing the space
of all possible quantum encodings to structure-preserving
quantum encodings. In fact, there is a reduction from the
30-dimensional real vector space of all pairs of Hermi-
tian matrices (L, L,) to an 8-dimensional subspace of pairs
(L1, SWAP L; SWAP) due to the constraint (18). A basis for this
subspace in terms of L; consists of

Z®1,,
X®Z,

1,®7Z,
Z®X,

Y ®1,,
XQY,

1,®Y,

19
Y ®X, 1
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which is derived in Appendix B. The example given in Eq. (9)
from Ref. [30] corresponds to the choice

L= z Q1
=5 2
for the generators of the quantum encoding.
More details associated with this example, including how
the decision boundaries in Fig. 3 are constructed, are provided
in Appendix B.

Z
and L2 = 12 ® 5 (20)

There are two subtle points to be aware of when design-
ing equivariant encodings. One is that perfectly equivariant
encodings (and subsequent equivariant layers) may overfit
to perfectly symmetric data. The second point is that such
equivariance may also lead to efficient classical replacements
of quantum algorithms, i.e., dequantization [65,66]. For the
first point, due to errors on quantum computers and other
factors, the overfitting to perfectly symmetric data might
inhibit generalization, and might therefore not be ideal for
all QML problems [67]. Indeed, it has been observed that
having symmetry-breaking layers in data reuploading models
may provide more accurate predictions in classification tasks
[36,68,69]. (We only briefly mention data reuploading models
in Appendix D but otherwise do not make explicit use of
them.) However, it is important even in these examples to
first isolate the class of equivariant encodings that one can
then perturb to get symmetry-breaking gates in a way that is
informed by the types of errors that can occur on the quan-
tum computing device. Therefore, isolating the equivariant
encodings and gates is an important first step in designing
such quantum machine learning models. A discussion about
the second point on dequantization is deferred to Sec. I'V.

Having briefly presented geometric quantum machine
learning as the archetypal example of how structure (namely,
symmetry) in a dataset could be used to inform the design
of quantum encodings, we now move on to discuss structure
preservation in the context of continuity and smoothness.

C. Topologies and smooth structures

Continuity and smoothness (e.g., differentiability) are con-
cepts that can be defined using the tools of topology and
manifold theory [70-73], which isolate some of the more
flexible structures of Euclidean space dictating how neigh-
borhoods connect together [74]. The underlying topologies
and smooth structures on the data domains and quantum state
spaces are two examples of mathematical structures that are
so natural that they might not always be explicitly stated.
Quantum encodings respecting these structures are functions
that are continuous and smooth, respectively. In more detail,
the data domain X" and the state space .(#) should each be
equipped with a topology and a smooth structure so that the
quantum state encoding p : X — .¥’(H) can be chosen to be
continuous or smooth (i.e., infinitely differentiable) if we want
the encoded quantum states to vary continuously or smoothly
based on small variations in the classical data.

We will not need the technicalities of these definitions
in what follows, but we do wish to reinforce the notion of
adding mathematical structure to a set, which is key concept
in this work. To that end, let us briefly recall the definition
of a topology and a smooth structure. A fopology on a set X

is a set Ty whose elements are certain subsets of X, called
open subsets, satisfying a list of axioms [70,73]. When a
set X is equipped with a topology tx, the pair (X, Tx) is
called a ropological space. Writing it as a pair emphasizes
the additional structure that X" carries, although ty is often
omitted in the literature for brevity. Meanwhile, a smooth
structure can be defined once a set X' is already equipped
with a topology. Moreover, this topology should satisfy an
additional list of axioms so that (X, tx) defines a topological
manifold (namely, it should be Hausdorff, second-countable,
and locally Euclidean of some fixed dimension) [72]. Then, a
smooth structure on a topological manifold (X, tx) is a maxi-
mal smooth atlas A on X, and the triple (X, Ty, A) is called a
smooth manifold. (See Ref. [72] for more details.) Given such
structures, only then can one define continuous and smooth
maps between topological spaces and smooth manifolds as
functions that preserve the topology and smooth structures
[70,72,73]. In the language of category theory, these maps are
said to be morphisms in particular categories, a framing we
will revisit in Sec. IIL.

Technicalities aside, continuity of a quantum encoding is
used to ensure that classical data are encoded in such a way
that the encoded data do not vary too wildly from the raw
classical data, while smoothness is used to ensure even more
rigidity and differentiability properties, such as when calculat-
ing generators using derivatives [59]. (See also Appendix A.)
Most quantum encodings are of this form, and in this sec-
tion we will list some of the more commonly used examples in
the literature. In each of these examples, the data domain X’ is
a Euclidean space of the form R, which is equipped with the
standard topology and smooth structure of Euclidean space
[72]. Meanwhile, the set of pure states on a Hilbert space
H = C4 is the complex projective space CP?~!, which also
has a standard topology and smooth structure [72,75].

Example 2 (Angle encoding). Angle encoding, also called
rotation encoding, is a technique explored in Refs. [11,24,76]
that utilizes the structure of one-parameter groups and inter-
prets the feature components as parameters that can be used
for Hamiltonian evolution. In the case that X = R¢ is a Eu-
clidean feature space, each component of x = (xy, ..., x4) €
X is mapped to its own qubit via the map

d .
X |[P(x)) = (®exp (—%Xk>)|0...0), 21
k=1

where X; is the Pauli X gate acting on the kth qubit. The
associated quantum state encoding p : RY — .#(C ') is then
given by

p(x) = [P(x)) (P (x)]. (22)

Note that the Pauli X gate may be replaced with a Pauli Y or
Pauli Z gate, as in Eq. (9) in the previous section, for exam-
ple. In fact, one could choose any generalized Pauli operator
7i - &, where 7 is some unit vector in R3 and & = (X, Y, Z)
is the vector of the Pauli gates. All of these quantum state
encodings are continuous and smooth. Note that these quan-
tum encodings map a feature space of d dimensions into d
qubits, which is a linear scaling (as opposed to the logarithmic
scaling of amplitude encoding, which is discussed in Example
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3). Moreover, angle encoding has been successfully used in
some binary classification tasks [23,27,77]. Note, however,
that angle encodings do not make any use of entanglement
with respect to the assumed tensor factorization of the qubits
because there are no entangling gates in the definition of the
encoding. For this reason, it is said to have low expressibility
[2], and one can include entangling gates and data reupload-
ing within the quantum circuit to increase expressibility and
expressivity [10].

Example 3 (Amplitude encoding). Amplitude encoding is a
technique that models entries in the data point array as fre-
quencies (in the statistical sense) of the expected string output
[59]. By definition, it takes a vector x € R? \ {0} to a vector
xx)inC 2' the Hilbert space of d qubits, and then normalizes
it to obtain a genuine quantum state |®(x)). To express this
as a succinct formula, if x = (xo, x1,...,X0_1) € de, then
rewrite the indices in binary so that they correspond to a
sequence n of d Os and 1s. For example, if d = 2, then n
has four possibilities: n € {00, 01, 10, 11}. Then, amplitude
encoding is defined by the sequence of maps

241

_ X
X x(x) = gmm = 19 = o

(23)

where || x (x)|| denotes the Euclidean norm of x (x). Since the
data are assumed to be real, one could equivalently normalize
the data first onto the sphere $2'~! inside R2 and then map
over to C%' to get the same resulting quantum state. Al-
though the above description of amplitude encoding provides
one mathematical description of the resulting function, there
are several proposals for constructing quantum circuits that
achieve amplitude encoding, not all of which use the same
number of qubits [18,57,58]. We will not discuss these at
present, but instead analyze some of the structural properties
of the amplitude encoding from Eq. (23). To start, amplitude
encoding is both continuous and smooth. Moreover, one of
the benefits of amplitude encoding is that a feature space of
the form R?' is encoded into a Hilbert space of log,(2¢) = d
qubits. However, in the process of normalization to obtain a
genuine quantum state, data points that are far away from
each other in the data domain might have their distances so
drastically reduced that they become difficult to separate in
the encoding (cf. Fig. 4). In fact, the mapping is in general
not one to one, which means that two distinct points may be
mapped to the same element, thus causing their distance to
vanish and therefore become indistinguishable.

There are at least two slight modifications to the amplitude
encoding scheme mentioned above that partially address the
lack of injectivity. First, one could add an additional entry for
the original data and project onto the unit sphere S 2 (instead
of S 2d’l) via
.’XN_I)'_) (xo,xl,...,xN,l,l)’ (24)

1+ [lx|1?

so that the dimension does not reduce upon encoding [59].
Although the map is now a diffeomorphism onto the open set

for the northern hemisphere of Szd, this does not fully resolve
the problem of the difficulty of separation of data mentioned

(x0, X1, ..

normalize

v

FIG. 4. The standard form of amplitude encoding is smooth but
not dimension preserving. This is because it requires a step that
pushes the set of data points in R? onto the unit sphere st
thereby reducing the separation between the data points and hence
increasing the difficulty in distinguishing between them. For exam-
ple, although the square B is close to the diamond 4 in the ambient
data domain, they are far apart after amplitude encoding. Meanwhile,
although ¥ and A are far apart in the ambient data domain, they are
close together after amplitude encoding.

in Fig. 4. This is because data points that are within the unit
sphere $%'~! are mapped into the top part of the northern
hemisphere of 52" within a polar angle of Z, while the points

2'~1 are all mapped into the northern

outside the unit sphere S
hemisphere of §2' with a polar angle between 7 and 7, thus
drastically reducing the distances between points that were
originally very far away from each other (cf. Fig. 5).

Another version of amplitude encoding instead first trans-

forms the data into a probability vector by the mapping
(e®,...,e™ 1, 1)

= ; (25)
1+ ZZJY:OI e

(x03 ""-xN—l) =

which has image on the probability simplex [38]. The benefit
of this over the previous encodings is the direct translation to
probabilities, though a similar problem of data separation (due
to a lack of distance preservation) remains (cf. Fig. 6). Alter-
native versions of amplitude encodings are given in Ref. [78],
though those also have similar advantages and disadvantages
to the examples just given. These problems involving a lack
of distance preservation can be circumvented by equipping
the target spaces with a modified notion of distance, a topic
that we discuss in the next two sections. However, it is not
generally possible to transfer a distance function from a data
domain fo a quantum state space (since encodings are not
generally bijective). Instead, it is only possible to go in the
opposite direction (cf. Sec. II E). Let us therefore first move on
to discuss distances in the context of topological data analysis.

FIG. 5. Although data x, in the interval [—1, 1] get mapped into

the northern hemisphere of S' within polar angle 7» all other data
get mapped to the region with polar angle between 7 and 7. This

is illustrated by showing how the set of negative integers becomes
a sequence with a limit point at (—1, 0) and similarly the image of
the positive integers has a limit point at (1,0). This is shown here for
[—6,6]NZ.
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—6 0 6

FIG. 6. Data x; in R get mapped into the probability 1-simplex.
Although values near O stay separated, data far away from 0 get
clustered near the endpoints. The image of the integers is shown for
[—6,6]1NZ.

D. Distance for topological data analysis

TDA is a technique to identify geometric features of a
data-generating source that are preserved under continuous
perturbations [45,79-81]. A quantum encoding transfers the
data to a quantum system, which potentially disrupts these
topological features. This section will provide guidance on
how to minimally disrupt these features by quantifying the
distances between data points before and after the encoding.

In more detail, TDA utilizes data embedded in a metric
space in order to obtain topological features of a postulated
underlying space from which the data are generated. Although
a finite set of data points does not inherently acquire a non-
trivial topology, the distances between points can be used to
construct a simplicial complex [82], called the Vietoris-Rips
complex, which is a combinatorial object that contains topo-
logical information about this underlying space. We will not
need to go through all the components of TDA to get the
basic flavor of quantum encodings that can be used for TDA.
The important concepts to focus on for our purposes are the
structures that are involved in TDA, namely, distance func-
tions, i.e., metrics, whose definition we recall below [83,84].
In this definition, notice how this theme of sets equipped with
additional structure makes another appearance.

Definition 5. A metric space is a pair (X, dx), where X
is a set and dy : X x X — R is a function satisfying the
following conditions:

(1) dx(x1,x) = 0if and only if x; = x,.

2) dx(x1,x) =dx(x2, x1) forall x;, x, € X.

(3) dx(x1,x2) < dx(x1,x3) + dx(x2, x3) for all x1, x2, x3
€ X (the triangle inequality).

Such a function d is called a distance function, or metric,
on X.

The general pipeline for TDA is as follows (see Fig. 7 for
a visual flowchart).

(1) If X C X is a finite subset of X, which is to be
interpreted as a finite sample of data points, and A has a

(X,dx)— Ko(X,dx) — H¢(X,dx) —=dgm,(X,dx)
filtered
simplicial
complex

finite
metric
space

persistence
vector
space

persistence
diagram

FIG. 7. The persistent homology pipeline uses data and their
distances (X, dy) to first construct a combinatorial object K, (X, dy ),
which is then used to construct an algebraic object H,(X, dx ), which
is finally used to construct numerical quantities dgm, (X, dx) (see
text for more details) [89].

metric dy on it, then X acquires a metric dy by the formula
dx(xl, Xg) = dx(xl, Xg) for all X1, X2 € X.

(2) From (X, dx), one can construct a combinatorial ob-
ject called a filtered simplicial complex K,(X, dx ), with one
example being the Vietoris-Rips complex [45,85].

(3) From the filtered simplicial complex, one can construct
algebraic objects, which are the associated persistence vector
spaces and homologies H, (X, dx ) [45,86,87].

(4) From the persistence vector spaces, one can construct
numerical quantities, the persistence diagrams dgm, (X, dx)
[88].

The original standard quantum TDA protocol [37] jumps
in once the filtered simplicial complex K,(X, dx) has been
constructed, and then it focuses on a small component of the
persistence diagrams. Namely, rather than computing the full
persistence diagrams (which provide a full invariant of the
persistent homology up to isomorphism [89]), the quantum
TDA algorithm is aimed at computing the persistent Betti
numbers, which are the dimensions of the persistent homol-
ogy groups [90], and finding the eigenvalues and eigenvectors
of the combinatorial Laplacian (obtained from the graph as-
sociated with the simplicial complex). The quantum TDA
algorithm takes as its starting point the simplicial complex,
rather than the raw data. Briefly, if S denotes a simplicial
complex constructed from a dataset with n elements for some
distance threshold e, then each k-simplex s € S is uniquely
determined by its k + 1 vertices. Supposing that there is a
total ordering on the vertices, vy, vy, ..., Uy, such a simplex
s can therefore be expressed as s = {v;, ..., v;,,}, where
i <--- <41 and the distinct vertices v;,, ..., v;,, define
the simplex s. Therefore, the quantum state |s) associated with
the simplex s would be the n-qubit state with the iy, ..., ix1
qubits in state |1) and all other qubits in state |0) (this is
an example of bit encoding, which is discussed in more de-
tail in Appendix E). For example, for n =7 and k = 3, the
2-simplex s = {v2, v4, vs} would be represented by the state
|s) =10101100).

However, one could ask whether it is possible to begin
the quantum algorithm at the beginning of the pipeline by
inputting the raw classical data directly onto the quantum
computer and applying quantum algorithms to calculate per-
sistence diagrams from the encoded quantum states. Although
Ref. [37] suggested that this step could be done using am-
plitude encoding, Ref. [38] showed that amplitude encoding
leads to persistence diagrams that differ quite drastically from
the persistence diagrams of the original dataset. The reason
for this stems from the fact that amplitude encoding distorts
the distances between the data points so much (as discussed
in Example 3) that the persistence diagrams obtained from the
quantum encoded states no longer resemble the persistence
diagrams of the original dataset. The study of how much a
persistence diagram is distorted under different mappings is
known as stability in the (classical) TDA literature, and its
study leads to the following notions of structure-preserving
map between finite metric spaces.

Definition 6. A distance nonincreasing function f :
(X,dx)— (),dy) from one metric space (X,dx) to
another (),dy) is a function f:X — ) that satisfies
dy(f(x1), f(x2)) < dx(x1, xz) for all x;, x, € X. An embed-
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ding from (X, dy) to (), dy) is a function f : X — ) that
satisfies dy (f (x1), f(x2)) = dx(x1, x) forall x;, x, € & i.e,
f is distance preserving.

From the categorical perspective that we will introduce
soon, quantum encodings that preserve metric structure in
either of these ways are said to be morphisms in a particular
category. Additionally, when two mathematical objects are
viewed as being equivalent in a way that respects structure
via such morphisms that go back and forth between those two
objects, then those two objects are said to be isomorphic. The
following theorem identifies how preserving the metric during
the encoding stage guarantees that the constructions in the
persistent homology pipeline are isomorphic, whether they are
built from the classical data or the quantum encoded data.

Theorem 1. Let (X, dx)and (), dy) be two metric spaces,
and let X € X be a finite subset equipped with the induced
metric dxy from dx. If f:(X,dx) = (V,dy) is an embed-
ding, let Y := f(X) be the image of X under f equipped
with the induced metric dy from dy. Then, the filtered sim-
plicial complexes K, (X, dx) and K,(Y, dy) are isomorphic,
the persistence vector spaces H,(X,dx) and H,(Y, dy) are
isomorphic, and also the persistence diagrams dgm, (X, dx)
and dgm, (Y, dy) are all isomorphic.

For brevity, we refer the reader to Refs. [45,88,89] for more
details on the definitions and proof, the latter of which follows
from the fact that each of the arrows in the TDA pipeline
in Fig. 7 defines a functor, a concept that we will define
in Sec. III B. Instead, we will elaborate on the meaning of
Theorem 1 in the context of quantum encodings for TDA. The
main point is that if the initial quantum encoding preserves the
distances exactly with respect to some suitably chosen metric
on the set of quantum states, then the associated persistent
homology of the quantum states obtained from encoding the
classical data must agree with the persistent homology of
the original data. Because different types of metrics exist on
the space of quantum states (some examples will be given
in the next section), one must choose both a suitable metric on
the space of quantum states as well as a suitable encoding that
preserves the distance from the classical data to the quantum
states.

However, if one does not use a distance-preserving quan-
tum encoding, then a more general stability theorem dictates
how the persistence homologies and diagrams may change
[88,89]. Namely, there is a bound relating the Gromov-
Hausdorff distance between the original metric space of
classical data and the metric space of encoded quantum data
to the bottleneck distance between the associated persistence
diagrams using distance nonincreasing maps. It remains an
open problem to explicitly construct a distance nonincreasing
quantum encoding that has a persistence diagram close to the
one obtained from the original classical data. For brevity, we
will not elaborate on the details of this here. Instead, we focus
on another setting in which structure could be preserved in the
context of quantum metric learning.

E. Distance for metric learning

In the previous section, we saw how topological properties
of data can be preserved as long as one uses encodings that are

distance preserving or, more generally, distance nonincreas-
ing. However, this is not always possible, since an encoding
might drastically distort distances. For example, faces of an
individual from slightly different angles might be considered
similar by us, while the vectors of pixels might be widely
separated. A similar situation occurs when encoding classical
data into a quantum system. The idea of metric learning is
to encode the notions of similarity, dissimilarity, or relative
constraints between data points in order to recover a metric
that accurately describes the proximity of data [91-96]. This
is most practically done when the metric depends on a reason-
able set of parameters that can be optimized, such as in linear
metric learning (cf. Appendix C). In most of these situations,
recovering a metric employs the mathematical concept of an
embedding, that is, a distance-preserving function, between
metric spaces, as described in the previous section.

It follows from the definition of a metric space (cf. Def-
inition 5) that an embedding is automatically injective as a
function. Moreover, any injective function from an arbitrary
set X into a metric space (), dy) induces a metric on X,
as we will recall in Lemma 1 below. This is an important
idea in the context of metric learning because one might not
know which metric to use on &', and the space of metrics
is overwhelmingly vast and unsuitable for optimization in
most cases. Instead, one parametrizes the metric through other
means [91]. Namely, one fixes a suitable metric space (), dy),
such as Euclidean space in the case of classical machine
learning or the state space of a quantum system in the case of
quantum machine learning (where the choice of metric in the
quantum case depends on many factors) [23,95]. What varies,
then, is the encoding map f : X — ), which is assumed to be
an injective function. One chooses f according to some class
of models, and the following mathematical fact allows us to
define a metric dx on X from the metric dy on Y and the
encoding f.

Lemma 1. Let X be a set, (), dy) a metric space, X’ i) y
a function, and dy : X x X — [0, 0o) the function

dx(x1,x2) := dy(f(x1), f(x2)) (26)
defined for all x;,x, € X. Then, dy is a metric on X if and

only if f is one to one. In such a case, (X, dx) i> Y, dy)is
an embedding.

The method of obtaining a metric on X in this manner
via some injective function f is called global (possibly non-
linear) metric learning [94,95,97]. In general, the parameters
describing such a metric can come from two sources: (1) a
family of metrics on the codomain ) (such as the Minkowski
metrics induced by the L, norm [91]) and (2) a family of
injective maps f : X — ) (such as a space of injective lin-
ear transformations in linear metric learning, as described in
Appendix C). The proof of Lemma 1 is given in Appendix D.
The lemma itself motivates the following definition.

Definition 7. Given a set X', a metric space (), dy), and a

one-to-one function X —f> Y, the metric dy on X constructed
in Lemma 1 is called the pullback metric or the embedding
metric.

We can now use this idea to make rigorous sense of quan-
tum metric learning [23]. In this setting, the codomain ) is
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taken to be (), the convex space of states on a Hilbert
space H. Utilizing Lemma 1, one uses a quantum encoding
map p : X — Y (H) together with a metric on .¥(#) to de-
fine the distances between data points in X" via the embedding
metric dy. Intuitively, one hopes to arrive at a metric dy
such that (X, dx) is close to (X, dx,, ), where dy, , is some
idealized but unknown metric and where closeness can be
defined with respect to the Gromov-Hausdorff distance, for
example [83]. There are many options for the models used
for the quantum encoding, including those from Appendix A.
Moreover, there are several options for metrics on the space
of states .””(H). The following definition provides some pos-
sibilities of metrics on quantum states [98—103].

Definition 8. Fix a Hilbert space H and let p and o be two
density matrices on H. The trace/t; distance between p and
o is

drip,0)=lp =l =T [Vio -V (p—o)]. @7

The Hilbert-Schmidt/Frobenius/{, distance is

dus(p, o) =V Tr[(p — o) (0 —0)]. (28)
The Bures/Helstrom/infidelity distance is

ds(p. o) =/2(1 = VF(p, ), (29)

F(p.0)=(Tr[ ﬁoﬁ])z (30)

denotes the fidelity between the states p, o € S (H).

where

These distance functions (as well as scalar multiples of
them) provide several examples of metrics on the space . (H)
of quantum states. There are several other interesting pos-
sibilities, which can be found in Refs. [104—107] and the
references therein. Let dy; be the notation for any one of
these metrics. The goal of (classical) global metric learning
is then to find an injective function p : X — ./ (H) from
which we can pull back the metric dy to the data domain X'.
One may additionally add on a parameter space ® to define
a function of the form p : X x ® — .¥(H), from which a
specific parameter 0 € ® is chosen to optimize some machine
learning task. For example, this is essentially what is done in
Ref. [23].

However, there are a few important remarks to be made
about quantum metric learning as used in Ref. [23]. First,
it is in fact a special case of global nonlinear metric learn-
ing where the space for the encoded data is the state space
of a quantum system (as opposed to a standard Euclidean
space R4, for example) [91,95]. Second, many of the en-
codings used in Ref. [23] are technically not embeddings
in the sense defined here. This is because the quantum en-
codings are not always injective functions. We will soon
illustrate this in an example, which shows that the distances
between different points can vanish. This is important because
then Lemma 1 fails, and we need a modification. This is
obtained by the notion of a semimetric space (also called
a fuzzy metric space and pseudometric space) [83,91,108],

whose importance was also recognized in the development of
UMAP [46].

Definition 9. A semimetric space is a pair (X, dy) as in
the definition of a metric space, but dy satisfies the same
properties in Definition 5 except that d y (x;, x2) = 0 no longer
implies x; = xp; i.e., there may exist distinct points whose
distance is zero.

The importance of this definition is to allow for the flex-
ibility of quantum encodings that are not injective. Although
the sampled data should perhaps be embedded in a one-to-one
fashion, it may be that the larger data domain might not strictly
embed under the encoding. This is illustrated in Fig. 8, where
we have reproduced a version of Fig. 4 of Ref. [23]. The next
lemma shows that a semimetric space structure on the domain
of an encoding can be obtained even when the encoding is not
necessarily injective.

Lemma 2. Let X be a set, (), dy) a metric space, X 1) Yy
a function, and dy : X x X — [0, 0co) the function from Eq.
(26). Then, dy is a semimetric on X.

Proof. The same argument in the proof of Lemma 1 applies
with the exception of the last paragraph.

We leave the details behind Fig. 8 to Appendix D so that
we may first summarize our examples and then provide the
general categorical framework that encompasses them.

F. Summarizing our examples

As we conclude this brief survey of examples, observe
how each paradigm in Secs. I B-II E involved the choice of
a mathematical structure that is paired with the data domain
X and quantum state space .¥(#). Finding a structure-
preserving quantum encoding is thus a multistep process. One
first selects a structure of interest, then one equips the data
domain and set of states with that structure, and finally one
looks for a function p : X — % (H) with the property that it
preserves the structure.

Although relatively straightforward, the perspective put
forth in this article is that category theory provides a natural
language in which to recast these design steps, potentially
lending additional mathematical clarity and insight. Said ex-
plicitly, a categorical perspective reveals that designing a
structure-preserving quantum encoding amounts to looking
for mathematical objects X’ and .(H) in a particular cat-
egory that are, in fact, X and .(#H) equipped with extra
structure, an idea that can be formalized by invoking the
categorical concept of a functor. One then requires that the
desired encoding p : X — ¥ (#H), which is a priori blind to
any structure, corresponds to a morphism p' : X' — S (H)
in that category. This mapping p’ can be thought of as an
improved version of p that not only sees the mathematical
structure but also respects it. This, too, can be made precise in
the language of category theory. Our goal in the next section is
to provide the reader with the categorical tools needed to grasp
this perspective.

III. CATEGORY THEORY CAPTURES STRUCTURE

Informally speaking, a category consists of objects and
relationships, called morphisms, between them. For example,
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FIG. 8. (a) Two classes of dataon X = [—2, 2] are presented. One class has orange data points labeled o clustered near 0 and the other class
has blue data points labeled X clustered near 2 and —2. (b) The image of the quantum encoding p : [—2, 2] — .#(C?), with .#(C?) visualized
as the Bloch ball and the encoding p defined in Eq. (D10) using the optimized parameters ¢, = 0.31, 6, = 1.48, 03 =0, and 6, = 0. (c) A
visualization of the pullback metric from the quantum encoding o : X — .#(C?) back onto the domain X'. The metric has been uniformly
rescaled so that the maximum distance between points is 1. (d) The quantum circuit architecture from Ref. [23] that we used to achieve the

quantum encoding shown in panel (b).

there is a category of all topological spaces and continu-
ous functions between them as well as a category of all
G-sets and G-equivariant maps between them for any group
G. Definitions and examples will be presented more for-
mally below, but as mentioned above, categories can be
used to describe data domains and quantum state spaces to-
gether with any additional structure that may be imposed
on them. As already hinted, examples of such structures
include symmetries, topologies, smooth structures for differ-
entiability, metrics, linear algebraic structure such as convex
combinations, and more. Meanwhile, a structure-preserving
quantum encoding is a morphism in one (or more) of these
categories.

In Sec. IIT A, we will present the formal definition of a
category with examples that appear in classical and quantum
machine learning, focusing particularly on the examples listed
throughout Sec. II. As hinted previously in Sec. II F, the main
perspective of structured quantum encodings requires the con-
cept of a functor (specifically, a forgetful functor), which is
a particular kind of passage between categories. As such,
functors will be described in Sec. III B, and many relevant
examples will be provided. With this background in hand,
Sec. IIIC will then reveal the main perspective proposed in
this paper, namely, that reducing the search space from general
quantum encodings to structure-preserving quantum encod-
ings is achieved by lifting the problem from a structure-less
category to one containing more structure in the presence of
some forgetful functor.

A. Categories

Before presenting the formal definition of a category [7],
which may appear abstract at first glance, it is helpful to
know that a classic example of a category involves sets and
functions between them—including quantum encodings, one
of the most basic ingredients in QML applications. Let us

walk through this example slowly, making some simple ob-
servations about functions along the way. To start, observe
that for any two sets X and )/, there is a set of functions f :
X — Y from X to ). Functions, though quite minimalistic,
nevertheless exhibit some structure when viewed as a whole.
Namely, for any two functions f : X — Y and g: Y — Z,
their composite is also a function go f : X — Z. Moreover,
this composition is associative in the sense that given three
functions f : X — V,g: Y — Z,and h : Z — W, the com-
posites ho (go f) and (ho g) o f are equal. Finally, for each
set X, there is a particular function idy : X — X" defined by
idy(x) = x for all x € & that acts as a unit/identity for this
composition since idy o f = f oidy = f for all functions
f X — ). These observations show us that we have some
mathematical “objects” (sets) and “arrows” or “morphisms”
(functions) between them that interact together in a reasonable
way via the composition rule. This is a classic example of a
category and is denoted by Set. In this way, a data domain X’
and the set . (H) of states of a quantum system are objects
in the category Set. Furthermore, a quantum state encoding
p: X = S (H) as presented in Definition 1 is a morphism in
Set.

The formal definition of a category abstracts the example
of sets and functions in the following way.

Definition 10. A category C consists of

(1) acollection of objects, denoted as X, ), ...

(2) forevery pair of objects X', ), a set of morphisms from
X to ), depicted as arrows: f : X — Y

(3) a composition rule: for any morphisms f : X — Y
and g: Y — Z, aspecified morphismgo f: X — Z.

Moreover, these items must satisfy the following axioms:

(1) Composition is associative; that is, for any three
composable morphisms f: X — ), g:)Y — Z, and
h:Z— W, the composites ho(gof) and (hog)o f
are equal.
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(2) There exist identity morphisms; that is, for every object
X there exists a morphismidy : X — X suchthat foidy =
idy o f = f for all morphisms f : X — ).

Below are three additional examples of categories that have
already appeared in our analysis of quantum encodings.

Example 4 (G-sets and G-equivariant functions). For a
fixed group G, there is a category G-Set whose objects are
G-sets, where a morphism between G-sets is a G-equivariant
function. The following observations show that this is indeed
a category:

(1) The composite of two G-equivariant functions is again
G-equivariant.

(2) Composition is associative due to the associativity of
function composition.

(3) For each G-set (X, ), the identity function idy on X
is G-equivariant.

We have already seen a class of examples coming from
geometric quantum machine learning [30,31,36], namely, G-
equivariant encodings p : X — ¥ (H), where G acts on the
data domain X by some action « and G acts on . (H) by
the adjoint action of some unitary representation of G on H
(recall Sec. IIB). Thus, such a G-equivariant encoding p is
a morphism in the category G-Set. Moreover, since the com-
posite of equivariant functions is still an equivariant function,
this is what enables one to build equivariant layers in quantum
circuits and still obtain an overall equivariant function.

Example 5 (Topological spaces and continuous functions).
There is a category Top whose objects are topological spaces,
where a morphism between spaces is a continuous function.
The following observations show that this is indeed a cate-
gory:

(1) The composite of two continuous functions is again
continuous.

(2) Composition is associative due to the associativity of
function composition.

(3) For each topological space (X, tx), the identity func-
tion id y on X is continuous.

In Sec. IIC, we saw that angle encodings and am-
plitude encodings are two examples of morphisms in
the category Top when the data domain X (being Eu-
clidean space) and the set of states . (#H) are given
their standard topologies [70,72,109]. These two exam-
ples of encodings are also morphisms in the cate-
gory consisting of smooth manifolds and smooth maps
between them.

Example 6 (Metric spaces and embeddings). There is a
category Met®™ whose objects are metric spaces, where a
morphism between metric spaces is an embedding. The fol-
lowing observations show that this is indeed a category:

(1) The composite of two embeddings is an embedding.

(2) Composition is associative due to the associativity of
function composition.

(3) For each metric space (X, dx), the identity function
idy on X is an embedding.

The category Met™ appeared in Sec. IID for TDA and
Sec. IIE for quantum metric learning, where one equips the

set of states ./(H) with a metric and uses a quantum state
encoding p : X — (H) to define a metric on the data
domain X.

Our discussion surrounding TDA in Sec. I D likewise in-
volved metric spaces but additionally included more general
morphisms between them. Namely, we considered distance
nonincreasing functions rather than embeddings. More gen-
erally, one might wish to adjust the extent to which a function
preserves distances, which can lead to different categories
having the same objects but different morphisms. The follow-
ing example summarizes this observation.

Example 7 (Metric spaces and distance nonincreasing
functions). There is a category Met"! whose objects are met-
ric spaces (X, dx). A morphism in Met™ between metric
spaces is a distance nonincreasing function. As before, this
is a category since the following criteria are satisfied:

(1) The composite of two distance nonincreasing func-
tions is a distance nonincreasing function.

(2) Composition is associative due to the associativity of
function composition.

(3) For each metric space (X, dx), the identity function
idy on X is distance nonincreasing.

Notice that embeddings between metric spaces are also
distance nonincreasing. For this reason, Met®™ is called a
subcategory of Met™, meaning that all objects and mor-
phisms of Met°™ are also objects and morphisms of Met"",
and the identities and composition rules agree on these com-
mon objects and morphisms.

Each of the four examples presented here describes cate-
gories whose objects are sets with structure (a group action,
a topology, and a metric) and whose morphisms are functions
that preserve (part of) that structure. We have also seen that
some quantum encodings, when chosen appropriately, can be
viewed as morphisms in these categories. A priori, however, a
quantum encoding is merely a function between sets, as was
introduced in Definition 1. In QML, therefore, one sometimes
works within the category Set, while at other times one works
in a different category, such as those listed in Examples 4-7.
So, to take account of when a passage is being made from one
category to another, we must understand mappings between
categories. This leads to the concept of a functor.

B. Functors

While categories are useful for organizing mathematical
objects and relationships (morphisms) between them, much of
mathematics concerns relationships between categories them-
selves. This involves assigning the objects and morphisms of
one category to another in a manner that respects morphism
composition and identities.

To situate this in the context of QML, think back to G-
equivariant quantum state encodings for some group G. Given
a unitary representation V : G — % (H) of G, one obtains
a G-equivariant function p : (X, @) — (< (H), Ady) which,
as we have seen, is a morphism in the category G-Set. Here,
there is an obvious way to pass from G-Set to the category
Set: simply discard, or forget, the group actions associated
with each set (cf. Fig. 9), and assign each G-equivariant func-
tion to the function itself. Although straightforward, let us
denote this assignment by F : G-Set — Set, so that for an
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forget action

G-Set —— > Set

forget o

data domain (X,o) b——— =X

forget Ady —

state space (Z(H),Adv) (H)

forget B

arbitrary G-set IV, )

FIG. 9. Forgetting the action on a G-set and just remembering the
underlying set defines a functor from G-Set to Set. This functor can
be applied to every G-set, including data domains and state spaces,
regardless of the G-actions they come equipped with.

arbitrary G-set (X, o), we have F' (X, @) = X and for any G-
equivariant function f, we have F(f) = f. Then, F behaves
well with respect to the two categories in the following ways.

First, for any two composable G-equivariant functions f
and g, we have, somewhat trivially,

F(gof)=gof =F(oF(f) €29

In words, this means that composing two G-equivariant func-
tions and then discarding the group actions on their domains
and codomains results in the same function obtained by first
discarding the group actions and then composing the un-
derlying functions. In more concise terms, F preserves the
composition rules of the two categories.

Second, for any G-set (X, «), we have that

F(dx o) = 1dx,o) = idxy = idpx ). 32)

The first and third equalities follow from the definition of F
on morphisms and objects, respectively. The second equality
follows from the fact that the identity functions on X, when
X is viewed as a G-set or as a (regular) set, are both de-
fined by x — x for all x € X. So, forgetting the group action
and then considering the identity function on the underlying
set results in the same function obtained by first consider-
ing the G-equivariant identity function and then forgetting
about the group action. Succinctly put, F preserves identity
morphisms.

In summary then, F : G-Set — Set is an assignment on
the objects and morphisms of one category to another that
preserves the categorical structure. This is an example of a
functor.

Definition 11. A functor F : C — D between categories
consists of

(1) an object F(&X') in D for every object X in C

(2) a morphism F(f): F(X)— F()) in D for every
morphism f : X — Y in C.

Moreover, these items must satisfy the following axioms:

(1) Composition is preserved; that is, F(go f)=
F(g)o F(f) for all morphisms f: X — Y and g: Y — Z
in C.

(2) Identities are preserved; that is, F(idx) = idp(x) for
every object X in C.

A few more examples of functors will appear below, but
to help connect these upcoming examples to the goals of
this article, let us first establish some terminology relating to

properties that functors may satisfy. Let C(X, )) denote the
set of all morphisms from object X to object ) in a category
C. Given another category D, if a functor F : C — D has
the property that for all objects X and ) in C, the function
CX,)Y) — D(F(X), F())) defined by f +— F(f) is injec-
tive, then F is said to be faithful. If the function f — F(f) is
surjective, then F is said to be full. If it is a bijection, then F
is said to be fully faithful. As the next example illustrates, we
have already seen an example of a functor that is faithful but
not, however, full.

Example 8. The functor F' : G-Set — Set described prior
to Definition 11 (which “forgets” the group action of G-sets
and G-equivariant functions to obtain the underlying sets and
functions between them) is faithful since two G-equivariant
functions are equal whenever they are equal as functions on
the underlying sets. However, F is not full since there exist
functions between the underlying sets of G-sets that are not
equivariant. The lack of fullness is what allows us to narrow
down the large space of quantum encodings to a significantly
smaller subset of structure-preserving (in this case, equiv-
ariant) encodings. Hence, the smaller space of equivariant
encodings generally simplifies the search for optimal encod-
ings.

One of the major themes throughout this article has been
that many mathematical objects consist of sets equipped with
extra structure, so the ability to forget or omit that struc-
ture certainly extends far beyond group theory. Below are
additional examples of functors relating to our discussions
of quantum encodings, which are analogous to the one men-
tioned in Example 8.

Example 9 (From metric spaces to sets). There are functors
Met®™ — Set and Met"’ — Set that both assign to every
metric space (X, dy) its underlying set of points X, thus
forgetting the distance function dy. Moreover, the functors
also both assign every embedding and distance nonincreasing
function to itself. This functor is faithful since two em-
beddings or two distance nonincreasing functions are equal
whenever they are equal as functions on the underlying sets.
However, neither of these functors is full because not every
function is distance preserving nor distance nonincreasing.
The lack of fullness in this case restricts the set of all
functions to those that do preserve distances or are distance
nonincreasing.

Example 10 (From topological spaces to sets). There is a
functor Top — Set that assigns to every topological space
(X, Tx) its underlying set X of points, thus forgetting the
topology tx. Moreover, the functor assigns every continuous
function to itself. As in the previous examples, this functor is
faithful but not full. Again, the lack of fullness is what causes
the space of morphisms between objects to become smaller
when adding structure in the sense that the set of continuous
functions between topological spaces is in general smaller
than the set of all functions between the underlying sets.

Perhaps not surprisingly, each of the functors listed in Ex-
amples 8—10 are commonly referred to as “forgetful functors.”
Loosely speaking, a functor C — D is called forgetful if it
drops, or omits, some or all of the structure of the objects in C.
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Though this is not a completely rigorous definition, the notion
of a forgetful functor as used in this article will always be of
this kind, so a formal definition of this notion is not needed
here. The takeaway, though, is that each of the functors in the
previous examples was also faithful, and faithfulness can be
used to formalize the notion of “structure” itself. One may
say that objects in a category C are objects in a category D
equipped with extra structure if there exists a faithful functor
C — D [110]. In the special case when D = Set is the cate-
gory of sets, C is further said to be a concrete category [39].
All of the examples discussed so far—Set, G-Set, Met®™,
Met™, and Top—are concrete categories, as their objects are
always sets X equipped with extra structure (a group action
o, a metric dy, or a topology 7y), and their morphisms are
functions that preserve that structure. Although not all cate-
gories are concrete [111], we are primarily focusing on those
that are.

At last, the reward of introducing this high level of
abstraction is that we now have precise mathematical lan-
guage to describe the design of structure-preserving quantum
encodings.

C. Quantum encoding from a categorical perspective

Let us finally reformulate the QML encoding scheme for
states from a categorical perspective. (A similar reformulation
exists for unitary quantum encodings.) This idea constitutes
the main perspective proposed in this paper.

Design setup: For a given learning task, start with a data
domain X and choose a Hilbert space H. Identify a concrete
category C and equip X and the set of states ./(H) with
extra structure to obtain objects X’ and .%(H)’ in C such that
F(X) =X and F(Z(H)) = L (H) are in the image of a
faithful forgetful functor F' : C — Set.

Design goal: Find a function p : X — % (H) with the
property that there exists a morphism o' : X' — Z(H) in
C such that F(p') = p. The morphism p’ is the desired,
structure-preserving quantum encoding.

The process described in the design goal can be illustrated
diagrammatically. Among all of the set-theoretic functions
p: X — L (H) in Set, there might exist a few that can be
“lifted” to a morphism p’ : X’ — . (H)' in C, the category of
structure-preserving morphisms, as in the following diagram.

C X ---"—==7Hy
Set X > S (H)

Since the functor F' is faithful, and rarely full, the space
of all encodings p in Set is reduced to a smaller space of
structure-preserving encodings p’ in C. In this way, searching
for those encodings p that lift to such a o’ might provide a
method by which to simplify the search space when designing
quantum encodings that are adapted to the problem being
considered.

This seemingly abstract design goal is made to be compat-
ible with our earlier examples.

Example 11. Let X' := (X, @) be a data domain that is
a G-set, i.e., an object of G-Set, which means that the data
domain is equipped with a symmetry coming from a group
action. Also, if G 3 g+ V, € % () is a unitary representa-
tion of a group G on the Hilbert space H, with the induced
action of G on (H) via G 3 g+ Ady,, then S (H) :=
(<L (H), Ady) is an object of G-Set. If p : X — S (H)is a
quantum state encoding that is G-equivariant, which means
that the symmetry is reflected in the quantum encoding,
then the quantum encoding “lifts” to a morphism p’ : X’ —
Z(H) in G-Set. In this case, the general diagram we drew
earlier becomes

G-Set (X,a)- - L= = ((H),Ady)

T T

Set S (H)

where F : G-Set — Set is the forgetful functor from Example
8. Note that the map p in G-Set is the same p as in Set
when viewed as a function (hence the same notation), which
is because F is faithful. Thus, by restricting to the subset of
those p that lift from Set to G-Set, we search within a smaller
space of suitable embeddings of G-equivariant morphisms in
G-Set.

This categorical proposal extends far beyond the setting
of geometric quantum machine learning. We have already
described other examples involving topological structure,
smooth structure, and metric structure. Additionally, there is
a category LieOPS, defined in Appendix A, that identifies
the structure preserved under quantum unitary encodings U :
RY — % (H) of the form

U(x) = e 5™, (33)

where £ :R? — B(H) is a linear transformation sending
each point x € R? to a Hermitian operator £(x) acting on
a Hilbert space A [here, B(H) denotes the set of bounded
operators on #]. Such encodings are common in the quantum
machine learning literature, and we have already seen several
examples in the context of angle encoding and in geometric
quantum machine learning. As proven in Appendix A, such
morphisms are obtained by first equipping sets with a struc-
ture related to one-parameter subgroups (OPSs). In essence,
the morphisms in LieOPS preserve these one-parameter sub-
groups, and Theorem A2 proves that all unitary encodings
U :RY — 2/ (H) that are morphisms in LieOPS (i.e., that
preserve one-parameter subgroups) are of the form in Eq. (33).
This structure reduces the space of quantum encodings to a
finite-dimensional space. Combining this with other structures
allows one to further reduce the space of encodings relevant
in a quantum machine learning task. Indeed, we have already
seen an example worked out in Sec. IIB in the setting of
geometric quantum machine learning, where the preservation
of one-parameter subgroups together with equivariance led
to a simple description of Lie algebra generators allowed for
equivariant encodings.
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IV. DISCUSSION, OPEN QUESTIONS, AND OUTLOOKS

Our primary focus in this perspective paper was to illustrate
how category theory can be used to organize structure in
order to guide the encoding of data onto quantum systems.
Different datasets and tasks admit structures that are relevant
to specific problems, and identifying the appropriate category
of such structures enables one to isolate a subset of quan-
tum encodings preserving those structures. Thus, identifying
structure is the first step toward finding encodings that op-
timize desired properties. We supported our claim with the
example of geometric quantum machine learning [30-32,36].
Here, the relevant structure isolated from the category of
group actions on sets is equivariance. We illustrated this
perspective through several other examples to highlight that
geometric quantum machine learning forms a single instance
of this categorical formalism. Since finding a mathematical
framework to isolate what we mean by structure in quantum
machine learning tasks has been a long-standing problem
[5,36,112], we anticipate that such a perspective will offer
insight toward extending the successes of geometric quan-
tum machine learning to situations where other structures are
preserved.

A. Extending the successes of category theory from classical
to quantum settings

There is a lot of supporting evidence to suggest that a
categorical perspective is worth pursuing. First of all, there
is already an active discussion regarding the effectiveness
of categorical techniques in classical machine learning and
computer science more broadly. In the body of this work, we
mentioned two quintessential success stories where category
theory has greatly enhanced data analysis techniques, namely,
UMAP and TDA [45,46]. Others include functional program-
ming [47], probabilistic programming [48], the architecture
of software engineering [49], neural network symmetrization
[50,51], backpropagation [52], and understanding the general
algebraic structure of deep learning [53]. The plethora of
examples illustrates that category theory has the extraordinary
flexibility to describe a variety of tasks across many classical
machine learning domains.

The effectiveness of category theory bringing clarity and
advancements to classical machine learning domains suggests
that it could also be capitalized in areas of quantum machine
learning that have been otherwise challenging to address. Two
recent examples where algorithms have been improved due
to isolating relevant structure is in variational circuit design
by utilizing the Riemannian geometry of the special unitary
group [113] and isolating algebraic structure for block encod-
ings [114].

A concrete example of how category theory could po-
tentially benefit quantum machine learning by isolating the
appropriate structure that goes outside the context of geomet-
ric quantum machine learning is TDA performed on quantum
computers, a topic we discussed earlier. In Sec. IID, we
argued that if one encodes the raw classical data directly
onto a quantum computer, in order to preserve the topological
features of the original data, a categorical perspective suggests
that the encoding should preserve the pointwise distances

between the data point as much as possible. This leads to a
concrete mathematical problem, which is to isolate an encod-
ing p: X — % (H) from the space of data points X to the
state space of a quantum system . () that best preserves the
distances, i.e., comes close to being an embedding. To for-
malize this more, one chooses metrics on X and . (#). Since
often the encoding is done using pure quantum states, one may
view the space of pure quantum states as a complex projective
space with the Fubini-Study metric. The mathematical prob-
lem then becomes to find an encoding p that minimizes the
distortion between the original distances in X and the quantum
encoded distances in complex projective space. The analog of
this problem for Euclidean space is known as classical mul-
tidimensional scaling [115], but the present example requires
extending this approach to complex projective space [116].
An optimal solution pgp in the context of quantum encodings
for the Fubini-Study metric would provide a lower bound
on the distortion. In other words, every quantum encoding
would have distortion at least as great as the optimal encoding.
This approach then informs us how to search for an encoding
that minimizes the distortion. By taking a proposed encoding
and calculating its distortion, one could infer how far the
encoding is from the optimal one. Namely, an encoding that
has distortion that is close to the optimal one would therefore
approximately preserve the topological features of the data by
the stability theorems of TDA. Such investigations are part of
ongoing work, and the results will be reported elsewhere.

B. Pushing beyond open challenges
with a categorical perspective

There are many open questions and avenues of research
that a categorical perspective brings to surface. The first set
of questions involves the construction of a full quantum al-
gorithm that not only preserves the structure of the data, but
also leverages that structure. In this perspective paper, we
have only provided the basic ingredients for utilizing category
theory in the context of QML at the level of the state encoding.
A next step is to incorporate learning tasks, such as classifica-
tion or regression, which could itself help isolate the relevant
structure. Another step is to carefully select measurements
that respect the structure. Putting these components together
would help design the entire circuit with the structure in mind.
In this process of developing a full quantum model, one could
account for the structure by identifying the appropriate cate-
gory that preserves the structure.

Another important set of questions involves quantum ad-
vantage. The current viewpoint is that structure in a dataset or
task is important in determining possible quantum advantage
[3-5,36,117]. For instance, Bowles et al., through a number of
experiments, argued that linearly separable data do not lend
themselves to quantum advantage [5]. As another example,
the recently developed method of dequantization by Tang
shows that certain classes of quantum algorithms perform just
as well as some classical algorithms due to the additional
structure of the dataset or problem [20,65,118—120]. Thus, a
fruitful direction for the QML community is to isolate struc-
ture that would render QML algorithms difficult to simulate
classically. For example, an understanding of mathematical
structure, as given by equivariance, has led to deeper insights
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into the barren plateau problem and classical simulability
[17,121]. In particular, it seems natural to find the trade-offs
between structure preservation, expressivity, generalization,
performance, efficiency, and classical simulability, in order to
determine a potential quantum advantage [17,66], especially
for noisy intermediate scale quantum devices [122]. Alter-
natively, should we be asking a different question besides
quantum advantage and instead aim at achieving different
goals [112]? We hope that the categorical perspective offered
in this paper may help materialize such questions more con-
cretely and hence push the field forward.

In summary, the perspective offered in this paper highlights
that thinking categorically about quantum machine learning
models provides a guide for isolating mathematical structure
within the pipeline of quantum algorithm design. In particular,
it can help practitioners make informed choices when bench-
marking models [5]. Should a quantum circuit allow data to
be distorted in terms of their original geometry or symme-
tries? What structures should be preserved for a given task
or problem? What is the category of such structure-preserving
encodings, circuits, and measurements? If the structure is well
studied, such as equivariance or metric embeddings, then the
QML user needs only to identify that structure and capitalize
on the mathematics that has presumably already been heav-
ily developed for that structure. In some instances, it could
be the case that the particular combinations of structures
involved might lead to areas of mathematics that deserve
more attention. This would therefore not only be fruitful for
quantum machine learning, but it would also potentially allow
those structures to be further developed and applied beyond
these settings and encourage more cross-disciplinary collabo-
rations.
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APPENDIX A: ONE-PARAMETER GROUPS
FOR QUANTUM ENCODINGS

Many of the unitary encodings U : X — % (H) consid-
ered in quantum machine learning are of the form

U(x) = e ™, (A1)

where £ : X — B(#H) is a linear transformation sending each
point x € X (from a real vector space X’) to a Hermitian
operator L£(x) acting on a Hilbert space H, where B(H) de-
notes the set of bounded operators on H [21,30,59]. One then
obtains a quantum state encoding by fixing some fiducial state

[o) € H via the formula p(x) = U (x)|¥o) (¥o|U (x)T. Exam-
ples include the one from Sec. IIB on geometric quantum
machine learning as well as angle encoding from Sec. IIC.
These types of examples of quantum encodings can also be
viewed as preserving a certain structure. The type of structure
preserved is a bit more technical than the types of structures
we have considered in the body of the paper, so we include
the discussion here in this Appendix for completeness and
because of the fact that unitary encodings of the form in Eq.
(A1) are ubiquitous in the quantum machine learning commu-
nity. We begin with a reminder of one-parameter subgroups of
Lie groups (all Lie groups here will be matrix Lie groups for
simplicity) [31,64,123—-125].

Definition AI. Let G be a Lie group. A continuous
one-parameter subgroup of G is a continuous group homo-
morphism y : R — G, where R is viewed as a group under
addition, i.e.,

(1) y is a continuous function,

2) y(0)=1,and

3) y(s+1t)=y(s)y@)foralls, t € R.

Recall that every one-parameter subgroup y : R — G of a
Lie group G is generated by a unique element M € g in the
Lie algebra g by the exponential map exp : g — G. Namely,

y(t) = exp(tM) (A2)

for all ¢ € R. In particular, this implies y is not only continu-
ous but smooth as well. Note that by differentiating the curve
y att = 0 (cf. Sec. 1.3 in Ref. [71]), one obtains M = j—ty|,=0.
This example is precisely what is used when one has a data
domain X of the form X = R, since in this case x > e *L,
with L € su(2") for a quantum unitary encoding mapping
one-dimensional classical data onto n qubits. It is also worth
noting that the exponential map exp : RY — R? from the Lie
algebra of the additive Lie group R? to the additive Lie group
R? is the identity map, exp(x) = x for all x € R,

However, for classical data that are provided in more than
one dimension, we need to be careful about the ordering of
operators obtained from such exponentials. To expound on
this and to make more rigorous comparisons later, we recall
the following result relating Lie group homomorphisms and
Lie algebra homomorphisms. (For this theorem, recall that
[V, W] := VW — WV denotes the commutator.)

Theorem Al. Let G be any connected Lie group, let H be
any Lie group, and let f : G — H be a Lie group homomor-
phism. Then, there exists a unique real-linear map M : g — b
such that

flexp(W)) = exp(M(W))

for all W € g. Moreover, M is a Lie algebra homomorphism,
meaning that

[MW), M(W2)] = MW, Wa])
for all W, W, € g.

(A3)

(A4)

This theorem is well known (see Theorem 3.28 in Ref. [64],
for example), so we will not give a proof here because we will
need a generalization later whose proof will be different. In
contrast to the setting of Theorem A1, the types of morphisms
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between Lie groups that describe quantum encodings of the
form in Eq. (A1) are not Lie group homomorphisms in gen-
eral, primarily due to the lack of commutativity of arbitrary
unitary gates in quantum circuits. A simple example illus-
trating this can be seen with a two-dimensional data domain
X = R?. Suppose that U : X — % (C?)is a quantum unitary
encoding of the form

U((s, 1)) = e XY (A5)

for all (s,7) € R%. Then, this defines a perfectly reasonable
quantum unitary encoding map that additionally satisfies Eq.
(A3), as will be explained momentarily. However, note that
Eq. (AS) does not define a group homomorphism because

U((s,0)U((0,1)) = e "X~

£ oiXHY)

=U((s,0)+ (0,1)) (A6)

in general.

In more detail, we still have the following properties as-
sociated with Eq. (AS5). First, let M : R? — su(2) be the
linear map uniquely determined by M((1,0)) = —iX and
M((0, 1)) = —iY, so that M((s,t)) = —isX —itY for all
(s,t) € R2. Since the exponential map exp : R? — R? going
from the Lie algebra of the Lie group R? (with group struc-
ture given by addition) to the Lie group R? coincides with
the identity map, Eq. (A3) still holds and it agrees with Eq.
(AS). Therefore, the assumption that f : G — H is a group
homomorphism in Theorem Al is not necessary for Eq. (A3)
to hold. Second, for every one-dimensional additive subgroup
R, Cc R? generated by some nonzero vector «, i.e.,

Ry = {ra : a e R*\ {0}, r € R}, (A7)

the restriction of U to this subgroup does indeed define a Lie
group homomorphism Ulg, : Ry — % (C 2) since

U@ra)U (ua) = e W eV

efz(rJru)W

=U(ra + ua), (A8)

where W := « - (X, Y) is the dot product of « with the vector
of operators (X, Y). The second equality in Eq. (A8) holds
because every matrix W commutes with itself. In other words,
the one-parameter subgroup R - R2 of R? sending r € R
to a(r) := ra is a one-parameter subgroup of R? that gets
pushed forward to a one-parameter subgroup

RS R2Y o?)
of % (C?) that sends r € R to U (rar) [126].
The previous discussion hints that the quantum unitary
encodings (A1) are more closely related to one-parameter sub-
groups when restricted to one-dimensional Lie subalgebras.
We make this precise by introducing the category LieOPS
of Lie groups and one-parameter subgroup homomorphisms,

which makes use of the notion of a smooth map between
smooth manifolds [71,72].

(A9)

Definition A2. Let LieOPS be the category (cf. Sec. Il A)
whose objects are Lie groups and where a morphism f : G —
H from a Lie group G to a Lie group H is a one-parameter

subgroup homomorphism; i.e., f is a smooth map and for
every one-parameter subgroup R % G in G, the composite

RS G EN H is a one-parameter subgroup in H.

One can show that LieOPS is indeed a category. It is im-
portant to note that although every Lie group homomorphism
is an OPS homomorphism, the converse is not true. Namely,
not every OPS homomorphism is a Lie group homomorphism,
with Eq. (AS) providing an explicit example. The following
theorem is a generalization of Theorem Al and provides a
characterization for how OPS homomorphisms can always be
written in a form analogous to quantum unitary encodings as
in Eq. (Al).

Theorem A2. Let G EN H be an OPS homomorphism of
Lie groups. Then, there exists a unique linear map M : g — b
such that

f(exp(x)) = exp (M(x)) (A10)

forallx € g.

Our proof of Theorem A2 will be different than the proof of
Theorem A1 given in Ref. [64] because we cannot assume that
f : G — H is a group homomorphism. We assume some tools
from differential geometry in the following proof [71,72,127].

Proof. First, let M : g — b be the differential (sometimes
called the pushforward) of f at the identity 15 € G,i.e., M :=
Df|, o 1o be somewhat self-contained, let us recall how M
is defined (the following definition is valid whenever f is a
smooth map between smooth manifolds, not necessarily Lie
groups). For any smooth curve y : R — G with y(0) = lg
and %y|,:0 =x € g, we have %(f 0 Y)|j—o = M(x). The
fact that M defines a linear map follows from Exercise 17
in Sec. 1.3 of Ref. [71] or Proposition 3.6 of Ref. [72].

Now suppose that y is a one-parameter subgroup of G with
%Vh:o = x. By Eq. (A2) for y, this means that

y (1) = exp(tx) (A11)
forall € R. Since f is an OPS homomorphism, the compos-

it R 5> G J, H is a one-parameter subgroup of H. Hence,
by Eq. (A3) for f oy, there exists a unique element y € b
such that

(foy)(r) = exp(ty) (A12)

for all ¢+ € R. Putting these results together, we have

d d
y = exptli—o = —(foy)li—o byEq.(A12)

d
=Df, (Eﬂ,:o) by the chain rule

d
=Dfli, = exp(tx)li=o | by Eq. (A1)
= M(x) by definition of M. (A13)

Since x was arbitrary, this together with applying f to
Eq. (A11) proves that

f(exp(tx)) = exp(tM(x))
forallt e Rand x € g.

(Al4)
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We mention an immediate corollary relevant for quantum
unitary encodings by taking G = R to be the additive group
and g = R? to be its associated Lie algebra. Note that in this
case, exp : g — G is the identity map as a function.

Corollary Al. Let R? ER G be an OPS homomorphism of
Lie groups. Then, there exists a unique linear map M : R? —
g such that

f(x) = exp(M(x))

for all x € R?. Conversely, given any linear map M : RY —
g, the function f : R¢ — G specified by Eq. (A15) defines an

OPS homomorphism R? ENYe)

(A15)

Corollary Al says that any quantum unitary encoding U :
R4 — 7/ (C") of the form

U(x) = e ™, (A16)
where £ : RY — B(C") is a linear map such that £(x) is self-

adjoint for each x € R, defines a morphism R¢ Y ()]
in LieOPS. It is important to note that the unitary quantum
encoding U does not define a Lie group homomorphism in
general. This is because U(x +y) = e “**) is not in gen-
eral equal to U(x)U(y) = e £We=i£0), Because the group
structure as a whole is not preserved, this type of structure
falls outside the context of geometric quantum machine learn-
ing. Instead, what is preserved is the group structure when
restricted to any one-dimensional subspace in R?.

The benefit of Theorem A2 in the context of quantum
machine learning is that it offers a finite-dimensional model of
quantum encodings and shows what structures are preserved
in the process. In fact, one can combine this structure together
with symmetry to further reduce the space of quantum encod-
ings. This is done in an illustrative example in Sec. II B, with
more details in Appendix B.

APPENDIX B: GEOMETRIC QUANTUM MACHINE
LEARNING

In this Appendix, we go into more details for Example 1
from Sec. II B. We begin by describing how Fig. 3 is gen-
erated. We then prove exactly how the space of equivariant
unitary quantum encodings is reduced to an eight-dimensional
space.

The example involves a learning task that distinguishes
between two classes, labeled as —1 and +1, of points within
a dataset X C R2. The labeling is determined by a binary
classifier, which is a function ¢ : X — {—1,0, 4+1}, where
the O element is included to allow for an undecided class. The
set of all possible data X has a symmetry determined by the
relations

c(x1,x2) = c(x2, x1) = c(—=x1, —x2). (BI)

Such a binary classifier factors through the quantum encoding
p: X — Z(H)if and only if there exists an observable O €
B(H) such that the spectrum of O is {—1, 4+1} and

-1, ifyx) <0,
c(x)=10, if y(x) =0,
+1, ify(x) > 0,

(B2)

where y : X — R is the function defined by

y(x) = Tr[p(x)0], (B3)
which is the expectation value of O in the state p(x). The func-
tional y is called the quantum classifier and the set y~'(0) € X
is called the decision boundary of the classifier [128]. The
quantum classifier is invariant if and only if
yx1, x2) = y(x2, x1) = y(—=x1, —x2) (B4)
for all x;, x, € R. Note that invariance of the quantum clas-
sifier (B3) implies invariance of the classifier (B2), i.e., Eq.
(B1) holds.
Now let [/) € H = C* be the initial state

Vo) = V/pl+. +) — V1 = pl—, =) (B5)
with p = 0.99, let O be the observable
0=XQ®X, (B6)

and let U : X — %/ (H) be the quantum unitary encoding as
in Eq. (9). In this case, the quantum classifier can be computed
explicitly as

y(x1, x2) = cos(xy) sin(xz) + 24/ p(1 — p) sin(xy ) sin(xz).
B7)
The orange region in Fig. 3 consists of the points (x;, xp) such
that y(x1, xp) < 0, while the blue region consists of the points
(x1,x2) such that y(x;,x) > 0. The boundary between the
two regions consists of the points (x, x;) such that y(x;, x;) =
0, which is the decision boundary.

Having shown how Fig. 3 is obtained, we next analyze how
equivariance reduces the space of possible quantum encod-
ings. In Example 1, we only looked at one such encoding U
based on Eq. (9). Meanwhile, a large set of unitary quantum
encodings U : R> — % (C*) are of the form U (x) = ¢~ '™
for some linear transformation £ : R?> — su(4) as in Eq. (14).
Such a linear transformation £ is uniquely determined by
the value of £ on the basis elements e}, e; of R2. Namely,
L, := L(ey) and L, := L(e;). The fact that L, is a traceless
Hermitian matrix says that L, is of the form

dajip a4z a4

|82
[\):

ap axp axn
L,

= : (BS)
a3 ans ass as4

ajs  dy4 434 Q44

where a1, ax, as3, ass € R, ain, a3, ais, axs, ax, az € C,
and aj; + ax + as3 + aqq = 0, and similarly for the matrix
L,. This parametrization leads to a 2(4 +2(6) — 1) = 30-
dimensional vector space of unitary quantum encodings U :
R? — % (C*) that are of the form U (x) = e~*4® for some
linear transformation £ : R? — su(4).

The equivariance constraint L, = SWAP L; SWAP from Eq.
(18) says that L, is uniquely determined by L, thereby reduc-
ing the dimension of the space of unitary quantum encodings
to 15. Combining this with the equivariance constraint
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{X ® X, L} = 0 from Eq. (18) yields

a4 A4 azs Q44 aig aiz  ap  a
a;z a3 ax;  az | axe axz a4y 4
ap  dxp a3 ax azs  azz  ax  ap3
app  ap ap  ap asq  A34 A4 Q14
(B9)
Therefore, L; is of the form
aip ap ags aig
ap an a —aps
Li=| _~ o, (B10)
as —ax3 —axp —ap
—apu —apz  —dap —ap
where
ap,a13 €C, au,an iR, aj,an ek (B11)

The set of such L, satisfying such conditions is an eight-
dimensional real vector space. One can explicitly check that
the matrices

Z®1,,
Y ® 1y,

1,®Z,
1,®Y,

X®Z,
XQ®Y,

ZQX,

B12
YoX, (B12)

are of this form. Since these matrices are linearly independent,
this set of matrices forms a basis of this eight-dimensional
subspace.

APPENDIX C: CLASSICAL LINEAR METRIC LEARNING
AND THE MAHALANOBIS METRIC

Earlier, we saw that quantum metric learning can be
described within a category of metric spaces and distance-
preserving functions (embeddings). We can focus the dis-
cussion on metric spaces that have underlying sets R"” and
the functions between them are linear. This leads to metrics
known as Mahalanobis distance metrics.

In more detail, let ¥ = R” and equip it with a Mahalanobis
distance metric, where () = R", dy) is a Euclidean space
(so that dy is the Euclidean distance) and R” £ R™ is an
injective linear map, described by some m x n matrix V with
linearly independent columns [95,96], in which case

dx(x1,%2) =1 =)' (VIV)(x —x2),  (CI)

where V7T denotes the transpose of V. Although this exam-
ple is less relevant for quantum metric learning, it is worth
spending a few moments to illustrate the categorical structure
associated with this in the context of classical metric linear
learning.

Let Mahal be the category whose objects are pairs
(R™, A), withm € N and A a positive-definite m x m matrix.
A morphism in Mahal from (R”,A) to (R",B)is ann x m
matrix V with trivial kernel such that VT BV = A. The trivial
kernel condition means that the nullspace of A is 0 [129]; i.e.,
the matrix V defines an injective linear transformation from
R™ to R". The category Mahal is equivalent [130] to the
subcategory of Met®™ whose objects are Euclidean spaces
equipped with the Mahalanobis distance metric and whose
morphisms are required to be linear. To see this, first define

the Mahalanobis metric on R™ associated with A by

da(x1, %) = /(0 — x)T A — x2). (€2)
Then, the assumption VT BV = A shows that

da(x1,x2) = v/ (x1 —x2)TVTBV (x; — x3)

=V (Vx; — V)T B(Vx; — Vixz)
= dB(Vxl, V)Cg), (C3)

which proves that V is distance preserving. In this setting, if
one is given data in R and the goal is to learn a Mahalanobis
metric on R™ that captures the similarity in the data, then

the task can be described as finding a linear map R™ 5% R",
since pulling back the Euclidean metric from R” will give a
Mahalanobis metric on R"™.

APPENDIX D: METRIC LEARNING
AND SEMIMETRIC SPACES

In this Appendix, we prove Lemma 1 and then provide
a more detailed description of the quantum metric learning
example shown in Fig. 8.

Proof. Without assuming anything about f,

d(x2, x1) = dy(f(x2), f(x1))
=dy(f(x1), f(x2))

=dx(x1,x2) (D1
shows that dy is symmetric. Furthermore,
dx(x1,x2) = dy(f(x1), f(x2))
2 dy(f(x1),y) +dy(y, f(x2))  (D2)
holds for all y € ). In particular, for any x3 € X,
dx(x1,x2) 2 dy(f(x1), f(x3)) + dy(f(x3), f(x2))
= dx(x1, x3) + dx(x3, x2), (D3)

which shows that dy satisfies the triangle inequality. It is also
true that dy(x, x) = 0 forall x € X.
Now, if x1, x, € X satisfy

0=dx(x1,x) =dy(f(x1), f(x2)),

then f(x;) = f(x). Hence, f is one to one if and only
if dx(x1,x2) =0 implies x; = x, for all xj, x, that satisfy
Eq. (D4).

(D4)

The goal, first outlined in Ref. [23], is to classify a certain
collection of data points on the interval X = [—2, 2] into two
classes. Although the given data X C X shown in Fig. 8 are
provided as a subset of the Euclidean space R, the data cannot
have the induced metric from its embedding in Euclidean
space because they are not linearly separable. Therefore, in
order to arrive at a metric that more accurately reflects the
similarity between points from one class and dissimilarity
between points from different classes, we may apply a vari-
ation of techniques used in nonlinear metric learning [91].
Reference [23] takes the perspective to map these data points
into the space of quantum states equipped with the Hilbert-
Schmidt metric with the hope of more accurately reflecting
the appropriate classification.
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Let {A, B} be a partition of X, where the elements of A are
labeled as class +1 and the elements of B are labeled as class
—1. The associated classifier c : X — {—1, 0, 1} satisfies

+1, ifxeA,

_1. ifxeB, (D5)

clx) = {

Now, since the space of all states on H is a convex space, set

1 1
pai= 2 ) pla) and ppi= = p(b),

acA beB

(D6)

where #A and #B denote the cardinalities of A and B, respec-
tively. These density matrices are taken to be the empirical
centroid density matrices for our classification task. In this
case, we wish to maximize the Hilbert-Schmidt distance
between these two density matrices (cf. Definition 8). Equiv-
alently, we wish to minimize the cost function

C(pa, pp) = 1 — 5dus(pas pp)- D7)

Note that finding an embedding that maximizes this distance is
not a trivial task because the space of encodings X — . (H)
is infinite dimensional (in the sense that it defines an infinite-
dimensional smooth space of paths [70,131-134]). To make
this maximization procedure more approachable, we look at
a parametrized family of encodings p : ® x X — Y (H),
which are referred to as data reuploading models [10,21,135].
(We will not discuss data reuploading models in more detail in
this work.) More specifically, we take ® = [0, 2x )* and write
0 = (61,6,,03,04) € ® and py(x) := p(@, x). Moreover, we
factor p through a parametrized unitary quantum encoding
U:0xX — %(H), where

4
Up(x) = (H Rx (x)Ry <9n>> Ry (x), (D8)
n=1

which is depicted in Fig. 8 and where our ordering convention
on products of operators is

N
]_[A,, —Ay---A. (DY)
n=1

Combining the unitary encoding with the ground state gives
the quantum state encoding

po(x) = |x)(x], (D10)
where

lx) = Uy (x)]0). (D11
Set

O := pa — P, (D12)

which is an observable that depends on 6 (since p4 and pg
depend on ), and define the quantum classifiery : ¥ — R to
be

y@) = Tr [p(x)0]. (D13)

Lemma D1. Let py and pp be two distinct qubit density
matrices. Then, there exists a A € (0, 1] such that the eigen-
values of py — pg are {—X, +A}.

Proof. Since p4 and pp are 2 x 2 self-adjoint matrices, let
A1 and X, denote the two eigenvalues of ps — pp. Since the
eigenvalues of p4 and pp are between 0 and 1, the eigenvalues
of px — pp are between —1 and 1. Since p4 # pg, at least one
of the two eigenvalues cannot be 0 because p4 — pp is self-
adjoint. Since

Tr[pa — ppl = Tr[pal — Tr[pg] =1 —-1=0,

the sum of the two eigenvalues of ps — pp must vanish,
i.e., o] + Ao = 0. In other words, A, = —X;. Setting A = |A{]
proves the claim.

(D14)

Proposition D1. Let X C X be a finite training dataset to-
gether with a partition A U B = X, with elements of A and B
labeled as class 1 and —1, respectively. Let p : X — . (H)
be any quantum encoding such that p4 and pp, as given by
Eq. (D6), are distinct density matrices. Set O = p4 — pp and
let {—A, +X} denote the set of eigenvalues of O, with A > 0.
Finally, let c be the classifier in Eq. (DS) and lety : X — R
denote the associated quantum classifier as in Eq. (D13).
Then,

sgn(y(x)) = c(x) (D15)

forall x € X, where sgn : (—oo, 0) U (0, o0) — {—1, +1} de-
notes the sign function sgn(x) = Ii_\

Proposition D1 shows that the quantum classifier agrees
with the fidelity classifier used in Ref. [23] upon a rescal-
ing. Meanwhile, the Helstrom classifier of Ref. [23] uses the
observable IT, — I1_, where 1, and I1_ are the projections
onto the positive and negative eigenspaces of ps — pp, respec-
tively.

Now, upon minimizing the cost function in Eq. (D7),
we obtain specific values of 6y, 6,,0;, and 64 for the
parametrized encoding p : ©® x X — .#(C?). The associated
encoding is not actually an injective map into the space of
quantum states, as shown in Fig. 8. This means that pulling
back the metric gives a semimetric, rather than a metric, on
X (cf. Definition 9 and Lemma 2). This semimetric can be
visualized in the same way as a metric, namely, by illustrating
the distance between points on a discretized grid from X' x &
[cf. Fig. 8(c)]. We note that the need for semimetrics is not
a phenomenon unique to quantum systems, as they already
appear in linear metric learning, such as in dimensional re-
duction [91].

APPENDIX E: ADDITIONAL EXAMPLES OF FUNCTORS
AND NATURAL TRANSFORMATIONS

This section contains an additional excursion into category
theory that is relevant to some of the ideas touched upon in
the main text. The mathematical details below lie somewhat
outside of the summarized perspective in Sec. III C, but we
include the discussion here for the interested reader. And key
to this discussion is the concept of a natural transformation,
which is essentially a mapping between functors. Historically,
natural transformations played a pivotal role in the birth of
category theory, which originally arose in the context of ho-
mology theory in algebraic topology [7]. Although we did not
make explicit use of natural transformations in the main body
of this work, it is interesting to point out that bit encoding
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can be described as a natural transformation that is closely
related to a certain forgetful functor from Vect to Set, which
will be described momentarily. Moreover, the notion of G-
equivariance can also be described as a natural transformation.
This Appendix is intended to go into details on these points
in order to provide additional illustrations of categorical con-
cepts through examples coming from quantum information
theory and machine learning. In order to proceed, we will need
to define two concepts: natural transformations, of course, and
that of composing functors. We present the latter first.

Definition EI. Let F :C— D and G:D — E be two
functors. The composite Go F : C — E is the functor that
sends each object X in C to G(F (X)) and sends each mor-
phism f : X — Y in C to the morphism G(F (f)).

So, just as functions can be composed—and more gen-
erally just as morphisms in a category can be composed—
functors can also be composed. This notion will appear in our
discussion on bit encodings later. For now, we first give the
definition of a natural transformation.

Definition E2. Let C and D be categories, and let F, G :
C — D be two functors. A natural transformation n from F
to G, written n : F' = G, associates with each object X in C
a morphism ny : F(X) — G(X) in D such that the diagram

UXL lw (E1)

in D commutes, i.e., G(f) o nx = ny o F(f), for every mor-

phism X EN Y in C. The commutativity of diagram (E1) is
often referred to as naturality.

The level of abstraction in this definition warrants several
examples, and we focus on some relevant examples from
quantum machine learning and quantum algorithms. Our first
example arises from bit encoding, which is typically the first
and most familiar encoding learned when studying quantum
algorithms [8,9,54]. This example will involve both the con-
cepts of functor composition and a natural transformation.

Example E1 (Bit encoding). There is a category Vect
whose objects are complex vector spaces and whose mor-
phisms are C-linear transformations. Moreover, there is a
familiar passage from Set to Vect that firstly associates with
a set X the vector space ((Cf)f , 0, 4, -) generated by it, which
will be defined in the next paragraph. Secondly, this familiar
passage also associates with a set-theoretic function f : X —
Y a linear transformation C;¥ — (CE; . This passage defines
a functor G : Set — Vect, and we will first describe its two
ingredients one at a time. Afterward, we will construct the
natural transformation of bit encoding, which involves both G
and the forgetful functor ' : Vect — Set.

Mathematically, the vector space ((Cff ,0,+, -) is the vec-
tor space of finitely supported complex-valued functions on
X. Namely, each vector v in (Cff is by definition a function
v : X — C such that v(x) = 0 for all but finitely many x € &'.

(If the set X is finite, then every function will automatically be
finitely supported.) The zero vector O is the function that as-
signs O to every x € X. The sum of two functions v, w € (Cf)f
is the function v + w whose value on x € X is (v + w)(x) :=
v(x) + w(x). Meanwhile, if v is such a function and A € C
is a scalar, then A - v, written as Av for short, is the function
whose value on x € X is A v(x).

The elements x € X define a basis &, for (C)S( , where the
function 8, acts by §,(x") = 8, thatis 1 if ' = x and 0 if x" #
x. If we were to use Dirac notation to express this vector, we
could write |x) so that (x'|x) = §,,, but that might be consid-
ered slightly abusive since we have not given C\ the structure
of a Hilbert space (although one can be defined in terms of
our basis when X is finite [136]). Moreover, we occasionally
use the notation (Cf)s( to refer to the vector space ((Cf)s( ,0,4, ),
even though we should remember that the structure of a zero
vector, vector addition, and scalar multiplication are implicitly
assumed when referring to (Cff as a vector space.

It is useful to view this from another perspective more
familiar to the quantum information theorist. Let X = Z} =
{0, 1}" be the set of all arrays x = (xg, X1, ..., X,—1) Whose
entries are either O or 1, so that we can think of x as a binary
representation of a number {0, 1,2, ...,2" — 1}. Then, the
vector space C* generated by X’ is precisely (i.e., naturally

isomorphic to)
n times

—————
Cly...-@Crx=C?, (E2)

which is the complex vector space of n qubits. (There is no
need to include the subscript fs in C;¥ in this case because X
is a finite set with 2" elements.) From this perspective, each
element x = (xg, x1, ..., X,—1) is associated with the vector

[Xox1 - - - Xp—1) = [x0) ® [x1) & - -+ @ |Xp—1)- (E3)

This is what bit encoding achieves (technically, bit encoding
is more accurately described as a natural transformation, and
we will make this more precise soon).

Having described how the passage from Set to Vect as-
sociates with each set a vector space, let us next describe
how we also obtain linear transformations from set-theoretic
functions. Let f : X — ) be a function between sets. From
this function, define the linear transformation L, : C;¥ —
(C?S) as follows. By writing the basis elements of C;¥ and

Cff as |x) and |y), respectively, the linear transformation L
sends each basis vector |x) to |f(x)), which is another ba-
sis vector in CY. Since a linear transformation is uniquely
determined by its action on a basis [129], this defines the
linear transformation L; on all of C¥. This technique of
transforming f : X — Y to Ly : C¥ — C is often used in
constructing quantum algorithms such as the Deutsch-Jozsa
algorithm, which tests whether a function f is constant or
balanced [8,9,54].

So far, we have described a functor G : Set — Vect that
takes a set A’ and constructs the vector space ((Cff ,0,4, ) of
complex-valued functions on C. Now, there is also a functor
going the other way that takes a vector space (V, 0, +, -) and
forgets the vector space structure, leaving only the underlying
set V. In more detail, there is a functor Vect — Set that as-
signs to each vector space V [technically, (V, 0, 4, -), where 0
is the zero vector, + is addition, and - is scalar multiplication]
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its underlying set V of vectors, thus forgetting the linear
structure (namely, the O vector, vector addition +, and scalar
multiplication -). Moreover, this functor assigns every linear
transformation to itself, since every linear transformation is a
function.

From these two functors, we can compose them (cf. Defini-
tion E1) in either order. One of these two ways of composing
the functors will be used to exhibit bit encoding. Namely, tak-
ing a set X', constructing the associated vector space F (X') =
((Cff ,0, 4, -), and then forgetting the vector space structure
gives a set G(F (X)) = Cf)s(.

We now have two functors from Set to Set. On the one
hand, we have G o F, which we just described. On the other
hand, we also have the functor idge : Set — Set that acts
as the identity on all objects and morphisms. We can now
realize bit encoding as the natural transformation 7 : idgey =
G o F defined by sending a set X to a particular function
Nx : idget(X) = G(F (X)), which is a function of the form
nx : X — C{f. The definition of this function is precisely
the standard bit encoding, which sends an element x € & to
the vector ny(x) = |x) € (Cff . So what does the naturality
property (El) tell us about bit encoding? If f: X — ) is
any (classical) function between sets, let Ly : (Cff — (C?: de-
note associated linear transformation determined uniquely by
how it acts on the basis {|x)}. Naturality of n then says that
ny(f(x)) = Ly(nx(x)), which reads |f(x)) = Ly|x), a com-
pletely natural condition used in most quantum algorithms,
and one which we in fact already used when defining the linear
transformation Ly by how it acts on a basis.

As our next example, one might have suspected that the
very definition of an equivariant map as in Eq. (4) looks a lot
like naturality. This is indeed the case after one views G-sets
as functors and is analogous to how representations can be
viewed as functors [137].

Example E2 (G-equivariant maps revisited). Let G be a
group and let BG be the category consisting of only a sin-
gle object, denoted by e. The set of morphisms from e to
itself in the category BG is defined to be the set G. The
composition in BG is then taken to be the multiplication
operation in G. One can check that BG is a category with
these definitions. In this way, a group can be viewed as a
category. A G-set can then be viewed as a functor & : BG —
Set. Indeed, the unique object e in BG gets sent to some
set, call it X'. Moreover, since « is a functor, it sends a
morphism in BG, which is an element g of the group G,
to some function o, : X — X'. Now, since the element g is
invertible, there exists a g~! such that gg7! = 15 =g g,
where 1 is the unit element of G. Hence, by functoriality
of a, we have that idy = o, = Qg1 = &y 0 @p-1, and simi-
larly idx = a1 0 ag, which proves that « is a bijection with
inverse o1

Now, consider two such G-sets, viewed as functors «, 8 :
BG — Set, where X := «(e) and ) := f(e). A natural trans-
formation f :« = B assigns to the only object e of BG a
function f : X — ) (abusively denoted by the same letter).
Naturality of f as a natural transformation then gives exactly
the G-equivariant condition (4).
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