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Floquet generation of hybrid-order topology and Z2-like bipolar localization
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Periodic driving offers a powerful tool to engineer topological phases and even induce phase transitions
that are inaccessible in static settings. In this work, we demonstrate that a suitable driving protocol applied
to the Benalcazar-Bernevig-Hughes model, a canonical quadrupolar insulator with a π -flux-induced projective
PT symmetry, gives rise to a hybrid-order topological phase in which the dispersive first-order edge states
and localized higher-order corner modes are shown to coexist at distinct quasienergies. Further, extending the
scenario to nonreciprocal-hopping-induced non-Hermiticity, we uncover a Z2-like skin effect characterized by a
sharp transition from a unipolar to a bipolar eigenstate-localized phase. Remarkably, this phenomenon, which is
established as a prerogative for spinful systems, emerges here purely from the interplay between the embedded
gauge structure and Floquet-renormalized symmetry constraints, without invoking physical spin degrees of
freedom. Further, the broken bulk-boundary correspondence in this driven non-Hermitian setting can be restored
via computing the two-dimensional generalized Brillouin zone, which we construct through a symmetry-reduced
mapping onto an effective one-dimensional problem. The resulting non-Bloch invariants faithfully capture both
the higher-order topology and the unipolar to bipolar transition. These findings reveal periodic driving as a
versatile and controllable handle for sculpting the interplay of higher-order topology, symmetry transmutation,
and non-Hermitian skin physics in a single unified platform.
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I. INTRODUCTION

The Altland-Zirnbauer (AZ) classification [1–3] pro-
vides a systematic foundation for characterizing topological
phases of matter, wherein nontrivial bulk invariants guar-
antee the existence of robust boundary states through the
bulk-boundary correspondence (BBC) [4–12]. The inclusion
of crystalline symmetries further expands this topological
landscape, giving rise to higher-order topological phases that
host protected modes at the lower-dimensional boundaries,
such as hinges and corners [12–24]. A paradigmatic example
is the Benalcazar-Bernevig-Hughes (BBH) model [25–28],
a quantized quadrupole insulator protected by mirror or in-
version symmetry that, despite belonging to symmetry class
BDI [first-order trivial in two dimensions (2D)], hosts ro-
bust zero-dimensional corner states in a square geometry
[12,29]. Beyond its role as a prototypical higher-order topo-
logical insulator, the BBH model contains an embedded π

flux per plaquette interpretable as an effective Z2 gauge field
[30–32], which modifies the antiunitary symmetry algebra and

*These authors contributed equally to this work.
†Contact author: koustav.roy@iitg.ac.in
‡Contact author: latukalita591@gmail.com
§Contact author: tanatar@fen.bilkent.edu.tr

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

produces an unconventional realization of parity-time (PT )
symmetry [30,33–35]. In conventional systems, (PT )2 = ±1,
where “+” sign applies to spinless particles and “−” for the
spinful ones, the latter underpinning Kramers degeneracy and
helical edge modes. Remarkably, the Z2 gauge structure re-
verses this correspondence: A spinless BBH lattice realizes a
spinful-like algebra with (PT )2 = −1, while a spinful variant
may satisfy (PT )2 = +1, a symmetry transmutation driven
purely by lattice geometry without invoking physical spin.
Nevertheless, the static BBH model remains first-order trivial
in two dimensions. The spinful-like PT algebra alone does
not generate dispersive edge modes or other hallmarks of
spinful topological phases. Thus, genuinely spinful boundary
phenomena [36,37] remain absent in the static regime. This
tension between an unconventional symmetry algebra and
a constrained bulk topological response raises a fundamen-
tal question: Can one dynamically transfigure a higher-order
crystalline insulator into a phase that simultaneously hosts
conventional (first) and higher-order boundary modes, without
altering its microscopic symmetries?

Periodically driven systems offer a precise route to over-
come such a limitation [38–40]. The quasienergy spectrum
permits independent topological gaps at both zero and π/T
quasienergies so that anomalous boundary modes can emerge
even when every instantaneous Hamiltonian within the driv-
ing cycle is trivial [41–43]. Crucially, temporal modulation
can also reorganize the effective symmetry constraints of the
Floquet operator, facilitating modified boundary phenomena
strictly forbidden in the static limit [44–48]. Motivated by
these prospects, we investigate a periodically driven BBH
lattice and demonstrate that appropriate driving protocols
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dynamically activate first-order topology while preserving
the higher-order quadrupole character, yielding a hybrid-
order topological phase in which the dispersive edge states
coexist with symmetry-protected corner modes in distinct
quasienergy sectors, an arrangement fundamentally inacces-
sible in the static limit.

The landscape becomes even richer once Hermiticity is
relinquished, since realistic platforms inevitably involve gain,
loss, or nonreciprocal transport [49–57]. In such systems, the
non-Hermitian skin effect (NHSE), wherein a macroscopic
number of bulk eigenstates accumulate exponentially at sys-
tem boundaries [36,57–61], can invalidate the conventional
BBC, and in spinful systems symmetry constraints further
stabilize Z2 skin effects with bipolar localization [36,62–
64]. Extending our driven BBH framework to a nonrecipro-
cal setting, we uncover a striking Z2-like skin effect within
an effectively spinless platform. Periodic driving further
controls a transition from unipolar localization (all eigen-
states accumulating at a single corner) to bipolar localization
(symmetry-related sectors at opposite corners) [65] and can
even entirely suppress the skin effect, restoring an extended
bulk spectrum. Since the pronounced spectral migration inval-
idates the standard Bloch framework, a consistent topological
characterization requires the non-Bloch formalism with topol-
ogy defined on a generalized Brillouin zone (GBZ) [66–68].
Although GBZ construction is well established in one di-
mension (1D) [68–72], extending it to two dimensions is
significantly more challenging. Here, we exploit the underly-
ing mirror symmetry to reduce the 2D problem to an effective
1D representation, enabling construction of the Floquet GBZ
and the corresponding NH topological invariants.

Put together, our study establishes periodic driving as a
unifying framework that (1) activates first-order topology in
a higher-order trivial lattice, (2) enables coexistence of edge
and corner states, (3) realizes spinful symmetry algebra within
an effectively spinless platform, and (4) controls NH skin phe-
nomena, including Z2-like localization and unipolar-bipolar
transitions. More broadly, our results reveal how the interplay
of crystalline symmetry, Floquet engineering, and NH re-
shapes symmetry classification and boundary correspondence
beyond equilibrium scenarios.

The remainder of this paper is organized as follows: Sec-
tion II introduces the model and the emergent PT -symmetry
algebra; Sec. III presents the driving protocol and emergence
of hybrid-order phase; Sec. IV analyzes the NH unipolar-
bipolar skin transition, and develops the non-Bloch Floquet
GBZ and topological invariants; Sec. V proposes a topolec-
trical platform for the driven model; and Sec. VI summarizes
the main findings and provides concluding remarks. Finally,
Appendixes A and B provide, respectively, a detailed ac-
count of the drive-induced symmetry transmutation and the
derivation of the effective d vectors used in the Floquet GBZ
construction.

II. MODEL HAMILTONIAN AND EMERGENT
PT SYMMETRY

We consider a minimal tight-binding realization of a
two-dimensional second-order topological insulator on a
square lattice (as shown in Fig. 1), where each unit cell

FIG. 1. Schematic illustration of an N × N square lattice with
intercell hopping amplitude λ and nonreciprocal intracell hopping
amplitudes v ± γ . The dashed bonds indicate hopping processes that
differ by a π phase relative to the solid bonds. This staggered phase
pattern effectively introduces a Z2 gauge structure, which modifies
the symmetry algebra and consequently alters the topological classi-
fication of the system.

accommodates four internal (orbital) degrees of freedom. The
lattice geometry incorporates asymmetric intracell hoppings
together with a staggered phase configuration that effectively
inserts a π flux through every plaquette (as seen in Fig. 1,
where the dashed lines denote the hopping amplitudes with
a π -phase difference from their solid counterparts). This flux
pattern plays a central role, endowing the model with a non-
trivial Z2 gauge structure that subtly reshapes its symmetry
properties. The corresponding real-space Hamiltonian takes
the form [25–28]

H2D =
∑

n

{(v − γ )[c†
n,1(cn,3 − cn,4) + (c†

n,3 + c†
n,4)cn,2]

+ (v + γ )[(c†
n,3 − c†

n,4)cn,1 + c†
n,2(cn,4 + cn,3)]

+ λ[c†
n,1(cn+x̂,3 − cn+ŷ,4)

+ c†
n,2(cn−ŷ,3 + cn−x̂,4) + H.c.]}, (1)

where c†
n, j creates a fermion on sublattice j = 1, 2, 3, 4

within unit cell n = (nx, ny), and x̂, ŷ denote the primitive
lattice vectors. The parameter λ controls the intercell hop-
ping, while v ± γ describe the intracell amplitudes, with γ

encoding the nonreciprocity. In momentum space, defining
ψk = (ck,1, ck,2, ck,3, ck,4)T, the Bloch Hamiltonian assumes
a compact form

H2D(k) = [v + λ cos(kx )]τxσ0 − [λ sin(kx ) + iγ ]τyσz

+ [v + λ cos(ky)]τyσy + [λ sin(ky) + iγ ]τyσx,

(2)

where τμ and σμ are the Pauli matrices acting on orbital
subspaces.
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At this stage, in order to clarify its intrinsic topological
character, we first focus on the Hermitian limit, γ = 0. In this
regime, the model realizes a quadrupolar insulator supporting
zero-energy corner states for |v/λ| < 1, and characterized
by a quantized bulk quadrupole moment. Importantly, this
higher-order topology is protected by crystalline symmetry
rather than internal symmetries alone. In particular, the Hamil-
tonian respects the mirror-rotation symmetry [28],

Mxy H (kx, ky) M−1
xy = H (ky, kx ), (3)

with

Mxy = (τ0 − τz )σx − (τ0 + τz )σz

2
. (4)

It further obeys chiral symmetry

S H (k) S−1 = −H (k), S = τzσ0, (5)

alongside intrinsic particle-hole symmetry C = τzσ0K and
time-reversal symmetry T = K (K denoting complex conju-
gation). Accordingly, the model belongs to class BDI in the
AZ classification [3]. In two spatial dimensions, this sym-
metry class is first-order trivial, explaining the absence of
symmetry-protected dispersive edge states despite the protec-
tion by crystalline symmetries.

Nevertheless, a complete symmetry characterization re-
quires extending the framework to include inversion symme-
try and the associated AZ + I classification based on PC and
PT [35]. Interestingly, in our system, the symmetry analy-
sis acquires an unexpected twist once inversion symmetry is
considered in the presence of the embedded π flux. In con-
ventional systems, the combined space-time inversion satisfies
(PT )2 = +1 for spinless particles and (PT )2 = −1 for spin-
1/2 systems, following the general relation (PT )2 = (−1)2s.
However, the π -flux configuration renders the inversion sym-
metry inherently projective. To remain compatible with the
gauge structure, inversion, therefore, must be redefined as
[30,33]

P̃ = GP, (6)

where G is a gauge transformation satisfying

[G, T ] = 0, {G,P} = 0, G2 = 1. (7)

As a result, P̃ 2 = (GP )2 = −1, and the combined space-
inversion symmetry gets generalized as (P̃T )2 = (−1)2s+1.
In our model, the appropriate gauge transformation is τ0σz,
which commutes with time reversal while anticommuting
with inversion. Thus, it gives rise to a redefined PT alge-
bra, represented as P̃T = GPT = iτ0σyK (with the standard
choice of inversion symmetry being P = τ0σx), which obeys
(P̃T )2 = −1. Consequently, even though the microscopic
degrees of freedom are spinless, the system satisfies a spinful-
like algebra with (P̃T )2 = −1. The π flux therefore induces
a symmetry transmutation, whereby the distinction between
spinless and spinful algebra is effectively inverted. In this
sense, the lattice realizes a synthetic spinful symmetry struc-
ture without introducing “real” spin.

Nonetheless, this algebraic restructuring does not automat-
ically generate first-order topology. Even within the extended
AZ + I classification, despite exhibiting a spinful-like PT
structure, the static model remains first-order trivial in two

dimensions. The quadrupole phase survives as a crystalline
higher-order state, while symmetry-protected dispersive edge
modes remain absent. Thus, although the π flux profoundly
alters the symmetry algebra, the topological classification it-
self remains unaltered in the static setting. This observation
naturally motivates the question of whether one can relax the
effective (PT )2 constraint, without breaking the symmetry
itself, and thereby unlock first-order topology in a system
that is otherwise restricted to higher-order behavior. As we
demonstrate in the following section, periodic driving pro-
vides precisely such a mechanism, enabling a reorganization
of symmetry constraints and activating topological phenom-
ena inaccessible in the static limit.

III. DRIVEN MODEL AND ITS SYMMETRIES

To dynamically reshape the symmetry-constrained topol-
ogy of the static BBH model, we implement a Floquet
engineering protocol designed to interconvert PT -symmetric
topological phases in the presence of the embedded Z2 gauge
structure. A central requirement of the driving protocol is that
periodic modulation preserves the fundamental PT symmetry
of the system while allowing its algebraic realization and
consequently the associated topological classification to be
modified dynamically. To this end, we consider a step-driving
scheme in which intracell and intercell hopping processes
are activated sequentially within a single driving period. The
time-dependent Hamiltonian is written as

H(k, t ) =
{
H1(k), t ∈ [nT, nT + T1),
H2(k), t ∈ [nT + T1, (n + 1)T ), (8)

where H1 = H (v, λ = 0) describes purely intracell hopping
and H2 = H (v = 0, λ) governs intercell tunneling, with n ∈
Z and T = T1 + T2 denoting the total driving period. Within
Floquet theory, the stroboscopic dynamics are captured by the
one-period evolution operator

U (T ) = e−iH2T2 e−iH1T1 , (9)

which defines the effective Floquet Hamiltonian, Heff =
i
T ln U (T ). The eigenvalues of Heff, defined modulo 2π/T ,
constitute the quasienergy spectrum governing the nonequi-
librium topology of the driven system.

However, unlike the static Hamiltonian, periodically driven
systems generally do not preserve static symmetry operations
in a straightforward manner, since the Hamiltonians at dif-
ferent times fail to commute. Consequently, periodic driving
may obscure the internal symmetries present in the static
model. Thus, in order to restore the symmetry structure, we
introduce symmetric time frames [73–75] generated by the
unitary transformations,

F1 = e−iH1T1/2, F2 = e iH2T2/2, (10)

which define equivalent Floquet operators Uj = FjU (T )F−1
j

( j = 1, 2). While these operators retain the same quasienergy
spectrum similar to Heff, they permit a consistent redefinition
of symmetry transformations within the driven setting. In par-
ticular, time-reversal and chiral symmetries reemerge through
Floquet-renormalized operators,

TF = F−1
j (−k) T Fj (k), SF = F−1

j (k) S Fj (k), (11)
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FIG. 2. Floquet hybrid-order topological phase with coexisting edge and corner states. Left panel: Quasienergy spectra under open-
boundary conditions along y [panel (a)] and along both x and y [panel (b)], for T1 = 1, T2 = 4, λ = 0.5, v = 2.5, Nx = Ny = 30, and γ = 0.
Red branches denote gapless first-order boundary states; blue dots denote localized second-order corner states. Edge modes emerge within the
quasienergy gap at zero, while the corner states remain pinned at π/T . Panels (c) and (d) show the spatial probability distributions for the
π/T corner states and zero-quasienergy edge states, respectively, confirming the coexistence of conducting edges and localized corners—the
hybrid-order phase. Right panel: Same quantities as the left panel, but at v = 0.5 (all other parameters unchanged). The localization pattern is
reversed relative to the figure in the left panel: Edge modes now emerge at π/T [panel (a), red], while corner states pin to zero quasienergy
[panel (b)]. Panels (c) and (d) confirm the corresponding spatial character.

such that the effective Hamiltonian satisfies

TFHeff(k)T −1
F = H†

eff(−k), (12)

SFHeff(k)S−1
F = −Heff(k). (13)

Thus, the periodically driven model retains the essential sym-
metry content of its static counterpart, albeit in a dynamically
renormalized form. A more detailed discussion of the drive-
induced symmetry reformulation is provided in Appendix A.

A decisive consequence of this dynamical reconstruction
is the breakdown of the gauge-induced constraint associ-
ated with the embedded Z2 structure. It turns out that the
Floquet-renormalized symmetry operators no longer respect
the commutation relations [as shown in Eq. (7)] required by
the underlying Z2 gauge structure. In particular, one finds
[G, TF ] �= 0, implying that the projective inversion symmetry
P̃ = GP no longer remains as a valid symmetry operation in
the driven setting. Consequently, periodic driving therefore
dynamically unleashes the system from the projective symme-
try algebra via dynamically breaking the Z2 gauge constraint,
thus restoring the conventional relation, (PT )2 = +1, which
results in P = I , with I being the momentum inversion
operator. In this manner, the driven lattice realizes an intercon-
version between distinct PT -symmetric topological sectors
through dynamical modification of the gauge structure rather
than explicit symmetry breaking. In this way, although the
standard AZ classification remains formally unchanged (sug-
gesting first-order triviality), the modified AZ + I framework
based on PT and PC symmetries predicts a fundamentally

different outcome. Under the restored PT formalism, the
Floquet Hamiltonian enters a symmetry class capable of sup-
porting first-order dispersive edge modes without harming
the preexisting higher-order topology [35]. Consequently, the
periodically driven BBH model hosts a hybrid-order topo-
logical phase, characterized by the simultaneous presence of
dispersive edge states and symmetry-protected corner modes.

A. Drive-induced hybrid-order topology

We substantiate this prediction through numerical anal-
ysis of the quasienergy spectrum under both periodic and
open-boundary conditions. For parameters T1 = 1, T2 = 4,
λ = 0.5, Nx = Ny = 30, and γ = 0, the cylindrical geome-
try as shown in the left panel of Fig. 2(a) reveals gapless
boundary modes around zero quasienergy for an arbitrary
value of v, say v = 2.5, while a finite gap persists near the
π/T quasienergy sector. Upon imposing open boundaries
along both spatial directions [left panel of Fig. 2(b)], four
symmetry-protected states emerge precisely at quasienergy
π/T , localized at the four corners of the finite sample. Their
spatial character is confirmed through probability-density dis-
tributions on a 30 × 30 lattice, as shown in the left panel
of Figs. 2(c) and 2(d), demonstrating corner confinement,
whereas the zero-quasienergy modes remain extended along
system edges. Remarkably, the two distinct topological or-
ders occupy distinct quasienergy sectors, for example, edge
modes reside at zero quasienergy, while corner modes ap-
pear at π/T , highlighting the intrinsically out-of-equilibrium
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origin of the hybrid phase. A complementary regime further
illustrates this dynamical flexibility. For instance, at v = 0.5
(with all other parameters staying unchanged), the localiza-
tion pattern reverses, with the corner states migrating to the
zero-quasienergy sector while the dispersive edge modes ap-
pear near the π/T quasienergy (as shown in the right panel
of Fig. 2). Periodic driving therefore enables controlled re-
distribution of topological order between quasienergy gaps,
establishing a dynamically generated hybrid phase in which
first- and second-order topology coexist, an arrangement fun-
damentally inaccessible within static PT -symmetric lattices.

B. Characterization of the hybrid-order topology

1. Why no momentum-space invariant works

Having established the coexistence of first- and second-
order boundary modes in the hybrid-order Floquet phase, we
now focus on characterizing these states more rigorously.
Since the edge and corner modes originate from a genuine
symmetry transmutation of the driven lattice rather than from
an accidental band touching, it is essential to confirm their
robustness by identifying a topological invariant that pro-
tects them. It turns out that the obvious candidates fail. For
example, the ordinary Chern number vanishes, since the time-
reversal symmetry in the Floquet-renormalized frames makes
the Berry curvature odd; furthermore, the Kane-Mele Z2 in-
variant is not relevant as well, as it requires a spinful Kramers
structure with T 2 = −1, whereas our internal degrees of free-
dom are orbital, with T = K and T 2 = +1.

The relevant symmetry is once again the space-time in-
version PT , whose algebra dictates the appropriate invariant.
As described earlier, in the conventional frame, the drive re-
stores (PT )2 = +1, indicating a real Chern number, obtained
from the Stiefel-Whitney classes of the resulting real bundle
[30,33,34]. This invariant, however, fails, since the first- and
second-order phases never share same quasienergy gap. For
instance, when the edge states occupy the zero gap the corner
modes pin to π/T , and tuning the parameter v interchanges
them (Fig. 2). Therefore, the topological protection is a prop-
erty of each gap separately. Any band invariant, the real Chern
number included, measures only the net edge-state difference
across a single gap and cannot resolve either gap individually
when both are topologically protected, the same mechanism
by which the ordinary Chern number vanishes in anomalous
Floquet phases with robust boundary modes in each gap [42].

This failure motivates a shift to the symmetric time frames
of Appendix A (as well as discussed in Sec. III), where the
composite antiunitary operator A = i τ0σyK commutes with
both step Hamiltonians and satisfies AU1,2 A−1 = U −1

1,2 , ( j =
1, 2 represents the two symmetric frames) but now squares
to A2 = −1. By Kramers’ theorem, this forces an exact
twofold degeneracy of the quasienergy spectrum at every
k, {−E ,−E ,+E ,+E}, and closes off the momentum-space
route for enumerating the topological invariant entirely, since
the Stiefel-Whitney classes, the Euler class, and the real Chern
number all require a momentum-local antiunitary squaring
to +1. However, A2 = −1 renders the bundle quaternionic
and these invariants strictly undefined. We therefore turn to a
real-space construction, namely, the spectral localizer, capable
of resolving each gap independently, developed below.

FIG. 3. Panels (a) and (d) display the spectral localizer gap clos-
ing along a continuous one-dimensional ring tracing the sample
boundary, signaling dispersive first-order edge states, while panels
(b) and (c) show closures only at the four sample corners, with edges
and bulk remaining gapped, signaling second-order corner states.
The localizer is evaluated across the sample plane at E = 0 and
E = π/T for the parameter regimes of the left and right panels of
Fig. 2, respectively.

2. Real-space characterization: the spectral localizer
and the chiral marker

A real-space marker extracts a quantized topological num-
ber directly from the Hamiltonian of a finite, open sample
together with its position operators, with no reference to mo-
mentum space or translational invariance. The tool we employ
for this purpose is the spectral localizer, built from the position
operators X,Y and the Hamiltonian as [76,77]

L(x0, y0, E ) = κ σx ⊗ (X − x0) + κ σy ⊗ (Y − y0)

+ σz ⊗ (H − E ), (14)

where (X − x0,Y − y0) measures displacement from a probe
point (x0, y0), while (H − E ) measures displacement from a
probe energy. The Pauli matrices combine these noncommut-
ing operators into a single Hermitian matrix on an auxiliary
two-level space, and κ > 0 balances the relative weight of
position and energy. At this point, two useful quantities fol-
low from L. First, the localizer gap σL

min(x0, y0, E ), which is
the smallest singular value of L, vanishes precisely where a
protected state resides at that position and energy, so that scan-
ning the probe point produces a spatial map of the protected
states. Second, the signature SigL, which is the difference
between the number of positive and negative eigenvalues of
L, is quantized because it can change only when an eigenvalue
crosses zero, i.e., only where the localizer gap closes.

Figure 3 shows σL
min scanned across the sample plane at

E = 0 and E = π/T for the two parameter regimes in the left
and right panels of Fig. 2, respectively. The resulting maps fall
into two distinct classes: Panels (a) and (d) show the localizer
gap closing along a continuous one-dimensional ring tracing
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the full perimeter of the sample, the signature of dispersive
first-order edge states, while panels (b) and (c) show closure
only at four isolated points at the corners, with the edges and
interior remaining gapped, the signature of localized second-
order corner modes. This reproduces, entirely in real space,
the central claim of the article: The two quasienergy gaps
carry different topological orders, and tuning v interchanges
them.

Hence, the natural step is to compute the half-signature
1
2 SigL, i.e., the local Chern marker; however, this quan-
tity is forced to vanish identically in our system, since the
chiral symmetry [S of Eq. (5)] is on site and therefore
commutes with the position operators, [S, X ] = [S,Y ] = 0,
pairing every eigenvalue of L with its negative. A marker
that exploits the chiral symmetry constructively, rather than
being defeated by it, is therefore required, and this is furnished
by the chiral marker. For our BBH lattice, with grading S
satisfying [S, X ] = [S,Y ] = 0 in the symmetric frames, the
appropriate construction is built along the lattice diagonal
n̂ = (cos 45◦, sin 45◦), i.e., along X + Y —the direction along
which the sample corners lie and the symmetry axis of the
model’s mirror—and is defined as

An̂ = [κ (cos θ (X − x0) + sin θ (Y − y0)) + iHeff ] S, (15)

with the corresponding marker νn̂ = 1
2 SigAn̂, evaluated at

θ = 45◦, with the physically meaningful value referenced
against vacuum.

Since the marker of Eq. (15) requires the effective Hamil-
tonian to genuinely anticommute with S, and the conventional
Floquet operator does not do so, the construction must be
carried out in the symmetric frames of Eqs. (A2) and (A3),
the same frames in which the chiral symmetry is revived
and in which A2 = −1 (see the corresponding discussion in
Secs. III A and III B, respectively). Frames 1 and 2 share
the same quasienergies but are related by a unitary that does
not commute with S. So, the two frames carry independent
topological information—the two-dimensional analog of a
known result for one-dimensional chiral Floquet systems [74].
While each invariant alone cannot distinguish the different
localized states, the Floquet classification [78] allows the
construction of a pair of physically meaningful invariants
[73,74],

νc,0 = 1
2

(
ν1

c,0 + ν2
c,0

)
, νc,π = 1

2

(
ν1

c,π − ν2
c,π

)
, (16)

where the subscript and the superscript denote the branch
and the frame, respectively. At the representative point con-
sidered here, we measure (ν1

c,0, ν
1
c,π ) = (+1,−1) in frame 1

and (ν2
c,0, ν

2
c,π ) = (+1,+1) in frame 2, yielding (νc,0, νc,π ) =

(+1,−1). The symmetric frames, originally forced upon us
by the (PT )2 = −1 (A2 = −1) algebra, thus supply exactly
the two independent real-space invariants needed to char-
acterize the two quasienergy gaps separately—a resolution
no single band invariant of the conventional frame could
provide.

To further substantiate the robustness of the drive-induced
first-order edge states, we examine the effect of random disor-
der, introduced through the intracell hopping amplitude v →
v + δvi, with δvi drawn independently and uniformly from
the interval [−W/2, W/2] at each site i. Figure 4 shows the

FIG. 4. Quasienergy spectrum under open-boundary conditions
along the y direction and periodic boundary conditions along the
x direction, demonstrating the presence of drive-induced first-order
edge states. Panels (a)–(d) show the evolution of the spectrum in the
presence of random on-site disorder with disorder strengths W = 0,
0.2, 0.5, and 0.8, respectively. The edge states remain robust up to the
critical disorder strength W = 0.5, reflecting the persistence of the
topological protection. For stronger disorder (W = 0.8), the disorder
dominates over the topological energy scales, lifting the edge-state
degeneracy and destroying the protected edge modes.

resulting quasienergy spectrum under open-boundary condi-
tions along y and periodic boundary conditions along x, for
the representative parameter point of panel (a) of the left panel
of Fig. 2—namely, the regime hosting zero-quasienergy edge
states and π -quasienergy corner states; an entirely analogous
disorder analysis can be carried out for the complementary
configuration with the roles of the two gaps interchanged.
As the disorder strength is increased, the edge states remain
robust up to a critical value W = 0.5, comparable to the inter-
cellular hopping amplitude λ = 0.5, a value used throughout
the article. Beyond this threshold, the disorder overwhelms the
topological protection: The previously degenerate edge states
split into nondegenerate modes, signaling the breakdown of
the PT symmetry responsible for their protection, and the
protected edge modes cease to survive at larger disorder
strengths.

At this stage, it is also important to emphasize that,
throughout the above analysis, we have restricted ourselves
to the purely Hermitian limit (γ = 0). This assumption was
necessary, since NH topology cannot, in general, be fully char-
acterized within the conventional AZ or AZ + I symmetry
classifications. In particular, the presence of nonreciprocity
necessitates a non-Bloch framework for a consistent topolog-
ical description. Nevertheless, the periodically driven system
remains PT symmetric, and the emergence of dispersive edge
modes continues to exhibit intriguing spinful characteristics
even in the NH regime. In the following section, we shall
demonstrate how periodic driving gives rise to distinctive NH
phenomena specific to spinful systems, which can be system-
atically explored even within our spinless model.
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IV. NON-HERMITIAN CASE: EMERGENT
HIGHER-ORDER Z2 SKIN EFFECT

A. Drive-induced unipolar-bipolar transition

We now extend our analysis to the NH regime in order
to investigate the fate of boundary localization once non-
reciprocity is introduced into the periodically driven BBH
lattice. Non-Hermiticity is incorporated through asymmetric
intracell hopping amplitudes characterized by the parameter
γ (Fig. 1), which induces directional particle transport and
consequently gives rise to non-Hermitian skin accumulation.
In the absence of periodic driving, the coexistence of inversion
and mirror symmetries together with the underlying lattice
geometry promotes a higher-order manifestation of the skin
effect, wherein the bulk eigenstates accumulate at a single
corner rather than along the one-dimensional edges. We refer
to this phenomenon as a second-order skin effect [64,79],
reflecting its higher-codimension localization behavior. Re-
markably, the introduction of periodic driving profoundly
reshapes this localization behavior. In addition to conventional
unipolar localization, where all the eigenstates accumulate at
a single corner, the driven system allows the emergence of a
bipolar configuration, in which states simultaneously localize
at diagonally opposite corners. A recent study has provided
experimental evidence for such a unipolar-bipolar transition
induced by periodic driving [80], supporting its realization
even in higher-order systems. Interestingly, under appropri-
ate driving conditions this bipolar arrangement realizes an
anomalous form of the Z2 skin effect [36,62–64], a phe-
nomenon typically associated with spinful systems possessing
time-reversal symmetry and Kramers degeneracy, albeit here
emerging within an effectively spinless platform.

In order to analytically characterize these transitions, we
focus on the symmetric driving condition T1 = T2 = T/2,
which reveals a set of drive-induced special points determined
by the parameters satisfying

√
2v = 2nπ

T
, skin suppression, (17a)

√
2v = (2n + 1)π

T
, bipolar/Z2 localization. (17b)

These values govern qualitative changes in spectral local-
ization. The former corresponds to complete suppression of
the skin effect, while the latter marks the onset of bipolar
localization with states equally distributed between opposite
boundaries. Starting from small intracell coupling, for in-
stance,

√
2v = 0.1π , numerical simulations show that all bulk

eigenstates accumulate near a single corner, as illustrated by
the spatial probability distribution in Fig. 5(a) for parameters
T1 = T2 = 1 (or T = 2), λ = 0.5, and γ = 0.3. This behavior
closely mirrors the static NH limit and represents the unipolar
higher-order skin phase. Note that, throughout our analysis
of the non-Hermitian system, the probability densities are
calculated using the right eigenvectors of the Hamiltonian.
Upon increasing v, eigenstates gradually redistribute toward
the opposite corner, signaling the emergence of bipolar lo-
calization. At the critical value

√
2v = 0.5π [corresponding

to n = 0 in Eq. (17b)], the system reaches a perfectly bal-
anced configuration in which states accumulate at both the
corners with equal weights. At this point, the zone-center- and

FIG. 5. Unipolar-bipolar localization crossover followed by a
complete suppression of the skin effect is shown. Panels (a)–(d) show
the spatial distribution of all eigenstates in the presence of non-
reciprocity, γ . In panel (a), corresponding to

√
2v = 0.1π , all

eigenstates accumulate at the left corner, indicating a unipolar local-
ization regime. In panel (b), corresponding to

√
2v = 0.5π , the states

are distributed equally between two of the diagonal corners; specif-
ically, eigenstates with χ = 1 localize at the left corner, while the
χ = −1 quasienergy states accumulate at the right corner, giving rise
to a characteristic Z2-like skin effect occurring at the bidirectional
points, given by

√
2v = (2n + 1)π/T . In panel (c), for

√
2v = 0.9π ,

unipolar localization reappears with reversed polarization relative to
panel (a). Finally, panel (d), corresponding to

√
2v = π , shows a

complete disappearance of boundary accumulation, signaling total
suppression of the skin effect occurring at values

√
2v = 2nπ/T .

The system parameters are chosen as T = 2, Nx = Ny = 30, γ =
0.3, and λ = 0.5.

zone-edge quasienergy sectors localize at opposite corners,
forming symmetry-linked pairs that emulate the structure of
a Z2 skin effect. Before elaborating on the physical signifi-
cance of the zone-edge and zone-center quasienergy sectors,
it is instructive to first establish the conceptual background of
conventional Z2 localization, so as to clarify why our system
does not conform to this standard paradigm and is instead
more appropriately termed “Z2-like.”

In conventional settings, a Z2 localization originates from
spin-resolved sectors protected by the time-reversal sym-
metry and the Kramers degeneracy, such that the up/down
spin sectors can localize at the opposite corners. In con-
trast, the present model contains no “real” spin degrees
of freedom; instead, periodic driving dynamically generates
equal numbers of quasienergy states related by the modified
symmetry algebra, allowing quasienergy-opposite modes to
behave as effective spin counterparts. The resulting local-
ization therefore constitutes an anomalous Z2 skin effect,
demonstrating once again how Floquet-induced symmetry
restructuring enables spinful phenomena to emerge in a fun-
damentally spinless lattice.

Further increasing v beyond the bipolar point causes all
eigenstates to migrate toward the opposite corner, as shown
in Fig. 5(c) for

√
2v = 0.9π , thereby reversing the polariza-

tion of the higher-order skin accumulation. This localization
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persists until the system reaches the drive-controlled “sweet
spot”

√
2v = 2nπ

T , which in our case corresponds to
√

2v =
π (for n = 1). At this special point, the skin effect is
completely suppressed, and the bulk states assume spa-
tially extended profiles throughout the lattice, leaving only
the symmetry-protected corner modes intact. Deviating from
this delocalization point reinstates the higher-order skin ef-
fect with reversed polarity. For example, states localized at
the right corner for

√
2v = 0.9π relocalize at the left cor-

ner when
√

2v = 1.1π (not shown here), analogous to the
configuration observed in Fig. 5(a) for

√
2v = 0.1π . These

observations reveal that periodic driving introduces a con-
trollable delocalization-relocalization mechanism, through
dynamically generated skin-suppression points. The driven
system therefore exhibits a tunable, repeating sequence of
unipolar, bipolar, and reversed localization regimes. Far from
being a mere numerical artefact, this behavior is a robust,
symmetry-protected phenomenon, which motivates us to in-
vestigate the origin of this Z2-like effect and to characterize it
using reliable topological indicators.

B. Physical mechanism underlying the Z2-like
bipolar skin effect

We start by moving along the mirror line (high-symmetry
line, kx = ky = k), where the problem reduces to a two-
orbital (A, B) chain driven in two steps of duration T1 =
T2 = T/2: An intracell step governed by H1, and an intercell
step governed by H2(k), which carries all of the momentum
dependence, as well as the nonreciprocity γ . This division of
labor is the key to the intuition. H1 acts strictly within a unit
cell: It contains no momentum, and therefore cannot move a
particle from one cell to the next. H2, in contrast, is the only
part of the drive that can actually transport probability along
the lattice.

Exponentiating the first step using H2
1 = 2v21 and writing

a ≡ √
2 v T1 for the accumulated intracell phase, we obtain

the exact closed form

e−iH1T1 = cos a 1︸ ︷︷ ︸
stay

− i sin a σx︸ ︷︷ ︸
exchange

. (18)

A single dial, a, sets the balance between “remain on the
same orbital” and “exchange with the other orbital.” Crucially,
the exchange channel is σx, which is perfectly reciprocal: It
transfers A → B and B → A with identical amplitude. At this
point, it is useful to identify two important driving conditions.

(1) The no-swap condition (sin a = 0, i.e.,
√

2v =
2nπ/T ): Here, e−iH1T1 = ±1 exactly, so the first step does
nothing, and the stroboscopic dynamics reduces to the
repeated action of the second step alone. Each orbital experi-
ences precisely the same nonreciprocal environment in every
period, with no reshuffling. As seen in Fig . 5(d), the projected
accumulated bias cancels, resulting in a complete suppression
of the skin effect.

(2) The full-swap condition [cos a = 0, i.e.,
√

2v =
(2n+1)π/T ]: Here, the “stay” channel in Eq. (18) vanishes
identically and e−iH1T1 = ∓i σx: The first step exchanges the
two orbitals completely, and reciprocally. The physical con-
sequence lays the foundation in the sense that the drive
alternates between the orbitals at which the gain and loss act.

Therefore, note that the second step is involved applying a
nonreciprocal kick whose effect on orbital A differs from its
effect on orbital B. At the full-swap condition, the first step
swaps the two orbitals once per period, so the orbital ampli-
fied in one period is suppressed in the next one. Combined
with the reciprocal propagation supplied by the second step,
this strictly alternating pattern allows two families of Floquet
states to experience opposite bias, which is what makes bipo-
lar localization possible.

This intuitive picture correctly identifies why a perfect
bipolar localization, that is, a Z2-like localization, becomes
possible only at the “full-swap” points and why it is absent
at the no-swap points. It does not, however, identify which
two families are involved, nor does it explain the exact 50:50
balance. For that, we must turn to the analytical/mathematical
structure supporting this intuitive idea.

To begin with, we note that since both step Hamiltonians
are traceless, det U (k) = 1 identically, and the eigenvalues
of U (k) satisfy u+u− = 1 at every momentum. The entire
spectral content of the 2 × 2 Floquet operator is therefore
carried by a single complex function, namely, the trace of the
evolution operator, τ (k) ≡ Tr U (k). Now, evaluating the trace
in a closed form, within a single time-period gives

τ (k) = 2 cos a cos b(k) − 2
√

2λ sin a
sin b(k)


(k)
cos k,

(19)

with b(k) ≡ 
(k)T2, and


2(k) ≡ 2λ2 − 2γ 2 + 4iλγ sin k. (20)

The two special driving conditions of Eq. (17) acquire a trans-
parent geometric meaning once we examine the mathematical
structure of the trace. First, note that under a shift by half the
Brillouin zone [using sin(k + π ) = − sin k, with λ, γ real],
the trace obeys


2(k + π ) = 2λ2 − 2γ 2 − 4iλγ sin k = [
2(k)]∗. (21)

Since cos b and sin b/
 are functions of 
2 with real co-
efficients of the Taylor expansion, this conjugation property
can be carried over directly to Eq. (19). Setting cos(a) = 0 at
the full-swap (perfect bipolar) condition then yields the exact
identity

τ (k + π ) = − [τ (k)]∗, (22)

valid for every k at the full-swap condition.
Let us now understand the consequence of this special

feature at the level of the quasienergy spectra. Recall that the
eigenvalues obey

u2 − τ (k)u + 1 = 0. (23)

Taking the complex conjugate of this equation gives
(u∗)2 − τ (k)∗u∗ + 1 = 0, and substituting w = −u∗ yields
w2 + τ (k)∗w + 1 = 0, that is, w2 − τ (k + π )w + 1 = 0 by
Eq. (22). Hence, −u∗ solves the characteristic equation at
momentum k + π , and the two sets of eigenvalues are related
via

{u±(k + π )} = {− u±(k)∗}. (24)
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Writing u = e−iET , the map u �→ −u∗ acts on the quasienergy
as

E �−→ − E∗ − π

T
, (25)

which sends 0 �→ −π/T ≡ π/T and π/T �→ 0. This map-
ping is an involution: Applying u �→ −u∗ twice returns
−(−u∗)∗ = u, and shifting the momentum twice by π returns
k. We therefore define

� : (k, u) �−→ (k + π, −u∗), �2 = 1. (26)

As a consequence, � partitions the Floquet zone into two
arcs. The two fixed points E = ±π/2T divide the quasienergy
circle into two arcs, which � exchanges: the arc containing
the zone center and the arc containing the zone edge. The
corresponding binary label is

χ ≡ sgn(Re u) =
{+1, |Re E | < π/2T (zone center),
−1, |Re E | > π/2T (zone edge),

(27)

and under � one has Re u → −Re u, resulting in χ → −χ

exactly. This is the spinless analog of the Kramers pairing.
In the conventional spinful case, TRS† pairs the spin-↑ and
spin-↓ partners to opposite edges. Here, the involution � pairs
E with −E − π/T and sends the zone-center family (χ = +1)
and the zone-edge family (χ = −1) to opposite corners.

C. Symmetry protection of the Z2-like effect

The spectral involution � introduced in Sec. IV B is not
a mere numerical coincidence but the joint consequence of
three exact symmetries of the driven lattice. First, the chiral
symmetry S = σz, under which both step Hamiltonians anti-
commute with the sublattice grading, satisfies S U (k) S−1 =
U (k)−1 and thus inverts the eigenvalue, u → 1/u, or equiva-
lently E → −E . Second, TRS† acts as a transpose combined
with k → −k; since

H1 = HT
1 and H2(k + π ) = −[H2(−k)]T, (28)

this operation interchanges the left- and right-going hopping
amplitudes and thereby reverses the direction of nonreciprocal
amplification, effectively flipping the corner at which the skin
mode accumulates. Third, at the full-swap (bipolar) driving
condition, the first half-period reduces to a pure exchange
of the two orbitals, e−iH1T1 = −iσx, which squares to −1;
this supplies an overall factor u → −u, i.e., a shift of the
quasienergy by half the Floquet zone, E → E + π/T , and
is what ultimately exchanges the zone-center and zone-edge
branches. Carrying these three identities through the one-
period evolution U (k) = e−iH2(k)T2 e−iH1T1 combines them into
a single relation,

U (k + π ) = −[U (−k)T]−1, (29)

where the transpose encodes TRS†, the inverse encodes chiral
symmetry, and the overall sign encodes the ful orbital ex-
change. At the level of eigenvalues, this reads

u(k + π ) = −u(k)∗, (30)

which is precisely the action of � : (k, u) �→ (k + π,−u∗).
Physically, the three symmetries act in succession on a Flo-
quet state: Chiral symmetry inverts the eigenvalue, the orbital

exchange shifts the quasienergy by half the zone and carries a
zone-center state into the zone-edge family, and TRS† finally
flips the corner, so that |zone-center, left corner〉 is mapped to
|zone edge, right corner〉, which can be held precisely as the
spinless analog of | ↑, left〉 → | ↓, right〉 in the conventional
spinful Z2 skin effect, with the Floquet sector label χ playing
the role of spin.

D. The Floquet version of Z2 invariant: trace-winding index

Since the effect identified above is symmetry enforced
rather than accidental, an associated topological invariant
must exist, which we shall construct in the following. The
conventional routes, however, are unavailable. For an ordi-
nary (unipolar) skin effect in a spinless setting, the standard
diagnostic is the Z-valued spectral winding number (W ) [36],
with a nonzero winding accompanied by a GBZ [66–68] of
radius �= 1. In the spinful Z2 case, this diagnostic instead fails
outright. The total winding vanishes, W↑ + W↓ = 0, the GBZ
collapses onto the unit circle, and a Z2 index is extracted only
by splitting the characteristic polynomial (det [H (β ) − E ] =
0, where β = eik defines the contour of GBZ), which solves
for the GBZ into two decoupled sectors—one furnishing a
sub-GBZ of radius >1 and the other of radius <1—and tak-
ing the winding of a single sector as modulo two. However,
neither of the routes apply here: Because 
(k) of Eq. (20) is
momentum dependent, the characteristic equation involves the
transcendental functions cos b(k) and sin b(k)/
(k), and can-
not be split into two reciprocal subequations (a more detailed
discussion on the characteristic polynomial and evaluation of
the GBZ is provided in the next section). What is needed
instead is a construction that captures the two graded families
without requiring the polynomial to factorize, and the trace of
the Floquet evolution operator introduced in Sec. IV B sup-
plies exactly this. Note that, for a 2 × 2 Floquet operator, the
characteristic polynomial collapses onto the trace, det[U (k) −
u] = u[ζ − τ (k)], with ζ = u + u−1 = 2 cos(ET ). The spec-
tral winding of the Floquet spectrum around any reference
eigenvalue u on the unit circle is therefore equivalently the
winding of the trace curve around the corresponding real point
ζ = 2 cos(ET ) ∈ [−2, 2],

W (ζ ) = 1

2π i

∮
BZ

dk ∂k ln[τ (k) − ζ ] ∈ Z. (31)

This index is quantized and gauge independent; it treats
the two Floquet branches (both zone center and zone edge)
jointly, since τ = u+ + u−, so that no factorization of the
characteristic polynomial is required. A nonzero W (ζ ) signals
skin accumulation of the states with quasienergies near ζ , with
the sign of W selecting the corner—the direct analog of the
winding-skin correspondence of static non-Bloch theory [36].
By Eq. (22), the map τ → −τ ∗ reverses the orientation of the
trace curve, so that at the full-swap point W (−ζ ) = −W (ζ ).
The total winding across the sector boundary therefore van-
ishes identically even though each sector individually winds
(the structural analog of W↑ = −W↓), and the precise reason
for a Z2, rather than a Z, index is necessitated.

From the discussion in Sec. IV B, the trace curve crosses
the real axis at k = 0, π ; when these are the only interior
crossings, W (ζ ) can change only across the interval bounded
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TABLE I. Trace intercepts τ (0), τ (π ), midpoint τ0 = 1/2[τ (0) + τ (π )], and winding index νZ2 across the driving range of Fig. 6, for
γ = 0.3, λ = 0.5, T = 2. Rows marked � are the exact special points of Eq. (17).

√
2v τ (0) τ (π ) τ0 νZ2 Regime

0.100π +1.192 +2.020 +1.606 0 Deep unipolar [Fig. 5(a)]
0.300π −0.092 +2.077 +0.992 1 Bipolar, imbalanced
� 0.500π −1.340 +1.340 0.000 1 Z2-like bipolar [Fig. 5(b)]
0.700π −2.077 +0.092 −0.992 1 Bipolar, reversed skew
0.900π −2.020 −1.192 −1.606 0 Unipolar, reversed [Fig. 5(c)]
� 1.000π −1.688 −1.688 −1.688 0 Skin suppression [Fig. 5(d)]

by τ (0) and τ (π ), and the surviving index reduces to the
closed parity form

νZ2 = 1
2 [ 1 − sgn(τ (0) τ (π ))] ∈ {0, 1}, (32)

in which k = 0 and k = π play the role of the time-
reversal-invariant momenta of the Fu-Kane construction. We
emphasize the logical status of this formula: νZ2 = 1 exactly
when the two real intercepts straddle a sector of nonzero
winding on each side of ζ = 0, i.e., exactly when the two
graded families accumulate at the opposite corners.

Table I lists τ (0), τ (π ), the intercept midpoint τ0, and
the resulting index νZ2 across the driving range of Fig. 5,
confirming that the evolution of the index reproduces the
full phenomenology of the localization transition. Moreover,
the evolution of the index, as shown in Fig. 6, reproduces
the phenomenology of Fig. 5 in complete detail and clarifies
the unipolar-bipolar transition in the following way. At small
driving (

√
2v = 0.1π ), all the states accumulate at a single

corner, the deep unipolar regime of Fig. 5(a). On increas-
ing the drive (

√
2v = 0.3π ), states begin to appear at the

opposite corner and the system becomes bipolar; however,
this is bipolar without yet being Z2, since the two inter-
cepts remain highly unequal in magnitude (|−0.092| versus
|+2.077|), so the two corners are populated with strongly
unequal weight. At the full-swap condition (

√
2v = 0.5π ), the

index remains finite, νZ2 = 1, but the two intercepts are now
exactly equal and opposite, τ (0) = −τ (π ), or equivalently,
τ0 = 0. This is the signature of genuine Z2-like behavior:
The vanishing of τ0 = 1

2 [τ (0) + τ (π )] is precisely the con-
dition τ (k + π ) = −τ (k) of Eq. (22), forcing the χ = +1
(zone-center) and χ = −1 (zone-edge) families onto oppo-
site corners with strictly equal weight, corresponding to the
balanced bipolar distribution of Fig. 5(b). Beyond this point
(
√

2v = 0.7π ), the index remains finite but the imbalance
returns with opposite skewness, and by

√
2v = 0.9π , the in-

tercepts again share a common sign, so that νZ2 returns to
zero: unipolar localization with reversed polarity, as seen in
Fig. 5(c). Finally, at the suppression point (

√
2v = 1.0π ), the

no-swap condition sin(a) = 0 eliminates the k-odd term in the
trace, leaving τ (k) = ±2 cos b(k). Therefore, the trace curve

FIG. 6. Trace trajectories τ (k) = Tr U (k) in the complex plane as the crystal momentum k sweeps the Brillouin zone, for driving
amplitudes

√
2v = 0.1π [panel (a)], 0.3π [panel (b)], 0.5π [panel (c]), 0.7π [panel (d)], 0.9π [panel (e)], and 1.0π [panel (f)], with γ = 0.3,

λ = 0.5, and T = 2. The black cross denotes the origin, while the gray band indicates the real axis. The Floquet Z2 bipolar invariant,
νZ2 = 1

2 [1 − sgn(τ (0)τ (π ))], identifies whether the trace loop encloses the origin: νZ2 = 1 when the origin lies inside the loop [panels
(b)–(d)], corresponding to the bipolar localization regime, and νZ2 = 0 when it lies outside [panels (a) and (e)], corresponding to the unipolar
regime. At the perfect bipolar point (c), the trace satisfies τ (0) = −τ (π ) and is symmetric about the origin, whereas at the suppression point
(f), the trace trajectory retraces itself, encloses zero area, and no longer exhibits spectral winding.
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retraces itself and encloses zero area, so the spectral winding
vanishes for every reference point ζ and no Floquet eigenvalue
winds around the unit circle. Consequently, the non-Hermitian
skin effect is completely suppressed and the bulk spectrum
remains extended, as reported in Fig. 5(d).

E. Non-Bloch characterization via Floquet GBZ

The preceding sections have provided a comprehensive
understanding of the physical origin of higher-order unipolar-
bipolar skin localization, together with symmetry-resolved
approaches for characterizing the associated skin modes. A
natural question that arises at this stage is how the topological
states behave in the same regime, particularly since they can
also become localized at the corners. We therefore devote this
section to a detailed investigation of these corner-localized
topological states and their underlying mechanism. Since
the driven lattice operates in the NH regime and supports
pronounced skin accumulation, conventional Bloch-band in-
variants are no longer adequate for identifying the topological
origin of the boundary states. In particular, the presence of the
NHSE invalidates the standard BBC strictly defined within the
Bloch framework. A consistent topological description, there-
fore, requires the non-Bloch formalism, where the topology is
defined on a GBZ [66–68]. The central idea of this approach
is to reformulate the Bloch Hamiltonian via replacing the mo-
mentum variable, k, with a phase factor, namely, β = eik, (k ∈
[−π, π ]). The Hamiltonian can then be expressed as a non-
Bloch operator H (β ). The allowed values of β are determined
from the characteristic equation det[H (β ) − E ] = 0. By ar-
ranging the resulting solutions according to their absolute
values and selecting those compatible with the open-boundary
condition, one obtains a closed contour in the complex β plane
that defines the GBZ. This contour provides the correct bulk
description for systems exhibiting the NHSE.

While the non-Bloch method has been successfully applied
to a wide range of one-dimensional NH systems [68–72],
extending it to two-dimensional lattices poses significant
complications. The presence of two independent momentum
components generally produces characteristic equations in-
volving multiple complex variables, making the analytical
construction of the GBZ highly cumbersome. To simplify
the analysis, we take advantage of the mirror symmetry in-
troduced in Eq. (4), which also plays a central role in the
emergence of higher-order topology in the model. In partic-
ular, we restrict our attention to the high-symmetry line, kx =
ky = k [28], which effectively reduces the two-dimensional
Bloch Hamiltonian to a block off-diagonal form

H̃ =
(

H+ 0
0 H−

)
, (33)

where each block Hα (α = ±) takes the form of a massless
Dirac Hamiltonian. When written in this representation, the
two-component structure naturally allows one to define a
winding number for each block. In this context, the higher-
order topology of the system can be characterized by the
mirror-graded winding number defined as

ν = ν+ − ν−

2
, (34)

where να (α = ±) denotes the conventional winding number
associated with each block Hα (details are provided in Ap-
pendix B).

Nevertheless, extending this problem to a periodically
driven scenario introduces further subtleties that prevent the
straightforward application of this procedure. Unlike the static
Hamiltonians, which typically contain only short-range inter-
actions and therefore yield characteristic polynomials of finite
order in β, the effective Hamiltonian generated by periodic
driving can involve longer-range interactions. This can be
seen directly from the momentum-space representation of the
driven Hamiltonian (see Appendix B), where each d vector
contains functions such as f [cos(sin k)]. Consequently, the
associated characteristic equation may become infinite order
in β. Furthermore, the Floquet effective Hamiltonian gener-
ally does not retain the block-diagonal structure along the
high-symmetry line, which prevents the direct definition of the
mirror-graded invariant. To overcome this issue, we return to
the symmetric time-frame formulation formed via the unitary
operation [see Eq. (A1)] discussed in Sec. III. As demon-
strated in Appendix B, expressing the Floquet operator in
these symmetric frames restores the massless Dirac structure
along the high-symmetry line, thereby recovering the block
decomposition required for defining the mirror-graded invari-
ant. In other words, the topological invariant becomes well
defined only when evaluated within these symmetric Floquet
representations. The remaining challenge lies in reducing the
infinite-order characteristic equation to a tractable form. To
this end, we perform a Taylor expansion of the characteristic
polynomial, which requires rewriting the characteristic equa-
tion in the following way:

E2
α (β ) = d2

x (β ) + (α)2d2
y (β ). (35)

The exact expressions for the d vectors are provided in Ap-
pendix B. Thus, considering a small λ (say λ < 1) allows us to
perform a Taylor expansion of Eq. (35) upto second order with
respect to λ. Consequently, the characteristic equation corre-
sponding to each block in Eq. (33) can be expressed as

E2
α (β ) =

2∑
j=−2

β jXj, (36)

where Xj are coefficients associated with powers of β. Also
note that the degree of the polynomial depends on the order
at which the Taylor expansion is truncated. Now, assume that
there are two solutions β and β ′ = βeiθ that share the same
magnitude. Subtracting the two characteristic equations E2 =
F (β ) and E2 = F (β ′) yields

0 =
2∑

j=−2

β jXj (1 − ei jθ ), (37)

which allows us to determine the solutions for β over the
range θ ∈ [0, 2π ]. Finally, the β solutions are arranged in
ascending order based on their absolute values. By selecting
those that satisfy the condition

|β2N | = |β3N |, (38)

with N denoting the number of discretization intervals in θ , we
obtain the coordinates of GBZ, Cβ . Interestingly, although this
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FIG. 7. Closed contours of the 1D mapped Floquet GBZ along
the symmetry line kx = ky, plotted in the complex plane Re(β ) vs
Im(β ). Panel (a), corresponding to

√
2v = 0.1π , lies in the unipolar

regime where all the eigenstates accumulate at the left boundary;
the associated GBZ forms a closed loop with radius |β| < 1. In
contrast, panel (b), for

√
2v = 0.9π , corresponds to right-boundary

accumulation, and the GBZ contour has radius |β| > 1. In both the
cases, the contours exhibit cusplike behavior, reflecting the multiple
solutions (more than two) of β having similar amplitude. This turns
out to be a direct consequence of the second-order Taylor expansion
of the characteristic polynomial governing the Floquet operator. The
system parameters are chosen as T = 2, λ = 0.5, and γ = 0.3.

construction represents a one-dimensional projection of the
full two-dimensional GBZ, it remains sufficient to determine
the localization direction of the skin modes. For example,
when all the eigenstates accumulate at the left corner, e.g.,√

2v = 0.1π , the resulting GBZ has a radius smaller than 1
[see Fig. 7(a)], whereas localization at the right corner for√

2v = 0.9π corresponds to a GBZ with radius larger than
1 [see Fig. 7(b)]. In general, the GBZ deviates from the
conventional Brillouin zone, reflecting the non-Bloch nature
of the spectrum. Additionally, the GBZs obtained from the
two symmetric time frames coincide in both shape and size,
validating the accuracy of the truncation scheme.

Interestingly, the Floquet GBZ not only provides infor-
mation that determines the directional accumulation of skin
modes, but the drive-induced longer-range couplings also of-
fer insight into the specific corner at which the wavefunctions
accumulate. To gain further insight into this behavior, it is
useful to examine the matrix configuration of the effective
Hamiltonian, Heff. Starting with the Hermitian limit, expand-
ing Heff using the Baker-Campbell-Hausdorff series shows
that increasing the driving period T progressively generates
higher-order commutator terms. These additional contribu-
tions effectively introduce longer-range hopping processes,
causing off-diagonal matrix elements to emerge and gradually
populate regions of the Hamiltonian that remain empty in the
static limit. Even in the low-frequency regime, the effective
Hamiltonian may acquire a dense structure in which nearly
all the matrix elements become populated. At this stage, the
inclusion of the nonreciprocity leads to a striking asymmetry
in the matrix structure. For instance, corresponding to certain
parameter regimes, either the upper or the lower block of
the Hamiltonian becomes fully populated while the oppo-
site block remains largely empty. This asymmetry directly
determines the specific corner at which the wavefunctions
accumulate. For example, Fig. 8(a) corresponds to the param-
eter value

√
2v = 0.1π , where all the eigenstates localize at

FIG. 8. Expansion coefficients of the driven effective Hamilto-
nian Heff in the coordinate basis for

√
2v = 0.1π and

√
2v = 0.9π ,

shown in panels (a) and (b), respectively. Here, l and m denote the
basis indices corresponding to the row and column positions of the
Hamiltonian matrix. For

√
2v = 0.1π , where all wavefunctions are

localized at the left corner, the upper block of the matrix becomes
populated (with the largest amplitudes concentrated near the corner),
while the lower block remains essentially empty. Conversely, for√

2v = 0.9π , where the wavefunctions localize at the right corner,
the lower block becomes populated while the upper block remains
empty. The system parameters are Nx = Ny = 30, T = 2, λ = 0.5,
and γ = 0.3.

the left corner. The associated matrix configuration clearly
shows that the upper block is densely filled, while the lower
block remains essentially empty. Moreover, the largest ma-
trix amplitudes concentrate near the corner entries, further
reinforcing the emergence of the drive-induced second-order
skin effect. In contrast, when

√
2v = 0.9π [Fig. 8(b)], the

situation is reversed. The lower block of the Hamiltonian
becomes populated, while the upper block is nearly empty.
The corresponding spatial distribution shows that the wave-
functions now accumulate at the right corner. These results
establish a clear connection between the block structure of the
effective Hamiltonian and the direction of higher-order skin
localization.

Once the GBZ is constructed, the winding numbers corre-
sponding to each block Hamiltonian Hα can be computed by
performing the contour integral over Cβ instead of the con-
ventional Bloch contour Ck . Following the definition shown
in Eq. (34), we obtain the mirror-graded winding number.
Extending this idea to both symmetric time frames yields two
invariants, ν1 and ν2 corresponding to the operators U1 and U2

[which were obtained performing the transformation as shown
in Eq. (A1)]. While each invariant alone cannot distinguish the
different localized states, the Floquet classification [78] allows
the construction of a pair of physically meaningful invariants
[73,74] [analogous to Eq. (16)],

ν0 = ν1 + ν2

2
, νπ = ν1 − ν2

2
, (39)

which characterize emergence of the corner states at
quasienergies 0 and π/T , respectively. To verify this frame-
work, we compute the quasienergy spectrum under fully
open-boundary conditions. As shown in Fig. 9(a), corner-
localized modes appear simultaneously at quasienergies 0 and
π/T as the parameter v is varied. While the conventional
mirror-graded winding number fails to capture the onset of
these states, the Taylor-expanded non-Bloch invariants ν0 and
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FIG. 9. Panel (a) shows the quasienergy spectrum under fully
open-boundary conditions along both the x and y directions, plotted
as a function of v. The spectrum clearly exhibits the emergence
of localized corner states at both zero and π/T quasienergies.
Panel (b) presents the mirror-graded winding numbers (ν0, νπ ) as
a function of v, which show precise correspondence with the bound-
ary spectrum. Finite values of these invariants correctly signal the
appearance of corner states, thereby restoring the bulk-boundary
correspondence in the driven NH system. The parameters are chosen
as T = 2, λ = 0.5, γ = 0.3, and Nx = Ny = 30.

νπ correctly reproduce their emergence. The evolution of
these invariants as a function of v, shown in Fig. 9(b), exhibits
excellent agreement with the quasienergy spectrum, thereby
restoring the BBC in the periodically driven NH system.

Furthermore, to provide a comprehensive overview of the
distinct nontrivial phases realized in the system, we present
the topological phase diagram in the v − T/2 plane corre-
sponding to corner states at both zero and π/T quasienergies,
as shown in Fig. 10. The phase diagram clearly identifies
the regions where the system supports different Floquet topo-
logical phases characterized by the emergence of localized

FIG. 10. Topological phase diagram in the v–T/2 plane com-
puted using the mirror-graded winding numbers. Panel (a) shows the
invariant ν0 corresponding to corner states at zero quasienergy, while
panel (b) displays νπ associated with corner states at quasienergy
π/T . The system parameters are chosen as λ = 0.5 and γ = 0.3.

corner modes in distinct quasienergy gaps. In particular, for
sufficiently large values of v and the driving period T , the
system enters a robust nontrivial regime where corner states
appear simultaneously at both zero and π/T quasienergies.
This indicates the coexistence of multiple topological sectors
over an extended parameter range, further emphasizing the
rich topological landscape of the driven system and demon-
strating how periodic driving can generate hybrid higher-order
topological phases. In this way, the non-Bloch Floquet for-
malism provides a unified framework for capturing both the
higher-order topology and the directionality of skin localiza-
tion in the driven NH BBH lattice.

V. PROPOSED EXPERIMENTAL PLATFORM:
A TOPOLECTRICAL CIRCUIT

In order to bridge our theoretical construction with a
concrete experimental setting, we outline a topolectrical cir-
cuit (TEC) that emulates the driven BBH model [81,82].
A TEC maps a tight-binding Hamiltonian onto the circuit
Laplacian J (ω) via Kirchhoff’s current law, such that at a
chosen resonance frequency ω0 the admittance eigenvalues
jn and eigenmodes reproduce the Hamiltonian spectrum and
wavefunctions. Fixing the intercell hopping λ to a reference
capacitance Cλ, every other bond amplitude t is realized by
Ct = (t/λ)Cλ, so that the element-by-element dictionary reads
as follows:

(1) intercell +λ: capacitor Cλ, admittance iω0Cλ;
(2) intercell −λ (π -flux bond): inductor Lλ = 1/(ω2

0Cλ),
admittance −iω0Cλ;

(3) intracell +v: capacitor Cv = (v/λ)Cλ, admittance
iω0Cv;

(4) intracell −v (π -flux bond): inductor Lv = 1/(ω2
0Cv ),

admittance −iω0Cv;
(5) nonreciprocity ±γ : an inverting negative impedance

converter (INIC) Cγ = (γ /λ)Cλ placed in parallel with each
intracell bond, presenting admittance iω0(Cv ∓ Cγ ) in the two
directions.

In short, a positive hopping +t is realized by a capacitor
with admittance Y = iω0Ct , while a negative hopping −t (re-
quired for the π -flux plaquettes of the BBH lattice) is realized
by an inductor Lt = 1/(ω2

0Ct ), whose admittance −iω0Ct is
exactly its negative; the INIC is the element that renders the
Laplacian non-Hermitian and physically generates the skin
effect. Figure 11 shows the resulting unit cell.

The driven model, U (T ) = e−iH2T/2e−iH1T/2, alternates an
intracell non-Hermitian step H1 with an intercell step H2 and
can be realized by time multiplexing the same circuit: An ana-
log switch (e.g., a complementary metal-oxide-semiconductor
transmission gate) in series with every bond, driven by a
two-phase clock of period T , closes only the intracell el-
ements (Cv, Lv) during the first half-period and only the
intercell elements (Cλ, Lλ) and the intracell INICs during
the second. Over one clock cycle, the node voltages then
evolve as V → U (T )V , so the circuit stroboscopically im-
plements the Floquet operator, with the clock frequency
chosen well below ω0 so that each half-period remains
adiabatic on the carrier time scale. Sampling the voltage
profile at t = NT images the Floquet skin modes directly,
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FIG. 11. Circuit unit cell of the NH BBH TEC. Nodes 1, 3, 4,
2 are the four sublattices. Each intracell bond carries a capacitor
(or inductor, on the π -flux bond) in parallel with an INIC whose
amplified direction (green) sets the nonreciprocity v + γ ; intercell
bonds connect to neighboring cells and remain purely passive.

allowing this switched network to reveal the unipolar-bipolar
crossover central to our proposal.

VI. CONCLUSION

In this work, we have shown how periodic driving reshapes
the symmetry structure and topological properties of a higher-
order lattice system. Starting from the BBH model with an
embedded π -flux configuration, we demonstrated that the
static lattice realizes a projective form of space-time inversion
symmetry, where the effective PT algebra mimics that of a
spinful system despite the absence of physical spin degrees
of freedom. Nevertheless, this symmetry transmutation alone
does not activate first-order topology in the static limit, leav-
ing the system confined to a purely higher-order phase with
corner-localized states.

We showed that periodic driving provides a mechanism
to overcome this constraint. By implementing a step-driving
protocol that preserves global PT symmetry while dynam-
ically modifying its algebraic structure, the driven lattice
undergoes an interconversion of PT -symmetric topological
classes. As a result, the Floquet system realizes a hybrid-
order topological phase where dispersive edge states coexist
with symmetry-protected corner modes occupying distinct
quasienergy sectors. Moreover, we have employed the spectral
localizer as a real-space topological marker to identify these
edge modes and have demonstrated their robustness against
genuine random disorder.

Further, extending the analysis to the NH regime, we
further uncovered a rich landscape of higher-order skin
phenomena controlled by periodic driving. The interplay
between nonreciprocity, crystalline symmetry, and the drive-

induced symmetry modification produces transitions between
unipolar and bipolar localization regimes and even realizes
an anomalous Z2-type skin effect within an effectively
spinless lattice. This crossover from a unipolar to a Z2-like
bipolar phase enables a controllable delocalization-
localization mechanism through drive-induced
skin-suppressed points. Additionally, we have demonstrated
that the bipolar/Z2-like localization is not merely a numerical
artifact, but rather a symmetry-protected phenomenon that
can be characterized by a symmetry-based topological index,
namely, the trace winding index.

In order to properly characterize these phenomena, we
developed a non-Bloch Floquet framework based on a GBZ
construction. By exploiting the underlying mirror symmetry
of the model and restricting the analysis to the correspond-
ing high-symmetry line, the two-dimensional problem can be
effectively reduced to a one-dimensional representation. This
enables the definition of a mirror-graded winding number and
the construction of a 1D-mapped version of the 2D GBZ,
from which a pair of non-Bloch invariants is obtained. These
invariants correctly capture the emergence of corner states at
quasienergies zero and π/T , thereby restoring the BBC in the
periodically driven NH system.

Overall, our results demonstrate that Floquet engineering
provides a powerful route for dynamically reshaping sym-
metry classification, generating hybrid higher-order topology
and controlling NH spectral localization in driven quantum
systems.
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APPENDIX A: DRIVE-INDUCED
SYMMETRY TRANSMUTATION

In general, a driven effective Hamiltonian does not neces-
sarily preserve all the symmetries intrinsic to the static case.
To restore the required symmetry operations, we introduce the
following unitary transformations:

F1 = e−iH1T1/2, F2 = e iH2T2/2, (A1)
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which define a pair of symmetric time frames. Under these
transformations, the Floquet operators can be written as Uj =
FjU (T )F−1

j ( j = 1, 2), where U1 and U2 are defined as

U1 = e−iH1T1/2 e−iH2T2 e−iH1T1/2, (A2)

U2 = e−iH2T2/2 e−iH1T1 e−iH2T2/2. (A3)

Now, the effective Hamiltonian obtained in each of these
frames satisfies the symmetry relations explicitly. For the
time-reversal symmetry T , we obtain

T U1T −1 = eiH1(−k)T1/2 eiH2(−k)T2 eiH1(−k)T1/2

= U †
1 (−k), (A4)

T U2T −1 = eiH2(−k)T2/2 eiH1(−k)T1 eiH2(−k)T2/2

= U †
2 (−k), (A5)

which implies that

T Heff, jT −1 = H†
eff(−k) ( j = 1, 2). (A6)

Similarly, for the chiral symmetry S, we find

SU1S−1 = eiH1(k)T1/2 eiH2(k)T2 eiH1(k)T1/2 = U −1
1 , (A7)

SU2S−1 = eiH2(k)T2/2 eiH1(k)T1 eiH2(k)T2/2 = U −1
2 , (A8)

which leads to

SHeff, jS
−1 = −Heff, j (k). (A9)

Thus, while the effective Hamiltonians in the symmetric time
frames recover the required symmetries, the original effective
Hamiltonian Heff does not explicitly exhibit them. Never-
theless, one can recover the hidden symmetry structures by
defining the Floquet-renormalized symmetry operators as

TF = F−1
j (−k) T Fj (k), SF = F−1

j (k) S Fj (k), (A10)

under which the effective Hamiltonian satisfies

TFHeff (k)T −1
F = H†

eff (−k), (A11)

SFHeff (k)S−1
F = −Heff (k). (A12)

This shows that the periodically driven system retains the
essential symmetry features of its static counterpart, al-
beit in a dynamically renormalized form. However, the
Floquet-renormalized symmetry operators no longer satisfy
the commutation relations required by the underlying Z2

gauge structure [see Eq. (7)]. In particular, [G, TF ] �= 0, im-
plying that the projective inversion symmetry P̃ = GP is no
longer a valid symmetry in the driven system. As a conse-
quence, the periodic drive modifies the PT algebra through
the breakdown of the Z2 gauge structure, leading to the emer-
gence of helical edge modes in a regime where the static
model supports only higher-order topology.

APPENDIX B: EFFECTIVE d VECTORS
AND MIRROR-GRADED WINDING NUMBER

As discussed in the main text, the static Hamiltonian pre-
serves the mirror symmetry, which allows it to be expressed in
a block-diagonal form along the symmetry line kx = ky = k.
In particular, one can write

Q−1H (k, k)Q =
(

H+(k) 0
0 H−(k)

)
, (B1)

where H+(k) and H−(k) act on the mirror subspaces with
eigenvalues +1 and −1, respectively. The corresponding uni-
tary transformation is given by

Q =

⎛
⎜⎜⎜⎝

0 0 1 0
1 0 0 0
0 1√

2
0 1√

2

0 1√
2

0 − 1√
2

⎞
⎟⎟⎟⎠. (B2)

The explicit form of each block can be written as

Hα (k) =
√

2 [v + λ cos k] σx

+ α
√

2 [λ sin k + iγ ] σy (α = ±), (B3)

which can be recast into a massless Dirac form

Hα (k) = dα (k) · σ, (B4)

with

dα (k) = (dx(k), α dy(k), 0), (B5)

where

dx(k) =
√

2 [v + λ cos k], dy(k) =
√

2 [λ sin k + iγ ].

(B6)

Moreover, such a Dirac Hamiltonian can be characterized by
a winding number defined as

να = 1

2π i

∫ 2π

0

1

Lα (k)

dLα (k)

dk
dk, (B7)

with

Lα (k) = dx(k) + α i dy(k). (B8)

The higher-order topology of the system can now be captured
by the mirror-graded invariant

ν = ν+ − ν−

2
. (B9)

Importantly, the presence of the NH parameter γ induces
the skin effect, which breaks the conventional BBC. To
restore the BBC, one must employ non-Bloch band formal-
ism, where the topology is defined over the GBZ. This can
be implemented by replacing eik with β, and correspondingly
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deforming the integration contour from [0, 2π ] in Eq. (B7)
to the GBZ trajectory Cβ . A convenient approximation is to
introduce a complex momentum k → k̃ = k − i ln r, where
[75]

r = |β| =
∣∣∣∣v − γ

v + γ

∣∣∣∣
1/2

. (B10)

In the periodically driven case, however, this procedure cannot
be applied directly due to the loss of symmetry in the effec-
tive Floquet Hamiltonian. As discussed in Appendix A, one
must instead work within the symmetric time frames U1 and
U2. Within each frame ( j = 1, 2), the effective Hamiltonian
can be extracted from the Floquet evolution operator in the
following form:

U α
j = exp

[ − iE (β )nα
j (β ) · σ

]
, (B11)

where both the U α
j are expressed along the symmetry line

kx = ky = k. Exploiting the closed algebra and the Euler de-
composition of Pauli matrices, the Floquet evolution operator
in each symmetric frame can be written as

Uj (k) = cos E 1 − i sin E n j · σ, (B12)

with n j being the corresponding effective Bloch vector in the
jth frame, and can be expressed as

n j = [cos(|H j |Tj ) sin(|Hi|Ti ) Ĥ j · Ĥi

+ sin(|H j |Tj ) cos(|Hi|Ti )]Ĥ j

+ sin(|Hi|Ti )[Ĥi − (Ĥ j · Ĥi )Ĥ j], (B13)

with (i, j) = (1, 2) or (2, 1) labeling the two symmetric
frames. It is this vector, obtained directly from the product
of the step propagators, that we identify as the effective d
vector in frame j. Substituting the explicit forms of Hα

1 (k)
and Hα

2 (k), one obtains the corresponding Bloch vectors nα
j

in each frame, which can be used to evaluate the winding
numbers for each mirror sector α in each symmetric frame
j. The integration must again be performed over the Floquet
GBZ, whose construction has been outlined in the main text.
Finally, a complete characterization of the Floquet higher-
order topology requires two independent invariants, ν0 and νπ ,
corresponding to corner modes at 0 and π/T quasienergies,
respectively. These are obtained by combining the winding
numbers ν1 and ν2 (evaluated in the two symmetric frames)
according to the relation given in Eq. (39).
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