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Entanglement witness for combined atom interferometer-mechanical oscillator setup
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We investigate how to entangle an atom interferometer and a macroscopic mechanical oscillator to create
nonclassical states of the oscillator. This work is done in the context of an experimental-theoretical collabo-
ration that aims to implement the proposal in the paper “Using an Atom Interferometer to Infer Gravitational
Entanglement Generation,” written by Carney et al. [PRX Quantum 2, 030330 (2021)]. Here, we propose an
entanglement witness (EW), from whose violation the generation of entanglement can be determined. We do this
for three scenarios: the noiseless case, when including thermal noise, and with atomic dephasing. Thermal noise
can arise from two sources: the first being when the oscillator starts in a thermal state, and the second when a
continuous thermal bath is in contact with the oscillator. We find that for the appropriate oscillator quality factor
0, violation always exists for any value of coupling A and thermal occupancy 7. Cooling the oscillator to its
ground state provides an O(71) improvement in the EW violation than when starting in a thermal state; in this
case, we find that couplings of A = 10~* require at least ~10>? measurements for violation to be observed.
For atomic dephasing, we find that EW violation can exist for an atom interferometer with a coherence time
of 600 s, which is the parameter our experimental collaborators hope to reach. Finally, we consider how to use
magnetic interactions to realize this idea within the context of the torsional pendulum that has been planned for

our collaboration.
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I. INTRODUCTION

Entanglement is a core feature of quantum mechanics that
precludes any hidden variable classical theory. Many groups
have considered entanglement, particularly in the case of
spin-spin systems [2—6], oscillator-oscillator systems [7—13],
and spin-oscillator systems [14—16]. For instance, Kong et al.
experimentally generate entanglement between the spins of
atoms in a vapor [2], Ockeloen-Korppi et al. use a cavity to
entangle two mirrors located 600 um apart [7], and Riedinger
et al. entangle two chips separated by 20 cm [8]. Thomas et al.
entangle a spin ensemble with a square membrane of sides
I mm in length [14].

Of particular interest are approaches to entangle masses
and/or spins to investigate theories that incorporate quan-
tum mechanics with gravity. For example, Bose et al. [3]
propose using two masses, each forming a Stern-Gerlach in-
terferometer. Each interferometer consists of one mass in a
superposition of its spin states. These masses interact through
a gravitational force; if the two masses become entangled,
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then we can conclude that the gravitational field is capable
of generating entanglement. Another paper is by Marletto and
Vedral [17], where they also propose having two masses, each
of them in a superposed state of its spatial locations, cou-
pled through the gravitational field. As previously, if the two
masses are entangled, then the gravitational field is capable
of generating entanglement. One of the defining aspects of
this proposal is that only one of the masses is measured to
determine the existence of entanglement—this mass acts as
the witness of entanglement. A third proposal is by Kafri and
Taylor [18], who propose determining whether two torsional
pendulums are entangled gravitationally by measuring the rate
at which “excess” noise in the system changes. Here, “excess”
noise is that which is in addition to thermal noise; the rate of
its change has a bound if the interaction is classical.

A different approach by Carney et al. [1] suggests using
an atom interferometer to create nonclassical states of a me-
chanical oscillator. A trapped atom interferometer employing
an optical lattice interacts with a macroscopic mechanical
oscillator during the time for which the atoms are trapped.
The atoms, which are in spatial superposition, exert a gravita-
tional force on the oscillator. If this interaction is entangling,
the oscillator and the atoms will get entangled, which can
be detected using the interferometer’s signal (for caveats
and conditions, see Ref. [1]). In a similar vein to Mar-
letto and Vedral [17], where only one of the masses is
measured, this proposal requires that only the atoms are
measured.

The authors of this paper work within the context of
an experimental-theoretical collaboration; this collaboration
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includes all the authors of the paper by Carney et al. [1]
and aims to implement the proposal experimentally. In the
progress toward such a gravity experiment, it is more reason-
able to first attempt the generation of magnetic entanglement
between the atom interferometer and the oscillator. This has
a number of uses. Long term, it was shown by Carney et
al. [1] that creating initial nongravitational entanglement leads
to a signal that is linear in the gravitational coupling, rather
than quadratic as would be the case for only a gravitational
interaction. Short term, it is more feasible to attempt the
generation of magnetic entanglement given that a sufficiently
strong magnetic coupling is easier to obtain. Furthermore, we
will make some progress toward creating nonclassical states
of a macroscopic object, which will be useful on its own, even
if gravitational entanglement continues to be elusive.

Before proceeding with actually building the experiment,
it is important to ensure that entanglement will exist, at least
theoretically, and understand the physical parameters at which
it will occur. In order to do this, we construct an entanglement
witness (EW) for our setup. An EW is a quantity composed
of observables; it has a bound satisfied by separable states,
which, if violated, determines that entanglement exists be-
tween the systems. The literature on creating an entanglement
witness is varied. The most well-known example of EWs
might be Bell inequalities [19,20] used to distinguish between
the possibility of local hidden variable theories and entangle-
ment. Another common EW is one that is often applied to
oscillator-oscillator entanglement, whose general version was
proposed by Duan et al. [21].

To provide further concrete examples, the experiments in
Refs. [2,3,7,8,14] use (or propose using) an EW; however,
these EWs work for very low noise situations, where one
prepares pure states of the two systems, and noise and deco-
herence are neglected. The exploration of an EW in our paper
provides a path for violation at finite motional temperatures
and with noise and dephasing. We investigate the effects of
thermal noise on EW violation and establish the conditions on
parameters such that violation exists; we find that for appro-
priate values of oscillator quality factor Q, violation always
exists for any value of coupling A and thermal occupancy 7.
We also include atomic dephasing and find that EW violation
exists for an atom interferometer with a coherence time of
600 s, which is a target parameter for our collaboration.

Section II lays out the entanglement witness that must be
measured in order to determine that entanglement has indeed
been generated, including in the cases of thermal noise and
atomic dephasing. Section III details possible experimental
implementations using magnetic interactions and the strength
of the couplings.

II. ENTANGLEMENT WITNESS

A. General entanglement witness

A simplified setup that we can consider is shown in Fig. 1.
The Hamiltonian of the system is (note that # = 1 herein) [1]

H=wé'e+ge+ehH. (1)

¢" and ¢ are the oscillator creation and annihilation oper-
ators. J, is a pseudospin operator describing the location
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FIG. 1. (a) Simplified version of oscillator-interferometer setup.
The atoms (pink) of the interferometer are in traps [22] and are
located at equal distances above and below the center of the cylin-
der. An external magnetic field By, induces a magnetic field in the
cylinders that have magnetic susceptibility y,,. The oscillator rotates
in the horizontal plane with frequency w. (b) Depiction of how the
oscillator and spin operators become correlated with each other, with
n = +/2/(mw) (g/w). The explicit expressions are given in Sec. II B.

of N atoms; that is, J, = Zl}lzl S’z,j, where Sz,j character-
izes which of the two interferometer traps the jth atom
is in. There are several ways to understand S’L ;. First,
we can make an analogy with a nitrogen-vacancy (NV)
center; if an NV center is primarily driven between the
m = 0 and m = 1 states, it can be described with the two-
level S. operator [23,24]; this will be considered a pseudospin
because it describes the effective state of the NV center
and is different from its general three-level version. A sec-
ond method of understanding 3. j 18 to consider a possible
experimental implementation of our proposal as detailed in
Sec. III C: if we were to use magnetically sensitive states in
our setup, S‘L ; would now refer to the internal states of each
atom; for instance, in Sec. IIIC we discuss the possibility
where the atoms in one trap are in the my = 1 state and the
atoms in the second trap are in the mp = —1 state. As an
additional side note, Eq. (1) assumes that simple harmonic
motion is slow compared to the Larmor precession; therefore,
we exclude rotating terms.

In the upcoming sections, we tend to work with A = g/w,
since this is a unitless quantity. As stated earlier, the creation
of entanglement between the interferometer and the oscillator
can be determined by measuring an EW. We find that the
following quantity is an applicable EW for our setup:

W = Var(J,) + Var(J, + a,q + byp) + Var(J; + a.q + b.p).
()
Here, J, = Z’].V:I S8, and §(t) = /T/2mw)(é + ¢7). The
coefficients a, and b, can be chosen as appropriate. Such
spin-oscillator variances allow for the characterization of
spin-oscillator correlations. Equation (2) is bounded by W}, for
all separable states. If this bound is violated by the experimen-
tal state of concern, we can conclude that it is an entangled
state.
W), can be derived using the theorem in the paper by
Hofmann and Takeuchi [25]. They showed that for operators
A, of system A and B, of system B, if 2o Var(A,) > Uy
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and ZM Var(éu) > Up, then ZM Var(AM —H@,L) > Uy + Up
for any separable state. There is, however, a prerequisite that
for each operator A, there must be a B,,. In the case of Eq. (2),
A, =J, and B,, = a,, g + b, p. Tt can be seen in Eq. (2) that
there is a term with no oscillator operators and composed
of only the spin operator J,; we do not measure correlations
between J; and the oscillator operators because the mean of
these correlations are zero, at least for the noiseless entangled
state in Eq. (16). In order to satisfy the requirement of every
A operator having its counterpart B,L, we started with the
term Var(] + a.q + b, p) and set the coefficients a, and b,
to zero after the derivation of the bound. We lay out this
derivation here.

Starting with W = 3", Var(J,, + a,4 + byp), where the
summation ) u is over the x, y, and z components, we follow
Ref. [25] to arrive at the general bound

Z Var(J,)
i

To obtain the witness in Eq. (2), we set a, = 0 and b, = 0 on
the left- and right-hand sides of this inequality.

The oscillator-operator bound can be derived as follows:
We have

> Var(ayg+bup)| . 3)

min w min

Var(A)Var(B)
Var(A) 4+ Var(B) = Var(A) + ———, (€]
Var(A)
for which we can apply the Heisenberg uncertain principle
Var(A)Var(B) > ;I([A, BI)|? &)

and minimize the right-hand side to give
Var(A) + Var(B) = [([A, B])|. (6)

Setting A = a,§ + byp and B = a.§ + b, p, we then find that
the sum of the oscillator-operator variances is bounded by

> Var(a,g + bup) >

HFX

|aybz - azby|- )

In analogy to a derivation in Ref. [25], the general bound for
the spin operators can be obtained as follows:

> Var(f) =Y ((F7) = ). 8)
n Iz

() = j(j+ Dand 3, (J,)?

> Var(J,) > j. )
"

With )~ < j?, we have

The question now arises as to the exact value of j. For a fully
symmetric state, we have

> Var(f,) > g (10
n

Here, j takes the maximum possible value. Equation (10) can
also be derived from the fact that ) M[Var(éu)] > 2 (shown in
Ref. [25]),

Z Var(fu)
I

=N ZVar(S‘M) =—. (1D

min " min

The most general case will be
> Var(J,) >
"

where [ jlminexp 1S the minimum value that j can take at the
time of measurement. This gives the most general bound

b. — ab,|. (13)

[j]min,expa (12)

Wb = [j]min,exp + |ay

For a separable state, the condition that W > W, will be sat-
isfied. If we evaluate W with respect to a possibly entangled
state in order to obtain the value W,, and find that W, < W,
then the bound is violated and we can conclude that the state
is indeed entangled. In an experimental setting, W, is a theo-
retical value that we have at hand, while W,, is the quantity
that we estimate through measurement.

When we investigate the violation of the EW, we consider
the quantity

Wiatio = [(Wb - Wen)/Wb]max; (14)

the EW is violated if W4, > 0. Since the imprecision is set
by Wy, — Wen, Wraiio informs us of the number of measurements
Nmeas Tequired to determine the existence of entanglement,
SINCE Ameas ™~ Wmo A key step in this process is determining
the coefficients a,, and b,,, where we attempt to minimize the
variance of the EW. When |W, — W,,| < |W,/, finding a,, and
b,, that maximizes |W, — W, | suffices. Practically, however,
finding W, — Wen|max 1S complicated due to the absolute value
term given by |a,b, — a.by| (for more details about this, see
Appendix B). Therefore, in this paper we minimize the value
Wen; that is, we solve for a,, and b, such that 9,, (We,) =0
and 9, (Wen) = 0.

a, and b, contribute to obtaining Wep min by reducing the
value of the variance terms in Eq. (2). In the most general case,
an expansion of Eq. (2) gives

W= Y Va()+ Y (a (P + autfug
=X,z U=,z
+ 4w} + buup + plu) + aub,ig, p}
—2(a,g + b)) — (aug + bup)?). (15)

To obtain W,,, the expectation value indicated by () is taken
by evaluating the operators between the appropriate entangled
state denoted by |1.,). Observing the terms of W, we can see
that a, and b, characterize the contribution of covariances
to the value of the witness; for instance, there are terms
such as a, (J,G + ¢J,) and b, (J,p + pJ,). Additionally, as
described in the upcoming sections, the spin and oscillator
operators get correlated with each other, which can be seen
when investigating their evolution in the Heisenberg picture.
Therefore, in optimizing for the values of a, and b, we are
primarily controlling the contribution of these covariances and
correlations, such that we obtain Wy min.

We explore this EW in the context of three scenarios; when
the systems are noiseless, when there is thermal noise, and
when there is atomic dephasing.

B. Noiseless entanglement witness

First, we investigate the violation for the noiseless sce-
nario. Here, the atomic states start in the J, eigenstate
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|+ + - - - +) and the oscillator in the ground state |0) [1]; after
evolving under Eq. (1), the final entangled state is given by [1]

[Wen) = D' OW)e O DOL) [+ ++--)[0).  (16)

Compared with Ref. [1], we have dropped the
exp[—i(g*t /a))J?] squeezing term, because it is likely to
be of O(1) given the size of the coupling g.

We can understand the evolution of the system described
by Eq. (1) within the Heisenberg picture. The Heisenberg
operator ¢(t) is given by

t
&) = e e0) —i / dt’ gh.e™ =, (17)
0

The spin operators J, and fy rotate about the z axis by angle
e@t) = gfot dt' [é(t") + é(¢")'], due to the term g/.(¢ + &T) in
the Hamiltonian; this is visually shown in Fig. 1. We find the
operator evolution of fx, JAy, g, and p to be

~

Jo(t) & Jy cos(0 + 05) — Jy sin(8; + 6;), (18)
Jy(t) & J, cos(0 + 0;) + J, sin(0; + 6), (19)
R R p . 2 .
§(t) = gcos(wt) + — sin(wt) — /] —AJ,[1 — cos(wt)],
maw maw

(20)
p(t) = peos(wt) — mwd sin(wt) — v/ 2mwiJ, sin(wt), (21)

6, = ,/%Aﬁ[l — cos(ot)], (22)

0; = 2mwig sin(wr). (23)

where

Note that we have dropped the squeezing term, which goes as
)szz inside the cosine and sine functions of Egs. (18) and (19).
As observed in these equations, the operators become corre-
lated with each other [for instance, §(¢) and J.]. Optimizing
the values of a,, and b, translates to controlling the contribu-
tions of these correlations such that the variances of Eq. (2)
are minimized for the entangled state. For instance, if we
consider the operator combination JA} () + ayg(t) + byp(1), to
first order in A (where A = g/w) for simplicity, we have

L) + a,G@) + byp(o)

. /2
~J, + AJX|: — [p — pcos(wt)] + vV2mw ¢ sin(wt)]
mw
. psin(wt) .
+ ay| gcos(wt) + ————= | + by[pcos(wt)
mw

— mowdsin(wt)] + OAL). (24)

The first line of Eq. (24) is the Heisenberg-evolved operator
JAy(t) expanded to O(A) (with the squeezing term dropped).
The term a,§(t) + b, p(¢) added to J,,(¢) contributes the coef-
ficients a, and b,; given the explicit form of a,4(t) + b,p(t)
as shown in the second line of Eq. (24), it seems plausible that
values for a, and b, can be chosen such that the contribution to
JAy (¢) from J, can be canceled. Note that, since we are starting

in the state |[+ -+ - - -), the J, operators here evaluate to N/2
and the O(Afz) terms evaluate to 0.

If we proceed with solving for a,, and b,, we see that this
does indeed occur. We first expand various products of the
operators [J(1)4(t), etc.] to O(r?); O(A?) should be appro-
priate, since the only other parameter that can greatly “cancel
out” the effects of A is the number of atoms N and the highest
order of N is N? (which arises from the squaring of the spin
operators). Once we have these Heisenberg-evolved operators
and their products, we can evaluate their expectation values
with respect to |+ + - - ) |0) (which is the remainder of |y ))
to obtain W,,.

Now we can minimize W, with respect to a,, and b,. We

find that
[mw |
ayo. = —AN - sin(wt ), (25)

by o = AN,/ L[l — cos(wt)], (26)

2mw
mw
7[1 — cos(wt)], 27
1

bz, = AN,/ sin(wt). (28)
2mw

As can be seen, these coefficients and, thereby, the EW
of Eq. (2), depend on the following experimental parame-
ters: the coupling A, the number of atoms N, the mass of
the oscillator m, oscillator frequency w, and the interaction
time . Furthermore, these coefficients satisfy a - b = 0.

We can substitute these coefficients into Eq. (24) to see
how they can be used to cancel out correlations between
operators. If we were to set (+4---|Ji|+4+ ) =
N/2,  we find that (Venl Iy + @y + byp | Yen) =
O {(++- -1y [+ +---) [0).

We can now finally obtain the bound

az o, = AN

N
Wyo = 5+ AZN?([1 — cos(wt)]| (29)
and the entangled-state value
N  A2N?
Weno = E i [1 — cos(wt)]. (30)

We see that |y),, violates the EW bound by a value of
(3/2)A*N?[1 — cos(wt)]. It must be emphasized again that
these calculations hold for A « 1. The exact limit on A is
such that Eq. (30) is always positive; that is, the result is valid
for A < 1/+/2N, which for N = 10° would be A < 7 x 107%.
Figure 2 shows a plot of the violation (black line); it is highest
at t = 7w /w, which is consistent with the results in Ref. [1],
where the oscillator is completely entangled with the atoms at
t=m/w.

Note that Wy 9 and W), o are obtained by minimizing the
value of the EW for state |1).,. While this means that Eq. (30)
is the lowest value for the EW that can be obtained with |y/).,,
it may not necessarily provide us with the greatest difference
between the separable-state bound and the entangled-state
value, which would be obtained by maximizing the quantity
Wy, — We, with respect to a,, and b,,. The reason that we have
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§ Therméstate, 7=100

:; /32 Thermestate, 7 = 325

g _8! .-.-.- Ground state + bath, 7/Q = 1/20 i
E 2 - - Ground state + bath, 7/Q = 1/8
R Therm state + bath, 7/Q = 1/20, 7 = 325

—-10; - . Therm state + bath, 7/Q = 1/8, m = 325 l
0 5 10 15 20
t(s)

FIG. 2. The black line depicts the noiseless case. We have set L = 107>, N =

10°, and @ = 27 /20rad/s. White noise depends only

on 71/Q. Thus, the scenario where the oscillator starts in a ground state and then remains in contact with a bath can be characterized
solely using 7i/Q. However, a value for /i must be set when starting in a thermal state. Since the condition 7iA%> < 1 must be satis-
fied, we consider 7 = 325 to be the highest appropriate value. Purple lines correspond to 7#/Q = 1/20 and blue lines correspond to
71/Q = 1/8. As can be seen in the plots, the lower the value of 7/Q, the better the violation. Note that introducing a bath results in

the violation not being seen for the entire oscillator period; where the plots get truncated is when W, —

Wen < 0. In Fig. 8, we present

the same graph split into two panels in case the reader may prefer fewer plots in a single figure.

not presented results from the optimization of W, — W,, is due
to certain mathematical complexities.

Also note that, though we present the coefficients to O(A)
in Eqs. (25)-(28), when calculating W, o and W, ¢, we used
the nonsimplified expressions given in Appendix B 1.

If experimentally measuring the entanglement witness,
measurements of all the operators of a single variance term
must be made in a single experimental run; that is, in a
single run we must measure all the operators in the set
{Jv, J} 4%, (ify + fyq, ﬁfy + fyﬁ}, with analogous sets for the
@ = x and pu = z variance terms. After the completion of all
runs, appropriate averaging over these runs is conducted to
obtain (fx), (fxz), etc. Due to the existence of noise, these
averages are not purely the expectation values of operators
taken over a quantum state. We will also be averaging over
noise, so it is in fact more accurate to state that the final experi-
mental values we obtain are those for ((J,)), ((fxz)), etc., where
double-angle brackets denote the inclusion of classical noise.
We look at the cases of thermal noise and atomic dephasing in

the upcoming sections.

C. Entanglement witness with a thermal state
and white noise bath

We can now consider the case of thermal noise. There
are three scenarios that can be considered; the first when
the oscillator starts in a thermal state, the second when the
oscillator starts in a thermal state and remains in contact with
a white noise bath, and the third when the oscillator starts in
the ground state and remains in contact with a bath.

For a thermal state p=(1— e #*) "2 e |n) (n| [26],
introducing the initial-thermal-state-only effect into the previ-
ous noiseless calculation is rather straightforward. For average
thermal occupancy 7, we need only replace the expectation
values of any any 4 and p? terms that appear in the evaluation
of the Heisenberg picture operators as follows:

g% - b — L(2n+ 1), 31)
" 2mw 2mw
(%) % N —(2n+ 1. (32)

With this, the updated coefficients to O(X) are

mw
ayp = —AN /T sin(wt), (33)
byn =Ny 53— ! — (1 — cos(n)]. (34)
VS 2n+ 1,/ [1 — cos(wt)], (35)
bon= L GG (36)
= a1V 2me

The next order of these coefficients is O(A*). Comparing with
Egs. (25)—(28), it can be seen that a,; and b, ; have been
modified by a factor of 1/(27 + 1). However, they no longer
satisfy a - b = 0. As explained previously, and as can be seen
by their similar forms, these coefficients work together with
the covariances and correlations to minimize the value of W,
when starting in a thermal state.
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The bound to O(A?) is

Wy = al + ———A2N?|[1 — cos(wt)]| (37)
T2 T 241
and the entangled-state value of the EW to O(A?) is
N 1 A2N?
Wen.n = 2 w1 2 [1 — cos(wt)]. (38)

The expansion to O(A?) is only valid if 7A> < 1; larger iA>
leads to key corrections associated with atomic phase evolu-
tion of order unity. Plots for different values of # are shown in
Fig. 2; the higher the value of 7, the weaker the violation.

Next, we consider a scenario where the oscillator is in
continuous contact with white noise, which approximates a
thermal bath at high temperature. The Hamiltonian is now
given by

H = wé'¢ + [g), + Fn()](@ + &), (39

where F,(¢) is a classical white noise force; this Hamiltonian
is simply that of Eq. (1) to which the effect from Fi,(¢) has
been added. The autocorrelation function is a delta function
with an amplitude set by the fluctuation-dissipation theorem

((Fn(®)Fin(t))) = 2y 8(t — 1'). (40)

Proceeding to understand within the Heisenberg picture as
previously, we can solve for ¢(7) to obtain

t
&) = e e(0) —i / dr'(gf. + Fu(t)e ™) (41)
0

With  §(1) = qpe[é(t) + &7(1)] and  p(t) = ip,pe[—2(1) +
&'(1)] (where g,pr = /T/2mw) and p,pr = Vmw/2), the

noise contributions to §(¢) and p(¢) can be expressed as

Q) = ~2qupr /0 ' Fa@)sino — )] (@2)
and

P(t) = —2ppr /Ol dt’ Fu(t)) cos[w( —t))]. (43)
Further, J, and f} will rotate about the z axis by an angle

E(t) = g [y di' [e(t)) + &(t')'] as follows:
Jo(t) = J; cos[&(t)] — J, sin[& ()], (44)

Jy(t) = Jy cos[&(1)] + Jy sin[£(1)]. (45)

The white noise contribution to this angle is given by

B@) = \/2mwg/ dr’' o)
0

t pt
= —2g / / dt"dt' Fu (") sin[w(@ —t")].  (46)
0 JOo

Note that Q(z), P(t), and E(t) are not operators since
they arise from the classical noise Fi,(?); therefore, their
covariances consist of averages over classical noise and are
hence represented with the notation ((---)). For instance,
({(2(r)E(1))) contributes to the noise in the EW term A ({J,))?
and ((Q(z)Q(t))) contributes to the noise in ({§?)) (see Ap-
pendix B 2). Therefore, the expectation values that compose

the EW must be modified by adding the noise contributions
A2 AGH), AUPD), AP, + Jp)). AUG, + 1,4)),
and A{{(Gp + ¢p)); an appropriate linear combination of these
gives AW noise. Thus, we now have, Wep jinoise = Wen.i +
AWj noise, Where

N2 2x2-
Avvr’z,noise -

— 8sin(wt) + sin(2wt )]
N 32in . (a)t)
\/ = sin
w2 2
‘ m
+ (a_\% + azz)——n[Zwt — sin(Rwt)]

" 2mw Q
.
+ (B + bg)?a”[zm + sinQar)]

[_ _ sin(er) + sin(2a)t)i|

4

n
+ (ayby + azbz)a sin”(wt), @7

with the coefficients being those in Egs. (33)-(36). Note that
the terms where A appears have been truncated to O(A?).
The term ((sz + J)?)) is unaffected by noise as it commutes
through the Hamiltonian. Therefore, for the spin variances,
only the term A((/,))> comes into play; starting in J, eigen-
state means that, to O(A?), there is no noise contribution from
((J,)) either.

Using the previous bound in Eq. (37), we plot the EW
violation in Fig. 2 (dotted lines). For violation to take place,
the condition that

0 7[30 + 887l + 71)]
7o 6(l+2n)

is required when ¢t = 7 /w. The bound is approximately 7w
forn > 1.

We can further consider the scenario where the oscillator
is cooled to its ground state at the start, but remains in contact
with a bath for the rest of time; this is given by Wep, 0.noise =
Wen.0 + AWi noise, With the coefficients of Egs. (25)—(28) be-
ing used in Eq. (47) (see Appendix B2 for “reoptimized”
coefficients). The dot-dashed lines in Fig. 2 show the violation
for different values of 77/Q. The condition for violation to take
place is now

2
g > w[&ot

n

~ i (48)

4wt cos(wt) — 4 sin(wt) + sin(2wt )],

(49)
which for t = /w is % > 5. This is O(7) better than for
an initial thermal state. Nevertheless, by the fact that npe,s ~
[(W, — Wey)/W,,]72, as discussed in Sec. IT A, the number of
measurements required to observe violation at a coupling of
10743 is ~1032.

We add some commentary on the shape of the plots in
Fig. 2. If we plot the violation directly (i.e., without tak-
ing the logarithm of the value), we will obtain plots with
shapes as shown in Fig. 7 for some specific scenarios. In
particular, as discussed previously, we find that the ratio of
(W, — Wen)/W,, for the noiseless scenario is highest at half
a period; as explained in Ref. [1], this is when we expect
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the system to have the greatest entanglement. Essentially, the
“cosinusoidal” shape describes the system going from being
unentangled to entangled to unentangled as the oscillator com-
pletes a full period. When we have thermal noise, we note that
the logarithmic plots get cutoff—this is because the violation
becomes negative once noise takes over.

We now investigate the value of the magnetic coupling
in Fig. 1. A large diamagnetic coupling can be attained
by using superconducting masses and placing the atoms
in different magnetically sensitive states. For instance, we
can place one atom in the mp =1 state and the other
in mp = —1. In such a scenario, the coupling would pri-
marily be due to the first-order Zeeman shift, which is
linear in B [27]. For a cylinder with 2R =/ = 5mm,
x = —1, density= 11.34g/cm3 [28], Az = Sum, s = 8§ mm,
Ry = 4.5cm, Bey = 50mT, w = 27/20, and N = 10°, we
get A = 6.3 x 107, A coupling approximately x 10* weaker
is available for atomic clock (mp = 0) states. For details on
this calculation, see Sec. III.

D. Entanglement witness with atomic dephasing

Atomic dephasing can be introduced to the entangled state
by introducing a spin rotation a; about the z axis for each atom

J:

V)ena, = D' (L )e ™ D)

xexp iy S| 1+++--)10).  (50)
J

We evaluate each of the expectation value terms in Eq. (15)
for |¥)enq,s as previously, we evolve the operators in the
Heisenberg picture first, with appropriate modifications made
to Egs. (18)—(21) as dictated by the spin rotation «;, after
which we evaluate with respect to |+ + - - -) |0). Taking each
a; to be independent of each other and having a Gaussian
distribution of

J

1 —a3
plaj) = WeXp[zaZ ] (51)

we obtain the classical mean of each of these terms (that is,
expressions for ((J,)), ((ff)), etc.) with respect to the angles
a;. Here, the notation ({- - - )) refers to the process of first eval-
uating the expectation value of the operators, and afterward
the classical mean.

Compared to the noiseless case, we have the following
change A to the variances of the spin operators for [Yy), to
O(c?):

2

AVar(];) = {% — %[1 — COS(a)l‘)]}o‘z’ (52)

. AN AIN?
AVar(Jy) = T[l — cos(wt)] —

[1- Cos(a)t)]}az.
(53)

Since J. commutes with the dephasing operators S ;, its vari-
ance remains intact.

With these, the value of the EW with the inclusion of
atomic dephasing is

N( o2\ 2N
((Wen,a,non—opl>> = _<1 + —> - 2 [1 — cos(wt)].

2 2

(54
Note that the expressions are to O(c?); 0 = /1 /., where t,
is the coherence time of interferometer that we require to be
large for interferometry; therefore, we expect o < 1. Here,
we have used the same values of a,, and b,, as for the noiseless
case. The (N/4)o? difference between Eqgs. (54) and (30)
arises from dephasing-induced changes to the sum of the spin
variances ZM Var(fu). If we break down the contributions
from the different operators, we have

Z . N o? 2772 )
Var(/,) = —<1 + —) + [1 — cos(w)](1 — o2),
- 2 2 2

(535
while the rest of the operators give
<(Wen,(r,non—opt>> - Z Va-r(ju)
"
2
2a72 g
= —A°N-[l — cos(wt)](l — 7) (56)

It can be seen that ({Wen o non-opt)) > Wen,0 [given in Eq. (30)],
showing that atomic dephasing can make it harder to violate
the separable-state bound. Since we used the same coefficients
as for the noiseless case, the EW bound is partially given by
Wp,0 of the noiseless case,

o2
<<Wb,a,non—0pt)> = [j]min,exp,slart(l - 7)

+ 22N?|[1 — cos(wt)]|. (57)

[/ ]min,exp,start i the minimum value of the total spin variances
for a separable state as can be experimentally achieved at the
start of the experiment; its occurrence in this equation, which
reduces the violation by o2 /2, indicates the value we expect it
to reduce to just before the measurement as atomic dephasing
reduces the total j quantum number.

We can further reoptimize the coefficients a, and b, for
the case of dephasing by applying the constrain that a,, =
—(az,0b2,6)/by,o. To O(c?) and O(1), we have

2
tyo = —AN |2 gin(on 2 Z L cos@DI g0
2 4
2
do =N /@[1 _ cos(@n)] {4—-0°[1 —l—cos(a)t)]},
2 4
(59)
3 1 {4 — o?[1 — cos(wt)]}
bys = AN %[1 — cos(wt)] 1 )
(60)

— 7211 —
by = IN 1 sin(a)t){4 o1 cos(a)t)]}. ©1)
V 2me 4

Note that in the succeeding calculations, we used less sim-
plified expressions; we do not present them here due to their
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FIG. 3. Here, w = 27 /201ad/s, 6> =t /600, N = 10°, and we have set [/ Imin.exp,start = N/2. Note that the coupling satisfies A < 7 x 1074,

As expected, dephasing reduces the violation.

complexity. As can be verified, these coefficients satisfy a -
b = 0. The bound is now

2
<<Wb,0>> = [j]min,exp,start(l - %)

+ A2N?[1 — cos(wt)](l — ﬁ) (62)
5 )

The entangled-state value for the optimized coefficients re-
mains the same as that of Eq. (54) to O(A?) and O(c?); that
is, the “optimized” coefficients give the same entangled-state
value as when using noiseless coefficients [given in Eq. (54)]
to O(c0%). Thus, we may as well use the noiseless coefficients
for the case of atomic dephasing, because the “optimized”
coefficients only serve to decrease ((W,,)) while keeping
({Wen,o,non-opt)) unchanged.

Due to our initial expansions to O(A?), there is a maximum
value that A can take such that Eq. (54) is always positive; this
condition is given by

o?
r< Ut %) (63)
2N
For 0 = /t/600, t = 20 s, and N = 100, it is required that
A <7 x 107*. We have plotted the violation in Fig. 3. As
expected, atomic dephasing reduces the violation.

The heating and atomic dephasing models we considered
allow many practical sources of noise to be mapped. For
example, seismic noise can be mapped to our heating model.
The interferometer’s coherence time will be affected by noise
in the magnetic field, nonuniform density/impurities in the
material (which would change the generated magnetic field),
and atom trap noise, and can thus be mapped to our dephasing
model.

Other sources of noise, such as parametric noise, 1/f noise,
thermoelastic noise, and suspension noise are not captured
by our models. Since this paper is in the context of an
experimental-theoretical collaboration, we expect to address
explicit physical sources of noise in future work, once proto-
types of our apparatus have been built.

III. MAGNETIC INTERACTIONS

We now explain in detail the interaction between an atom
interferometer and a mechanical oscillator, and how to the
obtain the magnetic coupling between them.

Atom interferometers measure the phase difference ac-
cumulated by the components of an atom’s wave function
that travel along different trajectories between two points in
spacetime. In general, the phase accumulated by each com-
ponent is the integral of the Lagrangian along the classical
trajectory it traverses. In an optical lattice atom interferom-
eter, the trajectories include a hold period where the atom
is in a superposition of being trapped at different sites in an
optical lattice. When this hold period is much longer than the
time for the trajectories to separate and recombine, the dom-
inant contribution to the relative phase is the integral of the
force, F,(t), across the atoms at r, through the hold time, T,
multiplied by the atom separation Ar,. In units with z = 1,
the interferometer phase has the following form [22]:

T
Ad = Ar, / dtF,(1). (64)
0

A. Interactions through the quadratic Zeeman effect

If the atoms are exposed to a spatially varying magnetic
field, then a force across the atoms is generated due to the
gradient in the Zeeman splitting of the atom’s energy levels.
For Cesium-133 atoms in the my = 0 ground state, the leading
order Zeeman effect is quadratic in the magnetic field [27],
yielding a force

B> (ra)
X —.

F,
“ or,

(65)
Thus, atom interferometers can act as magnetometers, mea-
suring the gradient in the magnitude of the magnetic field. If
the source of the magnetic field is an oscillator composed of
magnetic material, then the force across the atoms will encode
the displacement of the oscillator, r,,.

IB* (1o, 1a)

Fu(r,) « ar.

(66)
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FIG. 4. More advanced version of oscillator-atom setup. The parameter definitions are given in Table I. An external magnetic field Bey,
induces a magnetic field in the cylinders that have magnetic susceptibility x,,. Note that, while only the field lines for one of the cylinders are
shown for presentation purposes, both cylinders next to the atoms will be magnetized in reality. The direction of the induced magnetic field
depends on the sign of y,,. The oscillator rotates in the x-y plane with frequency w. The cylinders are separated by angle 26,. The reason for
this configuration is to translate a force along the z direction (as applied to the atoms) to a torque in the x-y plane. The two cylinders on the

right are to balance the oscillator.

The atoms will feel a force that is modulated by the oscilla-
tor’s motion. This results in an interferometer phase that is
sensitive to the oscillators position. There will also be a back
action force on the oscillator, F,, from the dependence of the
magnetic field on the oscillator’s position. This force will be
sensitive to the atom’s position.

B> (1o, 1a)
or,

This physics is captured by the interaction potential for small

displacements in the atom and oscillator coordinates.

2np2
Uy, ra) = o o2 00 68)

0r,0r,

Fo(ra) (67)

The oscillator motion is now subject to a linear potential
that modifies its motion and the potential interacts with the
atoms, spatially separated by Ar,, to accumulate interferome-
ter phase at a rate (]3,

3%B%(0, 0)
01,07,

¢ =do roAry. (69)
Here, ¢ is an atom’s energy difference between the mp = 0
states of the ground state. To understand the magnitude of this
interaction achievable with current technologies and how it
can be increased, we model a particular experimental setup in

the next section.

B. Proposed setup

Section II introduced a simplified version of the torsional
pendulum. Since we plan to gradually proceed to a grav-
ity experiment, we investigated a more advanced version of
a pendulum as depicted in Fig. 4. The pendulum that will
oscillate at frequency w about the vertical axis with two
diamagnetic cylinders with magnetic susceptibility y, on
its base. The atom interferometer sequence will trap atoms
in a superposition of two lattice sites that are horizontally

separated from the pendulum base by a distance, s, and ver-
tically separated above and below the base by Az/2; that is,
Ar, = Az, since our atoms only have a vertical separation. In
a uniform external magnetic field, Bex; (which can, for exam-
ple, be created by a solenoid), these cylinders will produce an
induced magnetic field. The gradients in the induced field will
couple to the atom interferometer through the quadratic Zee-
man effect to produce an interaction potential that is sensitive
to the pendulum’s rotation angle and the atom’s location.

The magnetic field from a finite length cylinder with uni-
form magnetization has been calculated in Ref. [31]. The total
magnetic field is a superposition of the induced field from
each cylinder and the external magnetic field. The resulting
phase accumulation rate for a range of atom locations and os-
cillator rotation angles is displayed in Figs. 5(a) and 5(b). With
the atoms centered at y = z = 0, the interferometer phase
is calculated for the oscillator in classical motion: 6(t) =
Omax Sin (wt). The result is plotted in Fig. 6 along with the
rotation angle of the oscillator. The interferometer phase, and
therefore the probability to find the atom in each lattice site,
is clearly correlated with the oscillators position. If the oscil-
lator is quantum mechanical and its position and momentum
become sufficiently correlated with the atoms, then there is
the possibility of observing the system in a nonclassical state.

C. Interaction with a quantum harmonic oscillator

For readability, we reiterate and expand on the physical
reasoning behind the combined oscillator-atom Hamiltonian
here [1]:

H = wé'e + g +eHs.,. (70)

As mentioned before, ¢ and ¢ are the oscillator creation and
annihilation operators, respectively, while S. is a pseudospin
operator describing the atom’s location. The second term is
the interaction potential in Eq. (68) with quantized oscillator
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FIG. 5. The physical parameters used are given in Table I. In panel (a), the interferometer phase accumulation rate is plotted for different
locations of the atoms in the y-z plane shown in Fig. 4. In panel (b), the phase accumulation rate is plotted for different z locations of the atoms
and rotation angles of the oscillator. The black line is the path the atom oscillator system follows to produce the interferometer phase plotted

in Fig. 6.

and atom coordinates. g is defined as follows:

B 1 Argy L PB0.0)
8T\ 2 tteg R peyio °Ro— R 9200

Here, ny is the number of cylinders. The factor of 1/(Ry — R)
simply arises from taking the derivative in the direction of 6.
For oscillator mass and frequency m and o, the harmonic os-
cillator position operator is 7, = (Ry — R)O =« ﬁ(é +&h).
Since the atom is confined to two sites in an optical lattice sep-
arated by Az, the atom’s position operator can be expressed as
a spin operator in a pseudospin-1/2 Hilbert space.

(71)

Fa = Az/210) (0] — Az/2[1) (1| = AZS,. (72)

For the more realistic case of an atom interferometer with
N atoms, the interaction potential can be linearized in each
of their coordinates to produce an interaction linear in the

oF
-0.5
ED ~
g-15 =
>
~ 20
25

Interaction time (s)

FIG. 6. The physical parameters used are given in Table I. The
interferometer phase from magnetic interaction with the oscillator in
classical motion is plotted with a solid line. The rotation angle of the
oscillator is plotted in a dashed line. The oscillator motion is clearly
encoded in the interferometer phase.

collective N/2 pseudospin operator J, [1].

Unulti-atom = g(f‘ + 6Jr)fz (73)

The system Hamiltonian, Eq. (70), is capable of generating
entanglement between the atoms and oscillator. For the oscil-
lator initialized in its ground state and the atom in a symmetric
spatial superposition, the system evolves to an entangled state
where the displacement of the oscillator is correlated with the
atom’s location [1],

0)4 18), + 114 1=8),
7 .

|8] is the coherent state amplitude proportional to A = g/w.
The mediators of this entanglement are photons; specifically,
it is caused by the interaction between the magnetic dipole of
the atom and the magnetic dipole of the diamagnetic oscillator
and is therefore a two-photon interaction. For an experiment
to resolve the correlations between the oscillator and the atom,
A must be sufficiently large.

We can readily calculate A with Eq. (71) for our proposed
setup. With the parameter values in Table I, we find the fol-

(74)

TABLE I. The model of the atom-oscillator system has the fol-
lowing parameters, unless otherwise stated.

Parameter Symbol Value
myp = 0 Cs ground-state shift [27] bo 268.575 rad/(ns T?)
External magnetic field strength Byt 5mT
Magnetic susceptibility [29] Xm 6.8 x 1073
Pendulum radius Ry 10 cm
Pendulum frequency 0] 27 /20rad/s
Pendulum density [30] Pyl 19.3g/cm’
Cylinder height 1 10 mm
Cylinder radius R 5 mm
Half of cylinder separation angle 6o 2°
Atom to pendulum distance s 8 mm
Atom wave packet separation Az S um
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lowing value for A (for ncy; = 4) to first order in x,,:

2
o= 40 x 1016 x [ Bex Xm
5mT 6.8 x 10—5

3\ 2 3
8 <19.3 g/cm ) (l) ' (75)
Peyl (o4

The susceptibility of 6.8 x 10~ and density of 19.3 g/cm?
correspond to those of tungsten [29,30]. o parametrizes the
length scale of the system as L — «L; that is, « is the scaling
factor for all the length parameters in Table I, with the excep-
tion of Az (i.e., the parameters Ry, [, R, and s). This scaling
implies that g is increased by decreasing the system size. In
the parameter space we are at, recalling that B = Bey; + By
(with By being the induced magnetic field of the cylinders),
the term dB?/dz of Eq. (71) can be approximated to be
2 Bex; - (0Bcy1/0z). This is because [Bex|? has no gradient and
8|ch1|2/8z is negligible compared to the cross term. This
allows the scalings of x,, and « to be expressed as “single”
factors. As a side note, the value of —4.0 x 107!® was ob-
tained using the expressions in Ref. [31].

The value of the coupling in Eq. (75) is extremely small.
There are several ways through which we can increase A.
One of the primary changes is to switch to a superconduct-
ing mass. Though one might think that this will reintroduce
the contribution from 3By |*/dz, it is still x10% smaller
than the cross term (at least for the physical parameters we
use). Therefore, we can still use Eq. (75) to inform us of
how the values change with rescaling the parameters; having
said that, the upcoming calculation was done exactly using the
expressions in Ref. [31]. We now have y = —1, which will
increase the coupling by a factor of 10°; increasing the field
to SO mT will contribute a factor of 10% (note that at this field,
we are still well before the Paschen-Back regime for cesium,
as seen in Ref. [27]); the system size can be reduced by a
factor of 2 (taking « = 0.5); a cloud of N atoms leads to a N
increase—we set N = 10%. If we take the material to be lead,
then the density will be py = 11.34 g/cm? [28]. Together,
these factors increase the coupling to Ay = 8.8 x 1076, The
main concern would be the experimental challenges for some
of these changes; in particular, scaling the atom to pendulum
distance from 8 to 4 mm would be pushing the limits of
existing systems, since there is a requirement that the atom
trap laser not interact with the pendulum.

We can also gain improvements in coupling by having the
cesium atoms be magnetically sensitive states; for instance,
we can place one atom in the my = 1 state and the other in the
mp = —1. In such a scenario, the coupling would primarily
be due to the first-order Zeeman shift, which is linear in
B [27]. The energy difference in the atoms now arises due
to the difference in their internal states, in addition to the
magnetic field differences between their two locations (that is,
a coupling will exist even if Az = 0). In particular, the term
of the Zeeman energy shift that contributes to the coupling
is [27]

(87 — &) B
st, Zeeman — T a7 . 1z B 76
01, Z I+ i mg (76)

where [ is the nuclear spin, which is 7/2 for Cs; we take the
difference of this quantity between the two atoms, and then
the gradient in the direction of oscillator motion to obtain the
coupling. However, having atoms be located symmetrically in
the top and bottom halves of the cylinder is detrimental to the
coupling, because now it arises solely from dB/d6. Thus, we
shift the positions of both atoms such that they are both in
z > 0 plane. If we place the top atom to be at around /2, we
obtain the coupling to be

BCX m
A=—44x10"2 x ‘ X
S5mT/\6.8 x 103

193 g/em®\ (1)
» ( 9.3 g/cm ) <_) , a7
Peyl o

we can see that it is now 4 orders of magnitude higher. Note
that the « scaling here also incorporates changing the position
of the top atom location by a factor of «; the separation
between the two atom locations is still kept constant, so
the position of the second location changes too. For 50 mT,
x = —1, peyi = 11.34 g/cm® [28], N = 10°, and & = 0.5, we
will get Ay = 4.8 x 1073, which is a significant improvement
from having purely mp = O states. Note that scaling « also
decreases the atom-oscillator separation from 8 to 4 mm.

If we recalculate the superconducting case for the sim-
plified setup in Sec. II, with changes such that n¢, = 2, the
atom-oscillator separation is 8§ mm (which is the more feasible
situation), and the atoms are symmetrically located at £Az/2,
we get Ay = 6.3 x 1074, Potential issues of having the atoms
be in magnetically sensitive states is that it can introduce
sensitivities to stray magnetic fields.

Note that in all our calculations of couplings, we only
considered the magnetization of the two cylinders (or single
cylinder for the ncy = 2 case) closest to the atoms (i.e., the
cylinders on the side of the atoms).

Our entanglement witness is also applicable to other se-
tups, such as those where an NV center(s) is coupled to a
mechanical oscillator. Such a system can be described by
a Hamiltonian that is of similar form to Eq. (1), and thus,
our EW in Eq. (2) is applicable. To highlight such expanded
applications of our work, we present in Table II the couplings
and parameters of some nanodiamond setups found in existing
literature. One can see that these couplings tend to be much
higher than the values for the interferometer-pendulum setup
we have presented in this section; this is primarily due to the
fact that the magnetic dipole-dipole interaction we use in our
setup tends to be weaker. It must also be pointed out that for
the nanodiamond setups, the mass of the oscillators tends to
be orders of magnitude smaller and the frequencies orders of
magnitude higher than the parameters of our apparatus.

IV. CONCLUSION

‘Within the context of a combined atom interferometer and
oscillator system, we can use an EW to show that entangle-
ment exists even in the case where the oscillator starts in
a thermal state and remains in contact with a white noise
bath. In fact, we find that for the appropriate oscillator quality
factor Q and thermal occupancy 7, violation always exists
for any value of coupling A. Additionally, there is an O(ii)
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improvement in the EW violation if the oscillator is cooled
to its ground state at the start of the experiment. With a
coupling of A = 107*3, we need at least ~10°> measure-
ments to observe this violation. We find that a magnetic
interaction between a superconducting mass and atoms in
different magnetically sensitive states can result in couplings
of 1 ~ 6 x 10~*; however, implementing such a setup will be
experimentally challenging. We also model atomic dephasing
and find that EW violation can exist for target interferometer
parameters.

Looking ahead, while it is true that a gravitational coupling
will also satisfy the EW (we reiterate our conclusion that says
that, under thermal noise, for appropriate values of Q and 7,
violation always exists for any coupling A), it will result in
couplings orders of magnitude smaller, thus increasing the
number of required measurements to unachievable numbers;
as such, we do not expect to use this EW in a gravitational
coupling experiment. However, in the context of our collabo-
ration, where we intend to incorporate magnetic entanglement
to make the detection of potential gravitational entanglement
more accessible [1], our results have enlightened us of suitable
parameter regimes. Finally, our EW has broader applications
in nanodiamond setups, in particular where NV centers are
coupled to oscillators.
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APPENDIX A: ADDITIONAL REMARKS ON THE
GENERAL HAMILTONIAN

In explaining the form of the general Hamiltonian given in
Eq. (1), we made an analogy with the Hamiltonian of an NV
center. To provide an explicit example, we shall consider the
case where a single NV center is coupled to the motion of its
host diamond, which may be levitated in a magnetic field E,
for which the Hamiltonian can be given by

H = wé'e + DS? + y,B,(x)S.. (A1)
Here, w is the harmonic oscillator frequency for a single
mode of the levitated diamond’s motion (we neglect other
modes, focusing only on the lowest frequency modP), c is
the annihilation operator for the harmonic oscillator, S’Z is the
spin-1 operator for the three ground-state spin levels of the NV
center, D is the ground-state splitting of 2 x 2.87 GHz, y, is
the gyromagnetic ratio, and the magnetic field B(x) depends
upon the position of the NV center, as occurs in levitated dia-
mond systems. We can write this position as xo + gt (c + ¢'),
where xq is the classical equilibrium position. As we expect
smaLl oscillations, we gxpand B(x) around this position and
get B(x) ~ B(xg) 4 9:Bqpt(c + c¥).

When we use this small position expansion in the
Hamiltonian, we get

VeB.(0)S: = yeB:(x0)S; + 286 + ¢S, (A2)
where g = y,0:B.q,,r/2. Finally, we consider experiments
that only address two of the three spin levels, typically
mg; = +1 and my = 0, which gives

H = w'¢ + go.(¢ + &) + (B.(x0) + D)6./2,  (A3)
where the DS? term is changed to Dé./2 in the two-level
approximation.

Similar forms for a spin-oscillator coupled Hamiltonian in
the case of NV centers can be found in Refs. [33-35], for
which we have provided a summary in Table II.

TABLE II. Couplings of existing nanodiamond setups compared to the interferometer-pendulum couplings in this paper. The mass and
frequency of the oscillators are also given. Some of the values are explicitly stated in the cited papers, while we have approximated others.
Where necessary, we have taken the density of diamond to be 3.5 g/cm?® [32]. The last two rows are simply the couplings and parameters for
the superconducting mass scenarios mentioned after Eq. (77). For nuanced differences between the setups of the nanodiamond systems and

our interferometer-pendulum system, please see the cited references.

Coupling between... Interaction Coupling strength Mass Frequency
NV center, external resonator [33] Magnetic 27 x 100 kHz 6.7 x 10718 kg 27 x 5 MHz
NV center, host diamond [34] Strain 27 x 0.25 Hz ~107B kg 27 x 6.7 MHz
NV center, host diamond [35] Magnetic ~2m x 1.8 Hz ~6 x 10712 kg 27 x 0.5kHz
Two-cylinder pendulum and atoms Magnetic 27 x 0.032 mHz 2.2 x 1073 kg 27w x 0.05 Hz
Four-cylinder pendulum and atoms Magnetic 27 x 0.24 mHz 4.4 x 1073 kg 27 x 0.05 Hz
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FIG. 7. EW violation when the oscillator starts in a ground state and remains in contact with a thermal bath. A = 10™*3, N = 10°, and
w = 2w /20rad/s. We can see that for the region where the violation is positive, the noiseless coefficients are still better than the reoptimized

ones.

APPENDIX B: ADDITIONAL REMARKS
AND ELABORATION ON THE
ENTANGLEMENT WITNESS

In this section, we provide more details on and/or clarify
aspects of some calculations in this paper.

As mentioned earlier, we minimize the value W.,; that
is, we solve for a, and b, such that 9, (We,) =0 and
95, Wen) = 0. Wy, being quadratic in @, and by, is solv-
able. Note that this gives a higher violation than if were
to maximize W, — W, by expressing the absolute value as
s(ayb, — a;b,), where s sets the sign (41 or —1), for reasons
we cannot explain currently; the underlying reason must be
that optimizing s(a,b; — a;b,) (and choosing the pairing of
s and the coefficients that makes this value positive) is not
equivalent to optimizing \/(ayb, — a,by)?>.

1. More details on the noiseless entanglement witness

The nonsimplified versions of the noiseless coefficients
are

v 2mwAN sin(wt)
ayo = — , (B
(2 4 3)2N + A2N[cos(2wt ) — 4 cos(wt)]}
b i AN[1 — cos(wt)] (B2)
07V mw [2 + A2N — A2N cosQat)]’
V2mwAN[1 — cos(wt)]
azo = . (B3)
{2 4+ 312N + A2N[cos(2wt) — 4 cos(wt)]}
_ 2 AN sin(wt)
beo = V mw [2 + A2N — X2N cosawt)]’ B4

which, when written to O(4), give Egs. (25)—(28).

The lowest order of the expectation values (J,), (J?), (fy),
(72, (%), and (p?) is A% (¢ +J:g) = (p. + J.p) = 0.
Very interestingly, to lowest order in A, <qu + fyc}) =
—ay0.05 (py + ,p) = —az 0., (G). +J.q) = —byp,, and
(pJ; + J.p) = —b. 0., Where a,( ;, etc. are the expressions in

Egs. (25)—(28). It must be noted that these coefficients reduced
to being O(X) to lowest order in the end, despite the fact that
the calculations were conducted to O(A?).

Another way to understand the coefficients is by investigat-
ing how the sum of the spin variances changes as the system
evolves. To O(1?), we find that

)\‘22
2

Y Vartd) =5+ ol —cos(@n] (BS)
m

for |Ye,). This shows that there is an overall increase in
> u Var(fu)] as the system evolves. However, if we consider
the contribution from the rest of the operators in W [see
Eq. (15)], we find that the coefficients work with the § and
p operators to bring the overall value of W, to be less than
N/2; this contribution is given by

Weno — Y _ Var(Jy,) = —=A2N*[1 — cos(at)], (B6)
"
such that the total value of W, is
N  A2N?
Weno = — — [1 — cos(wt)]. (B7)

2 2

In essence, the coefficients work in various ways with the
terms in Eq. (15) to minimize We,,.

2. Elaboration on the entanglement witness
with thermal noise

The covariances that contribute to the bath noise are as
follows:

2A%7 . .
{EME®))) = 7[6@ — 8sin(wt) + sin(Rwt )],

1 16An
(EOQ)) = | =g sin' <“’7’)
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FIG. 8. For potential clarity, we have split the plots in Fig. 2 into two panels. The black line depicts the noiseless case. We have set
A =105, N = 10° and @ = 27 /20rad/s. White noise depends only on 7i/Q. Thus, the scenario where the oscillator starts in a ground state
and then remains in contact with a bath can be characterized solely using 77/Q. However, a value for 77 must be set when starting in a thermal
state. Since the condition > < 1 must be satisfied, we consider i = 325 to be the highest appropriate value. Purple lines correspond to
71/Q = 1/20 and blue lines correspond to 7/Q = 1/8. As can be seen in the plots, the lower the value of 72/ Q, the better the violation. Note that
introducing a bath results in the violation not being seen for the entire oscillator period; where the plots get truncated is when W, — W,, < 0.

SOP()) = mow 8| wt ; sin(2wt )
(EOP@)) = —,/7?[7 _ sin(er) + T}

APPENDIX C: ELABORATION ON
THE MAGNETIC INTERACTION

1 27 ) Here, we present an alternative explanation of Eq. (71). The
(QEHQM)) = 2mw O [2wt — sin2w1)], key physics we focus on are the interactions induced between

mw 2n .
{(PYP@))) = 76[2@‘ + sin(Qwt )],

2
(QWP®)) = En sin® (). (B8)

As examples, ((E(¢)E(t))) contributes to the noise in the
EW term Var(J,) and ((Q(¢)Q(r))) contributes to the noise
in ((4%)). Therefore, the expectation values that compose the
EW must be modified as was shown in Sec. II C.

Next, we elaborate on the scenario where the oscillator
starts in a ground state and remains in contact with a white
noise bath. Some additional plots to those in Fig. 2 are shown
in Fig. 7, in particular, plots for “reoptimized” coefficients.
It can be seen that the noiseless coefficients are still better
than the reoptimized ones for the times where the violation is
positive.

Finally, we include a split version of the thermal noise
plots in Fig. 8, in case this may be preferred by the
reader.

the mass and the atoms due to the diamagnetic/paramagnetic
response of the mass’s material. This produces a field that
is roughly dipolar and causes a shift in the magnetic field
and in the field gradient near the atoms. Meanwhile, the
atoms themselves have a response to the combined exter-
nal and mass-sourced magnetic fields, which is described
by the second-order Zeeman effect, where the ground-state
energy shifts proportionally to B> [27]. As the atomic
separation is small compared to the atom-mass distance, we
can focus on the differences in B? around the center-of-
mass of the atom. As such, we take the derivative 9B2 /0z
and multiply by Az (separation between the atoms) to
obtain the potential difference between the two atom lo-
cations. We remark that this is a force times a distance,
which also corresponds to the differential force the atoms
induce on the mass by Newton’s third law. To see the ef-
fect of this force, we take a second derivative with respect
to (Ry — R)0 (distance moved by cylinder) to get [1/(Ry —
R)](8’B?/dz 30) and multiply by the oscillator’s zero point
motion ggp¢(c + ¢™) to convert the force into a Hamiltonian
term.
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