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Deformable boundaries are omnipresent in the habitats of swimming microorganisms, leading to intricate
hydroelastic couplings. Employing a perturbation theory, valid for small deformations, we study the swimming
dynamics of pushers and pullers near instantaneously deforming boundaries, endowed with a bending rigidity
and surface tension. Our results reveal that pushers can either reorient away from the boundary, leading to overall
hydroelastic scattering, or become trapped by the boundary, akin to the enhanced trapping found for pullers.
These findings demonstrate that the complex hydroelastic interactions can generate behaviors that are in striking

contrast to swimming near planar walls.

DOI: 10.1103/rcdx-gftq

Swimming microorganisms represent fascinating exem-
plars of nonequilibrium systems and their dynamics have been
widely studied in the realm of fluid mechanics and statis-
tical physics [1-6]. Owing to their small size and typical
swimming velocity, the effects of fluid inertia are negligible
compared to viscous ones, thus requiring cells to perform
nonreciprocal swimming strokes to propel through their low-
Reynolds-number fluid environments [7]. Unraveling their
swimming behavior in their natural habitats is paramount for
gaining new insights into the formation of bacterial colonies
and biofilms [8,9], the complexities of disease spreading bac-
teria [10], and sperm motility in the reproductive tract [11],
to name a few. They further lay the foundation for advancing
technology through the design of novel cargo carriers [12—15].

Many microorganisms live in confined environments,
where long-ranged hydrodynamic interactions with nearby
boundaries can strongly affect their swimming behaviors,
leading to various interesting physical phenomena [3]. Sem-
inal experiments revealed a change from clockwise [16] to
counterclockwise circular motion [17] of Escherichia coli
bacteria by varying the boundary from a rigid no-slip wall to
an air-water interface. These dynamics have been predicted
to change for spherical microswimmers and phoretic colloids,
which can scatter, perform oscillatory dynamics, or hover near
the wall, depending on the propulsion modes and their initial
orientation [18-22]. Introducing a boundary slip [23] or a
nonplanar boundary shape [24,25] can further strongly modify
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the dynamics, demonstrating that details of the hydrodynamic
interactions are crucial for active systems.

In contrast to rigid walls, many biological surfaces
[26-31], such as membranes, are soft and can deform in
response to hydrodynamic stresses. The inherent nonlinearity
due to the coupling of the flow and the deformation leads to
unexpected physics [29-34], while rendering these problems
challenging to handle analytically and numerically. Instru-
mental insights come from the context of externally driven
spheres, where the hydroelastic coupling induces a lift force,
pushing the sphere away from the surface—a phenomenon
not possible near planar walls due to the time reversibility of
Stokes flows [35-38]. Theoretical progress was made possible
by employing the Lorentz reciprocal theorem [39], providing
insights for particle lift near fluid-fluid interfaces [40,41] and
compliant surfaces [38,42]. In contrast to their driven, pas-
sive counterparts, swimming microorganisms are force- and
torque-free, thus producing different flow signatures [43,44],
which are expected to fundamentally change the hydroelastic
interaction. Recent work discovered the emergence of di-
rected motion of agents with reciprocal swim strokes near
deformable boundaries [32,33], their enhanced swim speed
through deformable channels [34], and their swimming ve-
locities at the timescale of the deformation [45,46]. Yet,
a comprehensive understanding of the swimming dynamics
near a deformable boundary at larger timescales, their station-
ary state, and its dependence on both material and swimmer
properties remains lacking and poses a fundamental ingre-
dient towards unraveling more complex many-body systems
[28-31].

Here, we study the dynamics of a microswimmer near
a deformable boundary, characterized by a bending rigidity
and surface tension, by means of a perturbation theory, valid
for small deformations. To describe the flows induced by
the microswimmer, we rely on a far-field description, which
has been successful in providing physical insights into a
range of phenomena involving swimmer-surface interactions
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[17,32,47,48]. Our main findings demonstrate that the de-
formable boundary induces scattering of pusher swimmers
away from the boundary and enhanced attraction of pullers.
For small Foppl-von Kdrman numbers, measuring the relative
importance of surface tension to bending rigidity, pushers can
reorient towards the boundary, leading to a trapping state.
Most importantly, these features emerge from a hydroelastic
interaction, reorienting the active agents, in contrast to the
deformation-induced lift of the passive counterpart.

Model. We consider a microswimmer in an incompress-
ible fluid of viscosity u near an elastic boundary Sy. It
creates a flow described by the spatially varying fluid velocity
field u(r) and pressure field p(r), with r = (ry, z)”. Here, r|
denotes the components on the undeformed surface Sy (corre-
sponding to the xy plane) and z is the normal component. In
the low-Reynolds-number limit, the flow fields are governed
by the quasisteady Stokes equations [49-51]: Vp = uVZu
and V-u =0. As a response to its swimming stroke and
the presence of surrounding boundaries, the microswimmer
translates at a velocity U and rotates at an angular velocity
Q. Here, we consider an infinitesimally thin elastic boundary
Sy (unbounded in the other directions), which can deform in
response to the viscous stresses 0 = —pl + u(Vu + Vul).
Its deformation z = §(r) obeys the stress balance [26,42]

(kV} = =V[)8 =0 : nnls,, (D

where ¥ and X denote the bending rigidity and surface ten-
sion, respectively, n is the normally outward-pointing unit
vector, and V| is the in-plane gradient. Note that we have as-
sumed no in-plane deformation of the boundary. The problem
setup is complete after imposing the kinematic and no-slip
boundary conditions on Sy, [51], and assuming that the ve-
locity field vanishes far from the microswimmer (see the
Supplemental Material [52]).

Dimensional analysis reveals that our system has two
nondimensional parameters: (1) A generalized elastovis-
cous number, € = a*Usee/(k + La?), measuring the relative
importance of the hydrodynamic stress induced by the mi-
croswimmer (of size a and free-space swimming speed Usee)
to the elastic resistance of the boundary [40], and (2) the
Foppl-von Karman (FvK) number, I' = ¥a?/k, comparing
the strength of surface tension with bending rigidity. Typ-
ical estimates for bacteria and synthetic colloids near lipid
membranes (comprising a majority of biological membranes)
are of the order of ¢ = O(107%2) — O(1) and T = O(0.1) —
0(10) [28,30,53].

Small-deformation limit. In this work, we focus on the
regime of small elastoviscous numbers, € < 1, i.e., the elastic
resistance of the boundary is large compared to the viscous
stresses. This allows considering small surface deformations
and employing a perturbation ansatz of the form

(6.u.U. 2 p)=(67.u®. U, 2% p*)
+e(8M,uV, U, 20, pV) 4 0,

where the first set of terms are the solution variables near
a planar wall (5 = 0) and the second set of terms are the
leading-order corrections. Furthermore, employing a Taylor
series expansion in § about the reference surface Sy in Eq. (1)
[52], we find that the leading-order deformation is governed

by (KVﬁ‘ - EVﬁ)S(”(rH) = —pO(r))|,=0, permitting a solu-
tion in Fourier space (r; — k) of the form
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A numerical inverse transform then provides §V(r) [52].
Note that Eq. (2) is reminiscent of the thermal fluctuation
spectrum of a membrane [54].

Deformation-induced swimming velocities. Using the
Lorentz reciprocal theorem [42,55] and exploiting that the
microswimmer is force- and torque-free yields a relation for
the deformation-induced swimming velocities, U M and M
(see the Supplemental Material [52] for details):

U(l),ﬁ‘+sz(1).i=/ n-6~u5MdS, (3)
So

where the contribution of the surface deformation enters via
an effective slip velocity [42,52]

ou®

a8
ug, = —e, — 80
SM 8[ < 8Z

—U" V5V, (4

z=0

It comprises the deformation rate (9,6 (MY and the contribution
due to the deformation shape (§"), reminiscent to that of a
rigid, structured surface [24]. The last term represents the ad-
vection of the deformation by the swimming agent, where U |(|0)
denotes its zeroth-order velocity parallel to Sy. Equation (3)
further depends on the stress tensor 6 of a passive object of
the same shape as the microswimmer (referred to as auxiliary
problem), moving near a planar (no-slip) wall at velocities
U and €, under the application of an external force F and
torque L.

Due to the linearity of the Stokes equations, we can gen-
eralize Eq. (3) by introducing third-rank tensors T and 77,
relating the stresses and velocities of the auxiliary problem via
n-&6=n-T O, with T = (TF, T1) [56]. We further
note that external forces and torques balance the hydrody-
namic forces and torques,

F n-o ~ (U
(2) =~ (&5da)s=me(5) o

where R is the position vector directed from the center to the
surface of the swimmer (Sp) and

. n-T
R=-— ~ |dS 6
/Sp <R Xn- ’T) ©)
is the resistance matrix. Combining Egs. (5) and (3), the

leading-order corrections to the translational and angular ve-
locities take the form

UM . R
(Sz(l)) == R . / n- T ustS. (7)
So

The above expression is generic and can be evaluated for any
microswimmer, provided the flow fields of the microswimmer
near a planar wall and the equivalent auxiliary problem are
known.
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Far-field description. We employ our theoretical pre-
dictions to investigate the dynamics of an axisymmetric
microswimmer, whose far-field flow is described as a com-
bination of a force and torque dipole of strengths app and
aRrp, respectively [57]. While the force-dipole term is the
minimal term for the flow field generated by any force-free
microswimmer, we include the torque-dipole term capturing
the frequently observed counter-rotation of a bacterial body
and the flagella. For a symmetric swimmer, the instantaneous
position ro(t) = (xo(t), yo(t), h(¢))" and orientation e(t) =
(cos ¥ (t) cos @(t), cos ¥ (t) sin (), sin ¥ (t))T, parametrized
in terms of the pitch angle ¢ (with ¢ = 0 being parallel
to Sp) and polar angle ¢, obey the equations of mo-
tion : dro/dt = U® + UV and de/dr = () + Q) x e,
where the zeroth-order contributions, U® and SZ(O), represent
the translational and angular velocities near a planar wall
[52,57] and include both the free-space swimming velocity
and the rigid-wall-induced velocity. Further, UV and "
[Eq. (3)] are the contributions due to the deformation. We
use parameters for a typical E. coli bacterium, swimming
at a velocity Ugee ~ 22 um s~! and having a body radius
a ~ 1 um. Its force- and torque-dipole strengths have been
measured experimentally [44] and through simulations [58]:
opp ~ 32 um3 s™! and arp & 25 um“ s~!. Different swim-
mer shapes can be modeled by a spatial distribution of point
forces and torques [48], including higher-order terms in the
multipole expansion, and a shear-induced reorientation ac-
counting for elongated shapes [57], which we leave for future
work.

Furthermore, we assume the deformation to be instan-
taneous compared to the swimming timescale 7 = a/Ug,,
so that 9,6 ~ 0. The near-field and steric interactions of the
microswimmer with the boundary are mimicked by a short-
ranged repulsive force, so that the closest particle-surface
distance is Ay, = 1.5a and the swimmer does not collide
with the boundary [23,52,57]. We study the trajectories of
the microswimmers starting from a position ry(0) = (0, 0, 4a)
with pitch angles ¥ (0) € [-7/2, 7/2] and ¢(0) = 0 until
the swimmer attains a stable orientation in the xz plane, i.e.,
dd/dt = —Q, = 0 at ¥ = ¥*. We further vary the elastovis-
cous and FvK numbers, € € [0.01,0.1] and T" € [0.01, 10],
respectively.

Hydroelastic scattering of pushers. We begin our analysis
by considering E. coli, i.e., a pusher-type microswimmer,
oriented toward a deformable boundary at #(0) = —0.23x
with € = 0.1 and I = 1.13. Importantly, we observe that the
swimmer reorients and is scattered away from the boundary
[Fig. 1(a)(i)], attaining a stationary orientation #* > 0 and
a positive vertical velocity U, > 0 taking the swimmer away
from the boundary. This is primarily due to the deformation-
induced velocity field giving rise to an angular velocity (£2,)
rotating the swimmer. The shape of the deformation changes
with the swimmer position and orientation: As the swimmer
moves towards the surface, it pushes fluid toward it, leading
to a valley, while it pulls fluid inwards from below, creating
a hill. For a swimmer aligned parallel to Sy, the deformation
becomes symmetric. As it moves away from the boundary, the
deformation shape changes to a valley at the back and a hill in
front.
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FIG. 1. (a) Chronophotographies of a pusher-type microswim-
mer moving near a deformable boundary in the xz plane. (i)
Hydroelastic scattering event with parameters ¥ (0) = —0.237 and
I' = 1.13. (ii) Hydroelastic trapping event with parameters ¥ (0) =
—0.437 and T" = 0.088. The trajectories are color coded by time,
where T = a/Uge denotes the characteristic swimming timescale.
The swimmer’s orientation and the boundary deformation are shown
at selected times. The latter are magnified by a factor of 10 for
visualization in panel (a)(i). (b) Phase diagram for a pusher as a
function of the initial orientation ¥(0) and FvK number I". Back-
ground colors indicate d¢/dt = —Q,(€, T", 9 (0), hnin). Black solid
and dashed lines correspond to the stable and unstable fixed points
of d¥ /dr, respectively. The trajectories in panel (a) correspond to the
square and circle in the phase diagram. We use € = 0.1 in panels (a)
and (b).

Our observation of hydroelastic scattering stands in stark
contrast to the behavior of pushers aligning parallel to planar
walls [57]—a phenomenon that promotes surface trapping of
bacteria [47]. It is worth pointing out that due to the scattering
the nature of the circular motion observed near planar walls
[16] becomes negligible. This implies that the torque-dipole
actuated angular velocity normal to the wall (£2;) is not deci-
sive in the scattering trajectory for these parameters. Hence, it
suffices to look at the trajectory of the swimmer in the xz plane
as in [Fig. 1(a)]. While the torque-dipole contribution to the
trajectory is negligible, it contributes to the nonaxisymmetric
deformation of the membrane in the xy plane (Fig. S2 in the
Supplemental Material [52]).

Moreover, it is paramount to note that the hydroelastic scat-
tering appears reminiscent to the lift observed for their driven
spherical counterparts [42], yet the mechanism is profoundly
different as the latter do not have a characteristic orientation.
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While the contribution to the deformation-induced velocity of
spheres translating parallel to the elastic boundary becomes
positive U > 0, leading to the lift, the one of the pushers is
purely attractive U'" < 0 for ¥ = 0 [Fig. S2(a) in the Sup-
plemental Material [52]], indicating that the overall scattering
of pushers away from the wall results from a hydroelastic
reorientation. Further differences can be observed in the de-
formation that are relatively symmetric for pushers aligned
parallel to the wall [Fig. 1(a)(i)], but display highly asym-
metric shapes for sedimenting spheres irrespective of their
distance to the boundary [42].

Hydroelastic trapping of pushers. Studying the trajecto-
ries of a pusher initially oriented toward the boundary at
¥(0) = —0.437 and a smaller FvK number I' = 0.088, we
find a notably different behavior: The microswimmer reori-
ents towards the surface due to the hydroelastic interaction and
finally ends up in a trapping state, with stationary orientation
9* = —m/2 and height A* = hp;,. This can be rational-
ized by investigating Eq. (1) and the deformation shapes in
[Fig. 1(a)(ii)]. For I' < 1, the bending resistance of the mem-
brane dominates over the surface tension, with an increased
penalty for higher-order gradients, producing deformations
with smaller curvatures compared to situations with ' 2> 1.
This appears to rotate the swimmer towards the boundary,
leading to a symmetric deformation reminiscent of a pusher
digging its own trap.

Phase diagram of pushers. To further characterize the
emergence of these behaviors as a function of initial angles
9(0) and FvK numbers I' (keeping € = 0.1 fixed), we plot
a phase diagram where different phases are quantified based
on their stationary orientation ¢* [Fig. 1(b)]. Our findings
demonstrate that the hydroelastic scattering appears across
various ¥ (0) < 0 and I'", showing that it is a persistent feature
for interactions between pushers and deformable boundaries.
For 9 (0) > O pushers also scatter away, similar to their be-
havior near rigid walls. The phase diagram further reveals
an extended trapping phase at small T" < 0.1 and initial
pitch angles close to ¥#(0) ~ —m /2. To quantify the transi-
tion between both phases, we assume that the orientational
dynamics close to the surface are important and thus we con-
sider d? /d¢ evaluated close to the surface at hy,;,, indicated
in the background of the phase diagram. Our results show
that different stationary orientations emerge depending on
I': For I 2 0.1, the only stable fixed point is 9* ~ 0.047w,
while for decreasing I' < 0.1, the unstable fixed point at
¥* = —m /2 becomes stable (corresponding to the trapping
state) and, akin a pitchfork bifurcation, two new unstable fixed
points arise close to £ /2. The unstable fixed point near
—m /2 captures exactly the crossover between hydroelastic
scattering and trapping in our phase diagram, emphasiz-
ing that the hydroelastic reorientation determines the overall
dynamics.

Finally, we note that the phase diagram remains indepen-
dent of h(0) (Fig. S5 in the Supplemetal Material [52]). Also,
for smaller elastoviscous numbers € = 0.01, the hydroelastic
scattering and trapping phases disappear and we recover, as
expected, the in-plane circular motion. Overall our results
suggest the following trend: For small I', the transition from
circular motion to scattering and trapping occurs at smaller €
than for large I" (Figs. S4 and S5 in the Supplemental Material
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FIG. 2. (a) Chronophotographies of a puller-type microswimmer
moving near a deformable boundary: a hydroelastic trapping event.
The parameters are ¢ (0) = 0.027 and I' = 0.13. The trajectories are
color coded by time, where T = a/Uy. denotes the characteristic
swimming timescale. The swimmer’s orientation and the boundary
deformation are shown at selected times. (b) Phase diagram for a
puller as a function of its initial orientation ¥*(0) and FvK number
I'. Background colors indicate dv /dr at h;,. Black solid and dashed
lines correspond to the stable and unstable fixed points of du/dt,
respectively. The trajectory in panel (a) corresponds to the square in
the phase diagram. We use € = 0.1 in panels (a) and (b).

[52]). A substantial deformation seems to be necessary to
observe these intriguing dynamics.

Enhanced trapping of pullers. While we have established
a physical understanding of pusher-type microswimmers near
a deformable boundary, we further investigate pullers with
arp — —app (and keeping arp) in terms of a phase plot for
varying ¥ (0) and I". Most prominently, our results show that
pullers, which are slightly oriented away from the bound-
ary, exhibit enhanced overall trapping near the deformable
boundary (Fig. 2), in contrast to their scattering from a planar
wall. A typical trajectory is depicted in Fig. 2(a), indicating
that the pullers first swim away from the boundary, before
reorienting and moving towards it. In the trapping state, the
swimmer pulls the boundary up creating a hill as opposed to
the deformation produced by pushers.

The transition between trapping (J* = —m /2) to a scatter-
ing state can be captured again by the unstable fixed points of
the orientational dynamics d@# /dt at Ay, as indicated in Fig.
2(b). Thus, the hydroelastic reorientation is the key ingredient
for this intricate behavior, similar to the pusher case. We note
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that small deviations between simulation results and our pre-
diction arise at ' 2 1, which result from the fact that pullers
reorient further away from the boundary (at & 2 hpy;,) and not
near the boundary as pushers.

Summary and conclusions. Our study reveals a pro-
found impact of a deformable boundary on the dynamics of
microswimmers, giving rise to behaviors that are distinct to
motion near rigid walls. Using a perturbation theory, we find
that surface deformations can generate reorientations, effec-
tively scattering pusher-type microswimmers away from the
boundary, and can enhance the overall trapping of pullers.
Additionally, we observe that pushers, in certain parameter
regimes, become trapped near deformable boundaries.

Our results provide first insights into the role of hydro-
dynamics for experimental observations of the trapping of
active colloids [28,30] and bacteria [29] at the boundary of
vesicles. In qualitative agreement with the finding that longer
protrusions emerge for “flaccid” vesicles with low surface
tension [28], the trapping state in our work occurs for small
Foppl-von Kdrman numbers. Furthermore, active Janus col-
loids, with puller-like flow signature, have been shown to be
attracted towards deformable vesicles, which could be qual-
itatively explained by the enhanced hydrodynamic attraction
of pullers predicted by our model. Besides, our theory lays
the foundation for elucidating the emergence of collective
effects due to the hydroelastic coupling [28-31], in which
deformation due to one influences the behavior of all other
particles. This would thus complement recent simulations
on vesicle deformations due to “dry” active agents [59-61],
where hydrodynamics have not been accounted for to date.

In this work, we have considered an infinitely thin planar
elastic boundary with fluid on one side. A natural extension is

to include a preferred curvature or closed vesicle, resembling
experimental setups, or another fluid or a viscoelastic material
on the other side [37]. Insights come from theoretical work on
swimming objects near a deformable liquid-liquid interface,
which allows for in-plane flows [33,46]. For rigid slender
microswimmers, enhanced attraction has been observed at
long times [46], similar to our work. Furthermore, motion
of reciprocal squirmers has been found due to the interplay
of the timescales of the surface deformation and squirming
modes [33]. Yet, the stationary dynamics of microswimmers
near these interfaces, even in the far-field regime, as a func-
tion of material properties of the boundary remain to be
explored.

Additionally, the shape of the microswimmer, details of its
propulsion mechanism, short-range (steric) interactions [62],
and fluctuations at different levels, ranging from diffusion [63]
to tumbling dynamics [64—66], represent important aspects
that could be incorporated in our framework and are expected
to be relevant for the interactions of microswimmers with de-
formable boundaries in microbiological settings. In the future,
it will be important to develop numerical tools to ultimately
relax the assumption of small and instantaneous boundary
deformations and resolve the full nonlinear hydroelastic cou-
pling, which is expected to reveal more enriching dynamics of
the microswimmers.
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