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Preparing the Gutzwiller wave function for attractive SU(3) fermions on a quantum computer
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We implement the Gutzwiller wave function for attractive SU(3) fermion systems on a quantum computer
using a quantum-classical hybrid scheme based on the discrete Hubbard-Stratonovich transformation. In this
approach, the nonunitary Gutzwiller operator is decomposed into a linear combination of unitaries constructed
from two-qubit fermionic Givens-rotation gates, whose rotation angles are dictated by the auxiliary fields. We
develop and reformulate two complementary methods to perform the sum over these auxiliary fields. In the
first method, the Gutzwiller wave function is probabilistically prepared on the register qubits by projectively
postselecting the desired state via measurements of ancilla qubits. We analyze the success rate both analytically
and numerically as a function of the Gutzwiller variational parameter g for the Fermi-sea and BCS-like trial
states at half filling. The success rate is found to decay exponentially for small |g|, but remains finite in the
|g| → ∞ limit, with increasing |g|. In the second method, we employ importance sampling to address the
Gutzwiller variational problem, where the central objective is to estimate the expectation values of observables.
We demonstrate the proposed scheme by calculating the energy and triple occupancy of the attractive SU(3)
Hubbard model in the framework of digital quantum simulation. Moreover, we present experimental results
obtained on a trapped-ion quantum computer for the two-site attractive SU(3) Hubbard model, showing good
agreement with exact values within statistical errors.
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I. INTRODUCTION

Quantum computers can naturally access the exponentially
large Hilbert spaces that arise in quantum many-body systems,
which typically demand exponential computational resources
on classical computers [1,2]. With advances in quantum sim-
ulation algorithms [3–8], quantum computing has attracted
growing interest as a promising platform for studying strongly
correlated quantum systems. In particular, the variational
quantum eigensolver [9] and quantum imaginary time evolu-
tion [10,11] have emerged as prominent quantum algorithms
for obtaining ground and excited states. The success of these
variational approaches critically depends on the choice of the
initial state, highlighting the importance of physically moti-
vated state preparation schemes [12]. A conceptually simple
yet physically meaningful candidate is the Gutzwiller wave
function [13–15], which has been widely used in condensed
matter physics. It introduces a single variational parameter
that effectively captures electron correlation effects on top of
a trial state, such as a single Slater-determinant state [13].

Gutzwiller-type wave functions for two-component
fermions have been widely used to describe the ground states
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of various strongly correlated electron systems, including
the dimer model [16], the Haldane-Shastry model [17,18],
and t-J-type models [19–26]. In classical computation,
the Gutzwiller wave function can be straightforwardly
implemented by applying a basis transformation in the full
Hilbert space. In contrast, implementing a Gutzwiller-type
wave function on a quantum computer is significantly
more challenging due to the nonunitarity nature of the
Gutzwiller operator [27]. Nevertheless, several schemes
have been proposed to realize the Gutzwiller operator on a
quantum computer [12,27–30]. For instance, Mazzola et al.
employed a truncated expansion of the nonunitary factor to
evaluate energy expectation values [27]. Yao et al. utilized
an embedding approach that maps the interacting system to
a noninteracting quasiparticle model, enabling variational
energy minimization within the variational quantum
eigensolver framework [28]. Murta and Fernández-Rossier
designed a quantum circuit incorporating ancillary qubits to
probabilistically prepare the Gutzwiller wave function [12].
More recently, Seki et al. proposed a quantum-classical hybrid
framework based on the discrete Hubbard-Stratonovich
(HS) transformation, in which the Gutzwiller operator is
represented as a linear combination of unitaries at the cost of
introducing auxiliary fields [29].

Here, we extend the discrete HS transformation-based
scheme [29] to systems of interacting SU(3) fermions and
demonstrate its implementation on a quantum computer. In-
teracting SU(3) fermions have attracted significant attention
across diverse areas of physics, from high energy physics
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[31–33] to condensed matter systems and ultracold atomic
gases [34,35]. Specifically, ultracold fermionic 6Li atoms
confined in the three lowest hyperfine states can experimen-
tally realize SU(3) symmetry when the s-wave scattering
lengths are tuned to the same negative value [36–39]. Three-
component interacting fermion systems exhibit phenomena
that go beyond those observed in conventional electronic
systems, such as color superfluid and trionic states, as de-
scribed in the attractive SU(3) Hubbard model [40–48]. In
this context, the Gutzwiller wave function has been employed
to investigate quantum phase transitions in the intermediate
coupling regime, where perturbative methods fail [40,41].

More precisely, in this study, we extend the previous work
in Ref. [29] to prepare the Gutzwiller wave function for
the attractive SU(3) fermion Hubbard model on a quantum
computer. Our approach enables the representation of the
nonunitary Gutzwiller operator as a linear combination of
unitaries, allowing its implementation via quantum circuits
constructed from fermionic Givens-rotation gates. We develop
two complementary methods: a probabilistic state preparation
using ancilla-based postselection and a measurement-based
scheme leveraging importance sampling without the use of
ancillary qubit. These methods are validated through nu-
merical simulations of the attractive SU(3) Hubbard model
on one-dimensional chains and square lattices, and further
demonstrated through a proof-of-principle implementation
on a trapped-ion quantum computer for a two-site system.
Our results provide a practical framework for implement-
ing Gutzwiller-type variational states for multicomponent
fermionic systems on quantum hardware.

The remainder of this paper is organized as follows: In
Sec. II, we introduce the attractive SU(3) Hubbard model
and define the Gutzwiller wave function and Gutzwiller op-
erator. We also formulate the Gutzwiller variational problem
for a two-site system as a pedagogical example. We then
present the discrete Hubbard-Stratonovich transformation tai-
lored for the SU(3) interaction and outline the Jordan-Wigner
transformation used to map fermionic operators onto qubits.
In Sec. III, we detail two complementary implementation
strategies based on a linear-combination-of-unitaries circuit
and an importance-sampling-based evaluation of observables.
We highlight the conceptual differences between the present
scheme and the SU(2) case studied in Ref. [29], emphasiz-
ing the distinct structure of the SU(3) Hubbard interaction.
Numerical results for small clusters are provided for both
one-dimensional and two-dimensional lattices. We then focus
on a practical realization of our circuit for a two-site system
and execute it on both ideal and noisy quantum simulations,
as well as on a trapped-ion quantum device. In Sec. IV, we
summarize our findings and discuss prospects for scaling up
the approach to larger lattice systems.

II. MODEL AND FORMALISM

A. Attractive SU(3) Hubbard model

We consider the attractive SU(3) Hubbard model defined
on a lattice by the Hamiltonian

Ĥ = K̂ + UD̂, (1)

where

K̂ = −J
∑
〈i, j〉

3∑
α=1

(ĉ†
iα ĉ jα + H.c.) (2)

and

D̂ =
Nsite∑
i=1

∑
α<β

(
n̂iα − 1

2

)(
n̂iβ − 1

2

)
. (3)

Here, 〈i, j〉 denotes nearest-neighbor pairs of sites and α, β ∈
{1, 2, 3} are SU(3) color indices. The operator ĉ†

iα (ĉiα) creates
(annihilates) a fermion of color α at site i, and n̂iα = ĉ†

iα ĉiα

is the corresponding number operator. The parameter U < 0
denotes the on-site attractive interaction between fermions of
different colors. We set the nearest-neighbor hopping ampli-
tude J = 1 as the energy unit throughout this work. The total
number of lattice sites is denoted by Nsite.

B. Gutzwiller wave function

For the attractive SU(3) Hubbard model, the Gutzwiller
wave function was introduced in Ref. [40] and is defined as

|G〉 = P̂(g̃)|ψ0〉 =
Nsite∏
i=1

[1 + (g̃ − 1)n̂i1n̂i2n̂i3]|ψ0〉, (4)

where P̂(g̃) is the Gutzwiller operator and g̃ (� 1) is a varia-
tional parameter that enhances the weight of triply occupied
sites. When g̃ = 1, the Gutzwiller wave function reduces to
the trial state |ψ0〉, which is typically chosen to be a Fermi-
sea or BCS-like state. In the limit g̃ → ∞, the projection
strongly favors configurations with triply occupied sites, and
P̂(g̃)|ψ0〉 approaches a superposition of trionic states, where
three fermions of different colors form a bound composite
fermion (trion) [41].

To express the Gutzwiller wave function in terms of
density-density interaction operators, we introduce an alter-
native Gutzwiller operator defined as

Ĝ(g̃) =
Nsite∏
i=1

∏
α<β

(1 + (g̃ − 1)n̂iα n̂iβ ),

=
Nsite∏
i=1

[
1 + (g̃ − 1)

∑
α<β

n̂iα n̂iβ

+ (3(g̃ − 1)2 + (g̃ − 1)3)n̂i1n̂i2n̂i3

]
. (5)

Taking normalization into account, we define the normalized
Gutzwiller wave function as a variational state:

|ψg̃〉 = Ĝ(g̃)|ψ0〉√
〈ψ0|Ĝ(g̃)2|ψ0〉

, (6)

where |ψ0〉 is a normalized trial state. As with the wave
function |G〉 defined in Eq. (4), the state |ψg̃〉 reduces to the
trial state |ψ0〉 when g̃ = 1 and approaches a superposition
of trionic states in the limit g̃ → ∞. It should be noted that
Eqs. (4) and (5) are essentially equivalent. First, they share the
same limiting behavior: Both reduce to the unprojected state
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at g̃ = 1 and to a state dominated by trionic configurations
in the g̃ → ∞ limit. Moreover, the monotonic dependence on
g̃ is preserved in both cases. In Eq. (5), the additional two-
body terms, n̂i1n̂i2 + n̂i2n̂i3 + n̂i1n̂i3, enhance the amplitudes
of basis states with doubly occupied sites, which include the
trionic configurations. Since the attractive Hubbard interac-
tion energetically favors doublons, this enhancement does not
contradict the physical intuition. Furthermore, for sufficiently
large g̃, the amplitudes of trionic states become significantly
larger than those of doubly occupied (nontrionic) states, effec-
tively reproducing the behavior of Eq. (4). Thus, the difference
between Eqs. (4) and (5) is mainly relevant for values of g̃
slightly above 1.

Noting that

e−gD̂ = e−(3g/4)Nsite eg
∑

i,α n̂iα

Nsite∏
i=1

∏
α<β

e−gn̂iα n̂iβ (7)

and

e−gn̂iα n̂iβ = 1 + (e−g − 1)n̂iα n̂iβ (8)

for α �= β, we find that

Ĝ(g̃)|ψ0〉 ∝ e−gD̂|ψ0〉, (9)

as long as the total particle number is conserved and g =
− log g̃ (� 0). The operator e−gD̂ is particularly suitable for
implementation via the discrete HS transformation, as will be
discussed below. Therefore, in what follows, we adopt e−gD̂

as the Gutzwiller operator for the attractive SU(3) Hubbard
model and define the Gutzwiller wave function as

|ψg〉 = e−gD̂|ψ0〉√
〈ψ0|e−2gD̂|ψ0〉

, (10)

even when the trial state |ψ0〉 is not an eigenstate of the total
particle number operator, such as the BCS-like state intro-
duced in the next subsection.

C. Gutzwiller problem for the two-site model

We now demonstrate the Gutzwiller variational procedure
by explicitly deriving the variational energy for the two-site
attractive SU(3) Hubbard model at half filling.

We begin by considering the Fermi-sea trial state, i.e., the
ground state of K̂ :

|ψ0〉 =
3∏

α=1

1√
2

(ĉ†
1α + ĉ†

2α )|vac〉, (11)

where |vac〉 denotes the fermionic vacuum, satisfying
ĉiα|vac〉 = 0 for all i and α. Applying the Gutzwiller operator
to |ψ0〉 yields

e−gD̂|ψ0〉 =
√

1

4
e−(3/2)g|T 〉 +

√
3

4
e(1/2)g|D〉, (12)

where |T 〉 is the normalized superposition of the two triply
occupied states and |D〉 is that of the six doubly occupied
states. The action of K̂ on this state is given by

K̂e−gD̂|ψ0〉 = − 3J

√
1

4
e(1/2)g|T 〉

− J

√
3

4
(e−(3/2)g + 2e(1/2)g)|D〉. (13)

Thus, the expectation value of the kinetic term (up to normal-
ization) is computed as

〈ψ0|e−gD̂K̂e−gD̂|ψ0〉 = −3J cosh(g). (14)

The expectation value of the interaction term (up to normal-
ization) can be computed using the identity

〈ψ0|e−gD̂UD̂e−gD̂|ψ0〉 = −1

2
∂g〈ψ0|e−2gD̂|ψ0〉

= −1

2
∂g

(
1

4
e−3g + 3

4
eg

)
= −3

4
Ue−g sinh(2g), (15)

where ∂g denotes the partial derivative with respect to g, i.e.,
∂/∂g.

Therefore, the variational energy is given by

E (g) = 〈ψg|K̂|ψg〉 + U 〈ψg|D̂|ψg〉

= −12J cosh(g) − 3Ue−g sinh(2g)

e−3g + 3eg
. (16)

Solving the stationary condition ∂gE (g)|g=gopt = 0 yields the
optimal variational parameter,

e2gopt = 1

3J
(U + J +

√
(U + J )2 + 3J2). (17)

Substituting Eq. (17) into Eq. (16) gives the optimized varia-
tional energy:

E (gopt) = 1

2
(U − 2J − 2

√
(U + J )2 + 3J2), (18)

which exactly coincides with the ground-state energy of the
two-site attractive SU(3) Hubbard model at half filling.

Another choice of the trial state is the BCS-like state,
defined as [40,41]

|ψ0〉 =
∏
k<kF

ĉ†
k3

∏
k′

(uk′ + vk′ ĉ†
k′1ĉ†

−k′2)|vac〉, (19)

where u2
k = 1

2 (1 + εk/

√
ε2

k + �2) and v2
k = 1 − u2

k are the
BCS coherence factors, with εk = −J cos k and � being
the BCS gap parameter. Here, we implicitly assume that the
chemical potential is zero, which fixes the average number
of particles at half filling and thereby allows to disregard the
prefactor in Eq. (7). Using the Fourier transformation c†

kα
=

(1/
√

Nsite )
∑

i c†
iαeikri for each fermion color, the fermion cre-

ation operators at wave vectors k1 = 0 and k2 = π are given
by c†

k1,α
= 1√

2
(c†

1α + c†
2α ) and c†

k2,α
= 1√

2
(c†

1α − c†
2α ), respec-

tively. Note also that u2
k2

= v2
k1

, u2
k1

= v2
k2

, and uk1vk1 = uk2vk2 .
Since the explicit form of the Gutzwiller wave function |ψg〉
becomes quite cumbersome in this case, we present only
the expectation values of the Hamiltonian with respect to
e−gD̂|ψg〉:

〈ψ0|e−gD̂K̂e−gD̂|ψ0〉
= −3J cosh(g) + 4Ju2[cosh(g) + v2 sinh(g)] (20)

and

〈ψ0|e−gD̂UD̂e−gD̂|ψ0〉

= −3

4
Ue−g sinh(2g) + 2u2v2U cosh(g), (21)
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where u = uk1 and v = vk1 . In addition, the normalization
factor is given by

〈ψ0|e−2gD̂|ψ0〉 = 1

4
(e−3g + 3eg) − 4u2v2 sinh(g). (22)

Thus, the variational energy E (g,�) is obtained for the BCS-
like trial state. In the limit � = 0, we recover u = 0 and v =
1, and the energy expression E (g, 0) reduces to Eq. (16), as
expected.

D. Discrete Hubbard-Stratonovich transformation

In the SU(2) Hubbard model, the discrete HS transfor-
mation is used to decouple the density-density interactions
into exponentials of fermion number operators [49]. How-
ever, applying such a transformation to the SU(3) model
does not eliminate the sign problem in quantum Monte Carlo
simulations. Instead, we adopt an alternative discrete HS
transformation scheme [46]:

e−g[n̂iα−(1/2)][n̂iβ−(1/2)] = γ
∑

siαβ=±1

esiαβλ(ĉ†
iα ĉiβ−ĉ†

iβ ĉiα ), (23)

where siαβ (= ±1) is a discrete auxiliary field coupled to
on-site color-flip processes, γ = 1

2 e−g/4, and λ = arccos eg/2,
with the condition g < 0. Using this transformation, the
Gutzwiller operator can be rewritten as

e−gD̂ = γ 3Nsite

Nsite∏
i=1

∏
α<β

∑
siαβ=±1

esiαβλi σ̂ y
iαβ

= γ 3Nsite

Nsite∏
i=1

∏
α<β

(
eλi σ̂ y

iαβ + e−λi σ̂ y
iαβ

)
, (24)

where the factor of 3 arises from the number of unique
interaction pairs, and the color-flip operator is defined as
iσ̂ y

iαβ = ĉ†
iα ĉiβ − ĉ†

iβ ĉiα . This operator can be interpreted as
the y-component Pauli matrix acting in the two-dimensional
color subspace {α, β} at site i. As a result, the Gutzwiller
operator e−gD̂ is expressed as a linear combination of unitary
operators by summing over all auxiliary-field configurations
{si12, si13, si23}Nsite

i=1 .

E. Quantum circuit for the Gutzwiller operator

To simulate fermionic systems on a quantum computer,
we map fermionic operators to multiqubit operators. In this
paper, we adopt the Jordan-Wigner transformation to encode
the fermion creation and annihilation operators into qubit
operators as follows:

ĉ†
iα �→ 1

2

(
X̂iα − iŶiα

) ∏
j<iα

Ẑ j, (25)

ĉiα �→ 1

2

(
X̂iα + iŶiα

) ∏
j<iα

Ẑ j, (26)

where X̂ , Ŷ , and Ẑ are Pauli operators. The label iα is a
qubit index that corresponds to the fermion mode labeled
by site i and color α, and thus ranges from 1 to 3Nsite

for SU(3) fermions. We consider two schemes for assign-
ing qubit indices: one traverses the site index before the

color index and the other traverses the color index before
the site index. These are referred to as the color-uniform
labeling ({i1}Nsite

i=1 , {i2}Nsite
i=1 , {i3}Nsite

i=1 ) and the color-alternating la-
beling ({i1, i2, i3}Nsite

i=1 ), respectively [50]. It is straightforward
to verify that both labeling schemes preserve the canonical
anticommutation relations {c†

iα, c jβ} = δi jδαβ , {c†
iα, c†

jβ} = 0,
and {ciα, c jβ} = 0.

Using the Jordan-Wigner transformation, the fermion num-
ber operator is encoded as

ĉ†
iα ĉiα �→ 1

4

(
X̂iα − iŶiα

)(
X̂iα + iŶiα

) = 1

2

(
Î − Ẑiα

)
, (27)

where Î denotes the identity operator. Similarly, the fermion
hopping operator is mapped to a product of Pauli operators
(for i < j) as

ĉ†
iα ĉ jα + H.c. �→ 1

2

(
ŶiαŶjα + X̂iα X̂ jα

)
ẐJW,iα jα , (28)

where we have used the anticommutation relations for Pauli
matrices, such as {Ẑiα , X̂iα } = 0, and we defined the Jordan-
Wigner string ẐJW,i j = ∏

i<l< j Ẑl for notational simplicity.
Substituting these equations into the Hamiltonian in Eq. (1),
the kinetic and interaction terms become

K̂ �→ −J

2

∑
〈i j〉,α

(
X̂iα X̂ jα + ŶiαŶjα

)
ẐJW,iα jα (29)

and

D̂ �→ 1

4

Nsite∑
i=1

∑
α<β

Ẑiα Ẑiβ , (30)

respectively.
On top of this, the color-flip operators iσ̂ y

iαβ that appear
in the HS transformation [Eq. (23)] can be mapped via the
Jordan-Wigner transformation as (for α < β)

iσ̂ y
iαβ �→ i

1

2

(
X̂iαŶiβ − Ŷiα X̂iβ

)
ẐJW,iα iβ . (31)

Accordingly, the operators e±λi σ̂ y
iαβ in the Gutzwiller operator

[Eq. (24)] can be implemented as

e±λi σ̂ y
iαβ �→ exp

[
i
±λ

2

(
X̂iαŶiβ − Ŷiα X̂iβ

)
ẐJW,iα iβ

]
≡ f̂G iα iβ (±λ), (32)

where f̂G (λ) denotes the fermionic Givens-rotation gate, as
defined in Ref. [50]. As shown in Fig. 1(a), this gate f̂G iα iβ (λ)

can be decomposed into a standard Givens-rotation gate Ĝ
sandwiched between controlled-Z (CZ) gates:

f̂G iα iβ (λ) =
[ ∏

iα<l<iβ

ĈZ iβ l

]
Ĝ iα iβ (λ)

[ ∏
iα<l<iβ

ĈZ iβ l

]
, (33)

where

Ĝ iα iβ (λ) = exp

[
i
λ

2

(
X̂iαŶiβ − Ŷiα X̂iβ

)]
(34)

is the standard two-qubit Givens-rotation gate. In the compu-
tational basis (|00〉, |01〉, |10〉, |11〉), the matrix representation
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FIG. 1. (a) Decomposition of the fermionic Givens-rotation gate
f̂G i j (λ) into a product of CZ gates and a standard Givens-rotation
gate, as introduced in Fig. 4 of Ref. [50]. The qubit indicated by δi

refers to a qubit located between qubits i and j, adjacent to qubit
i. A solid line connecting two crosses denotes a SWAP gate. The
fermionic-SWAP gate is represented with symbol F . A solid line
connecting two dots denotes a CZ gate. (b) Decomposition of the
Givens-rotation gate Ĝi j (λ) into two CZ gates and eight single-qubit
rotation gates. Here, the single-qubit rotation gate Rz(θ ) is defined
as Rz(θ ) = e−iθ Ẑ/2, and other rotation gates are defined analogously.
(c) Schematic circuits, representing the Gutzwiller operator acting
on site i = 1, shown under the color-uniform and color-alternating
labeling conventions.

of this gate is given by

Ĝ iα iβ (λ) =

⎛⎜⎜⎝
1 0 0 0
0 cos λ − sin λ 0
0 sin λ cos λ 0
0 0 0 1

⎞⎟⎟⎠. (35)

The Givens-rotation gate Ĝiα,iβ (λ) can be further decomposed
into two CZ gates and single-qubit rotation gates, as illustrated
in Fig. 1(b). This decomposition is based on the identity

Ĝiα,iβ (λ) = R̂z,iα

(π

2

)
exp

[
−i

λ

2

(
X̂iα X̂iβ + ŶiαŶiβ

)]
R̂z,iα

(
−π

2

)
(36)

together with the standard decomposition of the XY -
interaction unitary exp[−i(λ/2)(X̂iα X̂iβ + ŶiαŶiβ )] presented in
Ref. [51].

Substituting Eq. (32) into Eq. (24) yields the Gutzwiller
operator as a linear combination of 23Nsite unitary operators:

e−gD̂ �→
∑
{siαβ }

Nsite∏
i=1

∏
α<β

γ f̂G iα iβ (siαβλ), (37)

where each unitary term is a product of fermionic Givens-
rotation gates. From this expression and Fig. 1(c), it becomes
evident that using the color-alternating labeling, {i1, i2, i3}Nsite

i=1 ,
lead to shorter Jordan-Wigner strings and fewer CZ gates
than using the color-uniform labeling. To take advantage of
this, we apply a sequence of adjacent fermionic SWAP (f-
SWAP) gates [52] on the quantum circuit to switch between
color-uniform and color-alternating labelings, immediately
before the block that implements the Gutzwiller operator. The
adjacent swaps required to convert between these labelings
can be determined via the bubble sort method, resulting in
a total of 3

2 Nsite(Nsite − 1) f-SWAP gates in this procedure.
In comparison, as shown in Figs. 1(a) and 1(c), under the
color-uniform labeling, the fermionic Givens-rotation gates at
each site require 6Nsite − 4 adjacent f-SWAP gates, resulting
in a total of Nsite(6Nsite − 4) f-SWAP gates.

III. IMPLEMENTATION ON A QUANTUM CIRCUIT

A. Approach I: linear combination of unitary operators

Evaluating Eq. (37) requires summing over all auxiliary-
field configurations, resulting in an exponentially large
number of terms in Nsite. Despite this complexity, we present
a first approach that directly realizes the linear combination
of unitary operators in Eq. (37) using 3Nsite ancillary qubits
on a quantum circuit. Following a similar strategy to that in
Ref. [29], each term of the form f̂G (λ) + f̂G (−λ) in Eq. (37)
can be implemented using two consecutive controlled- f̂G
(c- f̂G ) gates within a Hadamard-test-like quantum circuit,
as illustrated in Fig. 2(a). This construction can be further
simplified by replacing the pair of gates with a single f̂G gate
followed by a controlled- f̂G gate with double the rotation an-
gle, using the identity f̂G (λ) f̂G (λ′) = f̂G (λ + λ′). Using the
decomposition of f̂G gate from Fig. 1(a), the controlled- f̂G
gate can be implemented as a controlled-Ĝ gate sandwiched
by products of CZ gates. This makes use of the operator iden-
tity for controlled unitary operators: (c-ĈZ )(c-Ĝ )(c-ĈZ ) =
ĈZ(c-Ĝ )ĈZ [53]. Similarly, the controlled-Ĝ gate itself re-
quires only two CZ gates, one controlled-Rx (CRx) gate and
one controlled-Ry (CRy) gate, based on the decomposition
in Fig. 1(b). This approach avoids the need for the more
complex controlled-controlled-Ry gates that appear in other
commonly used gate decompositions [6]. In this setting, one
ancillary qubit is required for each pair of fermion colors per
site, resulting in a total of 3Nsite ancillary qubits. As will be
discussed below, this approach is probabilistic in nature. As
a concrete example, Fig. 2(b) explicitly shows the quantum
circuit that implements Eq. (37) for the case of Nsite = 2.

The following provides a detailed analysis of the final
quantum state and evaluates the success probability for gen-
erating the Gutzwiller wave function on a quantum circuit.
In the Hadamard-test-like setup, each ancillary qubit is ini-
tialized in the |0〉 state. After applying the first Hadamard
gate followed by a f̂G gate on the register qubits, the
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FIG. 2. (a) Quantum circuits for evaluating the linear combina-
tion f̂G (λ) + f̂G (−λ) using a Hadamard-test-like setup. H denotes
the Hadamard gate. Green triangles represent ancillary qubits initial-
ized in the |0〉 state and the yellow square indicates the measurement
in the Pauli basis. (b) Quantum circuit for generating the Gutzwiller
wave function |ψg〉 using 3Nsite ancillary qubits and 3Nsite register
qubits, shown for the case of Nsite = 2. The label iα refers to the
qubit encoding the fermion with color α at site i, based on the
Jordan-Wigner transformation. The ancillary qubits are initialized
in the |0〉 state, while the register qubits are initialized in the trial
state |ψ0〉, which is prepared using a separate circuit composed of
Givens-rotation gates.

system evolves into the state 1√
2
(|0〉 + |1〉) ⊗ f̂G |ψ0〉. The

subsequent application of the controlled- f̂G gate transforms
the system to 1√

2
(|0〉 ⊗ f̂G (λ)|ψ0〉 + |1〉 ⊗ f̂G (−λ)|ψ0〉). Fi-

nally, a second Hadamard gate is applied to the ancillary
qubit, yielding the state 1

2 |0〉 ⊗ ( f̂G (λ) + f̂G (−λ))|ψ0〉 +
· · · . Here, the ellipsis represents the components of the wave
function where the ancilla is in the state |1〉. Hence, the desired
operator

∏Nsite
i=1

∏
α<β ( f̂G iα iβ (λ) + f̂G iα iβ (−λ)) is successfully

applied to the trial state |ψ0〉 if and only if all 3Nsite ancillary
qubits are measured in the |0〉 state. The final state of the entire
system can be expressed as

|�〉 = |0 · · · 0〉 ⊗ 1

23Nsite

Nsite∏
i=1

∏
α<β

(
eλiσ̂ y

iαβ + e−λi σ̂ y
iαβ

)|ψ0〉 + · · · ,

(38)

where |0 · · · 0〉 denotes the product state in which all ancillary
qubits are in the |0〉 state. Using Eq. (37) and the Born rule,
the success probability of generating the Gutzwiller-projected
state in the SU(3) case is given by

p0 =
(

1

23Nsiteγ 3Nsite

)2

〈ψ0|e−2gD̂|ψ0〉

= e(3/2)gNsite〈ψ0|e−2gD̂|ψ0〉. (39)

Moreover, evaluating the logarithmic derivative ∂|g| log p0

provides further insight into the behavior of the success prob-
ability as a function of the site number Nsite and the variational
parameter g. From Eq. (39), we obtain

∂ log p0

∂|g| = 1

p0

(
−3

2
Nsite p0 + p0

〈ψ0|e2|g|D̂2D̂|ψ0〉
〈ψ0|e2|g|D̂|ψ0〉

)

= −3

2
Nsite + 2〈ψg|D̂|ψg〉. (40)

In the limit |g| → 0, the Gutzwiller wave function reduces
to the trial state |ψ0〉. For the Fermi-sea trial state at half
filling, the probability of finding two fermions with differ-
ent colors on the same site is given by 〈ψ0|niαniβ |ψ0〉 =
1
4 , implying lim|g|→0 〈ψg|D̂|ψg〉 = 0. Therefore, we find
lim|g|→0 ∂|g| log p0 = − 3

2 Nsite, which indicates that p0 de-
creases exponentially with Nsite in the small-|g| regime. On
the other hand, for the BCS-like trial state, two colors
form Cooper pairs while the third remains unpaired. This
can lead to a larger expectation value of D̂, as reflected
in Eq. (21). In the opposite limit |g| → ∞, the Gutzwiller
wave function projects onto triply occupied states, giving
lim|g|→∞ 〈ψg|D̂|ψg〉 = 3

4 Nsite. Substituting this into Eq. (40),
we obtain lim|g|→∞ ∂|g| log p0 = 0, implying that the success
probability p0 saturates in the large-|g| limit for both choices
of trial states.

Before proceeding further, we briefly review the algorithm
for preparing trial states using a sequence of Givens-rotation
gates Ĝ on a quantum computer, as described in Refs. [5,6].
For the Fermi-sea trial state |ψs〉, the creation operators can
be expressed as b̂†

j = ∑
k Qjkĉ†

k , where Q is an Nf by 3Nsite

matrix whose row vectors correspond to the eigenvectors of
the single-particle Hamiltonian K̂ . Let |ψs〉c and |ψs〉b denote
the many-body states constructed from the fermion creation
operators ĉ†

i and b̂†
j , respectively. The key idea is to find a

sequence of Givens rotations G that transforms the projector
matrix Q†Q into a diagonal form. Suppose that this is achieved
by transforming Q to V QG 1G 2 · · ·G n, where the basis trans-
formation V serves to eliminate the upper right elements of Q
[6]. Then, according to Ref. [6], the state |ψs〉c can be obtained
via

|ψs〉c = Ĝ 1Ĝ 2 · · · Ĝ n|ψs〉b, (41)

up to an overall phase. Both the Givens rotations G and the
state |ψs〉b are easily prepared in the computational basis.
Therefore, by applying the reversed Givens-rotation sequence
to |ψs〉b, we obtain the desired Fermi-sea trial state |ψs〉c

according to Eq. (41).
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FIG. 3. Success probability p0 as a function of the variational
parameter g for (a) one-dimensional chains with open-boundary con-
ditions and (b) a 2 × 2 square lattice. Open symbols correspond to
results using the Fermi-sea trial state, while solid symbols represent
results using the BCS-like trial state with �/J = 0.4. Note that the
success probability p0 decreases exponentially with the number of
lattice sites.

To prepare the BCS-like trial state defined in Eq. (19), we
introduce the BCS mean-field Hamiltonian:

ĤBCS = K̂ +
∑

i

(�c†
i1c†

i2 + H.c.). (42)

The target BCS-like trial state corresponds to the ground state
of ĤBCS and can be constructed using a sequence of Givens-
rotation gates, following similar procedures as in the case of
the Fermi-sea state. Specifically, the Slater determinant for
the color-3 fermion is prepared using the algorithm described
above, while the pairing state between color-1 and color-2
fermions is generated using the method proposed in Ref. [6],
which enables the preparation of arbitrary fermionic Gaussian
states.

In our numerical simulations, we compare the performance
of the Fermi-sea and BCS-like trial states using the first
approach, which involves an exact summation over all auxil-
iary fields on small lattice sizes. Figure 3 shows the success
probability p0 as a function of the variational parameter g
for different lattice geometries and sizes. The open symbols
correspond to results obtained with the Fermi-sea trial state,
while the solid symbols represent those using the BCS-like
trial state. As shown in Fig. 3, the success probability de-
creases exponentially from g = 0 and eventually saturates in
the large-|g| limit for both types of trial states, consistent with
the analytical behavior described in Eqs. (39) and (40). On
one-dimensional chains, the BCS-like trial state exhibits a
slightly slower decay of p0 compared to the Fermi-sea case.
In contrast, on a 2 × 2 square lattice, the Fermi-sea trial state
results in a slower decay, suggesting higher double occupancy,
likely due to finite-size effects (see Sec. III C for further dis-
cussions). Moreover, the BCS-like trial state introduces an
additional variational parameter �, which adds complexity
to the analysis. For these reasons, we primarily focus on the
Fermi-sea trial state in the remainder of this paper.

B. Approach II: importance-sampling method

The second approach aims to compute the expecta-
tion values of observables Ô, which are central to the
Gutzwiller variational calculation, without explicitly prepar-
ing the Gutzwiller wave function on a quantum computer.

Using Eq. (10), the expectation value with respect to the
Gutzwiller wave function can be written as

〈ψg|Ô|ψg〉 = 〈ψ0|e−gD̂Ôe−gD̂|ψ0〉
〈ψ0|e−2gD̂|ψ0〉

. (43)

After applying the HS transformation, both the numerator
and the denominator involve a summation over auxiliary-field
configurations. This allows the expectation value to be refor-
mulated as

〈ψg|Ô|ψg〉 =
∑

s

Ps〈Ô〉s, (44)

where s denotes a particular configuration of discrete auxiliary
fields.

The probability distribution Ps corresponding to configura-
tion s is given by

Ps = 〈ψ0|
∏

i esiαβ,2λi σ̂ y
iαβ

∏
j es jζη,1λi σ̂ y

jζη |ψ0〉∑
s′ 〈ψ0|

∏
i es′

iαβ,2λi σ̂ y
iαβ

∏
j es′

jζη,1λi σ̂ y
jζη |ψ0〉

, (45)

and importantly Ps > 0 for our choices of initial trial states.
Here, two sets of auxiliary fields, {s jζη,1} and {siαβ,2}, are
introduced by applying the HS transformation to |ψg〉 and
〈ψg|, respectively. The corresponding estimator 〈Ô〉s for the
observable Ô is given by

〈Ô〉s = 〈ψ0|
∏

i esiαβ,2λi σ̂ y
iαβ Ô

∏
j es jζη,1λi σ̂ y

jζη |ψ0〉
〈ψ0|

∏
i esiαβ,2λi σ̂ y

iαβ
∏

j es jζη,1λi σ̂ y
jζη |ψ0〉

. (46)

This expression can be interpreted as the matrix element cor-
responding to a component of the Gutzwiller wave function,
i.e., the two factors appearing in Eqs. (24) and (37). For no-
tational simplicity, we have omitted explicit product symbols
such as

∏
α<β and

∏
ζ<η in Eqs. (45) and (46), which denote

products over color index pairs (12, 23, and 13).
Using Eq. (32), the numerator of Ps, as well as the

denominator of 〈Ô〉s, can be mapped—after applying the
Jordan-Wigner transformation—as

〈ψ0|
∏

i

esiαβ,2λi σ̂ y
iαβ

∏
j

es jζη,1λi σ̂ y
jζη |ψ0〉

�→ 〈ψ0|
∏

i

f̂G iα iβ (siαβ,2λ)
∏

j

f̂G jζ jη (s jζη,1λ)|ψ0〉

:= 〈ψ0|D̂(s)|ψ0〉, (47)

where we define D̂(s) as the full sequence of fermionic
Givens-rotation gates corresponding to auxiliary-field config-
uration s. Similarly, the numerator of 〈Ô〉s transforms as

〈ψ0|
∏

i

esiαβ,2λi σ̂ y
iαβ Ô

∏
j

es jζη,1λi σ̂ y
jζη |ψ0〉

�→ 〈ψ0|
∏

i

f̂G iα iβ (siαβ,2λ)Ô
∏

j

f̂G jζ jη (s jζη,1λ)|ψ0〉

:= 〈ψ0|N̂ (s)|ψ0〉, (48)

where N̂ (s) denotes the operator sequence acting on |ψ0〉 in
the presence of observable Ô. Note that Eq. (48) reduces to
Eq. (47) in the special case Ô = Î .

The quantum circuit for preparing the state N̂ (s)|ψ0〉 for
the Nsite = 2 case, similar to that in Ref. [29], is shown in
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FIG. 4. Quantum circuit for preparing the state N̂ (s)|ψ0〉 for
Nsite = 2, corresponding to the numerator in Eq. (46). The shaded
region represents a sequence of fermionic SWAP gates used to con-
vert between color-uniform and color-alternating labelings. Note that
those fermionic SWAP gates before and after the observable Ô are
not necessary if Ô is defined in the color-alternating labeling.

Fig. 4. Here, we introduce f-SWAP gates to map between
color-uniform and color-alternating labelings. The matrix el-
ement 〈ψ0|N̂ (s)|ψ0〉 in Eq. (48) can be evaluated using the
Hadamard test. This is done by introducing an ancillary qubit,
modifying N̂ (s) into a controlled-N̂ (s) operator with control
on the ancilla, and applying appropriate basis transformation,
such as Hadamard gates, to the ancilla qubit before and after
the controlled operation. Importantly, in the controlled-N (s)
operation, the f-SWAP gates need not be controlled by the
ancilla qubit, since they appear symmetrically with their Her-
mitian conjugates and cancel out in the expectation value. In
fact, these f-SWAP gates can be removed when the observable
Ô is defined in the color-alternating labeling. The matrix el-
ement 〈ψ0|D̂(s)|ψ0〉 can be evaluated in the same manner by
replacing Ô with the identity operator Î in N̂ (s).

In this approach, the expectation value in Eq. (44) is eval-
uated via Monte Carlo sampling by generating a sequence
of auxiliary-field configurations s drawn from the probability
distribution Ps. To generate these configurations, we employ
the Metropolis-Hastings algorithm. Starting from a current
configuration s, a candidate configuration s′ is proposed
stochastically according to simple update rules, such as local
updates. A local update is defined as flipping a single auxiliary
spin, siαβ,τ → −siαβ,τ , within the current configuration. The
acceptance probability for the proposed move s → s′ is given
by p(s → s′) = min(1, Ps′/Ps). If the move is accepted, the
candidate configuration s′ is adopted for the next Monte Carlo
step; otherwise, the current configuration s is retained. In our
simulations, the auxiliary spins siαβ,τ are updated sequentially
in the order i = 1, 2, . . . , Nsite, αβ = 12, 23, 13, and τ = 1, 2.
A full cycle of such local updates constitutes one Monte Carlo
sweep. To ensure convergence of the Metropolis algorithm to
the equilibrium distribution, we discard the first Nw sweeps as
thermalization (or “warmup”) steps. Subsequently, measure-
ments of observables, such as Eq. (46), are performed after
each Monte Carlo sweep. The total number of measurements
is denoted by Nm.

We conclude this section by commenting on the prospect
of quantum advantage offered by approach II. As pointed
out in Ref. [29], this approach uses quantum circuits to
evaluate the expectation values in Eqs. (45) and (46), and

employs importance sampling to avoid the exponentially van-
ishing success probability in approach I when preparing the
Gutzwiller wave function. However, the quantum advantage
of approach II is not immediately evident. For reference states
such as Slater determinants and BCS-like states, or more gen-
erally, Pfaffians [54,55], the conventional variational Monte
Carlo method enables efficient computation of the Metropolis
ratio and observables [56]. Furthermore, in the absence of sign
problem for a suitable Hubbard-Stratonovich transformation,
the auxiliary-field quantum Monte Carlo (AFQMC) method
can evaluate expectation values with polynomial complexity
in Nsite [49]. Nonetheless, a key difference of the proposed
quantum approach is that the trial state can be readily gen-
eralized to classically intractable forms beyond a single Slater
determinant, which is difficult to handle efficiently in classical
methods.

C. Results on numerical simulations

To examine the two approaches for implementing the
Gutzwiller operator in the attractive SU(3) Hubbard model,
introduced in Secs. III A and III B, respectively, we per-
form numerical simulations of the quantum circuits shown in
Figs. 2(b) and 4. We evaluate the expectation values of several
observables with respect to the Gutzwiller wave function,
including the kinetic energy 〈K̂〉, the interaction energy U 〈D̂〉,
the total energy 〈Ĥ〉 = 〈K̂〉 + U 〈D̂〉, and the triple occupancy
〈P̂3〉 = ∑

i〈n̂i1n̂i2n̂i3〉, all as functions of g. Here, the triple
occupancy characterizes the formation of trions in the trionic
state, as each trion consists of three fermions with different
colors occupying the same site. After applying the Jordan-
Wigner transformation, the kinetic and interaction energies
are expressed in Eqs. (29) and (30), respectively. The triple
occupancy operator is transformed as

P̂3 �→ 1

8

Nsite∑
i=1

(
Î − Ẑi1

)(
Î − Ẑi2

)(
Î − Ẑi3

)
= 1

2

Nsite∑
i=1

(Î − c-ĈZ i ), (49)

where c-ĈZ i denotes the controlled-CZ operator acting on
the i1th, i2th, and i3th qubits. Note that the first line of
Eq. (49) corresponds to a sum of projectors onto the triply
occupied states:

∑Nsite
i=1 |111〉ii〈111|, where |111〉ii〈111| :=∏3

α=1 |1〉iα iα 〈1|. For the importance-sampling approach, the
Monte Carlo simulations are performed without encountering
the phase problem. The results are averaged over 16 indepen-
dent simulations, each using Nw = 2000 warmup sweeps and
Nm = 2000 measurement sweeps.

Figure 5 presents the results obtained using the Fermi-sea
state at half filling as the trial state |ψ0〉, for both a four-
site one-dimensional chain with open-boundary conditions
[Figs. 5(a) and 5(b)] and a 2 × 2 square lattice [Figs. 5(c)
and 5(d)]. Open symbols correspond to results obtained by
fully summing over all auxiliary-field configurations (ap-
proach I), while solid symbols denote results obtained using
the Monte Carlo importance-sampling method (approach II).
For reference, the corresponding exact solutions are also
shown by solid lines. The results clearly demonstrate that both

033290-8



PREPARING THE GUTZWILLER WAVE FUNCTION FOR … PHYSICAL REVIEW RESEARCH 7, 033290 (2025)

FIG. 5. Expectation values of [(a) and (c)] the total energy, ki-
netic energy, and interaction energy, and [(b) and (d)] the triple
occupancy per site as functions of g. Results are shown for [(a)
and (b)] a four-site one-dimensional chain with open-boundary con-
ditions and [(c) and (d)] a 2 × 2 square lattice for U = −1. The
Fermi-sea trial state at half filling is used. Open symbols represent
results obtained by fully summing over all auxiliary-field configu-
rations (approach I; see Sec. III A), while solid symbols are from
Monte Carlo sampling (approach II; see Sec. III B), with error bars
indicating statistical errors. Solid lines correspond to the exact solu-
tions. Note that, due to the scale of the plots, results from approaches
I and II are often indistinguishable.

approaches accurately reproduce the exact values (within the
statistical errors in the case of approach II).

As shown in Figs. 5(a) and 5(c), the total energy initially
decreases with increasing |g|, reaches a minimum (corre-
sponding to the ground-state energy), and then rises again as
|g| becomes larger. In Fig. 5(c), the interaction energy at g = 0
is nonzero, which is attributed to finite-size effects: The exact
solution shows that the interaction energy at g = 0 becomes
vanishingly small for systems with Nsite � 4 × 4. In Figs. 5(b)
and 5(d), the triple occupancy increases monotonically with
|g|, approaching the asymptotic value 0.5, which signals the
formation of trionic states. Notably, in Figs. 5(a) and 5(b),
while the importance-sampling method (approach II) suc-
cessfully reproduces the exact results, the statistical errors
associated with the interaction energy and the triple occu-
pancy are significantly larger than those for the kinetic energy.
In contrast, the corresponding statistical errors in Figs. 5(c)
and 5(d) are smaller than the symbol sizes, making them
practically invisible. Since the Nsite = 2 × 2 square lattice is
equivalent to a four-site one-dimensional chain with periodic
boundary conditions, this observation suggests that the rela-
tively large statistical errors in the open-boundary chain may
arise from boundary effects.

D. Results on quantum computer

While the proposed approaches accurately reproduce
the exact results on classical simulations, we now report

experimental implementations of our methods for the two-site
attractive SU(3) Hubbard model, using both quantum sim-
ulators and a real quantum device. Specifically, we employ
the Quantum Information Software Kit (Qiskit) [57,58] to
construct the quantum circuits and perform simulations using
the ideal simulator (aer_simulator) and the noise model cor-
responding to IBM Torino device (fake_torino). Furthermore,
we execute the circuits on the Quantinuum H1-1 trapped-ion
quantum computer using the t|ket〉 compiler [59].

The experiments on the Quantinuum H1-1 system were
carried out in May and June 2024. At the time, the H1-1
system featured 20 qubits and natively supported single-qubit
rotation gates as well as two-qubit ZZ phase gates, defined
as ZZPhase(α) = e−(1/2)iπαẐi Ẑ j , where α is a real-valued pa-
rameter. Importantly, these two-qubit gates could be applied
between any pair of qubits. The average gate infidelity was
approximately 0.002% for single-qubit gates and 0.1% for
two-qubit gates. State preparation and measurement (SPAM)
errors were around 0.3%. Further hardware specifications are
available in Ref. [60].

We begin by discussing the practical feasibility of the
two approaches for the two-site attractive SU(3) Hubbard
model. The importance-sampling method (approach II) em-
ploys simplified quantum circuits that do not require 3Nsite

ancillary qubits to evaluate the numerators and denominators
in Eqs. (44)–(46). In Ref. [29], the total number of auxiliary-
field configurations was only 16, allowing the summation to
be carried out manually. In contrast, in our model, the number
of configurations grows significantly, with a total of 212 =
4096 auxiliary fields. Furthermore, real quantum hardware
impose additional constraints, such as limited qubit connec-
tivity. As a result, implementing the controlled- f̂G operators
required for the Hadamard test may demand either the gen-
eration of a Greenberger-Horne-Zeilinger state across 3Nsite

ancillary qubits [61] or a carefully engineered sequence of
SWAP gates when using a single ancilla qubit.

On the other hand, the first approach (approach I) performs
the summation over all auxiliary-field configurations by posts-
electing the state where all 3Nsite ancillary qubits are measured
in |0 · · · 0〉, as described in Sec. III A. Although probabilistic,
this method achieves a success probability 0.1 for the two-site
model [see Fig. 3(a)], making it a practically viable strategy.
Accordingly, we demonstrate this first approach by explicitly
preparing the Gutzwiller wave function on a quantum com-
puter using a 12-qubit experiment.

Figure 6(a) shows the quantum circuit used to prepare
the Gutzwiller wave function and evaluate the expectation
value 〈Ô〉 of a given observable Ô. In the two-site case, the
Pauli X , Hadamard, and CNOT gates are employed to pre-
pare the Fermi-sea trial state for each fermion color, which
corresponds to a Bell state [29], as indicated by the gray-
shaded box in Fig. 6(a). The blue dashed box highlights a
sequence of fermionic Givens- and controlled-Givens-rotation
gates acting between two fermion colors. Each of these gates
is decomposed into a set of eight single-qubit rotations, two
CZ gates, and two controlled-R (CR) gates. Following the
Hadamard-test-like subcircuits, measurements are performed
on the six ancillary qubits, postselecting the state |0〉⊗6. Upon
successful postselection, the register qubits are projected into
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FIG. 6. (a) Quantum circuit for the Hadamard test used to evaluate 〈Ô〉 for the two-site attractive SU(3) Hubbard model. (b) Success
probability, (c) kinetic energy per site, (d) interaction energy per site, and (e) triple occupancy per site as functions of the Gutzwiller parameter
g. Numerical results from ideal (aer_simulator) and noisy (fake_torino) simulations are obtained using Nshots = 8192 shots per data point,
where the ancillary qubit is measured in the computational basis to estimate the expectation values. For the experiments on the Quantinuum
H1-1 system (H1-1 and H1-1 meas_all), the number of shots is fixed at Nshots = 256 per data point. The model parameter is set to U = −1 for
panels (b)–(e). For comparison, the exact solutions are also shown by solid lines.

the Gutzwiller wave function. It is worth noting that, in prin-
ciple, a single ancillary qubit could be reused 3Nsite times
to prepare the Gutzwiller wave function via repeated posts-
election. However, in our experiments, we use 3Nsite ancillary
qubits simultaneously in order to reduce SPAM errors.

It is important to note that for quantum devices with limited
connectivity, the circuit shown in Fig. 6(a) is better suited to
quantum hardware with a 2D square-lattice architecture, as
opposed to heavy-hex lattice designs. Nonetheless, we can
utilize the transpilation tools provided by Qiskit to automat-
ically adapt our circuit to the constraints of the fake_torino
backend, at the cost of introducing additional SWAP gates.
By contrast, the Quantinuum H1-1 system offers full all-to-all
connectivity by rearranging the physical location of qubits
[60,62], enabling direct compilation of the circuit into its
native gate set without requiring any additional SWAP gates.

Alternatively, instead of using the Hadamard test, one can
apply a direct measurement approach to evaluate expectation
values from the register qubits. Specifically, the kinetic energy
(interaction energy) can be obtained by measuring the register
qubits in the X and Y bases (in the Z basis), as described in
Eqs. (29) and (30). Note that the Jordan-Wigner string appear-
ing in Eq. (29) reduces to the identity operator because the

qubits are measured using the color-uniform labeling scheme
at the time of measurement. The corresponding results ob-
tained using this direct measurement strategy on the H1-1
system are referred to as “H1-1 meas_all” for comparison.

In Sec. III C, we computed the expectation values of ob-
servables with respect to the Gutzwiller wave function using
numerical simulations, where the number of measurement
shots was implicitly assumed to be infinity. In practice, how-
ever, the number of shots, Nshots, is finite and thus statistical
uncertainty arises due to shot noise [63]. In the following,
we describe how the success probability and the expectation
values of observables are evaluated under a finite number of
shots.

First, we describe how the success probability is evalu-
ated. For convenience, we define a projection operator P̂ :=
(|0〉〈0|)⊗6 ⊗ Î⊗6, where the first six qubits correspond to the
ancillary register. Let P ∈ {0, 1} denote the eigenvalues of P̂ .
The success probability is then estimated as

p̌0 = μ[P] := 1

Nshots

Nshots∑
c=1

Pc, (50)
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where the check accent (p̌0) indicates that this is an estimator
of the success probability p0 in Eq. (39). Here, μ[·] denotes
the sample mean and Pc = {0, 1} is the projective measure-
ment outcome for shot c: Pc = 1 if the six ancillary qubits are
measured in the state |000000〉, and Pc = 0 otherwise. The
sample variance of the estimator is given by

var[P] = μ[P2] − (μ[P])2 = p̌0 − p̌2
0, (51)

where we have used the identity P2 = P . The standard error
due to shot noise is then given by εμ[P] = √

var[P]/Nshots.
Next, we explain how observables Ô ∈

{X̂iα X̂ jα , ŶiαŶjα , Ẑiα Ẑiβ } are evaluated using the Hadamard
test. To this end, we introduce a Pauli operator acting
on an additional ancillary qubit, Ẑ = Ẑ ⊗ Î⊗12, and let
Z ∈ {+1,−1} denote the eigenvalues of Ẑ . The expectation
value of the observable is then estimated via the Hadamard
test as

〈Ô〉 = μ′[Z] := 1

N ′
shots

N ′
shots∑

c=1

Zc, (52)

where Zc ∈ {+1,−1} represents the outcome of measuring
the ancillary qubits in the states |0000000〉 and |0000001〉 for
the cth shot. Here, we have introduced the effective number of
shots

N ′
shots = p0Nshots, (53)

which corresponds to the number of shots in which the
Gutzwiller wave function is successfully prepared on the reg-
ister qubits. Note that first six zeros in the bitstring outcomes
|0000000〉 and |0000001〉 indicate the successful preparation
of the Gutzwiller wave function, while the last bit (0 or 1)
corresponds to the measurement outcome of the additional
ancillary qubit in the computational basis. The associated
variance is given by

var′[Z] = μ′[Z2] − (μ′[Z])2 = 1 − 〈Ô〉2, (54)

where Z2 = 1 is used. The standard error of the sample mean
is then calculated as εμ[Z] = √

var′[Z]/N ′
shots. In our experi-

ments, we reuse the first ancillary qubit for the Hadamard test,
as shown in Fig. 6(a).

Figures 6(b)–6(e) summarize the outcomes of the quan-
tum circuits executed on the ideal simulator, noisy simulator,
and the Quantinuum H1-1 system, in comparison with the
exact results. While the results obtained from the ideal sim-
ulator show excellent agreement with the exact solutions,
the raw data from the fake Torino backend exhibit notice-
able discrepancies. To mitigate such systematic errors, the
phase-and-scale error mitigation technique is commonly em-
ployed [29,64,65]. In contrast, the raw data from the H1-1
system closely match the exact results within the error bars,
demonstrating its ability to reliably prepare the Gutzwiller
wave function and to solve the Gutzwiller problem. As noted
above, the average single- and two-qubit gate infidelities in
the Quantinuum H1-1 system are about 0.002% and 0.1%,
respectively [60], whereas for the fake Torino backend, the
corresponding values are around 0.04% (single-qubit) and
0.6% (two-qubit) [66]. These observations suggest that the
good agreement between the raw experimental results and
the exact solutions can be attributed not only to the all-to-all

connectivity of the Quantinuum system, but also to its excep-
tionally low gate infidelities.

On another note, as indicated by the second line of Eq. (49),
the circuit for the Hadamard test used to evaluate 〈P̂3〉 in-
volves the implementation of a controlled-controlled-CZ gate,
which is compiled to 50 ZZPhase gates. This is in contrast
to 39 ZZPhase gates required for evaluating other observ-
ables such as 〈K̂〉 and U 〈D̂〉 [59], and it leads to noticeable
deviations from the exact results due to increased gate infi-
delities. Alternatively, as indicated by the first line of Eq. (49),
the direct measurement strategy requires only a final mea-
surement of all the qubits in the computational basis and
uses 37 ZZPhase gates for each observable listed above.
This approach yields comparatively more accurate values of
〈P̂3〉, as shown in Fig. 6(e). In this sense, the Hadamard test
does not offer a clear advantage over direct measurement
for the observables considered here, even though it gener-
ally requires fewer measurements per circuit. However, the
Hadamard test becomes essential when evaluating dynami-
cal quantities such as dynamical correlation functions [64],
out-of-time-ordered correlation functions [67], and Loschmidt
amplitudes [61,63], as these involve expectation values of
unitary but non-Hermitian operators.

Moving forward, we analyze the scalability of the quantum
circuit in terms of the number of CNOT gates required to
generate the Gutzwiller wave function for larger lattice sys-
tems. When implementing the Gutzwiller operator, the basic
structure involves Hadamard-test-like variants using f̂G and
controlled- f̂G gates, where the gate decompositions shown
in Figs. 1(a) and 1(b) are employed. This results in the ad-
dition of 8 CZ, 3 CRx, and 3 CRy gates per site. The CNOT
gate count required to decompose each of these gates is as
follows: 1 for CZ, 2 for CRx, 2 for CRy, and 3 for SWAP
gate [29]. Therefore, for a lattice system with Nsite sites, the
Gutzwiller operator requires a total of 20Nsite CNOT gates. In
addition, initializing the Fermi-sea trial state requires at most
3
4 N2

site Givens rotations [6], which translates to 3
2 N2

site CNOT
gates. This is comparable to the 6Nsite(Nsite − 1) CNOT gates
required for the f-SWAP operations that transform between
color-uniform and color-alternating labelings. In total, the es-
timated CNOT gate counts for the 6Nsite-qubit quantum circuit
is given by 15

2 N2
site + 14Nsite.

Finally, let us provide a rough estimate of the quantum re-
sources. To be specific, we estimate the quantum resources by
accounting for error mitigation through division by the circuit
fidelity: 〈Ô〉mit = 〈Ô〉raw f −1, where 〈Ô〉raw and 〈Ô〉mit are the
raw and mitigated expectation values of Ô, respectively, and Ô
is assumed to be traceless. Here, f denotes the circuit fidelity
[68]. Let δOraw and δOmit be the statistical uncertainties of
the raw and mitigated expectation values, respectively. Given
that δOraw ∼ N ′−1/2

shots , it follows that δOmit ∼ N ′−1/2
shots f −1, where

N ′
shots is the effective number of shots defined in Eq. (53). To

obtain the mitigated expectation values with a target statisti-
cal error δOmit ∼ ε, the required number of shots scales as
Nshots ∼ O(p−1

0 f −2ε−2). Concretely, let us consider a system
of Nsite = 16. The dimension of the full Hilbert space for the
SU(3) fermion model is 248, and the linear-combination-of-
unitaries circuit involves 96 qubits and approximately 2144
two-qubit gates. Assuming that the dominant source of error
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arises from the two-qubit gates, with an average gate infidelity
of 0.1%, the overall circuit fidelity, in the worst case, can
be estimated as f = 0.9992144 ≈ 0.1. Note that, in general,
the effective number of two-qubit gates contributing to the
circuit fidelity depends on both the circuit structure and the
observable, and is often smaller than the total number of two-
qubit gates within the causal cone [69]. Therefore, the above
estimate of f ≈ 0.1 should be regarded as a worst-case sce-
nario. It should be noted that p0 decreases exponentially with
Nsite, potentially rendering experiments impractical for larger
systems. Nonetheless, as suggested by Eq. (40), using a cor-
related initial state |ψ0〉 that includes multiple occupancy can
lead to a slower decay and, hence, a larger success probability.
This improvement may enhance the feasibility of preparing
the Gutzwiller wave function on a quantum computer for
larger lattice systems.

IV. CONCLUSION AND DISCUSSION

In summary, we have generalized a quantum-classical hy-
brid scheme for preparing the Gutzwiller wave function to
attractively interacting SU(3) fermions. For SU(3) fermions,
the nonunitary Gutzwiller operator is expressed as a linear
combination of fermionic Givens rotations between differ-
ent fermion colors, derived by introducing discrete auxiliary
fields through a variant of the Hubbard-Stratonovich transfor-
mation tailored to the attractive SU(3) Hubbard interaction.
We have reformulated two complementary approaches for
summing over the auxiliary-field configurations. The first is
a probabilistic method that uses ancillary qubits in a linear-
combination-of-unitaries circuit to probabilistically prepare
the Gutzwiller wave function on a quantum computer. The
second is a stochastic method based on importance sampling,
which evaluates the expectation values with respect to the
Gutzwiller wave function without preparing the wave function
itself on the quantum hardware. We tested both approaches
on small systems and computed physical observables, in-
cluding the energy and triple occupancy, as functions of the
Gutzwiller variational parameter. Furthermore, we experi-
mentally demonstrated the first approach on a trapped-ion
quantum computer for the two-site attractive SU(3) Hubbard
model, obtaining success probabilities and energy values that
quantitatively agree with the exact results.

The present experimental results demonstrate the ca-
pability of currently available quantum computers to

probabilistically prepare the Gutzwiller wave function for
attractive SU(3) fermions using the first approach. We note
that this approach can be readily extended to systems away
from half filling, without requiring significant modifications
to the quantum circuit. Although we have not yet reached
classically intractable lattice sizes, we expect that the pro-
posed algorithm will be useful for preparing the Gutzwiller
wave function for attractive SU(3) fermions on a quantum
computer, particularly when initial states with higher multiple
occupancy are employed. Future extensions of the present
experiments to larger lattices, aiming to investigate pairing
and trion formations in attractive SU(3) fermion models, will
be a promising direction of research. The extension to other
types of Hubbard-Stratonovich transformations introduced in
the AFQMC studies [70–73] is another possible route to
explore the applicability of the current scheme. We further
emphasize that achieving practical quantum advantage will
likely require the preparation of more sophisticated trial states,
for example, by employing tensor-network-based automatic
quantum circuit encoding algorithms [74–77] to construct and
optimize parameterized quantum circuits [78].
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