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Quantum reservoir computing for realized volatility forecasting
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Recent advances in quantum computing have demonstrated its potential to significantly enhance the analysis
and forecasting of complex classical data. Among these, quantum reservoir computing (QRC) has emerged as a
particularly powerful approach, combining quantum computation with machine learning for modeling nonlinear
temporal dependencies in high-dimensional time series. As with many data-driven disciplines, quantitative
finance and econometrics can hugely benefit from emerging quantum technologies. In this work, we investigate
the application of QRC for realized volatility forecasting. Our model employs a fully connected transverse-field
Ising Hamiltonian as the reservoir with distinct input and memory qubits to capture temporal dependencies. The
QRC approach is benchmarked against several econometric models and standard machine learning algorithms.
The models are evaluated using multiple error metrics and the model confidence set procedures. To enhance
interpretability and mitigate current quantum hardware limitations, we utilize wrapper-based forward selection
for feature selection, identifying optimal subsets and quantifying feature importance via Shapley values. Our
results indicate that the proposed quantum reservoir approach consistently outperforms benchmark models across
various metrics, highlighting its potential for financial forecasting despite existing quantum hardware constraints.
This work serves as a proof of concept for the applicability of quantum computing in econometrics and financial
analysis, paving the way for further research into quantum-enhanced predictive modeling as quantum hardware

capabilities continue to advance.
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I. INTRODUCTION

Quantum mechanics promises to enhance computing ca-
pacity in a fundamental way [1-3]. In recent years, quantum
computers, albeit with severe limitations, are rapidly emerg-
ing in various physical platforms including superconducting
qubits [4-7], ion traps [8—11], Rydberg atoms [12,13], pho-
tonic setups [14,15], nitrogen vacancy centers in diamond
[16], and topological qubits [17]. While near-term quantum
computers have demonstrated quantum supremacy over their
classical counterparts, they suffer from various imperfec-
tions such as finite coherence time and a limited number of
qubits [18]. Therefore, many algorithms with proven quan-
tum advantages cannot be implemented on noisy near-term
quantum computers. A natural emergent question is—can
near-term quantum computers be used for machine learn-
ing? The advent of variational quantum algorithms [19] and
related quantum approximate optimization algorithms [20]
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are attempts to answer this question where they have been
adapted to solving problems in a truly diverse array of disci-
plines, including molecular simulations [21,22], biology [23],
or particle physics [24]. In parallel, methods of classical
time series analysis like Crutchfield computational mechanics
framework [25,26] have also been shown to be improved by
quantum encodings that reduce model complexity [27]. Quan-
tum computing methods are also starting to become important
for modern quantitative finance problems like asset pricing
[28], portfolio optimization [29,30], credit sales classification
[31], risk management [32], and loan eligibility prediction
[33], among others. See Refs. [34-36] for recent surveys.
The key approach behind these algorithms is to optimize a
parametrized quantum circuit to optimize the loss function in
an iterative way like a classical neural network [19]. However,
there is a different paradigm of classical machine learning,
namely, reservoir computing [37], which does not seek to op-
timize the parameters of a neural network, and training takes
place only at the final output layer. While this approach to
machine learning has transformed time series modeling, it still
operates in the realm of classical computing [38,39]. Quantum
versions of this approach are particularly promising for near-
term quantum computers and have been proposed with various
underlying platforms like disordered spin chains [40], quan-
tum optical energy levels [41], spin-boson platforms [42],
or superconducting devices [43] for some mathematical and
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physical problems. They are exceptionally useful for time-
series forecasting, as demonstrated with canonical models like
Mackey-Glass [44] and autoregressive moving average [45].
Thus, it is natural to ask whether quantum reservoir comput-
ing (QRC) can be useful for accurate forecasting of real-world
financial time series data.

Volatility modeling is a fundamental aspect of financial
econometrics, essential to understand and manage the un-
certainty or risks associated with financial markets. Accurate
modeling and forecasting of volatility are crucial for various
applications, including risk management, portfolio optimiza-
tion, and derivative pricing [46,47]. Given its critical role,
developing robust volatility forecasting models has been a
major focus of financial research. While traditional models
such as generalized autoregressive conditional heteroskedas-
ticity (GARCH) [48] and its standard extensions are widely
used, their reliance on low-dimensional parametric recursions
for conditional variance, typically linear in squared returns,
imposes strong functional restrictions. These constraints may
limit their ability to flexibly represent complex nonlinear
and multiscale volatility dynamics governing realized volatil-
ity (RV) at medium and long horizons. Recognizing these
limitations, subsequent research has emphasized the impor-
tance of understanding the distribution of realized stock
return volatility for more effective financial analysis, as high-
lighted by Andersen et al. [49]. Furthermore, econometric
analysis of realized volatility, particularly its application in
estimating stochastic volatility models, has provided crucial
insights into the behavior of financial time series, as demon-
strated by Barndorff-Nielsen and Shephard [50]. To address
some of the shortcomings of traditional models, the het-
erogeneous autoregressive (HAR) model [51] was developed,
offering a more nuanced approach by incorporating realized
volatility over different time horizons, thus providing a more
accurate and comprehensive measure of market risk. Its vari-
ations, including HAR with jumps and continuous HAR [52],
semivariance-HAR [53], and HAR with realized quarticity [54],
further enhanced its ability to capture different aspects of mar-
ket volatility. The nonlinear and often non-Gaussian nature
of financial data has driven researchers to explore more so-
phisticated approaches, such as machine learning techniques
to capture complex relationships that traditional econometric
models may miss [55-63]. In the realm of realized volatility
forecasting, machine learning models have shown promising
results. While some studies found machine learning mod-
els to perform similarly to or slightly worse than traditional
HAR-family models [64—67], others reported significant im-
provements using machine learning approaches [58,61,68].
For instance, Christensen et al. [68] applied machine learning
to volatility forecasting, demonstrating that these models can
significantly improve prediction accuracy, especially when
combined with macroeconomic variables. Similarly, Zhang
et al. [69] explored the integration of machine learning
with intraday commonality, further enhancing the precision
of volatility forecasts. Reference [58] also demonstrated the
effectiveness of long short-term memory (LSTM) neural net-
works in forecasting monthly S&P 500 realized volatility,
and have found strong links between volatility and macroe-
conomic factors, paving the way for more advanced machine
learning applications in this field. The importance of capturing

the multifaceted nature of volatility is underscored by the
work of Ghysels et al. [70], who emphasized the value of
high-frequency data for more accurate volatility estimation.
By leveraging data sampled at different frequencies, their
approach offers a richer understanding of market dynamics,
which is crucial for effective risk management and portfolio
allocation. Recent reviews, such as the one by Gunnarsson
et al. [71], have highlighted the growing role of machine
learning in volatility modeling, particularly in the prediction
of realized and implied volatility indices. These advancements
underscore the trend toward more data-driven approaches in
finance, which offer superior adaptability to the complexi-
ties of modern financial markets. Among machine learning
algorithms, recurrent neural networks and their variant, LSTM
networks, have shown particular success in modeling time
series data due to their inherent ability to capture tempo-
ral dependencies. Recurrent neural networks are designed to
recognize patterns in sequences of data by maintaining a hid-
den state that is influenced by previous inputs, making them
ideal for time-dependent data such as financial time series
[58,72,73].

This work introduces an approach using QRC for realized
volatility forecasting of the S&P 500 index. QRC, an exten-
sion of classical reservoir computing, has been chosen for
this study due to its ability to efficiently process temporal
data on near-term quantum computers [40], while maintaining
a low training cost and providing a state space that grows
exponentially with the number of qubits to capture features.
QRC models harness quantum features to enhance the pre-
diction power of time series data. They utilize the dynamics
of fixed quantum systems known as the “reservoir.” Unlike
conventional neural networks, in reservoir computing, the
parameters of the reservoir are not trained, and the learning
procedure takes place at the final output layer after performing
measurements [74]. This makes reservoir computing particu-
larly advantageous for tasks requiring the capture of temporal
dynamics without the heavy computational burden associ-
ated with training traditional neural networks. QRC extends
this concept into the quantum domain, leveraging quan-
tum states to enhance computational power and efficiency.
This approach can be promising for volatility forecasting,
where capturing complex, time-dependent relationships is
critical [40,75-80]. Such quantum reservoir platforms have
already been conceptualized in various atomic and spin lat-
tices [40,77,81] as well as photonic platforms [76,82,83].
It is of particular interest to note that very recent results
on reservoir computing already hint that quantum proper-
ties may lead to fast and reliable forecasts with smaller
resources [84]. We aim to showcase the proof of concept
and capability of quantum machine learning in real-world
time series analysis, particularly in financial forecasting. We
benchmark our quantum model against several classical mod-
els, including the HAR and HARX models, as well as traditional
neural network algorithms. By leveraging a comprehensive
set of features, including market microstructure and macroe-
conomic variables, we explore whether quantum nonlinear
models can more effectively capture the intricate relation-
ships governing market volatility. Prior research, such as
that by Alaminos et al. [85] and Thakkar et al. [79], has
demonstrated the potential of quantum machine learning in
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financial forecasting, suggesting that quantum models may
eventually outperform classical machine learning algorithms,
particularly when dealing with large datasets and complex
patterns.

The paper is organized as follows. Section II outlines the
classical models, including traditional regression methods and
machine learning models, for realized volatility forecasting.
Section III demonstrates our method of volatility forecasting
with QRC. If you are not familiar with quantum comput-
ing, Appendix A gives a brief discussion of the principle of
quantum computing, bridging concepts from both financial
econometrics and quantum computing to facilitate interdisci-
plinary understanding. Section IV compares our results with
other volatility forecasting strategies, before concluding dis-
cussions in Sec. V.

II. TECHNICAL BACKGROUND

This paper lies at the intersection of three different sub-
jects, namely, econometrics, machine learning, and quantum
computation. In this section, we provide a brief overview
of the former two subjects for physicists, introducing the
concepts and methodologies that we will use later. For non-
physicists, we include an appendix on quantum computation
preliminaries as well as a notation table. Depending on their
expertise, the readers can skip the following subsections.

A. Classical models for realized volatility forecasting

Stock market volatility is an important economic factor that
reflects the risk of investment at a given time. The concept
of realized volatility, formally introduced by Andersen and
Bollerslev [86], marked a significant advancement in volatility
measurement by providing an accurate, model-free estimate
utilizing high-frequency financial data. Realized volatility,
RV,, at time ¢, is defined as the square root of the sum of
squared returns within a given time interval:

N,

r?,,  and we model In(RV,), (1)
i=1
where r; , represents the return on the day i within period ¢ and
N; indicates the number of observations (e.g., trading days)
in that period. Autoregressive (AR) models and their various
extensions have since become essential tools for modeling
and forecasting realized volatility due to their computational
simplicity and effectiveness as baseline methodologies in time
series analysis. Although traditional AR models effectively
capture short-term volatility dependencies, they often fail to
reflect the long-memory characteristics typically present in
volatility dynamics. To overcome this limitation, the HAR
model proposed by Corsi [51] incorporates realized volatil-
ity at multiple time horizons, thus effectively capturing both
persistence and scaling features. The general form of the HAR
model is expressed as the following:

RV, = By + BRV,), + BuRV{"] + B, RV[") + &, (2)

t—

where RV, RV™), and RV") represent realized volatility
averages computed over daily, weekly, and monthly horizons.

The coefficients B,, B, and B, measure the contributions of

these short-term, intermediate-term, and long-term volatility
components to the current volatility level. The parameter &,
is the residual term assumed to follow a conditionally het-
eroskedastic process, with E[¢,|7;—;] = 0 and Var (g, |F;—;) =
0,2, where F;_; denotes the information set available at time
t — 1. This specification allows the HAR model to capture
volatility at multiple frequencies, accommodating heterogene-
ity in market participants’ investment horizons. The model
assumes weak stationarity of the log-volatility series and se-
rially uncorrelated errors. Estimation is typically performed
via ordinary least squares on the log-transformed realized
volatility series to stabilize variance and reduce the impact of
heteroskedasticity. For statistical inference, heteroskedasticity
and autocorrelation-consistent standard errors are employed
following Newey and West [87], ensuring robustness to serial
correlation and time-varying error variance.

To incorporate exogenous macroeconomic and financial
variables, we adopt a monthly version of the HAR model,
resulting in a HARX specification that captures realized
volatility dynamics at multiple timescales and permits addi-
tional predictors. Specifically, we define the monthly HARX
model as

1 3
RV, =fo+ IRV, + B 5 ;RVH

12 k
1

where RV, _; represents the monthly realized volatility lagged
by one month, capturing short-term dynamics; % Z?zl RV,_;
and 1—12 Z:il RV,_; represent the quarterly and annual re-
alized volatility averages, respectively; and X;_, denotes
the vector of macroeconomic and financial features avail-
able at lag k, with corresponding coefficient vector .
Residual diagnostics and model stability tests are per-
formed to ensure robustness. The HARX model serves as a
high-performing linear benchmark, capturing persistence at
different time horizons while allowing flexible enhancement
through X;.

However, linear models such as the HAR may still fall
short in capturing the nonlinear dynamics inherent in financial
time series. This limitation has motivated the development of
more advanced models, such as the realized GARCH model
by Hansen et al. [88], which integrates realized measures
into the GARCH framework, and extensions of the standard
HAR framework designed to accommodate nonlinearities and
regime-switching behaviors [64,89]. More recently, hybrid
approaches combining HAR structures with advanced method-
ologies, such as neural networks and regularization-based
procedures (e.g., least absolute shrinkage and selection opera-
tor or elastic net), have further enhanced forecast performance
and adaptability in high-dimensional settings [66].

Machine learning techniques, briefly discussed later in
this section, offer promising alternatives due to their abil-
ity to effectively capture complex nonlinear relationships
without requiring explicit parametric functional forms. Mod-
els like LSTM networks and reservoir computing (RC) have
demonstrated effectiveness in financial forecasting tasks
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FIG. 1. Schematic of various machine-learning paradigms. (a) Traditional feedforward neural networks, where W;,, {W;}, and W, are the
trainable weight matrices for the input layer, hidden layer(s), and output layer, respectively. Noticeably, the information flows unidirectionally
layer by layer from the input to the output. (b) LSTM networks are a special form of the recurrent neural network architecture. LSTM introduces
two key states as cell state ¢; for long-term memory and hidden state h; for short-term memory. In addition, LSTM layers utilize additional gates
to control which information in the hidden state is output and passed to the next hidden state. These additional gates overcome the common
issues recurrent neural networks face in learning long-term dependencies. (c) Reservoir computing is a computational framework that inputs x;
at each step are mapped to a high-dimensional space by a fixed random W,,. The hidden states k, evolve dynamically through a fixed random
reservoir W,, which models the system’s temporal dependencies. Notably, both Wi, and W, are randomly initialized and remain fixed throughout
the process, while only the output weights matrix W, is trainable. This feature make reservoir computing efficient for handling time series
and dynamic system tasks, requiring minimal training effort.

[90,91]. Incorporating exogenous variables leads to exten- 1. Feedforward neural networks
sions such as long short-term memory with exogenous
features (LSTMX) and reservoir Computing with Exogenous
features (RCX), enhancing forecast performance by utilizing
additional information.

Feedforward neural networks are the simplest type of arti-
ficial neural network, consisting of an input layer, an output
layer, and one or more hidden layers that connect the input
layer to output layer [see Fig. 1(a)]. The term “feedforward”
indicates that the architecture of these networks relies on
transforming inputs into outputs through a series of opera-
) o ) tions, where each operation involves multiplying the input by

Machine learning involves the development of algorithms  ; \ejoht matrix and applying an activation function. Specifi-
and statlstlgal models that gllow systems to .perform specific cally, consider the output of the /th layer, denoted as A, such
tasks effectively by analyzing data, identifying patterns, and that the input of the network is represented as ho = x, and

making predictions. The artificial neural network [92], as the final output is & = §. For the /th layer in the feedforward
one of the most powerful algorithms in machine learning, is neural networks, the output takes the form

widely used in many domains, including image recognition,
natural language processing, recommendation systems, pre-
dictive analytics, and time series processes. hi =F Wihi—1 + by), )

B. Machine learning preliminaries
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where W, is the weight matrix, b; is the bias vector, and F (-) is
a certain activation function. The overall mathematical model
of feedforward neural networks is a nested composition of
these computations, where the output k; of each layer serves
as the input of the next layer. Because there are no cycles
or loops in the networks, the information flows strictly in
a single direction: from the input node, through the hidden
nodes, and to the output nodes [see Fig. 1(a)]. Training for
a neural network is based on a set of labeled data {(x;,y;)},
where x; and y; represent input and output, respectively. We
train the weight matrices {W;},; as well as the bias vectors {b;},
so that for any input data x;, the corresponding output of the
neural network J; closely approximates the real label y;. This
is accomplished by minimizing a loss function such as

L= min 12@1» -5 )

Wi.bi} n

where n is the size of the training set. Feedforward neural
networks are well suited for tasks where each input is indepen-
dent of the others, such as image classification or regression.
However, they are not ideal for tasks that require capturing
temporal or sequential dependencies.

2. Long short-term memory neural networks

For addressing tasks with spatiotemporal dependencies, it
is often necessary to utilize information from past data to
make accurate predictions about future results. For example,
when reading an article, the meaning of each word is inter-
preted based on the understanding of the preceding words.
LSTM networks [72] address this problem by introducing a
specialized architecture designed to capture both short-term
and long-term dependencies in sequential data. Unlike stan-
dard recurrent neural networks, which rely solely on a hidden
state h, to carry forward information, LSTM introduces an
additional cell state ¢,, which serves as long-term memory.
The cell state enables LSTM to selectively retain or discard
information over time. At each time step, as Fig. 1(b) shows,
the LSTM cell receives the following inputs:

(1) Hidden state h,_;: The short-term memory from the
previous time step.

(2) Cell state ¢;,_;: The long-term memory from the previ-
ous time step.

(3) Current input x,: The input in the current time step.

The operation of the LSTM cell can be described in terms
of three different gates: (1) forget gate; (2) input gate; and (3)
output gate [see Fig. 1(b)]. The forget gate determines which
parts of the previous cell state ¢;_; should be “forgotten”
or retained. It uses a sigmoid activation function to produce
values between O (completely forget) and 1 (completely keep)
for each element, defined as

S, = sigmoid(Wy[h,_1, x,] + by), (6)

where W, is the weight matrix for the forget gate, by is the
bias term, and f, is a vector whose elements take values
between 0 and 1. The input gate determines which parts of the
current input x, should be added to the cell state ¢,. It has two
components, a sigmoid layer to decide which values to update
and a tanh layer to create candidate values to potentially add

to the cell state ¢,, for which formulas are defined as
i; = sigmoid(W;[h;_1, x;] + b;),
¢; = tanh(W.[h;_1, x;] + b.), @)

where i, is the input gate output, a vector of values between 0
and 1, and ¢, is the candidate cell state. The information from
the forget gate and the input gate is used to update the cell
state ¢;, as

ct:ft®ctfl+it®z;ts (8)

where © is the element-wise multiplication operator. As a
result, ¢, contains a nonlinear combination of the input state
x, and the previous input data. The output gate determines the
vector o; that is a nonlinear function of the hidden state h,_,
as well as the input x; as

0, = sigmoid(Wo[h;—1, x;] + b,). €))

The next hidden state A, is then determined through combina-
tion of o, and the cell state c; as

h; = o; ® tanh(c;). (10)

In general, the output §, is a function of h, as y, = g(h,),
where g(-) depends on the specific problem. Training is car-
ried out by optimizing a loss function, of the form of Eq. (5),
which aims to minimize the difference between , and the real
output y,. During the training procedure, the weight matrices
{Wr, Wi, W, W, } and bias vectors {by, b;, b, b,} are all trained
and updated iteratively [see Fig. 1(b)]. The LSTM architecture
uses gating mechanisms [see Fig. 1(b)] to regulate informa-
tion flow and gradient propagation [72], effectively mitigating
vanishing and exploding gradients common in standard recur-
rent neural networks and enabling the retention of long-term
information. These characteristics make LSTM widely used
in fields such as natural language processing and time-series
prediction.

3. Classical reservoir computing

In the early 2000s, echo state networks [37] and liquid state
machine [93] were independently proposed as the seminal
approach of the time series model, which are grouped into
the framework of classical reservoir computing. Reservoir
computing models share the common principle of using a
“reservoir,” comprising W, (the recurrent weight matrix) and
Wiy (the input-to-reservoir weight matrix), to project inputs
into a high-dimensional feature space. This transformation en-
ables the effective capture of complex patterns, relationships,
and temporal dynamics in the data. Unlike conventional neural
networks, reservoir computing does not train weight matrices
W, and W, and bias vectors b. Instead, these parameters are
randomly initialized and remain fixed during training. A sim-
ple and trainable readout mechanism, i.e., linear regression, is
then used to generate information for this high-dimensional
representation. In the whole reservoir computing process,
only the weights Wy, in the linear regression layer are
trained, significantly reducing training cost. The mathematical
representations of these models can be expressed as

h =1 —a)h_y +F Whi— + Winx, + b),
Vi = Wouh;, (11)
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FIG. 2. Quantum reservoir computing schematic. The task is to forecast RV, based on the past information of features x at discrete time
from 7—3 to t—1. The quantum reservoir consists of two subsystems, the input qubits p; for inputting features and the hidden qubits p, for
hidden state, composed of n; and n, qubits, respectively. In the first, the feature variables x,_3 are encoded into the input qubits via single-qubit
gates Ry (x;_3) applied on |0)®"1, Therefore, the input density matrix is given as p;(x;_3). The hidden state at first is initialized as p,(t—3) =
|0)(0|®"2. Thus, the quantum reservoir state is given by p;(x;_3) ® p(t—3). The state evolves under the action of the Hamiltonian H for time 7,
described by e~"#7. To update the hidden state for the next step, the input n; qubits are discarded such that the hidden state is given by a partial
trace as p,(#—2). This process continues until all features from #—3 to t—1 have been encoded within the quantum reservoir. After processing
all features, measurements on Pauli-Z basis of all qubits are performed to read out useful information from the quantum reservoir, yielding the
expectation value (Z;), for the jth qubit. These expectation values collectively form the readout vector mf” =[Z\)ss .., (Zy 4ny) ). Alinear
regression model is used to predict ﬁ\\f, based on this readout vector as li\\/', = Womm,(') , where W, is a weight matrix trained using the ridge

regression method.

where h, represents the hidden state at time ¢t and « is the leak
rate, a hyperparameter controlling the update speed of hidden
state [see Fig. 1(c)].

Since only W, needs to be trained, reservoir computing is
highly suitable for deployment in artificial or natural physical
systems characterized by high dimensionality and nonlinear
transformations. To date, reservoir computing has been widely
implemented in various systems, such as cellular automata
[94,95], coupled oscillators [96], analog circuits [97,98], op-
tical node arrays [99-101], and biological organization [102].

III. QRC FOR REALIZED VOLATILITY FORECASTING

By harnessing the unique properties of quantum me-
chanics, such as superposition and entanglement, quantum
computing demonstrates a quantum advantage in solving spe-
cific problems, including integer factorization [103], random
circuit sampling [4], and quantum simulation [104]. These
achievements identify quantum computing as a powerful
method for information processing and thus drive researchers
to explore more fields that might benefit from quantum
computing. A natural extension of the quantum comput-
ing application is the investigation of reservoir computing
with quantum systems. Fujii and Nakajima took the first
theoretical step by proposing disordered quantum spin en-
sembles as reservoirs [40], which has since been extended
to photonic [76,82,105], nonlinear oscillator [41], and neutral
atomic Rydberg array [106] platforms. In terms of physical
implementation, nuclear-spin-based reservoirs [107] as well
as superconducting qubit platforms such as IBM [108] have
already been successful in demonstrating various aspects of

reservoir computing. See Ref. [109] for a more detailed recent
overview.

Here, we introduce a QRC approach (see Fig. 2) based on a
qubit system driven by a fully connected transverse-field Ising
model as a reservoir. The quantum reservoir consists of two
subsystems: (1) input qubits, whose quantum state is shown
as py, for encoding variables; and (2) hidden qubits, whose
quantum state is shown as pj, to store past information to
predict future outcomes. The whole reservoir is controlled by
fully connected Hamiltonian H that is given by

H=Y JiXX;+v) 7
ij i

where X; and Z; are the Pauli operators acting on ith qubits
(see Table IV for the definition of Pauli matrices), v is the
strength of the magnetic field that is used as the unit of energy
and thus set to be v = 1, and finally J;; are exchange cou-
plings between qubits i and j that are randomly sampled from
Jij/v € [0, 1]. After being randomly initialized, the Hamilto-
nian H is fixed throughout the process, similar to a classical
reservoir.

As shown in the leftmost part of Fig. 2, the state of the
ensemble quantum system is initialized as |0) at the beginning
of the QRC process:

12)

p1 ® py = 10)(01*™ @ 10) (0], 13)

where n; and n, are the respective sizes of the input and
hidden subsystems, which can be adjusted for different tasks.
In this paper, we consider n; + n, = 10, which is a more
accessible size on current quantum computers.
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TABLE I. Economic variables used in this study. Unless otherwise stated, equity data refer to S&P 500 index.

Variable Symbol Description
Realized volatility RV The natural log of the square root of the sum of squared daily returns for a month

RV(q and RVa, respectively, represent the quarterly and annual realized volatility averages.
Dividend yield ratio Dp Dividends over the past year relative to current market prices
Earning-price ratio EP Earning over the past year relative to current market prices index
Market excess return MKT Fama-French’s market factor: return of U.S. stock index minus the one-month T-bill rate
Value factor HML Fama-French’s HML factor: average return on value stocks minus growth stocks
Size premium factor SMB Fama-French’s SMB factor: average return on small-cap stocks minus large-cap stocks
Short-Term Reversal STR Fama-French’s STR: average return on stocks with low prior minus high prior returns
Factor
T-bill rate TB Three-month T-bill rate
Monthly inflation INF US monthly inflation rate
Default spread DEF Estimate the credit risk
Monthly Industrial IP Monthly growth rate of U.S. industrial production

Production Growth Rate

The goal in this paper is to predict RV, by using past k steps
features, i.e., the time series x;_y, . .., X;_1}. For convenience
of notation, we denote x;,_; = [X,_.1, X—k.2, - - .,x,_k,nl]T,
where each element x,_;; represents the ith economic fea-
ture at time step ¢+ — k. For example, the input vector x,_;
may contain three input data at time ¢t — k such as realized
volatility RV,_;, Dividend Yield (DP;_;) ratio, and Earning-
Price (EP,_;) ratio (note that all external features used in
this paper are defined in Table I). In this situation, x;_; =
[RV,_¢, DP,_i, EP,_(]7 contains three input features. In this
work, we limit k£ = 3; that is, we consider the memory depth
for learning to be only three steps. Although generalizing
to other memory depths is straightforward and it may ap-
pear that considering large memories may yield better results,
one must also consider the fact that larger memory depths
require deeper quantum circuits. Given the finite coherence
times available in near-term quantum devices, this trade-off
quickly becomes considerable. As we shall see, our choice
of k =3 already yields a satisfactory predictive accuracy.
Note that all features are scaled between [—m, +m], ful-
filling the requirement of the Ry gate. The input vectors
{x;—3,x,_5,x,_1} are fed into the reservoir model sequen-
tially. The reservoir performs an iterative loop consisting of
three steps:

Step I: Encoding input data x;_3. The classical variables
x;_3, assumed to have n; features, are encoded to the input
qubits of the quantum reservoir through phase encoding, i.e.,
single-qubit rotation gates around the Y direction, such that
the input state is given by

[¥1(x,—3)) = Ry (x,-3)|0)®",

np .
where  Ry(x,—3) = R)e 2 7, (14)
j=1

Rotation encoding is a common choice for near-term quantum
hardware because it is easy to implement and embeds classical
features into quantum states via parametrized single-qubit ro-
tations, thereby effectively leveraging the continuous degrees
of freedom of a qubit state. Therefore, the input density matrix
is given by p;(x;—3) = |¥(x,—3)) (¥ (x,—3)|. The hidden n,

qubits (the total reservoir thus consists of n; + n, qubits) at
this stage are initialized as

pn(t = 3) = [|0)(0]]®". s5)

Thus, the collective input state of the quantum reservoir state
is given by p;(x;—3) ® p;(t—3). Then, the whole reservoir
evolves under the action of the Hamiltonian H for a specific
time 7, described by U = e~"f7. The evolution scrambles the
input data x;_3 across the entire reservoir. Note that since the
reservoir is a fully connected graph we set T = 1/v, which is
enough to guarantee that the information is scrambled across
the whole system. Following this, while the original n; qubits
are discarded, the quantum state of the hidden n, qubits carry
this information forward to the next step. The quantum state
of the hidden qubits after discarding the input qubits now
becomes

ot = 2) = Tr[U (D) pr(x:—3) ® pu(t = 3V (2)],  (16)

where Tr;[-] represents partial trace over all the n; input
qubits.

Step I1: Encoding input data x; _,. After discarding the input
n; qubits at the end of the last round, we replace them with
fresh n; qubits with the encoding

|1 (x,—2)) = Ry (x,-2)|0)®™,

n .
where Ry (x,_2) = R)e 2 V. (17)
j=1

Therefore, the state of the whole reservoir becomes
pr(x;—2) ® pp(t—2). Similar to the previous step, the whole
system undergoes another evolution for time t that scrambles
the input data x,_, across the reservoir. Once again, the n;
input qubits are discarded and the quantum state of the hidden
qubits is naturally updated to

on(t — 1) = T [U (D) pr(x—2) @ put —2)IUT(T)].  (18)

Step IlI: Encoding input data x;_, and final measurement.
Similar to the previous step, the n; input qubits are replaced
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by fresh qubits to encode the input data x,_; as

[¥1(e-1)) = Ry (x,-1)[0)°™,

np

where Ry (xi—1) = (e 7. (19)
j=1

The state of the whole reservoir thus becomes p;(x,_1) ®
pr(t—1). Again, the whole system evolves freely for time
that scrambles the input data x,_; across the whole reservoir.
At this stage, no qubit is discarded and all of them are mea-
sured in the Pauli-Z basis. The expectation of measurement
outcomes of qubit j is given by

(Zj)e = THU (D)1 1) © pult — DIV (0)Z;]. (20)

At any given step t, the measurement outcomes on all
the qubits form a vector mgl) =[{Z)e, ..., (anJrnz)T]T. The
training is performed on these measured data, just as the
classical reservoir learning. This is accomplished by a linear
regression that is used to approximate RV, by

RV, = Woum!", 1)

where Wy, is a weight matrix that has to be trained. If we con-
sider the loss function as mean squared error (MSE), defined
as

T
1 ——
MSE = TEZI:(RV, —RV,)%, (22)

then the weight matrix takes an analytical form given by the
ridge regression as

Wou = RV M (MM +61) ", (23)

where M|, =[..., mt(l), R m(TI)], 1 is the identity matrix, and
8 = 1078 is a small number that is used to guarantee that the
matrix is nonsingular. We call this model as quantum reservoir
1 (QR1), since here we only use one quantum reservoir. See
Appendix B for more information.

Furthermore, to obtain richer information from the quan-
tum reservoir, we adopt the ensemble reservoir approach [40].
In this approach, at any given step ¢ apart from the measure-
ment outcomes m, ', one can use another reservoir that is
almost identical to the previous setup except that the evolution
at step III is run for a time duration of t/2, instead of T
(see Fig. 3).

The ensemble of these two reservoirs are combined
to make a larger vector mfz) =[{Zi)es - s Zpjimy)es
(Zi1)ej2s - -s (Zn1+nz)f/2]T, where (Z;).;,» represents the
measurement of the Pauli operator Z; in the second reservoir
setup in which the last evolution is run for time t/2, as
schematically shown in Fig. 3. We call this model quantum
reservoir 2 (QR2), which is expected to be more precise
than the QR1 as it uses twice as much resources. It is worth
noting that, in the simulation stage, we directly compute
the measurement outcomes of the quantum system. In
an actual experiment, however, one must perform many
repeated measurements (shots) and use their average as the
output. Recent studies [110] have shown that, as the system
dimension increases, QRC may suffer from an exponential

E | E B E EH E D
S ~ = -~ = ~
530) RO L0 ) R R C | R NS
~— —/ @
— (/) (7)) @
1} |
@
N ) =]y @
— ~—/ @

FIG. 3. Ensemble reservoir. The ensemble reservoir approach
repeats the procedure twice, with the final step running the quantum
dynamical evolution for times T and /2 in two separate ensembles,
respectively. This is referred to as QR2 in this work, contrasted with
QR1 not employing ensemble learning.

concentration of measurement results toward a value that
is independent of the input. Concretely, the variance of
measurement outcomes across different input variables can
decay exponentially to zero. As a result, an exponential
number of shots would be required to reliably distinguish the
outputs corresponding to different inputs, which undermines
the potential advantage of QRC. In our approach, by contrast,
the QRC system is kept at a fixed size (ten qubits), so this issue
does not arise (see Appendix C for more information). The
measurement outputs corresponding to different inputs still
exhibit sufficiently large variance, indicating that our scheme
does not require an excessive number of measurements to
obtain accurate output estimates.

IV. EMPIRICAL ANALYSIS

In this section, we present the empirical findings of our
study, with a focus on the performance of quantum algorithms
in forecasting the realized volatility of the S&P 500 index.
We begin by detailing the dataset and the variables used,
which include monthly realized volatility, as well as a set
of macroeconomic and financial features. Following this, we
outline the fitting procedure for competing models, both clas-
sical and quantum, and describe the training and evaluation
methodologies applied.

A key technical contribution of this study lies in our ap-
proach to feature selection within the quantum framework. To
optimize the set of features for the QRC models, we employ
a forward selection method, a wrapper-based approach that
incrementally identifies the most impactful features. This pro-
cess enables the model to systematically build an optimal fea-
ture set by evaluating the performance impact of each addition
of variables. Furthermore, to assess the relative importance of
each selected feature, we utilize the Shapley value, a method
grounded in game theory that fairly distributes the contribu-
tion of each feature across different model configurations.
The use of Shapley values provides valuable information on
the explanatory power of individual features, enhancing the
interpretability of the forecast results of the QRC model.

Finally, we analyze the predictive performance of the mod-
els, comparing them based on accuracy metrics and statistical
tests. This comprehensive evaluation demonstrates the effec-
tiveness of the QRC approach in capturing the complex and
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FIG. 4. Time series of the logarithm of monthly realized volatil-
ity data for the S&P 500 index. Data are taken from Yahoo Finance’s
API [111] between January 1950 and December 2017.

nonlinear dynamics of financial market volatility, underscor-
ing its potential advantages over classical models in volatility
forecasting.

A. Data

For this study, we utilize a dataset comprising monthly
observations of realized volatility for the S&P 500 index,
covering the period from February 1950 to December 2017,
resulting in a total of 815 data points. This approach aligns
with that of Bucci [58], who employed a similar time frame
to assess the performance of neural network models in fore-
casting realized volatility. Our primary variable of interest,
realized volatility (RV,), provides a foundational measure of
market uncertainty. As illustrated in Fig. 4, realized volatility
exhibits significant variability over time, reflecting alternating
phases of market turbulence and stability. Capturing these
dynamics accurately is critical for financial decision-making
and risk management.

To facilitate robust comparison, we align our study with the
data and sample period used by Bucci [58]. This alignment en-
ables a direct and fair comparison between our QRC approach
and established neural network models while maintaining
consistency in data characteristics and market environments.

Beyond realized volatility, we include a set of macroe-
conomic and financial variables known to capture important
economic forces and market behavior. Research has shown
that adding these features can significantly enhance the perfor-
mance of volatility forecasting models. For example, Schwert
[112] and Engle et al. [113] demonstrate that indicators such
as inflation rates (INF) and industrial production growth (IP)
provide an essential context about the state of the broader
economy, improving a model’s reliability in forecasting fi-
nancial volatility. Similarly, valuation measures such as the
dividend-price ratio (DP) and the earnings-price ratio (EP)
reflect market expectations and investor sentiment, providing
valuable predictive power by signaling changes in expected
returns and market risk [114]. Additionally, market-based
factors derived from the Fama-French model [115,116], in-
cluding market excess returns (MKT), value factor (HML),
size premium factor (SMB), and short-term reversal factor
(STR), capture critical aspects of equity market dynamics,
offering insights into investor behavior and systematic market
risk. The inclusion of financial indicators such as the three-

month Treasury Bill Rate (TB) and Default Spread (DEF)
further enhances the predictive framework by incorporating
measures of interest rate and credit risk conditions.

Including these diverse factors aligns with the findings of
Bucci [58], Christensen et al. [68], and Zhang et al. [69], who
showed that combining macroeconomic and financial vari-
ables with machine learning models significantly enhances
both explanatory power and forecasting accuracy. By incor-
porating this set of features into our QRC framework, we aim
to capture the multifaceted drivers of market volatility. This
approach is expected to not only improve forecast precision
but also yield deeper insights into the complex interplay be-
tween financial markets and economic fundamentals.

Table I provides a detailed summary of the features uti-
lized in our study, consistent with the variables commonly
employed in prior research.

B. Training and benchmarking

We employ our quantum reservoir models QR1 and QR2
to predict realized volatility. To assess their performance,
we conduct a comprehensive benchmarking study against es-
tablished classical models. In particular, we compare QRC
models QR1 and QR2 with the classical linear models AR1
(which is AR with memory of one previous step), AR3 (which
is AR with memory of three previous steps), ARMAX, HAR,
and HARX as well as the nonlinear machine learning based
methods LSTM, LSTMX, RC, and RCX; see the relevant parts
of Sec. II for a short introduction to these models. For all
models, including classical models and QRC, we employ
a rolling-window approach to estimate and train the mod-
els, optimize their parameters, and perform one-step-ahead
and five-steps-ahead out-of-sample predictions. Rolling rees-
timation at each monthly step is consistent with standard
out-of-sample evaluation practices in the volatility forecasting
literature, ensuring alignment with recent information and
accommodating structural change [58,117-119]. This design
promotes comparability across models by isolating learn-
ing effects from differences in estimation windows and is
particularly important for monthly realized volatility, which
reflects aggregated market activity and is influenced by slowly
evolving macroeconomic regimes. Without regular updating,
parameter estimates may become obsolete in the presence of
structural breaks. Our approach, therefore, maintains regime
adaptiveness while avoiding excessive sensitivity to high-
frequency noise. While our study uses monthly updates to
maximize predictive accuracy for benchmarking, a lower rees-
timation frequency could be adopted in industrial settings to
enhance stability and ease of debugging.

The initial training window spans February 1950 to June
1997 (approximately 571 months). After training and optimiz-
ing these models on the initial window, we generate a forecast
for the next out-of-sample month (August 1997). Subse-
quently, the rolling window advances by one month, using
data from March 1950 to August 1997 to predict Septem-
ber 1997. This process continues iteratively, rolling through
all 245 out-of-sample observations, spanning from August
1997 to December 2017. During this process, all models are
reestimated at each step to ensure optimal performance for the
rolling window.
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Among the classical linear models that we use, AR1, AR3,
ARMAX, HAR, and HARX are estimated using ordinary least
squares or maximum likelihood methods, depending on the
structure of the model. In addition, the machine learning based
LSTMX model is implemented with two layers of LSTM cells.
The hidden state size is set to 60 for the LSTM model and 50
for the LSTMX variant. After that, a linear regression is used to
transform the output of LSTMX into the prediction of RV,. The
model parameters are optimized using the ADAM optimizer,
with a learning rate of 0.001, the batch size of 64, and 100
epochs. For the classical reservoir computing models (RC and
RCX), the reservoir consists of 50 hidden neurons for RC and
20 hidden neurons for RCX. The leak rate, which controls the
speed at which the state of the reservoir evolves, is set at
0.6. The spectral radius, which influences the stability and
nonlinearity of the reservoir, is fixed at 0.9. The input scaling,
which is a coefficient applied on W, is set at 0.1. The readout
matrix Wy, responsible for mapping the reservoir states to
the output, is estimated using ridge regression to mitigate
overfitting and improve generalization. All machine learning
hyperparameters, including architecture choices and training
settings, are selected using time-series-aware cross-validation
procedures within the training window to ensure generaliza-
tion and robustness (see Appendix D for more information).

For QRC, taking into account the current limitations of
quantum devices, we used a quantum reservoir with ten qubits
(comprising both input and hidden qubits such that n; + n, =
10) and three layers, which means that features that lagged as
t—1,t—2,and t — 3 will be used to predict RV,. As men-
tioned before, we implement two QRC models, QR1 and QR2.
QR1 does not utilize the ensemble reservoir approach, while
QR2 incorporates an additional reservoir to enhance computa-
tional capacity (see Fig. 3). The quantum reservoir outputs,
corresponding to evolved quantum states driven by lagged
input encodings, are used as nonlinear regressors in a regu-
larized linear model estimated via ridge regression. In both
quantum reservoir models, the weight matrix Wy, is estimated
using ridge regression, as given in Eq. (23). Implementation-
wise, we consider 100 different quantum reservoir instances
and train and evaluate each of them separately. We then select
the best-performing quantum reservoir and report the results.
Similarly, for LSTM, we test multiple hyperparameter configu-
rations and report the best-performing results for presentation.
Notice that we are reporting the best-performing results for
both LSTM and QRC; hence, QRC does not specifically gain any
unfair advantage.

C. Closed-loop prediction of multistep future outcomes

So far, we have focused on the prediction of outcomes that
are only one step ahead of the input. In other words, all models
are trained under a one-step open-loop setting: The model
inputs are ground-truth values, and performance is evaluated
against the ground truth. For example,

RV, = f(RV, 3,Xs,_3, RV, 2, X5, 2, RV, |, Xs5,_1),

where X s denotes other (exogenous) variables (see Table I). If
a model name does not include the X suffix, then Xs is empty
(i.e., no exogenous variables are used). This is called open-
loop strategy in which historic data are used for predicting

one step ahead. However, one might be interested to predict
the outcomes well ahead of the current data. For instance, by
accessing the historic data one might be interested to know the
outcome of S steps ahead. This can be done through a closed-
loop procedure that is explained below. To accomplish this, we
rely on a conventional trained open-loop model that predicts
S =1 step ahead. For predicting S > 1 steps in the future,
we repeatedly call the model and feed its previous predictions
back to the model as part of the next input. Specifically,
(1) For§ =1,

RV, = f(RV, 3, Xs,_3, RV, 5, X5, 5, RV,_1, X5, 1).
2) For§ =2,
RV, 11 = f(RV,—2, Xs_2, RV,_1, X5,_1, RV;, X5,).

At this step, If\7, is taken from the previous step’s output.
Since our models predict only RV (and not the other vari-
ables), Xs, is still provided as ground truth. However, if such
data are not available then a predictor has to be trained tar-
geting Xs; and use its predicted value (i.e., Xs;) as the input
of the closed-loop model. Here, for simplicity we assume that
the ground truth of Xs, is available.

Noted that when S = 1, the closed-loop setting degenerates
to the open-loop setting. Using the closed-loop strategy allows
us to assess a model’s ability to forecast into the future, which
is crucial in many forecasting scenarios. We consider S = 1
and § = 5 to evaluate both short-term and longer-term predic-
tive performance. It is worth emphasizing that by increasing
S the accuracy is expected to go down as the inputs come
from prediction rather than the actual ground truth data. In
other words, at every step, a small error can propagate to the
next steps, affecting the accuracy of the model for predicting
distant future outcomes.

D. Feature selection for QRC

For the classical models that we selected, the features listed
in Table I can be easily applied to the models. However,
considering the performance of currently available quantum
computers, we have limited the system size of the quan-
tum reservoir model to ten qubits. Among these qubits, we
use n; qubits for encoding the features and reserve the rest
(i.e., np = 10 — ny) for hidden qubits. Consequently, we can-
not apply all the features listed in Table I to the quantum
model at the same time. Therefore, we need to further select
the most significant features for our QRC models QR1 and
QR2.

To refine the key features that best fit our model, we em-
ploy one of the wrapper methods, which are model-related
feature selection algorithms. The wrapper method treats the
machine learning model as a black box, optimizing it to eval-
uate different subsets of features. This approach simplifies
feature selection by framing it as a search problem to identify
the best subset of features. The wrapper method requires a
strategy to search through possible feature subsets. Common
search strategies include exhaustive search, forward selection,
backward elimination, and various heuristic approaches, such
as genetic algorithms or simulated annealing.

In this study, we use forward selection as the search strat-
egy, which is an iterative method (see Fig. 5). In forward
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FIG. 5. Feature selection by wrapper method. The process begins
with an initial pool of features, which contains all candidate features
without prior filtering. At each iteration, one feature from the pool
is considered as a candidate for inclusion in the optimal feature
set (initially empty). Each candidate feature is temporarily added to
the current optimal feature set, and the resulting feature set is then
used to train a quantum reservoir model. The performance of the
trained model is evaluated using the MSE loss function. Among the
candidates, the feature that leads to the lowest MSE is selected and
permanently added to the optimal feature set, while the remaining
candidates return to the pool. This selection process is repeated iter-
atively until a predefined stopping criterion is met, such as reaching
a target performance threshold or exhausting all candidate features.

selection, the process begins with three key components: (1)
a prediction model; (2) an initially empty feature set; and
(3) a feature pool containing all candidate features available
for selection. At each iteration, the method evaluates the
performance of the prediction model by temporarily adding
one feature at a time from the candidate pool to the current
feature set. The feature that results in the best performance
in the current iteration is permanently added to the optimal

feature set and removed from the feature pool. The process
continues until no feature from the candidate pool can signifi-
cantly improve the model’s performance or until a predefined
stopping criterion is met. The algorithm is schematically
shown in Fig. 5. Through this incremental feature selection
process, the dimension of the feature space can be effectively
reduced while retaining the most predictive features. This not
only improves the explainability and stability of the model,
but also avoids overfitting, thus enhancing the accuracy of
predicting volatility.

We use the forward selection method with the stop con-
dition as the maximum features in the optimal features is 10
(see Fig. 5) for both the QR1 and the QR2 models to identify
the best subsets of features. For the QR1, the optimal sub-
set is qu§11 {RV, MKT, DP, IP, RVq, STR, DEF}, and for
the QR2, it is Fg, = {RV, MKT, STR, RVq, EP, INF, DEF}.
Thus, we have selected n; = 7 qubits to input features for
each model, allowing ny = 3 hidden qubits to carry infor-
mation from the past data to be used for future prediction.
We measure the forecast mean squared error of QR1 and QR2
with different subsets of features and present the results in
Figs. 6(a) and 6(b). These figures clearly show that as the
number of optimal features increases, the performance of the
model initially improves but then deteriorates. One reason for
this is that as the number of features increases, more qubits
are required to input the values. Since the total size of the
quantum system is fixed, the number of qubits for hidden
states decreases, preventing the quantum model from captur-
ing the long-memory property of past information. Based on
the results in Fig. 6, the optimal number of features for the
QR1 and QR2 models is n; = 7. In addition, they share several
features, {RV, MKT, STR, RVq, DEF}.

To see how increasing the features affects the prediction
quality, in Fig. 7(a), we plot the realized volatility as well
as the QR1 forecast for the first one, four, seven, and nine
features, which are shown in Fig. 6. As the figure clearly
shows by increasing the features, the prediction improves until
the number of features reach n; = 7. By further increasing the
number of features, the prediction quality cannot be further
improved because the number of hidden qubits decreases;
thus, the reservoir lacks sufficient memory to incorporate past
information for future prediction. The corresponding results
for the QR2 model are also shown in Fig. 7(b). The same
conclusion about the impact of features on prediction quality
can be deduced from the QR2 model. In addition, by compar-
ing the corresponding panels in Figs. 7(a) and 7(b) one can
clearly see that the QR2 outperforms the QR1 prediction. This
is expected as the QR2 uses twice more measurement data for
predicting the future outcomes.

E. Model interpretability

Any machine learning based algorithm should not only
minimize its loss function, but preferably also explain which
features contribute the most toward this goal. In the context
of this work, we want to understand which external features
contribute the most toward realized volatility. In the previous
section devoted to the forward feature selection method, we
adopted a constructive approach of adding one feature at a
time from scratch. However, this leaves an equally important
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FIG. 6. Performance (MSE) of QR1 and QR2 models with
their optimal feature sets. (a) QR1 model (orange), the best per-
formance is achieved with the optimal features {RV, MKT, DP,
IP,RVq, STR, DEF}. (b) QR2 model (green), the best per-
formance is achieved with the optimal features {RV, MKT,
STR, RVq, EP, INF, DEF}. Order of features in the optimal feature
set is left to right along horizontal axis. Note that the features in-
cluded in these two sets are not the same and have different orderings.

question untouched—given a set of features already being en-
coded into our simulation, how do we separate out individual
contributions coming from each feature toward the predictive
success of our QRC based method?

To answer this, we employ the Shapley-value method, a
model-agnostic technique grounded in cooperative game the-
ory. Originally introduced in Ref. [120], the Shapley value
offers a principled framework for fairly distributing the to-
tal payoff among participants in a coalition based on their
individual contributions. This approach considers all possi-
ble combinations and permutations of features, helping to
quantify the contribution of each feature to the model pre-
diction. Lundberg and Lee [121] adapted this concept to
machine learning, proposing Shapley values as a unified and
interpretable measure of feature importance that satisfies key
axioms such as consistency and local accuracy. In this spirit,
our analysis applies Shapley values to the QRC framework
to assess how macrofinancial variables contribute to realized
volatility forecasts, bridging interpretability with quantum-
enhanced prediction. In theory, exact computation of Shapley
values is exponential in the number of features; therefore,

we typically rely on approximation methods in practice. In
this work, we estimate Shapley values for the QR1 and QR2
models using the Monte Carlo sampling method [122], as
implemented in the Julia package ShapML. The choice of
the features is decided according to one of following three
strategies:

(1) Individual feature contribution. In this strategy,
we evaluate the contribution of each feature at each
lag separately, e.g., {RV;_3, MKT,_3, ..., RV;_», MKT,_,,
..., RV,_;, MKT;_y, ...}. The results are shown in Figs. 8(a)
and 8(b), for QR1 and QR2 models, respectively. As expected,
in both models, RV, _; has the most contribution in predicting
the future outcome RV;.

(2) Feature-family contribution. In this strategy, we eval-
uate the contribution of each feature family irrespective of
the time lag. Therefore, during the evaluation of the Shapley
value when we evaluate the contribution of one feature type,
e.g., for realized volatility RV, we consider contributions from
all {RV,_3,RV,;_,, RV,_,} time-lagged steps. The results are
shown in Figs. 8(c) and 8(d) for the QR1 and QR2 models,
respectively. Interestingly, the Shapley-value-based method
furnishes a somewhat different ordering of feature importance
compared to the forward selection method results depicted
in Fig. 6. Note that this is not inconsistent and stems from
the fact that the Shapley value is computed when all the
features are embedded in the model while the forward selec-
tion method works by considering each individual feature in
isolation.

(3) Time-lagged feature contribution. In this strategy, we
evaluate the contribution of all the features at a given time
lag, e.g. Fi_y = {RV,_, MKT,_4, ...}. We expect that the
more recent data contribute the most toward future prediction
compared to historical data. The results are shown in Figs. 8(e)
and 8(f) for QR1 and QR2, respectively. As expected, in both
models our expectation is borne out and the more recent data
are indeed more useful.

F. Performance metrics and forecast evaluation

The selection of appropriate performance metrics is pivotal
in the evaluation of volatility forecasting models [123]. In all
the models, either classical or quantum, we have used MSE,
defined in Eq. (22), as a loss function that is minimized.
Although MSE is a popular figure of merit for evaluating
the performance of a time series predictor, we stress that it
is blind to the direction of error. In other words, overestima-
tion as well as underestimation, both get equally penalized.
However, in the concrete case of realized volatility predic-
tion, underestimation is far more dangerous as it can lead to
serious undermining of emerging risks in the market. Thus,
we specifically need a figure of merit that quantifies the de-
gree of underestimation. In order to accomplish this task,
we employ the widely recognized Quasilikelihood (QLIKE)
as our figure of merit that captures both symmetric and
asymmetric aspects of forecast errors, thereby providing a
comprehensive assessment of model performance. The
QLIKE is defined as

T 2
1 —~9 RV, >
LIKE = — logRV, + | =< .

t
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FIG. 7. Forecasting performance of QR1 [panel (a)] and QR2 [panel (b)] models on realized volatility with different feature subsets. Each
subfigure presents the actual realized volatility (black line) of the S&P 500 index alongside predictions from the QRC models (QR1 in orange
and QR2 in green) using varying feature configurations. QR2 demonstrates higher accuracy, especially during volatility peaks, suggesting it has

better responsiveness to market fluctuations.

As it is evident from the definition, the QLIKE function penal-
izes underpredictions more heavily, reflecting the higher costs
of underestimating volatility in risk management and option
pricing. Furthermore, Patton [124] demonstrates that QLIKE
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=
3
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is robust to measurement errors in volatility proxies. For
statistical evaluation of predictive accuracy, we employ the
Model Confidence Set (MCS) procedure proposed by Hansen
et al. [125] and the Diebold-Mariano (DM) test [126]. We

(b)

MKT, _,

RV, 4
Rvg,

RV, ,
STR, _,
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FIG. 8. Shapley-value-based feature importance test. The Shapley values for the optimal feature set are presented for QR1 and QR2. Panels
(a), (c), and (e) correspond to QR1, while panels (b), (d), and (f) correspond to QR2. Panels (a) and (b) show the Shapley values for each feature
at different time lags. Panels (c) and (d) show the Shapley values for each feature, aggregated across all time lags. Panels (e) and (f) show the

Shapley values for each lagged input.
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utilize MSE as our primary loss function due to its simplicity,
while also reporting QLIKE values to assess asymmetry and
penalize underestimation of volatility more strongly.

Model confidence set. The MCS procedure is designed
to identify a subset of forecasting models whose predictive
performance is statistically indistinguishable from that of the
best model at a specified confidence level. The procedure
begins with an initial set of candidate models, denoted by
My, and iteratively eliminates inferior models based on tests
of equal predictive ability. Formally, let L;, denote the loss
(e.g., squared error) incurred by model i at time ¢ and define
the loss differential between models i and j as

dij,l = Li,z - Lj,z, i,je Mo

The null hypothesis of equal predictive ability is

Hom: pij=Eldj;]=0, Vi, jeM,
where M C M denotes the set of models under considera-
tion at a given iteration. Rejection of Hy s implies that at least
one model in M exhibits significantly inferior forecasting
performance.

To test Hy_(, a range-type test statistic is employed:

Tr M = maxt;,
’ ieM

where #; denotes a studentized statistic comparing the perfor-
mance of model i to others (e.g., via average loss differences).
If the null is rejected, the model with the most evidence
against it is eliminated according to the elimination rule:

ep = arg max ( sup di,j),
ieM jeM

where d; ; is the sample mean of the loss differential. This
elimination process is repeated until the null hypothesis is no
longer rejected. e

The final surviving set of models is denoted by AM;_,,
the (1 —«) MCS, which is asymptotically guaranteed to
contain the model(s) with the lowest expected loss with
probability at least 1 — «. In this study, we set o = 0.05,
ensuring that the resulting confidence set contains the best-
performing model(s) with at least 95% probability in large
samples. We complement the MCS analysis with pairwise
Diebold-Mariano tests to assess the statistical significance of
forecast performance differentials between models. This dual
approach allows us to validate robustness in model rankings
and mitigate the limitations associated with relying on a single
evaluation metric.

Diebold-Mariano test. The DM test is a particular adapta-
tion of the above procedure for time-series data and evaluates
the null hypothesis of equal predictive accuracy between two
competing models, formally stated as

Hy : E[d] =0,

whered, = L;; — L, is the loss differential at time ¢ between
models 1 and 2. Here, L;, represents the loss at time ¢ for
model 7, and the choice of loss function L; ; (e.g., MSE in this
paper) reflects the predictive objective. The DM test statistic

is computed as
d

V& T’
where d = % Z,T: , d; is the sample mean of the loss differ-
ential, 2 is the Newey-West adjusted variance of d;, and T is
the sample size. The test accounts for potential autocorrelation
and heteroskedasticity in d;, making it suitable for time-series
data with serially correlated forecast errors.

MCS results. The results of MCS are presented in Table II.
The table reports the performance metrics (MSE and QLIKE)
along with the MCS p values for classical time series mod-
els and QRC models. In particular, when S = 1, namely,
one-step-ahead prediction, quantum models, especially QR2,
demonstrate superior performance across all measures. From
the upper table in Table II, we further observe that the QR2
model achieves the lowest MSE and QLIKE values, indicating
its superior predictive accuracy. The MCS p values further
reinforce this finding, as QR2 attains a p value of 1.0, signi-
fying its inclusion in the superior set of models at the 95%
significance level. In contrast, most classical models exhibit
significantly higher loss values and lower MCS p values, sug-
gesting inferior performance. Examining the MCS p values,
models with asterisks are included in the Model Confidence
Set Mwcs, indicating that their predictive accuracy is sta-
tistically indistinguishable from the best-performing model.
Among the classical models, only ARMAX, LSTMX, and RCX
are included in the MCS based on their p values, although
their loss metrics are still higher than those of the quantum
models. Additionally, QR1 is also included in the MCS, fur-
ther highlighting the strong performance of quantum models.
Examining the results, we also observe that including addi-
tional features sometimes enhances the model performance.
For example, ARMAX and LSTMX exhibit lower loss values and
higher MCS p values compared to their counterparts AR3 and
LSTM, suggesting that the inclusion of characteristics improves
the accuracy of forecasting in these models. However, this
improvement is not consistent across all models. Notably,
HARX performs slightly worse than HAR in both MSE and
QLIKE metrics, indicating that additional features do not
always contribute to better performance. This suggests that
the effectiveness of including features depends on the model
structure and the relevance of the features. When consider-
ing § =5, namely, the long-term prediction, both quantum
and classical reservoir demonstrated outstanding performance
compared with other models. The performances of QR1 and
QR2 are very similar to that of the classic reservoir computing.
Considering that we only used a simple reservoir model, these
indirectly demonstrate the capabilities of quantum reservoir.

Diebold-Mariano test results. Table III presents the
Diebold-Mariano test statistic(s) and corresponding p value(s)
for pairwise model comparisons, providing further evidence
of the quantum models’ outperformance. Analyzing the DM
test results, we find that the quantum models (QR1 and QR2)
significantly outperform most classical models. For instance,
the p values for comparisons between QR2 and classical
models like HAR and AR1 are effectively zero, indicating
strong evidence against the null hypothesis of equal predictive

DM statistic =
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TABLE II. Model Confidence Set. Performance of classical and quantum models in predicting realized volatility with predicting S-ahead
step. The MSE and QLIKE are presented alongside the MCS p values (Pycs). Asterisks (*) indicate inclusion in the model confidence set. The
QRC models outperform all classical models, with QR2 exhibiting the best performance across all measures.

S =1 (entire sample: August 1997 to December 2017) (January 1950 to December 2017)

Model MSE QLike

Loss of MSE Pyics of MSE Loss of QLike Pyics of QLike

Classical Time Series Models

HAR 0.1476 0.0004 2.0431 0.0008
HARX 0.1508 0.0004 2.2436 0.0008
AR1 0.1304 0.0065 1.7279 0.0050
AR3 0.1178 0.0936 1.5893 0.0861
ARMAX 0.1145 0.4406* 1.6196 0.4355*
LSTM 0.1295 0.0221 1.7909 0.0188
LSTMX 0.1185 0.4406* 1.7571 0.4355*
RC 0.1441 0.0084 2.1011 0.0061
RCX 0.1089 0.6086* 1.6480 0.6106*
QRC
QR1 0.105 0.7603* 1.4427 0.7510*
QR2 0.103 1.0000* 1.4004 1.0000*
S =5 (entire sample: January 1998 to December 2017) (January 1950 to December 2017)
Model MSE QLike
Loss of MSE Pyics of MSE Loss of QLike Pyics of QLike
Classical Time Series Models
HAR 0.2143 0.1291* 2.9041 0.1275*
HARX 0.2934 0.0044 4.5800 0.0040
AR1 0.2642 0.0938* 3.4136 0.0937*
AR3 0.2134 0.1302* 2.8369 0.1297*
ARMAX 0.2134 0.1302* 3.0703 0.1297*
LSTM 0.1831 0.1291* 2.4600 0.1275%
LSTMX 0.2200 0.0925* 34512 0.0851*
RC 0.1528 1.0000* 2.0551 1.0000*
RCX 0.1667 0.6333* 2.4605 0.6251*
QRC

QR1 0.1556 0.7642* 2.1518 0.7703*
QR2 0.1663 0.6333* 2.2332 0.6251*

TABLE III. Diebold-Mariano test. DM statistic values (lower triangular matrix) and p values (upper triangular matrix) for model
comparisons. The statistic values closer to zero indicate that the pair of models have similar predictive accuracy. Lower p values suggest
rejection of the null hypothesis of equal predictive ability.

HAR HARX AR1 AR3 ARMAX LSTM LSTMX RC RCX QR1 QR2
HAR 0.575 0.203 0.004 0.009 0.006 0.01 0.801 0.001 0 0
HARX —0.562 0.116 0.001 0.003 0.004 0.002 0.597 0 0 0
AR1 1.275 1.577 0.002 0.077 0.925 0.301 0.154 0.009 0.001 0
AR3 2.929 3.313 3.12 0.652 0.065 0.937 0.003 0.17 0.036 0.014
ARMAX 2.636 2.999 1.775 0.451 0.134 0.657 0.006 0.393 0.12 0.111
LSTM 2.764 2.938 0.094 —1.856 —1.502 0.268 0.168 0.017 0.006 0.002
LSTMX 2.583 3.168 1.037 —0.079 —0.445 1.109 0.028 0.229 0.114 0.09
RC 0.252 0.53 —1.431 —3.032 —2.758 —1.383 —2.206 0 0 0
RCX 3.395 4.001 2.629 1.376 0.856 2.403 1.205 3.639 0.501 0.296
QR1 3.695 4.149 3.322 2.104 1.561 2.788 1.584 3.82 0.674 0.771
QR2 3.806 4.289 3.577 2.465 1.6 3.111 1.701 4.584 1.048 0.291
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accuracy. Additionally, the test statistics are positive and rela-
tively large, further supporting the superiority of the quantum
models. Interestingly, the comparison between QR1 and QR2
yields a high p value (0.771), suggesting no significant differ-
ence in predictive accuracy between the two quantum models.
This implies that both quantum models perform comparably
well, although QR2 has a slight edge based on the loss met-
rics in Table II. The results also reveal that among classical
models, AR3 and ARMAX exhibit relatively better performance,
with higher p values when compared to other classical models.
However, they still fall short when compared to the quantum
models. The results further illustrate the mixed impact of
including additional features. For some model pairs, such as
LSTM and LSTMX, the inclusion of features leads to significant
improvements, as evidenced by lower test statistics and higher
p values. In contrast, comparisons between AR3 and ARMAX
yield p values that indicate no significant difference, implying
that the additional features in ARMAX do not provide substan-
tial benefits over AR3. Overall, the results suggest that while
incorporating additional features can enhance model perfor-
mance in certain cases, it does not universally guarantee better
forecasts. The effectiveness of additional features appears to
be model specific, highlighting the importance of selecting
relevant variables that contribute meaningfully to volatility
forecasting.

Overall, the combined evidence from the loss functions,
MCS procedure, and DM test underscores the superior predic-
tive performance of the QRC models over classical time series
and machine learning models in forecasting realized volatility.

V. CONCLUSIONS AND OUTLOOK

QRC presents a promising paradigm for the modeling
and forecasting of time series data. In this study, we have
demonstrated how a specific instantiation of QRC that utilizes
disordered spin systems as reservoirs can be effectively em-
ployed for forecasting realized volatility in financial markets.
Our empirical evaluation reveals that even with a modest
quantum architecture comprising only ten qubits and a mod-
erated number of macroeconomic input features per instance,
the proposed framework outperforms classical models in
predictive accuracy. While we do not advance any claim
to quantum supremacy in the rigorous sense of the term
since this is a phenomenological study, the results obtained
herein do indicate a potential future application of QRC to-
ward applying them to other similar financial problems. Our
protocol is especially suitable to use in real-life quantum
computers based on trapped ion platforms, in particular, Refs.
[8,127,128]. These setups offer excellent all-to-all connec-
tivity between spins, as required in our specific choice of
the quantum reservoir. We anticipate that alternative quantum
reservoir architectures with different connectivity constraints
may yield comparable predictive performance, although em-
pirical verification would be necessary to substantiate this
speculation.

Quantum computing for machine learning still faces
significant challenges, both in hardware and algorithmic de-
velopment. On the hardware side, current quantum devices
are still in their infancy, constrained by limited qubit counts,

restricted connectivity, finite coherence times, and imperfect
readout. Overcoming these limitations will require advances
in error correction—a milestone likely still a decade away.
Nevertheless, near-term quantum devices provide valuable op-
portunities to develop and test small-scale algorithms, paving
the way for large-scale applications on future error-corrected
quantum computers. From an algorithmic perspective, it re-
mains unproven whether quantum computers can outperform
classical machine learning methods on classical data. In this
work, we demonstrate that quantum computers can indeed
solve prediction tasks in stochastic time series. While our
quantum reservoir learning approach shows advantages over
several classical methods, we do not claim a definitive quan-
tum advantage, as such a conclusion would require rigorous
theoretical proof beyond the scope of this paper. Moreover,
intrinsic limitations on QRC like the exponential concentra-
tion problem [110], whereby the predictions may become
input-independent due to concentration of expectation values
for many-qubit reservoirs, exist and have to be addressed in
future work.
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APPENDIX A: QUANTUM COMPUTATION
PRELIMINARIES

Let us briefly provide an overview of the quantum theory
necessary for understanding the subsequent sections of this
paper. Quantum mechanics offers a mathematical framework
originally developed to explain several experimental phenom-
ena that challenged classical Newtonian physics in the late
19th and early 20th centuries. Readers interested in a more
comprehensive exploration are encouraged to consult stan-
dard references such as Dirac [129] and Nielsen and Chuang
[130]. Throughout this paper, we employ the Dirac notation
commonly used in quantum physics. To assist readers from
financial and econometric backgrounds, we present a mini-
dictionary in Table IV, where the departures of the Dirac
notation from the standard econometric notation as laid out in
Ref. [131] are codified. In modern axiomatic form, quantum
mechanics is completely described through the following four
postulates.

Postulate 1: Quantum states. The complete information
about a quantum system is encoded in its state vector [v/),
which is a ray of the system Hilbert space H. The quantum
bit (or qubit for short) is the smallest nontrivial unit in quan-
tum computing, similar to the bit in classical computing. It
is physically implemented by a two-level quantum system,
such as the spin of an electron. Its mathematical form can be
represented by a state vector in a Hilbert space H, such that
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TABLE IV. A minidictionary of Dirac notation for econometricians.

Object Econometric notation Dirac notation Comments
Scalar variable a a
Complex conjugate of Scalar aora* a*
a
Vector (column) a= a:Z |a)
a)‘l
Dual vector (row) a' =[a; a a:] (al (al = (la))’
Complex Conjugate of Vector a la)* Element-wise complex conjugate
Adjoint (Conjugate Transpose) of Vector a' = (@)’ {al
Norm of a Vector lall = Vaia lall = +/{ala)
Inner Product a'b (al|b) Results in a scalar
Outer Product ab’ la)(b| Results in a matrix
Composite vector a®b la) ® |b) = |ab) Produces a higher-dimensional vector

Composite vector*

Transpose of matrix A
Complex conjugate of Matrix A
Conjugate Transpose of Matrix A
Adjugate of Matrix A
Determinant of Matrix A

Trace of Matrix A

Identity matrix

Zero Vector/matrix
Expectation Value

Variance

Covariance

Hermitian operator

Unitary operator

Projection operator

Commutator of operators A and B

Anticommutator of operators A and B

Kronecker delta

Dirac delta function

Exponential of operator

Fourier Transform of Function f(x)
Tensor Product of Matrices A and B
Spectral Decomposition

Eigenvalue Equation

Density Matrix

Born Rule

Heisenberg uncertainty principle

Pauli matrices

Spin operators
Rotation operator

a® =a®a® ---Qa

AT
A
A = AT

A#

det(A)

tr(A)
1,
0

E[X]

Var(X) = E[(X — E[X])’]
Cov(X,Y) = E[XY] — E[X]E[Y]

A=A"
uut =1,
P =aad

[A,B] = AB — BA
{A,B) = AB + BA

8ij 8ij
S(x —x) S(x —x)
exp(A) et
F{fx)} = ff; e~ f(x)dx Same as econometric notation
AQ®B A®B
A=0AQ' A=Y mlil
Av = Ay Alv) = Alv)
N/A p =2 pili)il
P(x) = [y () P(a) = [(aly)?
N/A AXAP > 2
0 1
=1 o)
0 —i
N/A Y = |:i 0 ],
1 0
2=ly 4|
N/A Se =2
N/A U9, i) = e07S/h

a)®" = ]a) ® |a) ® -~ ® |a)

AT
A"
A+
adj(A)
det(A)
Tr(A)
I
0
(X) = (¥IX|y)
(X — (X%
(XY) — (X)(Y)
A=A
UUt =1
P = la){a
[A,B] = AB— BA
(A, B} = AB + BA

Tensor product with n |a)

Reflect over main diagonal
Element-wise complex conjugate

Scalar value

Sum of diagonal elements

|} is the state vector

Measure of spread

Self-adjoint operator
Preserves norms
P2=PpP

Measures noncommutativity

1, ifi=j
8 = {0, ifij
Generalized function
Defined via power series

A; are eigenvalues
Represents mixed states

Probability of outcome a
Fundamental limit

SU(2) rotation elements

a={X,Y,7Z}
Rotates spin state
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the single-qubit state is defined as
V) = al0) + BI1) = [g] (A1)

where |a)?> + B> =1 and «, 8 € C. Note that |[0) and |1)
are the basis of a two-dimension Hilbert space. The vector
representation of these bases is

0) = m = m (A2)

(01 = (1,01,

and

(11 =10, 1]. (A3)

It is easy to see how qubits are fundamentally different from
classical bits from this definition itself. By choosing « and S
arbitrarily, the state vector |y) can be expressed in an arbitrary
but unique linear combination of |0) and |1) simultaneously,
while classical bits can only be in one of these states. This
characteristic of quantum systems is called superposition.

Postulate 2: Composition of quantum systems. When we
consider a joint quantum system consisting of multiple qubits,
the state of this system is described by the tensor-product
Hilbert space of each qubit ;. For example, if two qubits are
described by their Hilbert spaces H and H,, respectively, the
joint system comprising both these systems as subsystems is
described by the tensor-product Hilbert space H; ® H,. Thus,
the state of two qubits is

[¥) = Y1) ® [¥2)

a00|00) + a1 |01) + a10/10) + a11]11), (A4)

where we ignore the ® between qubits for notational simplic-
ity (e.g., |0) ® |0) = |00)). In the same way, for n-qubit state,
its formulation is

0,1
W)= Y o 2 ). (A3)

x1,x2,...,x

The dimension of the n-qubit system is 2", and hence the
tensor-product space is a 2"-dimensional complex vector
space C*'. The dimension of the n-qubit system increases
exponentially in the number n of the qubits. Quantum entan-
glement is another important property of quantum states that
is different from the classical states. It occurs when a joint
quantum system cannot be represented as a tensor product
of the subsystems that make up it. Mathematically, if two
quantum systems A and B are entangled, the joint system AB
might be represented as

[V)ap = «]0)4|0)5 + B[1)al 1),

where |a|?> 4+ |B|> = 1. One cannot then find any represen-
tation of [Y)4 and |¢)p to satisfy [Y)ap = [¥)a ® [¥)5.
This interconnectedness leads to correlations between the
qubits that are stronger than any classical correlation. These
characteristics of quantum states—viz., superposition, entan-
glement, and exponentially growing state space, give quantum
computing the potential to solve problems efficiently. Another
way to describe the quantum state is the density operator of
the density matrix, which is mathematically equivalent to the
state vector approach, but it provides a much more convenient

(A6)

language for thinking about some commonly encountered sce-
narios in quantum mechanics. The density operator of a pure
n-qubit state is defined as

p=¥) ¥l

{0.1}

= ) g0 ) (XX

/
XY seees Xy X 5enes X,

(A7)

Moreover, suppose a quantum system is in one of several
states |v;), where i is an index, with respective probabilities
pi. The pair {p;, |¥;)} is named an ensemble of pure states.
The density operator for the system is defined by the equation
p = pily)(vil. (A8)
1
where the normalization condition for probabilities implies
> pi = 1. Mathematically, we can recognize the pure states
of Eq. (A7) from the mixed states in Eq. (A8) by the trace on
the second order as tr(p?) = 1 for pure states and tr(p?) < 1
for mixed states.

Postulate 3: Quantum dynamics. The time evolution of a
closed quantum system describes how the state of the system
evolves over time, which is the most important way to deal
with the information. The closed means the evolution of sys-
tems that do not interact with the rest of the world. The time
evolution is governed by the Schrodinger equation, which is a
fundamental partial differential equation in quantum mechan-
ics.

The time-dependent Schrédinger equation is given by

iﬁ%lw(t)) = H|y (1)), (A9)
where i is the imaginary unit, / is the reduced Planck’s
constant, |y (¢)) is the state vector at time ¢, and H is the
Hamiltonian operator, which represents the total energy of
the system. The solution of the Schrodinger equation for a
time-independent Hamiltonian H is given by

W (1)) = e~ iy (0)),

where |4 (0)) is the initial state of the system at time 0 and
e~ " is the time evolution operator. In practice, it is common
to absorb the factor % into H, effectively setting 7 = 1. If
the Hamiltonian H depends on time, the situation is more
complex, but we do not use it in this paper. It is not difficult
to see that the time evolution operator e~ 7" is a unitary
matrix, so this time evolution is a unitary transformation,
which preserves the norm of the quantum states, meaning the
probability conservation. For simplicity, we usually use U (t)

to represent e~ 11" as

[V (1)) = UMY (0)).

In the context of digital quantum computing, time evolutions
or quantum operations are also named quantum logical gates,
similar to the logical gates in classical digital computing. Sim-
ilarly, the time evolution implemented on the density operator
can be easily defined as

p(t) =U)pOU' (@),

(A10)

(A11)

(A12)
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where U'(¢) is the transpose conjugate of U(t) as U'(t) =
e

Postulate 4: Quantum measurement. Above, we described
the evolution of a closed quantum system. However, to gain
any information about the system, one has to necessarily
consider an experimentalist as an external physical system
observing it. Unlike classical mechanics, where in principle,
such observations can be made without changing the ob-
served system itself, quantum mechanics distinguishes itself
by postulating that the quantum system undergoes irreversible
change due to such a measurement. The general quantum
measurement postulate is described by a collection measure-
ment operator {M,,}. The index m refers to the measurement
outcomes that may occur in the experiment with the probabil-
ity p,, given by the Born rule p,, = (lp|M,'f1Mm|1/f), where |V)
is the state being measured. To ensure the probabilities sum up
to unity, the measurement operators satisfy the completeness

equation
> MM, =1.
m

In most cases of quantum computing, we care about the
quantum measurement of an observable. An observable, i.e.,
a dynamical variable like position or momentum, is described
by a self-adjoint operator A (namely, A = A"), acting on the
system Hilbert space HH. Via the spectral theorem, any ob-
servable has a spectral decomposition

A=) anlan) (anl,

(A13)

(A14)

where a,,’s are the eigenvalue and |a,,)’s are the eigenvec-
tors of A. Note that (a,,| is the dual of the vector |a,,), and
is an element of the so-called dual space of H connected
to H via the Riesz representation theorem. For a general
quantum state |v/), given in Eq. (A1), the dual state is given
by (¥ | = [a*, B*] (see Table IV). According to quantum
physics, the outcome of measuring the operator A on a quan-
tum system described by state |i¢) probabilistically results
in one of the eigenvalues a,. The probability of each out-
come is determined by the projector M,,= |a,,) (an| as p, =
(¢|M;1Mm|1//) = |(an|¥)|*>. Hence, the expectation value of
the measurement is given by

(A) =" puam = (Y|Aly).

m

(A15)

Variance of expctation values

Qubits

Note here that the Hilbert space is a linear vector space;
thus, for any two states |1;) and |y,), the linear combination
a|Y) + Blyn) is also a quantum state. Thus, in contrast to
classical digital computation, where each bit (either 0 or 1)
encodes one unit of classical information, theoretically an
infinite number of superpositions are accessible to a single
“qubit” (a two-level quantum system). From a computational
standpoint, the superposition property of quantum mechan-
ics opens up the possibility of encoding multiple gates in a
single step. Indeed, famous quantum algorithms like Shor’s
algorithm [103] for factoring, or Grover’s algorithm [132] for
search, use this inherent parallelism of quantum mechanics
to solve classical computational problems far more efficiently
than the best possible classical algorithms known. However,
in practice, these quantum properties are extremely frag-
ile to noise, and reliable implementation of error-correction
schemes is still in its infancy [133].

APPENDIX B: NUMERICAL SIMULATION METHOD

To simulate QRC on a classical computer, we explicitly
model the system-state evolution. Since our QRC contains
only ten qubits, we represent the quantum state using a den-
sity matrixp. The Hamiltonian dynamics are implemented via
exact diagonalization, and the time-evolution operator is ap-
plied using a product formula e =" pe/™  which is a standard
method for numerically simulating quantum dynamics with
small quantum systems.

In the partial-trace step, we obtain the reduced density
matrix of the hidden state p;, by tracing out subsystem / from
the joint state pj, i.e.,

pn = Tri(pm).

Finally, the measurement outcome on each qubit is computed
as the expectation value of the Pauli-Z operator,

(Zi) = Te(pmZ;).

APPENDIX C: EXPONENTIAL CONCENTRATION
OF QUANTUM MEASUREMENT

In this article [110], the authors discuss exponential
concentration: As the circuit depth increases, the system
size increases, entanglement increases, or the noise strength
increases, the measurement expectation values converge

Variance of expctation values
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Qubits

FIG. 9. Variance of the measured expectation values across different qubits (left: QR1 model; right: QR2 model).
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FIG. 10. The MSE of RCX (left) and LSTMX (right) as the hidden state size increases.

exponentially to a variable-independent value, such that the
number of measurement shots grows exponentially to iden-
tify different expectation values. In our paper, however, we
consider a specific example—namely, the application of QRC
to predicting RV. We use a fixed system size (the number
of qubits is 10) and circuit depth (three layers). By calcu-
lating the variance of the expectation value on each qubit,
we find that it does not exhibit exponential concentration
(see Fig. 9), thereby demonstrating the feasibility of QRC for
this problem.

APPENDIX D: THE HYPERPARAMETERS OF CLASSICAL
RESERVOIR COMPUTING AND LSTM

For the LSTMX, we used stack LSTM model with two layers.
The optimizer is ADAM, with 0.001 learning rate. The num-
ber of iterations is 100 epochs, and the batch size is 64. After
these hyperparameters are chosen, we train these LSTMs with
different hidden sizes from 10 to 200 at intervals of 10. LSTM

model gets the best result (the lowest MSE) with 60 hidden
size, and LSTMX model get the best performance (see Fig. 10,
right) with 50 hidden size.

For classical reservoir computing, RC(X), apart from the
number of neurons in reservoir, the other key hyperparameters
are the leak rate (Ir), controlling the time constant of the
reservoir, the spectral radius of W (sr), the maximum absolute
eigenvalue of the reservoir, and the input scaling (is), the
coefficient applied on Wj,. We set them as Ir = 0.6, sr = 0.9,
and is = 0.1 by trying a lot of configurations. This document
[134] provides a detailed description of these hyperparame-
ters. Based on these hyperparameters, we train RC (X) models
with the number of neurons varying from 10 to 200 at intervals
of 10. We get for the RC model, the number of neurons is 50
achieving best result, and RCX model, 20 achieving the best
performance (see Fig. 10, left). As shown in Fig. 10, increas-
ing the number of hidden nodes (neurons) does not always
reduce errors. So, we selected the best model by comparing
the performance of different hidden nodes (neurons).
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