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In thermalizing many-body quantum systems without conservation laws, such as ergodic Floquet and random
unitary circuits, local expectation values are predicted to decay to their equilibrium values exponentially quickly.
In this work, we derive a relationship between said exponential decay rate g and the operator spreading properties
of a local unitary evolution. A hydrodynamical picture for operator spreading allows us to argue that, for
random unitary circuits, g is encoded by the leading eigenvalue of a dynamical map obtained by enriching
unitary dynamics with dissipation, in the limit of weak dissipation. We argue that the size of the eigenvalue
does not depend on the details of this weak dissipation (given mild assumptions on properties of the ergodic
dynamics), so long as it only suppresses large operators significantly. Our calculations are based on analytical
results for random unitary circuits, but we argue that similar results hold for ergodic Floquet systems. These
conjectures are in accordance with existing results that numerically obtain quantum many-body analogs of
classical Ruelle-Pollicott resonances [Prosen, J. Phys. A: Math. Gen. 35, L737 (2002); Mori, Phys. Rev. B 109,
064311 (2024)] by studying unitary evolutions subject to weak dissipation.
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I. INTRODUCTION

In a thermalizing many-body system, local expectation
values decay toward their equilibrium ensemble averages, ir-
respective of most of the details of the initial state. In a system
without any global symmetries, such as an ergodic Floquet
and random unitary circuit (RUC), this decay is expected to
be exponential [1-9]. This is, via linear response theory, tied
to the expected exponential decay of autocorrelation functions
of local operators

{O(1)0(0)) = (0(1)){0(0))] ~ e*. ey

Here, (-) = ¢ 'Tr(-) is the infinite temperature ensemble
expectation value, suitable for ergodic quantum systems with-
out symmetry. L denotes system size, and ¢ is the on-site
Hilbert space dimension. Equation (1) is expected to hold until
timescales proportional to L.

The decay rate g captures how quickly an ergodic system
thermalizes, and thus locally loses information about its initial
state [10]. Our work here concerns three connected questions:
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(1) How can g, which describes loss of information, be under-
stood from the underlying unitary dynamics? (2) e~# is not an
eigenvalue of a unitary operator such as the Floquet unitary.
Can this quantity be encoded as an eigenvalue of a related
operator? (3) Is g sensitive to the choice of operator O or the
initial state of the system?

To answer the first question, we leverage the hydrodynam-
ical description for operator growth introduced in Refs. [3.4].
In short, the information loss is closely related to the fact
that, under time evolution, local operators rapidly grow
in spatial support, hiding the detailed local information in
the initial state into ever more delicate many-body corre-
lators. The hydrodynamical description for operator growth
can be packaged into a stochastic matrix with a leading
eigenvalue 1 due to unitarity. Roughly speaking, its second
leading eigenvalue can be identified with e~# (there are some
subtleties, which we will address later). From the hydrody-
namical description, as we will show, it is also straightforward
to answer question 3 in the negative, in systems without
symmetry.

Question 2 was explored in classical dynamical systems,
where g is related to Ruelle-Pollicott (RP) resonances [11,12].
In classical dynamical systems, a unitary Frobenius-Perron
operator U generates the discrete (Floquet) dynamics on the
phase space density. It was shown that after coarse graining
the phase space, U becomes nonunitary and has eigenvalues
{e~1/} within the unit circle. In certain cases, the largest eigen-
value becomes “frozen” (independent of the coarse graining),
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FIG. 1. (a) Reference [8] suggested obtaining g for unitary evo-
lution (pink rectangles) by adding a small amount of dissipation
(black squares), and taking the system size L to infinity before taking
the dissipation rate to zero. (b) In a hydrodynamical description of
operator evolution, where pg(x, t) describes the density of operators
with right end point at site x at time ¢, the unitary evolution is
described by a stochastic matrix T that tends to grow operators, while
the dissipation is described by a diagonal matrix P(y ) that suppresses
operators with large weight/size.

and coincides with the leading RP resonance that sets the
decay rate of autocorrelations.

More recently, various authors have studied quantum
analogs of RP resonances, by applying quantum versions of
“coarse graining of phase space” [1,2,8,13]. References [1,2]
considered adding a projection PP, to an ergodic Floquet sys-
tem, so that the Heisenberg dynamics of an operator O is given
by P,Ur. Here, Up[-] = U;[~]Up generates the Heisenberg
dynamics under the Floquet unitary Ur. P, is a dissipative
superoperator that projects out operators with support greater
than €. The resulting superoperator P,Ur has eigenvalues
{e~i€}, where {e ;) are no longer all real. Numerically, €; with
smallest (negative) imaginary part, which governs the slowest
decaying eigenvector, was shown to describe g obtained from
the purely unitary dynamics generated by Ur. More recently,
it was argued in Ref. [8] that in ergodic Floquet systems, if
one adds a small amount of dephasing dissipation (see Fig. 1)
and takes the system size to infinity first before taking the
dissipation rate to zero, then the resulting dissipative Flo-
quet operator has eigenvalues e~/ with an €; with smallest
negative real part that matches well with the decay of autocor-
relation functions (this order of limits has also been studied in
the context of “anomalous relaxation” [14—16]). Reference [8]
also gave some physical intuition for why g can be encoded as
an eigenvalue of the dissipative Floquet operator: The unitary
dynamics spreads an operator ballistically until it grows to a
steady-state size x* ~ % where dissipation and unitary evolu-
tion balance out. Then, the dissipation decreases the amplitude
of this operator by e7*" ~ ¢78, where g ~ O(1).

In this work, we use the aforementioned hydrodynamical
picture for operator spreading to elucidate, unify, and gen-
eralize the approaches described above for obtaining g. In
particular, we explain in detail how the two coarse-graining
prescriptions above affect operator growth and directly relate
the modified operator growth dynamics to autocorrelation
functions from unitary evolution. For the weak dissipation
approach, we derive the result x* ~ % explicitly, and we show
why the specific order of limits lim, ¢ lim;_, », is needed to
extract g. More generally, we believe that in addition to the
two coarse-graining procedures above, any coarse-graining
procedure turning the unitary dynamics nonunitary by sup-

pressing large operators is likely to encode g as an eigenvalue
of the resulting Liouvillian.

II. HYDRODYNAMICAL DESCRIPTION
OF OPERATOR SPREADING

We will first review the hydrodynamical description of
operator spreading in RUCs derived in Refs. [3,4]. We will
assume that the circuit has a brickwork geometry built out
of two-site gates, acting on sites with local Hilbert space
dimension g. Any operator can be written as a sum of operator
strings o, which are products of local Hermitian basis oper-
ators (for g = 2, these are just Pauli strings) [17]. Therefore,
we only need to consider the evolution of operator strings.

An operator string o* generically evolves into a sum
of operator strings: o*(t) = > cH(¢)o”, where v runs over
operator strings and ¢’/ (¢) are complex coefficients. One im-
portant insight from Refs. [3,4] is that the evolution of an
operator under a layer of random unitaries, averaged over such
random unitaries, roughly depends only on the left and right
end points of the operator (the sites farthest to the left and
right that the operator acts nontrivially) [18].

Therefore, we can group together all operator strings with
the same left and right end points. For simplicity, we will let
the original operator be at the left end of the system, so we
only need to consider the movement of the right end points of
operators [19]. We denote the total weight on operators with
right end point at site R, averaged over circuits, by

pr(x.t) =Y |chPS(RHS(v) = x), )
v

where we sum over operator strings o¥ with right end point at
x [20]. Since a single layer of local unitaries can change any
Pauli string to any other Pauli string with the same support, the
late time evolution does not depend on the particular choice
of the initial operator o*, and we will drop this label. It was
shown in Ref. [3] that for RUCs, pj (x, 1) takes the form of a
propagating Gaussian with a peak moving at butterfly velocity
vp that depends only on g, where the peak width grows as o
/. This result was derived using the observation that pg(x, t)
satisfies the recurrence relation

RO, t + 1) = 2p(1 — pYpr(x, 1) + p*Pr(x — 1,1)
+ (1 — p)*Pr(x + 1,1), A3)

2

where p = qz"—+ This means that the right end points of op-
erator strings perform a biased random walk, moving to the
right with probability p?, to the left with probability (1 — p)?,
and staying on the same site otherwise. In this notation,
vp=p>—(1—-pP= Z:;} , which is smaller than the Lieb-
Robinson velocity 1 but approaches 1 as ¢ — oo.

We can package the above evolution of pg(x, t) as follows.

For every time step, we apply the matrix

1-p* (A-py 0
P 2p(1—p) (A-p)}

T(py=| 0 P 2p(1=p) | @
0 0 P
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onto the vector indexed by integer x € [1, L] with elements
Pr(x,t). T(p) is a stochastic matrix: The elements in ev-
ery column sum to 1. This is because the unitarity of the
evolution guarantees that Tr(c*(t)o*(t)") is conserved, so
> Pr'(s) =1forallz.

The fact that T (p) is a stochastic matrix means that it has an
eigenvalue 1 (in this case with multiplicity 1). We conjecture
that for Floquet systems, the operator dynamics is described
by a similar stochastic matrix; the key properties we demand
are that T is quasidiagonal and that T, , = T, y41 for O(1) <
x,y < O(L). The latter uniformity assumption corresponds to
the statement that once an operator has grown large, but is
still significantly smaller than the system size, how it grows
subsequently does not depend on its current size.

III. AUTOCORRELATION DECAY

T (p) can be used to compute how autocorrelation functions
decay. We will assume that under ergodic dynamics, |c/(t)|*
is the same for any two operators with the same left and right
end points. In the infinite temperature state, using the simple
observation that the trace over any nontrivial operator string is
zero [21], we get

Ve (0)) 2 = /lcu (). ®)

Note that pg(n, 1) ~ ¢*"|c/i(1)|*, where n is the extent of
o*, so the autocorrelation function decays with the same rate
as pr(n, t). pr(x, t) can be computed from 7' (p)" acting on a
vector |n) whose only nonzero element is at site n. Therefore,
to evaluate pg(n, t), we simply compute

Pr(n,t) = (n|T (p)'|n) = Zk’ (nlkg) (krln), — (6)

where for the second equality, we decomposed 7 (p) into left
and right eigenvectors.

It may be tempting to immediately conclude that autocorre-
lations are governed by the largest eigenvalue 1y = 1 of T'(p).
However, as shown in Appendix A, (n|kg)(k|n) is exponen-
tially small in L for k = 0 compared to k # 0. The effect is
that at times smaller than (O(L) the autocorrelation functions
are actually governed by the subleading eigenvalues. We also
show in Appendix A that there are L — 1 eigenvalues Ay =
2p(1 — p)(1 + cosk), where k = =* form=1,...,L — 1.
These eigenvalues lead to a decay rate of (4p(1 — p))' (up to
poly(t) corrections) fort < O(L).

Finally at times t ~ O(L), the leading eigenvalue 1y = 1
dominates, causing autocorrelation functions to plateau. We
can roughly estimate this plateau time by setting 4p(1 — p)
equal to the exponentially small value of (n|Og)(0O.|n). For
n ~ O(1), this gives in the Appendix A

Inp(1 —p)

Iplateau ™ —2Lm~ @)

Iplateau £TOWS linearly with L, with the coefficient going to
zeroas p — 1.

The above derivation of autocorrelation decay shows that
there is no dependence on the observable O or the initial state.
The intuition is that operator growth dynamics, at long times,
does not depend on the specific structure of the initial local

operator O. Likewise, the computation of Eq. (1) in a product
state is similar to the above computation; we simply need to
sum over |C,‘i(t)|2’ where oV is a operator string for which
the product state is an eigenstate. It turns out that this only
changes the poly(#) factor in the Appendix B; the exponential
decay rate remains the same.

More generally, as long as T is stochastic, quasidiagonal,
and uniform, we expect autocorrelation functions to decay
exponentially with a constant rate, up to times of order L, at
which point the operator has spread across the system. The
decay rate is given by the subleading eigenvalues of 7. In the
above example, it is the second leading eigenvalue of T [22].

We will now show that coarse-graining methods described
earlier all have the effect of slightly modifying the matrix 7.
For the particular 7 (p) in Eq. (4), they remove the eigenvalue
1 while, in appropriate limits, maintaining only the eigenval-
ues around and below 4p(1 — p). More generally, for systems
described by other choices of T, the coarse-graining method
results in the exponential decay observed for t < O(L) per-
sisting for all times. We will show that this implies that, for
Floquet systems, the rate g is encoded as an eigenvalue of the
nonunitary generator of time translations.

IV. LIOUVILLIAN GAP: PROJECTION

The superoperator P, Uy has eigenvalues within the unit
circle, and it was conjectured in Refs. [1,2] that the leading
such eigenvalue encodes g. The projection [P, used to remove
operators with size greater than £ can be easily implemented
within the operator hydrodynamical picture. We simply re-
place T(p) by P(¢)T (p), where P(£) is an L x L matrix
P(€),x=1—0(x,£), where ® is the Heaviside function.
Clearly, since P(£)T (p) is no longer stochastic, it does not
have an eigenvalue Ay = 1. Notice that it is essentially a T (p)
on a smaller system size ¢, except with a modification at
the (¢, £) matrix element that generically removes probability
conservation. We show by solving the recurrence relation (2)
with appropriate boundary conditions (see in the Appendix C)
that P(¢£)T (p) retains eigenvalues that approach 4p(1 — p)
in the thermodynamic limit. This means that autocorrelation
functions decay as (4p(1 — p))' even as t — oo; the pro-
jection removes the plateau at r ~ O(L). The eigenvectors
corresponding to values near 4p(1 — p) are all peaked near
x = £. If an operator starts at size 1, then (P(¢£)T (p))' drives it
toward these dominant eigenvectors of P(£)T (p) on an O(£)
timescale, and they dominate temporal correlations past that
point.

While the hydrodynamic description usually does not ap-
ply after t ~ O(L) for Floquet systems (after this point,
Floquet systems differ from RUCs, because they demonstrate
a ramp and plateau in ensemble-averaged autocorrelation
functions), the projection keeps the operators small compared
to L for all times. This means the operator size distribution
never reaches that required for the ramp and plateau. Operator
hydrodynamics should apply to operators of size £ embedded
in a much larger system of size L, so we can continue to use
operator hydrodynamics at all times. Even in Floquet systems,
we expect that the dominant eigenvectors of the dissipative
evolution still correspond to operators of size near ¢, and a
local operator will settle to them on an O(¢) timescale.
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What does this mean for the spectrum of P, Uy in Floquet
systems? Consider the dynamics of (P, Ur) (O) for a local
operator 0. The hydrodynamical picture suggests that this
operator will converge to the size x ~ £ eigenvectors over an
O(¢) timescale, and subsequently for all times ¢ > O(€) decay
as A' for some A (related to the aforementioned subleading
eigenvalues of T):

(O (P UrY[O])] ~ A ®)

Notice that A implicitly depends on ¢; however, we do
not expect it to depend strongly on £. The reason is that
autocorrelators for Uj, can be represented as a sum over
histories of Pauli matrices. (P,Ur)" simply omits trajecto-
ries involving operators larger than ¢, and truncation errors
are expected to shrink rapidly as ¢ grows [23,24]. More
precisely, the dominant operator trajectories involve opera-
tors of size at most O(+/f) [17]. However, in the regime
of interest, where ¢t ~ ¢, we have immediately that ¢ >
O(+/1), so that the truncation does not affect the most im-
portant operator trajectories. Therefore, (O (P, U ) [O]) ~ A
and (O UL[O]) = (O(1)0) ~ e~ ¥ agree closely up to expo-
nentially subleading corrections in ¢, so that limy_ . A =
e~8. This establishes that the leading eigenvalue of P,Ug
approaches ¢ as £ — oo, assuming we take the thermody-
namic L — oo limit first.

V. LIOUVILLIAN GAP: DISSIPATION

In the previous section, we “coarse grained” the unitary
evolution by projecting the dynamics onto the space of small
operator strings; we refer to this procedure as hard truncation.
In this section, we show that the main conclusions from our
previous section continue to hold when we more gently coarse
grain, by discarding longer operators through adding weak
dissipation to the evolution. The effect of weak dissipation
on the hydrodynamical description of operator spreading can
also be implemented by a simple modification of 7T'(p). In
the many-body problem, interspersing unitary evolution with
dissipation corresponds to stroboscopic evolution with P, U,
with dissipative channel P,. In the case where the dissipa-
tion is depolarizing noise, for example, P, (0#) = e VIgh,
where |w| is the Pauli weight of © and y is the strength
of dissipation. In order to incorporate dissipative effects into
operator hydrodynamics, we simply multiply 7 (p) by a diag-
onal matrix P(y ), which captures the effects of P,, within the
hydrodynamical picture. We take P(y ) to be a diagonal matrix
with P(y )y x = e~ V. Here, c is a constant that depends on the
particular channel. It does not change the result for y — 0, so
for convenience in the following we will set ¢ = 1. P(y) cap-
tures the effects of dissipation because dissipation generically
reduces operator amplitude, by an amount proportional to the
operator weight [25,26].

Similar to the hard truncation, the soft truncation described
by P(y) also removes the eigenvalue 1 of T (p). Further-
more, in the above limits, [P(y)T (p)lx,y ~ T (p)x,y forx,y <
%. We can use our results for P(£)T (p) to show that the
eigenvalues of P(y)T (p) are upper bounded by 4p(1 — p)
as L — oo,y — 0. Specifically, T(p) can be related by a
similarity transformation to a symmetric Hermitian matrix
T(p): R’lT(p)R = T’(p), where R = diag(é, 62, ...,0,) and

g 1.00 —— L=200
0.95 L=400
—— L=600

0.90 —— L=800
0.85 —— L=1000
--= 4p(1-p)

argest eigenvalue of P(y)T(

L
o
o
<]

0.000 0.001 0.002 0.003 0004  0.005
Y

FIG. 2. Leading eigenvalue of P(y)T (p) as a function of y for
different system sizes, with p = 0.8. Black dashed line is 4p(1 — p).

o, = (p/(1 — p))"’1 in the Appendix A. P(y)T (p) is related
by the same similarity transformation to P(y )T (p) because
[P(y),R] =0, so they have the same spectrum. We will
show that P(y )T (p) has leading eigenvalue upper bounded by
4p(1 — p)asL — oo, y — 0. To do so, we define a symmet-
ric, Hermitian matrix Tpr(p) = T(p) — p*|L)(L|. This matrix
is positive semidefinite because it is the nonzero block of the
positive semidefinite matrix P(L)T(p)P(L) for an enlarged
T (p) describing a chain of length L + 1, where P(L) is the
projector P(£) with ¢ = L. Importantly, the leading eigen-
value of P(y)T(p) is the same as that of P(y )T, (p) up to
corrections ~O(e~"L). The leading eigenvalue of the latter is
upper bounded by the product of the leading eigenvalues of
P(y) and Tpr(p), because both of these matrices are positive
semidefinite. It follows that the leading eigenvalue of P(y)
is upper bounded by e~74p(1 — p) up to O(e~"%) error. We
observe numerical evidence that the leading eigenvalue of
P(y)T (p) indeed approaches 4p(1 — p) as L - oo,y — 0
(see Fig. 2).

Furthermore, it is straightforward to see that the eigenvec-
tor pr.o(x) of P(y)T (p) corresponding to leading eigenvalue
Mo 1s peaked at size —w. The eigenstate satisfies

AoPRA(X) = e 7 (2p(1 — p)PrO(x) + P PrO(x — 1))
+ e (1 = p)Y*prox + 1). )

Suppose that pgo(x) is a smooth function of x (we will
show that this is true in an approximation of P(y)T (p) later
in this section; there, pgo has a Gaussian-like shape). Then,
when pgo(x) peaks, it flattens out, so pg.o(x*) ~ pPro(x* —
1) ~ pro(x* 4+ 1). If we in addition take y — 0, Eq. (9)
gives Ay = e so x* = —h‘%. This result is consistent
with the argument in Ref. [8]. Assuming that the leading
eigenvalue of P(y)T (p) approaches 4p(1 — p) in the limit
L — oo,y — 0, we find that indeed operators get spread to

a size ~ — w. Because the operator size distribution

gets frozen, and operators do not grow to size O(L), our
argument from the previous section applies to this case as
well. Even for Floquet systems, where T may be different
from T(p) in Eq. (4), we expect the same overall picture
to hold: Dissipation leads to operators growing ballistically
to size x, = O(1/y) and becoming stuck there subsequently,
with their norm decaying e "%’ ever after. It follows from
a similar argument to that near Eq. (8) that the dissipa-
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tive Floquet operator P, Ur has a leading eigenvalue with
modulus e~8.

To get intuition for the eigenvalues and eigenvectors of
P(y)T (p), it is instructive to consider a simplified 7 (p) ob-
tained by dropping the upper diagonal terms. This reduces
the second-order recurrence relation to a first-order recurrence
relation, which makes it easily solvable. The resulting leading
eigenvector and eigenvalues qualitatively behave in the same
way as those of the full second-order problem.

Expanding T'(p) for p = 1 — ¢ in small ¢ turns 7 (p) into
a lower triangular matrix T(p)V. P(y)T (p)V is still lower
triangular, and its eigenvalues are given simply by its diagonal
matrix elements. In addition to an eigenstate localized at x =
L with eigenvalue ~e~ "%, there is a second leading eigenvalue
A1 = e~ V2¢. Other eigenvalues are smaller, at e~7*2¢. There-
fore, if yL < 1, the dominant eigenvalue corresponds to an
eigenvector localized at x = L. However, if we take L — o0
first, and then y — 0, the leading eigenvalue of P(y)T (p)"
converges to 2¢. For this simplified first-order model, it is easy
to see that autocorrelation functions also decay precisely as
(2¢)'. This is because if an operator grows, it cannot reduce
back in size, and 2¢ is the probability of remaining the same
size.

To get the structure of the eigenstate, we can obtain all of
the ratios F:’f;f)l) (which is simple in this case because the
recurrence relation is first order) and use a telescoping product
to get

1 —2e o yx(x+1) 1
— _ yx - | |
PR=¢ ( 2e ) ¢ l —ev0-D’ (10)

y<x
This state is roughly a Gaussian peaked at x* = — @) ¢
follows that yx* = —In(2¢) = —3 for this simple model.

VI. DISCUSSION

There are some outstanding questions and comments. First
of all, we have made the strong assumption that operator
growth in ergodic Floquet many-body systems is governed by
the same biased diffusive hydrodynamics as in the RUC case.
This is certainly expected [27,28] but has not been proved
rigorously. One might expect that if this conjecture does hold,
then the leading eigenvalue of P,Upr, and hence g, should
simply be determined by the butterfly velocity (vg) and front

biased diffusion, which have identical vg, D, but which predict
different values of g in the Appendix D. One way to see why
this is the case is to observe that g describes the tail of the
operator size distribution, not the wave front, which indeed is
described by just vg and D. Thus, g is, if it can entirely be
determined by the operator hydrodynamical equations, nec-
essarily sensitive to details of the hydrodynamics that would
usually be considered irrelevant.

On the practical side, it would be useful to find an efficient
numerical method for determining the effective stochastic ma-
trix T given an ergodic unitary evolution, perhaps using some
of the ideas in Refs. [27,28]. It would also be interesting to
understand how the results are modified in the presence of
symmetries, where one can study the gap of the projected
dissipative Floquet operator (projecting out the conserved
quantities). Finally, it would be interesting to see whether an
analog of operator hydrodynamics can be applied to classical
chaos.
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APPENDIX A: CALCULATION
OF AUTOCORRELATION DECAY

After the similarity transformation

n—1
8, Si=1, %:(JL) ,

R:diag(81,82, 1
-p

diffusion constant (D) of the corresponding hydrodynamical (A1)
process. This is actually false; we give a family of models of
|
we can solve for the eigenvalues of the symmetric matrix
(I=pP+2p(1—p) pl—p) 0
. - p(l —=p) 2p(l=p)  p(l=p)
T(p)=R'T(p)R = (A2)
0 p(l—=p) 2p(1—p)
0 0 p(1—p)
We use the plane-wave ansatz for the (unnormalized) wave function
Pix = c1e™ + cre*x, (A3)

Note that in the main text, we denoted eigenstates by pg(x), but here we will denote them by py , for ease of notation. k labels

the particular eigenstate.
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Next, we use the recurrence relation

P = p)(prx—1 + Prar1) = 2P(1 = P)prx = Mpkx- (A4)
Plugging in the plane-wave ansatz, we get
A —2p(1 —p)  2(cie™ cosk 4 cre™"* cos k)
p—p c1e® + cpe=ihs
= 2cosk. (AS)
It follows that
A =2p(l —p)+2p(1 — p)cosk. (A6)

Now, we will derive the eigenvectors. The first recurrence
relation gives

(1 = pH)(cre® + cre™™)
+ p(1 — p)(c1€¥* + cre28) = A(c1e™ + ce7™). (A7)

Plugging our solution for A and solving for ¢; gives

p—(—ppe*
= . A8
“ cz((l—p)e’k—p (A9
Plugging this into Eq. (A3) gives
_ ikx [ P — (1 — p)eiik —ikx
Pkx = C2 |:€ (—(1 — p)e”‘ —p +e
_ 2ipsin(kx) — 2i(1 —.kp) sin(k(x — 1)). (A9)
(I =pye*—p
Picking ¢; = %’, we get
Yy o psin(kx) — (1 — p)sin(k(x — 1)). (A10)

The last recurrence relation implements quantization of k:

p(L = pWir—1 + (P> +2p(1 — p)Yi L = Az

Solving for ¢; as we did for the first recurrence relation, we
find that in order for this to be consistent with Eq. (A8), we
must have ¢**- = 1,s0 k = 2% wherem =1,...,L — 1.

Now, we would like to evaluate

Pr(n, 1) = (nlo) (Yoln) + D Melnly )y In),  (A12)
k

(Al1)

where the states {|1/f,2!x)} are normalized. To normalize each
state, we use

L L
fo dx (Y x|V ) = 5(1 — p*(1 —2p(1 — p)(1 + cos(k))).
(A13)

Furthermore, here we also include the normalized steady
state |yp):

(p/(1 = p)™"
YE (p/(1 = p)y*

_a- P2/ (1= p)))(p/(1 — p))2r—b
1= (p/(1 = p)* '

(n|Yo) (¥oln) =

(A14)

In the case we use n =1, the above simplifies because
sin(k(n — 1)) = 0. In this case, we have

2
(TP = - > @p(1 = p)(1 + cosk))
k

y p?sin?(k)
(I —=2p(1 — p)(1 + cos(k)))
1—p*/(1—p)?

+

1—(p/(1 = p)* (A1)

Turning this sum into an integral seems to give an expo-
nential with a subleading power law. We evaluate the integral
by substituting u = 1 + cos(k) :

W 2u — u?
1—-2p(1 — pu
2
= =@2p(1 —p)p2"'mw
4
x T[3/24+1]F[1,3/2 41,3 +1t,4p(1 — p)],

where F[- - -] is the regularized hypergeometric function. We
will expand the above at large ¢. Recall that

2t +2)!

2 0
—=@2p(1 = p))' p? / du

Y4 2
(A16)

T[3/2+1] =

We also have
F[1,3/24¢,3+¢,4p(1 — p)]

1 (3/2+0)4p(1 —p)
I[3+1] (4 +1)

+ O@p(1 — p))*.
(A18)

We will only use the first term, assuming that 4p(1 — p) is
small. Then, we have

T[3/2+t)F[1,3/2 41,341, 4p(1 — p)]
Qt + 217

~ ) A19
(4 DI + 2)14t+! (A19)

Now we use Stirling’s approximation
!~ x/2nn<ﬁ) (A20)

e

to get
[[3/2+t]F[1,3/2 41,3 +1t,4p(1 — p)]

22t+2(t+1)2t+2 27T(2t+2)€t+16t+2ﬁ
221 + 1)y 2T+ D+ 2) 227 + 2)4 !

e

Therefore, we have as our final answer the following ap-
proximation:

4p*e (4p(1 —p))y | 1=p*/(1 = p)
VI Q4+ 1= (p/(1 = p)?t’
In Fig. 3, we plot Eq. (A22) and compare it to the result from
numerically computing (1|7 (p)'|1).

Performing a similar calculation for (x|T (p)’|x) for x finite
simply shifts the coefficient by ~x; the ¢ dependence remains
the same.

Pr(1, 1) ~ (A22)
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Pr(x, 1)
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FIG. 3. The plot of (x|T (p)|x) computed explicitly by multiply-
ing matrices (blue dots) vs Eq. (A22) (red line). The x axis is 7. In
this calculation, p = 0.75 and L = 28.

We can roughly estimate the time at which (1|7 (p)'|1)
plateaus. Ignoring the power-law part, we get

. 1=p/(=p) ~ In p(1 — p)
WA= T T napi = )
(A23)

This is plotted in Fig. 4. In the limit p — 1, the coefficient of
L goes to zero.

APPENDIX B: CONNECTED CORRELATION FUNCTION
IN A PRODUCT STATE

In this Appendix, we will instead consider (¥|O(t)O(0)
) — (Y |O@)|) (¥|O(0)|), where the expectation value is
taken in a product state and O(0) is a short operator string.
In the fine-tuned case that O(0)|y) o |v), g is ill-defined
because (¥ |0(1)00)|y) = (Y |0@)|¥){(¥]00)[y).

All product states are connected to each other by a single
layer of unitary gates, so it does not matter which product state
we study. Suppose that the original state is a product state
with every spin in the 41 eigenstate of X;, and O(0) = Z,.
Then, (¥|0(0)|y) =0 and (¢"Z;) = 0 unless 6" =Y; ]_[ij

PRx. 1)
h

1077 -
10—14 L

10—21 L

o

0 50 100 150 200 250

FIG. 4. The plot of (1|T(p)'|1) vs Eq. (A22) at much later times,
including the plateau. Again, p = 0.75 and L = 28. The red line
cannot be distinguished from the blue dots because they closely
match.

or Z [] ; X; for some product over spins j. Let us denote this
subset of operator strings by {o,/}. Then,

(W 10@OO)Y) = (W I0OY) (W 0O )
=D e~ len®F,

where we drop terms with n’ # m’ assuming that they come
with random signs that cancel. Note that for the set of operator
strings acting on an interval of length / (not necessarily acting
nontrivially on every site within the interval), the probability
that the string is of the form mentioned above is ~-L (re-
call that in the convention we use, a single unit cell labeled
by x actually has two g-dimensional spins). This is because
there are g strings in the interval of the form Y; ] jXj or

(B1)

Z 11 ;X but g* operators in total. If we assume that for a
given length, all operator strings occur with the same proba-
bility, i.e., |¢,/(1)|> = h(l, r, t), where r, [ are the right and left
end points, we get (¥|0(0)|¥) = 0 and then we just need to
integrate over pg(x, t) with a weight g=>*.

This is easiest to do if we consider a slightly different setup
where we allow the right end point to travel to negative values
(or we can place the right end point of the operator at the
middle of the system rather than at site 1). Denote pg(x, 1)
computed in this way by 0z’ (x, r). This can be obtained from
the standard generating functional method as

PG
u+¥ﬂ¢+9'
For finite x, expanding in large ¢ gives the expected 4p(1 —
p) with a % subleading power-law decay rather than the #
derived above. The amplitude is higher because there are more
trajectories for returning to the original site (set to be zero) if
the right end point can go to negative values.

To compute ), |cy ()?, we sum over pg(x,t) for all
x > 0 with a factor of g=**. This gives Y pr'(x,1)g~> ~
(4p(1 — p))'. The summation that differentiates the product
state from the infinite temperature state only changes the
poly(t) factor. We expect a similar calculation performed us-
ing the approach in the previous Appendix (which only counts
trajectories of the right end point that stay above x = 0) would
also only change the t% factor.

PR (x, 1) = (B2)

APPENDIX C: ANALYTICAL ESTIMATION OF THE
LEADING EIGENVALUE OF P(¢)T (p)

In this Appendix, we show that for generic hard truncations
such as P(£)T (p) described in the main text, the spectrum of
P(£)T (p) consists of eigenvalues bounded above by 4p(1 —
p) and that the leading eigenvalue is within (’)(%) of 4p(1 —

p)-
We consider the £ x £ matrix

a+b a O 0

c b a 0

0 c b a ,
0 0 c a

0 0 c b+
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where we use the shorthand a = (1 — p)?, b=2p(1 —

p).c=p?, with 1 > p> 1 for RUCs. ¢’ = ¢ for T(p) on

a system of size ¢ and ¢’ = 0 for the upper left block of

P()T (p). ¢’ = c gives a stochastic matrix, while ¢’ = 0 does

not. We may have different a, b, c for ergodic Floquet systems.
The eigenvectors satisfy

0= —a)p; —ap

0= Apy — Aprp1 — CPx—1, X E€{2,...,0—2},

0= —coe—cper, (CH
where A = A — b. To solve this difference equation, we first
solve the characteristic equation ay?> — Ay + ¢ = 0. This has
two roots

A+ VA2 —dac

2a ’ €2

Y+ =
which are distinct if A2 — 4ac # 0. Our first task will be to
show that there are no roots in the interval 1 > A > 4p(1 — p)
for ¢’ not fine-tuned. We will then show that there is a root
within O(%) of 4p(1 — p).

Suppose that 1 > A > 4p(1 — p). Then, we write

pr = oy ooyl (€3)

Note that all nontrivial solutions to the recurrence relation
have p; # 0. Up to overall normalization of the state, we can
assume that p, = 1, so a4+ = (1 — ), . The first recurrence
relation in Eq. (C1) means that

(h—a)—alay; + (1 —a)y_)=0
_ay_+a—»
T oal-—ys)

Note that o does not scale with £ and is finite and nonzero
forl > A > 4p(1 — p).If L > 4p(1 — p) by an O(1) amount,
theny, > y_ > 0, so y’f;l dominates at large x. Therefore,

-« (C4)

pe =y (1+e7%0),

pe—1 = oy T2 (1+ e 0. (C5)

Plugging this into the last relation in Eq. (C1), we find that

~ow, (C6)

(o—cyy—c=e
which does not have any solutions for A > 4p(1 — p) except
along a fine-tuned line A(c') = ;= + ¢’ + b (neglecting terms
O(e™*)). For example, for the hard projection ¢’ = 0, we get

22 — dac + VA2 — dac + 2ac

>c>0. (C)
2a

X)’+—C=

We used the observation that the first two terms in the nu-
merator are positive when A > 4p(1 — p). It follows that for
sufficiently large ¢, there is no solution for ¢’ = 0, and there
are no eigenvectors with eigenvalue A > 4p(1 — p).

If instead ¢’ = c, then we need to solve

—-O()

h=c)pr—cpr1=0—> (G —clyy —c=e (C8)

This equation only has the solution A = 1 for A > 4p(1 — p).
Note that when A =1, 1 — o = 0, so this solution also holds
for finite £.

Next, we will show that there are roots approaching 4p(1 —
p) from below, in the case ¢’ # ¢ (for ¢’ = ¢, we already know
that there are roots near 4p(1 — p) from the exact solution for
the eigenvalues of T (p)). It suffices to show that

FO) = Ape — cpe—i

changes sign in the vicinity of A = 4p(1 — p), so it passes
through zero. Let A = 4p(l —p) —e =2b—€ fore > 0. In
this case,

(&)

b—exiy2b—e€)e 0
=re",

2a

Ve = (C10)

where r = \/g and § = arctan( ((2;:));

modulus, so yﬁ no longer dominates the expression for p;.
From the first recurrence relation in Eq. (C1), we now have

). Now y4 have equal

are™® +a— (b—¢€) it
o= ~ . = |a|e?.
ar(e~ — ¢if)

(C11)

—e— Leading eigenvalue

—~ 0.3 2nd
3_:,: —e— 3rd
LSS 0.2 —e— 4th
1 —e— 5th
Q: 0.1_
n
(0]
-
© 0.01
-
wn
c
o —0.11
o
[}

_0.2_

0 10 20 30 40 50 60 70
X
0.5 T
! —e— Leading eigenvalue

0.4 ! --- Estimated peak location
Py 1
X i

- 1

& 0.3 i
[J]
-
©
-
(9]
c
(7]
o
[Im}

0 100 200 300 400 500
X

FIG. 5. Left: Eigenstates of P(y)T (p), R™'pg(x), for the first
few eigenvalues. pg(x) are the eigenstates of P(y )T (p), and the
similarity transformation R is defined in Eq. (Al). Right: Eigen-
state of P(y)T (p), pr(x), for the leading eigenvalue. In both plots,
p=0.8,L =500,y =3/L = 0.006 (we only plot to x = 70 on the
left). The leading eigenvalue is A; = 0.621, close to our theoretical
estimation e "4p(1 — p) = 0.638. The peak location on the right
plot is close to our estimation — In(A;)/y = 75.381 (black dashed
line) as well.
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Let g(e) = f(2b — €). Then,

2—¢ b — X . . :
8e) = g(e)_;| | — ( ] i)r(ae(lfl)le + - a)ef(zq)le) _ (ae(zfz)le 4= O{)ef(zfz)te)
o o
_b=er

el (e V0 =Dy (qe=2i0 4 e E=2i0y — (b — €)rcos((€ — 1)8 + @) — cos((£ — 2)8 + ).
o

(C12)

Expanding around small €, we get 6 = v/ 275, so we need € ~ zi for £6 ~ O(1). Plugging this expression for 6 into Eq. (C11)
and again expanding in small €, we get ¢ = 7 + ﬁv 276 =7+ ﬁ@. Then, using cos(x + 7 /2) = — sin(x), we get

s(e) = (b— eyrsin [ (6 Y _sinfe— v
ge)=(@0b e)rsm((é 2)9+b_1) Sm((( 1)9+b_1>. (C13)

Suppose that € = {%, where ¢ is O(1). Then, the above simplifies to

1
#(e) = (1 — 2p*)sin ﬁ +(’)<Z>. (C14)

Therefore, g(e) passes through zero at = — = p(1 — p)m?, which is the largest root. The second largest root

v
p(1=p)
occurs near = 4p(1 — p)m2.

APPENDIX D: DEPENDENCE OF g ON vg, D

In this Appendix, we will show that g is not fully determined by just vg, or even vg together with the diffusion constant D. We
present a minimal, phenomenological example of a family of biased random walks with the same vp and D but with different g.
Consider the lower triangular stochastic matrix

1—p—ce€ 0 0 0 0
£4+3¢ 1-p—e 0 0 0
—_— £ —3e P43 l1—-p—e 0 0 o
p5€ = bl
€ £ -3¢ £+ 3¢ l—p—c¢ 0
0 € £ —3e P43 1—-p—e

which is non-negative if 0 < € < min(Z, lff /2). The leading eigenvalue of P(y )T (p) as we take L — oo followed by y — 0 is

1 — p — € (this is easy to see from the fact that T'(p, €) is lower triangular). However, the recurrence relation describes a biased

random walk with velocity and diffusion constant that is independent of €. Specifically, vg = 37” while D = 2. ¢ shows up as a

4
coefficient of the 97 term.

It is also straightforward to construct simple examples where the leading eigenvalue of P(y )T (p) (where T (p) is the stochastic
matrix in the main text) does not coincide with the second largest eigenvalue of 7 (p). For example, we can consider the lower
triangular matrix above and make the second to last entry on the diagonal 1 — p rather than 1 — p — €. We can modify the rest
of the column so that it remains stochastic. In this case, the second largest eigenvalue of T'(p) is 1 — p, but this eigenvalue is
suppressed almost as strongly as the eigenvalue 1; it will only appear att ~ O(L).

APPENDIX E: NUMERICAL RESULTS ON THE EIGENSTATES OF P(y)T (p) AND P(»)T (p)

Here, we present numerical solutions of the eigenstates of P(y )T (p) and P(y)T (p). As shown in the left plot of Fig. 5, most
of the eigenstates of P(y YT'( p), which is the dissipative matrix after the similarity transformation [see Eq. (A2)], have oscillating
behaviors. Because the eigenstates describe probability density distributions, we discard those that are not non-negative and
only keep the one that belongs to the largest eigenvalue. The right plot of Fig. 5 shows the spatial profile of this non-negative
eigenstate with similarity transformation added back on, i.e., the eigenstate of the original P(y )T (p). Its peak location is close
to our analytical estimation (black dashed line).
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