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We describe a concrete device roadmap toward a fault-tolerant quantum computing architecture based on
noise-resilient, topologically protected Majorana-based qubits. Our roadmap encompasses four generations of
devices: a single-qubit device that enables a measurement-based qubit benchmarking protocol; a two-qubit
device that uses measurement-based braiding to perform single-qubit Clifford operations; an eight-qubit device
that can be used to show an improvement of a two-qubit operation when performed on logical qubits rather
than directly on physical qubits; and a topological qubit array supporting lattice surgery demonstrations on
two logical qubits. Devices that enable this path require a superconductor-semiconductor heterostructure that
supports a topological phase, quantum dots and coupling between those quantum dots that can create the
appropriate loops for interferometric measurements, and a microwave readout system that can perform fast,
low-error single-shot measurements. We describe the key design components of these qubit devices, along with
the associated protocols for demonstrations of single-qubit benchmarking, Clifford gate execution, quantum error
detection, and quantum error correction, which differ greatly from those in more conventional qubits. Finally,
we comment on implications and advantages of this architecture for utility-scale quantum computation.
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I. INTRODUCTION: FAULT-TOLERANT QUANTUM
COMPUTATION USING TETRONS

Practical schemes for quantum error correction over-
whelmingly rely on the ability to perform multiqubit Pauli
measurements [1,2]. Here, logical qubits are encoded in
a multitude of underlying physical qubits, and a Pauli
measurement sequence is carefully designed to allow the
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FIG. 1. Roadmap to fault-tolerant quantum computation with tetrons. The first panel shows a single-qubit device. The tetron is formed
through two parallel topological wires (blue) with an MZM at each end (orange dot) connected by a perpendicular trivial superconducting wire
(light blue). The regions adjacent to the MZMs have quantum dots (QDs) shown in dark purple with cutter gates (light purple) controlling the
tunnel coupling between the quantum dots and MZMs. The device supports measurement-based qubit benchmarking. The next panel shows
a two-qubit device that supports measurement-based braiding transformations. The third panel shows a 4 × 2 array of tetrons supporting
a quantum error detection demonstration on two logical qubits. These demonstrations build toward quantum error correction, such as on
the device shown in the right panel (a 27 × 13 tetron array). The red boxes highlight the two fault-distance 7 logical qubits; the device is
compatible with lattice surgery demonstrations. The blue box highlights a two-qubit tile identical to the device in the second panel. Additional
demonstrations may be inserted between the third and fourth panels to gradually scale the system.

identification of any errors without affecting the encoded
quantum information. The number of physical qubits re-
quired per logical qubit and the depth of the measurement
sequence—both commonly referred to as overhead—depend
on the performance of the underlying physical measurements,
making this a crucial performance metric for a large-scale
fault-tolerant quantum computer.

Measurement-based topological qubits built upon Majo-
rana zero modes (MZMs) stand out in this context as an
architecture in which multiqubit Pauli measurements are
the native instruction set. This is unlike most conventional
platforms, where these measurements are implemented by
sequences of multiqubit Clifford gates and single-qubit mea-
surements. A specific MZM-based qubit architecture that
enables such measurements was proposed in Refs. [3,4],
building on the ideas in Refs. [5–7] (see also Ref. [8]).
The qubits in this architecture are tetrons, which store the
qubit state in four MZMs. The MZMs are located at the
end points of two topological superconducting wires [9]
formed from proximitized semiconductor nanowires [10,11].
In this paper, we focus on two-sided tetrons, in which two
parallel topological wires are joined by a trivial supercon-
ducting backbone to form a single island with charging
energy [3]. In the remainder of this paper, we will drop
the modifier and simply use tetrons to refer to two-sided
tetrons. The measurements are performed by forming inter-
ferometric loops between qubit islands and nearby quantum
dots, leading to a shift in the quantum capacitance of the
dots that can be detected using standard microwave tech-
niques. Such an interferometric parity measurement was first
demonstrated in Ref. [12] (using a linear tetron), and more
recently a hardware realization of the two-sided tetron along

with single-shot measurements of both loops was presented
in Ref. [13].

Tetrons are predicted to suppress idle and measurement
errors exponentially in three dimensionless quantities: (1) the
ratio of the topological gap to the temperature; (2) the ratio of
the length of the device to the topological superconducting co-
herence length; and (3) the signal-to-noise ratio (SNR) of the
measurement system [14–18]. The resulting low error rates
help enable scalable fault-tolerant quantum computation us-
ing recently introduced topological codes specifically tailored
toward measurement-based qubits; see, e.g., Refs. [6,19–22].
For a more detailed discussion of the practical advantages
offered by this architecture for building a utility-scale fault-
tolerant quantum computer, see the discussion in Sec. V.

The experimental status of tetrons at the time of writ-
ing is as follows. The topological superconducting gap
was measured in gate-defined semiconductor-superconductor
nanowires in Ref. [23]. Such wires were used to form a “linear
tetron” device [3] on which single-shot parity measurements
were performed in Ref. [12]. A “two-sided tetron” device [3],
the type focused on in this paper, was fabricated and measured
in both X and Z bases in Ref. [13], which extracted the qubit
lifetime in both measurement configurations and compared to
expectations of noise tetron noise bias.

We present a roadmap, summarized in Fig. 1, building from
this current experimental status toward fault-tolerant quantum
computing with tetrons. The roadmap incrementally scales the
system while building the capabilities required for scalable
quantum error correction. Previous works discussing demon-
strations for Majorana-based qubits have focused on either in-
troducing the particular qubit platform [3,4,24–26], detailing
prequbit demonstrations for Majorana nanowires [27–29],
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or physical implementations of quantum error correction
with Majorana-based qubits [6,7,19,22,30,31]; in contrast, the
roadmap here focuses on tetrons realized in gate-defined two-
dimensional electron gas (2DEG) realizations of Majorana
nanowires and describes milestone demonstrations building
toward implementing the pairwise Pauli-measurement-based
quantum error correcting codes of Refs. [20,22,31]. We
present a gate schematic of the minimal device supporting
each demonstration and describe the key design elements,
operating principles, and dominant error sources.

We support this roadmap by several technical results. In
Sec. II, we introduce a specific protocol and associated per-
formance metrics for measurement-based qubit benchmarking
(MBQB). This protocol can be used both as a first demon-
stration of tetron operations and for benchmarking qubits in a
scalable tetron-based system. Section III reviews the concept
of measurement-based braiding transformations and its role in
the context of fault-tolerant quantum computing. In addition
to discussing details of a two-qubit device that supports such
an initial braiding demonstration, we simulate the specific
measurement sequences for that device in a tetron-specific
noise model. In Sec. IV, we propose a specific quantum
error detection scheme for tetrons that utilizes the same mea-
surements as required for the syndrome extraction circuit of
the Floquet codes in Refs. [20,31], only a subset of which
are needed for the pairwise measurement-based surface code
of Ref. [22]. We simulate the expected performance of this
demonstration on an eight-qubit device, identifying a region
of two-qubit measurement logical improvement. Finally, in
Sec. V we discuss the outlook to the abovementioned scalable
quantum error correcting codes with the tetron architecture.
An example device is the 2 × 1 logical qubit array shown in
the rightmost panel of Fig. 1; each logical qubit (red box)
supports the surface code with fault distance 7. Additional
details of the roadmap may be found in the Appendixes.

II. SINGLE-QUBIT TETRON DEVICE

A. Measurement-based benchmarking of a topological qubit

For most conventional qubit platforms, coherent rota-
tions are the elementary single-qubit operations, along with
measurements in a distinguished “computational basis.”
For measurement-based topological qubits, such rotations
are only used to implement non-Clifford gates and, in a
fault-tolerant setting, do not generally limit the system’s
performance; see discussion in Appendix D. Instead, topo-
logically protected operations are performed through single-
and two-qubit Pauli measurements. Notably, measurements,
including two-qubit measurements, can be performed in sev-
eral different bases without the need for unitary rotations [32].
Therefore, the most natural way to validate such a qubit is
through these Pauli measurements. In the single-qubit setting,
this amounts to testing the ability to measure the qubit state
in more than one Pauli basis. It is worth noting that more
conventional quality metrics, such as qubit lifetimes T1 and
T ∗

2 , along with protocols to measure them, can be defined for
tetron qubits [18,33]; however, since these timescales are not
directly relevant to measurement-based operations, which this
paper is focused on, we defer their discussion to Appendix C.

It is worth noting that such noncommuting measurements
have played an important role in the early development
of quantum mechanics. The Stern-Gerlach experiment [34],
which uses a magnetic field gradient to split a beam of spin-
ful particles into two beams of well-defined spin orientation,
was one of the first demonstrations of the discrete nature
of quantum measurement outcomes. By combining two such
Stern-Gerlach apparatuses with different orientation, one can
probe the noncommutative nature of different spin observ-
ables. Here, we will describe a formally similar experiment,
albeit in a completely different physical system, where the
spin orientation is replaced by measuring different Majorana
bilinears.

For an initial demonstration of a topological qubit, only
two Pauli measurements, X and Z are needed. In the ideal
case, these are projective measurements that anticommute
exactly, {X, Z} = 0. Therefore, for two subsequent X mea-
surements, the outcome of the second should be the same as
the first, and likewise for two subsequent Z measurements. In
the Stern-Gerlach analogy, this corresponds to two sequential
apparatuses having the same orientation, where the second
does not split the individual beams any further. If, conversely,
an X measurement is followed by a Z measurement (or vice
versa Z followed by X ), the outcome of the second measure-
ment should be equally distributed regardless of any previous
measurement outcome. In the Stern-Gerlach analogy, here the
second apparatus has a different orientation and is able to split
each output beam of the first one in half again. Performing
a sequence of X and Z measurements and statistically ana-
lyzing the outcomes allows us to infer whether they indeed
correspond to two anticommuting, projective measurements,
within some well-defined approximation. We propose a num-
ber of such statistical tests, which we refer to collectively as
MBQB [35]. Similar tests were proposed and experimentally
performed on nuclear spin qubits in Ref. [36]. Importantly,
these protocols test not only the accuracy of the classical
outcomes reported by the measurements, but also the quality
of the postmeasurement quantum state [37].

To quantify deviations from the ideal case, we introduce
two operational error metrics: the operational assignment er-
ror erra [38] and the operational bias errb. The former is
the deviation of the experimental X and Z measurements
from their ideal projective behavior, quantified by the to-
tal variational distance between the observed and expected
outcome statistics maximized over different preparations and
bases. More explicitly, writing MP

r to be the superoperator
corresponding to the (generally imperfect) implementation
of the measurement of the Pauli operator P with outcome
r ∈ {+1,−1}, then [39]

erra = max
s,P

1

2

∑
r

∣∣∣∣Pr

(
MP

r

∣∣∣MP
s ;

1

2
1̃

)
− δr,s

∣∣∣∣ (1)

= max
s,P

∣∣∣∣Pr

(
MP

+1

∣∣∣MP
s ;

1

2
1̃

)
− δ+1,s

∣∣∣∣, (2)

where 1
2 1̃ is an experimental approximation to the maximally

mixed state. We have written the conditional probability of
getting outcome r immediately after outcome s having pre-

pared the initial state 1
2 1̃ as Pr(MX

r |MX
s ; 1

2 1̃).
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The operational bias error quantifies the deviation from the
mutually unbiased bases behavior of X and Z measurements
[40,41]. For a single qubit, this means that an X measure-
ment after a Z measurement should yield either outcome with
probability 1/2. As such, the operational bias corresponds
to maximizing the total variation distance over sequences of
pairs of nominally distinct measurements:

errb = max
s,P �=Q

1

2

∑
r

∣∣∣∣Pr

(
MP

r

∣∣∣MQ
s ;

1

2
1̃

)
− 1

2

∣∣∣∣ (3)

= max
s,P �=Q

∣∣∣∣Pr

(
MP

+1

∣∣∣MQ
s ;

1

2
1̃

)
− 1

2

∣∣∣∣. (4)

Together, erra and errb inform not only how distinguishable
the experiments are from the ideal behavior, but also what
aspect of the experiment deviates the most. Further details of
these operational error metrics are discussed in Appendix A,
including how the experiments used to estimate them can be
used to reconstruct the full action of the measurements on a
quantum state.

It is worth considering some concrete examples of non-
ideal behavior. If the measurement operations yield uniformly
random outcomes, such as in the case where switching the
measurement on and off completely randomizes the state of
the qubit, erra = 1/2 and errb = 0. On the other hand, if
the quantum device is able to implement the measurement
projector perfectly but noise in the readout chain, e.g., due
to the amplifiers, flips the recorded measurement with proba-
bility p f , one would find erra = 2p f (1 − p f ) and errb = 0.
Finally, if both measurements are actually identical instead
of anticommuting, but otherwise perfect, then erra = 0 and
errb = 1

2 .
The experiments implied by the definition of the erra and

errb metrics assume the ability to prepare 1
2 1̃, an approxima-

tion to the maximally mixed state. In practice, the maximally
mixed state can be approximated by applying a sequence
of approximately noncommuting measurements without con-
ditioning on the outcomes. Estimating erra and errb then
requires estimating the probability of subsequences

MP
r MQ

s MR
∗MS

∗, MP
r MP

s MR
∗MS

∗, (5)

where P �= Q, R �= S ∈ {X, Z}, and ∗ indicates that we do not
care about that particular measurement outcome. One can then
imagine running an experiment consisting of a long random or
pseudorandom sequence of measurements and counting the
separate occurrence frequencies of Eq. (5) as subsequences
(see Appendix A).

While the above definitions could be generalized to include
Y measurements, initial demonstrations of topological qubits
will be restricted to use X and Z measurements for simplicity
of device control, as shown in Fig. 2. Under these restrictions,
only the real part of the states and operators acting on the
states can be fully reconstructed, but that suffices for the
reconstruction of the action of X and Z measurements and
for the definition of the natural error metrics introduced above
(see Appendix A for more details). MBQB can be generalized
in other ways. For instance, the measurement sequence could
include experimentally distinct implementations of the X and
Z measurements (e.g., sometimes measuring X using iγ1γ3

and sometimes measuring X using iγ2γ4, which is equivalent

FIG. 2. Gate schematic of the single-qubit device with measure-
ment loops indicated. The single-qubit device shown functionally in
the leftmost panel of Fig. 1 can be enabled by the gate schematic
shown here. The tetron is formed by two parallel topological wires
connected by a trivial superconducting backbone. MZMs form at
each end of the topological wires and are labeled 1–4 as shown.
The chemical potential in the wires is controlled by first-layer gates
that deplete the 2DEG away from the superconductor. Quantum dot
plungers and cutter gates between quantum dots and the MZMs are
second-layer gates. Depletion gates surround the device. The top and
bottom panels show X and Z measurements formed by tuning the
gates along the black lines and performing dispersive gate sensing
on one of the quantum dot plunger gates involved in the loop; see
discussion in Sec. II B 2.

in the computational subspace). It is also possible to include
two-qubit measurements in the sequence.

MBQB allows us to extract operational error metrics for a
qubit assuming only the ability to perform sequences compris-
ing two noncommuting Pauli measurements. However, at least
one unitary outside the Clifford group is needed to perform
universal quantum computation [42]. A π/4 rotation around
Z , known as the T gate, is often chosen as the operation to
complete a universal set of gates, but this is not a topologically
protected operation in Majorana-based qubits. However, a
noisy implementation of the T gate together with low-noise
Clifford operations can be used to distill low-noise resource
states from which fault-tolerant T gates can be implemented
[43,44]. We review implementing a T gate in tetrons in Ap-
pendix D; the required Clifford operations can be performed
through topologically protected single- and two-qubit mea-
surements, as described in Sec. III A.

B. Device design

1. Design elements

Figure 2 shows a gate schematic of the two-sided tetron
(for a specific realization and measurements of such a de-
vice, see Ref. [13]). The principal elements of the design
are (1) two parallel topological superconducting nanowires
(blue), with MZMs at their ends (orange dots); (2) a trivial
superconducting nanowire that connects the midpoints of the
topological wires (light blue), so that the three wires together
form a (sideways) “H”; (3) five quantum dots (with chemi-
cal potential controlled by second-layer plunger gates); and
(4) tunnel junctions (controlled by second-layer cutter gates)
coupling these quantum dots to each other as well as to the
MZMs. As in the case of the linear tetron device described
in Ref. [12] (as well as the devices of Refs. [23,45,46]),
the nanowires are gate-defined and can be realized in a ma-
terial stack featuring a 2DEG formed in an InAs quantum
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well that is proximitized by an epitaxially grown s-wave
superconductor such as Al. The most crucial differences
between the two-sided design and the linear tetron device
described in Ref. [12] are that the topological superconducting
segments are no longer colinear and the trivial superconduct-
ing segment, which is perpendicular to them, remains far from
the MZMs. The placement of MZMs at the four corners of the
H is advantageous for multiqubit layouts with 2D connectiv-
ity. As the qubit islands are floating, a complete theoretical
treatment of their ground-state degeneracy requires a number-
conserving formalism, as discussed in Refs. [5,17,47,48].

The “horizontal” topological superconducting wires can be
gate-defined as follows. Each “horizontal” superconducting
strip can be covered by a “plunger” gate that is used to
tune the density of electrons in the semiconductor under the
corresponding superconducting wire. The wires are narrow
enough that the semiconductor can be tuned into the single-
subband regime [23], and their length is chosen to minimize
residual coupling between the Majorana zero modes while
still supporting sufficient charging energy. For material stacks
similar to the one used in Ref. [12], a length of 3–5 µm meets
these criteria. Under normal operating conditions, there is an
in-plane magnetic field of several Teslas in the “horizontal”
direction, i.e., along the topological wires. The material stack
and device can be designed [49,50] so that there are a range
of in-plane magnetic fields and plunger gate voltages (within
the lowest subband) over which both of the horizontal wires
are in the topological phase with MZMs at the ends, provided
disorder is sufficiently low [51–68]. The “vertical” trivial
superconducting wire connects the topological segments (the
crossbar of the H) and needs to be engineered in such a
way that it does not introduce low-energy subgap states. The
distance between the horizontal wires is approximately 1 µm,
dictated by requirements on the quantum dots discussed be-
low.

There is a quantum dot adjacent to each end point of the
horizontal wires and, thus, to the MZM that resides there.
There is also a longer quantum dot parallel to the bottom wire
that enables connections between the left and the right side
of the device. These quantum dots have a form and function
similar to those of the device used in Ref. [12], with the
extended dot mirroring the dimensions of the extended dots
on the linear tetron device, and the dots adjacent to the bottom
wire extended somewhat to connect with the long quantum
dot. All the dots can be designed so that their charging ener-
gies and level spacings are large compared to the electronic
temperature. Unlike in the linear tetron device, the junctions
connecting these quantum dots to the topological supercon-
ducting wires are at the ends of the wires.

Related methods for parity measurement were discussed in
Refs. [4,6,7,29,30,33,69–76]. Analogous device architectures
might apply to other physical systems that have been
proposed for MZMs, including quasi-one-dimensional
systems composed of chains of magnetic atoms on the
surface of a superconductor [77–82], in nanowires that are
completely encircled by a superconducting shell in which the
order parameter winds around the wire due to the orbital effect
of the magnetic field [83–85], in the vortex cores of three-
dimensional superconductors [86,87], in two-dimensional
p + ip superconductors [88], at the surface of a topological

insulator [89–91], in ferromagnetic insulator-semiconductor-
superconductor heterostructures [92–100], in s-wave
superfluids of ultracold fermionic atoms [101,102], and
potential non-Abelian fractional quantum Hall states
[103–106]. In the latter system, interferometric transport
measurements of fermion parity were proposed in
Refs. [107–110], and intriguing results have been observed in
experiments [111,112].

2. Operating principles and dominant error sources

The quantum state of a tetron is encoded in four MZMs,
which can be numbered as shown in Fig. 2. Assuming a fixed
MZM parity −γ1γ2γ3γ4 = +1, we can define Pauli operators
[113]:

Z = iγ1γ2 = iγ3γ4, (6)

X = iγ1γ3 = −iγ2γ4. (7)

Since topological qubits have near-degenerate ground states,
there is no preferred “computational basis,” and the as-
signment of Pauli operators above is purely a matter of
convenience. With the choice made above, the basis states of
the qubit can be chosen as the eigenstates of the Z operator,
i.e., Z|0〉 = +|0〉 and Z|1〉 = −|1〉.

The primary operations supported by the single-qubit de-
vice are measurements of X and Z , performed by forming
interferometric loops as indicated in Fig. 2. By enabling
single-electron tunneling between the Majorana zero modes
and an adjacent chain of quantum dots, a state-dependent
shift of the energy spectrum of the quantum dots is induced.
This shift can be measured as a change in the capacitance
of a nearby gate to the quantum dot (referred to as quantum
capacitance), which in turn is detected as a frequency shift
of a microwave resonator that is coupled to that gate. This
approach is explained in more detail in Ref. [3] and has
been experimentally demonstrated in Ref. [12]. Qubit states
are prepared using such measurements, which need to be
followed either by postselection, a Clifford operation to cor-
rect the outcome, or classical tracking of the Pauli reference
frame; in practice, the latter approach is usually favorable (see
Sec. III A). Qubit states can be transformed into each other
using the approaches discussed in Sec. III A.

While topological qubits are affected by errors due to
imperfect control, coupling to the environment, and inherent
physical limitations, their topological protection suppresses
these errors exponentially in the dimensionless quantities dis-
cussed in Sec. I. These errors can be separated into classical
errors that flip the measurement outcomes and quantum errors
that couple to the MZMs. The former are limited by the SNR
and occur with probability [114]

pa =
[

1 − erf

(
SNR(τmeas)√

2

)]/
2. (8)

Typically, SNR(τmeas) ∼ √
τmeas for sufficiently long mea-

surement times, and limx→∞[1 − erf(x)] ∼ e−x2
/x; thus, the

probability decays exponentially with increasing τmeas. The in-
terferometric parity measurement proposed here was demon-
strated in Ref. [12], where an SNR of 0.52 was achieved for
a measurement time of 1 µs. We comment on future improve-
ments to the SNR in Sec. V.
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Errors on the quantum state, on the other hand, become
more likely when the measurement time is increased because
the qubit state may change during the measurement. The
typical timescale for undesired changes of the quantum state
is denoted by Tlife. The resulting error probability during a
measurement is expected to scale as

p1 ∼ 1 − e−τmeas/Tlife . (9)

While in conventional qubits, Tlife is governed by relaxation
into the lower-energy state and typically denoted by T1, in
topological qubits, there is no strongly preferred basis and
Tlife will have contributions from processes other than relax-
ation. The processes predominantly limiting Tlife are due to
(1) thermal fluctuations exciting a fermion from the MZMs
to an above-gap quasiparticle state (scaling as e−�/kBT ) [115]
and (2) state flips due to the residual coupling between an
MZM involved in a measurement and an MZM not involved
in a measurement. Both errors can be modeled phenomeno-
logically as Pauli errors; see Appendix B for details [116].

To perform an X (or Z) measurement, the quantum dots
that lie on the X (Z) loop must be coupled to the qubit island,
while those on the Z (X ) loop must be decoupled from the
island. In an MBQB demonstration, the device must switch
between these two configurations. This can be done by cou-
pling/decoupling quantum dots from the qubit island in one of
two ways.

The “detuning-based” approach decouples a dot from the
qubit island and other dots by setting its chemical potential to
lie in a Coulomb valley. We couple a dot to the qubit island by
tuning it near its charge degeneracy point (which also couples
it to other dots that are near their charge degeneracy points).
More explicitly, a detuning-based X measurement pulse se-
quence begins from an idle qubit configuration (all quantum
dots tuned to Coulomb valleys), then tunes the quantum dots
touched by the loop shown in the left panel of Fig. 2 near
the charge degeneracy point, stays in this configuration for
the measurement time, and then tunes the same quantum dots
back to Coulomb valleys to end back in the idle configuration.
For this pulse sequence, the quantum dots can be tuned using
any gate with significant lever arm to the quantum dot of
interest and small lever arm to other regions, e.g., the quantum
dot plunger gates shown as larger second-layer gates in Fig. 2.

Alternatively, the “cutter-based” approach additionally
uses a cutter gate (the small rectangular second-layer gates
shown in Fig. 2) to open or close a junction, thereby decou-
pling a dot on one side of the junction from the qubit island
(or dot) on the other side of the junction. A cutter-based pulse
sequence again begins from an idle qubit configuration, which
in this case corresponds to all quantum dots tuned to Coulomb
valleys and all cutter gates pinched off. In the first step of the
sequence, cutter gates intersected by the desired measurement
loop are opened to allow tunnel coupling between the quan-
tum dots and MZMs. Then, the quantum dots intersecting the
desired measurement loop are tuned near charge degeneracy.
This measurement configuration is maintained for the length
of the measurement time, and then the process is reversed
(first detuning the quantum dots and then closing the cutter
gates) to return the qubit to its idle configuration.

The detuning-based approach uses small amplitude pulses
on the plunger gates (or equivalently on any gate with sig-

nificant lever arm to the quantum dot of interest and small
lever arm to other regions). However, in this approach, the
coupling through the X (Z) loop is only suppressed by a
factor ∼t2/EQD

C during the Z (X ) measurement, where t is
the tunnel coupling between dots or dot and wire and EQD

C
is the QD charging energy. This residual coupling limits Tlife

(and makes the measurement bases not strictly orthogonal)
because the unwanted coupling fluctuates as a result of charge
noise, thereby decohering the qubit. With cutter-based control,
the residual coupling can be made exponentially small in the
width of the tunnel barrier [117], so qubit coherence is limited
instead by the residual coupling of the MZMs through the
qubit island. This scales as e−L/ξ , where L is the length of
the topological wires and ξ is the superconducting coherence
length in the topological phase. Note that a Y measurement in
the device shown in Fig. 2, e.g., iγ1γ4, requires cutter-based
control as the Z and X loops are only closed off by the cutter
adjacent to MZM γ3.

III. MEASUREMENT-BASED BRAIDING
TRANSFORMATIONS

Unitary gate operations can be performed via measure-
ments with the aid of auxiliary degrees of freedom [118,119].
Such measurement-based operations on topological qubits,
pioneered in Ref. [120], preserve topological protection, while
removing the need to physically move or adiabatically couple
anyons [25–28,121]. (Braiding schemes that rely on adiabatic
braiding protocols are subject to diabatic errors that in general
are not exponentially suppressed in macroscopic parameter
ratios of the systems [16,122–124].) In the case of tetrons,
Clifford operations are topologically protected and can be
enacted entirely through single-qubit and two-qubit (2-MZM
and 4-MZM) measurements involving auxiliary tetrons. For
example, to perform a full set of single-qubit Clifford oper-
ations, a system of two qubits is required, where one serves
as the computational qubit and one as an auxiliary qubit.
In this section, we propose the corresponding measurement
sequences for such measurement-based single-qubit Clifford
operations and introduce a design for a device that is able to
execute them. We simulate the fidelity of one such measure-
ment sequence subject to a tetron-motivated noise model.

It is worth noting that performing Clifford gates directly
on physical qubits is not necessary for scalable quantum com-
putation in the architecture described in this paper. Instead,
Clifford gates are performed directly on logical qubits through
so-called lattice surgery operations (see also the discussion in
Sec. IV), and the only required physical operations are the
measurements needed to perform error correction and the T
gate to achieve universality. Nevertheless, performing such
Clifford gates via measurement-based braiding transforma-
tions is an important step on this roadmap as it implies a
powerful demonstration of the non-Abelian nature of MZMs
[125]. While these Clifford gates allow for a comparison to
conventional qubit platforms, a more natural comparison is
the fidelity of operations used in a quantum error correction
syndrome extraction circuit, which in our architecture are the
Pauli measurements themselves and in other platforms include
the Clifford gates.
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FIG. 3. Measurement sequence for implementing [S] in Eq. (13)
on the two-qubit device (same legend as in Fig. 2). The sequence is
equivalent to applying a braid to MZMs 1 and 2 on the computational
(bottom) qubit; see Appendix E for the explicit connection.

As the measurements involved are topological, the oper-
ations generated by these measurement sequences directly
reflect the fusion and braiding statistics of the corresponding
topological phase [120]. However, the charging energy of a
superconducting island fixes the total fermion parity of the
four MZMs on each tetron, so we can only perform operations
that preserve this parity [3,48]. Equivalently, all measure-
ments must involve an even number of Majorana operators
on each island. This is sufficient to generate a complete set of
Clifford gates.

We note also that this approach can be extended to multi-
qubit Clifford operations; for a more complete discussion, see
Refs. [3,126]. On the other hand, going beyond Clifford oper-
ations to obtain a computationally universal gate set requires
additional, nontopologically protected operations. As such
operations do not limit the performance of a fault-tolerant
quantum computer based on tetrons [127], they are not the
focus of this paper, but their implementation in tetrons is
reviewed in Appendix D.

A. Protocols

An ideal measurement of two-qubit Pauli PQ with outcome
s ∈ {±1} corresponds to the projector

�PQ
s = 1 + s · PQ

2
. (10)

Using this, one can verify that the phase gate S applied to the
computational qubit can be generated, up to a Pauli correction
[128], by the sequences of four measurements shown in Fig. 3:
MXIMY IMZZMXI . (Here, the sequence of measurements is
to be read right to left, like operators applied to a state.) In

particular, we find

�XI
s3

�Y I
s2

�ZZ
s1

�XI
s0

= Os0
s3

⊗ Z
1+s0s1s2

2 S, (11)

where the operator Os0
s3

on the auxiliary qubit is a shorthand
for |Xs3〉〈Xs0 |. (The equivalence in Eq. (11) is up to overall
constants, which are unimportant for the effective operations
generated.) The diagrammatic representation of this measure-
ment sequence, shown in Appendix E, illuminates the relation
to the corresponding braiding transformation. We note that
this measurement sequence requires only a single two-qubit
measurement. Furthermore, the first and last measurements in
the sequence initialize and reset the auxiliary qubit in the X
basis, and therefore one of them could potentially be omitted
in a series of gate operations, though this comes with the
potential risk of propagation of errors between subsequent
Clifford operations. Finally, this measurement sequence is not
unique; in general, many different sequences can be used to
generate a given Clifford gate. The optimal choice of sequence
will depend on the details of the underlying hardware im-
plementation. Here, we have chosen sequences that are well
suited to the qubit design described in Sec. III B; for a broader
discussion of this optimization, see Ref. [126].

We note that the Pauli correction arising from the
measurement sequence in Eq. (11) (or from similar operator-
generating measurement sequences) is not deterministic, since
the measurement outcomes are probabilistic. In principle,
these outcomes can be made deterministic by employing
a repeat-until-success protocol called “forced measurement”
[120,126], where measurements in the sequence are replaced
by (longer) adaptive measurement sequences. However, this is
not necessary: instead, the Pauli corrections can be tracked in
software, where they lead to a classical correction of the final
measurement outcome or potentially a modification of sub-
sequent non-Clifford operations. Therefore, it is convenient to
work directly with the Pauli equivalence class [C] of a Clifford
gate C, defined as [C] = {C′ ∈ C|∃P : PC′ = C}, where C is
the Clifford group of unitaries acting on a single qubit and P
is a Pauli operator. Any given element of the equivalence class
can be accessed through changes to the Pauli frame [129],
without any additional operations on the qubits themselves.

While the single-qubit Clifford group has 24 elements,
there are only 6 Pauli equivalence classes, which we denote by
[1], [H], [S], [HSH], [HS], and [SH] [130]. For the two-qubit
device described in the next section, examples of optimized
measurement sequences for the nontrivial Pauli equivalence
classes of single-qubit Clifford gates are

[H] = MXIMY IMZYMXI , (12)

[S] = MXIMY IMZZMXI , (13)

[HSH] = MXIMZYMZZMXI , (14)

[SH] = MXIMY IMZYMZZMXI , (15)

[HS] = MXIMY IMZZMZYMXI . (16)

Here, we use C to represent the superoperator corresponding
to the unitary C ∈ {H, S, HSH, SH, HS} and use MP to rep-
resent the instrument used to measure the observable P. The
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corresponding Pauli corrections are elided for brevity, but can
be efficiently computed (see Appendix E).

To experimentally validate successful execution of
such measurement-based protocols, we can tomographically
reconstruct the action of each of the measurement sequences
on the computational qubit. The impact of state preparation
and measurement errors can be separated and accounted for
through reference experiments, and the most robust way to
do so is through gate-set tomography [131]. To this end, we
prepare the computational qubit in the eigenstate of a Pauli
operator via measurement and characterize the final state in
the Pauli basis, leading to the nine inequivalent sequences
[132]

MIX [C]MIX , MIY [C]MIX , MIZ [C]MIX , (17a)

MIX [C]MIY , MIY [C]MIY , MIZ [C]MIY , (17b)

MIX [C]MIZ , MIY [C]MIZ , MIZ [C]MIZ . (17c)

The reference experiments correspond to similar experiments
replacing [C] with a trivial operation, resulting in the addi-
tional nine sequences

MIXMIX , MIYMIX , MIZMIX , (18a)

MIXMIY , MIYMIY , MIZMIY , (18b)

MIXMIZ , MIYMIZ , MIZMIZ . (18c)

In its simplest form, the gate-set tomography procedure solves
a linear problem to obtain a superoperator representation C,
including imperfections due to noise, implementation imper-
fections, and finite statistics. Error metrics such as gate fidelity
can be directly extracted by comparing C to the ideal superop-
erator. It is worth noting that such metrics for the execution of
unitary gates allow a direct comparison to more conventional
qubit platforms.

B. Two-qubit device design

The two-qubit device supporting a measurement-based
braiding demonstration builds off the single-qubit de-
vice described in the previous section. Two tetrons are
stacked vertically, such that the device supports all single-
qubit Pauli measurements and the two-qubit measurements:
MZZ ,MYY ,MY Z , and MZY . A device schematic with these
two-qubit loops is shown in Fig. 4.

A key design change is that the longer quantum dot of the
single-qubit device is replaced by a coherent link (floating
topological wire), which is situated between the two tetrons.
This component is used to facilitate measurements involving
MZMs on opposite sides of a tetron (i.e., single-qubit Z and Y
measurements). For the long quantum dot, the relevant energy
scale to low-lying excitations is the level spacing, which de-
creases with length; for the coherent link, on the other hand,
the relevant scale is the topological gap. Therefore, switching
to a coherent link facilitates using longer topological wires
and thus achieving smaller MZM energy splitting through the
topological wires of the qubits, which helps increase qubit
lifetime.

Two-qubit measurements introduce the potential for cor-
related two-qubit errors. Such errors can occur from, e.g.,
tetrons exchanging an electron through the MZMs during the
measurement, such that the final charge states of the qubit

FIG. 4. Two-qubit measurement loops supported on the two-
qubit device, with the same legend as in Fig. 2.

islands have changed before and after the measurement. These
two-qubit state errors can also be modeled as Pauli errors; see
Appendix B for details [133].

We simulate the measurement sequence to implement [S]
[Eq. (13)] for the effective noise model outlined above and
described in more detail in Appendix B. Using process to-
mography to reconstruct the noisy circuit while accounting
for the Pauli correction associated with the different mea-
surement outcomes [Eq. (11)], we find its associated noisy
channel S̃ [134]. Comparing this channel to the ideal Clifford
group unitary S, we define the associated average fidelity
between the noisy channel and the ideal unitary as the out-
put state fidelity averaged uniformly over all initial pure
states [135]:

F[S] ≡
∫

dψ tr[S̃ (|ψ〉〈ψ |)S|ψ〉〈ψ |S†] (19)

=
∫

dψ〈ψ |S†S̃ (|ψ〉〈ψ |)S|ψ〉. (20)

The dependence of F[S] on the single-qubit Pauli error prob-
ability p1 and classical assignment error probability pa is
illustrated in Fig. 5 for fixed two-qubit Pauli error probability
p2 = 0.1. The gate fidelity is only weakly dependent on p2 as
there is only one two-qubit measurement in the sequence (see
Appendix E for additional details).

IV. QUANTUM ERROR DETECTION
IN A 4 × 2 ARRAY OF TETRONS

A. Overview

Fault-tolerant quantum error correction [14,136–141] is a
crucial ingredient for any scalable quantum computing plat-
form. Recently, the field of quantum error correction has
advanced drastically from demonstrations with encoded states
(and no repeated error correction) [142–147] to successful
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FIG. 5. Fidelity of [S] [Eq. (19)] plotted as a function of
single-qubit Pauli error probability p1 and classical assignment er-
ror probability pa for two-qubit Pauli error probability p2 = 0.1.
The estimates are obtained through numerical simulation of process
tomography.

demonstrations of repeated error correction across sev-
eral platforms. In ion traps, repeated error detection
[148,149], error correction [150–152], and error corrected
computation [153] have been performed—in some notable
cases demonstrating logical error rates below the correspond-
ing physical error rates [152,153]. In superconducting qubits,
recent progress on repeated error detection and correction
[154–160] has culminated in a demonstration of subthreshold
error correction in the surface code [161,162] and the color
code (including logical operations) [163].

For tetron qubits, a very natural class of codes is the
Hastings-Haah Floquet codes [20,31,164–166]. These codes
are closely related to the surface code, but rely entirely on
one- and two-body measurements to extract error syndromes,
making them very naturally well suited to the capabilities of
the tetron platform. Within the class of Floquet codes, the
ladder code is an intriguing first demonstration, as it uses
few qubits but builds on the same set of two-qubit mea-
surements as the scalable Hastings-Haah Floquet codes and
thus falls naturally on a roadmap toward scalable quantum
computation.

To demonstrate a nontrivial improvement of system per-
formance, it is important to go beyond idle operation of
such a code to demonstrate a logical operation between two
qubits. A promising way to perform such logical operations at
scale is lattice surgery [167]: here, two logical qubit patches
are stitched together to form a single, larger patch, which
effectively performs a two-logical-qubit measurement. In a
later step, the enlarged patch is split back into two sepa-
rate logical qubits. Leveraging these two-qubit measurements,
logical Clifford gates can be performed in a way that is
conceptually very similar to the measurement-based braiding
transformations discussed in Sec. III A. Surgery is generally
accomplished by turning on additional stabilizer measure-
ments connecting the boundaries of the two code patches, with
details depending strongly on the specific code and circuit
realization being used. As we discuss below, such a surgery
operation is particularly simple to implement in the ladder

FIG. 6. Left panel: Gate schematic for a 4 × 2 qubit array fol-
lowing the same legend as in Fig. 2. The two columns of qubits are
connected by a double rail of quantum dots separated by depletion
gates and a dot cutter. Right panel: Syndrome extraction circuit for
the idle ladder code: the X step is alternated with the Z step as shown;
after each step, the instantaneous stabilizer group corresponds to the
two-qubit measurements that were just performed, as well as the
product YYYY on the four qubits, inferred from the measurement
outcomes of the previous two steps.

code being used here. The logical two-qubit measurement
performance obtained through this scheme can be com-
pared to the physical two-qubit measurement performance by
extracting the logical error per round from a repetition code
decay experiment. Demonstrating logical improvement for a
two-qubit measurement is a key advance on the path to scal-
able fault-tolerant quantum computation with Majorana-based
qubits, as it directly compares the native operation of the
physical qubits with the corresponding operation of the logical
qubits.

B. Ladder code

The ladder code can be defined on an array of N × 2 tetrons
(N > 1) and relies on XX measurements between the columns
as well as YY and ZZ measurements between rows of qubits.
Similar to the repetition code, its logical operators are highly
asymmetric in weight; therefore, for sufficiently large N , it is
able to correct errors in one basis but not the other [168]. For
N = 2, the ladder code is equivalent to the d = 2 Bacon-Shor
error detecting code [169,170]. It is important to note that due
to the structure of the circuits used to perform error detection,
some elementary faults, such as correlated two-qubit errors
occurring during a single two-qubit measurement, will remain
undetected.

The idle ladder code circuit on a 2 × 2 array of qubits
has two steps shown in the right panel of Fig. 6: in the first
step, an XX measurement is performed on the two pairs of
horizontal nearest-neighbor qubits, while in the second step
a ZZ measurement is performed between the two pairs of
vertical nearest-neighbor qubits. Let P denote the logical Pauli
P of the ladder code. The logical group generators are Z =
ZZ between horizontal nearest-neighbor qubits and X = XX
between vertical nearest-neighbor qubits. The instantaneous
stabilizer group after a given step corresponds to the product
of Y on all four qubits as well as the two-qubit measurements
performed at that step; any change in the stabilizer outcome
indicates an error has occurred.
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FIG. 7. The four steps of the ZZ measurement circuit for the lad-
der code (same legend as in Fig. 2). The ZZ measurement outcome
is inferred after steps 4 and 1 (assuming at least one previous round
of the circuit).

The eight-qubit 4 × 2 device required for the lattice
surgery demonstration has two of the logical qubits described
above stacked vertically. A ZZ measurement on the two
logical qubits is performed by the circuit shown in Fig. 7. The
X and Z steps of the idle circuit are performed, followed by
an additional X step and then a new Y step entangling the
two logical qubits. The instantaneous stabilizer group after a
given step is given by the two-qubit measurements performed
in that step, and additionally each logical qubit’s YYYY sta-
bilizer after steps 2 and 3, and ZZ after steps 1 and 4. Again,
any change in the stabilizer outcomes indicates an error has
occurred.

C. Decay experiment and simulations

To compare the ZZ measurement on the logical qubits to
a ZZ measurement on a pair of physical qubits, we com-
pare the repetition code run directly on the physical qubits
with the repetition code concatenated with the ladder code.
Specifically, we envision the following decay experiment:
(1) initialize the qubits (logical or physical) in a logical state
of the repetition code; (2) perform N repetitions of the (logical
or physical) ZZ measurement circuit, corresponding to error
detection cycles for the repetition code; and (3) characterize
the final state to identify undetected faults. For both the logical
and physical qubit cases, postselect on runs for which no
errors are detected, i.e., for which the stabilizer outcomes are
unchanged. The decay experiment is repeated for different
initial logical states, which can be used to characterize the
decay of the repetition code logical operators X̃ = XX and
Z̃ = ZI . Due to the inherent asymmetry of the repetition code,
the associated decay rates can behave qualitatively differently.
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FIG. 8. Average logical improvement 
 [Eq. (21)] for the ZZ
measurement, plotted as a function of single-qubit Pauli error prob-
ability p1 and two-qubit Pauli error probability p2 for assignment
error pa = 0.01. The blue region bounded by the black curves shows
parameter values for which logical improvement is expected.

Details of this are discussed in Appendix F. Defining the
decay rate of Pauli P as λP, we characterize the performance
through the average logical improvement 
:


 = λXX + λZI

λXX + λZI

, (21)

i.e., the ratio of the average decay rate for the physical circuit
to the average decay rate for the logical circuit.

The decay rates of XX and ZI (equivalently, logical errors
per round of Z̃ and X̃ , respectively) are extracted by varying
the number of rounds N and fitting the results to an expo-
nential for both the logical and physical circuits. We simulate
this decay experiment for an effective noise model in which
single-qubit Pauli errors occur with probability p1, two-qubit
Pauli errors occur with probability p2, and classical assign-
ment errors occur with probability pa (see Appendix B for
additional details). Defining the average logical improvement
according to Eq. (21), we extract the parameter space for
which quantum error detection shows logical improvement of
the ZZ measurement, shown by the black curve in Fig. 8. Note
that there is an optimal single-qubit Pauli error probability
that maximizes the allowed two-qubit Pauli error probability
for which there is still logical improvement. Furthermore,
there is generally no improvement if p1 = p2 = p, which is
to be expected since these circuits are not fault tolerant for
circuit-level noise. However, in practice we expect p2 < p1

for tetron qubits; see discussion in Appendix B.

V. OUTLOOK: SCALABLE QUANTUM ERROR
CORRECTION SCHEMES

The roadmap outlined above focuses on derisking the fun-
damental operations of tetrons, with a view toward scalable
quantum error correction. Most importantly, the basic qubit
design and functionality is unchanged after the two-qubit de-
vice, up to optimizations of the component dimensions. The
operations required for error correction in the Hastings-Haah
Floquet codes [20,31] or the pairwise measurement-based
surface code [22] are a subset of the measurements used
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FIG. 9. A device with two logical qubits with fault distance 3
encoded in the 4.8.8 Hastings-Haah code [20,31] [panels (a) and (b)]
and the 3 aux surface code [panels (c) and (d)] [22]. The colored faces
indicate how the syndrome extraction circuits are constructed and
how the corresponding plaquettes map to a tetron array. Throughout,
a thick, red line highlights the region representing a single logical
qubit. Black lines outline regions used to perform lattice surgery
between the patches.

in the three demonstrations described above; no additional
qubit capabilities are required. In particular, the syndrome
extraction circuit for the Hastings-Haah Floquet codes uses
exactly the same set of two-qubit measurements as for the
quantum error detection demonstration.

Fault-tolerant quantum computation with tetrons requires
implementing idle and logical operations below the code
threshold. As such, milestones after the quantum error detec-
tion demonstration need to both scale the size of the tetron
array and improve the physical qubit performance. To under-
stand how much improvement is needed along each axis and
the associated challenges, we propose a specific demonstra-
tion of scalable quantum error correction on a tetron array
supporting 2 × 1 logical qubits.

Focusing first on the size of the tetron array, note that for
the code distances required for utility-scale quantum comput-
ing, inevitably we will run into instances of physical qubit
failure. While the devices discussed in previous sections re-
quire all qubits to be functional and within specification,
scalability will require implementing vacancy mitigation
strategies in the syndrome extraction circuit of the quantum
error correcting code. Following early work in Ref. [171],
several more performant schemes have been introduced re-
cently [22,172–174]. Simulations in Ref. [174] show that with
a qubit failure rate of 1%, most configurations lose only a
small margin in effective fault distance.

A tetron array supporting the pairwise measurement-based
surface code is depicted in the right panel of Fig. 1. At
distance 7, each logical qubit patch is a 13 × 13 array of
tetrons, with a single row of tetrons between the patches to
support lattice surgery; a 2 × 1 tetron array within the larger
grid has conceptually identical design to the two-qubit de-
vice for the roadmap. The equivalent device supporting the
4.8.8 Hastings-Haah Floquet code has 196 tetrons, roughly
equivalent to a 14 × 14 array. No additional tetrons are
needed between the two patches to support logical operations
[20,31,164,165]. The mapping of both codes onto a tetron
array is shown in Fig. 9, where the colored faces indicate
how the syndrome extraction circuits are constructed. Vacancy

mitigation strategies for the syndrome extraction circuits were
developed in Refs. [22,175] for the surface code and Hastings-
Haah code, respectively.

Next, we consider the target qubit quality. To minimize
the overhead associated with error correction, it is favorable
to work far below threshold, such as an error rate of 10−4,
satisfied by �/kBT ∼ 12 and L/ξ = 20 (see Appendix B).
These values are within reach of existing material systems;
e.g., �/kBT = 12 is achieved for the 50 mK temperature
measured in Ref. [12] and a topological gap of � ∼ 50 µeV,
which is in the range measured in Ref. [23]. Exceeding these
values, combined with sufficient infrared filtering and shield-
ing, achieves a regime where physical error rates are dictated
by the SNR. Following Eq. (8), achieving pa = 10−4 then
amounts to achieving an SNR of 3.7 in 1 µs. This readout
performance is achievable. For example, the SNR model in
Ref. [12] predicts that a state-of-the-art amplification chain
with five quanta of added noise and critically coupled readout
resonators with Qc = 500 and parasitic capacitance of 200 fF
would be sufficient (assuming the same signal size as mea-
sured in Ref. [12]).

The roadmap described in this paper progresses from
measurement-based benchmarking on a single-tetron device
to a quantum error correction demonstration on an array of
O(200) tetrons with qubit error of O(10−2). Moving past
quantum error correction to a utility-scale quantum computer
able to solve commercially relevant problems requires hun-
dreds, if not thousands, of logical qubits [127,176]. While
daunting, the qubit approach laid out here has several key
advantages. First, with a single qubit having an area of roughly
5 µm × 3 µm, it is possible to fit millions of qubits onto a
single wafer. Second, physical operations can be performed on
a microsecond timescale, thus reducing the run-time of utility-
scale calculations to the range of hours to days [127]. Third,
topological protection allows a systematic, exponential reduc-
tion of many error mechanisms in dimensionless parameter
ratios such as the topological gap over temperature �/kBT
and the wire length over topological coherence length L/ξ .

Finally, measurement-based qubits offer significant ad-
vantages in terms of their control. While conventional
qubits typically rely on precise shaping of control pulses,
measurement-based topological qubits are more digital in na-
ture: the pulses need to tune from an idle configuration to
approximately the optimal measurement point, but the precise
timing and shape of the pulse have negligible effect on the
overall measurement performance. This digital nature of the
control pulses significantly simplifies tuning and control of
the device. The energy scales lower and upper bounding the
pulse rise/fall times are exponentially separated in L/ξ , indi-
cating the robustness of the measurement-based topological
qubits to control imperfections (see Appendix B). While the
preparation of a physical T state is sensitive to the details of
the control pulse analogous to gate pulses for conventional
qubits (see Appendix D), the target error for this state prepa-
ration is significantly relaxed O(10−2) compared to that for
topologically protected operations.
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APPENDIX A: ADDITIONAL ASPECTS OF MBQB

We now discuss the measurement-based qubit benchmark-
ing scheme more formally. Measurements can be described
by a collection of nondeterministic linear transformations
referred to as measurement instruments [179,180]: a measure-
ment instrument MP with outcomes ±1 consists of the two
quantum operations {MP

+1,MP
−1}, each acting linearly on a

given quantum state. The superscript P indicates the intended
Pauli basis of the measurement. Each measurement instru-
ment is completely positive (they map positive semidefinite
matrices to positive semidefinite matrices even when acting
on a subsystem) and trace nonincreasing (they may reduce
the trace). Given some input state ρ, the probability of each
measurement outcome is given by Pr(MP

s ; ρ) = trMP
s (ρ),

and the postmeasurement state is given by MP
s (ρ)/ Pr(MP

s )
[181]. Due to their linearity, we write the composition of
quantum operations as a sequence of quantum operations,
with sequence ordering going from right to left like matrix
multiplication—thus, MP

+1M
Q
−1(ρ) corresponds to the (un-

normalized) state obtained by starting with the state ρ, then
measuring MQ and obtaining outcome −1, and then measur-
ing MP and obtaining outcome +1.

We define the conditional probabilities

Pr
(
MP

s

∣∣MQ
r ; ρ

) = Pr
(
MP

s MQ
r ; ρ

)
Pr

(
MQ

r ; ρ
) = trMP

s MQ
r (ρ)

trMQ
r (ρ)

,

(A1)
where MP,MQ ∈ {MX ,MZ} and s, r = ±1. This corre-
sponds to the probability of outcome s when measuring MP

immediately after a measurement of MQ with outcome r.
In the ideal case, where MX and MZ correspond to projec-

tive measurements of the corresponding Pauli operators, we
have that for all ρ with Pr(MP

r ; ρ) > 0 and Pr(MQ
r ; ρ) > 0,

Pr
(
MP

s

∣∣MP
r ; ρ

) = δs,r, Pr
(
MP

s

∣∣MQ
r ; ρ

) = 1
2 , (A2)

where the second equality assumes P �= Q.
The ability to prepare 1

2 1̃ (the experimental approximation
to the maximally mixed state) allows for both outcomes of
an instrument to be observed, at least in the regime where
the instrument does not include any operations proportional
to zero. This preparation does not need to be perfect, but
crucially the probability of observing a particular outcome of
an instrument must be nonzero, as otherwise the conditional
probabilities are not well defined. In practice, preparing 1

2 1̃ is
done by applying a sequence of approximately noncommuting
measurements without conditioning on the outcomes. The
action of this sequence, after averaging over outcomes and
orderings, is R = 1

2 (MX
∗ MZ

∗ + MZ
∗MX

∗ ), where ∗ refers to

the fact that we do not care about that particular outcome. In
the absence of errors R(ρ) = 1

21, independent of ρ. For this
reason, we call R the reset operation.

The sequences given in Eq. (5) can be written more explic-
itly as

MX
r MX

s MX
∗ MZ

∗ , MX
r MX

s MZ
∗MX

∗ , (A3a)

MZ
r MZ

s MX
∗ MZ

∗ , MZ
r MZ

s MZ
∗MX

∗ , (A3b)

MX
r MZ

s MX
∗ MZ

∗ , MX
r MZ

s MZ
∗MX

∗ , (A3c)

MZ
r MX

s MX
∗ MZ

∗ , MZ
r MX

s MZ
∗MX

∗ . (A3d)

One experiment is to run a long sequence of random in-
struments and count the separate occurrence frequencies of
subsequences [Eq. (A3)]. For each error, we take the mean
over state preparation (i.e., over the two subsequences cor-
responding to the same row in the above expressions) and
the maximum over the two bases [i.e., the maximum over
Eqs. (A3a) and (A3b) for the operational assignment error,
and the maximum over Eqs. (A3c) and (A3d) for the op-
erational bias error]. It may be more practical to consider
pseudorandom sequences of instruments, in particular se-
quences that fairly sample all subsequences of a given length.
This allows an experiment to store a relatively short ran-
dom sequence and cycle through it in a continuous loop, all
the while iterating the shorter subsequences evenly. Many
sequences with this fair-sampling property exist—in partic-
ular, a construction by de Bruijn provides a plethora of such
sequences, parametrized by the length of subsequences that
must be sampled [182].

In addition to the operational metrics described above, one
can reconstruct the action of different measurement operations
for arbitrary input states using gate-set tomography [131]. As
we assume the only operations available are measurements
in X and Z , and disallow more complex sequences or the
use of ancillas, we can only reconstruct transformations that
map the real part of the density matrix to itself (i.e., opera-
tions on a rebit, not a qubit). Given some characterizations of
the rebit part of an operation, the no pancake theorem ([2],
Chap. 3) allows us to bound the remaining matrix elements
due to complete positivity constraints, thereby bounding more
general error metrics. The full Clifford group is accessible if
Y measurements are introduced, as described in Sec. III A,
so full state and process tomography can then be performed.
Here, we focus only on the rebit case.

The usual fixed preparation of a tomography experiment
can be approximated by the reset operation followed by a mea-
surement and postselecting on the outcome. The estimation of
the expectation of an observable is done by applying one of
the measurements at hand and taking the expectation value of
the outcome. The behavior of any operation on the real part of
a qubit can then be characterized by the operation’s action on
these 16 experiments in combination with 16 experiments for
the trivial zero-duration “no-op” operation (where preparation
is immediately followed by the measurement of an observ-
able). This illustrates that the experiments for erra and errb
are sensitive to all features of the measurement operations,
since they enable full reconstruction of these operations under
relatively mild assumptions about Markovianity in the exper-
imental setup.
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APPENDIX B: NOISE MODEL FOR TETRONS

A simple noise model for tetrons includes assignment er-
rors (equivalently measurement bit-flip errors), single-qubit
Pauli errors, and two-qubit Pauli errors, with respective error
channels:

NP,s[pa](ρ) = (1 − pa)�P
s (ρ) + pa�

P
−s(ρ), (B1)

P (1)[p1](ρ) = (1 − p1)ρ + p1

3

∑
P

PρP, (B2)

P (2)[p2](ρ) = (1 − p2)ρ + p2

9

∑
P,Q∈X,Y,Z

(P ⊗ Q) ρ (P ⊗ Q).

(B3)

Recall that �P
s = 1

2 (1 + sP) projects onto the P eigenstate
with outcome s.

During a time step where the qubit is idle, we apply

E (0)[p1](ρ) = P (1)[p1](ρ). (B4)

During a time step where the qubit is part of a single-qubit
measurement in Pauli basis P, we apply

E (1)
P,s [pa, p1](ρ) = P (1)

[
p1

2

]
NP,s[pa]P (1)

[
p1

2

]
(ρ). (B5)

The above error channel heuristically captures the fact that
the measurement outcome is sensitive to whether the qubit
undergoes a state flip during the measurement.

Similarly, during a time step where two qubits are mea-
sured in Pauli basis PQ, we apply

E (2)
PQ,s[pa, p1, p2](ρ)

= P (1)

[
p1

2

]
P (2)

[
p2

2

]
NP,s[pa]P (1)

[
p1

2

]
P (2)

[
p2

2

]
(ρ).

(B6)

In the above expression, it is implicit that the error channel
P (1) is applied to both qubits.

The expression for pa is given in Eq. (2). For the error
channel defined above,

p1 = 3
4 (1 − e−τmeas/Tlife ) (B7)

so that the limit Tlife/τmeas → 0 returns the maximally mixed
state. Recall from Eqs. (6) and (7) that Pauli operators map
to pairs of MZMs; thus, errors that couple pairs of MZMs
map to Pauli errors. This is the case for the two processes dis-
cussed in the main text contributing to the qubit lifetime Tlife.
Exciting a fermion from the MZMs to an above-gap quasi-
particle will likely be followed by the above-gap quasiparticle
relaxing back to the MZMs; because above-gap quasiparticles
are extended states, there is a high probability of this process
involving two distinct MZMs. We expect this error to be Z
biased due to the topological gap in the wire being smaller
than the trivial superconducting gap in the backbone. The
corresponding contribution to Tlife can be estimated as

T (�)
life = τel-phe�/kBT , (B8)

for τel-ph ∼ 50 ns [17]. Similarly, residual coupling between
a pair of MZMs allows coupling to charge noise and thus
can result in Pauli errors in the basis of the coupled MZMs;
the basis of this error will depend on whether the residual

coupling is through the topological wire or through the QDs
(residual coupling through the qubit island of MZMs on dif-
ferent topological wires is further suppressed again by the
trivial superconducting backbone). The contribution to Tlife is
given by

T (ε)
life =

(
εmst

εres

)2

(S(εmst) + S(−εmst))
−1, (B9)

where εmst is the energy splitting between the MZMs be-
ing measured, εres is the residual energy splitting between
one of the MZMs being measured and one not being mea-
sured, and S(ε) describes charge noise in the system. Note
that the residual coupling through the topological wire is
given by

ε(wire)
res ∼ �e−L/ξ , (B10)

while residual coupling through the quantum dots is sup-
pressed exponentially in the width of the tunnel barrier.
Finally, dynamic errors in the pulsing sequence can further
increase the probability of single-qubit Pauli errors. For sim-
plicity, we model all Pauli errors as occurring with equal
probability; however, this model can be refined by fitting
simulations and experimental results to different Pauli bias to
extract which error process is limiting. Such simulations can
be performed within the framework proposed in Ref. [183].

The correlated two-qubit Pauli errors can arise due to
electron exchange during a two-qubit measurement, result-
ing in the charge states of the qubits changing after the
measurement compared to before the measurement. While
the lowest-order contribution to this process only involves
one MZM per qubit, this error can be mapped to a known
Pauli error when combined with a heralding measurement
of the total MZM parity on a qubit island (e.g., by mea-
suring the charge of the qubit island combined with the
assumption that at low-enough temperature the island is in
the ground-state subspace). Higher-order two-qubit errors
(corresponding to the remaining two-qubit Pauli errors) are
additionally suppressed by the same mechanisms affecting
single-qubit Pauli errors and thus occur with the probability
of the lowest-order process multiplied by p1. Thus, as in the
case of single-qubit Pauli errors, it is a simplification to set
the probability of all two-qubit Pauli errors equal. Account-
ing for the noise bias can improve the expected performance
of the different milestone demonstrations simulated in the
main text.

The probability of qubits exchanging electrons depends on
the initial charge configuration of the islands; in the absence
of heralding measurements, only an initial electron poisoning
event is suppressed [by O(e−2EC/kBT ) for qubit charging en-
ergy EC in thermal equilibrium], while subsequent two-qubit
measurements can spread two-qubit errors with high prob-
ability. In the presence of heralding measurements (e.g., of
electron island charge), the Pauli errors can be tracked and
corrected in software and p2 is then approximated by the error
of these heralding measurements, which is expected to be
smaller than p1. This error source and mitigation strategy are
discussed in detail in Ref. [184].

Measurement-based operation of tetrons is motivated both
to avoid the challenge of physically moving MZMs and to
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circumvent diabatic errors [3,120], which are not in general
exponentially suppressed in macroscopic parameter ratios of
the system [16,122,124]. Projective measurements reduce the
effect of imperfections in the control pulse sequences to affect
the assignment error probability and Pauli error probabilities
as discussed above. However, measurement-based operations
prevent working in a rotating frame and thus coherent rota-
tions on the qubits contribute additional errors not captured
by Eqs. (B1)–(B3). If this residual coupling is limited by
MZMs on the same wire, then the resulting coherent rotation
corresponds to Krauss channel

�[θ ] = eiθZρe−iθZ , (B11)

θ = εresτmst/h̄, (B12)

and the idle error channel becomes

E (0)[p1, θ ](ρ) = P (1)[p1]�[θ ](ρ). (B13)

(It is worth noting that P (1) and � do not commute, and the
ordering chosen above thus implies an approximation; one
could write a more complicated operator that attempts to take
this into account, but this would not affect conclusions in the
low-error regime.) These coherent rotations are suppressed
by the Zeno effect when a qubit undergoes a measurement
anticommuting with Z; however, they do affect two-qubit
measurements commuting with Z by applying single-qubit
rotations.

As such, the two-qubit measurement error channel be-
comes

E (2)
PQ,s[pa, p1, p2, θ ](ρ)

= P (1)

[
p1

2

]
P (2)

[
p2

2

]

�

[
θ

2

]
NP,s[pa]P (1)

[
p1

2

]
P (2)

[
p2

2

]

�

[
θ

2

]
(ρ), (B14)

where similarly to P (1), it is implicit that � is applied to both
qubits.

The Pauli twirl approximation [185] suggests that in the
quantum error correction syndrome extraction circuits, these
errors can be approximated as Pauli errors and thus contribute
toward p1 with an amount O(�2) (for small �).

Targeting error rates of 10−4 as discussed in Sec. V
amounts to extracting parameter values for which the effective
noise model parameters are set to 10−4. Setting θ = 10−4

and assuming we are limited by ε(wire)
res bounds L/ξ � 20.

(Assuming the Pauli twirl approximation would cut this bound
in half.) As T (ε)

life scales as e−2L/ξ , we can assume Tlife is dom-
inated by T (�)

life (assuming that quasiparticle poisoning times
are similar to those extracted in Ref. [12]) and use Eqs. (B8)
and (9) to bound �/kBT � 12.

Pulses in and out of the measurement configuration should
be diabatic with respect to εres and adiabatic with respect to
the avoided crossing in the measurement configuration, tC
(corresponding to different charge states for the same MZM
parity), and the topological gap �. Since qubit coherence

requires h̄/εres to be much longer than the duration of a single
operation, the relevant bound in practice is that pulses must be
slower than h̄/tC ≈ 1 ns. The large separation in the bounds
(growing exponentially with L/ξ ) demonstrates the robust-
ness of measurement-based qubits to control errors. More
precise estimates can be obtained by studying the Landau-
Zener dynamics across the avoided crossings, which indicates
that pulse rise/fall times on the scale of 10 ns easily satisfy
both bounds.

APPENDIX C: TETRON COHERENCE TIMES

In conventional qubit platforms, the Z-basis qubit states—
often referred to as “computational basis states”—are encoded
in two energy levels of the idle system and it is natural to
characterize the qubit through the decay of diagonal and off-
diagonal elements of the density matrix in the computational
basis, commonly referred to as T1 and T ∗

2 , respectively [1].
These are typically measured through Rabi and Ramsey pro-
tocols.

For ideal topological qubits, the qubit states are degenerate
in the idle configuration, and the assignment of Pauli bases,
as in Eqs. (6) and (7), is arbitrary; thus the (basis-dependent)
definitions of T1 and T2 are similarly arbitrary. However, for
realistic implementations of the tetron devices proposed here,
exponentially small residual coupling ε

(i j)
res between MZMs γi

and γ j will lead to some energy splitting �ε between the qubit
states:

Hidle =
∑
i �= j

ε(i j)
res iγiγ j = �ε σ̃Z , (C1)

where σ̃Z is the diagonalized basis of Hidle. Under realistic
assumptions, the dominant term is between MZMs on the
same topological wire, such that σ̃Z approximately matches
the operator defined in Eq. (6). By repeatedly measuring the
qubit in the X or Z basis and inserting idle times between the
measurements, the coherence time in different bases can be
extracted, as discussed, e.g., in Refs. [18,33].

In many qubit platforms whose native operations are co-
herent rotations, T1 and T ∗

2 are important performance metrics
not only for idle qubits, but also for gate operations as they
often bound the achievable fidelity (in the limit where gates
are “coherence-limited”). This is not the case for tetrons,
where the error channels that occur during single- or two-qubit
measurements are not directly related to idle qubit lifetimes
(see Appendix B).

APPENDIX D: NON-CLIFFORD OPERATIONS

A common concern raised when discussing Majorana-
based qubits is that their topologically protected Clifford
operations (single- and two-qubit Pauli measurements in the
context of tetrons) do not support universal quantum com-
putation. As such, these operations need to be supplemented
by a nonprotected operation, usually chosen to be a physical
rotation gate to prepare a magic state. If these qubits were to
be operated without quantum error correction, then one might
worry that the performance of such a quantum computing
platform is limited by the fidelity of this physical rotation gate,
thus diminishing the benefit of using topologically protected
qubits. However, in a fault-tolerant quantum computer, the
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ability to perform universal gate operations to the encoded
qubits is that which matters. In this setting, the ability to apply
physical T gates with high fidelity is only advantageous if
the error-correcting code supports transversal T gates, such
that applying a T gate to all data qubits of a code patch fault
tolerantly applies a T gate to the encoded qubit. This is not
the case for the codes proposed in this roadmap [186], and
instead one is forced to use magic state distillation [43,44],
which uses noisy T gates and Clifford operations to perform
higher-fidelity T gates on the logical qubit. In such a scheme,
a relatively small number of physical T states are required,
and their fidelity only weakly affects overall resource require-
ments as long as the error rate falls below a threshold that
is on the order of several percent (with the details depending
on the specific distillation scheme that is chosen) [127,187].
Therefore, the lack of universality of topologically protected
operations does not impose a practical restriction on this fault-
tolerant architecture.

We now discuss schemes to create physical T states with
sufficient fidelity to serve as input to such distillation schemes.
The simplest approach to preparing a T state

|ψT 〉 = 1√
2

(e−iπ/8|0〉 + eiπ/8|1〉) (D1)

on a tetron is to couple a pair of MZMs for a precise amount
of time. This is the approach described for Ising anyons in
the fractional quantum Hall effect in Refs. [188,189] and for
MZMs in Ref. [190]. In essence, coupling the MZMs γ j and
γk by an amount εT adds a term to the Hamiltonian εT iγ jγk ,
which introduces a dynamical phase between the two parity
states of the MZM pair. The coupling can be done in the
same way as for the Pauli measurements: opening cutter gates
and tuning quantum dots to allow MZMs to couple along the
same paths as for the X , Y , or Z measurement loops. Thus,
a pulse sequence beginning and ending in the idle configu-
ration (all MZM energy splittings exponentially suppressed)
implements a rotation gate on the axis of the coupled MZMs
with phase

ϕ =
∫

dt εT (t ). (D2)

When ϕ = π/8, this pulse sequence implements a T gate.
The phase in the above approach is sensitive to the precise

pulse sequence; thus, the topological protection that makes
physical error rate targets O(10−4) feasible does not apply to
this physical rotation gate. However, given how infrequently
the T state is injected in the context of fault-tolerant quantum
computation, a target error rate of 0.01–0.05 is sufficient to
achieve the overheads discussed in Ref. [127].

Other works discuss more complex T -state preparations
compatible with tetrons that are predicted to achieve higher-
fidelity targets [191,192] or are less sensitive to timing errors
[4,6,193]. When assessing the optimal protocol for fault-
tolerant quantum computation with tetrons, the complexity of
these protocols must be balanced against the possible reduc-
tion in spacetime overhead from using higher-fidelity T gates.

APPENDIX E: ADDITIONAL ASPECTS OF
MEASUREMENT-BASED BRAIDING TRANSFORMATIONS

Example measurement sequences to implement the braid-
ing transformations associated with Pauli equivalence classes
of single-qubit Clifford gates are given in Eqs. (12)–(16).
Tracking the measurement outcomes allows us to write the
explicit Pauli corrections associated with the sequences. Writ-
ing in terms of the ideal measurement projectors, we have

�XI
s3

�Y I
s2

�ZY
s1

�XI
s0

= Os0
s3

⊗ Y
1+s0s1s2

2 XH, (E1)

�XI
s3

�Y I
s2

�ZZ
s1

�XI
s0

= Os0
s3

⊗ Z
1+s0s1s2

2 S, (E2)

�XI
s3

�ZY
s2

�ZZ
s1

�XI
s0

= Os0
s3

⊗ Y
1−s0s3

2 X
1+s1s2

2 HSH, (E3)

�XI
s4

�Y I
s3

�ZY
s2

�ZZ
s1

�XI
s0

= Os0
s4

⊗ Y
1−s0s2s3

2 Z
1−s1s2

2 SH, (E4)

�XI
s4

�Y I
s3

�ZZ
s2

�ZY
s1

�XI
s0

= Os0
s4

⊗ X
1+s1s2

2 Z
1+s0s1s3

2 HS, (E5)

where we have written the operator on the auxiliary qubit Os0
s3

as a shorthand for |Xs3〉〈Xs0 |. The equality in these expressions
is up to overall constants.

The connection between the measurement sequence and
the braiding transformation applied to the computational qubit
can be explicitly seen through diagrammatic calculus, as
shown for [S] in Fig. 10. Recall that for a pair of MZMs
in state |�〉 = α|σ, σ ; I〉 + β|σ, σ ; ψ〉, a braiding transforma-
tion Rσσ acts on the state as

Rσσ |�〉 = αRσσ
I |σ, σ ; I〉 + βRσσ

ψ |σ, σ ; ψ〉, (E6)

where {I, ψ, σ } refer to the topological charges with non-
Abelian fusion rules:

ψ × ψ = I, (E7)

ψ × σ = σ, (E8)

σ × σ = I + ψ. (E9)

The measurement sequence above is closely related to
“one-bit teleportation” [196], a construction often used in
the implementation of fault-tolerant gadgets (including the
teleportation of non-Clifford gates using magic states as a
resource)—the main difference being that, instead of an en-
tangling unitary gate, a two-body measurement is performed
to entangle the two qubits. The implementation of unitary op-
erations in this manner has been previously described as “state
transfer” [119], and is also the basis for measurement-based
implementations of CNOT operations via lattice surgery
[167]. The expression in Eq. (13) is also very similar
to the measurement calculus formalism [197] used to de-
scribe the one-way model of quantum computation [198],
although the qubit measurements in our Majorana platform
are nondestructive (unlike typical measurements in optics-
based platforms). These connections are elucidated by the
concept of anyonic teleportation [120].

1. Simulation details

To estimate the fidelity of [S], we perform an exact
simulation of the measurement sequence given in Eq. (13)
subject to the effective noise model described in Appendix B
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FIG. 10. Mapping the measurement sequence for [S] to the braid of MZMs 1 and 2 on the computational qubit. The solid lines correspond
to MZMs labeled 1, 2, 4, 3 from left to right, dashed lines correspond to MZMs fusing to the trivial state I , and squiggly lines correspond to
MZMs fusing to the fermionic state ψ . Left panel: The state |+〉|�〉 is the two-qubit state prepared after applying MX I to a generic state. The
expression within the dashed-line box maps each measurement to its corresponding diagrammatic expression, with shaded sections separating
different measurements. The sequence is read from bottom to top. Right panel: Applying the operator to the state on the left and collapsing the
diagram results in the diagrammatic expressions shown, which can be rewritten as the braid on MZMs 1 and 2 applied to the state |+〉|�〉. The
diagrammatic calculus is explained in greater detail in Refs. [194] and [195], Appendix E.

parametrized by pa, p1, and p2. Beginning from a (two-
qubit) initial state ρ

(0)
ab = |+〉a〈+|a ⊗ |ψ〉b〈ψ |b, we run full

density matrix simulations tracking the measurement out-
comes through the corresponding noisy quantum instrument
circuit [199,200]. We thus obtain two-qubit density matrix
“trajectories” ρab[{si}], which correspond to the (unnor-
malized) density matrices for a given set of measurement
outcomes {si = ±1}. Tracing over the auxiliary qubit’s de-
grees of freedom, we are left with the computational qubit’s
(unnormalized) density matrices ρb[{si}] for measurement
outcomes {si}. We can then apply the corresponding Pauli
correction P({si}) = Z

1+s0s1s2
2 ) [see Eq. (11)] to find the com-

putational qubit’s Pauli-corrected density matrices ρ
(c)
b [{si}].

Summing these over all possible measurement outcomes
ρ

(c)
b = ∑

{si=±1} ρ
(c)
b [{si}] results in the density matrix asso-

ciated with applying S to the initial state ρ
(0)
ab .

FIG. 11. Top left: Four qubits (dots) form a logical qubit in the
2 × 2 ladder code. Bottom left: The logical generators for the ladder
code are ZZ between horizontally adjacent qubits and XX between
vertically adjacent qubits. Right panel: The table shows the check
measurements and instantaneous stabilizer group (ISG) for each step
of the idle ladder code.

Following the discussion in Ref. [1], we can use process
tomography to extract the noise channel associated with the
above process S̃ and average its overlap with the ideal Clifford
gate S over all possible computational qubit initial states. The
associated fidelity F[S] [Eq. (19)] is plotted in Fig. 5.

APPENDIX F: ADDITIONAL ASPECTS OF QUANTUM
ERROR DETECTION IN THE EIGHT-QUBIT DEVICE

1. Ladder code summary

The idle circuit for the ladder code on a 2 × 2 array of
qubits is shown in Fig. 11. The instantaneous stabilizer group
after a given step of the circuit corresponds to two-qubit Paulis
of the measurements performed in that step, in addition to
YYYY on all four qubits (whose eigenvalue is inferred from
multiplying the measurement outcomes for the previous two
steps of the circuit). Errors are detected when the stabilizer
eigenvalues change. The logical group generators are Z = ZZ
between horizontal nearest-neighbor qubits and X = XX be-
tween vertical nearest-neighbor qubits.

A ZZ measurement in the ladder code corresponds to mea-
suring the product of the Z on two adjacent logical qubits. The
circuit shown in Fig. 12 achieves this: after step 4 (and step
1 when repeated), the product of ZZZZ on the four middle
qubits can be inferred from the measurement outcomes of
the previous two steps. (Each qubit’s YYYY stabilizer can be
inferred after steps 2 and 3.)

2. Repetition code decay experiment

To compare the (postselected) error rate of the logical ZZ
measurement with the physical ZZ measurement, we compare
the repetition code run directly on a pair of physical qubits
with the repetition code concatenated with the 2 × 2 ladder
code (Fig. 13). The repetition code consists of repeatedly
measuring ZZ and discarding any runs where the eigenvalue
changes. As such, the stabilizer is ZZ , and the logical group
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FIG. 12. Check measurements and instantaneous stabilizer
group for each step of the ZZ measurement circuit. The two logical
qubits whose joint ZZ parity is measured by this circuit are indicated
by the blue shading.

is generated by X̃ = XX and Z̃ = ZI . For the concatenated

code, these correspond to X̃ = XX = XXXX along a column

of physical qubits and Z̃ = ZI = ZZ along a row of physical

qubits. While Z̃ has weight on one more physical qubit than

Z̃ , X̃ has weight on two more physical qubits than X̃ ; as such,
we would expect the latter to manifest logical improvement
for a larger region of parameter space than the former.

A logical state of the repetition code can be written as
|ψi〉 = α|00〉 + β|11〉, where |0〉 and |1〉 correspond to Z
eigenstates of the repetition code qubits. When the system is
initialized in the state |ψi〉 = 1√

2
(|00〉 + |11〉), a Z̃ error can

be detected by the expectation value of XX :

|ψ f 〉 = ZI|ψi〉, (F1)

〈ψ f |ZZ|ψ f 〉 = 1, (F2)

〈ψ f |ZI|ψ f 〉 = 0, (F3)

〈ψ f |XX |ψ f 〉 = −1. (F4)

Thus, the decay rate of XX can be used to extract the logical
error per round of Z̃ . In experiment, the state can be prepared
by measuring each qubit in X , postselecting on the outcomes,

FIG. 13. The stabilizers and logical group generators for the
repetition code on both the physical and logical qubits.
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FIG. 14. Ratio of physical to logical decay rates for Z̃ (top panel)
and X̃ (bottom panel) for pa = 0.01, as defined in Eq. (F9). The
region of logical improvement (blue) for 
Z (corresponding to an X̃
error) is much larger than that of 
X (corresponding to a Z̃ error), as
is expected from the weight of the corresponding physical operators.

and then running the (physical or logical) ZZ measurement
circuit.

When the system is initialized in the state |ψi〉 = |00〉, an
X̃ error can be detected by the expectation value of ZI:

|ψ f 〉 = XX |ψi〉, (F5)

〈ψ f |ZZ|ψ f 〉 = 1, (F6)

〈ψ f |ZI|ψ f 〉 = −1, (F7)

〈ψ f |XX |ψ f 〉 = 0. (F8)

As such, the decay rate of ZI can be used to extract the logical
error per round of X̃ . The state can be prepared experimentally
by measuring each qubit in Z , postselecting on the outcomes,
and then running the (physical or logical) ZZ measurement.

To find the average logical improvement, defined in
Eq. (21), we compare the repetition code run directly on the
physical qubits to the repetition code run on the logical qubits
for both sets of initial conditions.
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3. Simulation details

To estimate the logical improvement, we perform an ex-
act simulation (as in Appendix E 1) of the decay experiment
described within the effective noise model described in Ap-
pendix B (parametrized by pa, p1, and p2). Starting with a
prescribed eight-qubit initial state ρ0 = |ψi〉〈ψi|, we run full
density matrix simulations again tracking the measurement
outcomes through the noisy quantum instrument circuit, and
thereby obtain density matrix “trajectories” ρ[{si}] corre-
sponding to the (unnormalized) density matrices for a given
set of measurement outcomes {si = ±1}. In principle, the
number of such density matrices in this trajectory map doubles
with every measurement, leading to an exponential simulation
cost in the length of the decay experiment protocol; however,
we can discard those trajectories corresponding to outcome
combinations for which an error is detected. Here, we use a
decoder constructed from the “checks” or “detectors” of the
corresponding outcome code [201]. In addition, we can trace

over those outcomes that are not needed in future checks.
These optimizations keep the number of retained density ma-
trices at a bounded, manageable number. Finally, the pertinent
expectation values, as spelled out in the previous section,
are computed using the system density matrix ignoring the
outcomes, i.e., ρ = ∑

{si=±1} ρ[{si}], and the postselected ac-
ceptance rate for the protocol is given merely by tr(ρ).

In Fig. 14, we plot the ratio of the physical to logical decay
rates associated with Z̃ and X̃ (corresponding to X̃ and Z̃
errors per round, respectively), defined by


X = λXX

λXX

, 
Z = λZI

λZI

. (F9)

As discussed above, the former has a smaller region of logical
improvement than the latter due to the respective weights of
the operators: XX = XXXX acts on two additional physical
qubits compared to XX , while ZI = ZZ acts on one additional
physical qubit compared to ZI .
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