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Quantum reservoir computing for predicting and characterizing chaotic maps

Qingyu Li ,1,2,* Chiranjib Mukhopadhyay ,1,2 Ludovico Minati ,3,4,5 and Abolfazl Bayat 1,2,6,†

1Institute of Fundamental and Frontier Sciences, University of Electronic Science and Technology of China, Chengdu 611731, China
2Key Laboratory of Quantum Physics and Photonic Quantum Information, Ministry of Education,

University of Electronic Science and Technology of China, Chengdu 611731, China
3School of Life Science and Technology, University of Electronic Science and Technology of China, Chengdu 611731, China

4Nano Sensing Research Unit, Institute of Innovative Research, Institute of Science Tokyo, Yokohama 226-8503, Japan
5Department of Physics, University of Trento, 38123 Trento, Italy

6Shimmer Center, Tianfu Jiangxi Laboratory, Chengdu 641419, China

(Received 22 September 2025; accepted 17 February 2026; published 19 March 2026)

Quantum reservoir computing has emerged as a promising paradigm for harnessing quantum systems to
process temporal data efficiently by bypassing the costly training of gradient-based learning methods. Here, we
demonstrate the capability of this approach to predict and characterize chaotic dynamics in discrete nonlinear
maps, exemplified through the logistic and Hénon maps. While achieving excellent predictive accuracy, we also
demonstrate the optimization of training hyperparameters of the quantum reservoir based on the properties of the
underlying map, thus paving the way for efficient forecasting with other discrete and continuous time-series data.
Using closed-loop prediction of distant future steps, our protocol discriminates between chaotic and nonchaotic
phases without prior knowledge of the underlying map or the nature of the time series. Furthermore, the
framework exhibits robustness against decoherence when trained in situ and shows insensitivity to reservoir
Hamiltonian variations as well as robustness to finite-sampling error. These results highlight quantum reservoir
computing as a scalable and noise-resilient tool for modeling complex dynamical systems, with immediate
applicability in near-term quantum hardware.
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I. INTRODUCTION

Quantum algorithms with proven quantum advantage, such
as prime number factorization [1,2] and search [3,4], are
not easily implementable in near-term noisy intermediate
scale quantum (NISQ) computers [5]. Thus, the quest for
developing experiment-friendly heuristic quantum algorithms
[6–8]and identifying applications is especially important in
the current NISQ era. Variational quantum algorithms [9–14]
are one class of such algorithms that have attracted a lot of
attention recently as a natural quantum extension of neural
network-based learning models. However, they suffer from
the same flaws as their classical counterparts—barren plateaus
inhibiting training [15–17], as well as limitations in process-
ing temporal correlations [18]. Recently, quantum systems
have been shown to achieve efficiencies beyond classical mod-
els for analyzing time-series data [19]. In addition, inspired by
advancements in classical echo state networks [20,21], quan-
tum reservoir computing (QRC) has emerged as an alternative
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paradigm of heuristic quantum algorithms, with the benefit of
easier training and efficient capture of temporal correlations
[22–24]. QRC has already found applications for time-series
analysis [22,25–27], entanglement detection [24,28], quantum
tomography [29,30], quantum estimation [31,32], and quan-
tum state preparation [33,34], among others. QRC has also
been proposed for various quantum platforms, such as pho-
tonic [28,33,35], coherently coupled quantum oscillators [36],
neutral atomic Rydberg arrays [37], nuclear spin-based reser-
voirs [38], and superconducting qubit platforms [39]. While
the prediction capacity of QRC has been demonstrated for
time series [22,27,40–47], its full potential for the prediction
and characterization of signals with inherent nonlinearity, in
particular generated by chaotic behavior, is less explored.

Classical discrete nonlinear systems, which describe vari-
ous situations, exhibit rich dynamical behaviors [48]. These
include sinks or stable fixed points, periodic orbits, limit cy-
cles, and, strikingly, chaotic behavior where slight changes
in initial conditions lead to divergent outcomes [49]. This is
formalized through the notion of Lyapunov exponents, which
characterizes the rate of separation of infinitesimally close
trajectories. Formally, if two series {xt } and {x′

t } emanating
from the same dynamical system with slight differences in the
values of the control parameters are considered with initial
separation δ0 = x0 − x′

0, the largest Lyapunov exponent (LLE)
λ∗ is defined as λ∗ = limt→∞,|δ(0)|→0(1/t ) ln (|δ(t )/δ(0)|),
where δt = xt − x′

t . If λ∗ < 0, the perturbations in the initial
conditions decay exponentially, indicating that the system
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is stable. If λ∗ = 0, the system exhibits neutral stability
commonly associated with periodic or quasiperiodic dynam-
ics. In contrast, if λ∗ > 0, the trajectories originating from
infinitely close initial conditions diverge exponentially over
time, a hallmark of chaotic behavior. This makes the predic-
tion of future outcomes of time series generated from chaotic
maps a truly challenging task. Thus, several questions arise:
(1) Can quantum machine learning algorithms, such as QRC,
succeed in forecasting? (2) Can QRC setups be used for char-
acterizing the underlying features, such as nonlinearity and
memory?

In this work, we answer these questions in the affirmative
by demonstrating that discrete nonlinear dynamical maps can
indeed be learned by quantum reservoir computing, leading
to accurate forecasts even in the presence of fully developed
chaotic dynamics. Specifically, we demonstrate the success
of a quantum reservoir consisting of linearly connected XY
chains in predicting the behavior of two canonical nonlinear
dynamical maps, viz., the logistic map [48] and the Hénon
map [50]. Analyzing the predictive success based on resource
consumption strategies such as increasing the number of
quantum layers and different encoding repetitions yields valu-
able insights toward efficient generalization of our approach to
arbitrary nonlinear systems. We also perform a detailed anal-
ysis of the closed-loop strategy for long-horizon predictions
possible with our approach. Furthermore, we demonstrate
the robustness of our approach through assessing the impact
of quantum decoherence noise, random choice of reservoir
Hamiltonians, and finite-sampling errors on the prediction
performance.

II. CHAOTIC MAPS

We consider two canonical nonlinear dynamical maps, viz.,
the logistic and the Hénon maps, which have one and two
control parameters, respectively, for generating time series.
The goal is to use a quantum reservoir algorithm for predicting
and characterizing such time series. The logistic map is the
one-dimensional recurrence relation

xt = rxt−1(1−xt−1), (1)

where r is the control parameter generally taken between
r ∈ [0, 4] and xt ∈ [0, 1]. The map stems from Verhulst’s lo-
gistic growth law of the 19th century, subsequently finding
application as a discrete model of population dynamics [48],
and is now widely popular as a pedagogical minimal model to
demonstrate chaotic properties, as varying a single parameter
r reveals fixed points, period-doubling cascades, windows of
periodicity, and fully chaotic regimes [49].

The Hénon map is a two-dimensional discrete map orig-
inally introduced to study strange attractors in dissipative
systems [50]. It is given by the two-dimensional recurrence
relation

xt = 1−ax2
t−1+yt−1, yt = bxt−1. (2)

The Hénon map provides a minimal, analytically acces-
sible model of deterministic chaos in low dimensions. With
a = 1.4 and b = 0.3, it produces the famous Hénon attractor.
The map represents the stretch-and-fold mechanism of chaos
in compact polynomial form. Each iteration stretches one

FIG. 1. Schematic of QRC architecture. Quantum reservoir com-
prises two subsystems: (1) input qubits (blue) for encoding input
variables through Pauli-Y rotation RY , and (2) hidden qubits (pink)
storing historical information to predict future outcomes. This pro-
cess begins at time step t − d and continues until t − 1, such that
the total number of quantum layers is d . After the evolutions of d
sequential layers, quantum measurements along Pauli-X directions
are implemented on all the input and hidden qubits.

direction, folds the trajectories back, and contracts the area by
|b|, creating a fractal invariant set with sensitive dependence
on the initial conditions [51].

III. QUANTUM RESERVOIR COMPUTING

In the QRC framework for classical time-series forecasting
[22,23,28,43,52,53], qubits are encoded with the time-series
data at various time steps, and then allowed to sequentially
interact with a quantum reservoir, whose Hamiltonian re-
mains fixed throughout the training and prediction processes.
This sequential interaction scrambles the encoded information
inside the reservoir, which is then decoded through a final
set of measurements enabling us to make a prediction for
future time steps. Unlike the paradigm of variational quan-
tum algorithms, where one seeks to iteratively update all the
parameters of a parametrized quantum circuit to optimize
a given loss function, the QRC approach employs training
only once, exclusively at the final readout stage. This mirrors
classical reservoir computing, with the difference that the
reservoir is implemented through a quantum system rather
than a classical one.

IV. QRC PROTOCOL FOR CHAOTIC MAP PREDICTION

Let us now elaborate our implementation of QRC as de-
picted in Fig. 1 step by step. The reservoir collectively consists
of two components: (i) qubits encoding information about the
dynamical map (blue qubits in Fig. 1), which are replaced
after each layer with fresh qubits encoding updated informa-
tion, and (ii) so-called hidden qubits (pink qubits in Fig. 1)
that are not directly manipulated until the very end. At the
output layer, all qubits in the reservoir are measured locally.
The QRC architecture is as follows.

(i) Reservoir engineering. Our reservoir is a linearly con-
nected transverse XY chain with Hamiltonian given by

H=J
N∑

j=1

(XjXj+1+YjYj+1)+
∑

j

h jZ j, (3)
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where {Xj,Yj, Zj} are, respectively, the Pauli operators act-
ing on the jth qubit. The exchange couplings J are fixed to
unity in this study, and the magnetic field strengths {hi} are
randomly sampled from within the ordered phase hi ∈ [0, 1].

(ii) Encoding. Each input data �xi is a segment of a time
series i of the form �xi = (x(i)

t−d , x(i)
t−d+1, . . . , x(i)

t−1), generated
from a chaotic map, in which the last d values are used to
predict the next step x(i)

t . For encoding the data, each data
point of �xi is fed, oldest first, into the reservoir through d
sequential layers, where each layer consists of one element
of �xi encoding into qubits through a Pauli-Y rotation. To
introduce higher-order terms [54,55], nrep repetitions of the
encoded qubit may be deployed at each layer. For exam-
ple, when nrep = 1, the input state is RY (x)|0〉 = cos(x)|0〉 +
sin(x)|1〉. However, when we increase nrep = 2, the input state
is RY (x)|0〉 ⊗ RY (x)|0〉 = cos2(x)|00〉 + sin(x) cos(x)(|01〉 +
|10〉) + sin2(x)|11〉. Thus, progressively higher-order nonlin-
ear terms are injected into the input state by increasing nrep.
After each layer, the reservoir evolves under Hamiltonian H
for a time τ , following which the original encoding qubits
are discarded (i.e., traced out) and replaced by fresh qubits
encoding the next elements of �xi and the state of hidden qubits
ρH is maintained to the next layer. This process continues until
the information at time step t − 1 is fed into the quantum
reservoir.

(iii) Readout. After the final round of evolution following
the encoding of x(i)

t−1, all input and hidden qubits (the numbers
are denoted as nI and nH, respectively) in the reservoir are
locally measured along Pauli-X direction to yield a vector of
expectation values �mi = [〈X1〉, 〈X2〉, . . . , 〈XnI+nH〉]T .

(iv) Training and prediction. The core of QRC is its simple
prediction method that is based on linear regression. In this ap-
proach, x(i)

t is estimated through a linear map like x(i)
t = W �mi

in which the weight matrix W has to be trained. This training
is repeated through rolling windows over s different training
datasets {�x1, �x2, . . . , �xs}, each yielding a different measure-
ment outcome �mi. By making a matrix of such measurement
outcomes M = [ �m1, �m2, . . . , �ms] and considering the true val-
ues of the time series Y = [x(1)

t , x(2)
t , . . . , x(s)

t ], one can train
the weight matrix W by minimizing the mean square error
between the predicted value of W �mi and the corresponding
true value x(i)

t , namely, MSE = 1/s
∑s

i (x
(i)
t − W �mi )2. This

results in the optimal weight matrix W as

W∗ = YM�(MM� + εI )−1, (4)

where I is the identity matrix and ε is a small value (we take
it as 10−8 in this study) to ensure the robustness of the nu-
merical calculation for matrix inversion. Hence, for predicting
the unseen data point xt based on the d past known values
(xt−d , xt−d+1, . . . , xt−1), these values are similarly fed into the
reservoir layer by layer to yield the final outcome vector �m.
The prediction x̂t for xt is then given by x̂t = W∗ �m.

V. PREDICTING CHAOTIC TIME SERIES

We are now in a position to illustrate its performance for
forecasting of the logistic and Hénon maps mentioned before.
We restrict ourselves to time series generated with r ∈ [0, 4]
for the logistic map and a ∈ [1, 1.4] for the Hénon map. For
the training set, for any given control parameter r or a, we con-

FIG. 2. The bifurcation diagram of the logistic map [panel (a)]
and the Hénon map [panel (b)]. The largest Lyapunov exponent (dark
line) of the logistic map [panel (c)] and the Hénon map [panel (d)].
The regions with a white background indicate LLE values less than
0, while the gray background highlights regions where the LLE is
greater than 0. Additionally, the RMSEs of predicting the bifurcation
diagrams have been shown as the blue lines in panels (c) and (d).

sider 100 different time series with 20 elements each, namely,
{x(i)

t }20
t=1 with index i going from 1 to 100 denoting each time

series. Each time series is generated by a different random
initial element x(i)

1 and at the end we normalize all the time
series with the largest element among all the 100 time series
to ensure that all the elements remain between 0 and 1. For the
test data, we use the same approach for generating 10 unseen
time series with random initializations, each containing 200
time steps.

For the logistic map, we consider a quantum reservoir with
d = 2 layers and nH = 4 hidden qubits. Since the logistic map
only depends on one variable, the number of input qubits will
be equal to the number of repetitions, namely, nI = nrep. We
keep nI = nrep = 2 for simulating the logistic maps. For the
Hénon map, we consider a quantum reservoir with d = 1 layer
and nH = 3 hidden qubits. Since this Hénon map has two
input variables, then nI = 2nrep. Here, we take nI = 4 input
qubits (i.e., nrep = 2 repetitions for each input data). We use
the rolling window method for training. In Figs. 2(a) and 2(b),
for any given control parameters r and a, we depict the long
time predictions from t = 151 to t = 200 for one of the test
time series that shows very accurate prediction (blue points)
for our QRC protocol. The bifurcation diagrams in Figs. 2(a)
and 2(b) clearly single out the different dynamical regimes of
the maps showing remarkable agreement with the correspond-
ing true values (red points). Note that x∞ in these figures is
represented by all the predictions for this test dataset for times
between t = 151 and t = 200. As the figure shows, for certain
values of the control parameter, the long time behavior shows
convergence to either a single value or oscillations between
a few discrete values, indicating nonchaotic behavior. On the
other hand, for some other values of the control parameters,
the long time behavior tends to cover a continuous part of the
space, which is an evidence of chaotic behavior. Interestingly,
the predictions by the QRC can precisely identify the islands
of periodicity between the chaotic regimes for both maps. For
a more in-depth analysis, from the prediction in all test sets,
we plot the corresponding root mean square error (RMSE)
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FIG. 3. The effect of number of layers and repetitions on QRC
for the logistic and Hénon map for (a), (b) predicting xt and (c),
(d) predicting xt+1 for r = 3.75 (a = 1.35). Darker hues indicate
lower RMSE (better predictive accuracy). Lowest RMSE is for two
layers for logistic map (one layer for Hénon map) and nrep = 2 for
predicting xt and nrep = 4 for predicting xt+1 in both cases.

averaged over all test datasets in Figs. 2(c) and 2(d) for the
logistic and Hénon maps, respectively, where we also plot
the corresponding LLEs for reference. Two results immedi-
ately appear: (i) The prediction error is lowered wherever the
LLE is negative (sweeping across map parameter ranges—
average of RMSE prediction errors across chaotic regimes
vs nonchaotic regimes, which is, respectively, 5.7 × 10−5 vs
8 × 10−4 for logistic map and 6.3 × 10−5 vs 3.6 × 10−5 for
Hénon map), and (ii) even within the extended regions where
the LLE is positive, a very strong correlation (Spearman rank
correlation coefficient rs = 0.97 for the logistic map, and
rs = 0.87 for the Hénon map) between LLE and prediction
error is observed. These results show that the prediction error
primarily hints whether dynamics is chaotic or not.

VI. CHARACTERIZING CHAOTIC TIME SERIES

A. Open-loop prediction of QRC

We have already demonstrated that our QRC framework is
highly effective in performing single-step predictions. How-
ever, this still leaves a major question unaddressed—can one
tailor the hyperparameters involved in the QRC implementa-
tion protocol to maximize the prediction accuracy for specific
nonlinear dynamical maps? Conversely, assuming such an
optimization strategy for one member of a specific family
of nonlinear dynamical maps is obtained, can this strategy
inform the QRC optimization strategy for other members of
that family of maps as well?

To answer these questions, we confine ourselves to two
hyperparameters of QRC, namely, the number of repetitions
nrep with which encoded qubits are introduced at each layer as
well as the number of layers, i.e., circuit depth. Moreover, we
consider the following family � of polynomial maps � : xt =∑

j Pμ j (xt− j ), where Pμ j is a polynomial of degree μ j . Both
the logistic and the Hénon maps are members of this family.
For example, for the logistic map the only nonzero contribu-
tion is coming from j = 1 for which μ1 = 2. In Figs. 3(a)
and 3(b), we plot the prediction accuracy as a function of the

number of layers as well as repetitions nrep for the logistic
and Hénon maps, respectively. The results strongly indicate
that increasing the number of quantum layers or repetitions
is not monotonic with prediction accuracy. For example, for
the logistic map, best predictive accuracy for xt is achieved
with two quantum layers and nrep = 2, corresponding to the
input sequence {xt−2, xt−2, xt−1, xt−1}. To explain the result,
one recalls that the repetitions serve to induce nonlinearity in
the otherwise linear quantum circuit. Thus, xt is a nonlinear
function of degree 2 of xt−1 as per both the logistic and Hénon
maps; therefore, the expected optimal number of repetitions
nrep = 2.

From this, we hypothesize that the optimal repetition strat-
egy n∗

rep for the family of maps � is given by the highest
polynomial degree, i.e., μmax = max j (μ j ) as per the defini-
tion of � above. To test this hypothesis, we take the same
logistic or Hénon maps, but now attempt to predict xt+1 in
terms of only xt−1 and elements before. We note that xt+1 is a
degree-4 function of xt−1 in both cases, and are thus also mem-
bers of the family � in which the only nonzero contribution
comes from j = 1 with μ1 = 4. For example, the logistic map
is now explicitly given as xt+1 = −r3x4

t−1+2r3x3
t−1−r2(1 +

r)x2
t−1+r2xt−1, Thus, we empirically expect nrep = 4 to be

optimal for predicting two steps ahead. Indeed, Figs. 3(c) and
3(d) explicitly confirm this prediction numerically for both
logistic and Hénon maps and thus support our hypothesis. As
a corollary, this hypothesis also entails that quantum resource
requirements for predicting chaotic systems over multiple
time steps may sharply diverge. One can arrive at this con-
clusion in two steps. First, one notes that for the problem
of predicting xt+k−1, i.e., k steps in advance, the original
map of a member of � with highest polynomial degree μmax

transforms into another member of � with highest polynomial
degree μk

max. Now, our hypothesis indicates that optimal input
repetitions n∗

rep must scale as μk
max, i.e., exponentially with k.

This shows that predicting distant future outcomes of chaotic
maps requires exponential resources, in terms of number of
qubits.

While the above analysis is extracted for the systems whose
underlying maps are known, the same approach can be ex-
tended to practical scenarios where the nonlinear degree is
unknown. Roughly speaking, in such cases we can offer a
bootstrapping mechanism—inferring the rough nonlinear de-
gree by selecting a known batch of data and checking how
many repetitions achieve best prediction on that batch, thus
allowing us to form an estimate of the nonlinear degree of the
system itself.

B. Closed-loop prediction of QRC

In the previous section, we found that performing
multistep-ahead direct prediction can be demanding in terms
of quantum resources. For instance, one typically needs a
larger number of input repetitions nrep to induce higher-order
nonlinear features, which becomes crucial when forecasting
further into the future. In this section, we investigate how to
combine QRC with closed-loop forecasting to progressively
predict future values of the logistic and Hénon maps. In a
closed-loop setting, the model’s own predictions are fed back
as inputs for subsequent steps, thereby generating a mul-
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FIG. 4. Actual (red) vs predicted (blue) bifurcation diagram of the logistic map with different closed-loop prediction horizons k, where for
(a) k = 3, (b) k = 5, (c) k = 7, and (d) k = 9. Actual (red) vs predicted (blue) bifurcation diagram of the Hénon map with different closed-loop
prediction horizons k, where for (e) k = 3, (f) k = 5, (g) k = 7, and (h) k = 9.

tistep trajectory through iterative one-step-ahead prediction.
Specifically, consider a QRC model with d layers. Given
an initial input window (xt−d , xt−d+1, . . . , xt−1), our goal is
to predict the value at time t − 1 + k, with k being the
prediction horizon. Rather than training the QRC to output
xt−1+k directly (as in the direct multistep setup for k = 2
discussed earlier), we first use the model to produce a one-
step prediction x̂t . We then slide the input window forward
to (xt−d+1, . . . , xt−1, x̂t ) and use the same model to output
the next prediction x̂t+1. This procedure is repeated, updat-
ing the input window at each step, until the model produces
x̂t−1+k . This closed-loop configuration is closer to realistic
forecasting scenarios. However, because it relies on feeding
back predicted values, the task typically becomes more chal-
lenging as the prediction horizon k increases. This can be
attributed to successive magnification of prediction errors at
each step arising out of use of previously simulated predic-
tions as training data for further prediction. Since closed-loop
forecasting is implemented via iterative one-step prediction,
we adopt the optimal QRC model that yields the best single-
step performance. For the logistic map, our previous results
show that the optimal configuration is d = 2 and nrep = 2 [see
Fig. 3(a)]. For the Hénon map, our previous results show that
the optimal configuration is d = 1 and nrep = 2 [see Fig. 3(b)].
Therefore, we use these settings, respectively, for logistic and
Hénon maps throughout, aiming to minimize the error intro-
duced at each step and thereby maintain reliable long-horizon
forecasts.

In Fig. 4, we plot the bifurcation diagram of the logistic
map [Figs. 4(a)–4(d)] and the Hénon map [Figs. 4(e)–4(h)]
obtained from multistep forecasting using the closed-loop
strategy. We display the predicted asymptotic values x∞ by
again collecting the points from x151 to x200. We consider four
different prediction horizons, namely, k = 3, 5, 7, 9. From
Fig. 4, we observe that the model can accurately reproduce
the broad bifurcation diagram of the maps with respect to the
control parameter r (logistic map) and a (Henon map) in the
fixed-point regime as well as across the periodic windows.
For the logistic map, for horizon k = 3, the QRC prediction
yields an excellent reconstruction of the bifurcation structure
even in the chaotic regime. However, when the prediction

horizon increases to k = 5 and beyond, the performance
deteriorates in the strongly chaotic region close to r � 4.
In this regime, the iterative feedback inherent to closed-loop
forecasting leads to gradual accumulation of errors, and the
predicted values deviate substantially from the valid range
of the logistic map, resulting in poor agreement with the
true bifurcation pattern. This behavior reflects a fundamen-
tal challenge of long-horizon prediction in chaotic systems,
where small inaccuracies are exponentially amplified. For
the Hénon map, the same pattern is seen, although here the
disagreement between predicted values and the ground truth
is even more pronounced, which we may ultimately ascribe
to the fact that the Hénon map is a two-dimensional map
with errors accumulating along both variables. At the same
time, it is worth emphasizing that our QRC employs only
d = 2 layers for the logistic map and only d = 1 layer for the
Hénon map. Consequently, even for k = 3, once the prediction
is rolled forward, the model necessarily relies entirely on
its own intermediate predictions (e.g., x̂t and x̂t+1) without
access to any further ground-truth values. This highlights
both the capability as well as the limitation of our QRC to
perform genuine multistep forecasting within a closed-loop
setting.

For a quantitative understanding of the prediction error for
the closed-loop strategy, we once again employ the RMSE of
prediction error as a function of the map parameter r (logistic
map) and a (Hénon map) for various prediction horizons k. In
Figs. 5(a) and 5(c), we plot the largest Lyapunov exponent
together with the prediction error (RMSE) as functions of
the control parameter r(a) of the logistic map (Hénon map)
for different closed-loop prediction horizons k. We observe
that before the LLE first becomes positive, i.e., before the
logistic map enters the chaotic regime, the QRC achieves
very similar performance across different prediction horizons
k, all with uniformly small prediction errors. However, as
r increases further and the map enters the chaotic regime
via successive bifurcations, the prediction error gradually
grows for all prediction horizons k. Nevertheless, when r lies
within islands of stability (periodic windows embedded in
chaos), the RMSE exhibits a pronounced dip compared to the
surrounding chaotic region. This indicates that the QRC is
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FIG. 5. (a) RMSE of predicting bifurcation diagram of the logis-
tic map with different horizon steps k = 3, 5, 7, 9. LLE (black line)
and chaotic regimes (gray) are depicted for reference. (b) RMSE of
prediction at different regimes r = 2.9 (fixed point, blue), r = 3.5
(4-periodic orbit, teal), r = 3.829 (island of stability, magenta), and
r = 4.0 (chaotic, red), with prediction horizon k ranging from 1 to
10. (c) Same as panel (a) but for Hénon map. (d) Same as panel
(b) but for Hénon map at different regimes a = 1.005 (4-periodic
orbit, teal), a = 1.25 (7-periodic orbit, blue), and a = 1.4 (chaotic,
magenta).

highly sensitive to such stable windows and can effectively
distinguish them from fully chaotic dynamics. Overall, the
trend of prediction error versus logistic map parameter r in the
closed-loop strategy is highly consistent with the single-step
prediction results reported earlier (see Fig. 2). At the same
time, Fig. 5(a) also indicates the prediction error increases
with the forecasting horizon k, which can be attributed to the
accumulation of prediction errors inherent in the closed-loop
iterative procedure. All these results described above for the
logistic map indicating progressively worsening prediction ac-
curacy with onset of chaos qualitatively agree with the results
obtained for the Hénon map in Fig. 5(c).

To further examine the closed-loop performance of the
QRC across different prediction horizons, we select four rep-
resentative values of the control parameter r, namely, (1) r =
2.9, where the logistic map converges to a single fixed point;
(2) r = 3.5, where the logistic map orbit exhibits periodic
oscillations between four values; (3) r = 3.829, correspond-
ing to an island of stability; and (4) r = 4, where the map is
fully chaotic. For each of these cases, we generate closed-loop
predictions for the time interval x151 to x200 under different
horizons, and we repeat the test over ten different initial
conditions. The results are reported in Fig. 5(b), where both
the prediction error and its variance (error bars) have been
depicted with respect to various prediction horizons k ranging
from k = 1 to k = 10. For the single fixed point r = 2.9, the
QRC achieves consistently accurate forecasts across all hori-
zons, with errors ∼10−4. For the 4-periodic oscillation regime
at r = 3.5, where the orbit oscillates among four discrete
values, the QRC likewise maintains high accuracy for all pre-
diction horizons considered with errors ∼10−3. At r = 3.829
(island of stability), the prediction error increases moderately
with the prediction horizon k, typically from ∼10−2 (k = 1)
toward ∼10−1 (k = 10). In contrast, for the fully chaotic case

r = 4, the forecasting error grows significantly as the horizon
increases, rising from ∼10−2 (k = 1) up to ∼100 (k = 6). For
completeness, in Appendix A together with Fig. 9 therein,
we provide explicit comparisons between the QRC pre-
dictions and the corresponding ground-truth trajectories for
prediction horizons k = 3, 5, 7, 9 at each of the four represen-
tative values of r listed above. The corresponding results for
the Hénon map are depicted in Fig. 5(d) for various values of
the map parameter a—namely, 4-periodic orbits (a = 1.005),
7-periodic orbits (a = 1.25), and chaotic regime (a = 1.4).
These results again agree qualitatively with the results for
the logistic map, viz., prediction error increases even more
significantly with the prediction horizon k within the chaotic
regime. This once again highlights the intrinsic difficulty of
long-horizon prediction in chaotic systems under closed-loop
strategy.

From the results above, we conclude that using the closed-
loop forecasting strategy, our QRC model can capture the
distinctive properties of the logistic map across a wide range
of dynamical regimes. In particular, when the logistic map is
in nonchaotic regimes, the model can accurately predict the
values of xt even up to relatively large prediction horizons,
indicating its ability to capture the long-term behavior of the
map in regimes where trajectories are stable or periodic. In the
chaotic regime, the model can still reproduce the dynamics
reasonably well for short prediction horizons. However, as the
prediction horizon k increases, accurate numerical prediction
becomes extremely challenging due to the intrinsic sensitiv-
ity of chaotic dynamics and the accumulation of errors in
the closed-loop strategy. Overall, our results demonstrate that
the proposed QRC model possesses long-horizon closed-loop
forecasting capability despite using a small input window
and very low circuit depth (only two layers). In addition, the
behavior of error in long-horizon closed-loop prediction can
be used for discriminating between chaotic and nonchaotic
behaviors.

VII. ROBUSTNESS OF FORECASTING

So far, our results have assumed perfect unitary evolution,
as well as randomized but fixed instances of reservoir Hamil-
tonian initialization. However, in the NISQ era, the former
is a simplistic assumption as the presence of noise leads to
nonunitary evolution in real setups. Moreover, the appeal of
reservoir computing lies in the fact that the algorithm should
work well regardless of the exact internal coupling param-
eters of the reservoir. Thus, for actual implementation, we
must account for both these factors to benchmark the real-
istic predictive accuracy of our protocol. Moreover, the final
expectation values readout theoretically requires infinite tri-
als on identical ensembles to fully reconstruct corresponding
probabilities, while practically we are firmly in the finite-
sampling regime. Thus, first, we show that by training the
system with the measured data from a noisy reservoir we can
reach significant robustness against dephasing. Second, we
demonstrate with statistical analysis that our protocol is robust
against randomness in reservoir couplings. Finally, we show
that the relatively small number of measurements for read-
out already suffices to agree with theoretical results reported
here.
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FIG. 6. The RMSE of QRC with decoherent noise strength γ for
(a) the logistic map and (b) the Hénon map. Blue (red) lines indicate
training without (with) decoherence.

A. Robustness against decoherence

So far, we assumed a perfect unitary evolution of the
reservoir. However, in practice, unwanted interaction with the
environment is unavoidable. Such interaction generally leads
to decoherence, i.e., gradual loss of quantum properties in a
physical system after some time, which is the biggest chal-
lenge to physical implementation of quantum algorithms [56].
Dephasing is the most common decoherence effect whose ori-
gin is the presence of random site-dependent magnetic fields
in the environment. The effect of such fields is to change the
unitary evolution into a Lindblad master equation described
by

dρ

dτ
= −i [H, ρ] + γ

∑
k

(ZkρZ†
k − ρ), (5)

where γ represents the strength of the dephasing [56]. Here,
we evaluate the performance of the QRC framework under
phase damping noise using two different approaches. In the
first approach, we train the QRC in an ideal (noise-free)
environment but test it in the presence of noise. However,
in the second approach, training and testing the QRC are
both performed under the same noise. As shown in Figs. 6(a)
and 6(b), the predictive accuracy of the first model rapidly
declines with noise strength γ for both the logistic and the
Hénon maps, respectively. This decline comes as no surprise
as our measurement readout is along on the Pauli-X basis;
thus, the information retrieved from the measurements also
decays exponentially as the coherence decreases. However,
surprisingly, the second approach performs exceptionally well
and maintains robustness in accurate prediction even under
reasonably large noise, leading to orders of magnitude better
performance for both logistic and Hénon maps. These results
strongly indicate in situ training is preferable in the QRC
framework. Physically, this stems from the fact the predictor
trained in situ succeeds in learning both the noise parameter
γ as well as the time-series data encoded, while the predictor
trained on a noise-free environment naturally fails to account
for the noise parameter γ as a background parameter for the
test data.

B. Robustness against reservoir randomness

In this section, we discuss the robustness of our QRC
protocol for predicting chaotic maps with respect to the choice
of the parameters in the quantum reservoir. In general, the
lack of sensitivity to such parametrization is a highly desirable
trait for reservoir computing, where the explicit goal is to

(b)(a)
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FIG. 7. Histogram for RMSE statistics of 1000 randomly chosen
Hamiltonian reservoirs for (a) logistic map and (b) Hénon map. Red
lines are Poisson distribution fits for nbin = 40 bins.

only adjust the weight matrix W at the end. To check this,
we randomly selected 1000 Hamiltonians for both the logistic
and the Hénon maps and binned their respective predictive
errors, represented by RMSEs, in the histograms of Fig. 7. The
results indicate that the majority of Hamiltonians yield low
RMSE, with only a small fraction exhibiting big errors. More-
over, in both cases, the histograms are Poissonian in nature,
which means only a very small fraction of all the Hamilto-
nians are “problematic” with the vast majority of randomly
chosen Hamiltonians yielding close to maximum predictive
accuracy. This is consistent with the measure concentration
phenomenon encountered in locally entangled many-body
systems such as the present reservoir based on transverse XY
spin chains, where most dynamical states are in fact concen-
trated within a small subspace of the overall Hilbert space
[57–59]. While an explicit quantification is beyond the scope
of the present work, it appears randomly sampled Hamiltoni-
ans do typically arise from this subspace and the exceptions
outside this subspace are rare; thus, a Poissonian treatment is
apt.

C. Robustness against finite-sampling error

In the numerical simulations presented above, we directly
computed the expectation values of Pauli-X observables at the
last layer. However, these expectation values are theoretically
only valid in the asymptotic limit of large number of trials.
In an experimental setting, however, these expectation val-
ues must be estimated from a finite number of measurement
shots. Assuming that each observable X is measured with M
shots and independent measurements on identically prepared
samples, the estimated expectation value 〈X 〉sam is centered
around the true expectation value 〈X 〉 with a width 	(X ), i.e.,

〈X 〉 = 〈X 〉sam ± 	(X ), (6)

where the statistical estimation error 	(X )∼
√

〈X 2〉−〈X 〉2

M di-

minishes as ∼O(1/
√

M ). We note that since the Pauli-X
operator satisfies 〈X 2〉 = 1 and 0 � 〈X 〉2 � 1 throughout, the
numerator 〈X 2〉 − 〈X 〉2 is bounded everywhere.

We now note that the prediction from the QRC is obtained
via a linear readout of the quantum measured features, i.e.,

ŷ = W �m, (7)

where �m = [〈X1〉, 〈X2〉, . . . , 〈XnI+nH〉]T . Writing �m = �msam ±
�m	, where �m	 = [	(X1),	(X2), . . . , 	(XnI+nH )]T yields

ŷ = W ( �msam ± �m	). (8)
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FIG. 8. Norm ||W ∗|| of optimal weight matrix W ∗ of QRC for
the logistic map (left) and the Hénon map (right).

In other words, the finite-sampling error in the measured
feature vector �m propagates linearly into the prediction. Prac-
tically, we want the prediction deviation induced by this
finite-sampling error to be below some tolerance ε, namely,

‖W �msam − W �m‖2 = ‖W �m	‖2 < ε. (9)

Now, vide the Cauchy-Schwarz inequality, we already know
that

‖W �m	‖2 � ‖W ‖2‖ �m	‖2 < ε. (10)

Because ‖ �m	‖2 =
√∑nI+nH

i
1−〈Xi〉

M �
√

nI+nH
M , this inequality

yields an explicit relationship between the required shot num-
ber M and the desired tolerance ε as (nI+nH )‖W ‖2

ε2 � M. In
particular, this analysis indicates that it is advantageous for
the readout weights to have a moderate norm; i.e., the norm
‖W ∗‖2 corresponding to the optimal weight matrix W ∗ arrived
at from the training should not be too large in order to avoid
excessive amplification of finite-sampling error. In Fig. 8, we
plot ‖W ∗‖2 as a function of map parameters (r for the logistic
map and a for the Hénon map). In both cases, we find that
‖W ∗‖2 remains modest across the parameter range, suggest-
ing that an experimentally feasible number of measurement
shots should be sufficient to overcome the finite-sampling
error.

Thus, we have demonstrated the robustness of QRC against
coherent and incoherent noise, as well as finite-sampling er-
rors. At the same time, we note that several recent works on
QRC have aimed to further enhance noise resilience by incor-
porating error-mitigation-inspired strategies, for example, by
modifying the training protocol [60] and/or the measurement
scheme [43]. This line of research is complementary to the re-
sults presented here, as such techniques may further improve
the predictive accuracy and stability of QRC, especially for
long-horizon forecasting tasks.

VIII. CONCLUSION

In this work, we have proposed a QRC algorithm for
predicting and characterizing nonlinear dynamics in discrete
maps with chaotic regimes. We have demonstrated the ef-
fectiveness of our method on the logistic and Hénon maps.
While we can achieve accurate prediction about the future
steps of our time series, we have also been able to optimize
the QRC encoding protocol based on the features of nonlinear
maps studied herein, paving the way for further optimization
of the QRC architecture for experimental time-series data. In

addition, through closed-loop prediction of distant future steps
one can discriminate nonchaotic versus chaotic phases. In this
situation, while the closed-loop strategy can faithfully predict
distant future outcomes in nonchaotic phases, in the chaotic
phase the error grows significantly as the horizon for future
steps increases. The proposed QRC algorithm is resilient
against decoherence and reservoir randomness, making it suit-
able for near-term quantum devices, and relies on reasonably
small number of measurement samples. We note here that in
contrast to other recent proposals of applying QRC to chaotic
dynamics forecasting [61,62] studying continuous dynamical
evolution, we study discrete chaotic maps. Moreover, we use
simple phase encoding as opposed to computationally costly
amplitude encoding [61] and employ a simple reservoir only
requiring nearest neighbor XX interaction that is readily avail-
able in superconducting quantum simulators [63–66], ion-trap
systems [67–69], and optical lattices [33,70,71] as opposed to
requiring complex reservoir engineering with fully connected
[62] or nonsparse Hamiltonians [61].
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APPENDIX: CLOSED-LOOP PREDICTION WITH
DIFFERENT PREDICTION HORIZONS FOR

LOGISTIC AND HÉNON MAPS

In this Appendix, we report the prediction results for the
logistic and Hénon maps under different closed-loop horizons
(see Fig. 9). For the logistic map, we focus on four represen-
tative values of the control parameter r (r = 2.9, 3.5, 3.829, 4
as specified in the main text). For the Hénon map, we fo-
cus on three representative values of the control parameter a
(a = 1.005, 1.25, 1.4 as specified in the main text). For the
nonchaotic cases of both maps, the QRC model faithfully re-
produces the corresponding trajectories, indicating a reliable
long-horizon rollout in stable and periodic regimes. For the
chaotic regimes of both maps, we find that the model can
still provide a reasonably good forecast for a short horizon,
in particular for k = 3. However, as the horizon is further
increased, the predictions become progressively less reliable
due to the accumulation of errors and the intrinsic sensitivity
of chaotic dynamics.
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FIG. 9. Closed-loop prediction with different horizons k for logistic map (left) and Henon map (right) for time steps t [151, 200], with (a)
k = 3; (b) k = 5; (c) k = 7; and (d) k = 9. Blue lines represent predicted values and red lines represent actual values. For logistic map r = 2.9
(fixed point), r = 3.5, 3.829 (periodic orbits) and r = 4 (chaotic) map parameters have been considered. For Hénon map, a = 1.005, 1.25
(periodic orbits) and a = 1.4 (chaotic) map parameters have been considered.
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