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Universal classification of Weyl semimetals via sixteen irreducible Weyl molecules
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Governed by the Nielsen-Ninomiya theorem, Weyl points (WPs) function as topological monopoles that
cannot exist in isolation but must form charge-neutral assemblies in the momentum space of crystals. While
these WPs are locally characterized by quantized chiral charges, the finite generating family governing their
global assembly into a Weyl semimetal (WSM) phase remains undiscovered. Here, we resolve this by identifying
“irreducible Weyl molecules” (IWMs) as the elementary, charge-neutral topological building blocks of WSMs.
By rigorously imposing the constraints of 1651 magnetic space groups on minimal zero-sum chiral-charge se-
quences, we obtain exactly 16 crystallographically realizable IWMs. We establish a universal linear-combination
principle, demonstrating that any crystallographically realizable charge-neutral chiral-node configuration Y
within [C| < 4 is constructed from a linear superposition of these 16 generators X; with non-negative integer
coefficients n;, governed by ¥ = Z,.lil n;X;. Utilizing first-principles calculations on a predicted family of boron
allotropes, we reveal that this superposition principle organizes the bulk nodal configurations and constrains
the admissible end point connectivity of Fermi arcs, while the realized surface geometry remains dependent on
termination, energy, and allowed inter-IWM reconstruction. Our work establishes a “periodic table” for WSMs,

offering a general theoretical framework for the classification and rational design of Weyl complexes.
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I. INTRODUCTION

Weyl semimetals (WSMs) represent a paradigm shift in
condensed matter physics, characterized not by global in-
variants on a closed manifold, but by local topological
singularities in the Brillouin zone (BZ)—the Weyl points
(WPs) [1-4]. These WPs act as monopoles of the Berry curva-
ture field, carrying a quantized chiral charge (Chern number)
C that is robust against local perturbations. This nontrivial
bulk topology manifests physically through the bulk-boundary
correspondence, giving rise to Fermi-arc surface states that
connect the projections of WPs with opposite chirality on the
surface BZ [5-7]. These arcs serve as the spectroscopic finger-
print of the bulk chiral charges, underpinning exotic transport
phenomena such as the chiral anomaly and the anomalous
Hall effect [8-10].

While the elementary WP typically carries a unit
charge |C| =1, specific crystalline symmetries can stabi-
lize multi-Weyl points with higher topological charges C e
{£2, +£3, +4} [11-18]. However, the existence of these di-
verse local charges is rigidly constrained by the global
Nielsen-Ninomiya no-go theorem [19,20], which mandates
that the net chiral charge across the entire BZ must vanish.
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Consequently, WPs are physically forbidden from existing
in isolation in WSMs; they must emerge as charge-neutral
assemblies. Despite intensive efforts to compile an ency-
clopedia of these isolated emergent particles across various
nonmagnetic and magnetic space groups (MSGs) [21-23], a
fundamental theoretical gap persists: What are the fundamen-
tal topological charge-neutral component units that constitute
all WSMs? Current research largely treats the nodal config-
uration of each material as a unique case, lacking a unified
theory to decompose complex multinode configurations into
universal components [6,24-26]. This suggests a missing
“chemistry” of Weyl physics—a systematic framework defin-
ing how elementary “atoms” (WPs) bond into a finite set
of irreducible molecular clusters that fundamentally tile the
momentum space of all WSMs.

In this article, we solve this classification problem by intro-
ducing the concept of Irreducible Weyl Molecules (IWMs).
By rigorously imposing the constraints of 1651 MSGs on
minimal zero-sum chiral-charge sequences, we show that ex-
actly 16 fundamental units survive as crystallographically
realizable entities (Fig. 1). This result establishes a univer-
sal linear-combination principle, governed by ¥ = Z:il n;Xi,
which decomposes any crystallographically realizable charge-
neutral chiral-node configuration ¥ within |C] < 4 into a
non-negative-integer superposition of IWMs X;. Beyond a
charge classification, the framework exposes rules governing
the global assembly of topological charges and conceptual-
izes WSMs as structured “molecular crystals” in momentum
space. We test the framework by decomposing the WP
configurations of representative WSMs and by visualizing
the three assembly forms in a predicted class of boron al-
lotropes. We further show that the IWM content constrains
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FIG. 1. Classification of the 16 IWMs. (a)—(p) Schematic representations of the 16 irreducible generators for crystallographically realizable
charge-neutral Weyl-node configurations within |C| < 4. Red (green) spheres denote Weyl points carrying positive (negative) topological
chiral charges, C. The yellow curves projected onto the blue planes schematically illustrate admissible connectivity motifs of the topological

Fermi-arc surface states associated with each IWM configuration.

the admissible end point-incidence and connectivity classes of
topological Fermi arcs; surface termination, energy window,
and inter-IWM reconstruction select the physical realiza-
tion. The resulting “periodic table” offers a unified language
for classifying and rationally designing complex Weyl-node
configurations.

II. MATHEMATICAL AND CRYSTALLOGRAPHIC
FOUNDATION OF IRREDUCIBLE WEYL MOLECULES

In this section, we derive the finite generating fam-
ily of IWMs in three steps. We first map the Nielsen-
Ninomiya charge-neutrality condition to minimal zero-sum
sequences over Gy = {£1, £2, +3, +4}. A combinatorial
derivation and an independent Hilbert-basis calculation yield
19 mathematical minimal zero-sum candidates. We then
impose charge-coexistence and symmetry-orbit-multiplicity
constraints across all 1651 magnetic space groups, separately
in spinless and spinful regimes, reducing the mathematical set
to 16 crystallographically realizable IWM classes. Finally, we
establish the corresponding generation rule and distinguish
algebraic nonuniqueness from the surface-resolved physical
realization.

A. Theoretical foundation: From monopoles to molecules

WPs in the momentum space of three-dimensional crystals
act as topological monopoles of the Berry curvature field,
characterized by a quantized chiral charge (Chern number)
C. However, the existence of these diverse local charges is
subject to the global constraint of the Nielsen-Ninomiya no-go
theorem, requiring a net vanishing chiral charge across the
entire BZ [19,20]:

S =o. (1)

This conservation law imposes a fundamental constraint:
Weyl points are physically forbidden from existing as isolated
entities. They must inevitably emerge in charge-neutral col-
lections to satisfy the global topological boundary conditions.

The molecular analogy used here is algebraic and topo-
logical rather than dynamical: An IWM is a minimal
charge-neutral node complex. Its bulk-boundary manifes-
tation is encoded by Fermi-arc connectivity, which links
projected sources and sinks of Berry curvature and can diag-
nose the physically realized organization of the nodes. In this
limited sense, Fermi arcs provide an intuitive analog of bonds;
they are not a dynamical mechanism that binds the bulk nodes.

To identify the elementary building blocks of this crys-
tal, we must find the minimal clusters that satisfy charge
neutrality but cannot be decomposed into smaller neutral
subclusters. These minimal zero-sum units define the math-
ematical candidates for IWMs. At the algebraic stage, any
zero-sum chiral-charge sequence over G, can be decomposed
into mathematical minimal zero-sum generators; crystallo-
graphic realizability is imposed separately below.

B. Mathematical correspondence between minimal zero-sum
sequences and irreducible Weyl molecules

‘We map this physical picture to combinatorial number the-
ory. The set of allowable topological charges for WPs (atoms),
constrained by crystalline symmetries, is finite [21-23]:

Go = {£1, £2, £3, +4}. 2)

A collection of Weyl atoms forms an unordered sequence
S =151 X8+ x5, where s; € Gy. The set of all possible
unconstrained combinations constitutes a free multiplicative
Abelian monoid, denoted as F(Gy) [27]. The identity element
of F(Gyp) is the empty sequence, and the operation is se-
quence concatenation: For sequences S; = s; X --- x s; and
Sy =sj x --+ x s, their product is

S]XS2=S1X--- XS;G}—(G()). (3)

X8 X8 X

The physical constraint of the no-go theorem [Eq. (1)]
maps directly to the mathematical definition of a zero-sum
sequence. The set of all zero-sum sequences over Gy forms
a submonoid known as a Krull monoid [27]:

Xt:s,:o}. (4)

i=1

= B(Go) = {S € F(Go):0(S) =
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Within this mathematical framework, a minimal charge-
neutral configuration corresponds to a minimal zero-sum
sequence of the monoid By. Let A(BBy) denote the mathemat-
ical minimal generators. An element S € A(B) is a sequence
that sums to zero, but no proper subsequence of S sums to
Zero.

This irreducibility establishes the algebraic generating set.
A key property of the Krull monoid is that any element
in By can be decomposed into a product, or equivalently a
non-negative-integer combination, of elements of A(By). At
this stage, the statement is purely mathematical: It includes
19 minimal zero-sum sequences, before charge-coexistence
and symmetry-orbit-multiplicity constraints determine which
generators are crystallographically realizable IWMs.

C. Derivation of the 19 mathematical minimal
zero-sum candidates

To systematically identify all elements in A(5,), we de-
fine an equivalence relation under global chirality inversion:
A sequence S = 51 X --- X §; is equivalent to —S = (—s1) X
-+« X (—s;). We adopt the convention that the element with
the largest absolute charge is positive, specifically manifested
in the representation of X; where positive chiral charges within
the braces {} are denoted without an explicit plus sign.

We employ the derivation operation introduced by Sis-
sokho [28] to generate lower-order minimal sequences from
higher-order ones. For a minimal zero-sum sequence S €
A(By), its four-derived set D4(S) is constructed recursively
by (proven in Lemma 2.1 of Ref. [28]):

(1) Selecting any pair of elements s;, s; from a sequence
S € D4(S) and replacing them with their sum s; = s5; + .

(2) Ensure the resulting sequence S =s| X --- X s
satisfies

(a) S’ € B(Gp) (zero sum);
(1) 18" loc = sup; <, Is;| < 4 (charge bound);
(c) &’ is a minimal zero-sum sequence (irreducible).

(3) Add S’ to D4(S).

The generation of A(B) proceeds by identifying the max-
imal elements M—sequences that cannot be derived from
any other sequence. For a given charge bound n € [1, 5], the
maximal elements satisfy [28]

M, C {afb/ng(aqbﬂ % (_b)La/ng(ﬁhb)J ca,bell, n]} (5)
For a charge limit of n = 4, we obtain
2x (=12, 3x (=17, 4x (14
32 x (=23, ax (=22, B x =3
(6)

Here, the notation x'¥ denotes that the element x appears k
times in the sequence. Since Q contains all maximal elements,
the complete set of minimal zero-sum sequences is

A(By) = Dy (My) = Dy(Q), (N

where D} denotes the recursive closure under the derivation
operation: D;(Q) = s5.co D4(S;). The hierarchical relation-
ships among minimal zero-sum sequences form a partially
ordered set (poset) (A(By), <4), where S| <4 S, if and only
if S € D4(S>2). The Hasse diagram explicitly illustrates the

My CQ

evolutionary pathway from the maximal elements M, to all
19 minimal zero-sum sequences, as shown in Fig. 2.

Through this rigorous derivation, we establish that
A(By) contains precisely 19 minimal zero-sum sequences
that are inequivalent under charge conjugation and term
reordering, corresponding to 19 mathematical minimal
zero-sum candidates before crystallographic constraints are
imposed.

D. Independent Hilbert-basis verification

As an independent verification, we cast the zero-sum con-
dition as a non-negative integer-kernel problem [29]. The
Hilbert basis computed with 4ti2 [30,31] contains 34 vectors;
after identifying global chirality reversal and term reorder-
ing, these vectors reduce to exactly the same 19 inequivalent
minimal zero-sum classes obtained in Sec. Il C. The ordered
charge coordinates, integer-cone construction, full vector list,
and correspondence table are given in Appendix A.

E. Crystallographic constraints: From 19 mathematical
candidates to 16 realizable irreducible Weyl molecules

Having obtained the same 19 mathematical candidates
combinatorially in Sec. IIC and independently through the
Hilbert-basis calculation in Appendix A, we next impose
crystallographic constraints. Their physical realization in
crystalline materials is strictly governed by MSG symmetry.
To bridge this gap, we incorporate the exhaustive constraints
of the 1651 MSGs [21-23]. The enumeration is performed
separately for without-SOC (single-valued representations)
and with-SOC (double-valued representations) cases, using
established symmetry constraints on isolated Weyl nodes
[21-23]. The workflow is summarized in Fig. 3. Our system-
atic symmetry analysis (see Tables III-XVIII in Appendix C)
establishes two rigorous selection rules for the crystallo-
graphic existence of an IWM: (1) There must exist at least one
MSG that supports the simultaneous coexistence of all distinct
topological charge types present in the molecule; and (2) the
number of each charge type must be symmetry allowed. Ap-
plying these criteria to the 19 mathematical candidates reveals
the following specific restrictions:

(1) Only magnetic space groups 196.6,209.51, and 210.55
allow the coexistence of WPs with Chern numbers 3 and 4.

(2) Crucially, within these specific MSGs, only the I point
can host a WP with Chern number 4.

These symmetry constraints strictly rule out 3 of the 19
mathematical candidates, as they necessitate multiple WPs
with |C| = 4 that cannot be accommodated by any MSG:

{4,4, -3, -3, -2},
{47 45 17 _39 _35 _3}5
{4,4,4, -3, -3, -3, -3}. ®)

The exclusion of the three mathematically valid zero-
sum sequences listed in Eq. (8) (i.e., {4,4, -3, -3, -2},
{4,4,1, -3, -3, -3}, and {4,4,4, -3, -3, -3, =3} isnot a
mere numerical artifact, but arises from a fundamental group-
theoretical obstruction, which we term the “crystallographic
pigeonhole principle.” It stems from an insurmountable con-
flict between the rotational-symmetry requirements needed
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FIG. 2. The Hasse diagram of the poset P;.

to protect high-charge nodes and the limited symmetry orbit
multiplicities of the corresponding high-symmetry points or
lines in the BZ.

We illustrate this mechanism collectively for these forbid-
den sequences:

(1) Symmetry requirement for coexistence: Stabilizing a
Weyl node with maximum charge |C| = 4 requires intersect-
ing high-fold rotational axes [21-23]. All three forbidden
sequences further require that |C| = 4 and |C| = 3 nodes co-
exist in the same crystal. Our exhaustive symmetry screening
(Tables III-XVIII in Appendix C) based on the encyclopedia
of emergent particles [21-23] reveals that only three MSGs
(MSGs 196.6, 209.51, and 210.55) can simultaneously sup-
port both charge types.

(2) Global orbit multiplicity (symmetry orbit constraints):
Analogous to Wyckoff positions in real space, symmetry op-
erations in k space generate fixed counts of equivalent points,
constraining the allowable number of each charge type. In

these three specific MSGs, the rotational symmetries required
to protect a |C| = 4 Weyl node ({Cy;, Gy, C;} for MSG 196.6
and {Cy;, Cyy, Coy, C3+1} for MSGs 209.51 and 210.55) exist
exclusively at the I point, whose symmetry orbit has multi-
plicity 1.

(3) The physical conflict: The zero-sum sequences in
Eq. (8) inherently demand the presence of multiple (two or
three) |C| = 4 Weyl nodes. However, the lattice provides only
one valid “slot” (the single I" point). It is impossible to place
multiple |C| = 4 nodes at I without inducing their hybridiza-
tion or merging. Conversely, placing additional nodes away
from I breaks the rotational-symmetry required to protect and
stabilize their |C| = 4 topological charge.

Consequently, the geometric capacity of the BZ cannot
accommodate the node multiplicity prescribed by these math-
ematical sequences, rendering them strictly forbidden in real
crystalline materials. This exact physical mechanism reduces
the 19 mathematical candidates to the 16 physically realizable

For each candidate sequence A(By)
Without SOC )
(single-valued coreps)
Multiplicity

Supports all Yes )
—y  Scanall MSGs > required charge ° ofgach charge
(1651) types? types constraints

Y satisfied?

No No

‘ Any
others compatible MSG
(rule out) found (without SOC
o or with SOC)?
No N
With SOC :
(double-valued coreps) .
Multiplicity o
Supports all Yes

Ly Scan all MSGs required charge SN of each charge
(1651) types? types constraints

’ satisfied?

- J

FIG. 3. Workflow for symmetry screening of the 16 IWMs in without-SOC (single-valued) and with-SOC (double-valued) regimes. Here,
the single-valued and double-valued coreps denote the single-valued and double-valued corepresentations at high-symmetry points and along
high-symmetry lines, respectively. The numbers in parentheses in the flowchart indicate the counts of the minimal zero-sum sequences [.A(B))],

MSGs, and symmetry-allowed IWMs.
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IWMs:

{1, -1}, {2,-2}, {3,-3}, {4, -4},

{2,—-1,-1}, {3,-2,—-1}, {4,-3,—-1}, {4,-2,-2},
{3,1,-2,-2}, {3,—-1,—-1,-1}, {4,2,-3, -3},
{4,1,-3,-2}, f{4,-2,—-1,-1}, {4,1,1,-3,-3},
{3,3,-2,-2,-2}, {4,—-1,—-1,—-1,—1}. )

These 16 IWMs constitute a complete and minimal generat-
ing family for crystallographically realizable charge-neutral
chiral-node configurations within |C| < 4. As established in
Sec. II B, any zero-sum sequence over Gy first decomposes
into mathematical minimal generators; after the crystallo-
graphic constraints derived above are imposed, any crystal-
lographically realizable configuration ¥ can be decomposed
into a linear superposition of these 16 symmetry-allowed
generators:

16
Y = ZniX,-, n; € Z}O, (]0)
i=1
where X; (i = 1, 2, ..., 16) denotes the ith symmetry-allowed
IWM, with each X; implicitly including its chirality-reversed
partner (the overall sign flip captured by the braces notation,
where positive charges are written without explicit “+"). This
formulation reduces the classification of crystallographically
realizable charge-neutral chiral-node configurations within
|C| < 4 to these 16 distinct IWMs.

F. Nonuniqueness of IWM decomposition
and physical identification

We clarify the distinction between the mathematical
nonuniqueness of the decomposition ¥ = > n;X; and the
identification of a physically relevant realization.

(1) Mathematical nonuniqueness (Krull monoid): The
mathematical zero-sum sequences over Gy form the Krull
monoid By, whose 19 inequivalent minimal generators were
derived in Secs. IIB-IID. After the crystallographic coex-
istence and orbit-multiplicity constraints are imposed, 16 of
these generator classes remain crystallographically realizable
as IWMs. Although this finite realizable generating family
is fixed, the factorization of a composite crystallographically
realizable configuration into these IWM classes need not be
unique. For example, consider a system with net charges
{+2, -2, +1, —1, +1, —1}. Mathematically, this can be de-
composed as

(a) Option 1: {2, =2} + {1, —1} + {1, —1}.
(b) Option 2: {2, —1, =1} +{-2,1, 1}.

Both validly satisfy charge conservation using the same
generating family. This algebraic nonuniqueness is illustrated
schematically in Fig. 4(c), where {2, -2} +2 x {1, —1} is
equivalently represented as 2 x {2, —1, —1}.

(2) Physical identification via arc connectivity: For a spec-
ified surface termination and energy window, the full Fermi-
arc connectivity matrix can distinguish among algebraically
admissible IWM organizations. In the unreconstructed sector
A = 0, individual IWM motifs may appear as disconnected
graph components. When A # 0, however, the physically
relevant organization must be identified from the full connec-

tivity matrix together with its reconstruction sector, rather than
from disconnected components alone. Representative connec-
tivity realizations for the nonunique decomposition above are
shown in Fig. 4(c). For the representative unreconstructed
patterns,

(a) if the physical system exhibits arcs connecting the

+2 node directly to the —2 node, it realizes Option 1;

(b) if the physical system exhibits arcs splitting from
the +2 node to two —1 nodes (an S-shaped connectivity),

it realizes Option 2.

Thus, the finite set of irreducible generators is fixed, while
the physically relevant decomposition can be constrained by
the full Fermi-arc connectivity matrix and its reconstruction
sector for a given surface termination and energy window.

III. UNIVERSAL FERMI-ARC CONNECTIVITY
FROM IWM ASSEMBLY

In Sec. II, we established that the bulk topology of WSMs
is governed by 16 IWMs, which serve as the minimal charge-
neutral building blocks of WP configurations. We now turn
to their manifestation on crystal surfaces. According to the
bulk-boundary correspondence, each Weyl monopole in the
bulk BZ generates open surface states known as Fermi arcs.
These arcs connect the surface projections of Weyl points with
opposite chirality. Within the molecular analogy, they provide
a boundary visualization of the topological linkage among
projected sources and sinks. They do not dynamically bind
the bulk nodes or determine their existence.

In this section, we derive the universal connectivity rules
governing Fermi arcs. We first formulate the end point-
incidence constraints imposed by topology using the language
of chains and boundary operators. We then show that
the classification of arc connectivity reduces to an integer
transportation problem. Subsequently, we incorporate the ge-
ometric winding freedom on the surface torus and formulate a
general representation of Fermi-arc networks. Finally, we ver-
ify the completeness of the classification using Markov-basis
enumeration implemented in 4ti2. The resulting connectivity
patterns for the 16 IWMs and representative composite WSM
phases are visualized in Fig. 4.

A. Surface projections and connectivity constraints

For a given surface termination, the surface Brillouin zone
can be regarded as a two-dimensional torus

> = T2, (11)
Let
,PN} C X (12)

denote the set of surface projections of bulk Weyl points
onto the surface Brillouin zone. Each projected point carries a
nonzero integer chiral charge inherited from its corresponding
bulk Weyl point,

P={pips ...

C(p) e Z. (13)

Within the framework of singular homology [32], the pro-
jected monopole distribution can be written as a zero chain:

p=7) Cp)p. (14)

peP
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FIG. 4. Universal Fermi-arc connectivity patterns for the 16 independent IWMs and representative composite cases. (a) Fermi-arc
patterns of individual IWMs, treated as basic structural units on a representative surface, where the projections of bulk WPs are spatially
separated. (b) Illustration of the three superposition mechanisms—juxtaposition (left), overlap (middle), and reconfiguration (right)—using
the {2, —2} + {1, —1} combination as a representative example. (c) Representative Fermi-arc realizations corresponding to the algebraically
nonunique decompositions {2, —2, +1, +1, —1, =1} = {2, =2} + 2 x {1, —1} or 2 x {2, —1, —1}. The second panel from the right illustrates
areconfigured case, analogous to the right panel of (b). Notably, the positions of the projected WPs in the surface Brillouin zone depend on the
choice of surface termination. The Fermi-arc patterns shown here should therefore be regarded as a flexible connectivity map: Each projected
WP (green and red) can shift with the surface orientation and may even merge with others. Red (green) spheres denote projected WPs carrying
positive (negative) topological chiral charges, C, and the yellow curves denote Fermi arcs.

Because the total chiral charge in the bulk BZ must van-
ish according to the Nielsen-Ninomiya theorem [19,20], the
projected charges satisfy

> _Cp)=0.

peP

s5)

After removing closed surface loops and topologically triv-
ial counterpropagating pairs, we define the reduced oriented
Fermi-arc network I'y,, as an integer one chain on X. The
bulk-boundary correspondence imposes the boundary con-
straint

alﬂtop =p. (16)

This condition requires that the end points of the re-
duced topological network reproduce exactly the projected
monopole charges. Physically, it expresses the conservation
of Berry-curvature flux between sources and sinks on the
surface.

From this boundary condition, one obtains the following
connectivity rule for the reduced topological network: Every
oriented branch runs from a projected Weyl node carrying
positive chiral charge to one carrying negative chiral charge.
Hence, for any projected Weyl node p € P, the reduced
end point incidence is fixed directly by C(p): A node with
C(p) > 0 has exactly C(p) outgoing topological branches and
no incoming ones, whereas a node with C(p) < 0 has ex-
actly |C(p)| incoming topological branches and no outgoing
ones. Consequently, the total number of reduced topological
branches attached to p satisfies

degop(p) = IC(p)]. (17)

Equation (17) acts as a topological valence rule. A WP
with |C| = 1 behaves as a monovalent “atom,” whereas multi-
Weyl points with [C| = 2, 3, or 4 act as multivalent centers
supporting multiple arc branches. Additional topologically
trivial surface contours do not change this reduced end point-
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TABLE I. Complete graph-theoretic classification of end point-incidence Fermi-arc connectivities for the 16 IWMs shown in Fig. 4(a). Arc
branches are oriented from positive to negative chiral charges. Matrices are listed up to permutations of identical-charge WPs (rows/columns).
For four IWMs, there exist exactly two inequivalent patterns, labeled Type-A/Type-B. These entries define the sets M;.

IWM X; [Eq. (9)] Margins («;) versus (8;)

Transportation-matrix classes F*)

(1, -1 Tvs 1
{2, -2} 2vs2

(3.-3) 3vs3

{4, -4} 4vs4

{2,-1,-1} 2vs 1,1

{3, -2,-1} 3vs2,1

{4.-3,-1} 4vs3,1

{4, -2, -2} 4vs2,2

(3,1, -2, -2} 3,1vs2,2

3.-1,-1,-1} 3vs1, 1,1

{4,2, -3, -3} 4,2vs3,3

{4,1,-3,-2} 4,1vs3,2

4,-2,-1,-1} 4vs2,1,1

{4,1,1, -3, -3} 4,1,1vs3,3

{3, 3, -2, -2, -2} 3,3vs2,2,2 Type-A:
{4, —-1,-1,-1, -1} 4vs1,1,1,1

[1]
[2]
[3]
Unique: [4]
Unique: [1 1]
Unique: [2 1]
Unique: [3 1]
Unique: [2 2]
Unique: [S }] ~ [} (2)]
Unique: [1 1 1]
2 27, 311 3
Type-A: [1 1], Type-B: [0 2] [2 0]
2 2 3001
Type-A: [1 O]; Type-B: [0 1]
Unique: [2 1 1]

2 3001 13
0f; Type-B: [0 1|~ [1 0
1 0 1 1 0

1 } }], Type-B: [3 i (2)] (up to row/column permutations)
Unique: [1 1 1 1]

Unique:
Unique:
Unique:

2
Type-A: |:1
0

Lo
—_

incidence class and are not included in the transportation
matrix F.

To classify Fermi-arc connectivity patterns, we separate the
projected WPs into positive and negative monopoles,

P+:{alﬂ"'7am}’ C(ai):ai>0 (18)
and
P_={by,....,b,}, C(bj)=-8;<0. (19)
Charge neutrality implies
(20)

D =) b
i=1 j=1

Let f;; denote the number of Fermi arcs connecting a; to
b;. The arc connectivity can then be represented by a non-
negative integer matrix

F = (fy)) € 275", 1)

Flux conservation at each projected WP requires

Zfij = aj, Zfij = B;.
= i—1

Equation (22) defines a classical integer transportation
problem [29]. Each admissible matrix F represents a connec-
tivity skeleton describing how projected WPs are linked by
Fermi arcs. For a given IWM, the charge sets {«;} and {8;}
are fixed. Solving Eq. (22) yields a finite set of inequivalent
connectivity matrices, summarized in Table I and visualized
in Fig. 4(a).

(22)

B. Geometric winding on the surface torus

Although the connectivity skeleton fixes which projected
WPs are connected, the geometric shapes of the arcs are not
unique. Because the surface BZ is a torus T2, Fermi arcs
may wind around nontrivial cycles before reaching their end
points.

To characterize this freedom, we assign to each arc o a
winding vector

g(o) = (ny, ny) € 77, (23)

which counts the windings along the reciprocal-space direc-
tions k, and k,.

An arc connecting nodes a; and b; with winding vector
g is denoted by af}. Correspondingly, the connectivity ma-
trix becomes winding resolved, F;;(g). The conservation laws
generalize to

Y Y Fi@=a, Y. Fi@ =8
Jj & ig

The reduced topological Fermi-arc network on the surface
can therefore be written as

1—‘top = Z Z F;j(g)aii'
8

ij

(24)

(25)

C. Construction and reconfiguration of general
Fermi-arc networks

We now formulate the surface-connectivity rule for a
general WSM phase Y. As established in Sec. II, any crys-
tallographically realizable charge-neutral chiral-node config-
uration within |C| < 4 can be decomposed into a linear
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superposition of the 16 symmetry-allowed IWMs:

16
Y= "mXi. ne€Zs. (26)
i=1
where X; denotes one of the sixteen symmetry-allowed IWMs
listed in Eq. (9).

For each IWM class X;, let u € M, label one of the in-
equivalent elementary end point-connectivity classes listed in
Table 1. The corresponding winding-resolved transport matrix
is

FEm(g) = (ESM(g). 27)

For the rth copy of X;, with r =1,...,n;, we choose a
class u; € M;. The entry Fu(lj’”i")(g) denotes the number of
arcs connecting a projected WP a with positive chirality to
a projected WP b with negative chirality, characterized by a
winding vector g = (n,, ny) € Z*. In the absence of coupling
between IWM units, the reduced topological Fermi-arc net-
work is obtained as a direct superposition of these elementary
connectivity motifs. This defines a reference, or uncoupled,
transport matrix

Fy)(9) = Z Z Fy"(g). (28)

i=1 r=I

Equation (28) should be understood as the additive com-
position rule at the level of arc-transport channels: Each IWM
copy contributes one selected elementary connectivity pattern,
and the direct sum of all such contributions provides a refer-
ence starting point for constructing the reduced topological
surface network of the composite WSM phase Y. This is fully
consistent with the linear-superposition principle established
in Sec. II for the bulk WP configuration.

The physical surface configuration, however, need not re-
main identical to the uncoupled superposition in Eq. (28).
When several IWMs coexist in the same surface BZ, their
Fermi arcs may couple and reorganize. As a result, an arc
that would be assigned to one elementary IWM in the refer-
ence construction can be rerouted into a connection involving
projected WPs originating from another IWM. In this sense,
the coexistence of multiple IWMs induces a reconstruction of
the Fermi-arc transport matrix. We therefore write the general
winding-resolved transport matrix as

= F9(g) + Auw(9), (29)

where Ag(g) € Z denotes the reconstruction term gener-
ated by inter-IWM coupling. By construction, reconstruction
redistributes arc channels among different node pairs, but it
cannot modify the total arc incidence required at each pro-
jected WP. Therefore, A,,(g) must satisfy the zero-marginal

conditions
DY Aw@=0. (30
a g

> Au(e)=0
b 4

These relations indicate that reconstruction modifies the
detailed pairing structure of the Fermi arcs while preserving
the total number of outgoing arcs from each projected WP
with positive chirality and the total number of incoming arcs
to each projected WP with negative chirality. Equivalently, the

Ezb (g )

full transport matrix F,;(g) continues to satisfy the same end
point-incidence constraints as in Eq. (22), namely,

Z ZFab(g) = U,
b g

N Fu(g) = B
a g

Fup(8) € Zxo. (3D

With these definitions, the reduced topological Fermi-arc
network associated with such a configuration Y can be written
in the form

16 n;
Fop=Y_ > [Z Y ESM(g) + Aab(g>} ok, (32)
ab g

i=1 r=1

Here, aagb denotes a reduced oriented surface arc connect-
ing a and b with winding vector g. Equation (32) makes
explicit that the construction of reduced topological surface
networks has a two-level structure.

At the first level, the bulk chiral-charge multiset is gen-
erated by the 16 symmetry-allowed IWMS through Y =
Z, , miX;. Correspondingly, the term /% S F;,i”“") (g)
gives a reference surface network, obtained by selecting and
directly superposing one elementary Fermi-arc connectivity
class for each constituent IWM copy.

At the second level, the physical surface configuration
need not remain identical to this uncoupled reference pattern.
The reconstruction term A,;,(g) describes the possible redis-
tribution of arc channels among IWMs induced by surface
coupling, while preserving all end point-incidence constraints.
Within the reduced end point-incidence and reconstruction
framework introduced here, Eq. (32) separates the admissible
reduced topological surface networks into two sectors: the
A = 0 sector, in which the Fermi-arc pattern is the direct su-
perposition of elementary IWM motifs, and the A s 0 sector,
in which inter-IWM reconfiguration occurs without chang-
ing the total node incidence. This classification is illustrated
schematically in Fig. 5.

In this way, the Fermi-arc pattern associated with any crys-
tallographically realizable configuration Y within the stated
charge range can be understood as arising from a bulk-
level linear combination of the 16 IWMs together with a
surface-level choice between unreconstructed superposition
and allowed reconstruction.

D. Complete enumeration and quotient-graph classification
of Fermi-arc connectivity

To establish the completeness of the connectivity classifi-
cation, we enumerate the winding-resolved transport matrices
within a 3 x 3 repeated-zone representative domain. At fixed
end point margins, the admissible matrices form an integer
fiber, which is exhaustively connected using a Markov basis
implemented in 4ti2. We then quotient the raw solutions
by repeated-zone translations, periodic boundary identifica-
tions, and permutations of symmetry-equivalent projected
nodes carrying the same charge. The technical construction
is detailed in Appendix B. The resulting inequivalent end
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FIG. 5. Classification of surface Fermi-arc organization by the
reconstruction parameter A,,(g). Within the reduced end point-
incidence and reconstruction framework introduced here, the admis-
sible surface networks separate into a A = 0 sector, corresponding to
direct superposition of elementary intra-IWM Fermi-arc motifs with-
out inter-IWM reconstruction, and a A 0 sector, corresponding to
coupled inter-IWM Fermi-arc reconfigurations with conserved end
point incidence.

point-connectivity classes are precisely those summarized in
Fig. 4(a) and Table 1.

E. Complete generation rules for Fermi-arc phases
from the 16 IWM atlases

Within the stated projection, end point-incidence, and
quotient-graph equivalences, Fig. 4(a) gives the elemen-
tary Fermi-arc connectivity classes associated with the 16
symmetry-allowed IWMs in Eq. (9). After a class p;, is se-
lected for each IWM copy, these classes enter the reference
superposition in Eq. (28). Combined with the bulk decompo-
sition in Eq. (26), they provide elementary surface building
blocks for general Weyl-node configurations.

The ways in which multiple elementary motifs combine on
a given surface are summarized in Fig. 4(b), which contains
three mechanisms.

The first mechanism is juxtaposition. In this case, the sub-
networks contributed by IWM units remain disconnected as
graphs on the surface torus. The full Fermi-arc pattern is
then the direct superposition of the corresponding elementary
motifs, namely, the uncoupled case already contained in
Eq. (29) with A = 0.

The second mechanism is overlap. In the present work, this
term refers specifically to arc overlap, i.e., the situation in
which Fermi arcs associated with different elementary motifs
geometrically intersect or overlap in the repeated-zone rep-
resentation, while their end point-incidence relations remain
unchanged. Such an overlap is purely a geometric feature
of the surface embedding and does not alter the underlying
connectivity skeleton: The same projected Weyl nodes remain
connected with the same branching multiplicities required
by their projected chiral charges. Consequently, overlap does
not produce a new elementary connectivity family, but only
a geometrically degenerate realization of the quotient-graph

classes already included in Fig. 4(a). It therefore remains in
the uncoupled sector with A = 0, differing from juxtaposi-
tion only in geometric embedding rather than in topological
connectivity.

The third mechanism is reconfiguration. Here, arc channels
originating from different elementary motifs no longer re-
main independent, but reconnect and are redistributed among
different node pairs. This is the coupled situation described
by Eq. (29) with A # 0, where the reconstruction term must
satisfy the zero-marginal constraints in Eq. (30). A genuine
reconfiguration does not occur for an arbitrary superposition
of elementary motifs. In the present multichannel setting, a
nontrivial reconfiguration requires the presence of projected
vertices with multiple arc channels, which is precisely the sit-
uation created by higher-Chern Weyl nodes. Such a redistribu-
tion is possible only when different IWMSs contain oppositely
chiral higher-Chern projected nodes whose arc channels can
be exchanged while preserving the total end point incidence
fixed by Eq. (30). Physically, this means that the individual
elementary motifs are not protected as separately conserved
surface sectors: Once surface states from different motifs ap-
proach each other in surface momentum and energy and are
not forbidden from mixing by symmetry, boundary-sensitive
ingredients, such as surface termination, surface potential,
adsorption, or other local surface perturbations can rearrange
the detailed pairing pattern of the Fermi arcs without chang-
ing the bulk Weyl-node content. This picture is consistent
with recent first-principles results for four-double-Weyl sys-
tems, where each |C| = 2 projected node emits two Fermi
arcs and distinct opposite-chirality pairing channels generate
different closed-loop or closed-ring surface geometries on
different surfaces and enantiomers [33]. It is also supported
by the explicit interface analysis of Ref. [34], which showed
that coupling between Weyl semimetals with different arc
connectivities can induce genuine Fermi-arc reconstruction,
including reconnected zero-mode loci absent in the uncou-
pled motifs. Reconfiguration therefore changes the arc pairing
structure while preserving the total incidence required at every
projected Weyl node. If such oppositely chiral higher-Chern
reconnectable channels are absent, the superposition may still
realize juxtaposition or overlap, but not a nontrivial reconfig-
uration.

These three mechanisms exhaust the construction defined
here. Juxtaposition and overlap cover direct-superposition re-
alizations with A = 0, whereas reconfiguration covers the
coupled sector with A £ 0. Accordingly, Fig. 4(b) organizes
the admissible connectivity classes within the stated charge,
projection, end point-incidence, quotient-graph, and recon-
struction assumptions.

Figure 4(c) illustrates an important subtlety: A fixed gen-
erating family does not imply unique factorization or a unique
surface Fermi-arc realization. The same total Weyl-node con-
figuration can admit multiple decompositions into IWMs and
hence different admissible initial transport patterns. These
patterns may remain distinct or become connected through
allowed reconfiguration processes. Figure 4(c) is therefore a
representative example of the residual connectivity freedom
after the elementary IWM classes have been fixed.

Thus, the 16 elementary IWMs provide an atlas of ad-
missible surface-connectivity classes under the assumptions
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above (Fig. 4). Panel (a) lists the elementary quotient-graph
classes, panel (b) presents their combination mechanisms, and
panel (c) illustrates the nonuniqueness of decomposing a fixed
overall charge configuration. The atlas constrains end point
pairing and reconstruction; the actual surface pattern is se-
lected by boundary conditions and material-specific electronic
structure.

Having established the bulk IWM classification and the
associated surface-connectivity framework, we now describe
the first-principles methodology and symmetry-constrained
materials-discovery procedure used to identify representative
realizations.

IV. COMPUTATIONAL METHODS AND
MATERIALS-DISCOVERY WORKFLOW

A. First-principles methodology

The electronic structures and phonon spectra of the
boron allotropes [H-P63-Bsg, [ /r-TQV-B,y4 (triangular-chain
quadrangular-vortex), and //r-THC-B,4 (triangular helical
chain)] were calculated within the framework of density
functional theory [35,36] and density functional perturbation
theory [37], as implemented in the QUANTUM ESPRESSO
package [38]. Ion-electron interactions were modeled using
norm-conserving pseudopotentials [39], with the exchange-
correlation potential treated using the generalized gradient
approximation of Perdew-Burke-Ernzerhof [40] type. The
plane-wave kinetic energy cutoff was set to 80 Ry. BZ in-
tegrations were sampled using I'-centered Monkhorst-Pack
k-point grids [41] of 6 x 6 x 8 for H-P63-B3¢ and 8 x 8§ x 10
for the //r-TQV-By4 and !/r-THC-By4 phases. The Fermi-
surface broadening was treated with a Gaussian smearing
width of 0.003 Ry. The structures were fully relaxed until
the Hellmann-Feynman forces on each atom converged to less
than 10~* Ry/Bohr. To investigate the topological properties,
we constructed material-specific tight-binding Hamiltonians
based on maximally localized Wannier functions [42]. In
addition, to illustrate the symmetry-enforced 4 x {1, —1}
connectivity motif, we constructed a minimal symmetry-
based tight-binding model using the MAGNETICTB package
[43]; its topology and full specification are documented in
Appendix G. The topological chiral charges of Weyl nodes
were calculated by integrating the Berry curvature flux over
closed surfaces using the Wilson loop method [44], and
surface Fermi arcs were simulated via the iterative Green’s
function method for a semi-infinite system, as implemented
in the WannierTools package [45].

B. Symmetry-constrained workflow for the discovery
of IWM states in boron allotropes

While the IWM framework derived in this work is appli-
cable to systems with strong spin-orbit coupling (SOC) (as
detailed in Tables III-XVIII in Appendix C, with representa-
tive material realizations listed in Table XIX in Appendix D),
we strategically select light-element boron allotropes as the
validation platform. The weak SOC and versatile bonding in
boron provide a “clean limit” electronic structure, which is
essential for unambiguously verifying the linear superposition
principle of IWMs without the interference of complex band
entanglements typical of heavy-element compounds. Specif-
ically, these allotropes allow us to construct and visualize

the three fundamental assembly mechanisms—single IWM,
integer multiplicity, and hybrid superposition—and to demon-
strate how the intricate “spider-web” Fermi-arc connectivity
emerges from the superposition of elementary Fermi-arc mo-
tifs associated with IWMs (Fig. 4).

In addition to the first-principles calculations described
above, the boron allotropes considered in this work were iden-
tified through a symmetry-constrained generation-screening-
identification workflow, as summarized in Fig. 6. Starting
from the elemental composition (boron) and target space
groups compatible with the elementary IWM {2, —1, —1},
candidate crystal structures were randomly generated using
the PyXtal package [46], placing boron atoms on symmetry-
allowed Wyckoff positions. The resulting structures were
then subjected to geometric screening to eliminate crystal-
lographically unreasonable or weakly connected configura-
tions, retaining only three-dimensionally connected boron
frameworks. These candidates were further prescreened via
machine-learning-assisted structural relaxation using CHGNet
[47] together with phonon analysis using Phonopy [48],
where any structure exhibiting imaginary phonon modes was
discarded.

The remaining dynamically stable three-dimensional (3D)
boron frameworks were then used as input for first-
principles electronic-structure calculations within QUANTUM
ESPRESSO [38]. At this stage, the structures were further
fully relaxed, after which their electronic band structures
were computed to identify candidate topological semimet-
als, and among them those satisfying the more stringent
criterion of ideal topological semimetals—namely, systems
whose low-energy spectra near the Fermi level are not ob-
scured by excessive trivial band entanglement. The resulting
ideal topological semimetal candidates were subsequently an-
alyzed at the Weyl-node level using Wannier90 [42] and
WannierTools-based [45] calculations, including the deter-
mination of Weyl-node positions, chiral charges, and the
associated surface Fermi arcs.

For the boron systems considered here, the symmetry-
constrained workflow leads to a progressive reduction of
the candidate set at each stage. Geometric screening re-
tains 19301 three-dimensionally connected boron allotropes
from the symmetry-generated structures. Machine-learning-
assisted relaxation and phonon prescreening then reduce this
number to 216 dynamically stable candidates. Subsequent
first-principles structural optimization and band-structure cal-
culations identify 13 topological semimetal candidates, of
which 9 satisfy the criteria for stable ideal Weyl semimet-
als. Among these, four are finally classified as hosting
{2, —1, —1}-type IWMs. The full statistics of this generation-
screening-identification procedure are summarized in Fig. 6.

Finally, the stable ideal Weyl semimetals obtained in this
manner were classified within the IWM framework, from
which three representative boron allotropes were selected
to realize the single-IWM, integer-multiplicity, and hybrid-
superposition assembly modes, respectively. This workflow
is not intended as an unconstrained search for the thermody-
namic ground state of boron, but rather as a targeted strategy
to identify structurally viable and electronically clean boron
platforms suitable for validating the universal superposition
principle of IWMs.
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FIG. 6. Workflow for the symmetry-constrained discovery of Weyl semimetals hosting specific IWM configurations in three-dimensional

boron allotropes. Starting from the elemental composition (boron) and

target space groups compatible with the elementary IWM {2, —1, —1}

(see Table VII in Appendix C) in Type-II magnetic space groups without spin-orbit coupling, candidate crystal structures are generated
using PyXtal under symmetry constraints. After geometric screening, 19 301 three-dimensionally connected boron allotropes are retained.
Subsequent CHGNet-based relaxation and Phonopy prescreening reduce this set to 216 dynamically stable structures. First-principles structural
optimization and band calculations using Quantum ESPRESSO identify 13 topological semimetal candidates, among which 9 are stable
ideal Weyl semimetals. Final IWM classification yields four ideal Weyl semimetals containing {2, —1, —1} IWMs. The three representative
cases realize the three {2, —1, —1}-based assembly modes: a single IWM {2, —1, —1}, an integer multiple 2 x {2, —1, —1}, and a hybrid

superposition 2 x {2, —1, =1} + 4 x {1, —1}.

C. Dynamical, mechanical, and energetic stability

The five predicted boron phases exhibit no imaginary
phonon branches along the calculated high-symmetry paths,
as shown in Fig. 9 in Appendix F, and their elastic con-
stants satisfy the relevant mechanical-stability criteria listed
in Table XXII in Appendix E. Their calculated total en-
ergies are —6.36eV/B for H-P63-Bsg, —6.27eV /B for the
1/r-TQV-Byy pair, and —6.16 eV /B for the [ /r-THC-By4 pair,
as listed in Table XXI in Appendix E. These calculations
establish dynamically and mechanically stable theoretical
platforms under the stated computational conditions; they do
not imply that the phases are thermodynamic ground states or
presently synthesizable.

V. FIRST-PRINCIPLES REALIZATIONS
IN BORON ALLOTROPES

The symmetry-constrained workflow identifies three rep-
resentative boron allotropes realizing the three elementary
assembly forms of the IWM framework: a single IWM, an
integer multiple of one IWM, and a hybrid superposition of
distinct IWMs. We analyze these three cases in sequence
below.

A. Single irreducible Weyl molecule

We first address the fundamental building block, the
{2, —1, —1} IWM, realized in the hexagonal H-P6;-B3¢ al-
lotrope (space group P63, No. 173). As shown in Fig. 7(a),
the primitive cell contains 36 boron atoms arranged in
intralayer puckered three-, five-, and six-membered rings that
couple along the ¢ axis through interlayer stacking. Our first-
principles calculations reveal a clean band structure near the
Fermi level (Ep), dominated by crossings between the highest
occupied (Band 54) and lowest unoccupied (Band 55) bands

[Fig. 7(b)]. In the entire BZ, these crossings manifest as three
isolated points [Fig. 7(c)]: one located precisely at the high-
symmetry I' point (W) and two along the I'-A path (W)).
The dispersion around W, exhibits a quadratic behavior in the
kx-ky plane [Fig. 7(d)] but remains linear along k; [Fig. 7(b)],
a hallmark of a double Weyl fermion. To unambiguously de-
termine the topological charges, we calculated the flux of the
Berry curvature through closed surfaces enclosing each node
[Fig. 7(e)]. The evolution of Wannier charge centers (WCCs)
confirms that W, carries a chiral charge of C = +2, while
the two symmetry-equivalent W, points each carry C = —1.
The net chirality vanishes [Y_C; = +2 + (—1) + (—1) = 0],
satisfying the Nielsen-Ninomiya theorem. Consequently, the
global topological configuration of H-P63-Bsg is uniquely
identified as the single IWM {2, —1, —1}.

Importantly, the surface-state topology reflects this
{2, —1, —1} TWM configuration. The (100) surface bands
[Fig. 7(f)] and constant-energy contour at —50meV
[Fig. 7(g)] display a double-Fermi-arc pattern. Two Fermi
arcs emerge from the projection of the W, node with C = +2
and terminate separately at the two equivalent W, nodes with
C = —1, forming a characteristic S-shaped motif. This con-
nectivity provides a diagnostic spectroscopic signature of the
{2, —1, —1} IWM. On the (001) surface, the three WPs project
onto the same T point and produce four resolved arcs (Fig. 12
in Appendix F), furnishing a complementary signature of the
three-terminal complex.

B. Integer multiple of an irreducible Weyl molecule

Having established the {2, —1, —1} IWM, we now turn
to a WSM with the nodal configuration ¥ =2 x X; (where
X; = {2, —1, —1}), composed of two copies of the same IWM.
This configuration is realized in [-TQV-By4 (triangular-chain
quadrangular-vortex) [Fig. 7(h)], a left-handed chiral tetrag-
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FIG. 7. Material realization of IWMs and the linear-superposition principle in boron allotropes. (a)-(g) Elementary IWM {2, —1, —1} in
H-P63-B36. (a) Primitive cell. (b) Electronic band structure showing crossings at I' and along I'-A. (c) Distribution of WPs in the bulk BZ.
(d) Quadratic dispersion of the C = +2 WPs (W>) in the k.-k, plane. (¢) Evolution of WCCs confirming chiral charges C = +2 for W, and
C = —1 for W;. (f) (100) surface-state bands and (g) isoenergy contour at —50 meV. (h)—(n) Integer-multiplicity IWM 2 x {2, —1, —1} in
[-TQV-By4. (h) Primitive cell. (i) Band structure. (j) BZ distribution of six WPs. (k) Quadratic dispersion of W,. (1) WCC evolution yielding
C =+42W,)and C = —1 (W}). (m) (001) surface states and (n) isoenergy contour at 4.2 meV. (0)—(u) Hybrid superposition 2 x {2, —1, —1} +
4 x {1, —1} in [-THC-By4. (0) Primitive cell. (p) Band structure. (q) Distribution of 14 WPs in the BZ. (r) Quadratic dispersion of W,. (s) WCC
calculations identifying C = —2 for W,, C = +1 for W;, and C = —1 for W;. (t) (001) surface states and (u) isoenergy contour at 18.9 meV
exhibiting a complex “spider-web” Fermi-arc pattern consistent with the admissible connectivity motifs of the constituent IWMs. Bulk and
projected Weyl nodes are labeled by their chiral charges (red for positive and green for negative).

onal crystal (space group P43, No. 78) with 24 atoms per
primitive cell. Its two interpenetrating structural motifs are
width-2 triangular boron helical chains and vertex-sharing
triangular boron spirals of the same handedness, both coiling
around a central four-membered-ring vortex. The structure
lacks inversion and mirror planes while preserving a four-

G2 WP G27TpP C2DP
(%) o o

FIG. 8. Universality of the IWM theory for chiral particles with
different band degeneracies. Schematic representation of the {2, —2}
IWM where the central node with topological charge C = +2 is
realized as (a) a twofold-degenerate charge-2 Weyl point (C-2 WP),
(b) a threefold-degenerate charge-2 triple point (C-2 TP), and (c¢) a
fourfold-degenerate charge-2 Dirac point (C-2 DP). Despite their
different local degeneracies and dispersions, the three realizations
belong to the same {2, —2} IWM class and obey the same topological
end point-incidence constraint (yellow curves).

fold screw axis along [001]. The right-handed enantiomer
r-TQV-Byy (space group P4;, No. 76) has the same calcu-
lated total energy per atom and opposite structural chirality
[Fig. 10(b) in Appendix F].

Notably, only bands 36 and 37 intersect near Ef in
1-TQV-Byy [Fig. 7(1)]. Across the BZ, these crossings produce
six isolated WPs [Fig. 7(j)]: two W, points along I'-Z and
four W, points in the k, = 0 plane; their coordinates and
multiplicities are listed in Table XXIII in Appendix E. The
W, dispersion is quadratic in the k.-k, plane [Fig. 7(k)] and
linear along k,, consistent with a double Weyl fermion and
with the —1 ratio of the fourfold-screw eigenvalues of the
crossing bands [11]. The WCC evolution [Fig. 7(1)] assigns
C = 42 toeach W, and C = —1 to each of the four W; nodes,
identifying the global configuration as 2 x {2, —1, —1}.

The 2 x {2, —1, —1} content constrains the surface end
point incidence. On the (001) surface, the spectrum
[Fig. 7(m)] and contour at 4.2 meV [Fig. 7(n)] show arcs
from the two W, projections to the four equivalent W, points,
forming two interleaved S-shaped motifs. The (100) surface
exhibits the same doubled-IWM content in another embed-
ding (Fig. 13 in Appendix F). For this surface and energy
window, the arcs can be traced to the two IWM motifs
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without cross-unit reconstruction. The right-handed enan-
tiomer reverses all WP chiralities while preserving the
corresponding incidence structure (Fig. 14 in Appendix F).

C. Hybrid superposition of irreducible Weyl molecules

Finally, we consider a hybrid of distinct IWM types in
the [-THC-B,4 (triangular helical chain) allotrope (space
group P43, No. 78). This tetragonal crystal consists of 24
boron atoms forming homochiral triangular helical chains
[Fig. 7(0)]. We focus on [-THC-B,4; the structure and cal-
culated topology of its right-handed enantiomer are shown in
Figs. 11 and 15 in Appendix F.

Our calculations show that the highest occupied (36)
and lowest unoccupied (37) bands cross to form 14 Weyl
nodes in the whole BZ [Figs. 7(p) and 7(q)]: two W, points
along the I'-Z path, eight W, points, and four W5 points
at general momenta. The W, point exhibits quadratic dis-
persion in the k.-k, plane [Fig. 7(r)] and linear dispersion
along the k, direction—a clear signature of a |C| =2 WP
protected by fourfold screw symmetry. This is further con-
firmed by the —1 ratio of the fourfold-screw eigenvalues
of the two crossing bands [11]. The evolution of WCCs
[Fig. 7(s)] confirms that the two W, points carry C = —2,
the eight W, points carry C = +1, and the four W5 points
carry C = —1. Combining the bulk chiral-charge distribution
with the calculated (001)-surface connectivity at the selected
energy, we identify the physically realized decomposition of
l -THC-B24 as

Y =2x{2,—1, -1} +4x {I,—1}. (33)

A global reversal of chirality yields equivalent IWMs in our
classification (e.g., {—2, +1, +1} and {+2, —1, —1}).

The composite ITWM content 2 x {2, —1, -1} +4 x
{1, —1} constrains the allowed end points of the apparently
complex surface network. On the (001) surface, the spec-
trum [Fig. 7(t)] and constant-energy contour at 18.9 meV
[Fig. 7(u)] display a “spider-web” pattern: two crossed
S-shaped motifs associated with the doubled {2, —1, —1} con-
tent, together with four additional arcs connecting the C = +1
Wi and C = —1 W; projections. This pattern is a diagnostic
realization of the hybrid superposition under the selected sur-
face termination and energy window. To independently isolate
the unit-charge sector entering this hybrid configuration, we
also constructed a symmetry-based tight-binding reference
model realizing 4 x {1, —1}. Its bulk topology, Wilson-loop
charges, and surface Fermi-arc connectivity are presented to-
gether with the complete model specification in Appendix G.

VI. DISCUSSION

A. Relation to existing classification paradigms

We now place the IWM construction in relation to es-
tablished topological-classification frameworks and clarify its
range of applicability. The defining distinction is organiza-
tional: Existing approaches primarily diagnose local band
crossings or band representations, whereas the IWM frame-
work classifies how quantized chiral nodes assemble globally
into irreducible neutral complexes.

First, the “Encyclopedia of emergent particles” and re-
lated symmetry-based classifications systematically catalog

which isolated band crossings are symmetry allowed in the
1651 magnetic space groups, including their degeneracies,
little-group structures, and topological charges [21-23]. These
works provide the local building inventory of topological
nodes. Our framework operates at a different level. Start-
ing from the allowed chiral charges, it imposes the global
Nielsen-Ninomiya neutrality constraint [19,20] and identifies
the minimal charge-neutral clusters (i.e., IWMs) that cannot
be further decomposed into smaller neutral subsets. In this
sense, the encyclopedia answers what kinds of isolated chiral
nodes can exist locally, whereas the IWM framework an-
swers how such nodes must organize globally into irreducible
neutral molecules and how crystallographically realizable
charge-neutral chiral-node configurations within |C| < 4 are
generated from them. The former constitutes a catalog of
nodes, whereas the latter provides an assembly theory of
IWMs within chiral topological semimetals.

Second, topological quantum chemistry (TQC) and
symmetry-based indicators classify topological phases from
the viewpoint of band representations, symmetry eigenval-
ues, and compatibility relations [49,50]. These methods are
exceptionally powerful for diagnosing global band topology,
especially in gapped systems, and for identifying symmetry-
detectable topological semimetal features. However, they are
not formulated to provide a minimal decomposition of a chi-
ral nodal configuration into charge-neutral elementary units,
nor do they directly determine the detailed stoichiometry of
Weyl charges or the connectivity atlas of surface Fermi arcs.
The IWM framework fills precisely this gap: It resolves the
nodal content into irreducible chiral-neutral modules and fur-
ther translates these bulk modules into surface-connectivity
constraints.

Third, it is important to distinguish the present no-
tion of “irreducibility” from other common uses of the
word in topological-band theory. Our irreducibility is not
representation-theoretic irreducibility of a little-group repre-
sentation, nor irreducible band representation in the sense
of TQC, nor merely minimal multiplicity under a symmetry
orbit. Instead, it is charge-neutrality irreducibility: An IWM
is a minimal zero-sum chiral cluster that cannot be parti-
tioned into smaller charge-neutral subclusters. This distinction
is essential. The object classified here is not an isolated
local degeneracy and not a band representation, but a glob-
ally neutral topological node complex in momentum space.
Accordingly, the IWM framework should be understood as
a complementary layer of classification, orthogonal to local
symmetry diagnosis and to representation-based topology.

B. Generality across multifold fermionic and bosonic
chiral systems

The IWM construction is fundamentally based on chiral
topological charge, rather than on the degeneracy of band-
crossing points. The only local datum required for a node to
enter the framework is that it carries a well-defined integer
chiral charge, namely, a quantized Chern number obtained
from the Berry-flux integral over a closed surface enclosing
the node. Once this charge is defined, the subsequent logic of
the theory depends only on three ingredients: charge additiv-
ity, global neutrality in the BZ, and the end point-incidence
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constraints that determine the connectivity of surface arcs.
None of these ingredients requires the node to be a conven-
tional twofold-degenerate Weyl point.

For this reason, the present framework applies equally to
unconventional chiral band crossings with higher degeneracy,
provided that they carry quantized chiral charge. Well-known
examples include spin-1 Weyl fermions [51-53] and other
multifold chiral fermions in chiral crystals [51-56]. In all
such cases, the local band degeneracy may differ substantially,
while the global topological bookkeeping relevant to the linear
superposition of IWMs remains unchanged.

This is precisely the point illustrated schematically in
Fig. 8. The same IWM {2, —2} can be realized by different lo-
cal quasiparticles: a twofold-degenerate charge-2 Weyl point
(C-2 WP), a threefold-degenerate charge-2 triple point (C-2
TP), or a fourfold-degenerate charge-2 Dirac point (C-2 DP).
These realizations are microscopically distinct in local disper-
sion and symmetry representation, yet they are topologically
equivalent at the level relevant to the present theory because
they carry the same chiral charge content and therefore obey
the same neutrality rule and the same arc-incidence con-
straints. In other words, the invariant object in our framework
is not the degeneracy label of the node, but the chiral-charge
composition of the entire nodal set.

A representative material example is furnished by the
chiral-crystal family CoSi/RhSi, where unconventional mul-
tifold fermions carry nonzero chiral charge and generate long
topological Fermi arcs [S1-53]. Within the present viewpoint,
such systems are classified by the same charge-neutral as-
sembly principle as ordinary Weyl semimetals. Therefore,
the IWM framework should not be interpreted narrowly as
a theory of only simple twofold Weyl points; rather, it is a
general classification language for chiral-node configurations
whose constituent charges lie within |C| < 4, irrespective of
the local band degeneracy.

The same logic extends naturally beyond electronic band
structures. The IWM framework does not rely on Fermi statis-
tics, electron filling, or any specifically fermionic notion. Its
prerequisites are quantized chiral charge, global charge neu-
trality over the BZ, and boundary states whose connectivity is
governed by the same charge-conservation principle. These
conditions also arise in topological bosonic spectra, so the
framework is equally applicable to bosonic systems whenever
their band crossings are chiral in the same topological sense.

A particularly important example is provided by topologi-
cal chiral phonons. Over the past few years, a series of works
have established that phonon spectra can host Weyl points,
spin-1 Weyl points, charge-2 Weyl points, charge-3 Weyl
points, and even charge-4 Weyl points, together with surface
phonon arcs [57-61]. In such systems, the local quasiparticles
are bosonic normal modes rather than electronic Bloch states,
but the enclosed Berry flux and the resulting chiral charges are
defined in exactly the same topological manner. Consequently,
the decomposition into irreducible neutral chiral molecules
remains valid. As shown in Table XX in Appendix D, a va-
riety of known topological phonon materials can already be
organized naturally within the 16-IWM framework.

An analogous extension holds for photonic systems. Weyl
points and helicoid surface states have been theoretically
proposed and experimentally observed in three-dimensional

photonic crystals and metamaterials [62-65]. These pho-
tonic Weyl nodes likewise carry quantized topological charge
and exhibit surface-arc connectivity governed by the same
source-sink structure in momentum space. Therefore, once the
relevant photonic crossings are isolated and assigned integer
chiral charge, they can be classified by the same irreducible
zero-sum principle used here for electronic Weyl matter.

From this perspective, the true scope of the IWM frame-
work is broader than “Weyl semimetals” in the narrow
electronic sense. Its natural domain encompasses the class
of chiral topological quasiparticle systems, irrespective of
whether the quasiparticles are electrons, phonons, photons, or
other bosonic excitations. What remains universal across these
realizations is not the microscopic origin of the bands, but the
topological algebra of chiral charge: local quantization, global
neutrality, irreducible zero-sum decomposition, and boundary
connectivity. This is the sense in which the present theory
provides a universal classification principle.

C. Predictive scope and boundary dependence of Fermi arcs

The decomposition is a classification of chiral-charge mul-
tisets rather than a unique factorization of a Hamiltonian
or material phase. When a charge set admits multiple alge-
braic factorizations, the projected surface network, surface
termination, energy window, and reconstruction term A,;(g)
determine which connectivity realization is physically rel-
evant. The framework therefore constrains admissible end
point-incidence and quotient-graph classes; it does not fix
material-specific arc lengths, curvature, spectral weight, or the
boundary-selected pairing without further calculation.

D. Symmetry-guided inverse design and material implications

The boron allotropes and their enantiomeric counterparts,
together with the survey of representative WSMs in Ap-
pendix D, test the IWM linear-combination framework across
single, repeated, and hybrid assemblies. This organizing
principle reduces the broad variety of crystallographically
realizable charge-neutral Weyl-node configurations to non-
negative-integer combinations of the 16 IWMs summarized
in Fig. 1.

This separation suggests an inverse-design strategy. One
may first select an IWM or combination of IWMs, use Ap-
pendix C to identify compatible magnetic space groups and
charge multiplicities, and then search within those symmetry
classes for electronically clean realizations. The same search
logic can be extended to the multifold fermionic and bosonic
chiral systems discussed above and cataloged in Appendix D.

The IWM framework therefore supplies a complementary
global assembly layer that connects local chiral nodes, crys-
tallographic realizability, surface-connectivity classes, and
symmetry-guided materials design.

VII. CONCLUSION

In summary, we have established that WSMs constitute a
“molecular crystal” in momentum space, constructed from a
finite complete generating family of 16 crystallographically
realizable IWMs that serve as the fundamental building blocks
of crystallographically realizable charge-neutral chiral-node
configurations within |C| < 4. This classification establishes
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TABLE II. Correspondence between the Hilbert basis H and the minimal zero-sum sequences A(3;) (i.e., the mathematical TWM
candidates).

No. H G
! (1,0,0,0, 1,0,0,0) 0

2 ©,1,0,0,0, 1,0, 0) 0 2

3 (0,0,1,0,0,0,1,0) G 3

4 (0,0,0,1,0,0,0, 1) "4

’ 2.0.0.00.10.0 2 1.1

’ E?: (1): 0 8: (1): 0 (1): 8; (3.-2.—1)

7 0.2.0.0,0.0.0.1 2.2

8 (10.10.0.0.0, 1 T

’ ?3) 8: (1) 8: ?) 8: (1) 8; {3,—-1, -1, -1}

! 02001010 B2

) 10,0000 42t

: 01101001 1,32

? 00200101 42,5231

o Egi (3) (2) 8: 8: (3) g 8; 3,3, -2, -2, -2}

) 0000000 1,1,
N 6.62.02001 (4.1,1,-3,-3)

v 01200002 (4.4, -3,-3,-2)

; 00301002 .41,3,3, 3
’ ©.040.0.003 =3, 3,3, 3
a universal linear-combination principle, governed by the for- National Natural Science Foundation of China (Grant No.

mula Y = Zili] n;X;, which reduces any such configuration 12304202), Hebei Natural Science Foundation (Grant No.
Y to a non-negative-integer superposition of these units X;. A2023203007), and Science Research Project of Hebei Ed-
Through the prediction of three boron allotropes hosting sin-  ucation Department (Grant No. BJK2024085).

gle, double, and composite IWMs, we have illustrated that this

superposition principle organizes the bulk Weyl-node configu- DATA AVAILABILITY
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atoms with charge g. We use the ordered charge coordinates
(_11 _25 _3’ _47 +17 +29 +3a +4) (Al)
and the one-row integer matrix

A=(-1,-2,-3,-4,1,2,3,4). (A2)

The set of non-negative integer solutions forms the integer
cone [29]

C = {n e Z%|An =0}. (A3)

Its Hilbert basis H is the unique minimal generating set of
the affine monoid C and therefore enumerates the indecom-
posable charge-balanced structures [30]. Supplying A to 4ti2
gives the following 34 Hilbert-basis vectors [31]:
H=1{(1,0,0,0,1,0,0,0),(0,1,0,0,2,0,0,0), (0,0,1,0,3,0,0,0),
0,0,0,1,4,0,0,0), (0,0,4,0,0,0,0,3),(0,0,0,3,0,0,4, 0),
(1,0,0,2,0,0,3,0),(0,0,3,0,1,0,0,2),(0,1,2,0,0,0,0, 2),
0,3,0,0,0,0,2,0),(0,1,0,0,0,1,0,0), (0,0,0,2,0, 1,2, 0),
0,0,2,0,0,3,0,0), (0,0,1,0,1,1,0,0), (0,0, 1,0,0,0, 1, 0),
2,0,0,1,0,0,2,0),(0,0,0,1,2,1,0,0),(0,0,0,1,1,0, 1, 0),
0,0,0,1,0,0,0,1),(2,0,0,0,0,1,0,0),(1,1,0,0,0,0, 1, 0),
(1,0,1,0,0,0,0,1), (4,0,0,0,0,0,0, 1), (0,0,2,0,0, 1,0, 1),
0,1,0,1,0,0,2,0),(0,2,0,0,1,0,1,0),(0,1,1,0,1,0,0, 1),
0,2,0,0,0,0,0,1),(0,0,2,0,2,0,0,1),(1,0,0, 1,0, 1, 1, 0),
(1,0,1,0,0,2,0,0),(0,0,0,1,0,2,0,0),(2,1,0,0,0,0,0, 1),
(3,0,0,0,0,0,1,0)}. (A4)

The ordered coordinates distinguish a vector from its
charge-conjugate partner. After identifying global charge
conjugation and term reordering, the 34 vectors reduce to
19 inequivalent minimal zero-sum classes. Their one-to-one
correspondence with the combinatorial set A(B) is listed in
Table II. Thus, the Hilbert-basis calculation independently
reproduces the complete combinatorial enumeration in
Sec. IIC.

Applying the magnetic-space-group coexistence and mul-
tiplicity filters in Sec. IIE, with the complete compatibility
lists in Appendix C, removes the three sequences containing
multiple charge-4 nodes and leaves the 16 crystallographically
realizable IWMs in Eq. (9).

APPENDIX B: ENUMERATION AND EQUIVALENCE
REDUCTION OF SURFACE-CONNECTIVITY CLASSES

The winding-resolved transport matrix F,;(g) in Eq. (31)
formally allows g = (ny, ny) € 72, so the space of geometric
realizations is infinite in the universal-cover description. The
quantity to be classified, however, is the periodic connectivity
on the surface torus ¥ =~ T2 modulo lattice translations and
periodic identification, rather than the literal length or shape
of an arc in the repeated-zone picture. For a fixed pair of
projected end points a and b, an arc with winding vector g is
represented by a connection from « in the central surface BZ
to an image of b in a periodically translated copy of the BZ
labeled by g. Under quotient-graph reduction, extra detours
by whole reciprocal-lattice periods do not produce new con-
nectivity classes; they only provide different repeated-zone
representatives of the same periodic connection on T2, There-
fore, every quotient-graph class admits a representative for

which each winding component takes one of the three values,

ne,ny € {—1,0, 1}. (B1)

Equivalently, all inequivalent periodic end point connectivi-
ties can be represented within the 3 x 3 repeated surface-BZ
window

S={w,v)eZ|uve{-1,0,1}}, |S|=9. (B2

The 3 x 3 construction is thus a complete representative do-
main for quotient-graph classification, rather than a merely
convenient visualization choice.

After restricting g to S, the admissible Fermi-arc networks
are encoded by the non-negative integer variables F;(g) with
g € S, still subject to the end point-incidence constraints in
Eq. (31). For a fixed IWM, or more generally for a fixed
composite Weyl-node content, these constraints define a linear
Diophantine system

Ax = b, (B3)

where x = vec(F') is the vectorized transport array and b
records the prescribed outgoing and incoming multiplicities.
The corresponding solution set is the integer fiber

Fp = {x € Z%;|Ax = b}, (B4)

with N =mn|S|.

We exhaustively enumerated F; using the Markov-basis
method implemented in 4ti2 [31,66,67]. A Markov basis pro-
vides a complete set of integer moves connecting all solutions
within the same fiber while preserving the node-incidence
constraints. The resulting solution list therefore contains all
admissible winding-resolved transport matrices in the 3 x 3
representative domain.

The raw integer solutions are still redundant from the view-
point of Fermi-arc topology. A key reason is that Weyl points
in the Brillouin zone are not, in general, immovably fixed at
specific momenta: Except for nodes pinned to high-symmetry
points, lines, or planes by symmetry, they can move continu-
ously in momentum space under band-structure deformations,
provided that the relevant space-group (or magnetic-space-
group) symmetry constraints and their chiral charges are
maintained. Their surface projections therefore also admit
symmetry-allowed deformations. As a result, different ma-
trices F,;(g) may describe the same periodic connectivity,
differing only by the geometric placement of end points rather
than by the underlying topological pairing structure. Such
redundancy is removed once one identifies (1) translations of
the repeated-zone embedding, (2) periodic identifications of
equivalent boundary-crossing segments, and (3) permutations
of symmetry-equivalent projected Weyl points carrying the
same charge. We therefore reduce the enumerated solution
set by quotient-graph equivalence and retain only inequivalent
classes. The patterns displayed in Fig. 4(a) are precisely these
quotient-graph-inequivalent classes for the 16 IWMs, with
their representative end point-incidence data summarized in
Table I. For each IWM X;, these inequivalent classes constitute
the set M; used in Eq. (28).

Reconstruction between IWM units is subsequently rep-
resented by A,(g), subject to the zero-marginal constraints
in Eq. (30). This term changes the pairing of arc channels
without changing the total incidence at any projected Weyl
node.
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APPENDIX C: COMPLETE MAGNETIC-SPACE-GROUP COMPATIBILITY OF THE 16 IRREDUCIBLE WEYL MOLECULES

Charge neutrality alone does not ensure crystallographic realizability, because the constituent Weyl charges must coexist
within a single magnetic space group with symmetry-compatible orbit multiplicities. We therefore screened all 1651 magnetic
space groups separately in the spinless and spinful regimes. The compatibility relations in Tables III-XVIII provide the
crystallographic basis for reducing the 19 mathematical minimal zero-sum classes to the 16 realizable IWMs used throughout
the main text.

TABLEIIL {1, —1}.

Type MSGs

Type-I MSGs (without SOC) 3.1,4.7,5.13,10.42, 11.50, 12.58, 13.65, 14.75, 15.85, 16.1, 17.7, 18.16, 19.25, 20.31, 21.38, 22.45, 23.49, 24.53,
36.172, 71.533, 72.539, 73.548, 74.554,75.1,76.7, 77.13, 78.19, 79.25, 80.29, 81.33, 82.39, 83.43, 84.51, 85.59,
86.67, 87.75, 88.81, 89.87, 90.95, 91.103, 92.111, 93.119, 94.127, 95.135, 96.143, 97.151, 98.157, 111.251,
112.259, 113.267, 114.275, 115.283, 116.291, 117.299, 118.307, 119.315, 120.321, 121.327, 122.333, 143.1, 144 4,
145.7, 146.10, 147.13, 148.17, 149.21, 150.25, 151.29, 152.33, 153.37, 154.41, 155.45, 156.49, 158.57, 162.73,
163.79, 164.85, 165.91, 166.97, 167.103, 168.109, 169.113, 170.117, 171.121, 172.125, 173.129, 174.133, 175.137,
176.143, 177.149, 178.155, 179.161, 180.167, 181.173, 182.179, 187.209, 188.215, 195.1, 196.4, 197.7, 198.9,
199.12, 200.14, 201.18, 202.22, 203.26, 204.30, 205.33, 206.37, 207.40, 208.44, 209.48, 210.52, 211.56, 212.59,
213.63, 214.67

Type-I MSGs (with SOC) 3.1,4.7,5.13,10.42, 11.50, 12.58, 13.65, 14.75, 15.85, 16.1, 17.7, 18.16, 19.25, 20.31, 21.38, 22.45, 23.49, 24.53,
71.533,72.539, 73.548, 74.554, 75.1,76.7, 77.13, 78.19, 79.25, 80.29, 81.33, 82.39, 83.43, 84.51, 85.59, 86.67,
87.75, 88.81, 89.87, 90.95, 91.103, 92.111, 93.119, 94.127, 95.135, 96.143, 97.151, 98.157, 111.251, 112.259,
113.267, 114.275, 115.283, 116.291, 117.299, 118.307, 119.315, 120.321, 121.327, 122.333, 143.1, 144.4, 145.7,
146.10, 147.13, 148.17, 149.21, 150.25, 151.29, 152.33, 153.37, 154.41, 155.45, 156.49, 158.57, 162.73, 163.79,
164.85, 165.91, 166.97, 167.103, 168.109, 169.113, 170.117, 171.121, 172.125, 173.129, 174.133, 175.137,
176.143, 177.149, 178.155, 179.161, 180.167, 181.173, 182.179, 187.209, 188.215, 195.1, 196.4, 197.7, 198.9,
199.12, 200.14, 201.18, 202.22, 203.26, 204.30, 205.33, 206.37, 207.40, 208.44, 209.48, 210.52, 211.56, 212.59,
213.63, 214.67

Type-1I MSGs (without SOC)  3.2,4.8,5.14, 16.2, 17.8, 18.17, 19.26, 20.32, 21.39, 22.46, 23.50, 24.54, 75.2, 76.8, 77.14, 78.20, 79.26, 80.30,
89.88, 90.96, 91.104, 92.112, 93.120, 94.128, 95.136, 96.144, 97.152, 98.158, 111.252, 112.260, 113.268, 114.276,
115.284, 116.292, 117.300, 118.308, 119.316, 120.322, 121.328, 122.334, 143.2, 144.5, 145.8, 146.11, 149.22,
150.26, 151.30, 152.34, 153.38, 154.42, 155.46, 156.50, 158.58, 168.110, 169.114, 170.118, 171.122, 172.126,
173.130, 174.134, 177.150, 178.156, 179.162, 180.168, 181.174, 182.180, 187.210, 188.216, 195.2, 196.5, 197.8,
198.10, 199.13, 207.41, 208.45, 209.49, 210.53, 211.57, 212.60, 213.64, 214.68

Type-II MSGs (with SOC) 1.2,3.2,4.38,5.14, 8.33,9.38, 16.2, 17.8, 18.17, 19.26, 20.32, 21.39, 22.46, 23.50, 24.54, 35.166, 36.173, 37.181,
44.230, 45.236, 46.242, 75.2, 76.8, 77.14, 78.20, 79.26, 80.30, 81.34, 82.40, 89.88, 90.96, 91.104, 92.112, 93.120,
94.128, 95.136, 96.144, 97.152, 98.158, 111.252, 112.260, 113.268, 114.276, 115.284, 116.292, 117.300, 118.308,
119.316, 120.322, 121.328, 122.334, 143.2, 144.5, 145.8, 146.11, 149.22, 150.26, 151.30, 152.34, 153.38, 154.42,
155.46, 156.50, 158.58, 168.110, 169.114, 170.118, 171.122, 172.126, 173.130, 174.134, 177.150, 178.156,
179.162, 180.168, 181.174, 182.180, 187.210, 188.216, 195.2, 196.5, 197.8, 198.10, 199.13, 207.41, 208.45,
209.49, 210.53, 211.57, 212.60, 213.64, 214.68

Type-III MSGs (without SOC)  16.3,17.9, 17.10, 18.19, 20.33, 20.34, 21.40, 21.41, 22.47, 23.51, 24.55, 25.60, 26.70,27.81,28.91, 29.103, 30.115,
31.127, 32.138, 33.148, 34.159, 35.168, 36.176, 37.183, 38.191, 39.199, 40.207, 41.215, 42.222, 43.227, 44.232,
45.238, 46.245, 47.252, 48.260, 49.269, 49.270, 50.281, 50.282, 51.294, 51.295, 51.296, 52.310, 52.311, 52.312,
53.326, 53.327, 53.328, 54.342, 54.343, 54.344, 55.358, 56.370, 57.382, 57.384, 58.398, 59.410, 60.422, 60.423,
63.462, 63.463, 63.464, 64.474, 64.475, 64.476, 65.485, 65.486, 66.495, 66.496, 67.505, 67.506, 68.515, 68.516,
69.524, 70.530, 71.536, 72.543, 72.544, 73.551, 74.558, 74.559, 75.3, 76.9, 77.15, 78.21, 79.27, 80.31, 88.83,
89.89, 89.90, 89.91, 90.97, 90.98, 90.99, 91.105, 91.106, 91.107, 92.113, 92.114, 92.115, 93.121, 93.122, 93.123,
94.129, 94.130, 94.131, 95.137, 95.138, 95.139, 96.145, 96.146, 96.147, 97.153, 97.154, 97.155, 98.159, 98.160,
98.161, 99.167, 100.175, 101.183, 102.191, 103.199, 104.207, 105.215, 106.223, 107.231, 108.237, 109.242,
109.243, 110.248, 110.249, 111.254, 111.255, 112.262, 112.263, 113.270, 114.278, 115.285, 115.287, 116.293,
116.295, 117.301, 117.303, 118.309, 118.311, 119.317, 119.319, 120.323, 120.325, 121.330, 121.331, 122.336,
122.337, 123.345, 124.357, 125.369, 126.381, 127.393, 128.405, 129.417, 130.429, 131.441, 132.453, 133.465,
134.477, 135.489, 136.501, 137.513, 138.525, 139.535, 139.537, 140.545, 140.547, 141.555, 141.557, 142.565,
142.567, 149.23, 150.27, 151.31, 152.35, 153.39, 154.43, 155.47, 156.51, 157.55, 158.59, 159.63, 160.67, 161.71,
162.77, 163.83, 164.89, 165.95, 166.101, 167.107, 168.111, 169.115, 170.119, 171.123, 172.127, 173.131, 174.135,
175.141, 176.147, 177.151, 177.152, 177.153, 178.157, 178.158, 178.159, 179.163, 179.164, 179.165, 180.169,
180.170, 180.171, 181.175, 181.176, 181.177, 182.181, 182.182, 182.183, 183.188, 183.189, 184.194, 184.195,
185.200, 185.201, 186.206, 186.207, 187.211, 187.212, 187.213, 188.217, 188.218, 188.219, 189.224, 189.225,
190.230, 190.231, 191.238, 191.239, 191.240, 192.248, 192.249, 192.250, 193.259, 193.260, 194.269, 194.270,
207.42, 208.46, 209.50, 210.54, 211.58, 212.61, 213.65, 214.69, 215.72, 216.76, 217.80, 218.83, 219.87, 220.91,
221.95,222.101, 223.107, 224.113, 225.119, 226.125, 227.131, 228.137, 229.143, 230.148
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TABLE IIl. (Continued.)

Type

MSGs

Type-III MSGs (with SOC)

Type-IV MSGs (without SOC)

Type-IV MSGs (with SOC)

16.3,17.9, 17.10, 18.19, 20.33, 20.34, 21.40, 21.41, 22.47, 23.51, 24.55, 25.60, 26.70, 27.81, 28.91, 29.103, 30.115,
31.127, 32.138, 33.148, 34.159, 35.168, 36.176, 37.183, 38.191, 39.199, 40.207, 41.215, 42.222, 43.227, 44.232,
45.238, 46.245, 47.252, 48.260, 49.269, 49.270, 50.281, 50.282, 51.294, 51.295, 51.296, 52.310, 52.311, 52.312,
53.326, 53.327, 53.328, 54.342, 54.343, 54.344, 55.358, 56.370, 57.382, 57.384, 58.398, 59.410, 60.422, 60.423,
63.462, 63.463, 63.464, 64.474, 64.475, 64.476, 65.485, 65.486, 66.495, 66.496, 67.505, 67.506, 68.515, 68.516,
69.524,70.530, 71.536, 72.543, 72.544, 73.551, 74.558, 74.559, 75.3, 76.9, 77.15, 78.21, 79.27, 80.31, 87.77,
89.89, 89.90, 89.91, 90.97, 90.98, 90.99, 91.105, 91.106, 91.107, 92.113, 92.114, 92.115, 93.121, 93.122, 93.123,
94.129, 94.130, 94.131, 95.137, 95.138, 95.139, 96.145, 96.146, 96.147, 97.153, 97.154, 97.155, 98.159, 98.160,
98.161, 99.167, 100.175, 101.183, 102.191, 103.199, 104.207, 105.215, 106.223, 107.230, 107.231, 108.236,
108.237, 109.242, 109.243, 110.249, 111.254, 111.255, 112.262, 112.263, 113.270, 114.278, 115.285, 115.287,
116.293, 116.295, 117.301, 117.303, 118.309, 118.311, 119.317, 119.319, 120.323, 120.325, 121.330, 121.331,
122.336, 122.337, 123.345, 124.357, 125.369, 126.381, 127.393, 128.405, 129.417, 130.429, 131.441, 132.453,
133.465, 134.477, 135.489, 136.501, 137.513, 138.525, 139.535, 139.537, 140.545, 140.547, 141.555, 141.557,
142.565, 142.567, 149.23, 150.27, 151.31, 152.35, 153.39, 154.43, 155.47, 156.51, 157.55, 158.59, 159.63, 160.67,
161.71, 162.77, 163.83, 164.89, 165.95, 166.101, 167.107, 168.111, 169.115, 170.119, 171.123, 172.127, 173.131,
174.135, 175.141, 176.147, 177.151, 177.152, 177.153, 178.157, 178.158, 178.159, 179.163, 179.164, 179.165,
180.169, 180.170, 180.171, 181.175, 181.176, 181.177, 182.181, 182.182, 182.183, 183.188, 183.189, 184.194,
184.195, 185.200, 185.201, 186.206, 186.207, 187.211, 187.212, 187.213, 188.217, 188.218, 188.219, 189.224,
189.225, 190.230, 190.231, 191.238, 191.239, 191.240, 192.248, 192.249, 192.250, 193.259, 193.260, 194.269,
194.270, 207.42, 208.46, 209.50, 210.54, 211.58, 212.61, 213.65, 214.69, 215.72, 216.76, 217.80, 218.83, 219.87,
220.91, 221.95, 222.101, 223.107, 224.113, 225.119, 226.125, 227.131, 228.137, 229.143, 230.148

3.4,35,3.6,4.10,4.11,4.12,5.16,5.17, 8.36,9.41, 16.4, 16.5, 16.6, 17.11, 17.12, 17.13, 17.14, 17.15, 18.20, 18.21,
18.22, 18.23, 18.24, 19.28, 19.29, 19.30, 20.35, 20.36, 20.37, 21.42, 21.43, 21.44, 22.48, 23.52, 24.56, 35.170,
35.171, 36.177, 36.178, 36.179, 37.185, 37.186, 43.228, 44.234, 45.240, 46.247, 46.248, 75.4,75.5, 75.6, 76.10,
76.11,76.12,77.16, 77.17,77.18, 78.22, 78.23, 78.24, 79.28, 80.32, 81.36, 81.37, 81.38, 82.42, 89.92, 89.93, 89.94,
90.100, 90.101, 90.102, 91.108, 91.109, 91.110, 92.116, 92.117, 92.118, 93.124, 93.125, 93.126, 94.132, 94.133,
94.134, 95.140, 95.141, 95.142, 96.148, 96.149, 96.150, 97.156, 98.162, 111.256, 111.257, 112.264, 112.265,
113.273, 113.274, 114.281, 114.282, 115.289, 116.297, 117.305, 118.313, 119.320, 120.326, 121.332, 122.338,
143.3, 144.6, 145.9, 146.12, 149.24, 150.28, 151.32, 152.36, 153.40, 154.44, 155.48, 156.52, 158.60, 168.112,
169.116, 170.120, 171.124, 172.128, 173.132, 174.136, 177.154, 178.160, 179.166, 180.172, 181.178, 182.184,
187.214, 188.220, 195.3, 196.6, 198.11, 207.43, 208.47, 209.51, 210.55, 212.62, 213.66

1.3,34,35,3.6,4.10,4.11, 4.12,5.16,5.17, 16.4, 16.5, 16.6, 17.11, 17.12, 17.13, 17.14, 17.15, 18.20, 18.21, 18.22,
18.23, 18.24, 19.28, 19.29, 19.30, 20.35, 20.36, 20.37, 21.42, 21.43, 21.44, 22.48, 23.52, 24.56, 35.169, 36.177,
36.179, 37.184, 44.233, 45.239, 46.246, 75.4,75.5, 75.6, 76.10, 76.11, 76.12, 77.16, 77.17, 77.18, 78.22, 78.23,
78.24,79.28, 80.32, 81.36, 82.42, §9.92, 89.93, 89.94, 90.100, 90.101, 90.102, 91.108, 91.109, 91.110, 92.116,
92.117, 92.118, 93.124, 93.125, 93.126, 94.132, 94.133, 94.134, 95.140, 95.141, 95.142, 96.1438, 96.149, 96.150,
97.156, 98.162, 111.256, 111.257, 112.264, 112.265, 113.273, 113.274, 114.281, 114.282, 115.289, 116.297,
117.305, 118.313, 119.320, 120.326, 121.332, 122.338, 143.3, 144.6, 145.9, 146.12, 149.24, 150.28, 151.32,
152.36, 153.40, 154.44, 155.48, 156.52, 158.60, 168.112, 169.116, 170.120, 171.124, 172.128, 173.132, 174.136,
177.154, 178.160, 179.166, 180.172, 181.178, 182.184, 187.214, 188.220, 195.3, 196.6, 198.11, 207.43, 208.47,
209.51, 210.55, 212.62, 213.66

033304-18



UNIVERSAL CLASSIFICATION OF WEYL SEMIMETALS ... PHYSICAL REVIEW RESEARCH 8, 033304 (2026)

TABLEIV. {2, —2}.

Type

MSGs

Type-I MSGs (without SOC)

Type-1 MSGs (with SOC)

Type-II MSGs (without SOC)

Type-Il MSGs (with SOC)

Type-III MSGs (without SOC)

Type-III MSGs (with SOC)

Type-IV MSGs (without SOC)

Type-IV MSGs (with SOC)

75.1,76.7,77.13,78.19, 79.25, 80.29, 83.43, 84.51, 85.59, 86.67, 87.75, 88.81, 89.87, 90.95, 91.103,
92.111,93.119, 94.127, 95.135, 96.143, 97.151, 98.157, 168.109, 169.113, 170.117, 171.121, 172.125,
173.129, 175.137, 176.143, 177.149, 178.155, 179.161, 180.167, 181.173, 182.179, 207.40, 208.44,
209.48, 210.52, 211.56, 212.59, 213.63, 214.67

75.1,76.7,77.13,78.19, 79.25, 80.29, 83.43, 84.51, 85.59, 86.67, 87.75, 88.81, 89.87, 90.95, 91.103,
92.111,93.119, 94.127, 95.135, 96.143, 97.151, 98.157, 168.109, 169.113, 170.117, 171.121, 172.125,
173.129, 175.137, 176.143, 177.149, 178.155, 179.161, 180.167, 181.173, 182.179, 207.40, 208.44,
209.48, 210.52, 211.56, 212.59, 213.63, 214.67

75.2,76.8,77.14, 78.20, 79.26, 80.30, 89.88, 90.96, 91.104, 92.112, 93.120, 94.128, 95.136, 96.144,
97.152,98.158, 143.2, 144.5, 145.8, 146.11, 149.22, 150.26, 151.30, 152.34, 153.38, 154.42, 155.46,
168.110, 169.114, 170.118, 171.122, 172.126, 173.130, 177.150, 178.156, 179.162, 180.168, 181.174,
182.180, 196.5, 207.41, 208.45, 209.49, 210.53, 211.57, 212.60, 213.64, 214.68

75.2,76.8,77.14, 78.20, 79.26, 80.30, 89.88, 90.96, 91.104, 92.112, 93.120, 94.128, 95.136, 96.144,
97.152,98.158, 168.110, 169.114, 170.118, 171.122, 172.126, 173.130, 177.150, 178.156, 179.162,
180.168, 181.174, 182.180, 207.41, 208.45, 209.49, 210.53, 211.57, 212.60, 213.64, 214.68

75.3,76.9, 77.15, 78.21, 79.27, 80.31, 87.77, 89.89, 89.90, 89.91, 90.97, 90.98, 90.99, 91.105, 91.106,
91.107,92.113,92.114, 92.115, 93.121, 93.122, 93.123, 94.129, 94.130, 94.131, 95.137, 95.138, 95.139,
96.145, 96.146, 96.147, 97.153, 97.154, 97.155, 98.159, 98.160, 98.161, 99.167, 100.175, 101.183,
102.191, 103.199, 104.207, 105.215, 106.223, 107.230, 107.231, 108.236, 108.237, 109.243, 110.249,
123.345, 124.357, 125.369, 126.381, 127.393, 128.405, 129.417, 130.429, 131.441, 132.453, 133.465,
134.477, 135.489, 136.501, 137.513, 138.525, 139.535, 139.537, 140.545, 140.547, 141.557, 142.567,
177.153, 178.159, 179.165, 180.171, 181.177, 182.183, 183.189, 184.195, 185.201, 186.207, 191.240,
192.250, 193.260, 194.270, 207.42, 208.46, 209.50, 210.54, 212.61, 213.65

76.9,78.21, 80.31, 88.83, 89.90, 90.98, 91.105, 91.106, 91.107, 92.113, 92.114, 92.115, 93.122, 94.130,
95.137, 95.138, 95.139, 96.145, 96.146, 96.147, 97.154, 98.159, 98.160, 98.161, 99.167, 100.175,
101.183, 102.191, 103.199, 104.207, 105.215, 106.223, 107.231, 108.237, 109.242, 109.243, 110.248,
110.249, 123.345, 124.357, 125.369, 126.381, 127.393, 128.405, 129.417, 130.429, 131.441, 132.453,
133.465, 134.477, 135.489, 136.501, 137.513, 138.525, 139.537, 140.547, 141.555, 141.557, 142.565,
142.567, 177.153, 178.159, 179.165, 180.171, 181.177, 182.183, 183.189, 184.195, 185.201, 186.207,
191.240, 192.250, 193.260, 194.270, 210.54, 212.61, 213.65

75.4,75.5,75.6,76.10, 76.11, 76.12, 77.16, 77.17, 77.18, 78.22, 78.23, 78.24, 79.28, 80.32, 8§9.92, 89.93,
89.94, 90.100, 90.101, 90.102, 91.108, 91.109, 91.110, 92.116, 92.117, 92.118, 93.124, 93.125, 93.126,
94.132, 94.133, 94.134, 95.140, 95.141, 95.142, 96.148, 96.149, 96.150, 97.156, 98.162, 168.112,
169.116, 170.120, 171.124, 172.128, 173.132, 177.154, 178.160, 179.166, 180.172, 181.178, 182.184,
207.43, 208.47, 209.51, 210.55, 212.62, 213.66

75.4,75.5,75.6,76.10, 76.11, 76.12, 77.16, 77.17, 77.18, 78.22, 78.23, 78.24, 79.28, 80.32, 89.92, 89.93,
89.94, 90.100, 90.101, 90.102, 91.108, 91.109, 91.110, 92.116, 92.117, 92.118, 93.124, 93.125, 93.126,
94.132, 94.133, 94.134, 95.140, 95.141, 95.142, 96.148, 96.149, 96.150, 97.156, 98.162, 168.112,
169.116, 170.120, 171.124, 172.128, 173.132, 177.154, 178.160, 179.166, 180.172, 181.178, 182.184,
196.6, 207.43, 208.47, 209.51, 210.55, 212.62, 213.66
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TABLE V. {3, —3}.

Type

MSGs

Type-I MSGs (without SOC)

Type-1 MSGs (with SOC)

Type-II MSGs (without SOC)

Type-I MSGs (with SOC)

Type-III MSGs (without SOC)

Type-1II MSGs (with SOC)

Type-IV MSGs (without SOC)

Type-IV MSGs (with SOC)

168.109, 169.113, 170.117, 171.121, 172.125, 173.129, 175.137, 176.143, 177.149, 178.155, 179.161,
180.167, 181.173, 182.179

168.109, 169.113, 170.117, 171.121, 172.125, 173.129, 175.137, 176.143, 177.149, 178.155, 179.161,
180.167, 181.173, 182.179

168.110, 169.114, 170.118, 171.122, 172.126, 173.130, 177.150, 178.156, 179.162, 180.168, 181.174,
182.180

143.2, 144.5, 145.8, 146.11, 149.22, 150.26, 151.30, 152.34, 153.38, 154.42, 155.46, 168.110, 169.114,
170.118, 171.122, 172.126, 173.130, 177.150, 178.156, 179.162, 180.168, 181.174, 182.180, 196.5,
209.49, 210.53

177.153, 178.159, 179.165, 180.171, 181.177, 182.183, 183.189, 184.195, 185.201, 186.207, 191.240,
192.250, 193.260, 194.270

177.153, 178.159, 179.165, 180.171, 181.177, 182.183, 183.189, 184.195, 185.201, 186.207, 191.240,
192.250, 193.260, 194.270

168.112, 169.116, 170.120, 171.124, 172.128, 173.132, 177.154, 178.160, 179.166, 180.172, 181.178,
182.184, 196.6, 209.51, 210.55

168.112, 169.116, 170.120, 171.124, 172.128, 173.132, 177.154, 178.160, 179.166, 180.172, 181.178,
182.184

TABLE VL. {4, —4].

Type

MSGs

Type-1 MSGs (without SOC)
Type-I MSGs (with SOC)
Type-1I MSGs (without SOC)
Type-II MSGs (with SOC)
Type-III MSGs (without SOC)
Type-III MSGs (with SOC)
Type-IV MSGs (without SOC)
Type-IV MSGs (with SOC)

207.40, 208.44, 211.56, 214.67

195.2,197.8, 199.13, 207.41, 208.45, 211.57, 214.68
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TABLE VIL {2, —1, —1}.

Type

MSGs

Type-I MSGs (without SOC)

Type-1 MSGs (with SOC)

Type-II MSGs (without SOC)

Type-Il MSGs (with SOC)

Type-III MSGs (without SOC)

Type-III MSGs (with SOC)

Type-IV MSGs (without SOC)

Type-IV MSGs (with SOC)

75.1,76.7,77.13,78.19, 79.25, 80.29, 83.43, 84.51, 85.59, 86.67, 87.75, 88.81, 89.87, 90.95, 91.103,
92.111,93.119, 94.127, 95.135, 96.143, 97.151, 98.157, 168.109, 169.113, 170.117, 171.121, 172.125,
173.129, 175.137, 176.143, 177.149, 178.155, 179.161, 180.167, 181.173, 182.179, 207.40, 208.44,
209.48, 210.52, 211.56, 212.59, 213.63, 214.67

75.1,76.7,77.13,78.19, 79.25, 80.29, 83.43, 84.51, 85.59, 86.67, 87.75, 88.81, 89.87, 90.95, 91.103,
92.111,93.119, 94.127, 95.135, 96.143, 97.151, 98.157, 168.109, 169.113, 170.117, 171.121, 172.125,
173.129, 175.137, 176.143, 177.149, 178.155, 179.161, 180.167, 181.173, 182.179, 207.40, 208.44,
209.48, 210.52, 211.56, 212.59, 213.63, 214.67

75.2,76.8,77.14, 78.20, 79.26, 80.30, 89.88, 90.96, 91.104, 92.112, 93.120, 94.128, 95.136, 96.144,
97.152,98.158, 143.2, 144.5, 145.8, 146.11, 149.22, 150.26, 151.30, 152.34, 153.38, 154.42, 155.46,
168.110, 169.114, 170.118, 171.122, 172.126, 173.130, 177.150, 178.156, 179.162, 180.168, 181.174,
182.180, 196.5, 207.41, 208.45, 209.49, 210.53, 211.57, 212.60, 213.64, 214.68

75.2,76.8,77.14, 78.20, 79.26, 80.30, 89.88, 90.96, 91.104, 92.112, 93.120, 94.128, 95.136, 96.144,
97.152,98.158, 168.110, 169.114, 170.118, 171.122, 172.126, 173.130, 177.150, 178.156, 179.162,
180.168, 181.174, 182.180, 207.41, 208.45, 209.49, 210.53, 211.57, 212.60, 213.64, 214.68

75.3,76.9, 77.15, 78.21, 79.27, 80.31, 87.77, 89.89, 89.90, 89.91, 90.97, 90.98, 90.99, 91.105, 91.106,
91.107,92.113,92.114, 92.115, 93.121, 93.122, 93.123, 94.129, 94.130, 94.131, 95.137, 95.138, 95.139,
96.145, 96.146, 96.147, 97.153, 97.154, 97.155, 98.159, 98.160, 98.161, 99.167, 100.175, 101.183,
102.191, 103.199, 104.207, 105.215, 106.223, 107.230, 107.231, 108.236, 108.237, 109.243, 110.249,
123.345, 124.357, 125.369, 126.381, 127.393, 128.405, 129.417, 130.429, 131.441, 132.453, 133.465,
134.477, 135.489, 136.501, 137.513, 138.525, 139.535, 139.537, 140.545, 140.547, 141.557, 142.567,
177.153, 178.159, 179.165, 180.171, 181.177, 182.183, 183.189, 184.195, 185.201, 186.207, 191.240,
192.250, 193.260, 194.270, 207.42, 208.46, 209.50, 210.54, 212.61, 213.65

76.9,78.21, 80.31, 88.83, 89.90, 90.98, 91.105, 91.106, 91.107, 92.113, 92.114, 92.115, 93.122, 94.130,
95.137, 95.138, 95.139, 96.145, 96.146, 96.147, 97.154, 98.159, 98.160, 98.161, 99.167, 100.175,
101.183, 102.191, 103.199, 104.207, 105.215, 106.223, 107.231, 108.237, 109.242, 109.243, 110.248,
110.249, 123.345, 124.357, 125.369, 126.381, 127.393, 128.405, 129.417, 130.429, 131.441, 132.453,
133.465, 134.477, 135.489, 136.501, 137.513, 138.525, 139.537, 140.547, 141.555, 141.557, 142.565,
142.567, 177.153, 178.159, 179.165, 180.171, 181.177, 182.183, 183.189, 184.195, 185.201, 186.207,
191.240, 192.250, 193.260, 194.270, 210.54, 212.61, 213.65

75.4,75.5,75.6,76.10, 76.11, 76.12, 77.16, 77.17, 77.18, 78.22, 78.23, 78.24, 79.28, 80.32, 8§9.92, 89.93,
89.94, 90.100, 90.101, 90.102, 91.108, 91.109, 91.110, 92.116, 92.117, 92.118, 93.124, 93.125, 93.126,
94.132, 94.133, 94.134, 95.140, 95.141, 95.142, 96.148, 96.149, 96.150, 97.156, 98.162, 143.3, 144.6,
145.9, 146.12, 149.24, 150.28, 151.32, 152.36, 153.40, 154.44, 155.48, 168.112, 169.116, 170.120,
171.124, 172.128, 173.132, 177.154, 178.160, 179.166, 180.172, 181.178, 182.184, 207.43, 208.47,
209.51, 210.55, 212.62, 213.66

75.4,75.5,75.6,76.10, 76.11, 76.12, 77.16, 77.17, 77.18, 78.22, 78.23, 78.24, 79.28, 80.32, 89.92, 89.93,
89.94, 90.100, 90.101, 90.102, 91.108, 91.109, 91.110, 92.116, 92.117, 92.118, 93.124, 93.125, 93.126,
94.132, 94.133, 94.134, 95.140, 95.141, 95.142, 96.148, 96.149, 96.150, 97.156, 98.162, 143.3, 144.6,
145.9, 146.12, 149.24, 150.28, 151.32, 152.36, 153.40, 154.44, 155.48, 168.112, 169.116, 170.120,
171.124, 172.128, 173.132, 177.154, 178.160, 179.166, 180.172, 181.178, 182.184, 196.6, 207.43, 208.47,
209.51, 210.55, 212.62, 213.66
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TABLE VIIL {3, —2, —1}.

Type

MSGs

Type-I MSGs (without SOC)
Type-I MSGs (with SOC)

Type-Il MSGs (without SOC)
Type-Il MSGs (with SOC)

Type-1II MSGs (without SOC)
Type-III MSGs (with SOC)
Type-1IV MSGs (without SOC)

Type-IV MSGs (with SOC)

168.109, 169.113, 170.117, 171.121, 172.125, 173.129, 175.137, 176.143, 177.149, 178.155, 179.161, 180.167,
181.173, 182.179

168.109, 169.113, 170.117, 171.121, 172.125, 173.129, 175.137, 176.143, 177.149, 178.155, 179.161, 180.167,
181.173, 182.179

168.110, 169.114, 170.118, 171.122, 172.126, 173.130, 177.150, 178.156, 179.162, 180.168, 181.174, 182.180
168.110, 169.114, 170.118, 171.122, 172.126, 173.130, 177.150, 178.156, 179.162, 180.168, 181.174, 182.180,
209.49, 210.53

177.153, 178.159, 179.165, 180.171, 181.177, 182.183, 183.189, 184.195, 185.201, 186.207, 191.240, 192.250,
193.260, 194.270

177.153, 178.159, 179.165, 180.171, 181.177, 182.183, 183.189, 184.195, 185.201, 186.207, 191.240, 192.250,
193.260, 194.270

143.3, 144.6, 145.9, 146.12, 149.24, 150.28, 151.32, 152.36, 153.40, 154.44, 155.48, 168.112, 169.116, 170.120,
171.124, 172.128, 173.132, 177.154, 178.160, 179.166, 180.172, 181.178, 182.184, 209.51, 210.55

143.3, 144.6, 145.9, 146.12, 149.24, 150.28, 151.32, 152.36, 153.40, 154.44, 155.48, 168.112, 169.116, 170.120,
171.124, 172.128, 173.132, 177.154, 178.160, 179.166, 180.172, 181.178, 182.184

TABLE IX. {4, -2, =2}.

Type

MSGs

Type-1 MSGs (without SOC)
Type-I MSGs (with SOC)
Type-II MSGs (without SOC)
Type-II MSGs (with SOC)
Type-III MSGs (without SOC)
Type-III MSGs (with SOC)
Type-IV MSGs (without SOC)
Type-IV MSGs (with SOC)

207.40, 208.44, 209.48, 210.52, 211.56, 212.59, 213.63, 214.67
212.59, 213.63
196.5,207.41, 208.45, 209.49, 210.53, 211.57, 212.60, 213.64, 214.68

207.43, 208.47, 209.51, 210.55, 212.62, 213.66
212.62, 213.66

TABLE X. {4, -3, —1}.

Type

MSGs

Type-1 MSGs (without SOC)
Type-I MSGs (with SOC)
Type-II MSGs (without SOC)
Type-II MSGs (with SOC)
Type-III MSGs (without SOC)
Type-III MSGs (with SOC)
Type-IV MSGs (without SOC)
Type-IV MSGs (with SOC)

196.6, 209.51, 210.55

TABLE XI. {3, —1, —1, —1}.

Type

MSGs

Type-1 MSGs (without SOC)
Type-I MSGs (with SOC)

Type-1I MSGs (without SOC)
Type-1I MSGs (with SOC)

Type-III MSGs (without SOC)
Type-1II MSGs (with SOC)
Type-IV MSGs (without SOC)

Type-IV MSGs (with SOC)

168.109, 169.113, 170.117, 171.121, 172.125, 173.129, 175.137, 176.143, 177.149, 178.155, 179.161, 180.167,
181.173, 182.179

168.109, 169.113, 170.117, 171.121, 172.125, 173.129, 175.137, 176.143, 177.149, 178.155, 179.161, 180.167,
181.173, 182.179

168.110, 169.114, 170.118, 171.122, 172.126, 173.130, 177.150, 178.156, 179.162, 180.168, 181.174, 182.180
143.2, 144.5, 145.8, 146.11, 149.22, 150.26, 151.30, 152.34, 153.38, 154.42, 155.46, 168.110, 169.114, 170.118,
171.122, 172.126, 173.130, 177.150, 178.156, 179.162, 180.168, 181.174, 182.180, 196.5, 209.49, 210.53
177.153, 178.159, 179.165, 180.171, 181.177, 182.183, 183.189, 184.195, 185.201, 186.207, 191.240, 192.250,
193.260, 194.270

177.153, 178.159, 179.165, 180.171, 181.177, 182.183, 183.189, 184.195, 185.201, 186.207, 191.240, 192.250,
193.260, 194.270

143.3, 144.6, 145.9, 146.12, 149.24, 150.28, 151.32, 152.36, 153.40, 154.44, 155.48, 168.112, 169.116, 170.120,
171.124, 172.128, 173.132, 177.154, 178.160, 179.166, 180.172, 181.178, 182.184, 196.6, 209.51, 210.55
143.3, 144.6, 145.9, 146.12, 149.24, 150.28, 151.32, 152.36, 153.40, 154.44, 155.48, 168.112, 169.116, 170.120,
171.124, 172.128, 173.132, 177.154, 178.160, 179.166, 180.172, 181.178, 182.184
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TABLE XII. {3, 1, =2, —2}.

Type MSGs

Type-1 MSGs (without SOC) 168.109, 169.113, 170.117, 171.121, 172.125, 173.129, 175.137, 176.143, 177.149, 178.155, 179.161,
180.167, 181.173, 182.179

Type-1 MSGs (with SOC) 168.109, 169.113, 170.117, 171.121, 172.125, 173.129, 175.137, 176.143, 177.149, 178.155, 179.161,
180.167, 181.173, 182.179

Type-II MSGs (without SOC)  168.110, 169.114, 170.118, 171.122, 172.126, 173.130, 177.150, 178.156, 179.162, 180.168, 181.174,
182.180

Type-II MSGs (with SOC) 168.110, 169.114, 170.118, 171.122, 172.126, 173.130, 177.150, 178.156, 179.162, 180.168, 181.174,
182.180, 209.49, 210.53

Type-III MSGs (without SOC) 177.153, 178.159, 179.165, 180.171, 181.177, 182.183, 183.189, 184.195, 185.201, 186.207, 191.240,
192.250, 193.260, 194.270

Type-III MSGs (with SOC) 177.153, 178.159, 179.165, 180.171, 181.177, 182.183, 183.189, 184.195, 185.201, 186.207, 191.240,
192.250, 193.260, 194.270

Type-IV MSGs (without SOC) 168.112, 169.116, 170.120, 171.124, 172.128, 173.132, 177.154, 178.160, 179.166, 180.172, 181.178,
182.184, 209.51, 210.55

Type-IV MSGs (with SOC) 168.112, 169.116, 170.120, 171.124, 172.128, 173.132, 177.154, 178.160, 179.166, 180.172, 181.178,

182.184

TABLE XIII. {4, -2, -1, —1}.
Type MSGs
Type-I MSGs (without SOC) 207.40, 208.44, 209.48, 210.52, 211.56, 212.59, 213.63, 214.67
Type-I MSGs (with SOC) 212.59, 213.63
Type-II MSGs (without SOC) 196.5, 207.41, 208.45, 209.49, 210.53, 211.57, 212.60, 213.64, 214.68
Type-II MSGs (with SOC)
Type-III MSGs (without SOC)
Type-III MSGs (with SOC)
Type-IV MSGs (without SOC) 207.43, 208.47, 209.51, 210.55, 212.62, 213.66
Type-IV MSGs (with SOC) 212.62, 213.66

TABLE XIV. {4, 1, -3, —-2}.

Type MSGs

Type-1 MSGs (without SOC)

Type-1 MSGs (with SOC)

Type-1I MSGs (without SOC)

Type-II MSGs (with SOC)

Type-III MSGs (without SOC)

Type-III MSGs (with SOC)

Type-IV MSGs (without SOC) 209.51, 210.55
Type-IV MSGs (with SOC)

TABLE XV. {4,2, -3, -3}.

Type MSGs

Type-1 MSGs (without SOC)

Type-I MSGs (with SOC)

Type-II MSGs (without SOC)

Type-II MSGs (with SOC)

Type-III MSGs (without SOC)

Type-III MSGs (with SOC)

Type-IV MSGs (without SOC) 209.51, 210.55
Type-IV MSGs (with SOC)
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TABLE XVL. (3,3, -2, =2, —2}.

Type MSGs

Type-1 MSGs (without SOC) 168.109, 169.113, 170.117, 171.121, 172.125, 173.129, 175.137, 176.143, 177.149, 178.155, 179.161,
180.167, 181.173, 182.179

Type-I MSGs (with SOC) 168.109, 169.113, 170.117, 171.121, 172.125, 173.129, 175.137, 176.143, 177.149, 178.155, 179.161,
180.167, 181.173, 182.179

Type-II MSGs (without SOC) 168.110, 169.114, 170.118, 171.122, 172.126, 173.130, 177.150, 178.156, 179.162, 180.168, 181.174,
182.180

Type-II MSGs (with SOC) 168.110, 169.114, 170.118, 171.122, 172.126, 173.130, 177.150, 178.156, 179.162, 180.168, 181.174,
182.180, 209.49, 210.53

Type-III MSGs (without SOC) 177.153, 178.159, 179.165, 180.171, 181.177, 182.183, 183.189, 184.195, 185.201, 186.207, 191.240,
192.250, 193.260, 194.270

Type-III MSGs (with SOC) 177.153, 178.159, 179.165, 180.171, 181.177, 182.183, 183.189, 184.195, 185.201, 186.207, 191.240,
192.250, 193.260, 194.270

Type-IV MSGs (without SOC) 168.112, 169.116, 170.120, 171.124, 172.128, 173.132, 177.154, 178.160, 179.166, 180.172, 181.178,
182.184, 209.51, 210.55

Type-IV MSGs (with SOC) 168.112, 169.116, 170.120, 171.124, 172.128, 173.132, 177.154, 178.160, 179.166, 180.172, 181.178,
182.184

TABLE XVII. {4, -1, -1, -1, —1}.

Type MSGs

Type-1 MSGs (without SOC) 207.40, 208.44, 209.48, 210.52, 211.56, 212.59, 213.63, 214.67

Type-I1 MSGs (with SOC) 212.59,213.63

Type-II MSGs (without SOC) 195.2, 196.5, 197.8, 198.10, 199.13, 207.41, 208.45, 209.49, 210.53, 211.57, 212.60, 213.64, 214.68

Type-II MSGs (with SOC)

Type-1II MSGs (without SOC)

Type-III MSGs (with SOC)

Type-IV MSGs (without SOC) 195.3, 196.6, 198.11, 207.43, 208.47, 209.51, 210.55, 212.62, 213.66
Type-IV MSGs (with SOC) 198.11, 212.62, 213.66

TABLE XVIII. {4,1,1, =3, =3}.

Type MSGs

Type-1 MSGs (without SOC)

Type-I MSGs (with SOC)

Type-II MSGs (without SOC)

Type-II MSGs (with SOC)

Type-III MSGs (without SOC)

Type-III MSGs (with SOC)

Type-IV MSGs (without SOC) 196.6, 209.51, 210.55
Type-IV MSGs (with SOC)
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APPENDIX D: CLASSIFICATION OF REPRESENTATIVE ELECTRONIC AND BOSONIC CHIRAL SYSTEMS

Because the IWM construction depends on the global organization of chiral charges, it applies to both electronic and bosonic
band structures. Representative Weyl and chiral multifold semimetals and chiral phonon systems decompose into non-negative
integer combinations drawn from the same IWM family (Tables XIX and XX). The occurrence of repeated elementary units and
hybrid higher-charge combinations illustrates the applicability of the linear-combination principle across distinct microscopic
platforms.

TABLE XIX. Classification of representative Weyl and chiral multifold semimetals into linear combinations of the 16 IWMs. An asterisk
denotes a material for which the listed Weyl phase is induced by magnetism or applied strain.

Weyl and chiral multifold semimetals IWMs
(CdO),/(EuO),, [68] {1,-1}
Cs,Tl; [69] {1, -1}
EuCd,As,* [70,71] {1, -1}
GdBi [72] {1, -1}
GdSb [72] {1, -1}
Hg,_,_,CdMn,Te [73] {1, -1}
HgCr;,Se; 5Teg s [74] {1, -1}
MnBi, Tes* [75] {1, -1}
MnSn,Sb, Teg [76] {1, -1}
KCrTe [77] {1, -1}
K>Mn3(AsO,); [78] {1, -1}
RbCrTe [77] {1, -1}
Sn;_,Cr,Te [79] {1, —1}
UNiSn* [80] {1, -1}
(PbSe);_,(SnSe), [81] 2 x {1, -1}
BAsO4 [82] 2 x {1, -1}
fco-Cg [83] 2 x {1, —1}
RbsBi [84] 2 x {1, -1}
TalrTe, [85] 2 x{1,—1}
Te* [86] 2 x {1, —1}
WTeS [87] 2 x {1, -1}
WTeSe [87] 2 x{1,—1}
B-Ag,Se [88] 2 x {1, -1}
B-Bis1,* [89] 2 x {1, -1}
Co3Sn, S, [90] 3 x{l,-1}
GdB, [91] 3x{l,—-1}
Hf3Sb [69] 3x{l,—-1}
TIBi(S;_.Sey)> [92] 3 x{l, -1}
TIBi(S;_,Te,), [92] 3 x{l,-1}
Ag,S [93] 4 x {1, -1}
AgTITe, [94] 4 x {1, -1}
AuTITe, [94] 4 x {1, -1}
Ca0s,04 [95] 4 x {1, -1}
CuTlSe; [94] 4 x {1, -1}
CuTlITe, [94] 4 x {1, -1}
HgTe/CdTe multilayer [96] 4 x {1, -1}
HgTe,S,_, [97] 4 x {1, -1}
Hg,Cd,_,Te [98] 4 x {1, -1}
MoP; [99] 4 x {1, -1}
MoTe, [100] 4 x {1, -1}
Mo, W,_,Te, [101] 4 x {1, -1}
Sr0s,04 [95] 4 x {1, -1}
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TABLE XIX. (Continued.)

Weyl and chiral multifold semimetals IWMs

TasS, [102] 4 x {1, -1}
WP, [99] 4 x {1, -1}
WTe, [103] 4 x {1, -1}
YbMnBi, [104] 4 x {1, -1}
ZnPbAs, [94] 4 x {1, -1}
ZnPbSb, [94] 4 x {1, -1}
CrO,(p-CrO,) [105] 5x{1,-1}
Bi0.55b0,5 [106] 6 x {1, —1}
BiTel* [107] 6 x {1, —1}
CaAuBi* [108] 6 x {1,—1}
CaGe, [109] 6 x {1, —1}
CaHgSn [108] 6 x {1, —1}
CrO,(0-CrO,) [105] 6 x {1,—1}
HfS [110] 6 x {1, —1}
HfSe [110] 6 x {1, —1}
HfTe [110] 6 x{1,—1}
InNbSe; [111] 6 x {1, —1}
K(AU.()_SHng)(T60_5A80_5) [112] 6 x {1, —1}
LaBi;_xSbyTe; [107] 6 x{1,—1}
LuBi,_xSbxTe; [107] 6 x {1, —1}
Mn;Ge [113] 6 x{1,—1}
Mn;Sn [114] 6 x {1,—1}
MnNb;Sg [115] 6 x {1, —1}
MnNb;Seg [115] 6 x{1,—1}
MnTa3Se [115] 6 x{1,—1}
MnTasSeq [115] 6 x {1, —1}
NizS; [116] 6 x {1,—1}
NizSe; [116] 6 x {1,—1}
SrHgPb [108] 6 x {1, —1}
SrHgSn [108] 6 x{1,—1}
TaS [117] 6 x {1,—1}
TiSe [110] 6 x {1, —1}
TiTe [110] 6 x{1,—1}
VNb;Sg [115] 6 x {1, -1}
VNb;Seq [115] 6 x {1, —1}
VTazSe [115] 6 x{1,—1}
VTa;Seq [115] 6 x {1, -1}
ZrS [110] 6 x {1, —1}
ZrSe [110] 6 x{1,—1}
ZrTe [110] 6 x {1, -1}
CaSnj [118] 8 x {1, —1}
CeRuySng [119] 8 x {1,—1}
NblIrTe4 [120] 8 x {1, -1}
CrO,(r-CrO,) [105] 12 x {1, —1}
CuF [121] 12 x {1, —1}
FeRhCrGe [122] 12 x {1, —1}
HfRuP [123] 12 x {1, —1}
InMnTi, [116] 12 x {1, —1}
Mo, SeS [124] 12 x {1, —1}
Mo, TeS [124] 12 x {1, —1}
Mo, TeSe [124] 12 x {1, —1}
NbAs [5] 12 x {1, —1}
NbP [5] 12 x {1, —1}
TaAs [5] 12 x {1, —1}
TaP [5] 12 x {1, —1}
W,SeS [125] 12 x {1, —1}
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TABLE XIX. (Continued.)

Weyl and chiral multifold semimetals IWMs

W,SeTe [125] 12 x {1, -1}

W,SSe [125] 12 x {1, —1}

W,STe [125] 12 x {1, —1}

W, TeS [125] 12 x {1, —1}

W, TeSe [125] 12 x {1, —1}

Y»Ir, 07 [1] 12 x {1, -1}

YPtP [126] 12 x {1, —1}

CeAlGe [127] 20 x {1, —1}

PrAlGe [127] 20 x {1, -1}

LaAlGe [128] 20 x {1, —1}

SrSi, [129] 30 x {1, —1}

RhSi [52] {2, -2}

RhSn [130] {2, -2}

LiC, [131] {2, -2}

BaNilOg [132] {2, -2}

CaKFe,As, [133] {2, -2}

PbyCu(PO,)s0 [134] {2, -2}

HgCr,Sey [135] {2, -2}

K,RhF [136] 2 x {2, -2}

Rb,RhF [136] 2 x {2, -2}

Cs,RhFg [136] 2 x {2, -2}

CaGe, [109] 6 x {2, -2}

AlPt [56] {4, —4}

ReO; [137] 4x{l,-1}+2x{2,-2}+2x
{2,-1, -1}

(TaSe4),I [138] 4x{l,—-1}+4x{2,—-1,—1}

SrRuO; [139] 16 x {1, -1} +4 x {2, -1, -1}

BalrP [17] 6 x{2,—-1, -1} + {4, -2, -2}

Li,CO4 [16] 2x{3,—-1,—-1,-1}

BaNilOg [140] 2x{3,—-1,—-1,-1}

La;AlCrS; [141]
SrNilOg [142]
cP-C24 [143]

2x {3, -1, -1, -1}
2x {3, -1, -1, -1}

8§ x{1,—-1}+{4,-1,-1,—-1, -1}

TABLE XX. Classification of representative chiral phonon materials in terms of linear combinations of the 16 IWMs.

Chiral phonon materials IWMs
LaRhC, [144] {2, -2}
BeH, [61] {4, -4}
BaZnO, [59] 2,-1, -1}
«-Si0, [145] {2, -1,-1}
SrSi, [146] 6x{2,—-1,-1})

CsBe,Fs [147]
LilO; [14]
a-LilO; [15]
BilrSe [60]

12 x {1, =1} +6 x {2, -1, -1}

2% {3,—-1,—1, -1}
2x {3, -1, -1, -1}

8x{l,-1}+{4,-1,-1,-1, -1}
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APPENDIX E: STRUCTURAL, ELASTIC, ENERGETIC, AND WEYL-NODE DATA

Quantitative comparison of the five predicted boron allotropes requires their structural, mechanical, energetic, and topological
properties to be considered together. The TQV-B24 and THC-B24 enantiomeric pairs have closely matched lattice, energetic, and
elastic properties (Tables XXI and XXII), whereas their Weyl-node chiralities reverse with handedness (Table XXIII). The elastic
tensors satisfy the listed mechanical-stability criteria, and the tabulated node coordinates, energies, charges, and multiplicities
define the bulk configurations analyzed in Sec. V.

TABLE XXI. Structural parameters, densities, bulk moduli, and calculated total energies of the predicted and reference boron phases.

Lattice Bulk
Space parameters (A) Angles (deg) Wyckoff positions Density modulus  Ey
Structures group a b c o B y X y Z (g/cm®)  (GPa) (eV/B)
H-P6;-B36 Bl(6c) P63 740 740 573 90 90 120 0.1566 0.0668 0.3627 2.38 187 —6.36
B2(6¢) 0.0583 0.4645 0.6658
B3(6¢) 0.0946 0.2566 0.5800
B4(6¢) 0.2587 0.3963 0.0091
B5(6¢) 0.5183 0.2149 0.0208
B6(6¢) 0.9255 0.5289 0.4676
[-TQV-Byy Bl4a) P4; 6.19 6.19 436 90 90 90  0.0672 0.8427 0.2594 2.58 184 —6.27
B2(4a) 0.5475 0.3593 0.2887
B3(4a) 0.2546 0.7242  0.5549
B4(4a) 0.8644 0.4377 0.7740
B5(4a) 0.6700  0.0153 0.8919
B6(4a) 0.8201 0.2731 0.4339
r-TQV-By Bl(4a) P4y 6.19 6.19 436 90 90 90 0.9328 0.1573 0.7406 2.58 184 —6.27
B2(4a) 0.4525 0.6407 0.7113
B3(4a) 0.7454 0.2759 0.4451
B4(4a) 0.1356 0.5623 0.2260
B5(4a) 0.3300  0.9847 0.1083
B6(4a) 0.1799 0.7269 0.5661
[-THC-Byy Bl(4a) P4s 6.39 639 466 90 90 90 0.9921 0.1423 0.2216 2.26 143 —6.16
B2(4a) 0.2079 0.2678 0.0680
B3(4a) 0.2151 0.5309 0.2448
B4(4a) 0.4840  0.6277 0.2235
B5(4a) 0.7201 0.8277 0.2181
B6(4a) 0.3078 0.8791 0.6894
r-THC-Bys Bl(4a) P4, 6.39 639 466 90 90 90 0.0079 0.8578 0.7786 2.26 143 —6.16
B2(4a) 0.7915 0.7323 0.9314
B3(4a) 0.7852 0.4689 0.7555
B4(4a) 0.5161 0.3722  0.7766
B5(4a) 0.2796 0.1722 0.7818
B6(4a) 0.6927 0.1210 0.3108
cF-Bg [148] B1(32e) Fd3m 8.57 857 857 90 90 90 —0.1796 0.3204 0.1796 0.91 70.42 —5.81
3D borophene [149] B1(4i) C2/m 547 281 185 90 7022 90 0.6675 0.5000 0.8325 2.68 24123  —6.31
a-By; [150] B1(18k) R3m 490 4.90 1255 90 90 120 0.1188 0.8812 0.8915 2.48 237.16  —6.68
B2(18h) 0.1969 0.8031 0.0242

TABLE XXII. Elastic constants and mechanical-stability criteria of the five predicted boron structures. All elastic constants are given in
gigapascals.

Elastic constants

Structures Ch Cia Ci3 Cie Cs3 Cus Ces Stability criteria [151]

H-P63-B36 463.41 99.82 70.49 - 271.87 81.01 181.80
[-TQV-By 317.00 153.00 104.36 —19.74 295.49 150.17 135.64

) 2 .
r~TQV-Bo,  317.00  153.00 10436  —19.74 29548  150.17  135.64 g“ i if‘é" flg ;ggz(czgc(g) e
I-THC-B,, 20447  125.71 90.81 18.04 26746  114.88 75.60 e 16 = 6611 7 12
r-THC-B,y 20323  124.03 90.17 17.16  268.60  114.92 73.11
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TABLE XXIII. Weyl-node positions, energies, chiral charges, and multiplicities in the five predicted boron structures. The momenta are
given in fractional coordinates with respect to the primitive reciprocal-lattice vectors, and the energies are measured relative to the Fermi level.

Structures WP E (meV) Coordinates (ki, k», k3) Charge Multiplicity
b W —226.0 (0,0, +0.308) -1 2
H-P63-Bs W, —-273.0 (0,0,0) +2 1
+(0.184, —0.037, 0) _
[-TQV-By, W 0.0 +(0.037,0.184, 0) ! 4
W, 0.0 (0,0, +0.195) +2 2
Wi 0.0 +(0.184, —0.037, 0) 11 4
r-TQV-By +(0.037,0.184, 0)
W, 0.0 (0,0, £0.195) -2 2
+(—0.164, —0.097, +0.185)
2.1 1
W +(0.097, —0.164, +0.185) + 8
[-THC-Boy W, 40.0 (0,0, +£0.239) -2 2
_ +(0.305, 0.081, 0) _
e 52:5 4(0.081, —0.305, 0) ! 4
_ +(0.171, 0.099, £0.186) _
W 8.4 +(0.099, —0.171, +0.186) ! 8
r-THC-Byy W, 39.8 (0,0, £0.242) +2 2
Ws —60.2 +(0.308, 0.081, 0) 41 4

+(0.081, —0.308, 0)

APPENDIX F: ADDITIONAL STRUCTURAL, PHONON, ELECTRONIC, AND SURFACE-STATE RESULTS

The five predicted boron allotropes are dynamically stable under the stated computational conditions, as their phonon
dispersions contain no imaginary branches along the sampled high-symmetry paths (Fig. 9). The left- and right-handed TQV-B24
and THC-B24 structures form enantiomeric pairs (Figs. 10 and 11), while complementary bulk and surface electronic results for
the predicted phases connect their structures to their IWM assignments (Figs. 12—15). Together, these calculations corroborate
the single-IWM, integer-multiple, and hybrid-superposition realizations discussed in Sec. V.
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FIG. 9. Phonon dispersions of the five predicted boron allotropes: (a) H-P63-Bss, (b) [-TQV-Byy, (c) r-TQV-By4, (d) [-THC-By4, and (e)
r-THC-Byg, calculated along all high-symmetry directions in the Brillouin zone.
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FIG. 11. Top views of the left-handed (a) /-THC-B,4 and right-handed (b) r-THC-B,, structures.

(001) surface

FIG. 12. Topological surface states of H-P63-Bs¢ on the (001) surface.
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FIG. 13. The doubled IWM 2 x {2, —1, —1} in [-TQV-By4. (a) BZ distribution of six WPs. (b) Surface states and (c) isoenergy contour at
4.2 meV on the (100) surface. Bulk and projected Weyl nodes are marked by their chiral charges, with red and green spheres denoting positive
and negative charges, respectively.
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FIG. 14. Integer multiplicity IWM 2 x {2, —1, —1} in r-TQV-B,4. (a) Primitive cell. (b) BZ distribution of six WPs. (c) Band structure.
(d) Quadratic dispersion of W,. (e) WCCs evolution yielding C = —2 (W,) and C = +1 (W)). (f) Surface states and (g) isoenergy contour at
4.2 meV on the (100) surface. (h) Surface states and (i) isoenergy contour at 4.2 meV on the (001) surface.
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FIG. 15. Linear superposition 2 x {2, —1, —1} + 4 x {1, —1} in »-THC-B,4. (a) Primitive cell. (b) A rich constellation of 14 WPs in the
BZ. (c) Band structure. (d) Quadratic dispersion of W,. () WCCs calculations identifying chiral charges C = +2 for W,, C = —1 for W, and
C = +1 for W3. (f) (001) surface states and (g) isoenergy contour at 18.8 meV exhibiting a complex “spider-web’” Fermi-arc pattern consistent
with the admissible connectivity motifs of the constituent IWM sectors for the selected surface and energy.
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FIG. 16. Tight-binding model realization of the 4 x {1, —1} IWM configuration. (a) Primitive unit cell. (b) Distribution of the eight Weyl
points in the Brillouin zone. (c) Band structure. (d) Enlarged linear dispersion around a representative Weyl point W;. (e) Evolution of Wannier
charge centers confirming the unit chiral charge |C| = 1. (f) Surface states on the (001) surface. (g) Isoenergy contour at E,,, = 0, exhibiting the
characteristic single-arc connectivity of the 4 x {1, —1} configuration. The corresponding lattice, basis, Hamiltonian construction, and nonzero
model coefficients are given in Appendix G. The bulk and projected Weyl nodes are explicitly labeled by their respective chiral charges (red
spheres for positive and green spheres for negative).

APPENDIX G: SYMMETRY-BASED TIGHT-BINDING REFERENCE FOR THE 4 x {1, —1} SECTOR

1. Bulk and surface topology of the reference model

To isolate the unit-charge sector that enters the hybrid decomposition of /-THC-B,4, we constructed a symmetry-based tight-
binding reference model realizing 4 x {1, —1}. The model contains eight Weyl points, or four charge-neutral pairs of unit-charge
nodes, in the bulk Brillouin zone [Fig. 16(b)]. The representative linear crossing and Wannier-charge-center evolution confirm
|C| =1 [Figs. 16(d) and 16(e)]. On the (001) surface, the projected nodes are connected by four single Fermi arcs [Figs. 16(f)
and 16(g)], providing an independent realization of the 4 x {1, —1} end point-incidence sector used in the hybrid assembly.

2. Tight-binding construction and model parameters

The 4 x {1, —1} reference in Fig. 16 is constructed for space group No. 78 on a tetragonal lattice with primitive vectors
a; = (1,0,0),a, = (0,1,0), and a3 = (0, 0, 1). Two s-orbital basis functions occupy (0, 0, 0) and (4, 1, 1). The MAGNETICTB
Hamiltonian is generated through the fourth-nearest-neighbor shell,

5
H(k) =) Hy(k), (G1)
n=1

where H|—Hs denote the on site through fourth-nearest-neighbor contributions. In the MAGNETICTB notation, the nonzero
coefficients are

e; = —0.145, 1, =—-0.420, 1 = 0.805, (G2)
rp = —0.055, r,=-0.205, s =-0.700, (G3)
so = 0.840, s3 =-0.215, s4=—0.120, (G4)
psnig = —0.150,  pspy = 0.210, (G5)
with all other coefficients set to zero.
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