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Thermodynamic cost of communication is a major factor in the thermodynamic cost of real-world computers,
both biological and digital. Despite its importance, the fundamental principles underlying this cost remain poorly
understood. This paper makes two major contributions to addressing this gap. First, we derive a universal
relationship between information transmission rate and minimal entropy production by focusing on the mismatch
cost component of thermodynamic cost. The resulting relationship holds independently of the underlying physi-
cal dynamics, making it broadly applicable. We discuss the implications of the minimal communication cost for
work extraction in measurement-and-feedback protocols, and through examples involving binary channels, we
show that the relationship between transmission rate and minimal thermodynamic cost can exhibit diminishing
returns in certain scenarios. Second, we extend this thermodynamic analysis to the computational front and
back ends critical to communication—namely, encoding and decoding to reduce errors in noisy transmission.
Using the framework of periodic machines, we establish strictly positive minimal costs for implementing linear
error-correcting codes. We compare these costs with end-to-end error rates, highlighting trade-offs between

thermodynamic efficiency and decoding accuracy.
DOLI: 10.1103/qvc2-32xr

I. INTRODUCTION

A. Background and scope

Modern computers rely on decomposing large-scale, com-
plex problems into simpler calculations handled by subcom-
ponents that are reused iteratively throughout a computation.
These components, such as logic gates within circuits, must
communicate to execute desired computation. Given that
communication is integral to nearly all forms of computation,
it becomes imperative to understand the energetic costs asso-
ciated with communication to fully understand the energetic
costs of computation itself. Even if individual computing units
are thermodynamically efficient, the overall system can still
incur a high thermodynamic cost due to the energy required
for communication.

Early work by Landauer and Bennett investigated the en-
ergetic costs of computation [1-3], arriving at a semiformal
understanding of minimal heat generation in logically irre-
versible processes such as bit erasure. These early analyses
were based on the idea that a change in the Shannon entropy
of a system during computation results in exchange of heat
with the environment, quantified by kgT AS, where kg is the
Boltzmann constant, T is the temperature of the thermal bath,
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and AS is the change in the system’s entropy. While this
intuition has been validated by more recent developments in
stochastic thermodynamics, it was incomplete [4].

In particular, it failed to distinguish between reversible
and irreversible components of total heat flow. The entropy
change AS contributes only to the reversible part of heat
transfer—heat that can, in principle, be recovered through
a time-reversed protocol [5]. However, it is now understood
that an additional, inherently irreversible contribution exists:
the entropy production (EP), which accounts for heat that is
unavoidably lost to the environment [5,6].

This important distinction was not fully appreciated in
early work, leading to the inaccurate view that logical re-
versibility implies thermodynamic reversibility. In reality,
these are distinct concepts. A computation is logically re-
versible if, given any output, the input can be uniquely
reconstructed—this condition ensures no loss of information
and implies AS = 0, yielding zero Landauer cost. However,
thermodynamic reversibility requires that the EP be zero.
Thus, while logical reversibility eliminates the reversible
(Landauer) component of heat, it does not necessarily elim-
inate the total energetic cost: Entropy production may still be
present. Logical reversibility alone is therefore insufficient to
guarantee thermodynamic reversibility [4].

This misconception influenced early views on commu-
nication as well. In earlier literature, it was argued that
communication—viewed as a copy operation—could be
achieved without any fundamental energetic cost [7]. For in-
stance, consider the following operation:

00— 00 and 10 11. (1)

Published by the American Physical Society


https://orcid.org/0009-0000-0145-2349
https://orcid.org/0000-0003-3105-2869
https://ror.org/01arysc35
https://ror.org/00djv2c17
https://ror.org/023dz9m50
https://ror.org/03efmqc40
https://ror.org/009gyvm78
https://crossmark.crossref.org/dialog/?doi=10.1103/qvc2-32xr&domain=pdf&date_stamp=2026-10-30
https://doi.org/10.1103/qvc2-32xr
https://creativecommons.org/licenses/by/4.0/

ABHISHEK YADAV AND DAVID WOLPERT

PHYSICAL REVIEW RESEARCH 7, 043324 (2025)

Here, the left bit is copied to the right bit, and the right bit
always starts in state 0. This operation is logically reversible,
and thus was claimed to have no unavoidable thermodynamic
cost. But such reasoning only applies to the reversible compo-
nent of heat flow and ignores EP.

This paper has two main goals. First, we derive a strictly
positive lower bound on the thermodynamic cost associ-
ated with communication through a noisy channel, thereby
establishing that communication—contrary to some earlier
beliefs—has an unavoidable thermodynamic cost. We model
communication as a noisy copy operation, analogous to the
idealized example in Eq. (1), with the channel consisting of
an input and an output node. Crucially, the operation of a
communication channel involves copying the value of input
node to the output node with some noise and subsequently
resetting the value of the input node with a new value drawn
from a source. This cycle—reset, copy, reset—repeats with
each new message.

Second, we extend this thermodynamic analysis to the
computational front and back ends critical to communica-
tion, i.e., encoding and decoding to reduce errors in noisy
transmission [8]. Subsequently, we present a comprehensive
analysis of the thermodynamic costs associated with the com-
plete end-to-end communication system, encompassing the
encoder, channel, and decoder.

Although prior work has examined energetic costs of en-
coding and decoding—particularly in the context of very large
scale integration (VLSI) circuits [9,10]—our approach dif-
fers in scope and methodology. We use tools from stochastic
thermodynamics and analyze abstract, algorithmic imple-
mentations of encoding and decoding, rather than specific
hardware realizations. As such, the bounds we present are
theoretical, and offer insights into energetic costs of encoding
and decoding algorithms.

Our analysis is grounded in the mismatch cost (MMC)
decomposition of thermodynamic cost. For any process on
state space X that evolves an initial distribution p to a final
distribution p; = Gpy, a broad class of thermodynamic cost
functions can be written in the form

C(po) = (f)py +S(Gpo) = S(po). @

where f: X — R is a finite real-valued function and S(-)
denotes Shannon entropy.
Such a cost admits the following decomposition [11,12]:

C(po) = D(poligo) — D(GpollGqo) + C(qo), 3

where D(-||-) is the Kullback-Leibler (KL) divergence and
go = argmin, C(rp) is known as the prior associated with
the cost function C. The quantity D(pollqo) — D(GpollGqo)
is referred to as the MMC. It quantifies the portion of the
total cost attributable to a mismatch between the actual initial
distribution pg and the prior g¢. This decomposition holds for
any choice of G and f, and importantly, MMC provides a
non-negative contribution for any py € A x.

Several thermodynamic cost measures—including total en-
tropy production, the change in nonequilibrium free energy,
and nonadiabatic entropy production—can be expressed in
the form of Eq. (3) and therefore MMC gives a non-negative
contribution in those cases [11]. Recent work has shown that

the MMC can account for a substantial portion of the total
thermodynamic cost in certain scenarios [13].

In this paper, we specifically focus on the MMC contri-
bution to the total thermodynamic cost. It is important to
emphasize that we do not assume or specify any particular
physical model for the components of the communication
system. Instead, our analysis centers on how the probability
distribution over system states evolves during each funda-
mental step of the communication process. For instance, in
the case of encoders and decoders, each computational step
induces a change in the system’s state distribution, resulting
in a sequence {pg, pi, - - -, Pn}-

It is true that, given a function f : X — R and map G,
the corresponding prior distribution can be derived [13]. The
function f captures some physical details of the process that
implements the map G. For instance, in the case of total
EP, f(x) represents the average heat exchanged between the
system and its thermal environment when the system begins
in state x.

In this work though, we do not derive the prior from a
specific physical model of a communication system. Instead,
to gain concrete and interpretable insights into the thermo-
dynamics of communication processes, we adopt simple and
illustrative choices for the prior distributions.

Nonetheless, the minimal thermodynamic cost that we de-
rive for communication channels holds independently of the
specific choice of prior or the physical implementation of the
communication channel. The resulting bound is universal and
applies to any communication channel.

In the case of encoder and decoder components, however,
our chosen priors are not intended to imply generality across
all possible priors. Instead, they serve to illustrate that—even
in the absence of a detailed physical model—each algorithmic
step can contribute a nonzero thermodynamic cost, and MMC
can be used to analyze it once the prior is known.

B. Roadmap and summary

The paper is organized as follows: We briefly review Shan-
non’s communication theory in Sec. Il A. We restrict our
attention to independent and identically distributed (i.i.d.) in-
formation sources, and discrete memoryless communication
channels. We present entropy of the source as an information
measure and mutual information across the channel as the
rate of information transfer through a channel. Subsequently,
we give a brief account of error-correcting codes, outlining
how they enable the detection and correction of message er-
rors, with a specific focus on linear encoders and syndrome
decoders.

Section II B provides an overview of stochastic thermody-
namics. We review the MMC lower bound on EP, laying the
foundation for later discussions. In Sec. III, we present our
first main result: an MMC lower bound on the thermodynamic
cost of communication through a noisy channel [Egs. (37)
and (38)]. We then highlight measurement-and-feedback sce-
narios where communication cost directly impacts work
extraction, noting that measurement is essentially a commu-
nication process, and as a result, the minimal cost associated
with communication plays a crucial role in such settings.

In Sec. IIIC, we examine a concrete example involving
binary channels. For a specific choice of prior, we demon-

043324-2



MINIMAL THERMODYNAMIC COST OF COMMUNICATION

PHYSICAL REVIEW RESEARCH 7, 043324 (2025)

TABLE 1. Table of notation for the main symbols used in the paper.

Table of notation

Symbol Definition

Ty |x Conditional distribution representing the noise in the channel

Px Input or source distribution

Dy Distribution over joint state of channel before copy operation

oy Distribution over joint state of channel after copy operation

%y Prior distribution of process of overwriting of input node

@y Prior distribution of process of copying input state to output node

Gy Distribution resulting form prior g§, after overwriting of input node
@y Distribution resulting form prior ¢4, after copy operation

MC* Mismatch cost associated with the process of overwriting of input node
mc® Mismatch cost associated with the process of copying of input state to output node.

strate that the relationship between the rate of information
transmission and the corresponding minimal cost is concave,
reflecting diminishing returns. This implies that splitting the
information rate across multiple channels can yield a lower
total minimal cost than transmitting the same rate through a
single channel.

Section IV shifts the focus to the encoding and decoding
procedures. These algorithms consist of a sequence of compu-
tational steps. In Sec. IV A, we introduce a formal framework
to model the implementation of such algorithms, grounded in
the periodic nature of modern computer architectures and the
essential role of the instruction pointer. This framework was
initially developed in Ref. [13].

Using this framework, Secs. IVB and IV C analyze the
stepwise MMC incurred by linear encoders and syndrome
decoders. Importantly, we make some rather straightforward
and illustrative choices for the priors, usually assuming that
they are uniform distribution. This allows us to compare
the minimal thermodynamic cost across various linear error-
correcting codes, each characterized by different encoding
lengths and decoding error rates. Finally, we combine the
thermodynamic cost of encoding and decoding with the mini-
mal cost associated with the communication channel, yielding
a total end-to-end cost of the full communication system—
comprising encoding, channel transmission, and decoding.
We compare the associated MMC cost of the system with
the corresponding end-to-end error rate, and highlight the
trade-offs between decoding error rates and the minimal cost.
We conclude with a broader discussion in Sec. V. The main
symbols used in the paper are presented in Table I.

II. PRELIMINARIES

A. Shannon’s theory of communication

The fundamental problem of communication involves
transmitting information from a source to a receiver, a process
that is almost always subject to unavoidable noise. At an
abstract level, communication can be viewed as a copying op-
eration, where symbols generated by a source are reproduced,
often imperfectly, at the receiving end.

Claude Shannon laid the foundation of modern information
theory by quantifying the information content of a symbol
emitted by a source, or more precisely, the average amount

of information generated per symbol [8]. For an i.i.d. source
defined by a set of possible messages and a corresponding
probability distribution, the average information content per
symbol is quantified by the Shannon entropy:

S(px) ==Y _ px(x)log px(x), )
xeX

where X is the set of possible messages, X is the random vari-
able associated with the input state, and px is the distribution
over the messages. The source is maximally informative when
px is uniformly distributed over X. Conversely, the source
produces zero information when the probability distribution
is degenerate (i.e., when all probability mass is concentrated
on a single symbol).

If the channel, or the copy operation, is noisy, then the
information received is not identical to the information pro-
duced at the source; some of it is inevitably lost during
transmission. Let the noise in the channel be characterized
by the conditional distribution 7y|x, where Y is the output
variable with state space ). On average, the amount of infor-
mation lost due to noise is given by the conditional entropy:

SX|Y) == pxy(x.y)log mxy (x]y). (5)
xeX,
yey
where pxy is the joint distribution obtained by pxy(x,y) =
7y|x (y)px (x). The amount of information successfully trans-
mitted from source to receiver is then given by the difference
between the total information generated at the source and the
information lost in the channel:

I(X;Y) = S8(X) = SX|Y), (6)

known as the mutual information between X and Y.

This mutual information represents the average informa-
tion transmitted per use of the channel, and for that reason
it is called the rate of information transmission or rate of
communication.

Error correcting codes

In modern communication protocols, the focus is on ac-
curately predicting the original message despite the errors
introduced by the channel noise. For this purpose, a com-
munication channel is often supplemented with an encoder to

043324-3



ABHISHEK YADAV AND DAVID WOLPERT

PHYSICAL REVIEW RESEARCH 7, 043324 (2025)

encode the messages before sending them through the channel
and a decoder at the other end of the channel [14]. Assuming
that the source messages are optimally represented as binary
strings of length &, an (n, k) binary encoder is a function that
maps these messages to binary strings of length n > k:

E: {0, 1}* — {0, 1}". 7

Each binary string s € {0, 1}¥ is mapped to a valid codeword
E(s) in {0, 1}". Hamming distance between two codewords is
defined as the number of positions at which their bits differ.
The minimum distance dn;, of a code E is the smallest Ham-
ming distance between any pair of distinct valid codewords:

dinin = {Isn;én} d(E(s), E(s)), ®)

where d(t, t) is the Hamming distance between t and t'.

A higher minimum distance is desirable because it in-
creases the capability to detect and correct errors. If the
Hamming distance between codewords is very small, even
minor errors can turn one valid codeword into another, making
it impossible to detect error. Goal of an encoder is to maximize
the minimum distance for a given n and k. In fact, given n
and k, the maximum achievable minimum distance is bounded
by [14]

dmin <n—k+1. ©))

Increasing n generally helps achieve a larger minimum
distance, which improves error detection and correction.
However, a larger n also means that each codeword occu-
pies more bits, requiring an increased number of channel
use to send a message, and therefore slowing down the
communication.

We briefly introduce a simple and widely used class of
error-correcting codes known as linear codes. In a linear code,
the encoding function is a linear transformation represented

by a matrix of the form
I
E' = , 10
H o)

where [; is the k x k identity matrix and P isa (n — k) x k
matrix known as the parity matrix. Given an input message
s € {0, 1}, represented as a column vector, the corresponding
codeword t € {0, 1}" is obtained by

t=ETs. (11)

The first & bits of the codeword are a direct copy of the input,
while the remaining n — k bits—called parity bits—are linear
combinations of the input bits as specified by P. These parity
bits encode redundancy that enables error detection and cor-
rection. A commonly used decoding strategy for linear codes
is the syndrome decoder.

Syndrome decoding relies on a key property of linear codes
known as the syndrome. The syndrome is a binary vector
associated with each codeword: It is zero if the word is a
valid codeword, and nonzero if an error has occurred dur-
ing transmission. Moreover, the value of the syndrome often
contains information about the location of the error, making
it useful for correction. For a linear code E = [I;«, PT], the

corresponding parity check matrix H is defined as
H=[P I,] (12)

The syndrome associated with a received codeword r €
{0, 1}" is defined as z = Hr, where H is the parity-check ma-
trix. A key property of linear codes is that all valid codewords
lie in the kernel of H, i.e.,

Ht =0, for all valid codewords t = E's. (13)

Thus, any received codeword with a nonzero syndrome in-
dicates that an error has occurred during transmission. The
syndrome not only detects the presence of an error but can
also be used to locate it. Let e denote the binary error vector
introduced by the channel. Then the received string r can be
expressed as

r=tde, (14)

where t is the transmitted codeword and & indicates a modulo
2 addition. Using the property in Eq. (11), the syndrome of
the received string becomes

z = Hr = H(t © e) = He. (15)

This shows that the syndrome depends solely on the error
vector e, and not on the original codeword t, and this can be
used to detect and correct error. The third equality, z = He,
establishes a relationship between the syndrome of a received
codeword and the error vector e that might have occurred dur-
ing transmission. With a precomputed lookup table that maps
all possible error vectors e to their corresponding syndromes
z = He, one can effectively decode the received message by
(1) observing the syndrome z of the received vector r, and
then (2) using the lookup table to identify the most probable
error vector € corresponding to the observed syndrome z, and
finally, (3) predict the originally transmitted valid codeword
by adding this error vector (modulo 2) to the received code-
word r

t=roe (16)

It is important to emphasize that despite all the syndrome
decoding, there is always a nonzero possibility of making
an incorrect prediction of € since there could be more than
one e associated with a single z. In that case, the decoder
has to make the most probable estimate of e. An incorrect
estimate € leads to a decoding error. The block error rate is the
probability that an entire transmitted codeword (or block) is
decoded incorrectly, i.e., P (f: # t). Unlike bit error rate, which
measures errors per individual bit, block error rate captures
whether the decoder successfully recovers the full original
message block without any errors. Reducing the block error
rate generally requires increasing the redundancy of the code
by making the codewords longer, which also consequently
leads to a decrease in the communication rate [14].

B. Relevant stochastic thermodynamics

Equilibrium statistical mechanics derives thermodynamics
properties of a system from the underlying equilibrium statis-
tics. Stochastic thermodynamics is an extension that defines
thermodynamic quantities such as heat, work, and entropy to
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the level of stochastic trajectories in processes evolving arbi-
trarily far from equilibrium. The key assumption in stochastic
thermodynamics is that any degree of freedom not explicitly
described by the system’s dynamics—such as the heat or
particle reservoirs—remains in equilibrium. This allows us to
connect thermodynamic quantities and dynamics, through the
principle of local detailed balance [15-18].

One of the central quantities in stochastic thermodynamics
is EP, which quantifies the irreversible heat dissipation during
a process. Consider a system with a discrete state space X
that evolves over a time interval [0, t], transforming an initial
distribution py, into a final distribution px_. Suppose that the
system is coupled to several heat reservoirs indexed by i, each
characterized by an inverse temperature §;. Let Q;(xy) denote
the expected heat flow from the system into the ith reservoir,
conditioned on the system starting in state xp. The expected
total heat flow into the ith reservoir over the process is given
by

(Qidpy = D, Px, (1) Qi(x). (17)

xeX

With this, the total entropy production during the process is
expressed as

Cpx,) = Y BilQi)py, — [S(px,) = S(px)l. (18)

where S(p) = — ) p(x)log p(x) is the Shannon entropy.
The first sum in the expression is also called the total entropy
flow and it corresponds to the change in the thermodynamic
entropy of the environments during the process. Furthermore,
the total entropy flow from the system to the reservoirs can be
written compactly as

D BilQipy, = D P f@) = (flpy.  (19)

xeX

where f(x) := ", B;Q;(x) is the expected change in the ther-
modynamic entropy of all the reservoirs combined if the
system starts in state x.

Thus, C(px,) is the part of the total entropy flow that
is irreversibly lost into the environment, called the entropy
production, whereas [S(px,) — S(px,)] is the reversible part
of the total heat flow, called Landauer cost. According to the
second law of thermodynamics, entropy production is always
non-negative:

C(px,) = 0. (20)

The expected entropy flow (f)p, , which captures the average
heat dumped into the reservoirs, is therefore always lower
bounded by the Landauer cost:

(Fpx, 2 S(pxy) — S(px,) ey

This lower bound is saturated in the limit of quasistatic (in-
finitely slow) or near-equilibrium processes, where C(px,) —
0. Moreover, the Landauer cost itself is upper bounded by
In | X'|. In contrast, for processes that are far from equilibrium,
the total entropy flow (f),, can far exceed this bound, mean-
ing that EP dominates the total thermodynamic cost.
Advances in stochastic thermodynamics have led to the
discovery of various contributions to total EP based on key

properties of a system’s dynamics. Notably, thermodynamic
uncertainty relations (TURs) establish a contribution to EP
that arises from the precision of currents involved in the
system’s evolution [19-21]. Another significant class of re-
sults, known as speed limit theorems (SLTs), provides a lower
bound on EP in terms of the average number of state tran-
sitions during the system’s evolution [22,23]. These results
require some key details of systems dynamics to lower bound
EP; for instance, SLTs require knowledge of the average num-
ber of transitions in the underlying dynamics, while TURs
depend on the precision of currents involved in the process.

A distinct and complementary contribution to EP is known
as the mismatch cost. Consider the initial distribution that
minimizes EP in Eq. (18), denoted as gx,, which we refer to as
the prior distribution of the process. When the process starts
in a distribution different from gy,, the resulting excess EP
is given by the mismatch cost. C(py) can be decomposed as
[11,24]

C(po) = [D(px,llax,) — D(px. llgx )] + Cres,  (22)

where D(p||q) is the KL divergence between p and ¢, and Cies,
known as the residual EP, represents the minimum EP of the
process, defined as C,es := C(qo). The drop in KL divergence
D(px, llgx,) — D(px, llgx,) is called the MMC. Moreover, the
mapping of any initial distribution of systems state to final
distribution under a dynamics can be compactly described by
a stochastic map G such that py (x) = Y. G(x[x")px, (x")
or px, = Gpx,. Then, MMC can be written as

MC(px,) = D(px,llgx,) — D(Gpx [Ggx,).  (23)

Due to the data processing inequality for KL divergence,
MMC is always non-negative [25]. By the second law, the
residual EP satisfies Cres 2> 0, and consequently MMC pro-
vides a non-negative lower bound on total cost. The detailed
physical implementation of the process is encoded in the
residual cost and the prior distribution. However, once the
prior is known, the MMC gives a guaranteed lower bound on
EP for any arbitrary initial distribution. Crucially, this bound
applies broadly to a general Markovian or non-Markovian
process.

Furthermore, in Ref. [13], it has been shown that MMC
can be a significant contribution to the total cost, especially
when total heat generation during the process is significant.
To sketch the intuition, recall that f (x) represents the expected
entropy flow to the reservoirs when the system starts in state
x. One can rewrite Eq. (18) as

Clpx,) = Y f)px, () = [S(px,) — S(Gpx,)l.  (24)

Prior distribution is entirely determined by f(x) and the map
G [13]. In a scenario, where the total heat generation is large
on a scale of In |[X| and f(x) is not uniform across all states
x € X, the resulting prior distribution gets closer to the edges
of the probability simplex. In other words, the prior becomes
increasingly peaked. This peaking of the prior results in a high
value of KL divergence between a typical actual distribution
px, and the prior gy,, thereby increasing the MMC. More
precisely, if max,cx f(x) — f(c) > In|X|, then the mismatch
cost for the worst-case input distribution, denoted as MC* =
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200 400 500

FIG. 1. Mismatch cost increases significantly with entropy flow scaling k, demonstrating its dominant contribution in high-EP scenarios.
Starting with arbitrary chosen values f(1) = 0.5, f(2) = 0.1, and f(3) = 0.2, we scale all f(x) by a factor k, resulting in new values & f (x).
(a) As k increases, the associated prior distribution gx, = arg min,XO C(rx,) [as defined by Eq. (24)] shifts closer to the boundary of the
2-simplex. (b) Consequently, the mismatch cost for a typical initial distribution (here, px, = {0.46, 0.33, 0.21}) becomes a larger fraction of
the total EP, eventually exceeding 60% of the total EP. The calculations are performed using the map G defined in Eq. (26), with ¢ set to 0.1.
The total entropy production is computed from f(x) and G using Eq. (24), while the corresponding mismatch cost for each resulting prior is

calculated using Eq. (23).
max,, MC(px, )), is lower bounded by [13]

MC* > max f(x) — min f(x) — In | X]. (25)

Figure 1 illustrates this effect for a three-state system under
amap G,

0

¢ |,
l—¢

-9
0
¢

¢
-9
0

G= (26)

where ¢ € [0, 1]. Starting from an arbitrary function f(x),
scaling its values by a factor of k causes the prior distri-
bution to shift toward the edges of the 2-simplex. As this
scaling increases, the associated MMC becomes an increas-
ingly significant contributor to the total EP for a typical initial
distribution, as shown in Fig. 1.

In the context of communication channels, MMC is central
to understanding how the rate of information transmission
relates to its cost. As discussed earlier, the information trans-
mitted from X to Y during each copy operation is quantified by
the mutual information /(X;Y), which depends on the input
distribution px for a fixed channel. From the decomposition
of total thermodynamic cost in Eq. (22), the MMC is the
component of the cost that explicitly depends on py, while the
residual term remains fixed across all input distributions. The
input distribution to a communication channel determines the
initial joint distribution over the channel’s state. Since MMC
captures the part of EP that depends on this initial distribu-
tion, it effectively isolates the component of EP that varies
with the input. Consequently, when analyzing how changes
in information transmission affect the total thermodynamic
cost, MMC identifies precisely the portion that covaries with
mutual information.

III. MINIMAL THERMODYNAMIC COST
IN COMMUNICATION CHANNELS

The model of communication channel that we are going to
consider in this section is inspired by many real-world chan-
nels in which the source end is continuously and repeatedly
updated with new values, and each of which is copied to the
other end of the channel, the receiver end. Crucially, it is not
a one-time process but it is continuously repeated—source
values are repeatedly updated and copied to the receiver
in an ongoing cycle. Such dynamics arise in a variety of
communication channels—for example, in cellular signaling
pathways, where ligand concentrations at the membrane are
continuously sensed and propagated downstream [26,27] and
in digital devices, where sensors or processors continuously
write new values to shared memory or communication buses
for retrieval by downstream components.

We represent a noisy communication channel as a two-
node graph with an input node X and an output node Y, and
a conditional distribution 7y |y that specifies the probability of
output given input (see Figs. 2 and 3). The joint distribution
pxy defines the state of the channel. Communication involves
two key steps:

(a) Overwriting of input: A value is assigned to the input
node X, drawn randomly from a distribution py.

(b) Copying input value to output: The input value is then
copied to the output node Y, subject to noise governed myx.

Importantly, as in many practical scenarios where channels
are repeatedly reused, in this model, steps (a) and (b) are
applied in succession over and over again. More specifically,
after the end of step (b) in each iteration of the channel, the
output and input node are correlated. Let p})’(y denote the joint
state of the channel at the end of step (b) from a previous
cycle. It can be written as

Poy (X, ¥) = Ty ix (V1) px (x). 27
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- O .

FIG. 2. Schematic of a communication channel: (1) The state
of the input node X is updated with a new value drawn from the
information source. (2) This input state is then copied to the output
node Y, subject to noise characterized by the conditional distribution

Ty|x

Ty |X -

For subsequent use of the channel, input node is over-
written with a new value that is randomly sampled from the
distribution px. Let p%, denote the joint state of the channel
after overwriting process (a). Since the new input value is
sampled randomly, p%y is given by

Py (X, ) = px (x) py (), (28)

where py (y) = > p&y (x, y) is the marginal distribution over
Y. The next step, (b), involves copying the new input value of
X to the output node Y subject to the noise myx. After this
copy process, the joint distribution returns to p%, (x, y).

In this way, each iteration of sending a bit through the
channel causes the system to cycle from the state p%, to p%y,
and then back to its initial form p%, (see Fig. 4).

A. Mismatch cost in communication channel

The joint state of the channel consists of the input node X
and the output node Y. The process of input overwriting can
be viewed as the evolution of this joint system, where the state
of X changes independently of Y, while the state of ¥ remains
unchanged. This type of evolution is known as a subsystem

ps
m) -L-n PEy(x,y) = Tyx(y |x)Px(D

Px

Ty|x

(ii) X ﬂ Py y) = px(0)py(y)

Qii) Q.Lﬂ Py, y) = ﬂy|x()’|x)Px(x)J

FIG. 3. We model the communication channel as consisting of
an input node X and an output node Y. At each iteration, a value
is sampled from the input distribution px and copied to the output
according to the conditional distribution 7ryx. Following this copy
operation, the input is updated with a new value, independently
drawn from py, thereby resetting the joint state of (X,Y) from
correlated to uncorrelated.

(a)
/—\

a b
Pxy Pxy

\_/
(b)

FIG. 4. Diagram illustrating how the joint distribution of the
channel evolves during (a) the overwriting of the input and (b) the
noisy copying of the input state to the output. Here, p%, (x,y) =
px(x)py (y) and p%y(x,y) = 7y ix (y|x)px (x). With each use of the
channel, the joint distribution cycles from p%, to p%, and back again.

process (see Appendix 1). In such processes, evolution of a
joint system can be broken down into independent evolution
of multiple subsystems [28,29]. Importantly, in subsystem
processes the prior distribution over the joint system factor-
izes into the product of the marginals of the two subsystems.
Specifically, let g%, denote the prior for the input-overwriting
process. Then, it can be expressed as a product distribution:

qyy (x, y) = g5 (X)gy (). (29)

The new value of X is independently sampled from py. If
the channel starts in g%, before the input node is overwritten,
then after the overwriting, the distribution of X is px and the
resulting joint distribution is

Ixy (x, y) = px(X)qy (). (30)

The actual distribution over the states of the channel before
and after the overwriting process are p%, [Eq. (27)] and p%,
[Eq. (28)], respectively, while the prior distribution changes
from g%, to g%, as depicted in Fig. 5. Therefore, the mismatch
cost associated with this overwriting process is given by

MC“(px) = D(Piylldky) — D(Piyld%y). (D)

(a)
— X

a ~d
dxy dxy
b ~b
dxy dxy

\/
(b)

FIG. 5. Diagram illustrating how the prior distributions associ-
ated with (a) the overwriting process and (b) the noisy copying of the
input state to the output evolve through their respective transforma-
tions. In panel (a), the prior changes from g%, (x, y) = q¢%(x)qy (y)
to gy (x,y) = px(x)qy (y). In panel (b), the prior changes from
Gy (X, ) 10 Gy (x, y) = Ty x (VIX) g (x).
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which simplifies to

MC*(px) = IX;Y) + D(px llg%)- (32)
where I(X;Y) is the mutual information between X and Y
before overwriting.

p};(y(X, )’)

I(X;Y)= b (x, )1 )
¥y =) pytentos G0

x,yeX

(33)

The derivation is provided in Appendix 2.

Now, let us consider the mismatch cost associated with
copying process. The value of the output depends on the value
of the input 7y|x. Therefore, although Y evolves while the
state of X does not change, by definition it is not a subsystem
process and the prior distribution cannot be expressed as a
product distribution. Let ¢%, denote some arbitrary joint prior
distribution for the copying process. After the copy operation,
q%y evolves to

Goy (6, ) = Ty (V1X)gy (x), (34)

where ¢ (x) = Zy @%y (x, y) is the marginal prior distribution
of X. The actual distribution over the states of the channel
before and after the copying process is p%, [Eq. (28)] and
P%y [Eq. (27)], respectively. Therefore, the mismatch cost
associated with copying operation is

MC” = D(piy lgxy) — D(Piy dxy ) (35)
which further simplifies to
MC” = D(pxpr lldky) — D(pxllay)- (36)

Combining Egs. (32) and (36), the total mismatch cost is

MC(px) = I(X; Y )+D(px l|gy)+D(px py I gy ) —D(px 1 4% )-
37)

While I(X;Y) quantifies the rate of information transmitted
per channel use, MC(px ) in Eq. (37) expresses the MMC per
use of the communication channel, representing the unavoid-
able EP incurred with each symbol transmission.

The derivation of Eq. (37) does not rely on any specific
assumptions about the physical details of the communication
channel’s implementation. In particular, it holds regardless
of whether the underlying dynamics of steps (a) or (b) are
Markovian or non-Markovian, discrete time or continuous
time. The result follows directly from the general structure of
the communication model, which consists of two fundamental
operations: (1) overwriting the input (a subsystem process)
and (2) performing a noisy copy to the output.

The only model-dependent quantities in Eq. (37) are the
prior distributions, ¢% and ¢%,, which encapsulate the phys-
ical characteristics of the process. As described earlier in
Eq. (24), these priors are determined by the entropy flow
functions f(x) and the computational map G. Once G is
specified, assumptions about the entropy flow f(x) allow one
to determine the corresponding priors. In the next section,
we illustrate this by deriving priors from given entropy flow
profiles.

Furthermore, since KL divergence is always non-negative,
D(pxllgy) = 0, and by the data processing inequality,

D(pxpyldy) — D(pxligy) = 0 for all px, g%, and ¢%y.
Therefore,

MC(px) 2 I(X:Y). (38)

This inequality holds irrespective of the prior of the under-
lying process implementing the communication channel. The
total cost in the communication channel is lower bounded by
the mutual information, which quantifies the rate of informa-
tion transmission.

B. Implications for work extraction via measurement
and feedback

We briefly talk about the role of the minimal cost of
communication in Eq. (38) to the work extraction under
measurement-and-feedback control.

A generalized maximum work extraction formulation of
the second law states that in an isothermal process the maxi-
mum extractable work between two distributions py, and px,
is given by the change in nonequilibrium free energy [30],

(W) < Fpxy) = F(pxi)s (39)

where F(pyx,) = (E),,XO — kT S(px,). However, in the pres-
ence of measurement-and-feedback protocols; i.e., when there
is a measurement of system’s state involved before applying
the protocol and the protocol depends on the outcome of the
measurement, the maximum extractable work is the change
in free energy plus the mutual information between system’s
state and the memory [31,32].

W) < Fr,(px,) — Fe (px,) + 1(X5 M), (40)

where I(X; M) is the mutual information between system’s
state and the memory of the measuring device. If the accuracy
of a measurement is described by the conditional distribution
7amx, which gives the probability of observing outcome M
given the system’s state X, then the measurement process
can be viewed as a communication (or observational) channel
7y x - Equation (40) implies that it is possible to extract work
exceeding the bound imposed by the second law [as given in
Eqg. (39)] by performing a measurement on the system and ap-
plying a feedback protocol that depends on the measurement
outcome.

A canonical example of this phenomenon is Szilard’s en-
gine, which consists of a single-particle gas in a box. In this
setup, a demon measures whether the particle is on the left
or right side of a partition. Based on this information, the
demon allows the piston to expand, extracting an amount of
work equal to kgT log?2 [33,34].

By repeating this cycle, the demon can extract kzT log 2
of work per iteration—or more generally, kgT1(X; M), where
I(X; M) is the mutual information between the system and
measurement outcomes. This seems to suggest the possibility
of a perpetual motion machine of the second kind, apparently
in violation of the second law.

Earlier efforts to reconcile Szilard’s engine with the sec-
ond law emphasized that, in a repeated setting, the step of
resetting the demon’s memory to a blank state is logically ir-
reversible and incurs an associated Landauer’s cost [35]. This
cost precisely offsets the additional work extracted, thereby
restoring consistency with the second law. More recent work

043324-8



MINIMAL THERMODYNAMIC COST OF COMMUNICATION

PHYSICAL REVIEW RESEARCH 7, 043324 (2025)

0.7 - + Noise f = 1.0x10°
« Noise f = 1.0x10°
0.6 - « Noise f = 1.0x107

0.5 -

0.4 -

Mutual Information 1(X:Y)

1 2 3 4 5 6
Mismatch Cost

(a)

0.7 -

0.6 -

0.5-

0.4 -

0.3 -

0.2 -

Mutual Information I(X:Y)

s fio=10x10", fo =10x10"°

0.1- s flo=1.0x107", fo =1.0x107°
«  fio=1.0x10", fou=1.0x107"

1 2 3 4 5 6
Mismatch Cost

(b)

FIG. 6. Relationship between mismatch cost and transmitted information in a binary channel. The graphs are obtained by using Eq. (37).
For the binary channel, the input distribution is parameterized as px(x = 0) = r and px(x = 1) = 1 — r. Each curve is generated by varying
r from O to 1, with the resulting mutual information between X and Y plotted on the y axis and the corresponding total mismatch cost
from Eq. (37) on the x axis. The overwriting prior g% is taken to be uniform, while the prior for the copying process is set as g%, (0, 0) =
g%y (0, 1) = 0.498 and ¢4, (1,0) = ¢4, (1, 1) = 0.002. Distinct curves correspond to different noise levels in panel (a) symmetric channels
and panel (b) asymmetric channels, parameterized by the conditional probabilities wyx (0|1) = fo; and 7y x (1|0) = fio. In both cases, mutual
information initially increases with mismatch cost, peaks at channel capacity, and then decreases. This concave-down relationship reflects
diminishing returns: higher thermodynamic cost yields progressively smaller gains in information transmission.

has further deepened our understanding by showing that a
loss of correlation between components of a system during
a process contributes to the total EP. Specifically, the decrease
in mutual information between subsystems during a process
corresponds exactly to a positive contribution to the entropy
production [29,36].

Consistent with prior work, Eq. (38) shows that there
is a minimal thermodynamic cost associated with measure-
ment in each cycle, and this cost is precisely given by the
mutual information between the system’s state X and the
measurement device’s memory M. Furthermore, Eq. (37) pro-
vides an even tighter lower bound on the thermodynamic
cost—one that can exceed the mutual information. Together,
these results demonstrate that a measurement-and-feedback
control process necessarily dissipates at least as much, and
potentially more, work than it extracts. This reinforces the
thermodynamic consistency of information-driven processes
and precludes the possibility of a perpetual motion machine
of the second kind.

In the next section, we examine a binary communication
channel and begin by making assumptions about the asso-
ciated priors. These assumptions allow us to analyze the
channel’s thermodynamic cost without needing to explicitly
define the underlying physical process. We will demonstrate
that, for certain kinds of priors, the observed relationship
aligns with the concave relationship between EP and commu-
nication rate that has been found in concrete physical models
[37,38]. However, we also show that this concavity is not uni-
versal, as other relationships can arise depending on the prior.

C. Example of a binary channel

We consider a binary communication channel with input
and output state spaces X = ) = {0, 1}. For simplicity, we

first assume that the prior distribution associated with the
overwriting process, g% in Eq. (37), is uniform. We begin by
assuming that the prior associated with the copying operation
satisfies ¢4, (0,0) = g}y, (0, 1) < g4y (1,0) = g}, (1, 1). As
shown in Fig. 1, such an asymmetric prior-positioned near the
edge of the simplex—reflects large values of the entropy flow
terms. A sufficient condition for obtaining this type of prior
is a communication channel where f(x, y) values are signifi-
cantly large, with £(0,0) = f(0, 1) > f(1,0) = f(1, 1). The
source distribution px (x) is parameterized by a single variable
p, where px(0) = p and px(1) = 1 — p. By varying p over
the interval [0,1], we explore different source distributions.
For each px(x), we compute the mutual information between
X and Y after the copy operation, and the mismatch cost using
Eq. (37).

Figure 6 illustrates the relationship between mutual infor-
mation and mismatch cost for both symmetric and asymmetric
binary channels. Mutual information initially increases with
mismatch cost, peaks at channel capacity, and then declines.
This behavior arises because of how mutual information and
mismatch cost vary with the input distribution parameter
px(x = 1) = r. As r varies from 0 to 1, the mutual informa-
tion begins at zero, increases to a maximum at r = r* (with
r* = 0.5 for a binary symmetric channel), and then decreases
again, reaching zero at r = 1. In contrast, the mismatch cost
is minimized at an intermediate value of r depending on the
prior distribution, but maximized at the boundaries (either at
r =1 or r = 1). Thus, when r approaches either boundary,
the mutual information goes to zero while the mismatch cost
is maximized. This behavior results in concave-down curves
that reflect the law of diminishing returns: The increase in
mutual information with increasing thermodynamic cost gets
progressively smaller.
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FIG. 7. Relationship between information transmitted and mis-
match cost per channel use is concave downward, illustrating the law
of diminishing returns. The point (MC*, T*) on the curve, determined
by the tangent from the origin, is where the transmission rate to cost
ratio is maximum.

It suggests that operating at channel capacity is thermo-
dynamically inefficient. This principle—known as reverse
multiplexing—shows that distributing cost across multi-
ple channels can enhance overall information transfer
efficiency [39,40].

For example, Fig. 7 shows an operating point (MC*, I*)
where the ratio of information transmitted to mismatch cost is
maximized. Beyond this point, the curve exhibits diminishing
returns—any further increase in information transmission rate
I > I* requires disproportionately higher mismatch cost per
additional bit of information. In such cases, it is more thermo-
dynamically efficient to split the communication across two
identical channels, (X, Y;) and (X3, Y»), rather than using a
single channel at a higher rate. If the values of inputs X; and
X, are sampled independently from py, and py,, respectively,
the combined information transmitted across the two channels
is simply the sum of the information transmitted through each
channel individually:

I(X1, Xo: 11, Vo) = 1(X1: 1) + 1(X2; 1a). (4D

In Appendix 3, we provide a formal proof that the MMC asso-
ciated with communication over a joint channel—comprising
two input nodes and two output nodes—is equal to the sum
of the MMC incurred when each of the two input-output
channels operates independently. That is, if the values of input
nodes are sampled independently from distributions px, and
Dx,, then the MMC incurred during communication over joint
channel, MC 1, (px, px,) = MCi(px,) + MCa(px, ). This result
demonstrates the additivity of MMC under parallel composi-
tion of communication channels.

Since each channel operates at or below I*, where the
information-to-cost ratio is higher, the combined mismatch
cost MC; + MC, will be lower than the mismatch cost re-
quired to transmit the same total information through a single
high-rate channel. This reflects the principle of reverse multi-
plexing, where distributing the load across multiple lower-rate
channels reduces the overall thermodynamic cost.

However, this concave downward relationship does not
hold for all choices of prior g%, . For example, when both g%,
and g% are uniform, the relationship between mutual informa-
tion and mismatch cost is qualitatively different. As shown in
Fig. 8(a), mismatch cost and rate of information transmission
become inversely related: MMC is minimized when the rate of
information transmission reaches its maximum (i.e., channel
capacity), indicating that operating at capacity is thermody-
namically efficient in this case. Conversely, mismatch cost is
highest when information transmitted is minimal. The reason
behind this is that in a symmetric noisy channel, information
transmission is maximized when the source distribution is
uniform. On the other hand, when the priors ¢} and ¢%, are
uniform, mismatch cost is minimized, since D(px|lqy) =0
and D(pxy ||q§(y) is minimum. As the source distribution de-
viates from uniformity, mutual information decreases while
mismatch cost increases, yielding the inverse relationship
shown in Fig. 8(a).

Interestingly, the relationship can behave quite differently
under other priors. Figure 8(b), generated with an arbitrary
choice of ¢%, (while keeping ¢§ uniform), shows a different
relationship between mismatch cost and mutual information.

We now turn to the mismatch cost associated with en-
coding and decoding protocols in communication processes.
As discussed earlier, encoding and decoding form the back-
bone of modern communication theory and practice. Thus, a
comprehensive understanding of the thermodynamic cost of
communication must also account for the energetic costs of
encoding and decoding.

Unlike the simple yet broadly applicable model of a noisy
communication channel considered earlier, encoding and de-
coding are inherently complex computational tasks. There
exist multiple ways to implement them—for instance, linear
encoders can be realized through Boolean circuits, while even
basic implementations of syndrome decoders involve nontriv-
ial circuit architectures. This complexity makes it challenging
to account for the thermodynamic cost incurred at every com-
putational step.

To circumvent these difficulties, we adopt the framework
of periodic machines, as introduced in Ref. [13]. Periodic
machines provide a way to implement algorithms at either
a high-level or low-level abstraction, designed to reflect the
periodic, clock-driven nature of modern computing archi-
tectures (e.g., random access stored program (RASP)-based
models). By design, periodic machines repeat a fixed phys-
ical process—analogous to the fetch-decode-execute cycles
in stored-program computers. Importantly, these machines are
tailored to the specific algorithm they implement. In the next
section, we briefly review the properties of periodic mismatch
cost and employ this framework to derive lower bounds on
EP associated with encoding and decoding algorithms imple-
mented on a periodic machine.

IV. MINIMAL THERMODYNAMIC COST OF LINEAR
ERROR-CORRECTING CODES

A. Mismatch cost of algorithmic computation

In this section, we formally define the concept of a peri-
odic machine [13], which iteratively executes the steps of a
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FIG. 8. Relationship between mismatch cost and mutual information in a binary channel for different prior distributions. (a) Both g§ and
g%y are uniform, leading to an inverse relationship: Mismatch cost is minimized when mutual information is maximized (at channel capacity).
(b) g% remains uniform, but g%, is chosen asymmetrically with ¢%, (0, 0) = 0.35, ¢4, (0, 1) = 0.22, ¢%, (1, 0) = 0.25, and ¢%, (1, 1) = 0.18,
resulting in a qualitatively different relationship. Once again, each curve is generated by varying input distribution parameter px(x = 1) =r
from O to 1, with the resulting mutual information between X and Y plotted on the y axis and the corresponding total mismatch cost from

Eq. (37) on the x axis.

program. A program or algorithm is a sequence of instructions
that systematically operate on variables, updating their values
step by step as the computation progresses. All variables of
an algorithm include input variables, internal variables such
as flags, loop counters, and other control variables. A central
component is the program counter, which tracks the current
instruction being executed at any given moment. The state
of the algorithm at any point during its execution is defined
by the values of all its variables, including the current value
of the program counter. Let X; denote the random variable
representing the state of the algorithm immediately after the
ith algorithmic step, with possible joint values x; € X 4. Here,
X 4 is the set of all allowed joint states of the variables in the
algorithm 4. Additionally, X, represents the random variable
corresponding to the initial state xy of the algorithm before
execution begins.

A jump from any state x; to a next x;4 is fully specified
by the algorithm. The transition is many-to-one or one-to-
one in the case of a deterministic algorithm, whereas in a
probabilistic algorithm, this transition is stochastic, and the
next state is drawn from a probability distribution specified by
the algorithm. In both cases, the progression from x; to x; |
can be captured by a map G4 : X4 — &4, corresponding to
algorithm which, given the current state x;, returns the next
state x;1:

Xir1 = Galx)). (42)

When the algorithm halts, G4 reaches a fixed point. The
dynamics of the algorithm induce a corresponding dynamics
on the probability distribution over the state space A. To
describe this formally, we index each state x; € X 4 and define
a transition matrix G, where each element G, specifies the
probability of transitioning from the state with index m to the
state with index n. If state m does not transition to state n, set
G = 0. For deterministic algorithms, G, will be either 0 or

1, reflecting the deterministic nature of the state transitions.
The discrete-time evolution of the probability distribution
over the state space is governed by the stochastic map G:

Pxi = Gpx;, (43)

where py. represents the probability distribution of X;. Equa-
tion (43) defines a discrete-time evolution of the probability
distribution, where the same stochastic map G is applied at
each iteration. Therefore, one can write

px, = G'px,. 44)

As the algorithm progresses and eventually halts, the distribu-
tion converges to a steady-state distribution.

Assuming that the underlying physical process implement-
ing G remains unchanged across iterations, this corresponds
to repeatedly applying the same physical process, driving the
system through a sequence of probability distributions. Con-
sequently, the prior distribution associated with the underlying
process implementing the stochastic map G also remains the
same across iterations. Let gy denote the prior. After each
iteration of the process, the ending distribution associated with
the prior is gx = Gqx, whereas the actual distribution after
ith iteration is given by Eq. (44). Therefore, the MMC in
ith iteration is given by

MC'(px,) = D(G" ' px, llgx) — D(G'px, |Ggx) ~ (45)

for any i€ {0, 1,...}. Note that the prior distribution g
remains same across iterations. However, the actual state
distribution evolves with each iteration. Therefore, if the al-
gorithm takes 7 iteration to halt for all it’s inputs, the total
mismatch cost associated with an initial distribution py, is
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given by

MC(px,) = Y MC'(px,)

i=1

,
= ID(G px, llgx) — D(G'px, IGax)].  (46)
i=1

Even if the process starts at the prior gg, after the first
iteration, the distribution becomes p; = Ggqp, which differs
from g. This deviation from the prior distribution results in
a strictly positive MMC in the next iteration, and the same

holds for subsequent iterations [41].

Initial state of the algorithm and resetting cost

Before going further, let us briefly discuss how the initial
distribution for an algorithm is properly defined. When as-
signing an initial distribution py,, it is crucial to understand
the nature of the variables involved. An algorithm starts with
its program counter set to O and includes input and noninput
variables. Noninput variables may consist of loop counters,
flags, and other special variables that are initialized to spe-
cific starting values. Let Xj,, Xnin, and X, denote the random
variables representing the states of input variables, noninput
variables, and special variables, with values xin, Xyin, and xgp,
respectively. We assume that the input variables are freshly
initialized before each run by sampling from a distribution
Dx,,- The special variables—such as the program counter and
loop counters—are always reset to their initialized states at
the start of each run. This is represented by a deterministic
distribution over their initial values:

PXx, (xsp) = 8X5p (xsp)a 47)

where 8x,_ (xsp) is the Kronecker delta, ensuring that the spe-
cial variables are set to their predefined initial states with
probability 1. In contrast, the noninput variables are assumed
to retain their values from the end of the previous execution
of the algorithm. That is,

PxnGonin) = Y px, (), 48)
Xin s Xsp

where py (x) is the joint distribution over all variables at the
end of the previous run. Thus, after reinitialization, the joint
distribution over the algorithm’s state is given by

Px,(X) = px,, (Xin) (SXSP (xsp) PX,in (Xnin)- (49)

This transition of the distribution from px, to px,, which
occurs due to the reinitialization before the start of a new
run, incurs a mismatch cost. The MMC associated with this
reinitialization step is given by

MC* = D(px,llgk,) — D(px, l1G%,): (50)
where q)“(f is the prior distribution associated with the over-
writing process. After the input and special variables are
reinitialized, the prior evolves to

qgff (x) = Pxi, (Xin )(SXSp (xsp )61?(“ (Xnin)s S

where qg’(m“ (Xnin) = me%p q?(f (x) is the marginal distribution
of Xnin-

1 def LinearEncoder(t):

2 for ¢ in range(0, n-k):
3 tle+k] = (Plcl@ t[:k])%2
4 return t

FIG. 9. Python script of a linear encoding program. The first k
bits of the vector t correspond to the input string, while the remaining
bits are parity bits computed during program execution using the par-
ity check matrix P. The variable i serves as a loop counter, initialized
to i = 0 at the start of the program.

Given this, the mismatch cost simplifies to

MC® = D(px, g% ) — D(px.. lld,. )- (52)

The above consideration of mismatch cost of setting new
values before reusing the computational machine extends to
any physical device that involves overwriting.

In the next couple of sections, we compute the mismatch
cost associated with linear encoding and syndrome decoding
algorithm.

B. Mismatch cost of linear encoding algorithm

Consider the linear encoding algorithm illustrated in Fig. 9.
It is an (n, k) linear encoder with an associated parity-check
matrix P,

(53)

—_— =

0
1
1
1

—

1
1
0
1

The algorithm takes as input an n-bit tape t, where the first
k bits represent the input message s, and the remaining n — k
bits are reserved for the parity bits. Inside the for-loop, the
algorithm iteratively computes the cth parity bit and writes it
to the (¢ + k)th position of t. Values of t and the loop counter
c together constitute the state of the algorithm.

To compute the MMC of this encoding algorithm, we con-
struct the stochastic map Gg associated with the algorithm,
as described in Sec. IV A. We assume that the k-bit input
message s is sampled from an i.i.d. Bernoulli distribution with
bias «. That is,

P, () = MO (1 — a)h®, (54)

where #,(s) and #,(s) denote the number of 1s and Os in s,
respectively. The remaining n — k bits of t retain their values
from the previous execution of the algorithm, while the loop
counter is reinitialized to ¢ = 0. This defines the initial distri-
bution py,, as discussed in Sec. IV A 1.

After the ith step in the program, which corresponds to
ith iteration of the for-loop that computes the ith parity bit,
the distribution over the state of the algorithm is given by

px. = Gipx,- (55)

To compute the mismatch cost at each step, we assume that
the prior distribution associated with the physical process im-
plementing Gg is uniform. Then, the mismatch cost incurred
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FIG. 10. Mismatch cost incurred in each iteration of the map Gg for panel (a) an (8, 4) encoder. The input strings to the encoder are drawn
from an i.i.d. Bernoulli distribution given in Eq. (54), with Bernoulli parameter «. (b) Comparison of MMC incurred in each iteration across
different encoders, where the encoding algorithms vary by the number of additional parity check bits. The input strings are sampled from a

distribution with parameter & = 0.80 in panel (b).

in the ith iteration is given by

MC/(px,) = D(G§ ' px,llax) — D(Gipx,lIGegx).  (56)

Completing the program requires n — k iterations of the
map Gg. Therefore, the total MMC incurred by an (n, k) linear
encoding algorithm is given by

n—k
MCg(px,) = Y _ [D(G§ ' px, | 4x) — D(Gipx, || Gegx)]-

i=1
(57)

Figure 10(a) shows the mismatch cost incurred in each
iteration of a (8,4) linear encoding algorithm for various
values of the Bernoulli parameter « of the input distribution.
For a given «, the mismatch cost remains constant across the
first three iterations, which correspond to the computation of
the first three parity bits. However, it increases during the
computation of the fourth parity bit. In the fifth iteration, the
algorithm halts, the system’s dynamics reach a steady state,
and the mismatch cost stabilizes.

Figure 10(b) compares the per-iteration MMC across dif-
ferent linear encoders, each with the same input length k = 4
but varying numbers of appended parity bits. Interestingly,
despite differences in total iterations and internal state space
(e.g., tape length and loop counter size), certain patterns per-
sist. For example, the MMC associated with computing the
final parity bit is identical across encoders, whether it occurs
in the first iteration of a (5, 4) encoder or the fourth in a (8, 4)
encoder. Similar consistency appears for the second-to-last
parity bit, third-to-last, and so on. Moreover, once the steady
state is reached, all encoders exhibit the same constant MMC.

Figure 11 shows the total mismatch cost, computed by
summing over all iterations before the algorithm halts [as
defined in Eq. (57)], plotted against the number of parity
bits for different values of the Bernoulli parameter o of the
input distribution. The results indicate that the total MMC
grows linearly with the number of parity bits. This linear trend
arises because each additional parity bit contributes a roughly

constant mismatch cost, as observed in Fig. 10(b). The mag-
nitude of this cost depends on the input distribution: The
further o deviates from the uniform distribution, the higher
the mismatch cost, as shown in Fig. 10(a).

In the next section, we perform a similar analysis for syn-
drome decoders.

C. Mismatch cost of syndrome decoding algorithm

We provide a high-level pseudocode in Fig. 12 for a syn-
drome decoder, which operates on three main variables: y, z,
and e, along with a program counter denoted as pc. Here, y is
the n-bit string received from the channel, z is the computed
syndrome, and e is the error vector. The program counter
pc takes values 1, 2, and 3, corresponding to the three main
steps of the decoding process: (1) computing the syndrome,

2.4
a=0.30

®
x
x

Mismatch cost

1.6 -

1.4-

125 1 i i i
1 2 3 4

Number of extra parity bits

FIG. 11. Total mismatch cost (MCy = Zi MCiE) of the encoding
algorithm for different encoding lengths. Here again, k = 4 is fixed
and n varies from 5 to 8. « is again the Bernoulli parameter of the
probability distribution of the input strings [see Eq. (54)].
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1 def SyndromeDecoder(y):
2 z = H@y

#Calculating syndrome [Code line 1: Matriz Multiplication]
#look-up table [Code line 2: Searching an element in the table]

3 e = Table[z]
4 y = (y+e)%2 #estimated output [Code line 3]
5 return y

FIG. 12. Python script for syndrome decoder. For a received y, the first step involves computing its syndrome s by using the parity check
matrix H. Based on the syndrome, error vector e is estimated from a precomputed lookup table in the second step. The third step involves

correcting the received vector by adding the estimated error vector.

(2) using a precomputed lookup table to identify the most
probable error vector, and (3) correcting the received vector
by adding the estimated error vector. Together, these variables
define the state of the syndrome decoding algorithm, denoted
as (y, z, e, pc).

The stochastic map Gp associated with the decoding al-
gorithm is constructed, as described in Sec. IV A. We use
Y; to denote the random variable representing the state of
the decoder immediately after the ith iteration of the map.
Additionally, Y, denotes the random variable representing the
initial state of syndrome decoder, which is chosen as described
in Sec. IV A 1: The program counter is set to 1 with probabil-
ity 1; the noninput variables z and e retain their values from
the end of the previous execution; and the input variable y is
freshly initialized by sampling from py, (y), the distribution
over received strings induced by the channel. py, (y) is ob-
tained from the input distribution to the encoder. Specifically,
Dx,, (8), defined in Eq. (54) for encoder, induces a distribution
over the encoded codewords, which are transmitted through
the noisy channel, thereby inducing a corresponding distribu-
tion over the received strings at the decoder input. Let py, (y)
denote the induced distribution over input to the decoder.

To compute MMC asscoiated with the decoder, we assume
that the prior distribution gx for the decoding algorithm is

3.5
X a=03
X a=0.5
3.0- ®x a=08
2.5-
o 20-
O
E 15-
1.0 -
0.5 -
0.0 1 2 3 4 5 6

Iteration (i)

(a)

uniform. MMC incurred in ith step of the decoding algorithm
is given by

MC},(py,) = D(G}, ' pylay) — D(Gppy,|Gpay).  (58)

Figure 13(a) illustrates the mismatch cost in each itera-
tion of a (7,4) syndrome decoder for various values of the
Bernoulli parameter « of the input distribution. Since the de-
coding algorithm halts after three steps and the distribution py,
reaches a steady state, the mismatch cost stabilizes beyond the
third iteration. In contrast to the encoding algorithm—where
each step simply computes a parity bit—the computations
performed during decoding differ across steps, resulting in
significant variation in the mismatch cost. In particular, the
second step, which updates e using a lookup table, incurs the
highest mismatch cost.

Figure 13(b) compares the per-iteration MMC across var-
ious (n,4) syndrome decoders, which differ in the value of
n—that is, the length of the received n-bit string after a k = 4
bit input was encoded into an n-bit codeword and transmitted
through a noisy channel. All decoders reach a steady state
after three iterations, independent of n. For larger n, the MMC
in each decoding step is higher due to the greater number of
parity bits involved. However, once the steady state is reached,
the per-iteration MMC becomes identical across decoders.

4.0
x (n,k) = (5,4)
3.5~ x (n,k) = (6,4)
x (n,k) = (7,4)
3.0 -
x (n,k) = (8,4)
25-
D 2.0~
=
1.5-
1.0 -
0.5~ I 1 i i
00} ; ; : : ;

Iteration (i)

(b)

FIG. 13. (a) Mismatch cost in each step of a (7, 4) syndrome decoder. The ith iteration of G, corresponds to the execution of the ith step
of the syndrome decoding algorithm [Eq. (12)]. The input string to the encoder is sampled from a distribution with Bernoulli parameter «. The
encoded strings are transmitted through a binary symmetric noisy channel with noise level f = 0.001. The strings y received at the decoder
have a distribution that varies with changes in «. (b) Mismatch cost in each iteration of the map Gp across decoders differing in the number of
extra parity check bits n — k used for decoding. Here, k = 4 and « = 0.80.
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FIG. 14. (a) Total mismatch cost, MC = ZL, MC', plotted against the number of parity bits n — k in the codewords that the syndrome
receives and decodes for different values of Bernoulli parameter . Here, k = 4 and noise in the channel is symmetric with o), = )9 = 0.001.
(b) Total mismatch cost of a (7, 4) syndrome decoder for various noise in the binary symmetric channel.

The total mismatch cost of syndrome decoder is obtained
by summing over the three steps:

3
MCp(py,) = ZD(GI/S_IPYU lgy) — D(G}py, |1 Gpay).

k=1
(59

Figure 14(a) plots the total mismatch cost as a function of
the number of parity bits n — k in the codewords that the
syndrome decoder receives and decodes. As expected, the
total mismatch cost increases with the number of parity bits
the decoder operates on. However, unlike the encoder case,
this increase is not linear in 7.

We also examine how the mismatch cost varies with chan-
nel noise. Figure 14(b) shows that the total mismatch cost of a
(7,4) syndrome decoder decreases as the noise in a binary
symmetric channel increases. This is because higher noise
leads to a broader distribution over received strings Py, (y),
making the induced distribution over the decoder’s states
closer to the assumed uniform prior. As a result, the mismatch
cost, which quantifies deviation from the prior, decreases.

Finally, we combine the MMC of the encoder, the channel,
and the decoder. The process begins with a source that i.i.d.
generates messages from distribution py, . These messages
are passed through the encoder, producing encoded bit-strings
that are transmitted through the channel one bit at a time.
The encoded strings induce a distribution over the input node

S t
L IO~
|Encoder} “X)

Px, () Px

of the channel, denoted py. After transmission, the channel
outputs distorted strings, which are received by the decoder
and follow a distribution py,_, which are then decoded (see
Fig. 15). Three sequential three sequential components in the
protocol—encoder, channel, and decoder—each repeatedly
reused and incurring a mismatch cost: MCg (px,, ), MCc(px ),
and MCp(py,, ), respectively.

The protocol operates cyclically: Bit-strings generated by
the source are passed through the encoder, transmitted through
the channel, and then processed by the decoder. After each
run, new bit-strings are generated, and the cycle repeats, with
the inputs to the encoder, channel, and decoder being reini-
tialized sequentially. This repeated use introduces correlations
between adjacent components (e.g., between the encoder out-
put and the channel input) that are created during the forward
pass and then broken during reinitialization. The resulting
loss of mutual information between components in each cycle
contributes to the total EP, over and above the sum of the mis-
match costs of individual components. However, in this work,
we do not analyze this intercomponent contribution and focus
solely on the sum of the mismatch costs from the encoder,
channel, and decoder: MCg (px, ) + MCc(px) + MCp(py, ).

Figure 16(a) shows how the total end-to-end mismatch cost
increases with the number of parity bits used in the encoding
and decoding process, for a fixed noisy channel and a given
Bernoulli input distribution with parameter « [see Eq. (54)].
As expected, using more parity bits improves error correction,

(S
[O[1[O[OfI]O]O] y
Noisy [[1]1]olo1[1]
h | -“Decoderf—>
channe p&ﬁy)
y|x

FIG. 15. Full communication protocol: The source S independently generates k-bit strings from a distribution py, , which are encoded into
n-bit codewords. Each encoded string is transmitted through a noisy channel one bit at a time, inducing a distribution px at the channel input.
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FIG. 16. (a) Total mismatch cost in an end-to-end communication protocol: MCg (py, ) + MCc(px) + MCp(py, ). Here, k = 4 and noise
in the channel is symmetric with 7o = 710 = 0.001 and « is the Bernoulli parameter of input distribution py, . (b) End-to-end block error
rate decreases with the increasing number of parity check bits. (c) End-to-end block error rate vs total mismatch cost. Lowering block error

rate requires a higher total MMC.

resulting in a lower end-to-end block error rate [Fig. 16(b)].
Consequently, Fig. 16(c) shows that block error rate decreases
as total mismatch cost increases.

V. DISCUSSION AND FUTURE DIRECTIONS

In this paper, we have examined the MMC contribution
to the thermodynamic cost of communication and, in doing
so, established a minimal cost associated with communication
channels. Our analysis centers on a general model of chan-
nel operation—namely, a repeated cycle of copy-reset-copy
steps—which is both natural and ubiquitous across physical
and engineered systems. Crucially, we showed that the mini-
mal thermodynamic cost per communication cycle is precisely
equal to the amount of information transmitted in that cycle.
This result is universal: It holds independently of the specific
physical implementation of the communication process.

Given the generality of the framework, we believe that
the methods and results developed in this work can offer
insight into a wide range of communication systems beyond
engineered channels. In particular, they may help illuminate
the fundamental thermodynamic costs of communication in
biological systems—such as neural information processing in
the brain, where neurons continuously exchange signals to
process information [39,40], or in cellular signaling networks
that transmit biochemical messages [27,42], often at consid-
erable thermodynamic cost.

In addition, our analysis may have implications for com-
munication complexity theory and the study of distributed
systems. Traditionally, communication complexity is quan-
tified in terms of the number of messages exchanged or
the number of communication rounds required to perform
a distributed task [43—46]. We suggest that incorporating
thermodynamic cost—as formalized through MMC—into
this framework could enrich the field, potentially leading to
new insights into the design of communication-efficient and
energy-efficient distributed algorithms, as well as optimal
network topologies. Additionally, we hope that our analysis
will be relevant to the field of neuromorphic computing—an
emerging computational architecture that, among other aims,
seeks to overcome the substantial energetic cost associated
with communication between memory and processor that tra-
ditional von Neumann architectures suffer from Refs. [47,48].

With that said, we believe that there is substantial room
for future exploration and refinement. In this paper, we
have exclusively focused on i.i.d. information sources, and
the minimal thermodynamic costs we derive apply strictly
under that assumption. However, many scenarios involve
correlated signals, such as those generated by first- or second-
order Markov processes. A natural question then arises: How
does the minimal cost of communicating each bit change
when the source exhibits memory or temporal correlations?
Understanding this could yield a deeper theory of thermody-
namic costs for correlated or memory-bearing sources.

Furthermore, as emphasized in our discussion of reverse
multiplexing, the relationship between mismatch cost and
communication rate is not universally concave—it depends
critically on the choice of prior distribution. This observa-
tion opens up two broad avenues for future work: (1) For
what classes of prior distributions does the mismatch cost ex-
hibit concavity with respect to communication rate, and what
constraints does this impose on the detail of the underlying
process implementing that communication channel? (2) Be-
yond concavity, what other forms can this relationship take for
different priors, and what novel communication strategies—
analogous to, but distinct from, reverse multiplexing—do
these suggest?

We observed that the stepwise MMC incurred in both the
linear encoder and the syndrome decoder increases with the
length of the encoded string. However, this growth behaves
differently for the two components: It is linear for the encoder,
but nonlinear for the decoder.

The linear growth in the encoder’s MMC reveals an im-
portant insight: As the encoding length increases, so does
the number of computational steps—each parity bit adds a
step. The fact that each additional step contributes a roughly
constant increase in MMC, regardless of the expanding state
space, suggests that the cost is primarily dictated by the nature
of the computational step itself, which in this case is the
computation of the parity check bit, rather than the size of
the underlying state space.

The decoding algorithm exhibits more complex behavior.
As the encoding length grows, not only does the state space of
the decoder grow, but so does the nature of its computation.
For example, when calculating the syndrome using matrix
multiplication, the dimensions of the matrices change with

043324-16



MINIMAL THERMODYNAMIC COST OF COMMUNICATION

PHYSICAL REVIEW RESEARCH 7, 043324 (2025)

the length of the received string y, resulting in variations in
the underlying computation. Consequently, the total MMC
of syndrome decoder does not exhibit a linear growth with
increasing length of the encoded string.

Additionally, while our numerical results consistently
show that the second step of the decoding process dominates
the total mismatch cost, we currently lack a clear analytical
intuition for this behavior. This remains an interesting open
question and points to a need for further investigation into the
fine-grained structure of the decoder’s thermodynamic costs.

As emphasized earlier, the stepwise MMC for the en-
coder and decoder presented in this work is derived under
the assumption of a uniform prior distribution. This choice
is intended purely for illustrative purposes; the results are not
meant to imply universality, but rather to demonstrate that a
detailed step-by-step analysis of minimal thermodynamic cost
is feasible—even in the absence of an explicit physical model
of the computational process.

Importantly, the periodic machine framework employed in
this study can be readily applied to analyze the minimal costs
associated with other encoding and decoding protocols, such
as turbo codes or low density parity check (LDPC) codes.
However, a significant open question remains: Are there uni-
versal features of minimal thermodynamic costs for encoding
and decoding that hold irrespective of the prior distribution,
depending only on the structure or complexity of the protocol
itself?

A potential direction for discovering prior-independent
minimal costs involves analyzing the structure of the periodic
mismatch cost itself. Consider Eq. (46), which defines the
total mismatch cost for a given prior gx:

MC,, (px,) = Y _ID(G™" py,llgx) — D(G'px, || Gax)]. (60)

i=1

As the system evolves through a sequence of state distribu-
tions {px,, px, - - -, Px,} under the update rule pyx,, = Gpx,,
one can find a distribution §x that minimizes of the sum on
the right-hand side, and yields a special MMC value, denoted
MC;, (px, ), that serves as a strictly positive lower bound on
the MMC incurred for any other choice of prior gy .

While this observation suggests a promising direction for
deriving prior-independent minimal thermodynamic cost, we
do not pursue it further in this paper and leave a detailed
development for future work.
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APPENDIX: DERIVATIONS

1. Subsystem processes

Consider a system composed of two subsystems A and B
with state space X and ), respectively. A process is called
a subsystem process [28,29] if (1) for any initial distribution
pxy (x, y) over the joint state space, the following two condi-
tions are satified:

(1) Two subsystems evolve independently of each other,
ie.,

Gap(x1, y11x0, y0) = Ga(x11x0)Gp(y11y0)- (A1)

(2) Total entropy flow of the joint system, denoted as Qxp
is the sum of the entropy flow of the subsystems,

Oap(pxy) = Qa(px) + Or(ps).

According to Eq. (18), the total EP of the joint system is
given by

C(pxy) = Q(pxy) + S(Gappxy) — S(pxy)-

On the other hand, EP of individual subsystems can be written
as

(A2)

(A3)

Ca(px) = O () + S(G* pfy) — S(p),

and likewise for Cg. Therefore, we can write Eq. (A3) as

C =Cy+Cp+ (S(px) +S(py) — S(pxy))

(A4)

— (8(Gapx) + S(Gppy) — S(Gappxy)), (AS)
=Cs+Cp+1h(X;Y) - L(X5Y), (A6)
=C4 +Cp + AIX;Y), (A7)

where AI(X;Y) =1p(X;Y)—1;(X;Y) denotes the drop in
mutual information between X and Y from the initial to the
final distribution. By the data processing inequality, mutual in-
formation cannot increase under local processing: Ip(X;Y) >
I;(X;Y). Consequently, in a subsystem process, even if each
subsystem evolves thermodynamically reversibly—i.e., with
zero entropy production in each part (Cx = Cy = 0)—the
joint system may still exhibit a positive total entropy pro-
duction due to a loss in mutual information between the
subsystems. Specifically, if the initial correlation between sub-
systems X and Y is lost during the process, then the drop in
mutual information contributes positively to total EP:

C>AIX:Y). (A8)

However, if the initial joint distribution is uncorrelated—
i.e., a product distribution—then Io(X;Y) =0, and hence
AI(X;Y) = 0. In this case, if gx and gy are the prior distri-
butions minimizing the entropy production in the X and Y
subsystems, respectively, then the joint prior minimizing the
total EP is simply their product:

(A9)
|

qxy (x,y) = gx (x)qy (y).

2. Derivation of Egs. (32) and (36)

During the input-overwriting process, the actual joint
distribution evolves from the correlated form p%, (x,y)
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=nmyx(Ylx)px(x) to the product form p§,(x,y) =

Px (X)py (y):

Ty x Gpx () <2 px ()py ). (A10)

In parallel, the prior distribution evolves from g%, (x,y) =

qx (X)gy () to Gyy (x, y) = px (x)gy (¥):

) D px()gs (). (A1)

Thus, the corresponding drop in KL divergence during the
process is given by

MC“(px) = D(Pyy llgsy) — D(Psy ldsy). (A12)

= 3w Oy 1n TP
Z 4545 )

— > px@)py(»In

X,y

=) mix(lpx®)n

x,y

+ ) myx (l)px () In

X,y

— > px@pr(»In

X,y

Px)pr(y)
px()gs ()’
Ty ix (V1x) px (x)
Px (X)py (y)

Px®)pr ()
qx (X)gy (y)
pr(y)

o)

(A13)

(A14)

In the third equality, the first term corresponds to the mutual
information between X and Y, while the second term decom-
poses into the sum of two KL divergences: one between py
and g%, and the other between py and gj. The third term
is itself a KL divergence between py and gy . Therefore, the
contribution involving py and gy cancels out, leaving,

MC%(px) = I(X;Y) + D(pxllgy) + D(prligy) — D(prligy),
(A15)

=1(X;Y) + D(px|iq%). (A16)

Now, during the noisy copy operation, the actual distribu-
tion transforms from p%, (x, y) = px(x)py (y) to p},’(y(x, y) =
7y ix (V[0 px (x),

Px@py () B 7y ix (G1)px (). (A7)

while the prior distribution evolves from g%, (x,y) to

Goy (x,y) = myix 1X)go (),

&y ) By G o). (A18)

Therefore, the corresponding drop in KL divergence during
the copying process is given by

MC’(px) = D(p"XY ligky) — D(pyy ldxy ) (A19)
. px (x)py ()
= px(0)pr(y)In = ————
X,y qxy (X, y)
wy;x (Y|x) px (x)
— 1 LA ety
;nnxmx)m(x) N OTIE)
(A20)
= D(pxprlidiy) — D(pxllq%)- (A21)
[ |

3. Additivity MMC for multiple channels

We focus on the case of two channel but the analysis below
can be generalized to more than two channels. Consider two
channels with input nodes X; and X5, and output nodes Y; and
Y,, and each with condition distributions 7y, x, and 7y, x,. We
assume that for the process of overwriting of new input values,
the input nodes X; and X, are independently sampled from
px, and py,, respectively. We aim to show that in this case,
the MMC associated with the communication across the joint
channel ((Xi,X>), (Y1,Y,)) is the sum of MMC associated
with the communication across the individual channels. We
begin with the MMC of overwriting process. From Eq. (32),
we have

MC%(px,x,) = I(X1, X2: Y1, Y2) + D(pxx, 9% x,)-  (A22)

where, since inputs are sampled independently from py, and
Dx,» the joint input distribution is a product distribution,
Pxix, (X1, X2) = px, (x1)px, (x2). This allows us to write down

I(X1, X: 1, 1) = 1(X1: 1) + 1(X0; 1a). (A23)

Now, since the two input nodes X; and X, evolve indepen-
dently during the overwriting process, as we discussed in Eq.
(A1), the prior distribution g y, is a product distribution of
the form Gx,x, (X1, X2) = gy, (.)cl)q;‘(2 (x2). Therefore, the KL-
divergence term decomposes into two KL divergences:

D(pxix lax,x,) = D(pxllay,) + D(px llay,)-  (A24)

Using Eqgs. (A23) and (A24), we get a decomposition of MMC
of joint overwriting process into sum of MMC of overwriting
processes for each input node,

MC*(px,x,) = MC%(px,) + MC“(px,). (A25)

Now, according to Eq. (36), MMC of copy operation is
given by

MC’(px.x,) = D(px,x. Pyivs 1 d% xury,) — D(Pxix, 1 d%.x, )-
(A26)

Since the output values update according to conditional distri-
butions 7y, x, and 7y, x, separately, therefore,

pry, (1, y2) = Zﬂmxz()n x0Ty, %, (V2 1%2) Py (X1) Py (X2)
(A27)
= Zﬂyl\x,(ydxl)le(xl)
X Z Ty, 1x, V2 |%2) Px, (X2) (A28)
= py, 01)pr, (2). (A29)

Now, since the two joint systems (X, ¥7) and (X;, ¥») evolve
independently during the copy operation according to the
conditional distribution my,x, and my,x,, therefore, the prior
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distribution g% y ., decomposes into product distributions:

aXoyy, (51 X2, V1, 2) = @y, (X1, Y1)y, (X2, ¥2). (A30)

Using Eqgs. (A29) and (A30), the first KL.-divergence term in
Eq. (A26) decomposes into two KL divergences:

D(pxx,Pyvinllak x,ry,) = D(px, Py 16%,y,) + D(Px, P, 19%,y,)-

(A31)

Now, gy, (X1, %) =D = qx.y, (X1, Y1)qx,y, (X2, ¥2) =
qé’(l (x )q)b(1 (x2), and therefore the second KL divergence in Eq.

(A26) also decomposes into sum of two terms,

D(px.xllax,x,) = D(px, I4%,) + D(px,llay,).  (A32)

Equations (A31) and (A32) allow us to write the MMC of
the joint copy operation as a sum of MMC of individual copy
operations:

MC’(px,x,) = MC’(px,) + MC’(px,). (A33)

Hence, Eqs. (A33) and (A25) tell us that when the values of
the inputs of the two channels are drawn independently and
when the outputs each channel evolves according to my,x,
and 7y, |x,, then the MMC of communication across the joint
channel is the sum of the MMC of communication across each

channel considered separately:
MC(le sz) = MC(le) + MC(sz) (A34)
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