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AppQSim: Application-oriented benchmarks for Hamiltonian simulation on a quantum computer

Etienne Granet®" and Henrik Dreyer
Quantinuum, Leopoldstrasse 180, 80804 Munich, Germany

® (Received 2 April 2025; accepted 25 September 2025; published 10 November 2025)

We introduce AppQSim, a benchmarking suite for quantum computers focused on applications of Hamiltonian
simulation. We consider five different settings for which we define a precise task and score: condensed matter and
material simulation (dynamic and static properties), nuclear magnetic resonance simulation, chemistry ground-
state preparation, and classical optimization. These five different benchmark tasks display different resource
requirements and scalability properties. We introduce a metric to evaluate the quality of the output of a tested
quantum hardware, called distinguishability cost, defined as the minimal number of gates that a perfect quantum
computer would have to run to certify that the output of the benchmarked hardware is incorrect.
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I. INTRODUCTION

Quantum computing hardware has recently witnessed
rapid and impressive improvements [1-5]. It has become clear
that the difficulty of classically simulating quantum computers
greatly depends on the circuits to run. While certain spe-
cific circuits are already impossible to simulate classically
on the best hardware [2—4], many circuits that accomplish a
useful, application-centered task can still be simulated as of
today. For this reason, even though these difficult-to-simulate
circuits give a certain measure of the overall power of a
given hardware, they cannot be used to accurately evaluate
their ability to solve concrete tasks. Now that the technology
is moving from an “abstract” quantum advantage era to a
“practical” quantum advantage era, the need for application-
oriented benchmarks becomes more pressing.

The purpose of this paper is to introduce an application-
oriented benchmarking suite for quantum computers focused
on Hamiltonian simulation, called AppQSim. It has been par-
tially incorporated into a more general application-oriented
benchmarking suite called BenchQC [6]. We study different
settings considered to be some of the promising applications
of quantum computing, namely, material simulation, quantum
chemistry, Nuclear Magnetic Resonance (NMR) simulation,
and classical optimization. For example, the benchmarks
we define cover applications such as the simulation of
neutron-scattering experiments, the computation of spectrum
generated by NMR experiments, or finding the maximal cut
on a graph.

Focusing a benchmark metric on applications is some-
how at odds with benchmark scalability, since benchmarking
supposes to know the expected result, whereas relevant
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applications of quantum computing are those beyond reach
of classical computers. To deal with this, we proposed
benchmarking settings with varied scalability properties and
closeness to applications. We defined a number of criteria
that an ideal application-oriented benchmark protocol should
satisfy, and used these criteria as a guide for defining the
benchmark settings. The characteristics of the five different
benchmark settings we defined are summarized in Table I. In
the following, we present briefly each of these protocols.

Section III describes the “flagship” benchmark of Ap-
pQSim, which is the computation of dynamic properties in
conducting materials. We define a simulation setup protocol
similar (but not identical) to the simulation of the Hubbard
model, whose exact results can be classically computed in
polynomial time. This guarantees the benchmark to be scal-
able. The quantities computed are those required to simulate
neutron-scattering experiments, yielding an almost end-to-end
application-oriented benchmark. We introduce a score called
“distinguishability cost” to measure the quality of the bench-
marked hardware, which is the minimal number of gates to
run on a perfect quantum computer to be able to affirm that
the output of the benchmarked hardware is incorrect. Stated
differently, this measures the number of computations that the
benchmarked hardware can do while staying indistinguishable
from a perfect hardware. This score is a physical and meaning-
ful number that does not require context to be interpreted, and
directly informs the end user of how noisy a given hardware
is for a given application.

In Sec. IV, we introduce another material-simulation
benchmark focused on equilibrium state preparation. We
use Hamiltonian simulation to prepare adiabatically a low-
energy equilibrium state of the Heisenberg model on a
kagome lattice. This kind of adiabatic preparation of low-
temperature state is known to display lower sensitivity
to hardware noise [7-9], probing different capacities of
the hardware. Despite the exact result being exponentially
costly to compute classically, the difficulty of the prepa-
ration of the ground state in this highly quantum model
ensures that the benchmark will remain relevant for years
to come. Moreover, even beyond the classically simulable
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TABLE I. Summary of the characteristics of the benchmarks in the AppQSim suite. Benchmark scalability means the classical resources
required to assign a score to the hardware output, as a function of system size N. Minimal hardware requirement is the minimal number of
qubits and two-qubit gate error rate, assuming all-to-all connectivity, to run the benchmark with nontrivial output score. Ideal connectivity
indicates the hardware connectivity that is most suited to the benchmark. Circuit geometry indicates the aspect ratio of the circuits involved.
Random circuit indicates whether several different random circuits have to be generated to run the benchmark. Resource requirements indicate
the resources to run the benchmark, in terms of number of qubits, number of gates, and number of shots. Scalable means the number can be
varied from low to high in the benchmark. Controllable means the number is left to be set by the user, depending on the characteristics of
the machine, with the range of freedom indicated in parenthesis. Low means that the benchmark should be implementable on most available
hardware, at the time of this paper. High means that the benchmark is currently too costly or at the limits of the capacities of all currently
available hardware. Comparison possible beyond exact result indicates whether the benchmark can be used to compare different hardware,
even in the regime where no exact solution can be computed classically.

Material simulation Material simulation

Nuclear Magnetic

(dynamic) (static) Resonance Quantum chemistry Classical optimization
Benchmark scalability Polynomial Constant Exponential, N < 20 Constant Exponential,
N £ 1000
Minimal hardware 6 qubits, 3 qubits, 7 qubits, 4 qubits, 4 qubits,
requirement any error rate any error rate error rate <1073 any error rate any error rate
Ideal connectivity 2D 2D All-to-all All-to-all All-to-all
Circuit geometry Square Rectangle Small width, Rectangle, Square
large depth controlled
Random circuit No No Yes Yes No
Resource requirements Qubits: scalable Qubits: scalable Qubits: low Qubits: scalable Qubits: scalable
Gates: scalable Gates: scalable Gates: high Gates: scalable Gates: scalable
Shots: controllable Shots: low Shots: high Shots: controllable Shots: controllable
(intermediate/high) (intermediate/high) (low/high)
Comparison possible No Yes No Yes Yes

beyond exact result

regime, the output of two different hardware can still be
compared.

In Sec. V, we present a benchmark of NMR experiment
simulation. This is a fully end-to-end application-oriented
benchmark, with the score being the average precision that
one can obtain on the couplings between the nuclear spins of
a benzene molecule when comparing to an NMR experiment.
The system sizes cannot be scaled arbitrarily, but the large cir-
cuit depth required guarantees again the benchmark to remain
relevant for several years.

In Sec. VI, we then move on to the ground-state preparation
of molecular systems. To bypass the prohibitive cost of energy
measurement in these systems to a precision that cannot be
obtained with classical computers, we adopt a mirror-circuit-
like approach to define a score. This allows the end user to run
the benchmark for arbitrary system sizes. This comes at the
cost of a more abstract score not directly related to a quantity
to measure in a concrete application. The benchmark also
tests the ability of the hardware to generate and run random
circuits.

Finally, in Sec. VII we present a benchmark for Hamil-
tonian simulation applied to classical optimization. The
benchmark is not a variational algorithm (as is often imple-
mented), but instead a deterministic heuristic protocol to solve
Max-Cut that has been observed to work to at least around
100 qubits. The score directly measures the ability of the
quantum computer to find the exact optimal value, and is thus
directly application-oriented. Specific classical optimization

algorithms can solve the problem up to the order of 1000
qubits, which guarantees the relevance of the benchmark for a
long time, at least up to the time where practical quantum ad-
vantage would be observed for that application. Even beyond
the classical simulability, the output of different hardware can
still be compared.

Before detailing the precise protocols in these benchmarks,
we present in Sec. II a brief overview of existing bench-
marks, as well as the five criteria that we defined for an ideal
application-oriented benchmark.

II. PREVIOUS WORKS AND GOALS

A. Overview of previous works

There exist three main approaches to evaluate the qual-
ity of quantum hardware. The first approach is a low-level
benchmark, where one directly measures the quality of basic
hardware components or operations such as gate fidelity or
state preparation and measurement errors. Well-established
approaches are randomized benchmarking [10,11], gate set
tomography [12], or cycle benchmarking [13]. While these
metrics provide a detailed quality assessment of the basic
components of the hardware, the overall performance of an
algorithm results from a complex interaction of all these error
sources. These interactions can further depend on the structure
of the circuit implemented and on higher-level hardware char-
acteristics such as connectivity or speed. There can be very
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significant differences in performance for different tasks with
same hardware resources.

A second approach to hardware quality assessment is
circuit benchmarks, where an entire circuit is run on the
hardware, instead of individual operations on isolated qubits.
Well-known examples are quantum volume [14], generation
of random bit strings [15,16], and protocols based on “mir-
ror circuits” [17]. These circuit benchmarks capture different
characteristics of the hardware in a holistic way and give a
better idea of its overall capacities. However, they do not cap-
ture how much of a certain noise feature a given application
can tolerate.

The third approach to hardware benchmarking is
application-oriented benchmarks. These benchmarks directly
evaluate the ability of the hardware to solve a given real
application. There already exist several application-oriented
scores and benchmark suites. Benchmarks focused on
simulation of physical systems include, for example,
preparing the ground state of the one-dimensional Fermi-
Hubbard model using Variational Quantum Eigensolver
(VQE) [18,19] or the ground state of small molecules using
VQE [20]. Certain benchmarks propose implementation
of Hamiltonian simulation for specific systems [21,22].
Benchmarks on classical optimization applications include
solving a Max-Cut problem with Quantum Approximate
Optimization Algorithm [21,23], Max-Clique problems [24],
some industry-relevant problems like the robot path
and vehicle optimization problems [25], as well as
other benchmarking suites containing multiple problem
instances [26,27], or machine-learning problems [22].
Finally, some benchmarks include linear algebra routines
such as Quantum Fourier Transform, quantum matrix
inversion [28,29], linear equation solving [22], and
quantum singular value transformation for Hamiltonian
simulation [30]. There exist works specifically proposing
benchmarking libraries for Hamiltonian simulation, but
without specifying a particular task [31].

B. Goal of the present work

Most of these application-oriented benchmarks rely on
VQE-like algorithms. These typically involve shallow circuits
with limited number of gates, but require several different
circuits and sometimes a large number of measurements to
optimize the VQE parameters. The actual scalability and
usefulness of these variational approaches have been put in
question, with serious obstacles such as the hostile optimiza-
tion landscape or the effect of noise [32]. It could render these
benchmarks obsolete if they become impossible to implement
on near-term devices.

In contrast, algorithms based on Hamiltonian simulation
appear to be underrepresented in these benchmarks. Hamilto-
nian simulation consists in applying a time evolution operator
¢™ on the qubit register, where ¢ is some simulation time
and H a Hamiltonian. It is proven to be implementable in
polynomial time on a quantum computer with very simple
routines like a Trotter decomposition. It appears in many
algorithms, such as Quantum Phase Estimation and adiabatic
state preparation, with applications ranging from material and
molecular simulation to classical optimization. Despite the

high likelihood that Hamiltonian simulation will play a promi-
nent role in the Noisy Intermediate-Scale Quantum (NISQ)
era and beyond, there seems to be no application-oriented
benchmark specifically devoted to it. The purpose of the Ap-
pQSim benchmarking suite that we introduce in this paper is
to fill this gap.

Before entering the precise definition of the benchmarking
tasks, we are going to define a number of criteria that we will
follow to define AppQSim. We argue that an ideal benchmark
protocol should have following characteristics:

(1) Application-oriented: The benchmark should evaluate
as closely as possible the ability of a quantum computer to
solve a concrete use case that end users would actually imple-
ment.

(2) Scalable: Given hardware results, the classical run-
time for computing the score should be only polynomial in
system parameters. This would ensure that the benchmark can
be run even beyond the classically simulable regime.

(3) Relatively cheap: Benchmarking tends to always be
resource-consuming. Yet, in practice, it does not take so many
gates or so many shots for a user of quantum computers to
get an idea of the limits of the hardware. An ideal benchmark
protocol should thus not require unreasonably large resources.

(4) Difficult to spoof: If a benchmark protocol becomes
widely adopted, users will try to optimize the score for their
specific machine in any possible way within the benchmark
protocol. The outcome of the benchmark protocol should thus
not be easy to replicate with workarounds or by chance.

(5) Hardware-agnostic: Different quantum computing
platforms can vastly differ in their specifications and abilities,
such as number of qubits, native entangling operation, connec-
tivity, coherence time, and speed. The benchmark should not
favor any of these platforms beyond the quality of the output.
If a same output quality can be obtained by large number of
shots or high two-qubit gate fidelity, both approaches should
lead to the same score.

As explained in the Introduction, these different prop-
erties for an ideal benchmark tend to be at odds with
each other. For example, scalability often comes with less
application-oriented benchmarks. If the output of a bench-
marking task can be computed classically, it cannot be a
direct application of quantum computers as an end user would
just use this classical computation. Generic scalable bench-
marking methods such as mirror circuits give in the end
no information about the ability of the quantum hardware
to compute specific application-relevant quantities. Simi-
larly, ensuring that a benchmark is difficult to spoof tends
to make it more expensive. As the output of a quantum
computer is probabilistic by nature, ensuring that a good-
quality outcome is not the result of randomness requires
several repetitions, which increases the cost of implementing a
benchmark.

In this paper, we are going to follow these five criteria to
define benchmarking tasks for Hamiltonian simulation. Only
two of the different applications presented will fulfill all of the
five criteria. These are the free fermion benchmark presented
in Sec. III, which is the “flagship” benchmark of this Ap-
pQSim suite, and the low-energy state preparation benchmark
of Sec. IV. The three other benchmarks only partly fulfill this
list of criteria.
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III. APPLICATION: SIMULATION
OF CONDUCTING MATERIALS

A. Context and motivation

Electrons in materials can be modeled by spinful fermions
hopping from one atomic orbital to another. One of the most
famous models for electrons in solids is the so-called Hub-
bard model. This model (or variants thereof) is believed to
be able to describe high-temperature superconductivity of the
cuprates whose pairing mechanism still has not been fully
understood. For this reason, its solution has been the study of
countless academic and industry work, and its utility has been
estimated in the billions of dollars [33]. Since Hamiltonian
simulation is one of the simplest tasks that a quantum com-
puter is likely to be able to perform exponentially faster than
a classical computer, it puts the simulation of the Hubbard
model at the forefront of near-term applications of quantum
hardware, in the NISQ era and beyond.

Mathematically, the Hamiltonian of the Hubbard model is

1
b= 1 X Wi+ i)+ 3 (i = L),

(i.j).0 i

(H
where c;, denotes the fermion annihilation operator at site
i=1,...,N and spin o € {7, |}, which satisfy canonical

anticommutation relations, where n; , = cjaci,a is the mode
occupation number, ¢ and V some pararﬁeters, and (i, j)
means that the two sites i, j are neighbors on the lattice
considered.

There is no known classical algorithm to simulate the time
evolution of a system described by the Hubbard model, ex-
cept for small system sizes (with state vector simulations)
or for short times (with tensor network or neural network
techniques). From a benchmark perspective, this is of course
problematic as the result of the quantum hardware cannot be
compared to the exact result beyond these cases. Even in the
NISQ era, quantum computers are able to reach settings that
can become challenging for classical computers [3,34], and
a benchmark specifically focused on classically simulatable
regimes would be too restrictive. There is, however, a simple
way of modifying the Hamiltonian, without much modify-
ing the circuits run on the hardware, to make the simulation
classically easier. In absence of interaction between the spins,
i.e., when V = 0, the system describes free fermions, which
is exactly solvable, and the computation time to classically
simulate the system scales polynomially with system size and
simulation time.

B. The benchmark

The benchmark that we propose is the implementation
of the compact encoding of Ref. [35] for this free fermion
system.

We consider a square lattice with widths Ly, L,, thus
containing L = L,L, sites, and impose periodic boundary con-
ditions. We will restrict to only L, and L, even. We add to this
lattice L /2 ancillas positioned in every other face of the square
lattice, in a checker-board pattern as illustrated in Fig. 1. The
total system thus possesses N = 3L/2 sites. On this system,

Y Y
- X@ X - X@ X
Y Y
-© © © ©
Y Y
—X@ X - X@ X
Y Y
-© © w ®
Y Y
- X@x - X@x
Y Y
-® © © @
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- X@Xx - X@x
Y Y

9

FIG. 1. Square lattice after the compact fermion encoding. Blue
circles indicate sites of the original lattice and red circles indicate
ancillas.

we define the following Hamiltonian:

H= % > (XiX; + YiY)P., )
(i, ))

where the sum runs over all the edges (i, j) of the square
lattice that links neighboring sites i, j, and where a refers to
the ancilla that is contained in the face adjacent to edge (i, j).
P, is the Pauli matrix acting on the ancilla a, equal to P, =¥,
if (i, j) is a horizontal edge and equal to P, = X, (resp. —X,,)
if (i, j) is a vertical edge on the right (resp. left) of the ancilla.
These three different possibilities are sketched in Fig. 1.

The initial state |1) that we consider is defined as follows.
We initialize the L lattice sites in a product state in the Z basis,
with a predefined value n; € {0, 1} for each site j. We fix this
function to be

ity < Ly/2,
nj = {o, if j, > L,/2, )
with j, =0, ..., L, — 1 denoting the vertical component of

the site. The ancillas are initialized in a ground state of the
toric code, as required by this fermionic encoding [35]. This
is done as follows. For an ancilla a, we denote by al,a?, a?
the two ancillas on top left and top right of ancilla a, and the
ancilla two lines on top of a in the same column, applying the
boundary conditions in both vertical and horizontal directions.
For example, in Fig. 1, if a = 18, then al, a?, a® = 20,21, 22.
Then, we define the unitary operator

Vo =CXy CX, 2CX, 1 Hy, (@)

with H, denoting the Hadamard gate on ancilla a, and CX,, ;
the CNOT gate with control a and target b, with the first opera-
tor applied being the rightmost. Similarly, we define

V, = CX,2CX, v CX, o5 Ha, 5)

with a* being the ancilla on bottom right of ancilla @, and @’
the ancilla two columns to the right of ancilla a on the same
row, applying periodic boundary conditions in both directions.
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For example, in Fig. 1, if a = 16, this is a* = 22 and a® =
17. We then apply the operators V,, V, on some ancillas in a
specific order, as prescribed and illustrated in Appendix A,
in order to prepare the ground state of the toric code on the
ancillas. In the particular case of system size 4 x 4, applying
the ordering of Appendix A, we would apply V, on ancillas
a = 18,19 and then V, on @ = 16. This operation defines the
state

EIINAINZ X10), (6)
a a j=0

where the product of V,,V, is as specified in Appendix A.
Finally, we define the initial state of the quantum computer as
[Y), where

L2

) =[] Qal¥). )
a=1

where Q, acts only on ancilla @ + L, with Q = HS" if the
ancilla is on an odd row and Q = SHS if the ancilla is on
an even row, with H denoting here the Hadamard gate and S
the usual S gate.

We note that this state preparation protocol also holds when
one of the lengths L, or L, is equal to 2, applying strictly the
periodic boundary conditions in the operator V,,. For example,
in size Ly = 2, L, = 4, the operator Vy applies a CNOT from
site 9 to site 10, 10 again, and then 11, which means a single
CNOT from site 9 to site 11.

To entirely describe our protocol, we now define the pre-
cise Trotterization to use in the benchmark. For a given Trotter
step size &t, each Trotter step operator U is decomposed as

U = U U U_»U_,. )

Here, we defined

ist ist
Ui =exp| — > YiP, | exp - > XiXP, |,
) (i)

L J
even row odd row

&)
|

o (k) = e 4 j(— sin(28¢)(cos ky, + cos ky) + 2sin(261) sin?(8¢) cos ky cos ky(cos ky + cos k) + sin €;)

as well as U identically but with columns instead of rows,
and U_  identically but swapping X;X; and Y;Y;. For definite-
ness, we will fix the Trotter step to §t = 0.2.

Finally, we measure the lattice sites in the Z basis. We form
the operator

L
0=>fZ (10)
j=1

for a given function f;. We fix the following function:

-1, if gy < Ly/2,
Ji= {1, it > L2, (I
With this definition, @ measures the imbalance of fermions
between the lower and upper parts of the lattice.

The exact outcome of the quantum circuit obtained after n
applications of the Trotter operator U can be computed (see
Appendix B). The result is expressed as

D fle—@)e)an(g)

k.qu%w),

= By (=k)Bu(=q)i(k — q)

(OM))exact = Z Z <

0:=0,1/29,=0,1/2

+f0) Y |ﬂn(k>|2), (12)

keKyy oy

where K, ,, denotes the set of pairs

P 27 (ke + @) 27 (ky + @)
Oy — L, ’ L, ’

kxyy=0,...,Lx,y—1}. (13)
The coefficients «, (k), B, (k) are given by

sin(ney)

sin €y

Bu(k) = (i sin®(81)(sin(2k,) + sin(2ky)) — 2i sin*(81)(cos* (k,) sin(2ky ) + cos? (k,) sin(2k,))

+ sin(8t) sin(28¢)(cos(ky) sin(2k,) + cos(k,) sin(2k;)))

with

€x = sgn (cos ky + cos ky) arccos[1 — 2 sin®(8t)
X (cos k, + cos ky)2 + 4 sin*(8t) cos k, cos ky
x (1 + cos(ky + ky))]. (15)
This function (O(n)) follows a nontrivial trajectory, while

still being computable in a time that is polynomial in the
system size. For example, we depict in the right panel of

sin(ney)

-, (14)
S1n €

(

Fig. 2 this observable as a function of the number of Trotter
steps, for systems of different sizes up to 32 x 32 = 1024
way beyond the regime that is accessible to general-purpose
classical methods. For better comparison of different system
sizes, since the timescale is proportional to the linear system
size L, in the protocol that we defined, the observable is
plotted as a function of number of Trotter steps divided by
L, in the right panel of Fig. 2. In the left panel, we show the
observable obtained for a larger number of Trotter steps in a
simulable system size L = 4 x 4. We compare this exact value
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FIG. 2. Left: Curve (O) as a function of Trotter step number, on a system of size L = 4 x 4, for different depolarizing noise levels p per
two-qubit gate. The curves are averaged over 20 different realizations of noise where single-qubit gate rotations with a small random angle are
inserted after every two-qubit gate, as described in Ref. [36]. The black continuous curve is the exact value. Right: Exact noiseless curve (O)
as a function of number of Trotter steps divided by L., for different system sizes L.

to numerical simulations of noisy circuits for different error
rates per two-qubit gate p, displaying a generic attenuation of
the signal with circuit depth.

C. The score

We now would like to assign a score to a given output of a
hardware to benchmark. Unlike classical computers, quantum
computers can only output “shots” over which one has to
average in order to obtain an expectation value of an operator
(O(n)). The precision achieved on the quantum computer is
thus directly related to the time spent on the computation.
If because of hardware imperfections the quantum computer
has a bias in the expectation value (O(n)), this bias will not
be detectable if after averaging over a finite number of shots
the error bars are larger than the bias. Hence, the noisier a
hardware, the faster the imperfections can be detected as it
will require averaging over fewer shots. Conversely, a given
hardware with low noise will be statistically indistinguishable
from noiseless, before a certain amount of resources are spent
to reach the precision where the bias due to imperfections
becomes visible. This suggests a physical and intuitive way
of measuring the accuracy of a given quantum hardware, by
answering the following question: How many gates does a
perfect quantum computer have to implement (or similarly,
how much time does it need), running the same circuit as
the benchmarked hardware, to certify that the output of the
benchmarked hardware is incorrect? We will call this quantity
distinguishability cost.

In our case, we fix the following computational task:
computing the expectation values (O(n)) aftern=1,..., T
Trotter steps, with final time fixed to T = 2L,, in a square
lattice L, = L,. Let us denote by m, the estimates obtained
for these expectation values on a benchmarked hardware, and
consider that we run the same circuit on a perfect hardware,
obtaining estimates s, with standard deviations o,. For the
moment, we will not take into account the error bars on
the estimates m,, obtained from the benchmarked hardware.
The output of the benchmarked hardware can be certified
to be incorrect if the outcomes my, ..., my are statistically
incompatible with the unbiased estimates s, with standard

deviations o,,. This statistical compatibility can be inferred
from a chi-square test with 7' degrees of freedom. We will
say that the output of the benchmarked hardware is certified
to be incorrect if it fails the chi-square test by 30, namely, if

L (55— my)?
X;”(Z T) > 0.997, (16)

n=1 n

where XZ(T) denotes a chi-square cumulative distribution func-
tion with T degrees of freedom.

Given outputs m,, it is a nontrivial problem to find the
best strategy to follow on the (gedanken) perfect hardware
to certify that these outputs are incorrect as quickly as pos-
sible. One would ideally run on the perfect hardware only
the noisiest time point, but that time point cannot be known
in advance without running other time points on the perfect
hardware. While we could implement numerically an efficient
strategy for this, we prefer instead to compute the minimal
resources required to certify incorrectness of the outputs, even
in the case where the user would know which points are the
noisiest. This definition has the advantage of being simpler,
more canonical, and not sensitive to precise details of the
implementation of the strategy followed.

Let us now determine this minimal cost. The cost of run-
ning a shot for time point n is proportional to n, because the
number of gates is proportional to n (neglecting for simplicity
the gates appearing in the state preparation, before applying
the first Trotter step). The variance o associated with the

n
measurement of O after n Trotter steps is

o2 = (O(m)*) — (O(n))>. (17)

With S, shots, the estimated (O(n))es on the perfect hardware
for the quantity (O(n)) is thus

Ul‘l
75

where £ is a random Gaussian variable with mean O and vari-
ance 1. This variance per shot o, involves correlations of the
type Z;Z;, which can also be computed exactly in polynomial
time in this free fermion benchmark. We refer the reader to
Appendix B 4 for a detailed calculation method.

(OM))est = (O(n)) + £, (18)
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Hence, denoting 7, the exact expectation value of O after
n Trotter steps, the cheapest way of certifying incorrectness
of the outputs is to only run the time point n, that maximizes
(ty — mp)?/ (no,f). In that case, the number of shots to run is
S,, that satisfies

2
Xg«&;;@l%>20%¢ (19
Gn
The total number of gates is then equal to 12LS,, n., namely,
12Ln, two-qubit gates per circuit, repeated S, times (we
again did not take into account the gates used in the state
preparation). Any strategy has to run at least that many gates,
and even more so if one does not have access to the exact value

t, beforehand. This will thus be the definition of our score
S({mn}) = 12LS,, n., (20)

where S,, is the unique solution to Eq. (19), and where
n, maximizes (t, —m,)*/n. The interpretation of S is the
smallest number of two-qubit gates that a perfect quantum
computer would have to implement, running the same circuit
as the benchmarked hardware, to certify that the output of the
benchmarked hardware is incorrect. This number of two-qubit
gates does not refer to the number of gates per circuit, but
to the total number of gates run across different circuits and
shots. We note that by “two-qubit gate” we mean logical
two-qubit gate, namely, the operation that acts on the qubits
that host the quantum information (whether encoded with
quantum error correction or not—in the latter case, it is the
physical two-qubit gate). The gate count also should nor take
into account auxiliary gates such as SWAP gates in case the
hardware does not support the implementation of a two-qubit
gate between arbitrary qubits. The definition of the score (20)
is thus imposed to be the same for any platform, architecture,
or compilation scheme.

We now would like to take into account the effect of error
bars on estimates m,, obtained on the benchmarked hardware.
Namely, we consider that the benchmarked hardware outputs
a mean value m, with standard deviation 7, because of shot
noise. This shot noise 7, is not related to the shot noise on
the ideal perfect hardware o, that is used to compute the
score. This is an imprecision that comes from the fact that
a finite number of shots has been run on the hardware to
be tested. Since this imprecision t, always deteriorates the
accuracy and the confidence that we can have on the hardware
output m,,, a finite 7, should come with two requirements: (1)
It should never improve the score compared to 7,, = 0, and (2)
it should fix a maximal possible score, independently of m,,,
because any hardware defect with impact lower than 7,, cannot
be detected. A simple way to take these two requirements
into account is to apply the previous framework where we
neglected shot noise, but with the distance between exact and
measured |, — m,| replaced by

[ty — my| —> max(|t, — mal, T,), 2

the maximal value between the distance to exact and the
standard deviation. This minimal change is basically imple-
menting the idea that with an error bar t, > 0, we should not
be able to get a precision better than 7, on the exact value.
Hence, we modify the protocol as follows. We define n, as

0.5 8
O - -
S}
—0.5 -
S =2112
— §=57,024
—1r — S =677,376 |
0 2 4 6 8
Trotter step
T T
108 | —e— p=0.01 E
I|—e— p=0.001 ]
7 || —e— p=0.0001 |
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[0} 106 E n/“ E|
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g | o ]
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[ 9 090-9000-0-000000 |
103 Bl ocvend vl v vl il w1
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number of shots

FIG. 3. Top: Value of the score (in the legend) obtained in size
L =4 x4 for different noise levels p and for different number
of shots Ny (cyan: p=0.01 and Ny = 103; teal: p =0.001 and
Ng = 50; purple: p = 0.0001 and Ny = 200). The score indicates the
minimal number of gates that a perfect quantum computer would
have to run across different circuits to certify that the output curve
is incorrect. Higher score means better hardware. Bottom: Score
obtained in size L = 4 x 4 as a function of number of shots per time
point, for different noise levels.

the time point n that maximizes

max ((tn —my)?, rnz)

(22)

2
no,

Then, the number of shots to run is S,,, that satisfies

(T) max((f, — mn)z» 77,2)
X2 2
Un

%)zawm (23)

and the score is set again to
S({mn, Ta}) = 12LS, n.. (24)

In the top panel of Fig. 3, we present different curves
obtained in size L = 4 x 4 using different depolarizing noise
levels and number of shots, and compute their score. In the
bottom panel of Fig. 3, we show the score obtained as a
function of the number of shots per time point, for different
noise levels. The general behavior of the curves is to first be
proportional to the number of shots (which is expected when
the number of shots is the limiting factor of the precision), and
then saturate at some finite value (when the limiting factor
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is hardware noise). We also observe that the score is almost
always an increasing function of the number of shots.

D. Summary

The benchmark protocol evaluates the ability of the hard-
ware to simulate the dynamics of electrons in conducting
materials. The system considered is a nearest-neighbor hop-
ping Hamiltonian on a square lattice, similar to a Hubbard
model but without electron-electron interaction. Hamiltonian
simulation is implemented with a Trotter decomposition.
The scalability of the benchmark relies on the free fermion
structure of the Hamiltonian considered, which allows for
computing the exact mean position of the electrons in a time
that is polynomial in the system size. The score is defined as
the “distinguishability cost,” which is the minimal number of
gates that an ideal perfect hardware would need to implement
to certify that the output of the tested hardware is incorrect.

E. Comparison with criteria

Let us now justify the definition of the benchmark pro-
tocols, in the light of the criteria defined in Sec. IIB. As
said above, the objective of this benchmark protocol was to
evaluate the ability of a quantum computer to simulate the
dynamics of quantum particles, such as electrons in a con-
ducting material. We focused the benchmark on the Hubbard
model, as it is the most studied electronic model. Researchers
and engineers would likely implement this system on quan-
tum computers once they prove more powerful than classical
computers for this task.

Before addressing the question of the scalability of a
benchmark, let us make the following simple comment. Con-
trary to other applications like classical optimization problems
where one always seeks to minimize or maximize the output
of the algorithm, benchmarking the simulation of physical
systems requires to compare the output of the hardware with
an exact known value: A measured particle density xy can be
interpreted and evaluated only in the light of the knowledge of
the exact value x. This poses thus the obvious problem of the
scalability of the benchmark, as defined in Sec. II B. Since the
classical simulation of the system is exponential in either the
number of qubits or the simulation time, a direct comparison
of the measured observable with the exact observable of the
Hubbard model is not scalable. There exist methods such as
mirror circuit benchmarks that allow to estimate the amount
of noise in any circuit, simulable or not, that we could apply
to the simulation of the Hubbard model as well. Howeyver, it is
known that in Hamiltonian simulation, local observables like
particle density are much less sensitive to noise than global
observables like a return probability [8,9]. A mirror circuit
benchmark would thus vastly overestimate the noise in local
observables, making the benchmark less application-oriented
and more theoretical.

The free fermionic system that we use for the benchmark
solves this problem. Simulating the Hubbard model is equiv-
alent to simulating two species of noninteracting fermions
(up spin and down spin), with additional density-density in-
teractions. These density-density interactions are simple ZZ
rotations that are much less costly to implement than the

fermion hopping, which require a fermionic encoding and
more gates. For example, in our implementation on two copies
of noninteracting fermions on L sites, the density-density
interaction costs L two-qubit gates, while a Trotter step of
the kinetic terms would cost much more, in total 24L two-
qubit gates. Hence, in terms of gate count, circuit structure,
observables measured, and lattice geometry, simulating free
fermions on a quantum computer is very similar to simulating
the Hubbard model. The same local observables that one
would measure in the Hubbard model can be measured on
hardware and directly compared to the exact value for this
noninteracting fermion benchmark, which can be computed in
polynomial time in system size and simulation time due to the
absence of interactions. The free fermion benchmark that we
have defined is thus both scalable and application-oriented.

This benchmark also satisfies the other criteria of Sec. I B.
It is relatively cheap, in the sense that it is not more costly than
the Hubbard model simulation that the end user would actu-
ally implement. The number of shots is a free parameter that
the user can choose optimally to reduce costs: namely, they
can choose it so that shot noise is just slightly below hardware
noise, without degrading the score. This is a direct property
of the distinguishability cost that we introduced. To make the
benchmark difficult to spoof, we imposed to simulate several
different time points. The score that we defined imposes the
hardware to perform well for all the time points, preventing to
get good scores from just accidental agreement on one time
point. Moreover, the specific initial state chosen evolves on a
timescale of order L, and remains of order 1 for all these time
points, avoiding constant signal or very small signal, which
could have led to easier spoofing as well. Finally, we chose
a two-dimensional (2D) square lattice geometry both to stay
as close as possible to relevant use cases (since the Hubbard
model has been mostly studied on 2D square lattices) and also
to keep the benchmark easy to implement on any architec-
tures, whether it is all-to-all coupled or gridlike architectures.
The benchmark is thus also hardware-agnostic.

This free fermion benchmark thus satisfies all the criteria
that we defined in Sec. II B.

IV. APPLICATION: STATIC OBSERVABLES
AT LOW TEMPERATURE

A. Context and motivation

Materials often display exotic properties as their temper-
ature is lowered, with phases requiring quantum physics in
order to be described accurately, such as superconducting
phases or Fermi liquids. The computation of static, equilib-
rium expectation values at low temperature in these many-
body physics Hamiltonians can become difficult or unreliable
to perform with classical computers for intermediate-size to
large systems.

On a quantum computer, the adiabatic algorithm is a
generic way of preparing the ground state of a Hamiltonian. It
can be formulated as follows. Given an initial Hamiltonian H;
whose ground state can be prepared efficiently on a quantum
computer and a final Hamiltonian Hr whose ground state is
the target state, we define the time-dependent Hamiltonian

H(s) = ¢(1 — s)H; + ¢(s)HF, (25)
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FIG. 4. Top: Kagome lattice with L, =3 and L, = 2. Bottom:
Energy density as a function of number of Trotter steps in the bench-
mark setup, for different system sizes and different noise levels.
Dashed lines indicate the minimum reached by the curve with the
same color, and correspond to the benchmark score.

with ¢(s) for 0 < s < 1 a scheduling function that is contin-
uous and satisfies ¢(0) = 0, ¢(1) = 1. For a given parameter
T > 0 called adiabatic time, we then define the state |7 (¢))
by the fact that |7 (+ = 0)) is the ground state of Hj, and is
evolved under the time-dependent Schrodinger equation

00y (1) = H@t/T)|Yr (1)), (26)

for times 0 < ¢t < T. The adiabatic theorem of quantum me-
chanics says that if H(s) is gapped for all 0 < s < 1, then
|7 (t = T)) gets closer to the ground state of Hg as T grows
larger, and becomes the ground state of Hr when T — oo.
All the scalability aspect of the adiabatic algorithm depends
on how large T has to be to reach a certain precision on the
ground-state energy.

B. The benchmark

As a benchmark, we consider the Heisenberg antiferro-
magnet model on a kagome lattice. This model describes the
material YCu3[OH(D)]¢ sBrys [37] and the precise properties
of its ground state are still debated [38,39]. The Hamiltonian
of this system is given by

H=>"XX;+YY;+ZZ; (27)
(i,J)

where (i, j) means that sites i, j are neighbors on the kagome
lattice. We parametrize this lattice by two integers Ly, L, that
count the number of small disjoint triangles in the vertical
and horizontal directions, with N = 3L,L, sites in total, and
impose open boundary conditions. The sites are enumerated
within triangles first, then along the x direction, and then along
the y direction. An example of this kagome lattice with site
numbering and bonds between sites is represented in Fig. 4.
To define an adiabatic path to prepare the ground state of this

model, we set the initial Hamiltonian to

N
Hy =Y (-1YX;. (28)
j=1
The ground state of such Hamiltonian is simply given by a
Neel state in the X basis, | + — 4+ —---). We then fix the
Trotter step dt as a function of s, the scheduling time, as
dt(s) = 0.2+/1 —s. 29)

This time-dependent Trotter step size is justified as follows.
Along the path, the Trotter step does not have to be taken
smaller and smaller to implement the adiabatic evolution,
because the Trotterization simply implements an adiabatic
evolution with respect to the Floquet Hamiltonian, namely, the
effective Hamiltonian equivalent to implementing one Trot-
ter step, including Trotter error. However, at the end of the
path, this Trotter step size must be sent to zero in order to
prepare the ground state of H, and not a Floquet version of it.
This is why we impose dt(s) — O when s — 1. The precise
functional form of dt(s) has been then chosen from numerical
simulations, ensuring a relatively fast decay of energy at the
beginning, while still converging to the ground state in the
limit of large number of steps, in order to make the bench-
mark implementable on noisy hardware where a relatively
small number of gates can be implemented. This numerics
has been done in size Ly = Ly =2 and L, = 3, L, = 2. As for
the scheduling function ¢(s) entering Eq. (25), we choose the
following form:

1 + tanh(tan(st — 7 /2))

5 )
which is simply chosen so as to smoothly interpolate between
©(0) = 0 and ¢ (1) = 1 while having all derivatives vanishing
at s = 0 and s = 1. Finally, the ordering of the terms in the
Trotter decomposition is taken to be first applying the single-
qubit rotations corresponding to H; in Eq. (28), then the XX
terms corresponding to H in Eq. (27), then all the YY terms,
and then all the ZZ terms.

We note that there exist initial states that are simple to
prepare and that have much lower energy with respect to H
than this Neel state in the X basis. For example, one can
consider a perfect matching of the kagome graph, i.e., a subset
of edges such that all vertices touch exactly once an edge in
the subset, and initialize a singlet state on all these edges.
This state has much lower energy with respect to H than
the Neel state we start from, and is the ground state of the
Heisenberg model defined only on the edges included in the
perfect matching. We could thus do an adiabatic evolution
between these two Hamiltonians. However, we observed that
the convergence to the ground state of H with this adiabatic
path is still very slow, despite the initial energy being much
lower. Because of the noise introduced by gates, it would
make it difficult for any current hardware to actually lower the
energy compared to this perfect matching initial state. For the
sake of defining a practical benchmark, we thus preferred to
start from a much higher-energy state, giving more amplitude
to a noisy hardware to reduce the energy and thus yielding
more meaningful benchmarking scores.

p(s) = (30)
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C. The score

In this protocol, the only degree of freedom remaining is
M, the number of Trotter steps performed. Only in the limit
M — oo is the exact adiabatic evolution implemented and
the energy of the Hamiltonian Hr = H minimized. On actual
hardware, however, noise precludes running arbitrarily deep
circuits and effectively heats up the system, which competes
with the cooling of the adiabatic process. At small M, heating
due to imperfect adiabatic evolution dominates, and at large
M, heating due to hardware noise dominates. There is thus
a nontrivial optimal number of Trotter steps M, at which
the energy is minimized. Given a mean energy E), obtained
with M Trotter steps, and with §E), the standard deviation,
we take Ej + 28E)y as the result energy, in order to avoid
overshooting due to shot noise. We then define the benchmark
score of a benchmarked hardware as

SKH = min(EM + 25EM) (31)
M>1

We plot in the bottom panel of Fig. 4 the energy density
obtained as a function of the number of Trotter steps, for
different noise levels, together with the exact ground state. We
see that for nonzero noise level p, the energy typically displays
the expected behavior, with an initial decrease and then an in-
crease at large number of Trotter steps. The exact ground-state
energy can be obtained up to around N ~ 30 with classical
computers, depending on the resources allocated. The com-
parison with the exact result is thus not scalable. However,
even for system sizes beyond the classically simulable regime,
the performance of the same algorithm run on different hard-
ware can be compared, by directly comparing the energy
density attained, the smaller being the best.

D. Summary

The benchmark protocol evaluates the ability of the hard-
ware to prepare low-energy state of materials with the
adiabatic algorithm. The system considered is the Heisenberg
model on a kagome lattice, which combines standard and
relatively simple models and lattices, while being difficult
to tackle with classical computers. Hamiltonian simulation
is implemented with a Trotter decomposition. The score is
directly the minimal energy obtained. The benchmark is scal-
able as the score does not require the knowledge of the exact
ground-state energy.

E. Comparison with criteria

We now review the criteria defined in Sec. IIB for this
benchmark. The benchmark is application-oriented as it di-
rectly evaluates the ability of the hardware to prepare the
low-energy state of a system that is difficult to obtain clas-
sically. We chose the particular case of the Heisenberg model
on a kagome lattice as the properties of its ground state are still
debated and spark significant academic interest, guaranteeing
the usefulness of implementing this model on a quantum
computer. Moreover, the benchmark is hardware-agnostic as
it does not require all-to-all connectivity. Since the score is
defined as the lowest energy obtained, the benchmark can be
run for any system size without requiring the knowledge of
the exact value. Different hardware can always be compared

to each other and the benchmark is scalable. It is also difficult
to spoof, since it is unlikely that hardware defects would lead
to preparing the ground state of this complicated system by
chance. Finally, the benchmark is also relatively cheap to
implement, since the end user is free to choose how many
Trotter steps and how many shots they perform. They will thus
naturally choose a number of Trotter steps that will give the
best score, avoiding significant resource waste.

V. APPLICATION: NUCLEAR MAGNETIC RESONANCE

A. Context and motivation

NMR experiments are a key tool for material and molecular
structure elucidation. They consist in polarizing all the nuclear
spins of a sample material in a specific direction with a high
magnetic field, and then measuring the relaxation of the mag-
netic field generated by the nuclear spins. The NMR spectrum
of the sample material obtained by Fourier transforming the
signal measured is then a signature of the bonds between the
atoms supporting the nuclear spins. The classical simulation
of NMR experiments can be done efficiently with dedicated
softwares at high external magnetic field [40]. However, the
simulation is more difficult in case of low external magnetic
field, which is cheaper to implement experimentally. This low-
field simulation of NMR experiments is one of the promising
near-term applications of quantum computers [41-44], al-
though the precise settings where quantum computers would
bring a practical advantage are still debated. The purpose
of this present work is not to enter this debate, but instead
to define a benchmark setup based on the performance of a
quantum computer to infer couplings between nuclear spins
in a molecule through NMR simulation.

These NMR experiments at low field are modeled as fol-
lows [45]. The signal measured in an NMR experiment, called
free induction decay (FID), can be written as

FID(r) = tr [TT'S,(¢)I1S.(0)]. (32)

Here, the total magnetization S, of the molecule is

5= vz, @

where each qubit corresponds to each of the N nuclear spins
1/2 contained in the molecule, and with y; the gyromagnetic
factor of nuclear spin j. The unitary operator I1 represents the
initial pulse

I = ¢" 2 viXi, (34)

with t the pulse duration. The time-evolved spin S, (¢) is given
by
S:(t) = ™S, (35)

with H the Hamiltonian describing the interactions between
the N spins. In the absence of external magnetic field and for
spin 1/2 nuclei, this Hamiltonian can be written as

1
H=> D 3 (XX + XY + ZZ)), (36)

i<j
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FIG. 5. Depiction of the benzene molecule. The spinful atoms
are indicated with a green circle. The numbering of the different
spinful nuclei is given in red.

with J;; the so-called J coupling between nuclear spins i and j,
which is an effective spin-spin interaction resulting from the
electron bondings in the molecule.

From the measurement of the FID, one then computes the
spectrum

S(w) = / ~ " FID(r)dr. (37)
0

This amplitude S(w) is the signal that the NMR end user is
interested in. In an actual NMR experiment, the FID that is
measured is the sum of all the tiny magnetic fields generated
by the nuclei of all the molecules in the sample. Because of
small perturbations, these slowly desynchronize with time,
which results in an exponential decay in the FID. For liquid
NMR, this exponential decay is very often modeled by an
apodization term e~'/™> multiplying FID(¢), with 7> a certain
relaxation time.

B. The benchmark

The benchmark we propose is the benzene-'3C; molecule
depicted in Fig. 5. It contains seven nuclear spins, six hosted
by the hydrogen atoms and one by the carbon-13 atom. The
gyromagnetic factors are y; = 67.2828 for the '*C nucleus
and y; = 267.522 for the 'H nuclei, j = 2, ..., 7. The J cou-
plings obtained from experiments are listed in Table II. The
pulse time is taken to be v = 2Ly1 The maximal simulation
time is taken to be T = 50, and we fix an arbitrary but realistic
relaxation time 7, = 10. Given the exact FID(¢), we define the
spectrum to which the hardware is to be compared as

T
Sexact (@) = / e e ~/BEID(t)dr. (38)
0

Since the model is defined on only seven qubits, this quantity
can be quickly computed classically with arbitrary precision.

TABLE II. Coefficients J;; of the benzene-'*C; molecule, from
Ref. [46].

i/j 2 3 4 5 6 7
1 158354 1.133  7.607 —1296 7.607  1.133
2 7540  1.380 0.661 1.380  7.540
3 7.543 1377  0.658 1373
4 7535 1.382  0.658
5 7535 1.377
6 7.543

We impose that the time evolution is implemented using a
Trotter evolution, with Trotter step

U= nei%Xinei%mﬁgi%ZfZ/’ (39)
i<j

where 4t is a given Trotter step size. We fix the ordering of the
couplings to be given by applying the gates in the following
order: (1,2), (3,4), (5,6), (1,7), (2,3), (4,5), (6,7), (1, 3),
(4,6),(2,7),(3,5),(1,6),(2,4), (5,7), (1,4), (1,5), (2,95),
(2,6), (3,6), (3,7), and (4, 7). The benchmark user is free to
choose the Trotter step size 8¢, but is fixed to be the same for
all time points.

C. The score
1. Overview

We propose to evaluate the outcomes FID(ndf) of the
quantum computer in a most application-oriented way. NMR
experiments are performed to elucidate the structure of a given
molecule. In our simple use case of the benzene molecule,
this would mean computing the J couplings J;; between every
spinful nuclei. Given an NMR spectrum obtained from experi-
ment, we would perform simulation with some trial couplings
Ji;, and then take as an estimate of the actual couplings J5
the trial couplings corresponding to the spectrum that matches
the experiment the most closely. A natural score is then the
mean error between estimated coefficients J77* and actual co-
efficients J;;.

The computation of the score assigned to values FID(ndt)
measured on the hardware for n =0,..., T/t is done in
multiple stages.

2. Compatibility measure

First, given a candidate spectrum Sca, (@), we would like
to evaluate the compatibility with our measured time series
FID(ndt) from the hardware. We call the output of that stage
“compatibility measure.” From the time series, we compute
the spectrum as

T /5t
Shard (@) = 8t Z et o=t/ s BID(ndt), (40)
n=0

where T is a parameter, and with §, = 1/2if n =0 or n =
T /ét, and 8, = 1 otherwise. This §, term removes potential
baseline offset [45]. The spectrum Sp,rq(@) is computed at the
values w where S..,(w) is available. The benchmark user is
free to choose 7> (even to take it negative) to optimize the
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FIG. 6. Left: Exact spectrum S(w) obtained with §t = 0.01 and 7, = 10 (black), and noisy spectra obtained with 5§z = 0.05 and noise levels
p = 0.001, p = 0.0001 (cyan and orange) after optimizing 75 and 8w as described in Sec. V C 2. Right: Root mean square AJ on the estimated

J couplings, as a function of the noise level, for different Trotter steps.

agreement with Sex,(w). Hardware results are indeed going
to come with noise that will already induce an exponential
decay on the data: When comparing with an actual NMR
experiment, such an additional exponential decay 7> can al-
ways be incorporated to match the exponential decay observed
in the NMR experiment. The benchmark user is also free
to set FID(nét) = 0 for time points that they decide not to
compute. Moreover, we also allow the user to apply a shift in
the frequencies, namely, to redefine

Slllard(w) = Shard (@ + dw), 41)

with an arbitrary parameter dw so as to optimize agrement
with S¢an(w). We indeed observed that Trotter errors coming
from the finite Trotter step size tend to globally slightly shift
the frequencies. While impacting significantly point-by-point
agreement between Scy, (@) and Spaa(w), this effect does not
prevent identification of the spectrum, and so we decide to
mitigate it with the above freedom to shift the frequencies.
For ease of implementation and to avoid having to introduce
an arbitrary scale, we impose that the shift in Eq. (41) is ap-
plied periodically on the range of ’s. The agreement between
Stara(@w) and Scan(w) is evaluated by maximizing the inner
product F (S},,4, Scan) With

>, A@B(®)
V¥, AP Y, By

Namely, the final compatibility measure between the mea-
sured time series and the candidate spectrum is the maximal
value of F'(Sj,,4, Scan) Obtained when optimizing 7, and $w. In
the left panel of Fig. 6, we present simulated spectra S}, (w)
obtained after this optimization, for different noise levels, and
comparison to the exact spectrum computed with 6 = 0.01.

F(A,B) = (42)

3. Identification within a database

We now would like to use the compatibility measure de-
fined in the previous subsection to identify, among a database
of molecular spectra, the spectrum that is the most compatible
with our measured time series. We define these databases
of molecular spectra as being composed of 100 spectra of
simulated benzene molecules, but with different J couplings.

One of the 100 spectra is computed with the exact J couplings
given in Table II. The 99 other spectra are computed with
perturbed J couplings J;; randomly generated as follows:

Jij =i +0.01 x 2%"g, “3)

for m =0, ...,98, and with & a random Gaussian variable
with mean 0 and variance 1 (randomly drawn for every couple
(i, j) and sample in the database). This way, the database
contains spectra that are very close to the exact spectrum of
benzene, for the lowest values of m. However, it also contains
spectra that are very different from it, for the largest values
of m. For every sample in the database, one computes the ex-
act FID¢an (nét) forn =0, ..., T /6t with noiseless numerical
simulation, with 6 = 0.01 and T = 50. Then, one computes
the spectrum associated with this mth sample:

T /5t
St (w) =8t Y " e /P8, FIDun(ndt),  (44)

can
n=0

with 7, = 10. We will be only interested in the frequency
region 140 < w < 175, which contains most of the interesting
features of this molecule. For definiteness, we will compute
the spectrum at 1000 equally spaced values of @ between 140
and 175. The compatibility measure defined in the previous
subsection will thus depend only on the frequencies within
this range. Once the whole database is generated, we look for
the sample that has the highest compatibility measure with
our time series measured on the hardware. The estimated J
couplings Jf]?t are then set to be the J couplings of this most
compatible sample within the database.

4. The score

Given estimated J couplings ijr“, we define the quality of

the estimate as the mean square error

1
21 D (- e, (45)

i<j

AJ =

where 21 is the number of J couplings in our particular case
of benzene. Given a time series measured on the hardware,
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this AJ is a random variable, since it depends on the random
database generated for comparing the spectra. To define a
score that is not a random variable, we then define the average

Snvr = E[AJ], (46)

where the statistical average E is over different random
databases. If only a small number of databases are generated,
one can provide an error bar on top of this average. This
score has a very simple application-oriented meaning: It is the
precision that the user can expect to obtain on the J couplings,
if the hardware was used to compare the spectrum of benzene
with simulations.

In the right panel of Fig. 6, we plot the root-mean-square
error AJ obtained by running the benchmark on noisy simu-
lated circuits, for different error probability per two-qubit gate
and different Trotter steps &¢. At low noise level, we observe
that small Trotter steps are more able to recover the true values
of the J couplings. This is expected as at low error rate, Trotter
errors dominate. For these small Trotter steps, increasing the
error rate blurs the NMR signal and decreases the precision.
At larger error rate, larger Trotter steps perform better because
in this regime, noise dominates over Trotter error, and circuits
with large Trotter steps have fewer gates.

Some comments on the generality of this benchmark are
in order. Contrary to the previous benchmarks presented in
Secs. Il and IV, the size of the benchmark system we propose
cannot be scaled arbitrarily. The computation of the score
that we defined requires exact knowledge of the spectrum,
which can be done classically with state-vector simulation
only up to 520 spinful nuclei. This is justified by the fact
that, first, there are actual potential use cases beyond classical
simulability that do not require much more qubits, less than
100 [43,44], and second, the phenomenon of dilution of error
ensures that the gate fidelity required to accurately simulate
NMR experiments does not scale with system size [8,44].
Hence, instead, this benchmark is meant to evaluate the ability
of a hardware (in the future, potentially with quantum error
correction) to simulate long time evolution with deep circuits,
through a concrete application use case.

D. Summary

The benchmark protocol evaluates the ability of the hard-
ware to simulate NMR experiments. The system considered is
a small benzene molecule. Hamiltonian simulation is imple-
mented with a Trotter decomposition. The protocol is directly
aimed at estimating the precision that one can obtain on the J
couplings of nuclei spins by comparing the NMR experiment
to simulations. The score is this average precision obtained.

E. Comparison with criteria

Let us now study how well the criteria defined in Sec. II B
fit with this benchmark. This benchmark involves the simula-
tion of a short-range spin Hamiltonian on a three-dimensional
graph. The ability of the quantum computer to simulate such
Hamiltonians is already tested in the first and second bench-
marks in Secs. III and IV. We thus decided to focus this
benchmark on the actual application targeted (NMR exper-
iment simulation) rather than to fulfill all the criteria of

Sec. IIB. The criterion that is the best fulfilled is thus the
application orientedness, since the score directly measures the
precision that one can obtain on the J couplings of a benzene
molecule, by comparing the quantum computer simulation to
the NMR experiment. This comes at the cost of absence of
scalability, since the benchmark requires to know the exact
solution to compute the score. The benchmark is also rather
costly, to remove shot noise and compute enough time points
to obtain good precision. On the other hand, the benchmark is
difficult to spoof, especially for high scores, since this requires
the simulation of a very precise spectrum, and the benchmark
is also hardware-agnostic, since it involves only a few qubits
with only short-range couplings.

VI. APPLICATION: GROUND-STATE ENERGY
OF MOLECULES

A. Context and motivation

One of the main tasks of quantum chemistry is the determi-
nation of chemical reaction rates. This requires the knowledge
of the ground-state energy of molecules as a function of
their geometry with high precision. For intermediate to large
numbers of orbitals, reaching this high precision becomes a
difficult or impossible task with classical computers.

Mathematically, the Hamiltonian of a molecule decom-
posed onto N orbitals (i.e., qubits) can be written as

H = Zh,-jci' cj+ Z h,'jk,cj'cj.ckc,, 47)
ij ikl

with h;;, hjji; some coefficients. This Hamiltonian is then
usually expressed in terms of Pauli matrices through a Jordan-
Wigner transformation. Although bearing many similarities
with condensed matter systems, these chemical problems
have two important specificities: The number of terms in the
Hamiltonian is large and the precision required on the ground-
state energy is high, called chemical accuracy, on the order
of 1 milihartree. This necessitates using different techniques
than the Trotter algorithm to implement the time evolution,
because Trotter error incurs a heating that precludes reaching
the ground state with the precision required. This has been
studied in a previous paper [47] and it was found that using
another algorithm for the time evolution that is free of any
discretization error would save a very significant number of
gates to obtain chemical accuracy with an adiabatic algorithm
for a number of small molecules.

B. The benchmark

We define the benchmarking system to be a linear chain of
L hydrogen atoms, each separated by a distance d = 0.74 nm,
decomposed in the STO-3G basis set. This system is sketched
in Fig. 7. They are defined on N = 2L qubits. The fermionic
basis is optimized using restricted Hartree-Fock. The re-
sulting coefficients of the second-quantized Hamiltonian in
Eq. (47) can be computed with standard libraries such as
PySCF [48-50]. In case of an odd number L of hydrogen
atoms, we remove one electron in order to keep an even num-
ber of electrons and be able to run the restricted Hartree-Fock
optimization. We then decompose the Hamiltonian into Pauli
strings using a Jordan-Wigner transformation. Next, we use
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FIG. 7. Top: Depiction of the system benchmark, a hydrogen
chain. Bottom left: Return amplitude measured as a function of
T, for different error rates, at optimal gate angle 7, in size N =4
(dotted), N = 6 (dashed), and N = 8 (solid). The red lines indicate
the thresholds for the size to be validated at 7 = N. Bottom right:
Return amplitude with error bars as a function of the gate angle
for a fixed number of shots, with error rate p = 0.001, size N = 6,
and time 7 = N. The purple dashed line indicates the expectation
value plus or minus two error bars, which is used as the criterion for
passing the test in the benchmark.

particle number conservation to add to the Hamiltonian the
quantity _‘1(21;;1 Z; )> without changing its eigenstates. The
coefficient « is taken to be the median of the coefficients in
front of terms Z;Z; in the Pauli string decomposition of the
Hamiltonian, as this allows one to minimize the 1-norm of the
Hamiltonian, i.e., the sum of the absolute values of the coeffi-
cients. Indeed, the gate cost of the algorithm that we are going
to use depends on simulation time ¢ and 1-norm as O(?u?),
so reducing the 1-norm significantly spares resources. In this
way, we obtain a decomposition of the Hamiltonian

HF ZZCnPn, (48)

with ¢, some coefficients and P, Pauli strings on N qubits.
Up to changing P, into —P,, we will assume ¢, > 0. These
decompositions are given in a Zenodo repository for several
chain sizes [51].

We then define the time-dependent Hamiltonian

T T

where 0 <t < T with T a total adiabatic time, and with H;
containing only the ¢, P, terms of Hrp where the Pauli string
P, is a single Z term (located at any site). This time-dependent
Hamiltonian has been studied in Ref. [47]. It implements an
adiabatic evolution from a diagonal Hamiltonian H;, whose
ground state is the Hartree-Fock state |HF) = |1---10---0),
to the target Hamiltonian Hp, whose ground-state energy is
the sought quantity. It has been shown numerically up to

H() = (1 _ i)H, + Lup, (49)

N = 20 that an adiabatic time T = N is sufficient to prepare a
state whose energy is within chemical accuracy of the ground-
state energy, i.e., such that the energy difference is smaller
than 1073, For this benchmark, we propose the implementa-
tion of this adiabatic state preparation:

|¥s) = U(T)|HF), (50)

where U(T) implements the time-dependent Hamiltonian
evolution [Eq. (49)] up to time t =T = N. To implement
this time evolution, we propose the randomized algorithm of
Ref. [52]. This algorithm allows for an exact implementation
of the Hamiltonian dynamics, without any Trotter error, while
still displaying a finite average number of gates in each circuit.
We briefly review here how this algorithm works. We define
the time-dependent coefficients c¢,(t) = ¢, if P, is a single
Pauli £Z, and ¢, () = %cn otherwise. The algorithm consists
in generating random unitary operators U that depend on a
chosen gate angle 0 < 7 < 7 /2, with the property that their
average is proportional to the evolution operator. Namely, we
have

E[U] = ATefo SO, (51)

where [E denotes the statistical average over the random uni-
tary U, A denotes an attenuation factor equal to

T
A =exp (— tan(t/2) Z/ cn(t)dt), (52)
—Jo

and Te'lo ¥H®) denotes the time-ordered exponential im-
plementing an evolution according to the time-dependent
Hamiltonian H (s). The unitaries U are generated as a product
of Pauli string rotations:

U = eil’Pn] . giTP”M’ (53)

where the application of each rotation e is a random

event following a Poisson process with time-dependent rate
cn(t)/sint between times 0 and 7. Namely, the probabil-
ity that the rotation ™™ is applied between time ¢ and ¢ +
dr is given by ¢,(t)dt/sin t. This is described precisely in
Refs. [47,52].

We thus introduce an ancilla and initialize the total state on
N + 1 qubits in

<
/2

We then generate a random unitary U according to the pre-
vious random process, and apply it on the system qubits,
conditioned on the ancilla being 1.

Denoting p; the mixed state obtained after running this
random time evolution, we have

V) = —=(10) ® [HF) + [1) ® [HF)). (54)

1 1
pi = EIOHOI ® [HF)(HE| + Z 1) {1] ® punkn

A A
+ 5101 @ [HE) (| + 1101 @ [vy)(HEF], - (55)

with |/f) the target state in Eq. (50), with py, some un-

known density matrix, and with A given in Eq. (52).
Repeating the same process on this output density matrix,

but conditioning the ancilla to be 0 instead of 1 (and of course,
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generating a different random Poisson process), we obtain the
density matrix

1 1
pr = 710)(01 ® [HF)(HF| + Z[1)(1| @ Pinkn

)\'2 )\'2
+ ?|0)(1| Q [Ye)(¥sl + 7|1)<0| ® |¥s) (Wrl, (56)

with p{ ., another unknown density matrix. By taking expec-
tation value of X on the ancilla, one gets access to the exact

state |y r)
tr[Xopr] = A2 Ys) Yyl (57)

Namely, the expectation value of any observable O within
|/¢) can be obtained as

(YOl p) = 272 [(X ® O)pyl. (58)

By setting O =1, the left-hand side is equal to 1, and so
tr [X,0r] must be equal to A2. The agreement of the bench-
marked hardware with that theoretical expectation value gives
a way of evaluating the quality of the computation.

In this randomized algorithm, the end user can choose the
gate angle t without influence on the result [Eq. (58)]. Chang-
ing the gate angle 7, however, modifies the average number of
gates in the circuit and the value of A. The number of gates in
the circuit is proportional to 1/ sin t, and the attenuation factor
is given in Eq. (52). The number of shots to perform to obtain
a given precision on (Y |O|y) in Eq. (58) scales as P
Hence, changing t allows for balancing the number of gates
in the circuit (and hence the noise) and the number of shots to
perform. Increasing v decreases linearly the number of gates
in the circuit, but increases exponentially the number of shots
to perform. Which t to choose depends on the hardware: Fast
architectures where large numbers of shots can be done prefer
larger values of t; slower but more precise architectures prefer
smallest values of . There is a choice of t that minimizes the
total number of gates to implement to reach a certain preci-
sion on a noiseless perfect hardware, approximately equal to
T=1/( fOT ¢, (2)dt) [52]. However, in the presence of noise,
larger values of t might be more efficient. We therefore leave
to the end user the freedom to choose the gate angle . This
benchmark setup thus automatically balances gate fidelity and
clock speed.

C. The score

We assign the following score to the benchmark. We say
that the hardware passes the test in size N if the return ampli-
tude plus or minus two error bars at time 7 = N is contained
around 1 plus or minus a threshold value ® that we set to
® = 0.15. Namely, let us denote by E the expectation value
obtained for the quantity A%tr [(X ® I)ps] (i.e., ™% times the
expectation value of X on the ancilla), and §E one standard
deviation on the estimate, when run at time 7 = N. Then, we
say that the hardware passes the test at size N if

085=1-O<E+2E<1+0=115. (59

Then, the score Sgc assigned to this quantum chemistry
benchmark is the largest system size N for which the hardware
passes the test.

In Fig. 7, we show a run of this benchmark for small
system sizes N = 4, 6, 8. In the left panel, we show the return
amplitude measured as a function of 7' for different system
sizes and error rates, when choosing the gate angle 7 to be
the optimal value. Here, all system sizes fail the test for error
rate p = 0.01. For p = 0.001, only N = 4 passes the test. For
p =0.0001, N =4 and N = 6 pass the test, but not N = 8.
In the right panel, we show the effect of gate angle in the
case N =6 and T = 6 at error rate p = 0.001. At optimal
gate angle, the test fails. However, one sees that by increasing
gate angle one can decrease the effect of noise so as to ob-
tain a return amplitude above the threshold. However, if one
increases the gate angle too much, error bars grow and the test
fails again. This shows that this benchmark allows the user to
take advantage of a high clock speed that allows for running
a high number of shots, and so increasing the gate angle t to
mitigate the effect of hardware imperfections.

D. Summary

The benchmark protocol evaluates the ability of the hard-
ware to implement an algorithm for preparing the ground
state of small molecules. The systems considered are hydro-
gen chains in an STO-3G basis. The algorithm used is an
adiabatic evolution implemented with a stochastic algorithm
that simulates the exact Hamiltonian evolution without any
discretization error. The score is based on a consistency check
similar to a mirror circuit, and is scalable.

E. Comparison with criteria

Let us now study the definition of the benchmark protocol
in the light of the criteria defined in Sec. IIB. The main
strength of the benchmark is its scalability, since the expecta-
tion value of X on the ancilla can be computed classically for
arbitrary system sizes. Since this value is nontrivial, and since
the circuits run are random circuits, the benchmark is difficult
to spoof. One other strength of the benchmark is that it allows
for balancing number of shots and number of gates through
varying the gate angle of the stochastic algorithm used, and
gives the possibility to a fast but less precise hardware to
do a lot of shots to compensate for a low gate fidelity. The
benchmark protocol is thus particularly hardware-agnostic.
However, the value measured does not bring information on
the chemical system considered, and is similar to the infor-
mation obtained from a mirror circuit (although in our case,
the observable measured is local). This benchmark protocol
is thus the least application-oriented of the five benchmark
protocols we defined. Regarding the cost of the benchmark, it
is quite expensive to implement, but this is also a property of
the chemical system studied, their dense Hamiltonian, and the
high precision required on the ground-state energy. It is thus
an unavoidable drawback of benchmark protocols defined
from chemistry systems.

VII. APPLICATION: CLASSICAL OPTIMIZATION

A. Context and motivation

Classical optimization problems consist in finding the min-
imum of a cost function over a (usually) discrete set of
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FIG. 8. Top: Example of a 3-regular graph with an optimal col-
oring maximizing the number of edges between green and red nodes.
Bottom: Probability of finding the optimal cut in a graph of size
N =20 in 10° shots, as a function of 7 in the benchmark setting,
for different noise levels p, comparing all-to-all connectivity and
linear connectivity. This probability is estimated from 100 runs of
the protocol, so the curves plotted display a slight randomness <1%.
The all-to-all connected simulated hardware passes the benchmark
for p = 0.001 and p = 0.01, while the linear-connected simulated
hardware passes the benchmark only for p = 0.001.

configurations, such as the traveling salesman problem or the
knapsack problem. What makes these problems attractive to
quantum computing is, first, the (quasi)guarantee that these
problems cannot be solved classically in polynomial time
(otherwise P = NP), ensuring that they will always become
impossible to solve classically provided the system size is
large enough, and second, the wide relevance of these prob-
lems to several sectors of the industry. In quantum computing,
they can be formulated as finding the ground state of a
classical Hamiltonian H, namely, that contains only Z Pauli
matrices. The simplest optimization problem in this formula-
tion is the so-called Max-Cut problem, whose Hamiltonian is

H= ZZ,-Z», (60)
(i,7)

where (i, j) means that sites i, j are neighbors on a given
graph. The ground state of H is a product state in the Z basis
whose values 0, 1 partition the graph into two subgraphs such
that the number of edges connecting one subgraph to the other
is maximal. We show in Fig. 8 an example of a graph with
such a maximal partition.

One way of finding the ground state of H on a quantum
computer is to use the adiabatic algorithm. Given a Trotter

step ¢ and a number of steps 7, we implement the unitary
operator

U(T) = Wi (8t) - - - Wasy 7 (8 )Wasy 7 (81 )Wy 7 (82),  (61)
with

WS((St) — 1_[ eixStZ/Zk He—i(l—‘Y)Sth. (62)

(J.k) J

Preparing initially the quantum computer in the state |+
-+ +), provided T is large enough and ¢ small enough, the
final state obtained

W) =Ul+---+) (63)

should have large overlap with the ground state of H. By
measuring the qubits in the Z basis, one obtains a list of
bits that should have a non-negligible probability to provide
a solution to the Max-Cut problem.

B. The benchmark

For this benchmark, we will fix the graphs to be 3-regular
graphs, i.e., graphs in which every vertex has exactly three
neighbors. We fix moreover the Trotter step 8¢ to be equal to
8t = 0.25. This setup has been extensively tested in Ref. [53]
and it has been observed that taking 7 = O(L) is enough
to be able to find the ground state, for systems up to size
~100. While the ground state of these systems cannot be
found classically for arbitrary system sizes, there exist clas-
sical approximate solvers that are very likely to be able to
find the exact ground state in reasonable runtime up to sizes
~103 [53,54]. This ensures that the benchmark can be imple-
mented on hardware for probably several years to come. Even
beyond the classically simulatable regime, different hardware
can still be compared to each other.

‘We note that, beyond the classically simulable system sizes
and approximate evolutions for larger system sizes, we do
not have any guarantee that the algorithm still succeeds in
finding the optimal cuts for arbitrary system sizes. However,
this problem is common to other application-oriented bench-
marks of NP-hard problems [23]. In the absence of proof of
efficiency of an algorithm, we can only rely on simulable
system sizes or heuristics to hope for future efficiency.

C. The score

We say that a given hardware is able to solve a graph G
if there is experimental evidence for the existence of a value
of adiabatic time 7 and of a number of shots Ng, such that
by measuring Eq. (63) in the Z basis Ns times, the optimal
solution is obtained with probability larger than 1/2. The end
user is free to choose an appropriate value of adiabatic time T
and of number of shots Ns. To be able to claim that a given
hardware solves the graph, we require that the user runs a
minimum of ten groups of Ny shots, and that counting 1 for
each group of shots containing the optimal solution, and 0
otherwise, the mean value of this random variable is larger
than 0.5 by two standard deviations.

Then, we say that a given hardware passes the benchmark
in size N if there exists at least one connected 3-regular graph
on N sites that the given hardware is able to solve. We define

043146-16



APPQSIM: APPLICATION-ORIENTED BENCHMARKS FOR ...

PHYSICAL REVIEW RESEARCH 7, 043146 (2025)

the score Smax-cut to be the largest system size N for which
the hardware passes the test. A refinement of the score can be
made by giving, for that value of N and T, the average time to
solution defined as Ny times the average run-time of one shot.
We note that by increasing the number of shots Ny, we
can always obtain a non-negligible probability of measuring
the optimal solution by just random guess. This feature is
not a loophole of the benchmark. While this strategy can be
implemented for small system sizes, it would require scaling
Ns exponentially with N for larger N and quickly becomes
impractical. From an application point of view, a hardware
that is able to run a large number of shots quickly should
indeed be considered more powerful than a slow hardware,
all other things being equal. Imposing a number of shots Ng
would set an intrinsic timescale that could be detrimental to
certain hardware or become obsolete in the future, if machines
become faster or instead slower due to, e.g., error correction.
In Fig. 8, we present some numerical noisy simulations
of this benchmark, showing the probability of finding the
optimal cut as a function of T in a given graph of size N = 20,
for a number of shots Ny = 10°. We compare two simulated
hardware architectures, one where all qubits are connected
to each other, and another one where gates can be applied
only between neighboring qubits on a line, requiring the im-
plementation of additional SWAP gates to connect arbitrary
qubits. With all-to-all connectivity, the simulated hardware
would pass the benchmark for two-qubit error rate p = 0.001
and p = 0.01, but would fail for p = 0.1, because no value of
T leads to a success probability larger than 1/2. With linear
connectivity, only for p = 0.001 would it pass the benchmark.

D. Summary

The benchmark protocol evaluates the ability of the
hardware to solve a Max-Cut problem using an adiabatic algo-
rithm. The systems considered are random 3-regular graphs.
Hamiltonian simulation is implemented with a Trotter decom-
position. The score is given by the maximal system size at
which there exists one such graph for which the hardware is
able to find the maximal cut with non-negligible probability.

E. Comparison with criteria

Let us now justify the definition of the benchmark proto-
cols, in the light of the criteria defined in Sec. II B. First, the
benchmark is application-oriented, as it measures the size of
the largest graph for which the quantum computer can find
the optimal cut. Second, it is relatively cheap. The circuits
involved are Trotter decomposition of a local Hamiltonian
with a number of gates scaling only linearly with system size.
The user is free to choose the number of shots. Since the cut
of the graph can be computed on every single shot, no aver-
aging over shots is required, so a relatively modest number of
shots can suffice to run the benchmark. Third, although the
benchmark can be spoofed for small system sizes by doing
a large number of shots and finding the optimal solution by
chance, this technique is exponentially costly in system size
and cannot be reasonably implemented for larger graphs with
say N > 20.

Let us consider now the two remaining criteria, i.e.,
whether the benchmark is scalable and hardware-agnostic.
The fact that the number of shots is a free parameter of the
benchmark helps the benchmark be hardware-agnostic, as it
can be implemented cheaply on both slow and fast devices.
However, the 3-regular graphs generated for the benchmark
involve many long-distance couplings between the vertices,
which translate into two-qubit gates applied on qubits far
apart. The benchmark is thus certainly more easily imple-
mented on all-to-all coupled quantum computers than on
gridlike architectures. On the other hand, this long-range con-
nectivity in the graph is required for the Max-Cut problem
to not be efficiently solvable by classical means. It is thus
imposed by the nature of the application we aim at solv-
ing. Considering only graphs that can be easily implemented
on gridlike architectures would make the benchmark less
application-oriented. We can thus consider that the benchmark
is as hardware-agnostic as it can be, for this precise applica-
tion of Max-Cut on 3-regular graphs.

Finally, the benchmark as defined is strictly speaking not
scalable, as it requires the knowledge of the exact maximal
cut. It also relies on the actual efficiency of the Floquet adi-
abatic algorithm for this application, which has been tested
with simulations only up to around 100 qubits. However, for
this Max-Cut problem on 3-regular graphs, the exact solution
can be computed for much larger system sizes than for regular
Hamiltonian simulation of physical systems. In practice, the
benchmark can be run up to system sizes of order 103, which
guarantees it to be relevant for several years to come. Thus,
although the benchmark cannot be run for arbitrary system
sizes, it can be run for a number of qubits way beyond the
classical simulable regime of the quantum circuit.

VIII. CONCLUSION

We have introduced an application-oriented benchmarking
suite for quantum computers that is focused on Hamilto-
nian simulation. We have defined five different benchmark
settings that correspond to some of the most prominent po-
tential applications of quantum computing, namely, material
and condensed matter physics simulation (dynamic problems
and static problems), Nuclear Magnetic Resonance, quan-
tum chemistry, and classical optimization. Specifically, we
presented explicit benchmark settings for (1) computing the
dynamics of electronic systems, (2) computing the values of
static observables of condensed matter physics at low tem-
perature, (3) computing the spectrum generated by nuclear
magnetic resonance experiments, (4) preparing the ground
state of a hydrogen chain in quantum chemistry, and (5) solv-
ing the Max-Cut problem on 3-regular graphs.

A scalable application-oriented benchmark can be some-
times contradictory, as benchmarking supposes to know the
exact result, whereas the best applications of quantum com-
puting are those beyond reach of classical computers. We
tried to slalom between these contradictions and defined dif-
ferent settings that, although not all scalable and not all
implementing an end-to-end quantum computing application,
address a variety of circuit geometries, application practi-
cality, qubit connectivities, and scalability properties that
altogether should draw an accurate overview of the ability of a
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given quantum computing hardware to solve some real-world
applications.

Besides these benchmarks, we introduced a metric to mea-
sure the capabilities of a quantum computing hardware at a
given task that involves computing the expectation value of
an observable. The metric is based on the idea that, since
a certain minimal number of shots have to be performed
on the quantum computer to reach a given precision on the
expectation value, a systematic bias coming from noise might
not be detectable before a certain number of shots have been
performed. Stated differently, given a certain gate budget, a
noisy quantum computing hardware can be in practice in-
distinguishable from a perfect quantum computer at a given
task, if the effect of hardware imperfections is below the shot
noise. We thus introduced the notion of distinguishability cost
to measure the quality of a quantum computing hardware at
a given task, as the minimal number of gates that a perfect
quantum computer has to run to certify that the output of the
benchmarked hardware is incorrect. The appeal of this score
is that it is universally applicable to any problem involving
expectation values, and outputs a number with direct physical
and practical meaning.
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APPENDIX A: TORIC CODE STATE PREPARATION

In Fig. 9, we graphically represent the toric code state
preparation used in Sec. III B, for the case L, = L, = 8. The
toric code state preparation for other even dimensions L, L,
is readily deduced from Fig. 9.

APPENDIX B: FREE FERMION CALCULATIONS

1. Generalities

We consider the free fermion Hamiltonian

H= Zc?cl,- +clei, (B1)

where the sum runs over the edges of a L, x L, square lattice
with periodic boundary conditions. After a Jordan-Wigner

|
Uk=<1_

i sin®(8¢) sin(2k)

2sin?(8¢) cos® k — i sin(28t) cos k

transformation, the term ciTc i+ c}c,- becomes

. 1
clej =0+ [ 2, @2
i<k j
and we have
cicj — cfc] (xx vy [ 2.  ®3)

i<k<j
where i <« k < j means that site k is comprised between sites
i and j in a given ordering of all the sites. We decompose
H=Hx+Hyy+H,x+H,y, (B4)
with

HT,X =

Zxx ]_[ Z,

i<kL]j

(B5)

vertlcal

and identically for — meaning that (i, j) is a horizontal bond,
and with Hj y being the same but with Y;Y; instead of X;X;. In
terms of fermions, we have

Z cjcj + c;c,- =+ (cicj — c;c;).
(i, j)

horizontal

1
H_, x;y = 3 (B6)

2. Time evolution of Fourier modes

‘We rewrite this Hamiltonian with the Fourier transform

cj= «/_ Z c(k)ek,

keK

(B7)

where K = {2”(k ) key =0, Lyy — 1}. In this expres-
sion, we see site j as a couple J = (x, jy) with j,,
0,..., L., — 1 and the scalar product defined as jk = Jxk +
jyky. This yields

H_ yyy =Y c'(k)e(k) cosk,
keK

+ % sink, (" (k)" (—k) — c(k)e(=k)).  (B8)

We have
[H_ x/v, c(k)] = — coskec(k) F isink.c' (—k),
[H-. x/v,c'(—k)] = coskec'(—k) £isinke(k).  (BY)

Hence, we have the evolution equation under H_, x,y:

c(k) \ _ (—icosk, Fsink, c(k)
Y (c*(—k)) - <:|:sin ke icos kx)(cT(—k) - (B10)
Let us perform this evolution for a time 8¢ for H_, x, and then

for a time &t for H_, y. Using a symbolic software, we find
that the vector after this evolution is

c(k)
Us, <CT(—k)>’ (BI1)
with
i sin®(8t) sin(2k)
1 — 2sin?(81) cos? k + i sin(28¢) cosk ) (B12)
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FIG. 9. The different steps in the toric code state preparation in size 8 x 8, ordered in reading direction. The circles represent the ancillas,
with green circles representing those where a Hadamard gate is applied at the beginning. Then, the yellow arrows indicate the application of
CNOTS, with the arrow pointing toward the target qubit. The system qubits represented by blue circles in Fig. 1 are not shown in this picture.

The same equations hold true for Hj x/y, with k, replaced
by k,. It follows that after a full Trotter step, the operators
c(k), cT(—k) are mapped to

c(k) c(k)

<CT(—]€)> = Uky UkA <CT(—/€) . (B13)

3. Observable with two fermions

Let us now consider an observable of the form
0= ficle;. (B14)
J
with f; some function of the site j. We have

0= Y fk—q)x (kg (B15)

k,qeK

with

A 1 .
foo =+ > e g (B16)
J

After application of n Trotter steps, let us write the decompo-
sition

n_ [ on(k)
(Ukyka) == (—ﬂ:(k)

with a,(k), B, (k) coefficients. Writing explicitly the unitary
matrix Uy Uy, , one finds that its eigenvalues are et with

ﬁnac)), B17)

a, (k)

€, = sgn (cosk)arccos[1 — 2 sin?(8t)(cos k + cos g)*

+ 4sin*(8t) cos k cos g(1 + cos(k + ¢))]. (B18)
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One then knows that the coefficients a,(k), 8,(k) are a linear combination of ¢”¢ and e~ . From the cases n = 0,n = 1, one

then finds

on(k) = 7% 4+ i(— sin(28t)(cos ky + cosky) + 2 sin(24t) sm2(8t) cos k, cos ky(cos k, + cos k) + sin €;)

sin(ney)

nek

Bu(k) = (i sinz(St)(sin(ka) + sin(2k,)) — 2i sin4(6t)(cos2(kx) sin(2k,) + cos (ky) sin(2k,))

+ sin?(8t) sin(28¢)(cos(k ) sin(2ky) + cos(ky ) sin(2k;,)))

We thus have after n Trotter steps
Omst) = Y flk — gl kang)c’ (k)ec(g)
k,qgekK
+ B (Dan(g)c(—k)e(q) + (k) Bu(g)c (k)e (—q)
+ B (k) Bu(@)c(—k)cT (—q)]. (B20)

Let us evaluate it in a product state with mode occupation 7;
on site j. Introducing

k) = % Z e,
J
we get that (cT(k)c(q)) =tk —q), (c(—k)c(g)) =0,

(" (k)T (=g)) =0, and (c(—k)c"(—q)) = 8kq — Ak — q).
Hence,

(B21)

(OMmst) = Y flk — q)e(k)en(q)
k,geK
— Bi(—k)Bu(—g)itk — q) + F(0) D IBu(k)I.

kekK
(B22)

4. Higher-weight observables

We now consider the higher-weight observables Oy, de-

fined as
O[w]— Z ftl t 11" tw

1)<+ <y

(B23)

for some f;. The variance per shot of the observable O as
defined in Eq. (10) involves O, with w = 2. The observable
O is exactly the coefficient in front of € in the Taylor
expansion of

Fe)=(0+efiZ)(A +efrzp)---(1 +€fpZ1). (B24)
Let us write
L
F(e) =exp Zln(l—l—eijj)
j=1
1 < 1+ €f;
_ 2 22 J
= exp 2;111(1 1) +In— sz . (B25)
Introducing
L L
S =Y [ S =Y f7"MZ;, (B26)
j=1 j=1

sm(nek)

(B19)
ne€g

(

we have

F(e) =exp (B27)

_6 w
Xy
w>1 w
From this expression, the observable Oy, [Eq. ((B23) for all
w can be expressed in terms of S,,”. For example, the first few

terms are

O =81,
S?—S
Op) = 12 =
3 — 35,5, + 28,
Op = 1+—"—,
[3] 6
S+ — 6528 352 + 85,53 — 68
Opy = 21 192 + 355 + 85193 4 (B28)

24

The problem of computing O, is thus reduced to that of
computing the powers S,,. When w is even, this is only a
scalar. When w is odd, in terms of the fermions, this can be
written as

P
L
Sh = | 201 =2 (29)
j=1
We expand it as
P
2w+ Z( )(_2)q§gw+122pw-qw (B30)
4=0
with
L
Saut1 = ZfZ“’“dc,, Sowst = Y7 (B3D)
j=1

After n Trotter steps, using Eq. (B20) with f replaced by the
Fourier transform of f>**!, the powers 87, 41 are expressed
as sums of terms of the type

ctkieky) - - ' (ki )e(k),),

as well as with any ¢ replaced by ¢, and vice versa. The
expectation values of these expressions are computed using
Wick’s theorem. Namely, we have the recursive formula for
any m:

(B32)

2m
(k) -~ elhan)) = Y (= 1)~ @k (k)

i=2
x (c(ky) - -

C(ki—)c(kiy1) - - - Clkam)),

(B33)

where by ¢ we mean any of ¢ or ¢.
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