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Electric-magnetic geometric phase
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Geometric phases play an enormous role in optics and are generally associated with the evolution of light’s
polarization state on the Poincaré sphere, or its spin on the sphere of spin directions. Here, we put forward an
optical geometric phase that appears exclusively in nonparaxial light, resulting from cyclic changes to the relative
amplitude and phase between the electric and magnetic fields. This phase is naturally represented on a recently
introduced “electric-magnetic” sphere.
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I. INTRODUCTION

That the coincident initial and final states of a wave system,
evolved cyclically through parameter space, can be distin-
guished by a geometric phase is a key concept in modern
physics [1–6]. It is difficult to overstate the importance of
geometric phases in optics [7–9], underpinning the function
of metasurfaces and spin-orbit coupling phenomena [10–13].

There are two basic types of optical geometric phases: (1)
The Pancharatnam-Berry (PB) phase [14–16] emerges when
the polarization of a paraxial beam of monochromatic light
is changed cyclically by propagating through a suitable series
of wave plates and/or polarizers; and (2) the spin-redirection
geometric phase [17–20], which is accumulated during cyclic
changes of the propagation direction of circularly polarized
light. These two phases are represented by closed loops and
solid angles on the Poincaré and spin-direction spheres, re-
spectively. Once both the three-dimensional (3D) orientation
and ellipticity of a polarization ellipse can vary, a more gen-
eral approach involving a combined Majorana-type sphere
[21,22] is needed. Furthermore, polarization-independent op-
tical geometric phases can appear during (1) a cyclic evolution
of the modal profile (transverse phase-intensity distribution)
of a paraxial beam [23–25], which is naturally represented
on the modal analog of the Poincaré sphere [25–27]; and
(2) variations of the propagation direction of vortex beams
carrying orbital angular momentum [28–31].

Each of the above kinds of optical geometric phase is de-
scribed by evolutions of the polarization and intensity-phase
distribution of the wave’s electric field. Yet, just as the electric
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field’s polarization ellipse is transformed, so too is that of the
magnetic field—and in a different fashion in general. More-
over, Maxwell’s equations permit, in nonparaxial light, the
electric and magnetic fields a surprising amount of freedom:
Both the share of energy between the two fields and their
relative phase can change. This is analogous to how the two
components of a paraxial beam’s polarization (Jones vector)
change in amplitude and relative phase in the PB phase prob-
lem.

In this article, we show that such a relative evolution of
the electric and magnetic fields in a nonparaxial optical field
gives rise to an “electric-magnetic” (EM) geometric phase,
described within a generalized theory of optical geometric
phase for the six-component vector that combines the two
fields. Most startlingly, we show that the EM geometric phase
can even present itself when the polarization states of the
electric and magnetic fields do not change, providing a simple
example of this scenario: a standing wave modulated cycli-
cally in time. In a second example, we show the remarkable
emergence of the EM geometric phase in the longitudinal
field components in a focused beam whose spatial structure
evolves cyclically—a link between the modal geometric phase
for paraxial beams and the strong-focusing regime. Notably,
the geometric phase described in our work is of an Aharonov-
Anandan type [32], which requires cyclic evolution of the
state vector but not adiabaticity.

II. GENERAL THEORY

An electromagnetic field as a function of some parameters
ρ can be expressed with a single vector in the C2 ⊗ C3 ⊗ L2

space [33–36]:

��(ρ) = 1

2

( √
ε0E(ρ)√
μ0H(ρ)

)
=

√
W (ρ)eiα(ρ) �ψ(ρ), (1)

where E(ρ) and H(ρ) are the complex electric and mag-

netic fields, W = ��† · �� = (ε0E∗ · E + μ0H∗ · H)/4 is the
electromagnetic energy density, �ψ is a normalized vector
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FIG. 1. General geometric phase scenario. (a) The field ��
[Eq. (1)] evolves over a curve C in the parameter ρ space. At the
two ends of C, the field differs only by the phase �glo = �loc + �g

[Eqs. (2), (4), and (5)]. (b) If the electric and magnetic polarization
states do not vary along C, then �g = −�W/2 is the EM geometric
phase, proportional to the solid angle enclosed by the evolution loop
on a Poincaré-like EM sphere [36] [Eqs. (10) and (11)].

( �ψ† · �ψ = 1), and the overall phase α is to be chosen. Here
and in what follows, superscripts † and ᵀ mean conjugate
transpose and transpose, respectively, bold characters like E
are C3 vectors, while those with arrow accents like �� are
C2 ⊗ C3 vectors, and explicit expression of the ρ dependence
of quantities in Eq. (1) is to be avoided except for useful
emphasis. All phase angles in this work are defined within the
interval [0, 2π )—Any expression for a phase angle is assumed
to be taken modulo 2π .

Suppose that there is an open curve C in parameter ρ space,
along which �� is varied between an initial value ��in = ��(ρin )
and a final value ��fin = ��(ρfin), distinguishable only by a
global phase: ��fin = ��in exp(i�glo) [32] [see Fig. 1(a)]. It
is straightforward to see that this phase factor is consistent
with Pancharatnam’s definition [14,15] of the phase difference
between two nonorthogonal field vectors:

�glo = Arg( ��†
in · ��fin) = �α + Arg( �ψ†

in · �ψfin), (2)

where �α = α(ρfin) − α(ρin). Since the field evolves con-
tinuously over C, it is also possible to record local phase
accumulation. An incremental change in phase between
neighboring points in ρ space is, using Pancharatnam’s def-
inition (2),

d�loc = Arg[ ��† · ( �� + d ��)] = 1

W
Im[ ��† · (∇ρ ) ��]︸ ︷︷ ︸

kρ

· dρ.

(3)

Interpreting kρ as a “local wave vector” over ρ [22,34,37], we
might initially expect that its integral along C would recover
�glo [Eq. (2)]. But when substituting Eq. (1), its integral,

�loc =
∫

C
kρ · dρ = �α − i

∫
C

�ψ† · (∇ρ ) �ψ · dρ, (4)

is not generally equal to �glo. Indeed, the difference between
Eqs. (2) and (4) is a geometric phase: �g = �glo − �loc.
Geometric phase is what effects “global change without local
change” [38]. The sum effect of local change, �loc, can be
identified with dynamical phase.

We have yet to exercise our freedom to select the phase
angle α. While the difference �g = �glo − �loc is invariant

with respect to changes of α (i.e., U (1) gauge transforma-
tions), its choice can be leveraged to obtain a more satisfying
expression in terms of the normalized field �ψ. Since α is an
overall phase ascribed to all six field components, it is natural
to define it via an associated complex scalar quadratic field
� = ��ᵀ · ��: α = Arg(�)/2 [22,37,39]. Then, it follows from
Eq. (1) that Arg( �ψᵀ · �ψ) = 0, and subsequently in Eq. (2),

Arg( �ψ†
in · �ψfin) = Nπ [see Eqs. (S4)–(S7) of the Supplemen-

tal Material [40]]. Here, N = 0 or 1 is a Z2 topological index
that encodes the even or odd number of half-turns made by
principal semiaxes of the “six-dimensional EM polarization
ellipse” [41] of �ψ over C. For a closed contour C, N = 1
corresponds to polarization Möbius strips [22,42–45].

Subtracting now Eq. (4) from Eq. (2), we obtain

�g = i
∫

C

�ψ† · (∇ρ ) �ψ · dρ + Nπ. (5)

Equation (5) is the central general expression in our work,
describing the optical geometric phase that incorporates both
electric and magnetic fields, valid for both paraxial and
nonparaxial waves, and alluded to in Refs. [22,37]. Note, how-
ever, that previous electric-only geometric phase descriptions
[22,37] associate the integrated electric local wave vector with
total phase, the electric-only equivalent of �α with dynamical
phase, and their difference with geometric phase, definitions
that are not applicable to field evolutions over open curves
in parameter space such as in Fig. 1. We have instead pro-
vided Eqs. (2), (4), and (5) as total, dynamical, and geometric
phases, respectively, which are analogous to the definitions of
Aharonov and Anandan [32].

A natural next step is to attempt to divide �g into electric
and magnetic contributions, as is customarily done for many
quantities in electromagnetism [33–35,37,46,47]. We express
the normalized state vector �ψ as

�ψ =
(

cos θ
2 eiχe ê

sin θ
2 eiχm ĥ

)
, (6)

with θ = 2 arctan (
√

μ0|H|/√ε0|E|) characterizing the rel-
ative amplitude of the electric and magnetic components,
and the complex unit polarization vectors ê = exp[−i(α +
χe)]E/|E| and ĥ = exp[−i(α + χm)]H/|H|, whose phases χe

and χm are added to α such that Arg(ê · ê) = Arg(ĥ · ĥ) = 0.
This fixes the real and imaginary parts of ê (ĥ) at right angles,
aligned to the semimajor and semiminor axes of the electric
(magnetic) polarization ellipse, respectively [22,39]. Surpris-
ingly, substituting Eq. (6) into Eq. (5) yields two kinds of
geometric phase terms:

�g = �gI + �gII + Nπ, (7)

where

�gI = i
∫

C

[
cos2 θ

2
ê∗ · (∇ρ )ê + sin2 θ

2
ĥ∗ · (∇ρ )ĥ

]
· dρ (8)

is a weighted sum of the electric and magnetic terms, each
similar in structure to the integral term in Eq. (5), which
describes geometric phase arising from variations of the
electric and magnetic polarization ellipses along C. This
type of geometric phase has been described in Ref. [22]
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(for closed-contour evolutions in real space); it accounts for
both the PB phase in two-dimensional paraxial waves, where
θ = π/2 and �gI + Nπ = �PB, and the spin-redirection
phase for 3D evolutions of polarization. Having fixed
Arg(ê · ê) = Arg(ĥ · ĥ) = 0 means that �gI = 0 if the electric
and magnetic polarization states are uniform over C.

Our main result is what we term the EM geometric phase:

�gII = −
∫

C

[
cos2 θ

2
dχe + sin2 θ

2
dχm

]
. (9)

It originates from the incorporation of the C2 EM space in ��
and arises exclusively in nonparaxial light, i.e., �gII = 0 for
paraxial waves [see the Supplemental Material [40]]. Perhaps,
the most striking feature of �gII is its independence from the
C3 polarization vectors ê and ĥ, enabled by our choice of χe

and χm—In nonparaxial light, a geometric phase may emerge
even when the electric and magnetic polarization states are
constant; i.e., neither ê nor ĥ evolve over C. When, moreover,
the electric and magnetic fields share the same polarization
state throughout, ê ≡ ĥ, the phase �gII may be related to the

trajectory of the tip of a Stokes-like vector W = ��† · (σ̂) ��/W
[35,36]:

W = 1

4W

⎛
⎜⎜⎝

2Re{E∗ · H}/c

2Im{E∗ · H}/c

ε0|E|2 − μ0|H|2

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

sin θ cos φ

sin θ sin φ

cos θ

⎞
⎟⎟⎠, (10)

where Re and Im denote real and imaginary parts, σ̂ =
(σ̂1, σ̂2, σ̂3) is the vector of Pauli matrices, and φ = Arg(E∗ ·
H) = χm − χe. In this case, it can be shown that [see the
Supplemental Material [40]]

�g = �gII + Nπ = −1

2

∫
C

(1 − cos θ )dφ = −1

2
�W, (11)

where �W is the solid angle swept out by W [see Fig. 1(b)].
The vector W can be interpreted as a Stokes vector for an
EM ellipse [41], represented on a Poincaré-like EM sphere,
originally proposed in Ref. [36] [the sphere in Fig. 1(b) is
rotated compared to that in Ref. [36] because of our use of
an electric-magnetic basis for ��]. In this representation, the
geometric phase (11) takes on the standard PB-like form,
associated with the SU(2) evolution of the C2 EM vector.

Now is an appropriate time to highlight a crucial prop-
erty of our geometric phase formalism, namely, its behavior
under gauge transformations of ��. We have so far worked
tacitly within an EM basis for ��, meaning its entries [as in
Eq. (1)] are the electric and magnetic fields. Yet, �� carries
an SU(2) gauge freedom that we have not exercised—We
could have derived Eqs. (1)–(11) using a transformed spinor
��uv = (Fu, Fv)/2, where Fu and Fv are linear combinations
of E and H, and arrived at the same results. Such a transfor-
mation to �� includes, for example, replacing E and H with
right- and left-handed Riemann-Silberstein vectors FR/L =
(
√

ε0E ± i
√

μ0H)/
√

2, such that ��RL = (FR, FL)/2. Doing
so does not change any physical properties of the field; its
energy, momentum, and spin densities (as a sum of contribu-
tions of Fu and Fv) are unaltered [36]. The total, dynamical,
and overall geometric �g phases that can be accumulated

FIG. 2. EM geometric phase emerging in a time-modulated
standing wave. (a) Diagram of scenario, designed so that E and H
are x̂ polarized at z = 0 [Eq. (13)]. (b) Trajectory of W (the star
denotes W(0) = W(T )), corresponding to Eq. (14) with θ0 = π/6
and χ0 = 2π/3 and enclosing solid angle �W � −0.27π sr. (c) Ini-
tial/final EM ellipse [41] at z = 0. The red line is the instantaneous
vector (Re{Ex (T )}, Re{ηHx (T )}) of the standing wave having ac-
quired a phase of −ω0T + �g. The gray line is that same vector for
a reference standing wave that gains the phase −ω0T .

by �� are likewise gauge invariant. This holds, for example,
in a paraxial wave propagating along k̂, where in the EM
basis �g = Nπ + �gI and we associate geometric phase with
evolution of the unit polarization vectors ê and ĥ = k̂ × ê
(i.e., it is the PB phase). Instead of electric and magnetic
fields, one could, as has been studied recently [48], track the
individual evolution of the Riemann-Silberstein vectors FR

and FL, which is generally different from that of E and H,
yet �g ≡ �PB is ultimately unchanged.

Unlike the sum �g = Nπ + �gI + �gII, the distribution of
phase between �gI and �gII is not generally gauge invariant,
except special situations. If the evolution of �� takes place with
ê ≡ ĥ, that is, both electric and magnetic fields have identical
polarization vectors, then any arbitrary pair of fields Fu and
Fv must also share the same unit polarization vectors, and
hence �gI and �gII become gauge invariant. If ê ≡ ĥ = const,
then we can unambiguously identify any observed geometric
phase with the electric-magnetic geometrc phase �gII. We
next propose two scenarios in which this is possible.

III. EXAMPLES OF EM GEOMETRIC PHASE

A. Standing wave

Whereas the usual PB and spin-redirection geometric
phases can be measured with a standard interferometry setup
for paraxial light, the EM geometric phase can only mani-
fest in nonparaxial light and would require measurement of
interference at a localized point in space. Here, we consider
the simplest example of a nonparaxial field: a standing wave
formed by two counterpropagating plane waves along the z
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axis [Fig. 2(a)]. We choose time as the parameter that drives
the evolution: ρ = t .

The electric and magnetic fields of such a time-varying
standing wave at z = 0 can be written as

E(t ) = e−iω0t [(Ax(t ) + Bx(t ))x̂ + (Ay(t ) + By(t ))ŷ],

H(t ) = e−iω0t

η
[(By(t ) − Ay(t ))x̂ + (Ax(t ) − Bx(t ))ŷ], (12)

where ω0 is the central frequency of the waves, Ai(t ) (Bi(t ))
are the complex electric field amplitudes of the plane wave
propagating in the +z (−z) direction, which are modulated
in time, and η = √

μ0/ε0. By enforcing Ax(t ) = Bx(t ) and
Ay(t ) = −By(t ), both electric and magnetic fields in the stand-
ing wave become purely x̂ polarized at z = 0 for any value of
t . Then, the field (1) becomes

��(t ) =
√

W e−iω0t

(
cos θ (t )

2 eiχx (t )x̂

− sin θ (t )
2 eiχy (t )x̂

)
, (13)

where θ (t ) = 2 arctan(|Ay(t )|/|Ax(t )|) and χx,y(t ) =
Arg(Ax,y(t )). Since modulation is carried out over time,
the “local wave vector” (3) with ∇ρ = ∂/∂t is related
to the instantaneous angular frequency of the field:
kt = ∂�loc/∂t = −ω(t ).

The geometric phase can be measured against an unmod-
ulated reference wave that accumulates a dynamical phase
of −ω0T over some interval t ∈ [0, T ]. To ensure that the
modulated wave has the same dynamical phase, we require
∂�loc/∂t = −ω0, for which one simple solution is

χx(t ) = 2πt

T
sin2 θ0

2
, χy(t ) = −2πt

T
cos2 θ0

2
+ χ0, (14)

with θ (t ) = θ0 kept constant, and where χ0 determines the
initial phase offset between the electric and magnetic fields.
Substituting Eq. (14) into Eq. (13) and calculating the global
phase (2) of the field between t = 0 and t = T , we derive

Arg( ��†
(0) · ��(T )) = −ω0T︸ ︷︷ ︸

�loc

+ (1 − cos θ0)π︸ ︷︷ ︸
�g

. (15)

This clearly contains a dynamical phase �loc and a geometric
phase �g that is independent of the modulation time interval
T and corresponds to the solid angle enclosed by the evolution
contour on the EM W-sphere [Fig. 2(b)]. It is straightforward
also to obtain �g using the integral (11) over t ∈ [0, T ], with
θ = θ0 and dφ = dχm − dχe ≡ dχy − dχx = −(2π/T ) dt .
In Fig. 2(c), �g is visualized as a phase gained by an EM
ellipse [41], whose shape before and after modulation is iden-
tical, against a reference standing wave.

We emphasize that the geometric phase in Eq. (15) arises
despite both electric and magnetic fields having constant x̂
polarization. Moreover, Eq. (15) is exact, as in the Aharonov-
Anandan approach [32], and does not require time modulation
to be slow. This is in contrast to the adiabatic geometric phase
[1], which is just the zero-order term in an infinite series over
1/T [49,50].

B. Focused beams

Another manifestation of the EM geometric phase can
be found in the longitudinal components of a strongly

FIG. 3. EM geometric phase arising in the longitudinal compo-
nents of a time-evolving focused beam carrying a first-order modal
structure. (a) Schematic, where a linearly polarized beam whose
mode profile f is modulated over t [Eq. (16)], is focused to produce
longitudinal components (17) in the focal center r = 0. (b) Closed
trajectory of W corresponding to Eqs. (17) and (18) with θ0 = π/6
and χ0 = π/2. (c) Final state of the ellipse formed of the electric and
magnetic z components in the beam focus, annotated similarly as in
Fig. 2(c).

focused beam with mode order 1 (such as Hermite-Gauss
HG10 and HG01 or Laguerre-Gauss LG±1

0 modes, and their
superpositions), whose transverse spatial structure is trans-
formed cyclically prior to focusing [Fig. 3(a)]. Cyclic mode
transformations made to paraxial beams are well known to
produce polarization-independent geometric phases [23–25]
associated with closed paths on the modal Poincaré sphere
[25–27]. A focused beam of light, however, develops longi-
tudinal electric and magnetic field components that are not
accounted for by the modal Poincaré sphere but that can be
made to evolve in time (ρ = t as in the previous example)
by changing the input paraxial beam’s mode structure, and
thereby producing the EM geometric phase.

A general first-order mode f can be presented as a linear
superposition of LG±1

0 modes. The transverse field of a time-
varying first-order beam is given by the four-vector

��⊥
f (r, t ) = e−iω0t ��⊥

0

[
a(t )LG−1

0 (r) + b(t )LG1
0(r)

]︸ ︷︷ ︸
f (r,t )

, (16)

where a(t ) and b(t ) are complex time-varying coef-
ficients satisfying |a|2 + |b|2 = 1 (e.g., |a| = |b| corre-

sponds to Hermite-Gauss modes), and the vector ��⊥
0 =

(F⊥
R0, F⊥

L0)/2 determines the constant transverse polarization,
here expressed in a basis of Riemann-Silberstein vectors
[33,36] F⊥

R0,L0 = (
√

ε0E⊥
0 ± i

√
μ0H⊥

0 )/
√

2. Due to parax-

iality, F⊥
R0,L0 = A⊥

R,L(x̂ ± iŷ)/
√

2 are oppositely circularly
polarized, where A⊥

R,L are complex constants.
Once strongly focused, the longitudinal (ẑ-polarized) field,

��‖
f , strongest in the focal plane at the beam’s center r = 0,
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can be approximated as [51,52] ��‖
f � ik−1(∇⊥ · ��⊥

f ) ẑ, which
yields (see the Supplemental Material [40])

��‖
f (0, t ) = 1

2

(
FRz(t )ẑ

FLz(t )ẑ

)
= iBe−iω0t

k
√

2

(
A⊥

R a(t )ẑ

A⊥
L b(t )ẑ

)
, (17)

where B is a constant. Remarkably, Eq. (17) shows that the
longitudinal components of right- and left-handed Riemann-
Silberstein vectors in the center of the beam’s focus are
independently modulated by the complex functions a(t ) and
b(t ) that determine the beam’s paraxial spatial structure (16).
It resembles Eq. (13) of the standing-wave scenario, except

that the entries of ��‖
f are not electric and magnetic fields.

Choosing

a(t ) = cos
θ0

2
eiχa , b(t ) = sin

θ0

2
eiχb, (18)

where χa and χb coincide with χx and χy in Eq. (14), the
EM geometric phase can be obtained over t ∈ [0, T ] from
the equivalent of Eq. (11) in the Riemann-Silberstein basis if
|A⊥

R | = |A⊥
L | (linear transverse electric polarization):

�g = −1

2

∫ T

0
(1 − cos θRL) dφRL = (1 − cos θ0)π, (19)

where θRL = θ0 is the polar angle defined with respect to
the −W2 axis on the EM sphere and dφRL ≡ dχb − dχa =
−(2π/T )dt is the differential of the corresponding azimuthal
angle [see Fig. 3(b)]. Equation (19) is equivalent to what
would be the modal geometric phase [23–26] in an unfocused
paraxial beam, but now it is described by the evolution of the
field in a single point rather than by a spatially extended modal
structure. Figures 3(b) and 3(c) show the W-sphere repre-
sentation of the EM geometric phase (19), which is similar
to the standing-wave scenario, Figs. 2(b) and (2c), up to a
global rotation about the W1 axis because of the use of the
Riemann-Silberstein basis. An additional figure visualizing
the evolution of the field distribution and longitudinal com-
ponents in the focal plane of the beam is provided in the
Supplemental Material [40].

IV. CONCLUSIONS

We have presented a generalized theory of optical geomet-
ric phase, which incorporates both electric and magnetic fields
consistently, and identified an EM geometric phase. Together
with the PB and spin-redirection phases, it completes the
picture of optical geometric phase. The EM geometric phase
emerges only in nonparaxial light and results from cyclic
evolutions of the relative amplitude and phase between the
electric and magnetic fields. Remarkably, it can be observed in
nonparaxial waves where both fields have the same, constant

polarization ellipse, but only vary in relative amplitude and
phase. We have presented two examples of this scenario: a
standing wave modulated in time and the focal center of a
strongly focused first-order beam, whose spatial structure is
modulated in time.

Importantly, although the theoretical description of the EM
geometric phase involves both electric and magnetic fields, it
can be observed experimentally as the phase of the electric
field. Moreover, one can analyze the wave phase using an
electric-field-only formalism, as in Ref. [22]; in this case, the
EM geometric phase will be subsumed into the electric field’s
dynamical phase analogous to Eq. (4). Geometric phases can
be measured in interferometry experiments; however, a stan-
dard interferometer setup would not suffice in either of our
two case studies since the evolution of the field takes place at a
single point in space. In principle, however, a scattering probe
particle could be placed at the point of interest in the evolving
field, producing a scattered field that could then interfere with
the scattered field of a second probe particle placed identically
in a reference field.

Optical geometric phases have proved invaluable for
the design of advanced optical elements and metasurfaces
[10–13]. Much current effort is now devoted to both time-
varying materials [53] and time-structured waves [54,55]. The
EM geometric phase could aid in the design of new gener-
ations of metamaterials. Our formalism also ties into recent
studies of the topological features of the six-component elec-
tromagnetic field (1) [41,56].
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