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Optimal work control for an odd-diffusive tracer under active fluctuations
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We investigate optimal work protocols for a tracer particle with odd mobility, confined in a rotationally
asymmetric parabolic potential, and driven by temporally correlated (active) noise originating from an active
process. Two control strategies are considered: open loop (without measurement of the initial active force)
and closed loop (with measurement-based feedback). In the open-loop case, neither activity nor odd mobility
affects the average optimal work; however, the potential asymmetry enables the work extraction, and the oddness
parameter « shapes the protocol structure—introducing asymmetries and even backward jumps at the initial and
final times. In the closed-loop setting, both activity and odd mobility shape the protocol design to enable work
extraction. Optimal protocols exhibit directional asymmetries, including discontinuities and reversals, which
depend on the alignment of the initial active force and the persistence time. Maximum work extraction occurs
when the initial force aligns with the target at an intermediate persistence time, even in symmetric potentials.
Furthermore, in regimes where such alignment disfavors work extraction for a normal tracer, odd mobility
facilitates it. These findings highlight the potential for energy harvesting in active systems, driven by feedback

and asymmetric interactions between different degrees of freedom.

DOI: 10.1103/qrvl-mng6

I. INTRODUCTION

The construction of efficient machines has long been a
central goal in physics and engineering, aiming to optimize
energy utilization and maximize work output [1-3]. In re-
cent decades, advances in nanotechnology and microscale
fabrication have enabled the design of machines operating
at microscopic scales [4,5]. Unlike their macroscopic coun-
terparts, which are governed by deterministic thermodynamic
cycles, these small-scale systems are dominated by stochastic
fluctuations arising from both thermal and nonthermal sources
[6-10]. Consequently, energy transduction at this scale inher-
ently involves a thermodynamic cost of dissipation [11-13].

A prototypical example is that of biomolecular motors,
which perform directed motion and extract usable work by
consuming chemical fuel (e.g., ATP), despite operating in
highly noisy environments [14]. Recent theoretical and ex-
perimental progress has demonstrated that dissipation can be
minimized to improve finite-time performance [15], and that
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fluctuations—rather than being merely detrimental—can be
strategically harnessed to improve energy efficiency [16-20].
However, realizing this potential typically requires carefully
designed control strategies, including feedback mechanisms
[21-24], confinement modulation, and precise tuning of fluc-
tuation strengths [10,25-36]. A landmark contribution in this
context was made by Schmiedl and Seifert [37], who analyti-
cally derived the optimal protocol that minimizes work input
over a finite duration for a Brownian particle in a harmonic
trap with a time-dependent center. In particular, the optimal
protocol exhibits discontinuities at the beginning and end of
the driving process, corresponding to abrupt system reconfig-
urations that reduce excess dissipation.

In recent years, there has been growing interest in extend-
ing such optimization frameworks to active matter systems,
which are driven out of equilibrium by internally generated
or environmentally induced forces [38—45]. These systems
encompass a broad spectrum, including biological agents such
as bacteria and cells, as well as synthetic microswimmers
[46-50]. Optimization in such nonequilibrium settings can
proceed under different levels of information about inter-
nal states of the entire system [42,44]. Two primary control
paradigms are typically considered. In the open-loop setting—
where the control protocol is fixed in advance and is not
conditioned on any measurements, the presence of activity has
been shown to have no influence on the average optimal work,
thus effectively making it equivalent to the passive case. In
contrast, the closed-loop setting incorporates measurement-
based feedback, where the protocol is adapted according to
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the information obtained from the system, such as the initial
value of the active forces. In this case, the mutual information
gained through the measurement can be exploited to lower
the thermodynamic cost and, under suitable conditions, even
enable the extraction of net work [44].

Beyond activity, thermodynamic features of small-scale
systems are also shaped by additional factors such as non-
reciprocal interactions, anomalous transport, and memory
effects arising from complex environments [20,51,52]. In this
work, we focus on the impact of symmetry-breaking mecha-
nisms on optimal control strategies under active fluctuations.
A particularly intriguing class of systems includes those with
odd (or nonreciprocal) diffusion, where the mobility tensor
includes antisymmetric components [53-58]. These give rise
to a transverse response to perturbations, often manifested
as mutual rolling and resulting in distinctive transport phe-
nomena, such as enhanced self-diffusion and oscillatory force
correlations [56]. Examples include charged tracers in mag-
netic fields [59], spinning colloidal particles [60], biological
swimmers in chiral environments, and active chiral fluids
[61,62]. In two-dimensional systems, odd diffusion can be
quantitatively characterized by introducing an odd diffusion
parameter «, which is coupled to the antisymmetric Levi-
Civita symbol ¢;;, defined as ex,x, = +1, ex,x, = —1, and
zero otherwise. The effective diffusivity tensor D;; then takes
the form [54,58]

D;j = Do(8;j + K€ij), (D

where Dy is the bare (symmetric) diffusion coefficient. The
presence of the antisymmetric term ke;; leads to rotational
fluxes and anisotropic spreading. Odd mobility is also im-
portant in modeling diffusion through porous media [63], the
dynamics of spinning particles subject to Magnus forces in
viscoelastic fluids [64,65], and transport phenomena in astro-
physical and interstellar media [59,66].

Motivated by these developments, we revisit the classical
problem of optimal work extraction for a Brownian tracer,
generalizing it to a two-dimensional setting with a rotationally
asymmetric parabolic potential and an odd (nonreciprocal)
mobility tensor. The tracer is embedded in an active medium
modeled by an Ornstein-Uhlenbeck process, introducing ex-
ponentially correlated noise [67,68]. Owing to the linearity
of the dynamics, the system admits exact analytical solutions,
which are corroborated by numerical simulations. We explore
two control strategies applied independently along each spa-
tial direction: an open-loop protocol (without access to the
initial active force) and a closed-loop protocol (with initial
force measurement). Based on these protocols, we determine
the corresponding optimal strategies and compute the asso-
ciated work. This, in turn, allows us to identify parameter
regimes that are favorable for work extraction.

The remainder of the paper is organized as follows. In
Sec. 11, we introduce the model and its governing dynam-
ics. Section III outlines the classes of control protocols,
the thermodynamic work functional, and the overall control
framework. In Sec. IV, we derive the optimal protocols and
work under both open- and closed-loop strategies. Section V
summarizes the key findings and discusses their potential
applicability. Detailed derivations and supplementary calcu-
lations are provided in the Appendixes.

II. MODEL

We consider a charged Brownian tracer confined within
a two-dimensional potential V (X, X;) and subjected to a
nonconservative force—specifically, a static magnetic field
oriented along the Z axis. Consequently, the Lorentz force
manifests only within the (X;, X») plane, effectively restrict-
ing the tracer’s motion to two dimensions. In the overdamped
limit, the tracer’s dynamics are governed by the Langevin
equation

. 0
FtrX(t)=—B—XV(X,X)+7I(I)+F(t), ©))

where X = (X;, X»)T denotes the position vector of the tracer.
Such a system is commonly referred to as an odd tracer, as the
magnetic field introduces an antisymmetric component to the

friction tensor [58]
1 —«
My = [K | ] 3

where « > 0 is the oddness parameter, characterizing the
nonreciprocal effects induced by the magnetic field. The
stochastic term n(¢) represents Gaussian white noise, whose
statistical properties are given by

(ni(®)) =0, 4
it (2)) = 2Dgd;;8(t — 12), (5)

where Dy is the thermal diffusivity and §;; is the Kronecker
delta ensuring that noise components in orthogonal direc-
tions are uncorrelated. The vector F(¢) denotes an active
stochastic force, which can either arise from the tracer’s
intrinsic self-propulsion mechanisms or be externally imposed
[69,70]. In this study, we examine an odd tracer confined in a
two-dimensional harmonic potential V (X, 1), modulated by a
time-dependent control protocol A(¢). The work done on the
tracer over a finite time interval #; is defined as [6,71]

VL)

Mo (©6)

ty
WIX,A] = / d

0
As a representative and analytically tractable case, we
consider an odd tracer initially confined in a rotationally
asymmetric parabolic potential. For t > 0, the potential min-
imum is dragged in both spatial directions according to
prescribed protocols A () and A,(¢). Thus, the potential at any
time ¢ is written as

k k
V(X,A) = EO(XI — M) + 5°<Xz — ha(0))? + koy X1 Xa,
@)

where k is the stiffness of the harmonic confinement and y
quantifies the coupling between the X; and X, coordinates.
The parameter y must satisfy —1/ky < y < 1/ky to ensure a
confining potential. A nonzero value of y (y # 0) introduces
rotational asymmetry into the potential at the initial time and
is therefore referred to as the asymmetry parameter. Using this
potential into Eq. (2), the equations of motion for the tracer
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components can be written explicitly as
Xi(t) = —ag[Xi (1) — A1 (t) + yXo () + kXa (1) — Kk ha(t)
+ kyXi(@®)] + a[ni @) + «kna(t)]
+ a[Fi (1) + kP2 (1)], (3)

Xo(t) = aulk (X1 (t) — M (1)) + ky Xo(t) — Xa(t) + Ao (2)
— yXi(®)] —alkn () — n2()] — alcFi(t) — F(2)],
&)

where o = ko/(1 + «?) and o = 1/(1 + «?). Here, the sub-
script i = 1, 2 refers to the two Cartesian components of the
respective variables.

To model activity, we consider the active force F(¢) as an
Ornstein-Uhlenbeck process, which serves as a standard and
analytically tractable representation of temporally correlated
noise [72-75]. Each spatial component of the active force

J

evolves according to

. 1 1
Fi(t) = _;E'(l) + ;UA,i(t)s (10)

where 7 denotes the correlation time and 74 ;(¢) is a Gaussian
white noise with zero mean and strength D,4. The autocorrela-
tion function of the active noise decays exponentially,

, Dy |t — t/|
(F(OF;@) = (SijT exp <— - ) (11)

We define the squared amplitude of the active force (or, equiv-
alently, the self-propulsion speed for an active particle) as
2 = 24 such that (F;()?) = f2.

When a time-dependent protocol X;(¢) is imposed on the
tracer, work is performed on the system. Following Seki-
moto’s convention [71], the work done on the tracer along a

single stochastic trajectory is given by

I . I .
WIX1, X2, A1, A2] = ko/ dt’ M () @) — X ()] + ko/ dt' () [ra () — Xo ()]

0

Here, the protocols in the two directions are initiated at # = 0,
with initial values A;(07) = X,(07) = 0, and evolve to final
values Al(t;“) =1L, and Az(t;') = L,, respectively.

III. PROTOCOLS AND AVERAGE WORK

We now consider the dynamics of average quantities, con-
ditioned on the initial state of the system. Specifically, we
define the initial conditions as X (0) = X¢ = (X9, X20) and
F(0) = fy = (fi0, f20)- The average position and force com-
ponents at time ¢ are then defined as

X (1) = (Xi()a, [ @) = (F(t))as 13)

where the angular brackets (-), denote an average over all
trajectories of thermal noise n(¢), conditioned on the initial
values a = {Xo, f}. In cases where the system is initialized
in thermal equilibrium or a nonequilibrium steady state, we
denote the initial condition as @ = eq or a = ss, respectively.
Under such conditions, the initial averages vanish: (X (0)), =
0 and (F(0)), = (f,) = 0. The governing equations for the
average position dynamics are then given by

(1) = —ozk[x'f(t) — M)+ yx5(t) + kx5(t) — kra(t)
+ kyx{®] + o[ [ @)+ c f5@)], (14)

X5(1) = ax[rkex{ (1) — kA (1) + kY5 (1) — X5(t) + Aa(t)
— yx{O] +a[ =k ff )+ O] (15)

0

s . .
= S [LT+ L3 = 2LiXi (1)) = 2LaXa(tp)] + Ko / dr' [ (X, (1) + R (1) Xa (1)) (12)
0

(

From these equations, the control protocols A;(z) and A,(¢)
can be expressed in terms of the average dynamical variables
as

1 a
M) = k—[)'cj‘(t) — kX5)] + X[ @)+ yx§@) — flk(t)’
0 0
(16)
l a
M(t) = k—[K}'ci‘(t) 3] + i) + x4(t) — fzk(t)’
0 0
a7

with boundary conditions A;(0~) =0 and )»i(tf) = L;. The
control protocol can be implemented in two distinct ways
[42]:

(1) Open-loop control. The protocol A(t) is predetermined
and does not depend on the instantaneous state of the system.
The system is initialized from a known distribution, typically
corresponding to thermal equilibrium or a nonequilibrium
steady state (here, a steady state under active forcing). Con-
sequently, x19 = xp9 = 0 and (fjo) = (f20) = 0.

(2) Closed-loop (feedback) control. In this case, the pro-
tocol A(t) is updated based on measurements of the system’s
state. Here, we assume that only the initial active force f, is
measured (e.g., by a Maxwell-demon-like controller), and the
corresponding average initial positions x, are then determined
via their statistical dependence on f,.

Substituting Egs. (16) and (17) into the work definition [see
Eq. (12)], and averaging over all realizations of thermal noise
conditioned on the initial state a, the mean work over the total
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duration ¢ can be written as

Iy . Iy .
o(ty) =ko/ dr' ([ ) = x{(1)] +kof dt' (1) [A2(t") — x5(1)]
0 0

~ tf
= AV + fo dr' [0 + 2@ = 5 — a0 (18)

where

k k
‘4%%J0=%@VﬂﬂWf+§@rﬂﬁWY+%WﬂW%W%

k k .
V(x‘l’, x5, O) = on%(, + 30)(%0 + koyxi0x20, AV = V(x?, x5, tf) — V(x?, x5, 0). (19)
We can also define the cumulative work up to time ¢ < # as
t t
o(t) = kO/ dt' a(@)[a ') — x(@1)] +k0/ dt' ()Mt — X5@)]. (20)
0 0

IV. OPTIMAL CONTROL

We now turn to the core optimization problem, where the
objective is to minimize the mean work defined in Eq. (18). To
this end, we employ the standard Euler-Lagrange formalism,
incorporating the appropriate initial condition a, and analyze
the two cases as outlined below.

(1) Open-loop control. The optimal protocols in the open-
loop setting, while remaining linear in time as in the case
of a passive Brownian tracer, are fundamentally modified by
the presence of odd mobility («) and asymmetry (y). These
parameters introduce anisotropy in the temporal evolution of
the protocols along the two spatial directions. The analyti-
cal expressions for the optimal protocols are given by (see
Appendix C for derivation)

* C? 0 K
ko ko
. 0 K 3
M) =cl\yt+— |+ = +kot), (22)
ko ko

with the coefficients ¢{ and ¢ given by
o koL, (2 =+ k()[f) - )/kglsz
VA dkoty + K21 —y?)
0 — —)/k(%l‘le + koL (2 + kolf)
2T A dkoty + R —y?)

(23)

(24)

Notably, the discontinuities in the protocols—denoted by
AX(0)=25(0")—0 at t =0 and AX}(ty) =L; — Af(ty)
just before the final time—depend explicitly on «, leading
to asymmetric jumps even when L; = L,. Interestingly, in
a given direction, the initial and final jumps themselves are
unequal in magnitude. This behavior is illustrated in Fig. 1,
which shows that only for k = 0 do the protocol discontinu-
ities AAT(0) and AX%(0) coincide for L; = L. As k increases,
a reversal in the direction of the initial jump—opposite to
the final displacement L;—is observed for A;(¢) (associ-
ated with the X; direction), whereas in the X, direction, the
jumps become progressively larger in the forward direction,
aligned with L,. The critical value of the oddness param-
eter «, at which the initial discontinuity in Aj(#) vanishes

[
[i.e., A5(0") = 0], is denoted by «* and can be analytically
obtained as
. koLi(2 + koty) — ykgtsLo
¢ koLo(2 + k()[f) — ngthl ’

(25)

In the special case L; = L, it simplifies to « = 1. Moreover,
we note a directional asymmetry in the magnitude of jumps:
for A1(¢), the jumps satisfy AAJ(0) < AAj(tf), whereas for
Aa(t), the opposite holds—AA3(0) > AAj(tr). Despite this
asymmetry, both protocols preserve a generalized form of
time-reversal symmetry [20], captured by the relation

M)+ ALt — 1) + (AL (ty) — AXT(0)) = Ly, (26)

fori =1, 2, provided the jumps at # = 0 and t = ¢/ are prop-
erly included.

The optimal average work in the open-loop protocol is
computed as [see Eq. (C24)]

W (tp) = (¢§) 17 + (3) 1y
ko

S UL = ct0)” + (L2 = e817) + 2y efesiy].

+
27

For any protocol except the optimal one, the mean work w(ty)
in the open-loop setting increases with « (see Fig. S1 in
the Supplemental Material [76]). However, this increase is
purely geometric and unrelated to the presence of activity,
which remains ineffectual in the absence of measurement.
Notably, under optimal conditions, the average work remains
invariant with respect to variations in x (see Fig. 2) and is
unaffected by the strength of activity, f,,. However, the effect
of asymmetry is retained, as it enters the expression through
the change in potential energy, thus implicitly influencing the
work via coupling between the directions. As illustrated in
Fig. 2, for positive coupling (y > 0), the mean work w*(#5)
remains strictly positive and increases monotonically with y.
In contrast, for negative coupling, beyond a threshold y = y*,
the optimal mean work becomes negative, indicating a regime
of net work extraction (see also Fig. S2 in the Supplemental
Material [76]).
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2 -1 0 1
A (E)

0 2 4
A (t)

FIG. 1. Parametric plots of the optimal open-loop protocols Aj(¢)
and A5(¢) for different values of the oddness parameter « € [0, 5],
shown by the color gradient. Panel (a) corresponds to y = 0.1, and
panel (b) corresponds to y = —0.5, with kg =1, ¢, =5, and L, =
L, = 5. The protocols satisfy A7(07) = A3(07) =0 and )L’{(tf*) =
L, A’z‘(t;r) = L. Bold black lines mark the final values A} =5, and
dashed black lines indicate the initial points A} = 0. For k = 2.5, a
representative protocol trajectory is shown (in magenta), with arrows
indicating the key stages: (I) an initial jump, (II) linear evolution
toward L;, and (III) a final jump to reach the target value L;.

To gain a more detailed understanding of this behavior,
we calculate the cumulative work w*(¢) using Eq. (20) un-
der the optimal protocols defined in Egs. (21) and (22), as
shown in Fig. 3. For y > 0, the cumulative work exhibits
an initial jump corresponding to the initial jump in the con-
trol protocol, followed by a monotonic increase and a final
jump at t = tf, reaching @*(¢f). In contrast, for y < y* <
0, the cumulative work begins with a larger initial jump,
which is more energy intensive due to a pronounced initial
reverse motion in A (z). However, it subsequently decreases
nonmonotonically over time, with a final drop near t = ¢y,
ultimately reaching a lower value than in the previous (y > 0)
case. Consistent with the preservation of the time-reversal
symmetry in optimal protocols [see Eq. (26)], the initial work
cost increases with « due to larger initial jumps. However,

10 - ———@————@————————— -o--——:.—,——-’—'—_-’—.— ———————————— : ——————————————— -
— 0 "//'—
=-10
S_20 [/
1 « y=01
—301 / - k=1.0
0 1 2 3 4 5
-0.75-0.50-0.25 0.00 0.25 0.50 0.75

KY

FIG. 2. Optimal average work for open-loop protocols: simu-
lations (symbols) and analytical predictions (dashed lines) from
Eq. (27), shown as a function of the oddness parameter « and the
asymmetry parameter y. Both plots share a consistent axis width for
direct visual comparison, though with different tick intervals. Other
parameters are as in Fig. 1.

this is compensated by a favorable energetic contribution at
the final stage, rendering the total work independent of «.
Overall, this analysis reveals that even in an open-loop setting,
asymmetric coupling can facilitate net work extraction, high-
lighting its nontrivial role in nonequilibrium thermodynamic
control.

(2) Closed-loop control. In this control strategy, only the
initial value of the active force (or velocity), denoted by f, =
(f10, f20), is measured. However, this measurement inherently
provides information about the average initial position of the
particle, which can be inferred from the statistical correlations
between force and position. The resulting average positions
can be expressed in terms of the initial force components as
[see Egs. (A14), (A18), and (A19)]

X10 = Xi1fio +Xinfr0,  X20 = X1 fi0 + X22/20, (28)

8
6
=) 4
* 5 -
3 ‘4 T --- y=0.1,k=0 RN
0 — y=0.1,k=1
--- y=-05«k=0
-2 — y=-05«k=1
0 1 2 3 4 5
t

FIG. 3. Cumulative work o*(¢) under the optimal open-loop pro-
tocols as a function of time ¢ for two values of the asymmetry
parameter: y = 0.1 and y = —0.5, and for two oddness parame-
ters: k = 0 (dashed lines) and « = 1 (solid lines). All curves are
obtained from numerical simulations averaged over 10 000 trajecto-
ries. Square symbols indicate the corresponding analytical values of
*(tr) computed using Eq. (27). All other parameters are the same
as in Fig. 1.
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where the coefficients ¥;; are given by
(1 +kot)

fiy = By = Q9
== T e 1k Y
Kk —ykot _ . K+ ykoT _
= s =——X%;. (29
X12 ¢ kot X, X2 T kot X11- (29b)

Using these relations, the optimal protocol in the closed-
loop case can be written as [see Egs. (C19) and (C20)]

M) = A1) + fior] (#) + faok(L (@), (30)

A5(t) = A5(0) + fioAs (1) + froAn (1), 3D

where A{(¢) and A5(¢) denote optimal open-loop protocols [cf.
Fig. 1; see also Egs. (C6) and (C7)], which are linear in time.
In contrast, the components 17;(#) vary nonlinearly in time
and depend on system parameters such as «, y, L;, and #.
Their explicit forms, while not essential to the present discus-
sion, are provided in Eq. (C22). As a representative example,
consider the case y = 0; however, the following analysis re-
mains qualitatively valid in the regime 1 >> y > 0. In the limit
y — 0, the optimal protocols retain the same functional form
as Egs. (30) and (31), with modified expressions given by

Ll KLz
AM(@) = ——— (1 +kot) — s
1@ 2+kotf( +kot) 2 + kot
0 KL1 L2
A() = (1 + kot) (32)

2 + koty + 2 + koty

and coefficients given by

2 ) 1+ kot [ 4 T Ol + KX1
= - — x —
a 2kt 2 p 2+ koty
T e‘i
—o(t) — X11, 33
+ 2,0( ) % + X1 (33)
" X12(1 + kot) K 5 T
AL() = — —p(t
12(F) 2+ koty 2T koty X + 20( )
- S+, (34)
0
K . T T %11+ kot)
Ay () = —m[xn-sz(t) _IZ—i——kotf
K€7%
X1, 35
+ 2k + X2 (35)
KX12 1+ kot _~ T
A(t) = — — —p(t
() 24+ koty 2+ koty _x22+2p( )i|
T e‘i
—p(t) — %22, 36
+ 2,0( ) % + X (36)

where p(t) = (1 — et ). The resulting protocol structure ex-
hibits a rich dependence on the orientation and magnitude
of the initial active forces, as well as the oddness parameter
k; see Fig. 4 and also Figs. S5 and S6 in the Supplemental
Material [76] for detailed variations with t and «. The opti-
mal protocols primarily follow two distinct strategies between
the initial jump at t = 0" and the final jump at t = 1y, as
schematically depicted in Fig. 4. In Strategy I, the protocol
Af(t) typically advances forward, i.e., )l,(O*) > 0 after the

initial jump, may reach a local maximum at time ¢, and
then terminates with a final jump to reach the target L; (e.g.,
fio = f20 = 10 in Fig. 4). In contrast, Strategy II features an
initial reversal, i.e., 1;(0") < 0 following the jump, possibly
reaching a minimum at time ¢", and subsequently progressing
forward before executing the final jump to L; (e.g., fio =
f20 = —10 in Fig. 4; see also Figs. S5 and S6 in the Sup-
plemental Material [76]). Both characteristic times ¢ and ™
scale with t. Notably, such nonmonotonic protocol evolution
is absent in the open-loop setting.

Let us now analyze the impact of the initial force set
(fi0, f20) on the strategy adopted by optimal protocols, based
on Egs. (30) and (31) for the simplified case y = 0. Specifi-
cally, we focus on the slope of the protocol A} () immediately
after the initial jump. These slopes are given by

. Likek 1 11— 2k
AFOT) = 1+ — - —"""|F
l( ) 2+kolf+2|: +k01' 2+k0tfi| 0

i ko¥11
(_1)l+1 1 - 1+kot 1
— | fio, 37
2 2 + koty +k0‘[ fio 37

where i # jand i, j € {1, 2}. From Eq. (37), a critical thresh-
old f; can be defined by setting 17(0) = 0, which yields
Lik 1yl T 1
5 2+'k[?tf tKr—; [ 2+k0tr; + ko_r]fio
|+ L — -2k, :
kot 2+koty

(38)

For fio > fj, the protocol A;(t) follows Strategy I, while for
fio < fi§, it follows Strategy II. For k = 0, the last term in
Eq. (37) vanishes, rendering f3, independent of its orthog-
onal component fj. In this case, fj <0, so the protocol
Ai(t) always follows Strategy I for any fjp > 0 and transitions
to Strategy II only when fjy < fi. When y # 0, however,
fio becomes dependent on fjo. Specifically, the sign of the
threshold follows f ~ —sgn(fjo) | f;;|, while the magnitude
| fio| increases with both |fjo| and y. These trends are sim-
ilar for both protocols A;(¢) and A,(¢), as illustrated in the
Supplemental Material [76]; see Figs. S7 and S8 for the case
k = 0.For k # 0, even when y = 0, the threshold f retains a
dependence on the orthogonal component fjo, as evident from
Eq. (37). Moreover, fy is also modulated by the correlation
time t; see Figs. S7 and S8 in the Supplemental Material
for comparison [76]. In this regime, the dependence of f3
on fjo becomes asymmetric in the two directions fori =1, 2
with i # j [see Eq. (38)]. Specifically, the trends are given
as fi, ~ —sign(fo) |fi5] and f3, ~ sign(fio) | £5]. with the
magnitude |f;| increasing with |fjo|, consistent with earlier
observations. This asymmetry is further amplified as either «,
y, or both increase.

The initial jumps of the protocols are derived from
Egs. (30) and (31), and are given by

L; —1)i*lL; i
A0 = ar Oty = 1 EDTKL o
2+koty  2+4koty  2ko
X11fo K? (=D ke fo
——— |1+ kotr — — -
+2+kotf[ + ol 1+ko‘r] 2ko
_ (=) kX1 fio [ koty — T) ’ (39)
2 + kot 1+ kot
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FIG. 4. Time evolution of the optimal closed-loop protocols A} (¢) and A3(¢) for different pairs of initial active forces (fjo, f20), comparing
two noise correlation times. Panel (a) shows A} (¢) for T = 0.5; panel (b) shows A3(¢) for T = 0.5; panel (c) shows A} (¢) for T = 2.5; and panel
(d) shows A3(¢) for T = 2.5. Each colored curve corresponds to a distinct pair (fi9, f>0), with the effect of odd mobility characterized by the
parameter «. Horizontal dashed and solid lines denote A; = 0 and X; = 5, respectively. In the rightmost column, the upper panel schematically
illustrates two distinct protocol strategies adopted for specific force pairs, while the lower panel displays the legend shared by panels (a)—(d).

Other parameters are ko = 1,7, =5,L; =L, = 5,and y = 0.1.

where i # j and i, j € {1, 2}. To gain some intuition about
the jump direction, let us first consider the simple case ¥ = 0.
In this limit, the no-jump condition AF(0T)=0is satisfied
at a specific correlation time v = 7! (abbreviated as 7, )

nojump
which obeys
L; i kot 1 + kot
MOy = oy T Ltk
W 24 kot 2ko 1+ koty 2+ koty
=0, (40)

where we used ¥1; = ——. Note that ‘L’ i remains unchanged
for any fjo, given a ﬁxed fzo As established earlier, f;; < O0in
the case y = 0 and k = 0. Thus, for fip < f; (Strategy II), the
initial jump follows what we refer to as jump case 2: AF(0") >
0 (initial forward jump) when v < 7;; and A7(0*) < O (initial
backward Jump) when 7 > r [see Eq. (40)]. Conversely,
for fio > fy, (Strategy I), the trend is reversed, correspond-
ing to jump case 1: 1}(0%) < 0 for 7 < ‘L'éj and A¥(07) > 0
for t > /.. For k # 0, one can also define 7/, which now
depends on the orthogonal component f;o for a given fi.
However, r;'j is not defined for all finite values of fjo; that is,
in certain ranges of fjo, the protocol A} (¢) exhibits only either
an initial forward or backward jump, irrespective of the value
of t. From Eq. (39), one can qualitatively infer the no-jump
regions in the (fi0, f20) space (for details, see Fig. SO in the
Supplemental Material [76]), which differ for A7(¢) and A} (7).
For Strategy I (fio > f3,), the no-jump region corresponds to

AXi(0) < 0, occurring when f>9 >> 0 for A7(¢) and fijp < 0
for A3(¢). For Strategy II (fio < fi), AAi(0) > 0 and the no-
jump regions occur in the opposite limits [i.e., foo < 0 for
A7) and fio > O for A5(z)]. In parameter regimes where téj
is well defined, the two distinct jump patterns (jump case 1
and jump case 2) discussed earlier can again be recognized for
both protocols. A schematic illustration of the protocol strate-
gies corresponding to different combinations of (fio, f20) is
presented in Fig. 5 (see caption), where four distinct regions—
11, 22,21, and 12—are identified based on the above analysis.
The optimal mean work in the closed-loop setting is given
by
_ e—2tf /r)’

w*(ty) = AV + (c} + )ty — é(ffo + fi0) (1

(41)

where this expression is obtained by substituting Eqs. (B4)
and (B5) into Eq. (C23). For y = 0, the coefficients c¢; and c¢;
are given by

ci(t) = %(l)(()tf[lll —f10<5611 + %P(ﬂ) T+ ko szo]
(42)
ko . T
ot) = rkotf[la - f20<X11 + 500)) T k flO]
(43)
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f10

FIG. 5. Schematic illustration in the fio—f2 plane showing the
protocol strategies adopted by the optimal closed-loop protocols
(A7, A3). Each protocol 1! adopts either Strategy I or Strategy II
depending on whether f;, lies above or below the corresponding
threshold f3;, resulting in four distinct regions, which are labeled
and shaded with different colors in the plot. The bold lines, slightly
slanted along the vertical and horizontal directions, represent the
threshold values f}i, and f5;, respectively, which demarcate the strate-
gic regions. Curved arrows indicate how these thresholds shift with
increasing k.

[see also Egs. (C13) and (C14) for the more general expres-
sions]. Unlike the open-loop case, w*(ts) in the closed-loop
setup exhibits an explicit dependence on « as well as fio
and f9. Here, we focus on the regime y > 0, where work
extraction is not possible under open-loop control (see Fig. 6).
For a more detailed analysis of the parametric dependence,
refer to Figs. S10-S12 in the Supplemental Material [76].

Figures 6 and 7 demonstrate that for various combinations
of initial forces (fio, f20), the mean optimal work w*(ts) ex-
hibits a nonmonotonic dependence on the persistence time
7. Specifically, w*(¢¢) attains a minimum value w}, at a
persistence time 7*, beyond which it increases rapidly. For the
specific case k = 0 with fjg, f20 < 0, the minimum occurs at
% =0, where w};, > 0. As k increases, t™* shifts from zero
to a finite value; see Fig. 7 (also Fig. S13 in the Supplemental
Material [76] for further details). In contrast, for fio, fo0 >
0, the optimal work becomes negative, i.e., o}, < 0, as is
also evident from Eq. (41). Negative work input is further
observed in mixed configurations where fio > 0 and fjo <0
(i # j); see Fig. 6 and Fig. S12 in the Supplemental Material
[76]. These observations suggest that when the initial forces
in one or both directions are aligned toward the target, net
work can be extracted. In particular, if both fjy and f>9 are
aligned in that direction, the extracted work is maximized
for ¥ = 0, and the magnitude |}, | decreases with increas-
ing «, reflecting reduced output; see panel (a) of Fig. 6.
Thus, for fixed values of « and 7, the extractable work fol-
lows the trend @*(fi0 > 0, fao > 0) > 0*(fi0 > 0, f20 K
0) ~ w*(fi0 K0, f20 > 0) > 0*(fi0 K0, f20 K 0).

(a)
207 44y
101 aa i S + " o f10=10, f50=10, T=0.5
Ak kA f10=10, f0=10, T=1.5
— 0 ' PR 4, ,,,,,,, — ) A f19=-10, f=-10, T=0.5
5: -10 ¥ * . ® ® 3 ¢ f10=-10, f0=-10, T=1.5
*3 —-201 e 2 N o . . v f10=10, f,=-10, T=0.5
-30 +  f10=10, f0=-10, T=1.25
fi0=-10, f,0=10, T=0.25
0 *  f1p=-10, f,0=10, T=1.5
-50
6 1 2 3 4 5
K
(b)
122 i f10=10, f20=10, k=0.0
i ° =10, f0=10, k=0.
100 ,’Y 10 20
"’ f10=10, f,0=10, k=2.0
- 75 » A f10=-10, f,0=-10, k=0.0
£ 50 o ¢ f10=-10, f0=-10, k=2.0
*3 25 v f10=10, f0=-10, k=0.0
0 * & A1+ f0=10, fo=-10, k=2.0
-25 fi0=-10, f,0=10, k=0.0
g | *  fio=-10, f0=10, k=2.0
—-50 U 10 20
1073 102 10! 10°
T

FIG. 6. Dependence of the optimal average work w*(t;)
[Eq. (41)] on (a) the oddness parameter « and (b) the persistence
time t, for various combinations of initial forces (fio, f>0). Markers
denote simulation data, while lines indicate analytical predictions.
Panel (b) shows a log-linear plot to emphasize trends at small and in-
termediate values of 7. All simulations use the following parameters:
Y :O.I,ko =1,Li =1L, :5,andt_/ =35.

The cumulative work under the optimal protocol, w*(t),
evaluated as a function of time for various initial force con-
figurations (f10, f20), is shown in Fig. 8. While the initial and
final jumps contribute significantly to the total energetic cost
in all cases, the intermediate-time evolution of w*(¢) depends
sensitively on the specific protocol strategy determined by
the initial force pair. For k = 0, different initial force config-
urations correspond to distinct regions in the fjo—f2o plane
as indicated in Fig. 5: (fi0, f20) > O lies in region 11 (both
protocols follow Strategy 1), (fi0 > 0, f20 < 0) in region 12,
(fio < 0, f20 > 0) in region 21, and (fig, f20) < 0 in region
22 (both protocols follow Strategy II). In region 22, w*(t)

o e fo= —10,k=0
foro=—-1,k=0

2 T (s fr0=0, k=0

6 ‘.‘ ------- foo=1,k=0

N N BEEE f0=10,k=0
+ . = ---- fo=—10,k=2
f20=—1,K=2

> ———- f=0,k=2

-——- fo=1k=2

0 ——= fo=10, k=2

-10.0-7.5-5.0-2.5 0.0 2.5 5.0 7.5 10.0
fio

FIG. 7. Plot of the optimal relaxation time 7* as a function of
fio for fixed values of f59. Dotted lines correspond to « = 0, while
dashed lines represent x = 2. The optimal values t* minimize the
total work w*(7) in each case and are obtained from analytical result
given by Eq. (41). Other parameters are the same as in Fig. 6.
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FIG. 8. Time evolution of the cumulative work w*(¢) [Eq. (20)] under optimal closed-loop protocols for different combinations of initial
active forces (fi0, f20) at T = 1. Panel (a) shows results for fjp = —10, fo0 = —10; panel (b) for fio = —10, fo0 = 10; panel (c) for fio = 10,
Jf20 = —10; and panel (d) for fip = 10, fo = 10. Panels (a)—(d) correspond, respectively, to protocols belonging to regions 22, 21, 12, and 11.

Other simulation parameters are the same as in Fig. 6.

initially decreases and reaches a minimum on a timescale of
order t, followed by a steep rise that leads to a positive final
work, w(ty) > 0 [panel (a), Fig. 8]. In contrast, for regions 12
and 21, the postminimum growth of w*(¢) is more gradual,
resulting in net negative work output, w(ty) < 0 [panels (b)
and (c)]. In region 11, w*(t) decays nearly monotonically
throughout the protocol, yielding the largest negative final
work, w(tr) < 0 [panel (d)]. These trends establish a hierarchy
in the magnitude of extractable work under optimal protocols,
approximately ordered as region 11 > region 12 or 21 > re-
gion 22. With increasing «, the protocol strategies adopted in
the (fi0, f20) plane shift, as schematically indicated in Fig. 5
and further quantitatively supported by the parametric varia-
tions shown in Fig. S12 of the Supplemental Material [76].
Specifically, the following transitions occur: (fio, f20) > 0
moves from region 11 to region 12, (f19 > 0, fo0 < 0) from
region 12 to region 22, (f10 < 0, f20 > 0) from region 21 to
region 11, and (f10, f20) < 0 from region 22 to region 21. As
a result, for configurations such as (fig, f20) > 0 or (fio >
0, f0 < 0), the extractable work decreases with increasing «.
In contrast, force configurations like (fijp < 0, f20 >> 0) and
(f10, f20) < 0 transition into more favorable strategic regimes
as k increases, which may enhance the amount of extractable
work or reduce the overall energy input required [see again
panel (a) of Fig. 6].

V. CONCLUSION

In this work, we investigated the optimal conditions for
minimizing thermodynamic work in driving an odd tracer
in an active bath. Due to the asymmetry in mobility along
different directions—quantified by the oddness parameter x—
we imposed two independent protocols along each spatial
direction for a tracer confined in a rotationally asymmetric
parabolic potential. Two control strategies were considered:
an open-loop approach, where the initial active force is not
measured, and a closed-loop approach, where the optimal
protocol is designed based on a measurement of the initial
active force or velocity.

In the open-loop case, the mean optimal work is unaffected
by the active noise statistics and coincides with that of a
passive Brownian tracer. However, unlike the passive case, the
optimal protocols for an odd tracer explicitly depend on «,
leading to discontinuous jumps at the initial and final times.
Despite the presence of asymmetric jumps at these times,
we demonstrate that the overall protocol structure retains

time-reversal symmetry in a generalized sense. While such
symmetry has been established for normal tracers in nonequi-
librium environments [20], we extend this result to the case of
an odd tracer. Notably, while the optimal protocols themselves
are k dependent, the resulting mean optimal work remains
invariant with respect to x. However, introducing rotational
asymmetry in the potential structure can reduce the mean
work and, in certain parameter regimes, even facilitate work
extraction.

In contrast, the closed-loop scenario exhibits significantly
richer behavior. Here, activity strongly influences both the
protocol design and the optimal work, with the protocols
predominantly adopting either Strategy I or Strategy II. Re-
markably, even in a symmetric potential, work extraction
becomes possible by appropriately tuning the initial active
forces and «. When the initial active forces are aligned with
the direction of the target displacement (i.e., both protocols
follow Strategy I), optimal work extraction is achieved at an
intermediate persistence time t*; persistence times larger than
T* are generally less favorable. Similar trends were reported
in recent studies [42,44], where only the effect of active fluc-
tuations on a normal (even) tracer was considered. Here, in
addition, we incorporate the influence of odd mobility, thereby
extending and generalizing those results. Interestingly, in this
regime, normal tracers (k = 0) can outperform odd tracers in
minimizing work. However, when the initial active forces in
the two directions are oriented oppositely—one aligned with
and the other against the target displacement (that is, one
protocol follows Strategy I and the other Strategy II)—odd
tracers outperform normal ones in terms of extractable work
within certain ranges of 7. In situations where both compo-
nents of the initial active force are misaligned with the target
displacement (i.e., both protocols follow Strategy II), work
extraction becomes unfavorable. Nonetheless, the presence
of odd mobility in such configurations can still mitigate the
overall energetic cost, effectively reducing the required input
work relative to the normal tracer case.

Overall, our findings contribute to the growing body of
research on optimal control in active systems [36,41-44].
They reveal how odd mobility and directional asymmetry
can be harnessed to extract work from active environments.
More broadly, our work highlights the intricate interplay be-
tween time-reversal asymmetry, nonreciprocal couplings, and
optimal protocol design in systems with multiple interact-
ing degrees of freedom. The theoretical predictions presented
here are experimentally accessible: for instance, one could
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realize an odd tracer as a charged Janus particle trapped by
optical tweezers under an external magnetic field. Similarly,
chiral active particles, often referred to as circular swim-
mers, naturally exhibit odd diffusion [77]. Such systems arise
in biological contexts such as motile Escherichia coli near
solid interfaces [78] or can be artificially engineered, for ex-
ample, using asymmetric colloidal disks or rotors equipped
with anisotropic arms [79]. Alternatively, the effect could be
probed by immersing a passive colloid in a bath of chiral
swimming bacteria [80]. Together, these scenarios provide
feasible routes to test our predictions and establish a foun-
dation for exploring optimal thermodynamic control in chiral
and nonreciprocal systems. From a technological standpoint,
understanding and optimizing negative work at the mesoscale
may inform the design of autonomous soft robots, nanoscale
engines, and synthetic swimmers capable of harnessing ambi-
ent fluctuations for self-sustained operation in complex media.
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APPENDIX A: AVERAGE DYNAMICAL VARIABLES

From the active force dynamics [see Eq. (10)], and for an
initial condition a = {xy, fp}, the average active force evolves
as

f4t) = foe ™.

Taking the Laplace transform of Egs. (14) and (15), we obtain
the following algebraic equations in Laplace space:

(AD)

(A2)

(A3)

The solutions to these coupled algebraic equations in the Laplace domain are

1 - - - - - - - -
()= E[ﬂzz(xlo + a1 (5) + ki Aa(s) + o fi(s) + ax f3(5)) — Bra(x20 — axk ki (s) + auha(s) — ok fi'(s) + a f3'(s)) ]

- %[ﬁ”m = Bioxan + (s + ko) R (5) + (s — yko)Aa(s) + exls + ko) f'(s) + el — vko) f3(5)] (A)
and
20 = io[ﬁl 1 (120 = ik (9) + auha(s) — e f{(s) + a f51(9)) = Bar (10 + ouda (9) + @ ha(s) + afi'(s) + o f(5)]
= é[ — Barxio + Brixao — ax(sk + yko)Ai(s) + au(s + ko)Aha(s) — a(sk + yko) fi(s) + a(s + ko) f2(5)]. (AS)
where
Bii=s+op+aky, Prn=aytak, Pu=-—uk+ouy, Bn=s—akKy+ao,
Bo = Bi1Ba — BioBar = s° + 250y + ako(1 — y?). (A6)

After performing the inverse Laplace transform, we obtain

—ot
X7 (1) = x10 exp(—ayt) cosh(at) — exp(—axt)
o

+ 01/0 dty (kox1(ty) + f{(11)) exp(—a(t — tl))[COSh(Ols(l‘ —n)+

+ a/O dty (koha(t1) + f3 (11)) exp (—ou(t — tl))[K cosh(a(r — 1)) —

ai[x1oky sinh(agt) + x20(y + k) sinh(at)]

ko—Olk

sinh(ag(t — 1 ))i|

Yho ¥ Kk ot — 1 ))} (A7)

s
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and
X4(1) = xa0 exp (—ayt) cosh(at) + Makmgw sinh(a,t) 4 x10(k — y) sinh(a,?)]
+a /0 l dty (kora(ty) + f5(11)) exp (—a(r — tl))[cosh(as(t —1)+ ko _Y“" sinh (ot ( — zl))}
—«a /0[ dty (koh1(t) + f{ (1)) exp (—o(t — 1y ))|:K cosh(a,(t — 1)) + vho = Ko sinh(er,(r — 1, ))}, (A8)
where S

oy =0y, |1 — ];—Z(l —y2). (A9)

From Eqgs. (A7) and (A8), one can compute the following correlations between the average position and active force components
in the steady state:

t

o ffo), =a / dry (f{ () ff (1)) exp (—o(t _tl))[COSh(as(t — 1)+
0

14+ kot )
=D = f X1, A10
A (1 — )/Z)kg‘[z + 2](01' + ()[71 favxll ( )

t

ofso), =a / diy (f5() f5 (1)) exp (—au (t — tl))l:’( cosh(a(t — 1)) —
0

ko — oy

sinh (o, (t — 1; ))i|

A

k
Yo+ KM ooyt — 1y ))}

K — ykot
(1 —y2k3t? + 2kot + !

1 ko —
(EOf0), = —a / diy (fE0 f0)) exp (—a(t — n))[x cosh((r — 1)) + =" sinh(ox(t - n))}
0 s

=D,

= faX, (ALD)

K+ ykot
= —Da—75— 1
(I — y2)kiT* + 2kot + @

(@O f5 @), =« /0 diy (f5 () f3 (1)) exp (—a(t —tl))[cosh(as(t —n)) +

= fak, (A12)

ko — ay

sinh(os(t — 1 ))]

s

1+ kot

=D = 2%, Al3
a-= YOGt + 2kt + ! Ja22 (AL3)
Here,
o (1 + ko1) P K — )/kofi P —K — ykor;c (Ald)
11 22 = yz)kgﬂ ket + 1 k2 = Tt kot 11> 2= kot 1.

These results allow one to construct the steady-state cross-covariance matrix between the average positions and active forces:

xa a x(l a
Exf _ |:( lfla>ss ( ‘llf2a>ss:|. (A15)
() ()
Similarly, using Eq. (11), the covariance matrix of the active forces at steady state is given by
N
Eff:[(r) &}, (A16)
T

If the initial force is measured as f; = (fio, f20), then the corresponding average initial position is automatically determined as
[82]

X =%y 2 £ (A17)
This gives explicit expressions for the initial conditions:
T a ra a pa ~ ~
X0 = D_[<x'f' ) S10 + (61 £3) fa0] = F11fio + K12 foo, (A18)
A
T - -
Xy = D—[(ngfl)ssflo + (X5 f5) . S20] = Fa1fr0 + Zaa foo- (A19)
A
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APPENDIX B: OPTIMIZATION OF WORK

From Eq. (18), the mean work can be expressed as a
functional of the average trajectories x{'(t'). Accordingly, we
define the Lagrangian as

L &) =37 + 35 = X[ () f ) = 35T,
(BI)
Applying the Euler-Lagrange equation [83]

d (dL oL _,
dr\axe) ox¢

l

we obtain the following equations of motion for the optimal
average trajectories:

2§01 = fr), (B2)
2(1) = f3(1)). (B3)

Using the explicit form of the active force from Eq. (A1), the
solutions to the above differential equations are computed as

x‘ll(t) = X190+ cit + ]%(1 — eit/r), (B4)
T
XY = a0 + ot + f%(l —eT),(BS)

where xjo and xy( are the initial positions, and c¢; and ¢, are
integration constants that must be determined by minimizing
the mean work, as given in Eq. (18). To determine the optimal
values of ¢; and ¢,, we substitute the solutions (B4) and (B5)
into Eq. (18) and perform the optimization of the resulting ex-
pression with respect to ¢; and ¢;. This leads to the following
conditions:

da(ty)
3C1

doo(ty)

=0,
802

—c*
C]—Cl

=0. (B6)

=}
Solving these equations yields the optimal coefficients ¢} and
c3,

¢t = koTisLy — ykit Ty Ly — koTosxio — 2y ko Ty 'xa0

ko‘L’

> PO D3 fio = koytoTy " fro (B7)

and

&5 = —ykity Ty 'Ly + koTisLo — 2ykoTy 'x10 — koTasxao

koT
— koyTp(OT " fio — %p(t)Tzsfzo, (B8)
where
p(t)=(1—er),
Ty =2+koty, Tr=2+kotr(1—y?),

Ty = 4 + 4kot + kot7 (1 — y?),
Ty =T/T;, Tn="0/T. (B9)

For y = 0, one obtains 713 = T»3 = 1/(2 + koty), and the ex-
pressions for the parameters simplify to

T
¢l =kTis|Li —x0 = Sp0)fu].  (B10)

% T
¢; = kTi|Lo —xn = 2pfx].  (BID)

APPENDIX C: OPTIMAL PROTOCOLS
AND AVERAGE WORK

Using the optimal coefficients obtained from Eqs. (B7) and
(B8) and substituting them into Egs. (16) and (17), the optimal
protocols A} (¢) and A5 (¢) can be explicitly constructed as

c* K T
A(t) = (1 +kot) — ¢5— +x10 + fiozp()
ko ko 2

fio | faok\ _: . T
) P t —p(t
<2k0 + 2k e " +y(xo+ct)+ J/fzozp( )
(CDhH
and
Ar() = c]— + = (1 +kot) + x20 + f20z0(2)
ko ko 2
Sk o) _: . T
2 e t —p(t).
+ <2k0 %o e T+ v+ )+7/f102,0( )
(C2)

(1) Open-loop control. Let us first consider the open-loop
protocol, for which the initial conditions are set as (fjo) =
(f20) = 0 and xj9 = xp0 = 0. Under these assumptions, the
optimal coefficients are obtained, by virtue of Eqs. (B7) and
(B8), as

¢S = (¢})ss = koTisLy — ykit Ty ' Lo, (C3)

5 = (3)ss = —ykits Ty Ly + koTisLa. (C4)

As a sanity check, setting y = 0 recovers the well-known
result for an overdamped Brownian particle in a thermal bath
[37]:

Ll L2
=k . Sl _ =k : C5
2 + kot Qly=0 =057 kot ¢ )

C(1)|y=0

For the open-loop protocol with finite y, the corresponding
optimal control protocols are

W) = SL(1 + kot) +cg(yr - 5>, (C6)
ko ko
* o K c(2)
)“Z(t):Cl J/t‘l‘_ +_(1 +k0t). (C7)
ko ko

Thus, the initial discontinuities (jumps) in the protocols at ¢ =
0 are given by

AX(0) = 2}(0F) — 2}(0) = 2 — 2
ko ko
0 0
AX3(0) = 1501 —230) = = 4 2 (C8)
ko ko
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Similarly, the discontinuities at the final time # = f; in the
optimal protocols can be computed as

AN (ty) = Mj(tp) — A7)
=1 S oty — cs(yt - 5),
ko ko

AR3(tp) = M5(p) — 23(67)
K
ko

To examine the time-reversal symmetry of the optimal proto-
cols, one can compute

CO
—L,— cg'(ytf + ) - k—2(1 +kot).  (C9)
0

M) + Aty — 1) = A7)+ 27(07). (C10)
This relation can be equivalently rewritten as
i)+ Xty — D)+ (AX(7) — AAj(0) = Li,  (C11)
and similarly for the second protocol:
M)+ Aty — 1)+ (A3 (1) — AX3(0)) = L. (C12)

These relations show that time-reversal symmetry of the pro-
tocols is preserved when the discontinuities at the initial and
final times are explicitly accounted for.

(2) Closed-loop control. For closed-loop control, the ini-
tial active force f, = (fi0, f20) is known. By substituting the

J

? —citfio — ci2fo

N c
)\1(” = kO

expressions from Eq. (A14) into Eqgs. (A18) and (A19), the
optimal coefficients from Eqs. (B7) and (B8) can be rewritten
as

i = ¢f —cifio — ciafoo, (C13)
¢ = ¢5 — ca1 fio — €2/, (C14)
where
T
c11 = koTos [5611 + E,O(f)i| + 2y ko Ty Far, (C15)
S| pOT -
12 = 2koy T, — tin |+ koTx3x12, (Cl6)
S| pOT -
ca1 = 2koy T, — T + koTo3ar, (C17)
and
T
¢ = ko3 |:)?22 + 5,0(1):| + 2ykoTy '%12, (C18)

with p(¢), Tz, and T3 given explicitly in Eq. (B9). Using
Egs. (C13) and (C14) and substituting the expressions from
Eq. (A14), the optimal protocols given in Egs. (C1) and (C2)
can be written explicitly as

K T
(14 kot) — (¢§ — ca1 fio — szfzo)k—o + %11 fi0 + X12fo0 + flozp(f)

K t T
— @4_ _f20 e T +y(5621f10 + X2 f20 + (0(2) —021f10—022f20)t) + v oz 00)
2ky 2ko 2

= A1) + fror];(®) + fror], (1) (C19)
and
. , K c§ — ca1f10 — c22.f20 . - T
A5 = (cf _CllfIO_CIZfZO)k_ + (<3 T )(1 +k0t)+x21f10+x22f20+f20§/0(f)
0 0
K i T
+ Jiok T e” 7 +y(Xifio + Xiafoo + (¢ — ci1fio — ciafa)t) + ¥ froz p()
2ky 2k 2
= A5(1) + fiory () + faori, (D). (C20)
The protocols in the open-loop control setting, given in Egs. (C6) and (C7), are denoted here as
o C(I) o K o o Cg o K o
AM@)=—+kot) —S—+ycst, A@)= =1 +kot)+c]— + ycit. (C21)
ko ko ko ko

In addition, we define the following auxiliary terms associated with the activity-dependent components of the optimal protocols:

W) = en— — L1 kot) + 11 + —p() —
ko ko 2

eft/r
2ko

+ yX1 — yeaut,

() LG PPN S e/t L R
=Ccp— — — X1p — Xop — YC — s
12 22k0 ko 0 12 2k VX202 — Y V2/0
A% () LI PPV VL LA ‘
= —C||— — — X - X11 — ycent,
21 11k0 ko 0 21 V2,0 2ko YX11 Yl
" K (55 B —t/r B T
Ayp(t) = —ci2— — — (1 + kot) + X2 — + yX2 — yent + o). (C22)
ko ko 2ko 2
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The average work for a given initial condition a is computed
using Eq. (18), where the average optimal trajectories are
obtained from Egs. (B4) and (BS5), and the average active
force is given by Eq. (Al). Upon substituting these into the
expression for work, we obtain

w*(ty) = AV + city + c3ty

f220 T 2p

_far - (1—e ),

(I—e")

; g (C23)

where ¢; and ¢, are given by Egs. (C13) and (C14), and the
superscript “x”” on ¢; and ¢, has been omitted for notational
simplicity. The expression in Eq. (41) is valid as it stands for
the average work in the closed-loop protocol, where the initial
active force is fixed at a definite value. For the open-loop pro-
tocol, however, the initial forces are fixed to (fi9) = (f20) =
0. This modifies the optimal trajectories from Eqs. (B4) and
(BS) to x{(t) = cit, x5(t) = cat, and correspondingly, the av-
erage work simplifies to

w*(ty) = AV + cltp + c3ty. (C24)
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