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We rigorously analyze the nonequilibrium thermodynamic behavior of various formulations of quantum
Brownian motion using the framework of stochastic thermodynamics. While the widely used Caldeira-Leggett
master equation exhibits desirable thermodynamic features—such as the fulfillment of a detailed balance—it
fails to ensure complete positivity. In contrast, several completely positive and trace-preserving extensions turn
out to be thermodynamically controversial. We show that such extensions introduce anomalous phase-space
structures that violate detailed balance at the steady state, leading to nonvanishing entropy production and
spurious nonequilibrium currents lacking a clear physical interpretation. Our results highlight a fundamental
tension between quantum consistency and thermodynamic equilibration in open quantum systems.
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I. INTRODUCTION

The theory of Brownian motion is a cornerstone in modern
physics. It played a decisive role in the consolidation of the
atomic theory of matter [1] and, from a statistical mechan-
ics point of view, it served as a starting point for the study
of continuous Markov processes and their role in describ-
ing the mechanism that leads mesoscopic systems to thermal
equilibrium, and links it to dissipation [2,3]. The interaction
between a particle and a thermal environment, the description
of dissipation, and the emergence of irreversibility are also
of profound interest in the context of quantum mechanics,
from both a fundamental and a technological perspective. The
quantum description of Brownian motion was first introduced
in the seminal work of Caldeira and Leggett [4]. Starting
from a model of a bath of harmonic oscillators, they derived
a master equation that correctly predicts the relaxation of
the system’s state to a thermal state at the temperature of
the bath. However, the dynamics described by the Caldeira-
Leggett (CL) master equation are not of Lindblad form and
do not preserve complete positivity (CP) (to be more precise,
it does not preserve even simple positivity [5]). While the
violation of CP is compatible with the approximations made
in deriving the CL master equation—and thus does not lead to
inconsistencies within its regime of validity—it is desirable to
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formulate an open quantum system dynamics that preserves
complete positivity. In order to cast the master equation in
Lindblad form, the addition of a term that is small in the
high-temperature limit is proposed [6]. In order to go beyond
arbitrary approaches and corrections, many works expanded
on the original CL model either by relaxing the approxima-
tions, thus abandoning the Markovian framework [7–10], or
by implementing phenomenological Lindblad master equa-
tions based on global symmetries [11].

In this work, we show that the inclusion of the extra term
in the CL model, while ensuring consistency with CP, implies
that the steady state of the system is no longer an equilibrium
one. In fact, the correction leads to the presence of persis-
tent currents in the steady state, signaling a violation of the
detailed balance (DB) condition. Thus, enforcing complete
positivity introduces anomalous currents that prevent proper
thermalization. We then generalize our analysis to the most
general Gaussian Lindblad master equation that is translation-
ally covariant in space, finding again a violation of detailed
balance by the steady state. Therefore, within the framework
of Gaussian and Lindblad dynamics, the quantum descrip-
tion of a system coupled to a thermal bath that is invariant
under translations fundamentally differs from the classical
picture: Preserving complete positivity—a genuinely quan-
tum requirement—implies the presence of effective driving
mechanisms that do not allow the steady state to be in true
equilibrium. Finally, we show that restoring a proper equili-
bration dynamics is indeed possible by breaking the symmetry
thus far imposed, but requires a fine-tuning on the parameters
of the Lindbladian that depends on the Hamiltonian of the
system.

In relation to the existing literature on quantum open
systems, our work provides a distinct perspective on the
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fundamental interplay between dynamical and thermody-
namic consistency. While previous studies have addressed
the challenges of Lindblad descriptions for quantum systems
in thermal environments, their focuses differ significantly
from ours. For instance, discussions regarding the steady-
state discrepancies at low temperatures or under changing
Hamiltonians often rely on enforcing detailed balance in the
Kubo-Martin-Schwinger (KMS) sense to guarantee a Gibbs
equilibrium state [12]. Conversely, other approaches have ex-
plored how standard KMS DB conditions fail when the steady
state is nondiagonal in the energy eigenbasis, prompting the
introduction of generalized DB definitions based on hidden
time-reversal symmetries for driven-dissipative systems [13].
Rather than modifying the core definition of detailed bal-
ance, our article adheres to the standard, widely accepted
formulation of DB for classical Markovian dynamics—when
consistent with the quantum setting—to rigorously examine
the compatibility between the requirement of the dynamics to
be completely positive and trace preserving (CPTP) and the
steady-state (non)equilibrium properties. Although recent ad-
vancements demonstrate that CPTP and DB can be reconciled
by relinquishing spatial translation covariance and meticu-
lously fine-tuning parameters [14], our work systematically
incorporates these edge cases while characterizing a broader,
systemic tension between CPTP and DB. Moreover, in this
framework we also provide a comprehensive discussion on
entropy production rates and their role in determining steady-
state behaviors that the existing literature largely lacks.

The remainder of this article is organized as follows. In
Sec. II, we establish the general framework of stochastic
thermodynamics for both classical and quantum systems,
introducing the Wigner representation and formalizing the
mathematical relationship between the DB condition, irre-
versible currents, and entropy production rates. In Sec. III, we
present our main results by applying this framework to general
translation-covariant, Gaussian, and CPTP master equations,
demonstrating how enforcing complete positivity systemati-
cally violates detailed balance in the steady state. Section IV
explores how breaking the spatial translation covariance sym-
metry can restore proper thermalization, analyzing the strict,
Hamiltonian-dependent fine-tuning required for the Lindbla-
dian parameters. Finally, Sec. V provides concluding remarks
and outlines future research avenues, particularly concerning
non-Gaussian and non-Markovian open quantum systems.

II. GENERAL FRAMEWORK

There are three, nearly equivalent, mathematical descrip-
tions of Brownian motion: the Langevin equation, which
describes the stochastic evolution of the paths of the par-
ticle by adding noise to the deterministic equations of
motion; stochastic differential equations (SDEs), which are a
mathematical refinement and generalization of the Langevin
equation; and the Fokker-Planck (FP) equation, which de-
scribes the evolution of the probability distribution of the
position (and possibly momentum or velocity) of the particle
[15]. In this work, we focus on the latter description and
consider the Fokker-Planck equation

∂t P(x, t ) = (−∇ ·Ax + 1
2∇ ·B∇)

P(x, t ), (1)

where x := (q1, . . . , qN , p1, . . . , pN ), A is the drift matrix,
and Ax is the drift vector, which contains the deterministic
motion and friction terms; B is the diffusion matrix, which ac-
counts for the stochastic part of the dynamics. The equilibrium
condition is expressed by the notion of microreversibility in
the steady state, meaning that each transition x → x′ has the
same probability of its time-reversed version. Time reversal
is performed via a diagonal matrix E such that Ex = x̃, with
x̃i = εixi, εi = +1 for positions and εi = −1 for momenta.
Assuming the existence of a steady-state solution PS (x), the
microreversibility condition holds if and only if [15]

EAET xPS (x) = −AxPS (x) + B∇xPS (x),

EBET = B, (2)

and PS (x) is said to satisfy the DB condition. A thermo-
dynamic theory of Brownian motion, known as stochastic
thermodynamics [16,17], has also been developed by inter-
preting usual thermodynamic quantities—namely, entropy,
work, and heat—as random variables of the trajectories of
the particle. In particular, this approach helped expanding
thermodynamics to nonequilibrium systems and shed light
onto the emergence of irreversibility and its connection to
entropy [18–20]. This approach usually roots itself in the SDE
description of Brownian motion, but the FP approach can also
be used to find the average of the thermodynamic quantities
defined on trajectories. The main quantity of interest is the
entropy production rate, which, in many relevant scenarios,
uniquely characterizes the distance from equilibrium [21].
Starting from the Shannon entropy of the probability distribu-
tion S(t ) = − ∫

dxP(x, t ) ln P(x, t ), one can split the entropy
rate of the system as

dS(t )

dt
= �(t ) − �(t ), (3)

where �(t ) quantifies the rate at which entropy flows between
system and environment, and �(t ) is the entropy production
rate, which characterizes thermodynamic irreversibility [22].
Such splitting is usually performed by separating the drift and
diffusion matrices into symmetric and antisymmetric com-
ponents with respect to time inversion, thus identifying the
irreversible and reversible parts of the current, respectively.
The entropy production rate is then identified with the term
that is non-negative or null if and only if PS satisfies the DB
condition, provided the diffusion has no odd component with
respect to time inversion. This is generally written as

� = 2
∫

dx
JI (x) (BI )−1JI (x)

P(x)
, (4)

JI (x) being the irreversible part of the current. This expres-
sion provides the entropy production rate averaged over the
ensemble of stochastic individual trajectories of the dynamics,
thus establishing a link with well-known fluctuation relations
[15–19].

In this paper, we focus on exploring the relation between
the DB condition and the irreversible currents in the stationary
state. It is well known that, when the DB conditions hold,
the stationary state exists and is unique, and the irreversible
current vanishes [23]. However, the absence of an irreversible
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current in the steady state does not imply DB, as shown in the
following theorem (we provide a proof in Appendix A):

Theorem. For a homogeneous Fokker-Planck equa-
tion such that EBET = B, if a stationary solution PS (x) exists
and is such that the irreversible component of the current is
zero, then the DB conditions hold.

These considerations justify the choice of the entropy
production rate as the figure of merit to characterize nonequi-
librium when the hypothesis of this theorem is satisfied. Note
that just having a zero irreversible current is not enough to
guarantee DB balance: Indeed, having a reversible component
in the diffusion matrix, i.e., EBET �= B, leads to a reversible
current in the steady state that also drives the system out of
equilibrium.

Until now, we discussed in the framework of classical ther-
modynamics; however, our goal is to study models describing
the quantum Brownian motion (QBM) [4,6]. Restricting the
study to potentials that are at most quadratic in the system’s
degrees of freedom, and considering only states with positive
Wigner function

W (q, p) = 1

π h̄

∫ ∞

−∞
〈q + y|ρ̂|q − y〉e−2ipy/h̄dy, (5)

we can apply the same construction of classical continuous
Markov processes to build the stochastic thermodynamics of
some of the versions of the QBM model. This allows us to
adopt the well-established framework from classical stochas-
tic thermodynamics introduced in this section. In doing so, we
avoid having to choose among the many proposals for quan-
tum detailed balance available in the literature [24–26], none
of which has yet been universally accepted as the definitive
generalization of the classical notion.

To provide our quantitative assessment, we replace the
Shannon entropy S(t ) with the Wigner entropy

SW (t ) = −
∫

dxWρ̂ (x, t ) ln(Wρ̂ (x, t )) (6)

as the main figure of merit to characterize the thermodynamic
properties of the considered models [27–32], where Wρ̂ (x, t )
is the Wigner function associated with the state ρ̂ of a system.
In Appendix C, we provide for comparison a discussion about
other choices of entropy in this context and Ref. [33] for
a thermodynamic description of the exact CL model based
instead on the von Neumann entropy.

Using this framework, we can identify anomalous terms in
the FP equation for the Wigner function, which do not have
a counterpart in classical Brownian motion. These anoma-
lous terms stem from the complete positivity requirement and
affect the thermodynamics of the stationary state. In particu-
lar, we are able to demonstrate that all translation-covariant
and CPTP quadratic master equations lead to nonequilibrium
steady states characterized by a constant entropy production
rate or a reversible nonequilibrium current. As a consequence,
thermalization, as intended classically, i.e., satisfying the DB
in Eq. (2), cannot be achieved with these models. We point
out that the assumptions of completely positive and trace-
preserving (CPTP) dynamics and translational covariance are
both natural and are satisfied by several well-known mod-
els. These include, in the Gaussian regime, the JoosZeh and
Caldeira-Leggett models [4,34] and more in general equations

describing the dynamics of optomechanical systems [35] or
spontaneous collapse models such as the Continuous Sponta-
neous Localization model [36] and the DiósiPenrose [37–39]
model.

III. RESULTS

We start by considering the most general Markovian CPTP
and Gaussian dynamics. The requirement of the dynamics
being CPTP and Markovian imposes the Lindblad structure
[6,40,41] of the master equation for the statistical operator
ρ̂, while Gaussianity means that this equation is at most
quadratic in q̂ and p̂. As discussed in detail in Ref. [11], this
leads to a master equation of the form

d ρ̂

dt
= − i

h̄
[Ĥ , ρ̂] − i

2h̄
α[{q̂, p̂}, ρ̂] − iη

2h̄
[q̂, { p̂, ρ̂}]

− Dpp

h̄2 [q̂, [q̂, ρ̂]] − Dqq

h̄2 [ p̂, [ p̂, ρ̂]] + 2Dqp

h̄2 [q̂, [ p̂, ρ̂]].

(7)

Here, β, α, η, and Dqp are free parameters, while Dpp and Dqq

are not independent but are fixed to be

Dpp = mη/β, Dqq =
(

h̄2ηβ

16m
+ βD2

qp

ηm

)
. (8)

In order to get a translation-covariant (TC) dynamics, apart
from possible symmetry-breaking terms in H , we must im-
pose α = 0 to cancel the extra Hamiltonian term [{q̂, p̂}, ρ̂] in
Eq. (7). We now move to the phase-space Wigner represen-
tation of the dynamics using the mapping rules summarized
in Appendix B. In this way, we obtain the following Fokker-
Planck equation:

∂Wρ̂

∂t
= {

WĤ ,Wρ̂

}
∗ + η

∂

∂ p
(pWρ̂ ) + Dpp

∂2

∂ p2
Wρ̂

+ Dqq
∂2

∂q2
Wρ̂ + 2Dqp

∂2

∂ p∂q
Wρ̂ . (9)

Note that, in the Gaussian regime we are considering, the
Moyal brackets {WÂ,WB̂}∗, which originate from the unitary
part of the evolution [42,43], reduce to the classical Poisson
brackets.

In particular, consider the case of a free particle, for which
the stationary solution is unique and is the expected Gibbs
state ρ̂th = exp(−β p̂2/2m)/Z (with Z the partition function)
with this choice of parameters. It is particularly easy to see
that the steady state cannot satisfy DB for this equation pro-
vided Dqp �= 0, despite it being the canonical thermal state. To
this end, it is sufficient to consider the diffusion matrix

B =
(

2Dqq 2Dqp

2Dqp 2Dpp

)
, (10)

which violates the second condition in Eq. (2), EBET = B.
Indeed, as the diffusion matrix is constant, such requirement
may hold only when the off-diagonal elements Dqp are null.
These elements of B actually contribute to the reversible
part of the current, entering the second term of the entropy
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flux rate:

� = −
∫

dq d p

[
η

Dpp
pJp + 2Dqp

∂qWρ̂∂pWρ̂

Wρ̂

]
, (11)

found following the procedure highlighted in Appendix A.
The entropy production rate instead reads

�=
∫

dq d p

⎡
⎣ ∑

k=q,p

J2
k

DkkWρ̂

⎤
⎦. (12)

For the free particle, the irreversible component of the current
is JI (q, p) = (Jq, Jp)T , with

Jq(q, p) = −Dqq∂qW,

Jp(q, p) = −ηp − Dpp∂pW, (13)

which go to zero in the steady state. Thus, both the entropy
production and entropy flux rates go to zero in the steady
state (note that ∂qWS = 0). So, although no dissipation is
present, the stationary state is still driven out-of-equilibrium
by another physical mechanism, related to the kinetic part
of the dynamics, which cannot be captured by the entropic
analysis. This is usually associated with dynamical activity in
active matter systems and other nonequilibrium phenomena,
and is referred to as frenesy in the literature (cf. Refs. [44,45]
for an overview). Therefore, in order to obtain a master
equation that leads the free particle to an equilibrium steady
state, it is enough to set Dqp = 0. In this way, one gets
the so-called “minimally invasive” extension of the original
Caldeira-Leggett master equation [6], which was introduced
as a CPTP version of the latter.

However, the fact that Eq. (9) with Dqp = 0 leads to correct
thermalization is just a peculiarity of the free particle. As we
show now, as soon as one adds a potential, a constant entropy
production arises in the steady state. Indeed, for this model the
steady state is WS (q, p) = 1

2π
√

det VS
exp(− 1

2 (q, p)V −1
S (q, p)T ),

VS being the covariance matrix. In the case of a harmonic
oscillator, the entries of VS are

σ 2
q,S = 〈q2〉S = ηDqq

ω2
+ Dqq

η
+ Dpp

η(mω)2
,

σpq,S = 1

2
〈{q, p}〉S = −mDqq,

σ 2
p,S = 〈p2〉S = (mω)2Dqq

η
+ Dpp

η
. (14)

The entropy production remains functionally the same as in
Eq. (12), but plugging this new steady state in that expression
one readily finds

�S = Dqq

Dpp
ηm2ω2. (15)

The physical mechanism that drives the system out-of-
equilibrium in this case is a dissipation that arises due to
the diffusion term in the q direction that is not balanced by
any corresponding friction, thus not satisfying a fluctuation-
dissipation relation. The reason why this does not affect the
free particle is that in that case the Wigner function associated
with the steady state has no position dependence.

As a final remark, we note that the term that causes the dif-
fusion in the position variable is exactly the term introduced to
make the Caldeira-Leggett master equation CPTP. If one were
to remove this term, giving up on the CPTP requirement, one
would recover the standard Klein-Kramers equation describ-
ing the phase-space dynamics of a classical Brownian particle
[46], which is thus known to have the desired thermodynamic
properties [18].

IV. BREAKING THE TC ASSUMPTION

In fact, it is indeed possible to get a CPTP model that
satisfies DB if one is allowed to include in the CPTP Caldeira-
Legget model a Hamiltonian term breaking the TC symmetry,
arising from the interaction with the environment [14,47].
This amounts to setting Dqp = 0 and α �= 0 in Eq. (7). The
new term leads to a squeezing of the state during the dynam-
ics, which in general will lead to a steady state with nonzero
correlation. However, we will show that the squeezing must
be fine-tuned to compensate the position diffusion term to
achieve equilibrium. This makes the presence of the squeezing
term in the Hamiltonian quite ad hoc. Considering again the
harmonic oscillator, one has the following drift and diffusion
matrices:

A =
(

α 1
m

−mω2 −(α + η)

)
, B =

(
2Dqq 0

0 2Dpp

)
. (16)

Using these in Eq. (2), we find that the steady-state Wigner
function needs to be of the following form to satisfy the DB
property:

WS (q, p) = N exp

(
α

2Dqq
q2 − η + α

2Dpp
p2

)
, (17)

from which immediately follows α < 0 and |α| < η as condi-
tions for WS to be normalizable. Indeed, substituting Eq. (17)
in the stationary Fokker-Planck equation, one finds that the α

that solves the stationary problem is

αDB = −η
Dqqm2ω2

Dpp + Dqqm2ω2
. (18)

So, in summary given this dynamics, with α = αDB, the steady
state satisfies DB and has the following inverse covariance
matrix:

VS =
(

− Dqq

αDB
0

0 Dpp

η+αDB

)
. (19)

We want to emphasize how αDB need a subtle fine tuning
to guarantee DB in the steady state. In particular, with respect
to the usual fluctuation-dissipation relation Dpp = mη/β, αDB

contains a dependence on the oscillator’s frequency ω.
Another way to restore DB in the CPTP Caldeira-Leggett

model is to include a friction term in the q direction
iξ
2h̄ [ p̂, {q̂, ρ̂}] [equivalent to a drift term ξ∂q(qW (q, p)) in
phase space] to balance the anomalous diffusion. This is a
natural choice as it mimics the standard friction term in the
p direction, and it keeps the dynamics CPTP, as shown in
Ref. [14]. However, it is easy to show that this case is not
really different from the one we just studied. To see this, we
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note that this extra term can be rewritten as
iξ

2h̄
[ p̂, {q̂, ρ̂}] = iξ

2h̄
[{q̂, p̂}, ρ̂] − iξ

2h̄
[q̂, { p̂, ρ̂}], (20)

which means that it can be absorbed in the Hamiltonian term
proportional to α and in the standard friction term proportional
to η [the second and third terms, on the right-hand side of
Eq. (7), respectively]. Also here for DB to be satisfied the
parameter ξ needs to be fine-tuned to the system and bath
parameters.

V. CONCLUSIONS

We have shown that, in general, Markovian and Gaussian
master equations describing QBM cannot lead to proper ther-
malization in the sense that the DB is always violated, if
translation covariance in space of the interaction with the bath
is assumed. This is a relevant conclusion as it affects many
phenomenological models based on these master equations.

This lack of thermodynamic equilibrium is due to the ef-
fects of anomalous currents in phase space that are necessarily
there when CPTP of the dynamics is imposed. These currents
drive the system out of equilibrium, either via an indefinite
heating mechanism (no dissipation) or in light of a dynami-
cal, i.e. time-reversible nonequilibrium contribution. We have
also shown how breaking the TC symmetry may allow for
master equations with an associated equilibrium state that
satisfies microreversibility and characterized the parameters
of the model in this case. However, this can be achieved
only by fine-tuning the parameters of the model, with respect
with the Hamiltonian of the system. In this sense, this added
symmetry-breaking term is quite ad hoc and should not be
regarded as a physically natural solution of the problem.

Future extensions of this work could investigate how these
conclusions are affected by models that depart from the
Markovian and Gaussian assumptions adopted here. Explor-
ing non-Gaussian dynamics might be useful in the derivation
of a QBM theory that is consistent from both a thermody-
namic and a quantum mechanical point of view. However,
in order to study such models, one would need to resort to
the fully quantum generalization of DB [48], and generalize
the construction of the entropy production rate to states with
negative Wigner functions as well. This could be done, for
example, using the Wehrl entropy [32,49], which is always
well defined, thus fully leaving the classical framework (see
Appendix C). The assessment of non-Markovian effects is a
second important line of investigation. A potential approach
would be to consider non-Markovian master equations derived
from the microscopic dynamics without approximation, such
as the one introduced by Hu et al. [7], whose implications in
the context addressed in this work remain fully unexplored.
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APPENDIX A: DETAILED BALANCE AND STOCHASTIC
THERMODYNAMICS

We construct the entropy production rate starting from
a general Fokker-Planck equation and leveraging arguments
based on time-reversal symmetries. We also show the connec-
tion between this quantity and microreversibility and identify
the cases when it ceases to be the sole quantity that character-
izes deviations from equilibrium.

Consider the general time-homogeneous Fokker-Planck
equation for the evolution of the probability density function
of an N-dimensional Markovian stochastic process without
jumps:

∂t P(x, t ) = (−∇ ·A(x) + 1
2∇ ·B(x)∇)

P(x, t ), (A1)

where A(x) is the drift vector and B(x) is the diffusion matrix,
and assume there exists a stationary solution PS (x) for such
a process. Assume that these variables transform under the
action of the time-reversal operator E = diag(ε1, . . . , εN ) as
xi → εixi, εi = ±1, i = 1, . . . , N . Typically, one deals with
position and momentum variables for which εi = 1 and ε j =
−1, respectively. Then, the stationary state is said to satisfy
the DB condition if the microreversibility relation holds:

P(x, τ |x′, 0)PS (x′) = P(Ex′, τ |Ex, 0)PS (x), (A2)

P(x, τ |x′, 0) being the conditional probability of finding the
system in the state x at time t , given it was observed in
position x′ at the initial time. It can be shown (cf. Ref. [15],
for instance) that the necessary and sufficient conditions for
DB to hold are

EA(Ex)PS (x) = −A(x)PS (x) + ∇x(B(x)PS (x)),

EB(Ex)ET = B(x). (A3)

In the following, we restrict to the case of (1) homogeneous
diffusion matrix, i.e., B(x) = B, with B a constant symmetric
matrix, and (2) drift vector linear in the coordinates, A(x) =
Ax, the drift matrix A being constant. To get a thermodynamic
description of the system, we start by writing Eq. (A1) as a
continuity equation. We have

∂t P(x, t ) = −∇x · J (x, t ),

J (x, t ) = AxP(x, t ) − 1
2 B∇xP(x, t ). (A4)

We can split the current into its time-symmetric component
EJI (Ex) = JI (x) and antisymmetric one EJR(Ex) = −JR(x),
with J (x) = JR(x) + JI (x). We also define the reversible and
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irreversible components of a matrix M as MR = 1
2 (M −

EMET ) and MI = 1
2 (M + EMET ). Note that by construc-

tion MI is always block diagonal and MR is always block
antidiagonal.

Using this notation, the two components of the current are

JR(x, t ) = ARxP(x, t ) − 1
2 BR∇xP(x, t ),

JI (x, t ) = AI xP(x, t ) − 1
2 BI∇xP(x, t ). (A5)

We are interested in the rate Ṡ(t ) of the Shannon entropy
of the system, where S(t ) = − ∫

dxP(x, t ) ln(P(x, t )). Using
Eq. (A4) and integrating by parts (assuming vanishing proba-
bility distributions and currents at spatial infinity), we have

dS

dt
= −

∫
dxJ (x) · ∇x ln(P(x))

= −
∫

dxJR(x) · ∇xP(x)

P(x)
−

∫
dxJI (x) · ∇xP(x)

P(x)
,

(A6)

where, on the right-hand side, the dependence on t is left im-
plicit. The reversible part of the drift matrix does not actually
contribute to determining the Shannon entropy rate. In fact,
inserting the definition of JR(x) in the first integral, we can
observe that ∫

dx∇xP(x)ARx = −TrAR = 0. (A7)

Here, after integrating by part, we leveraged that ∂ix j = δi j

and that the reversible drift matrix is traceless by construction.
In the second integral, we perform the substitution ∇xP =
2P(BI )−1AI x − 2(BI )−1JI [which follows from the second
equation in Eq. (A5)], finally getting the following expression
for the rate of the Shannon entropy:

dS

dt
= − 2

∫
dx (BI )−1AI x · JI (x)

+ 1

2

∫
dx

∇xP(x)BR∇xP(x)

P(x)

+ 2
∫

dx
JI (x) (BI )−1JI (x)

P(x)
. (A8)

We now claim and prove the following theorem concerning
the relation between microreversibility and the irreversible
component of the current.

Theorem. For a homogeneous Fokker-Planck equa-
tion such that EBET = B, if a stationary solution PS (x) exists
and is such that the irreversible component of the current is
zero, then the DB conditions hold.

Proof. Using the definition of the irreversible current,

JI
S = 0 ⇐⇒ AI xPS (x) − 1

2 BI∇xPS (x) = 0,

⇐⇒
(A + EAET )xPS (x) − 1

2 (B + EBET )∇xPS (x) = 0,

⇐⇒
EAET xPS (x) = −AxPS (x) + 1

2 (B + EBET )∇xPS (x). (A9)

Using the assumption B = EBET , which is the second line of
the DB conditions written in the matrix form as in Eq. (A3),

we recover exactly the first line of the same set of conditions,
proving the statement. �

Assuming that the diffusion matrix has no reversible com-
ponent, the second term on the right-hand side of Eq. (A8)
disappears, while the other two terms are both zero if and
only if the microreversibility conditions [Eq. (A3)] are true,
as stated by the theorem. Since the last one is always non-
negative [50], we can thus consider it as a measure of the
distance from equilibrium and we call it entropy production
rate, here denoted as �, in analogy with the usual second
law of thermodynamics. This identification is also grounded in
fluctuation theorems, which link this quantity to the average of
the entropy production rate of stochastic trajectories [16,29].
The remainder of the right-hand side of Eq. (A8) is thus
identified with the opposite of the entropy flux rate between
the system and the environment, which can be positive or
negative, called � in our notation. In summary, we are able
to write the rate of entropy of the system in terms of two
contributions:

dS

dt
(t ) = �(t ) − �(t ), (A10)

one of which, �, is identified with the global entropy produc-
tion rate. Note that at the stationary state � = �, but each
contribution is equal to zero if and only if the DB condition
holds [51], meaning that the system is in equilibrium. When
this condition is not verified, the system is in a nonequilibrium
steady state, characterized by a constant entropy production
(and flux) rate �∞ > 0.

On the other hand, if there is a reversible component in
the diffusion term, a zero irreversible current in the steady
state does not imply the detailed balance conditions, meaning
that in this scenario the dissipation quantified by the entropy
production rate is not the only physical mechanism keeping
the system out of equilibrium. Indeed, in this scenario an
out-of-equilibrium steady state with � = 0 can be found, as
shown for the translation-covariant master equation of a free
particle in the main text [Eq. (7)]. In the context of classical
statistical mechanics, these reversible, cross-diffusion terms
can arise due to an anisotropy in the Brownian particle, e.g., an
ellipsoidal particle [52], or due to an anisotropic environment,
and they are also found in plasma physics [53].

APPENDIX B: GOING FROM THE MASTER EQUATION
TO THE FOKKER-PLANCK EQUATION

We report in the table the conversion rules for the most
common quadratic terms when passing from the master-
equation picture to the phase-space representation.

Master equation Fokker-Planck equation

− i
h̄ [Ĥ, ρ̂] {WĤ ,Wρ̂}∗

[q̂, { p̂, ρ̂}] 2ih̄∂p(pWρ̂ )
[ p̂, {q̂, ρ̂}] −2ih̄∂q(qWρ̂ )
[ p̂, [ p̂, ρ̂]] −h̄2∂2

qWρ̂

[q̂, [q̂, ρ̂]] −h̄2∂2
pWρ̂

[q̂, [ p̂, ρ̂]] or [ p̂, [q̂, ρ̂]] h̄2∂q∂p
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The Moyal parenthesis {·, ·}∗ in the first line are defined as

{A, B}∗ = 2

h̄
A(q, p) sin

[
h̄

2
(
←−
∂ q

−→
∂ p − ←−

∂ p
−→
∂ q)

]
B(q, p).

(B1)

APPENDIX C: ON DIFFERENT CHOICES
OF ENTROPY PRODUCTION

In the following, we address two other definitions of en-
tropy production. The first one, the one that is derived from
the Wehrl entropy, is shown to be equivalent to the Wigner
entropy in this context. The second one, Spohn’s entropy pro-
duction, is argued to be inadequate at addressing the entropy
of quantum Brownian particles. This analysis solidifies our
adoption of the Wigner entropy in the main text.

We first focus on the Q-representation and the Wehrl
entropy defined as SQ = − ∫∫

dq d p Q(q, p) ln(Q(q, p)),
where Q(α) = 1

π
〈α| ρ̂ |α〉. The Wigner function and the

Q-representation are connected via a convolution with the
Gaussian with minimal variance allowed by the uncertainty
principle [54]:

Q(q, p) =
∫∫

dq′ d p′ W (q′, p′)G(q − q′, p − p′),

G(x, y) = 1

h̄π
exp

(
−1

h̄
(mωx2 + p2/mω)

)
. (C1)

Thus, given a QFP equation in terms of the Wigner function
of the form ∂tW = LW [W ], we get the corresponding equa-
tion of motion in the Q-representation just by applying the
convolution on both sides:

∂t Q =LQ[Q] =
∫∫

dq′ d p′ LW [W (q′, p′)]

× G(q − q′, p − p′).

It is easy to prove that for all terms in the Liouvillian LW

that are derivatives of W alone [55], it is enough to substitute
W → Q in the expression, whereas the friction term yields

∂ (pW )

∂ p
→ ∂

∂ p

(
p + h̄mω

2

∂

∂ p

)
Q(q, p). (C2)

Therefore, moving to the Q-representation of the QFP equa-
tions considered in this article amounts to shifting the
momentum diffusion constant by h̄mωη

2 . So, for example, the
QFP equation with translational-covariant dissipator [Eqs. (7)
and (9)] for Q considering at most quadratic Hamiltonians is

∂Qρ̂

∂t
= {QĤ , Qρ̂}PB + η

∂ (p Qρ̂ )

∂ p

+
(

Dpp + h̄mωη

2

)
∂2Qρ̂

∂ p2

+ Dqq
∂2Qρ̂

∂q2
+ 2Dpq

∂2Qρ̂

∂ p∂q
,

where QĤ is the Hamiltonian in the Q-representation and
{·, ·}PB are the classical Poisson brackets. Considering the CL
model (putting Dqq = Dqp = 0) allows for a simple discussion
about the DB in this picture. At first glance, it would seem that
with the new diffusion constant D̃pp = Dpp + h̄mωη

2 together
with Einstein relation Dpp = mη

β
, which usually ensures DB,

the conditions in Eq. (2) are violated if one naively substi-
tutes W → Q. This apparent inconsistency arises because one
needs to express those conditions in the Q-representation as
well. By doing so, one finds that the second line in Eq. (2) re-
mains unchanged, while the first one becomes [for this model
A, and B are given in Eq. (16) with α = Dqq = 0]

−η

(
p + h̄mω

2

∂

∂p

)
QS = Dpp

∂

∂p
QS. (C3)

The distribution satisfying Eq. (C3) and solving the stationary
problem of the FP equation is (considering again the harmonic
oscillator)

QS (q, p) = N exp

(
−

(
p2

2m
β

+ h̄mω
+ m2ω2q2

2m
β

+ h̄mω

))
, (C4)

which is exactly the Q function of the desired equilibrium
Boltzmann distribution. Furthermore, having the two QFP
equations with the exact same functional structure, the frame-
work used to define the entropy production and flux rates
can be carried out in the exact same way, leading to the
same conclusions regarding the thermodynamic behavior of
the system.

This discussion seems to suggest that the classical DB
conditions need to be adapted depending on which mathemat-
ical description of the quantum dynamics is chosen, with the
exception of the Wigner picture that retains the same structure
of the classical case, as long as Gaussian and Markovian
dynamics are considered.

Finally, we discuss the choice of von Neumann entropy
as the main figure of merit and the Spohn’s definition of
entropy production [56] that usually follows from this choice.
The argument against the adoption of this definition is the
so-called “ultracold catastrophe,” which is a divergence of
the entropy production in the limit of a zero-temperature heat
bath [57]. This nonphysical feature suggests that a different
definition of entropy is necessary to tackle Brownian particles
in the quantum regime.

APPENDIX D: RELATION WITH THE KMS
DETAILED BALANCE

There is no universally accepted quantum generalization of
detailed balance and thus different definitions may be found in
the literature [26]. One of the most widely used is the KMS
detailed balance, also thanks to its physical connection to the
Petz recovery map [58,59]. This definition is based on the
properties of the dual of the generator of the dynamics with
respect to the inner product on the algebra of observables:

〈A, B〉� = Tr[
√

�A†
√

�B], (D1)

where � is a suited reference state. This is the definition
of DB used in Refs. [12,14,47] for deriving thermodynam-
ically consistent Gaussian Gorini-Kossakowski-Sudarshan-
Lindblad (GKSL) equations [40,41].

One can prove that the KMS DB condition can be written
in terms of the drift matrix A, the diffusion matrix B, and the
steady state’s covariance matrix V� as

B = −2AirrV�. (D2)
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It is possible to show that this condition is equivalent to our
first detailed balance condition in Eq. (2) when one chooses
� = VS , where VS is the covariance matrix of the steady
state. However, Eq. (2) also requires EBET = B, which im-
plies that microreversibility is automatically broken whenever
Dqp �= 0. Aside from this point, for all the other models

considered—where Dqp was already set to zero—this second
condition plays no relevant role. Therefore, in those cases, our
notion of DB and the KMS one are in fact fully equivalent
for Markovian and Gaussian dynamics. This shows that the
conclusions we reached remain robust under a change in the
definition of the DB condition.
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