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Sokoban random walk: From environment reshaping to trapping crossover
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We study the dynamics of a Sokoban random walker moving in a disordered medium with obstacle density
ρ. In contrast to the classic model of de Gennes with static obstacles that exhibits a percolation transition, the
Sokoban walker is capable of modifying its environment by pushing a few surrounding obstacles. Surprisingly,
even a limited pushing ability leads to a loss of the percolation transition. Through a combination of a rigorous
large-deviation calculation and extensive numerical simulations, we demonstrate that the Sokoban model belongs
to the Balagurov-Vaks-Donsker-Varadhan trapping universality class. The survival probability that the walker
has not yet been trapped inside a cage exhibits stretched-exponential relaxation at late times. Furthermore, using
the average trap size as a proxy, we identify the emergence of a dynamical crossover at a density ρ∗ ≈ 0.55
between two qualitatively different trapping mechanisms: a self-trapping mechanism at low density, where the
walker becomes dynamically localized within a self-formed trap, and a pre-existing trapping mechanism at high
density, where confinement arises from the initial arrangement of obstacles. This crossover is responsible for the
loss of the classical percolation transition.

DOI: 10.1103/qqws-k8pw

Introduction. The ability of a moving tracer to alter its
surroundings is a natural feature of many real-world systems.
From energized active particles that push surrounding obsta-
cles [1,2] to navigating robots modifying their terrain [3,4]
and kinesin proteins buckling the microtubule [5], such inter-
actions between the tracer and the medium are common and
can profoundly influence its transport properties. For example,
a navigating bristle robot, moving in an arena of mobile ob-
stacles, can convert the vibrational kinetic energy into directed
motion, and its collisions with movable obstacles allow it to
modify the surrounding environment [3]. Similarly, in biolog-
ical systems, migrating immune cells can chemically remodel
their environment, thereby facilitating their own migration [6].

In these examples, moving tracers interact with their
surroundings in ways that are constrained by a finite en-
ergy resource, size, or force. As a result, their ability to
modify the environment is often limited. For example, a
migrating cell may modify only a portion of the extracellu-
lar matrix, or a robot may displace only a limited number
of surrounding obstacles. This finiteness of the capacity
to alter the environment introduces a natural constraint on
tracer-environment interactions. Unlike traditional models,
where the environment is either completely fixed [7–18] or
globally time-evolving [19–25], very little is known about
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systems where a tracer can dynamically reshape its local
environment [26,27].

To grasp some fundamental features of environmental
reshaping on tracer dynamics, Reuveni and co-workers re-
cently introduced a type of model called the Sokoban random
walk [26]. In this model, a random walker moves on a lat-
tice in which obstacles are initially randomly distributed with
density ρ (with 0 � ρ � 1). Moreover, the walker possesses
a limited ability to push certain blocking obstacles, thereby
inducing minimal modifications to its environment. In the
absence of any pushing mechanism, this model reduces to the
celebrated ant in a labyrinth model introduced by de Gennes
in percolation [7–18]. For obstacle densities below a critical
threshold, ρ � ρc (with ρc = 0 in one dimension and ρc ≈
0.407 in two dimensions) [8], a spanning cluster of vacant
sites emerges, inducing a long-range connectivity. A random
walker placed within such a cluster, and lacking any ability to
modify its environment, can eventually percolate, i.e., escape
to infinity. Surprisingly, the study in Ref. [26] showed that the
percolation transition is lost in two dimensions. This means
that at low obstacle densities, where escape is easy, the tracer’s
ability to modify its surroundings leads to a localization that
eliminates the long-range transport. Thus, even a small depar-
ture from de Gennes’ model yields a fundamentally different
low-density behavior, eliminating the percolation transition.

Questions then arise—What physical principle governs
the low-density transport of the Sokoban walk? How does
it dynamically relax toward the localized state induced by
its pushing ability? And are these principles robust against
variations in the model properties? In this Letter, we address
these key questions by analyzing the trapping behavior of the
Sokoban random walk. We show that the pushing dynamics
leads to the emergence of a dynamical crossover between two
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trapping mechanisms, which, unlike the percolation transi-
tion, is smooth and explains the different low-density physics
of the model. Quite remarkably, this crossover is completely
robust against variations in the pushing strength of the walker
and disappears only for the de Gennes’ model, where pushing
is absent. Our findings uncover a distinct transport regime
leading to the loss of percolation, providing fundamental in-
sights into transport in dynamically reshaped environments.

Model. Consider a square d-dimensional lattice system,
where every site can accommodate an obstacle with probabil-
ity ρ and remain vacant with the complementary probability
(1 − ρ). We place our random walker initially at the origin.
At each time step, it chooses one of its neighboring sites with
an equal probability and attempts a jump to that site. The
jump is successful if the target site is vacant. If the chosen
site is occupied by an obstacle, the walker can still move by
pushing the obstacle one step further in the same direction.
The pushing is allowed provided the next site beyond the
obstacle is vacant. If this condition is met, both the walker
and the obstacle move in that direction. Otherwise, they do
not move. Hence, the Sokoban walker is capable of modifying
its local environment by pushing the surrounding obstacles
and it can at most push one obstacle. This limited pushing
rule introduces a dynamical constraint: Motion is allowed
only when certain local configurations are satisfied. Such
constraints are a hallmark of kinetically constrained models
(KCMs), which are widely studied in the context of glassy
systems [28–32]. However, unlike standard KCMs, where the
constraint is maintained globally, in the Sokoban model the
constraints are dynamically emergent and evolve locally in the
vicinity of the walker.

Reactive trapping versus trapping by caging. Consider a
walker in a quenched environment without pushing ability.
A well-studied problem in this context is that of the walker
becoming trapped upon its first encounter with an obsta-
cle [33–56]. We refer to this form of trapping as reactive
trapping, since the obstacles act as perfect reaction centers,
and the walker is absorbed by them upon the very first con-
tact. Clearly here, there is no percolation transition, since the
walker in any dimension and any finite density will eventually
become trapped by an obstacle. Balagurov and Vaks [33] and
Donsker and Varadhan [35] showed that the long-time survival
probability φ(n) that the walker has not yet encountered any
obstacle up to time n in d dimensions is given by

φ(n) ∼ exp
(
−βdλ

2
d+2 n

d
d+2

)
, with nλ2/d � 1, (1)

where λ = | ln(1 − ρ)| and βd is a constant whose value de-
pends on the lattice structure as well as on dimension: On a
square lattice, β1 = 3π2/3/2 and β2 ≈ 3.4 [19,35]. We refer
to Eq. (1) as the Balagurov-Vaks-Donsker-Varadhan (BVDV)
theory.

To investigate the absence of the percolation transition in
the Sokoban model, we consider a different form of trapping
in which we monitor the number of distinct lattice sites visited
by the walker. For a given realization of the motion, this
number is a nondecreasing function of time, and it saturates
only if the motion is caged in a trap from all directions. Such
a saturation signals that the walker cannot access arbitrarily
distant sites and therefore cannot percolate to infinity. For

FIG. 1. (a) The initial configuration of the obstacles in two di-
mensions with walker shown in red and the obstacles shown in gray
and green. They are identical, but distinguished here to illustrate that
the green ones will be pushed by the walker. (b) This represents the
trapped scenario where the green obstacles have been pushed and the
walker cannot visit any new lattice site further. The trap size AT = 21
is demonstrated in blue.

instance, Fig. 1(a) shows the initial configuration of obstacles,
which gets modified by the walker to that of Fig. 1(b). At this
point, the walker does not visit any new lattice site further
and is confined inside a fixed domain of finite size AT. We
refer to this phenomenon as trapping by caging, and to the
confining domain as a trap. Furthermore, the time nT at which
the saturation value is reached for the first time will be referred
to as the trapping time.

The Sokoban model provides a conceptual lens through
which irreversible caging can be viewed. Here, the motion
of a single tracer continually reorganizes the surrounding ob-
stacles, until a final cage emerges in an irreversible manner.
This notion of caging is qualitatively distinct from the tran-
sient cages commonly encountered in dense active-passive
mixtures [57–59], where local relaxation eventually restores
mobility. We will return to the wider significance of this
mechanism in a later section.

Summary of results. A natural question is what are the
statistical properties of AT and nT? Our first result concerns
the survival probability S(n) that the Sokoban walker has not
yet been trapped in a cage until time n. At late times, it exhibits
stretched-exponential relaxation, with stretch exponents 1/3
in one dimension and 1/2 in two dimensions (see Fig. 2). Both
of them match with the BVDV formula in Eq. (1). Notably,
these exponents are robust under variations in the microscopic
rules of the Sokoban walker and remain applicable even to
generalized versions of the model. We establish this universal-
ity through a rigorous large-deviation calculation for generic
pushing rules in one dimension and extensive numerical sim-
ulations in two dimensions. This robustness also makes these
results amenable to experimental verification in setups such as
active colloids or self-propelled robots [1–3].

We next show that although the percolation transition
is lost in the two-dimensional Sokoban model [26], it
nonetheless exhibits a dynamical crossover at a character-
istic density ρ∗ ≈ 0.55 between two qualitatively different
trapping mechanisms—self-traps at low densities to the pre-
existing traps at high densities. Surprisingly, at low densities,
the Sokoban walker undergoes self-trapping in which it
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FIG. 2. Long-time relaxation of the survival probability as a
function of time in one (left panel) and two (right panel) dimensions.
The left panel shows a comparison between numerical simulations
(colored symbols) and the theoretical result given in Eq. (3) (dashed
lines). The right panel, on the other hand, shows the survival proba-
bility as a function of η = n/〈nT〉. Here, the dashed lines are the fits
to the simulation data given in Eq. (7) (shown by symbols).

actively generates its own trap leading to a dynamical local-
ization. This dynamical localization prevents the walker from
percolating to infinity at low densities. We will characterize
the trapping crossover through the nonmonotonic dependence
of the average trap size on the obstacle density ρ (see Fig. 3).
Once again, this behavior is independent of the specific mi-
croscopic rules of the Sokoban model and also emerges in its
variants featuring different pushing rules (although the value
of ρ∗ depends on the rule).

Survival probability in one dimension. In this case, the
trapping behavior is determined by the positions of the second
obstacles on either side of the walker, which itself is initially
at the origin. The walker can push the first obstacle until it
is adjacent to the second obstacle. Consequently, it is con-
fined inside the interval [−L1, L2] with L1 = (Y −

O2
− 2) and

L2 = (Y +
O2

− 2). Here, −Y −
O2

and Y +
O2

are the second obstacle
positions. Given this, the walker will become trapped once it
has visited both interval boundaries, −L1 and L2, at least once.

FIG. 3. Nonmonotonic behavior of 〈AT〉 as a function of ρ for a
two-dimensional Sokoban walker using numerical simulations (red
symbols). The turnover density is ρ∗ ≈ 0.55, marking a crossover
from the low-density self-trapping to the pre-existing traps at high
density.

Let Q(n|L1, L2) denote the survival probability that the walker
did not interact with both of the boundaries until time n.

Our strategy is to first construct a renewal framework to
calculate Q(n|L1, L2), and then average it over the proba-
bilities of L1 and L2 to evaluate the unconditional survival
probability S(n) = 〈Q(n|L1, L2)〉L1,L2 . In Ref. [60], we derive
that in the diffusive limit, where both n and L are large but
their ratio n/L2 remains finite [with L = (L1 + L2)], the con-
ditional survival probability reads

Q(n|L1, L2) � 4

π

[
sin

(
πL1

2L

)
+ sin

(
πL2

2L

)]
exp

(
−π2n

8L2

)
,

(2)

for n/L2 � 1. The probabilities of L1 and L2 are mu-
tually independent and given by q(Li ) = ρ2(Li + 1)(1 −
ρ)Li , with i ∈ {1, 2}. Averaging Eq. (2) and applying a
saddle-point approximation in the large-n limit, we obtain the
unconditional survival probability as

S(n) � K(n) exp

(
−3π2/3

25/3
λ2/3n1/3

)
, as nλ2 � 1,

with K(n) � 2
19
6 (4 − π )ρ4

√
3π

7
6 λ

5
3

n
7
6 , λ = | ln(1 − ρ)|. (3)

This is the first main result of our Letter. Figure 2 (left panel)
compares this stretched-exponential behavior with the numer-
ical simulations for two density values. For both of them, our
theoretical expression works well. Comparing Eq. (3) with the
BVDV formula in Eq. (1), both survival probabilities, S(n)
and φ(n), are characterized by an exponent proportional to
λ2/3n1/3. The difference, however, arises in the proportionality
constant. It takes the value 3π2/3/25/3 (≈2.0269) for S(n) and
3π2/3/2 (≈3.2175) for φ(n). A larger value for φ(n) means
that it decays faster than S(n), since φ(n) reflects survival
against a single obstacle, whereas S(n) accounts for survival
against getting caged, a constraint involving multiple obsta-
cles. Another difference is in the prefactor K(n) in Eq. (3).
While it scales as ∼n7/6 for S(n), the scaling is ∼n1/2 for
φ(n) [42].

Moderate-time behavior. Let us now explore how they
compare at small to moderate times. Recall that our long-time
S(n) derivation was based on Eq. (2) valid for n/L2 large.
For small values of n/L2 (with moderate n), we, however,
obtain a different Q(n|L1, L2) and averaging it over L1 and L2,
we find that the unconditional survival probability behaves as
S(n) � (1 − n2ρ4/8) for nρ2 � 1.

Interestingly, this moderate-time behavior can be con-
trasted with that of φ(n) in the reactive trapping problem,
where the Rosenstock approximation is known to be accu-
rate [33,34,40,42]. Within this approximation, the survival
probability behaves as φ(n) � (1 −

√
8nρ2/π ) in one dimen-

sion. This is qualitatively different from the quadratic decay of
S(n) observed here. This highlights how, despite similarities
in long-time scaling, the short- to moderate-time dynamics
of reactive and caging-based trapping can be significantly
different.

NP-Sokoban model. We now examine how the survival
probability is affected by variations in the pushing strength of
the Sokoban walker. For this, we consider the most general
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case of NP-Sokoban model in which the walker is capable
of pushing up to an arbitrary NP number of obstacles. The
case NP = 1 corresponds to the original Sokoban dynamics as
discussed above. For the general case in one dimension, we
find that the survival probability is characterized by a large-
deviation function [61–63] in the joint limit NP → ∞, n →
∞ while keeping the ratio ω = n/(NP)3 fixed [60]:

lim
NP→∞,n→∞

ω=n/(NP )3 fixed

− ln S(n)

NP
= I (ω). (4)

The expression of the rate function reads as

I (ω) = π2ω

32z(ω)2
+ 2[z(ω) ln z(ω) − (1 + z(ω)) ln(1 + z(ω))

−z(ω) ln(1 − ρ) − ln ρ], (5)

where z(ω) is determined by ln[z/(1 − z)(1 − ρ)] =
π2ω/32z3. The idea is to solve this equation numerically
and substitute the resulting z(ω) in Eq. (5) to obtain the rate
function I (ω).

The above equation can be analytically solved in different
asymptotic limits of ω, yielding the rate function I (ω):

I (ω) �
{

π2ρ2

32(1−ρ)2 ω, for ω → 0,
3π2/3λ2/3

25/3 ω1/3, for ω → ∞.
(6)

Plugging this in Eq. (4), we find that the survival probability
exhibits a crossover from an exponential decay at moderate
times to the stretched-exponential decay at large times. Inter-
estingly, the stretched-exponential form is independent of NP

and is same as Eq. (3). This independence is also shown in the
Supplemental Material [64] using numerical simulations for
different values of NP [64]. Thus, the long-time survival prob-
ability is described by the BVDV formula and is independent
of the number of obstacles the walker can push as long as this
number is smaller than the system size (implying the limited
pushing ability). This universality stems from the fact that the
large-time decay is determined by rare events with large voids
not shaped by the Sokoban walker.

Survival probability in two dimensions. Inspired by the
matching exponents appearing in S(n) and the BVDV for-
mula in one dimension, we now extend our analysis to the
two-dimensional Sokoban model. In this case, analytical treat-
ment, however, proves considerably more challenging and we
will resort to numerical simulations.

Rescaling time by the average trapping time η = n/〈nT〉,
we plot survival probability S(η) as a function of η in Fig. 2
(right panel). Our key finding is that S(η) exhibits a stretched-
exponential relaxation at long times, albeit characterized by
a different stretch exponent than in one dimension. By fitting
the simulation data, we find

S(η) ∼ exp
(− f (ρ)η1/2

)
, for η � 1. (7)

This is shown by dashed lines in the figure for two repre-
sentative density values. Based on this fit, we obtain f (ρ) ∼
〈nT〉1/3. Interestingly, the stretch exponent 1/2 in Eq. (7) is
exactly the same as in the BVDV formula in Eq. (1). More-
over, it remains robust for different pushing dynamics. To
examine this, we have studied a variant of the Sokoban model
featuring a different pushing mechanism in the Supplemental

Material [64]. Despite this change in the local microscopic
rules, the emergent survival probability still belongs to the
BVDV universality class.

Trapping crossover in two dimensions. We next analyze
the average trap size 〈AT〉 as a function of ρ, which re-
veals a dynamical crossover governing the trapping behavior.
As shown in Fig. 3, numerical simulations demonstrate that
〈AT〉 exhibits a nonmonotonic dependence on ρ. Starting
from densities close to unity, the mean trap size starts to
increase on decreasing the density. This growth continues up
to a characteristic density ρ∗ ≈ 0.55, at which point 〈AT〉
achieves its maximum value. Below this point, ρ < ρ∗, we
find a turnover behavior in which 〈AT〉 decreases with de-
creasing ρ. This turnover signals a fundamental shift in the
low-density physics, where, despite an increase in the avail-
able space for motion, the trap size continues to decrease.
We now explain that this shift is related to the emergence of
a trapping mechanism, which is responsible for the loss of
percolation.

When ρ = 1, all sites, except the origin, are occupied by
obstacles. The origin, however, contains the walker and it is
caged at its initial position. This yields 〈AT〉 = 1. On slightly
decreasing ρ, a void of vacant sites may emerge and initially
surround the walker. Moreover, the walker can enlarge this
void by pushing the nearby obstacles. This leads to an increase
in the typical trap size 〈AT〉. As ρ decreases further, the sur-
rounding void grows larger, resulting in a continued increase
in 〈AT〉. This trend, however, continues till the density ρ∗.
Below this point, ρ < ρ∗, a qualitatively different mechanism
emerges due to the pushing dynamics. Even when large voids
are available for motion, the walker may encounter a rare
high-density region containing a manipulable arrangement of
obstacles. This region, through successive interactions be-
tween walker and obstacles, can be gradually reorganized into
a confining structure. This leads to the formation of a localized
trap that is not pre-existing but dynamically constructed by
the walker itself. As ρ continues to decrease, there are fewer
manipulable obstacles giving rise to a smaller trap size. This
results in a turnover to decreasing trap size 〈AT〉, making the
overall relation nonmonotonic. This observation, therefore,
signals a change in the trapping dynamics from pre-existing
traps at high-density to dynamical localization due to the
self-trapping mechanism at low densities. This self-trapping
mechanism is also related to the lack of the percolation transi-
tion, as eventually the motion of the walker is dynamically
localized and it cannot percolate to infinity. Furthermore,
we demonstrate in the Supplemental Material [64] that this
turnover and its features remain qualitatively the same even
for variants of the Sokoban model with different microscopic
pushing rules [64]. This further reinforces a universality in the
trapping behavior of Sokoban-type walkers.

Other caging studies. Caging phenomena have been exten-
sively studied across a variety of nonequilibrium settings. In
dense active-passive mixtures, an active particle can become
temporarily trapped due to the interplay of its self-propulsion
and the slow structural relaxation of the surrounding par-
ticles [57–59]. This results in reversible caging, where the
particle is transiently caged for a long time, yet thermal
or active fluctuations can eventually enable escape and re-
store mobility. In contrast, the Sokoban model represents
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an irreversible caging: a single active tracer moves through
an effectively immobile bath that it irreversibly reshapes.
Each displacement reorganizes the surrounding obstacles,
progressively shrinking the accessible configuration space un-
til a terminal “final-cage” configuration is reached, in which
motion is completely arrested within this cage. This irre-
versible confinement also connects Sokoban dynamics to
other nonequilibrium systems that exhibit irreversible kinetic
freezing, such as driven and disordered systems approaching
absorbing transitions [65,66]. However, unlike these systems,
where arrest is associated with a sharp absorbing-state transi-
tion, the Sokoban model instead displays a smooth crossover
between two distinct trapping mechanisms.

Conclusion. We have investigated the trapping behavior
of a Sokoban walker that has a limited ability to modify
its environment by pushing a few obstacles. We showed
that the survival probability S(n) that the walker has not
yet been trapped by time n exhibits a stretched-exponential
relaxation in both one and two dimensions, with exponents
scaling as n1/3 and n1/2, respectively. Both of them match
with the corresponding exponent in the BVDV formula. How-
ever, the accompanying prefactors both within and outside
the exponential differ significantly from those in the BVDV
framework. Furthermore, the small- to moderate-time behav-
ior for S(n) is different from that of φ(n), for which the
Rosenstock approximation works well [34,40,42].

After this, using the average trap size as a proxy, we
identified a dynamical trapping crossover that replaces the
classical percolation transition in the Sokoban model. The
crossover occurs at a density ρ∗ ≈ 0.55 and separates two

distinct regimes: A self-trapping regime at low density, where
the walker dynamically constructs its own trap, and a pre-
existing trapping regime at high density, where confinement
arises from the initial arrangement of obstacles.

Notably, both the BVDV behavior and the trapping
crossover originate solely from the limited-pushing dynamics
and are independent of the precise microscopic details of the
model. This is shown in the Supplemental Material [64] in
both one and two dimensions [64]. This robustness makes
the phenomenon amenable to experimental verification. In
particular, the bristle-robot setup is well suited for this val-
idation [3]. While this setup, unlike our models, deals with
continuous space, caging can still be defined operationally
by dividing the arena into discrete grids and inspecting the
number of distinct grid cells visited. Saturation of this number
signals caging. Another commonly used diagnostic of caging
in glassy and biological systems is the time-averaged mean-
squared displacement [67–69]. A plateau in this quantity
signals caging, and the plateau height sets the characteristic
cage size. Finally, a convex-hull-based criterion can also be
used to detect and size cages [70]. Convex hull gives a mea-
sure of the spatial extent of the particle trajectory [71,72]. A
drop in the hull area for the Sokoban walker, say below a cer-
tain density, can operationally imply caging and the maximum
hull diameter will set the cage size.
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