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Neural networks become centroid classifiers when trained on heavily corrupted inputs
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Learning from imperfect data is a central theme in machine learning, connecting practical questions of
robustness to fundamental questions of learnability. Here, we examine attribute noise: learning from corrupted
inputs while keeping the labels intact, a setting that has received considerably less analytical attention than
its label-noise counterpart. We consider two types of corruption models: additive noise and replacement
noise. Through experiments with multilayer perceptrons (MLPs) on corrupted classification datasets, we find
that neural networks remain robust, maintaining well-above-chance accuracy even when inputs are >90%
corrupted—tfar beyond human recognition. To understand this robustness, we analyze infinite-width networks
in the heavy-corruption regime using a mean-field-inspired approach and derive a leading-order decision rule
for the classification outcome: The network implements a prototype rule, the nearest-class-mean, assigning each
test point to the class whose training-set average it most closely resembles. This leading-order decision rule is
universal across a broad range of MLP architectures, holding for any depth, as well as a wide class of activation
functions and noise distributions. The same centroid mechanism closely matches finite-width network behavior
in our experiments and provides an interpretable and analytically tractable account of why learning can succeed

even when individual training examples carry almost no signal.

DOI: 10.1103/gkrg-wbbj

I. INTRODUCTION

Machine learning is fundamentally reshaping science and
technology, raising profound questions about both its capa-
bilities and its limitations. A central challenge in this context
is learning from imperfect data: How can a model generalize
when the examples available during training are degraded?
The canonical setting is that of label noise, where the tar-
get labels in a classification or regression task are corrupted
[1-7]. The complementary problem of attribute noise—where
the labels remain correct but the input features themselves
are corrupted—has received considerably less analytical at-
tention. Furthermore, attribute noise is common in practice:
Measured attributes are often degraded by sensor noise, acqui-
sition errors, missing features, or other imperfections, while
the associated labels may remain reliable [8].

Attribute noise has been examined from several perspec-
tives. Early work showed that injecting noise into inputs
during training can act as a regularizer and improve gen-
eralization [9-16]. Later work addressed feature corruption
and deletion more directly, developing classifiers that are ro-
bust to missing inputs and training procedures that explicitly
marginalize over corrupted features [17-19]. A separate line
of research considers test-time corruption, asking how models
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trained on clean data degrade when evaluated on corrupted
inputs [20]. This form of robustness is quantified by bench-
marks such as ImageNet-C [21] and MNIST-C [22]. Together,
these bodies of work address several important aspects of the
robustness of corruption. However, they leave open a basic
question: Can neural networks trained on severely corrupted
attributes, but clean labels, learn a coherent classification rule
and generalize well to clean test data?

In this paper, we show that the answer is surprisingly
yes.” Empirically, we train multilayer perceptrons (MLPs)
on corrupted versions of the standard image datasets MNIST
[23], KMNIST [24], and Fashion-MNIST [25], using two cor-
ruption models appropriate for image data: pixel replacement
noise and additive noise. Across all three datasets, we find that
the networks remain strikingly robust even when the training
inputs are severely corrupted (see Fig. 1). At such high-noise
levels, the images are nearly indistinguishable to the human
eye, yet the network can still learn to classify clean test images
far better than chance.

We then explain this robustness analytically using the neu-
ral tangent kernel (NTK) framework [26]. For any wide MLP
trained on arbitrary datasets with clean labels and generic in-
dependent and identically distributed (i.i.d.) input corruption,
we derive an explicit analytical form for the learned predictor
in the high-noise limit. The resulting high-noise decision rule
is simple: The analytical form of the predictor is a linear
nearest-class-mean—or centroid [27]—classifier on top of a
competing stochastic background.

This theoretical result is then compared to numerical exper-
iments on finite-width MLPs, and we find excellent agreement
for both raw logit outputs and the argmax-filtered test ac-
curacy. This empirical agreement with finite-width networks

.
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FIG. 1. Test accuracy vs corruption probability p for width-128, three-layer ReLU MLPs trained with cross-entropy loss on images with
i.i.d. pixel replacement noise (blue solid lines). Red dashed lines show dataset-averaged test accuracy computed from the centroid classifier
[Eqg. (15)] on the clean data—we provide this as a baseline. Three class-balanced datasets are shown: (a) MNIST, (b) Fashion-MNIST, and
(c) KMNIST. Below each panel, we demonstrate the noise model by showing representative examples of images subject to replacement noise
at increasing p. For each p, an MLP is trained on a dataset where each pixel is independently replaced with uniform noise with probability
p; the test set is left clean. Accuracy metrics are averaged over 100 independent noisy training realizations per p value, and shaded bands
surrounding each curve represent one standard deviation across realizations (see Appendix I for a discussion of the nonmonotonic behavior of
the standard deviation). Even when the replacement noise has corrupted up to 80% (p = 0.8) of each image in the training set, test accuracy
remains at or above ~70% across all three datasets, with accuracy collapsing toward uniform random guessing (100/C = 10% for C = 10
classes, dashed line) only near p — 1. Furthermore, the centroid baseline agrees with the noisy test accuracy near p ~ 0.9.

suggests that their surprising robustness on the image datasets
considered here comes not from a complicated denoising or
feature-recovery procedure, but from aggregating the weak
class information that survives the corruption into a prototype-
based decision rule—the centroid rule.

Furthermore, the leading form of the high-noise decision
rule is independent of depth, activation, and the details of
the chosen noise distribution. The origin of this universal-
ity can be understood through the lens of symmetry and
linear response: At pure noise, training examples become
exchangeable, and the leading class-dependent response to a
small surviving nonexchangeable signal is forced to depend
on centered-class averages.

These results connect our work to prototype-based views
of classification, which have appeared in both classical
and modern settings, including nearest-class-mean methods,
prototypical networks, and recent analyses of class-mean
structure in deep representations [27-32]. Our setting differs
in emphasis: We do not assume a prototype-based model from
the outset, nor do we study prototype geometry as an empir-
ical tendency of learned representations. Instead, we derive
the prototype rule analytically as the effective predictor of a
wide network trained in the high-attribute-noise regime. More
broadly, our results identify a rare regime in which neural
networks can be understood in unusually explicit terms: De-
spite the complexity of the architecture, the learned rule itself
becomes simple, universal, and interpretable.

The remainder of this paper is organized as follows. In
Sec. II, we introduce the two corruption models and present
our motivating empirical finding: MLPs classify clean test
data well above chance even with heavy train-time corrup-
tion. In addition, we present results on MLP classification
with independent test-time and train-time corruption, finding
that classification power is optimized when the training-set
corruption strength matches that of the test set. Following

this, we derive a theoretical prediction for the trained network
output in the high-noise regime using the NTK framework and
compare with numerical experiments on finite-width MLPs in
Sec. III. Furthermore, we present a symmetry argument for
the origin of the decision rule and its universality across noisy
MLP architectures. Finally, Sec. IV discusses the implications
of our results and outlook. Details on numerical experiments,
technical derivations, and supporting details are collected in
the Appendixes.

II. FEATURE CORRUPTION MODELS
AND EMPIRICAL RESULTS

In this section, we present an empirical study of multi-
class classification with MLPs trained on feature-corrupted
inputs. We will first present the corruption channels of inter-
est, followed by a presentation of empirical results for MLP
performance when trained on correctly labeled but feature-
corrupted inputs, and tested on clean data; this setup will be
treated analytically in Sec. III. In addition, we briefly present
empirical results for MLP performance when both the train-
ing and testing examples are independently corrupted, with
further details provided in Appendix B.

Empirical findings presented in this section were obtained
from fully connected neural networks with three hidden layers
of width 128, rectified linear unit (ReLLU) activation, trained
for 20 epochs using the Adam optimizer with batch size 128
and cross-entropy loss, and averaged over 100 random seeds.
Further details on the experiments can be found in Table I in
Appendix A.

A. Corruption models and setup

We begin by introducing the notation and noise models
used throughout this work. Let x;, denote the kth feature
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FIG. 2. Visualization of the two corruption models used in
this work applied to an MNIST image. The top panel shows the
replacement-noise model, where each pixel is independently re-
placed with uniform noise with probability p [see Eq. (1)]. The
bottom panel shows the additive noise model, where each pixel is
replaced by a convex combination of the clean pixel and an inde-
pendent noise variable, with mixing parameter p [see Eq. (2)]. The
panels show increasing corruption levels p.

of clean training example x, where k = 1, ..., d indexes the
feature dimension and x = 1, ..., N indexes the training set.
The corresponding corrupted data point is denoted by .
Our main theoretical analysis focuses on the large-feature-
dimension regime d >> 1, which is natural for image data and
many modern high-dimensional learning settings.

We consider two corruption models, as shown in Fig. 2.
The first is replacement noise,

ik)( = (1 - bk)( )xkx + bk)(ukxa (1)

where by, are i.i.d. Bernoulli random variables with Pr(by, =
1) = p, so that each feature (each pixel in image data) is
independently replaced with probability p, and uy, is ani.i.d.
noise variable. In our numerical experiments, we take u, ~
Unif[0, 1], which is a natural choice for grayscale image data
such as MNIST, where each of the 28 x 28 pixels takes on a
value in [0, 1]. The second corruption model is additive noise,

Xy = (1 = p)xiy + P&y @

where &, is an i.i.d. noise variable. Notice that in both mod-
els, p =0 corresponds to the clean case and p =1 is the
maximally corrupted case, where the training data become
completely random. The empirical results in the main text
focus on replacement noise, while additive-Gaussian noise is
treated in Appendix E.

Although our empirical results use specific distributions
(uniform and Gaussian), we show in Appendix C that the
analytical framework applies more broadly to generic u, , §iy
drawn i.i.d. from any distribution, since only the first two
moments of the distribution enter the calculation of the sig-
nal. Equivalently, a specific choice of noise distribution can
be replaced by a Gaussian with matched mean and variance
without altering the result. This is similar in spirit to the Gaus-
sian equivalence principle from the high-dimensional learning
literature [33—36], under which the training and generalization
behavior of a high-dimensional model depends on the data
distribution only through its first two moments.

Importantly, the labels are assumed to remain clean
throughout training. We will denote the label vector associated
withclassi =1, ..., C as y;,, with y;,, one-hot in the class in-
dex. We assume that the dataset is class balanced, so that each

of the C classes contains the same number of training exam-
ples. This assumption is not essential; it is adopted here only
to streamline the discussion and is relaxed in Appendix C.

B. Robustness to training-set corruption

Figure 1 summarizes the basic empirical phenomenon. Us-
ing the established image datasets MNIST, Fashion-MNIST,
and KMNIST [23-25], we show the test accuracy of trained
MLPs as a function of the corruption probability p for
replacement-noise corrupted training data, tested on clean
data. Representative corrupted images are displayed below
each panel. By p = 0.75, the training images are already
extremely difficult for a human to recognize, yet the net-
works still achieve strikingly high clean test accuracy: around
80%—90% on MNIST and 70%—-80% on Fashion-MNIST and
KMNIST in this regime. In other words, even when trained
on inputs that appear almost devoid of recognizable structure,
the networks retain predictive power substantially higher than
random chance. In addition, we compare the empirical results
to the centroid baseline on the clean data, as predicted by
Eq. (15), finding good agreement near p ~ 0.9. In actual-
ity, the predicted centroid-classification rule competes with a
noisy background that undermines test accuracy; this will be
discussed in detail in Sec. III.

We also note an interesting feature of the standard devi-
ation of the test accuracy as a function of p in Fig. 1: It
is nonmonotonic. Specifically, the standard deviation is rel-
atively small near p = 1, increases as p decreases, reaches a
maximum at an intermediate corruption level, and then de-
creases again for smaller p. At first glance, this is surprising:
A reasonable expectation is for the network to be maximally
uncertain at p = 1, where it is trained on pure noise. However,
in Appendix I we show that for multiclass problems (C > 2),
this is not the case: The standard deviation generically peaks
at p* < 1. This effect arises from the indicator form of the test
accuracy.

C. Robustness to simultaneous training-set
and testing-set corruption

So far, we have trained models with some corruption level
p and tested them on clean data. We now consider a gener-
alized scenario, where both the training set and the test set
are corrupted, with corruption levels piain and prest, respec-
tively. Figure 3 shows the resulting test accuracy as a function
of Pyain, for several values of piy (we emphasize that the
Prest = O curve is the same as in Fig. 1).

The naive expectation might be that the optimal value of
Pirain Would be zero: One would expect that training with clean
data will always be preferred. However, we find that for a
given value of pi, the behavior is nonmonotonic as a func-
tion of pyain, and in fact the optimal value is pyain > Prest- The
interpretation is that, when training and testing use the same
level of corruption, the model is trying to generalize within the
same data distribution, rather than out of distribution, which is
more likely to succeed. In contrast, for a fixed value of pyp, it
is always optimal to use py = 0, as is evident from Fig. 3. In
Appendix B, we demonstrate this and also discuss a strategy
to handle situations when p. is not known exactly.
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FIG. 3. Train-time and test-time corruption in MNIST data: Ac-
curacy vs train corruption level py.,, for several values of test
corruption p.s. We observe a nonmonotonic behavior, where the
optimal py,, (dots in the figure) is near pi, rather than 0. All
networks and hyperparameters are the same as in Fig. 1.

III. ANALYTICAL TREATMENT

We now turn to an analytical explanation of the empirical
robustness observed above. We show that, in the severe-
corruption regime, the network output simplifies dramatically:
Rather than learning a complicated denoising rule, a wide
MLP trained on corrupted inputs reduces at leading order
to a centroid classifier on the clean data. We derive this re-
sult using the NTK description of infinite-width networks, in
which training with mean-squared error (MSE) is equivalent
to kernel regression with the NTK.

Throughout this section, we use the standard NTK initial-
ization, with weights and biases drawn independently from
mean-zero Gaussian distributions [37]. We also normalize
both the clean training and test inputs before applying cor-
ruption. Specifically, each input is normalized and centered so
that

1

d
1
» =0, _E 2 — 1, 3
d Xk dkzlxka 3)

>~
H‘ QU

where @ = x denotes a training example and @ = * denotes a
test example. This normalization is applied to both the training
and test sets for notational and conceptual simplicity; the more
general case is discussed in Appendix C. Since the clean data
are centered and normalized in this section, we correspond-
ingly take the replacement noise to be

gy ~ Unif[—+/3, /3],

so that the pure-noise inputs also have mean zero and variance
one. This choice aligns the first two moments of the noise with
the normalized data.

A. Derivation of the high-noise centroid rule

We now present the effective decision rule learned in the
high-noise regime. In the infinite-width limit, training an L-

layer MLP! with MSE loss is equivalent to kernel regression
with the NTK [26]. We will go through a sketch of the deriva-
tion in this section; a detailed derivation for arbitrary depth
and activation is provided in Appendix C.
The class-i output logit of the MLP on a clean test point x,
is given by [38]
fieso = 010,71y, )

~(L) . . . ~ (L)
where @, is the depth-L NTK on the noisy training set, ©,,

is the test-train NTK, y; € {0, 1V is the target one-hot vector
for class i, and we have defined the signal strength

e=l-p &)

for convenience. The pure-noise limit corresponds to € = 0,
while € = 1 corresponds to clean training inputs. Notice that
the test-train NTK is a I x N vector with respect to the train-
ing data, whereas the train-train NTK is an N x N matrix in
the same space.

We now sketch the derivation of the logit output in the
high-noise limit. The key simplification occurs in the first
layer, where the NTK has the simple form

Ol)(€) = Cy + CuXap(e), (6)

where C,, > 0 and C, > 0 are the weight and bias variances
at initialization,

d

- 1

Xople) = 7 E XkaXip @)
k=1

denotes the normalized noisy feature overlap matrix,
and «, B denote either train or test indices. In a mean-field-
inspired decomposition, we separate the overlap matrix into a
deterministic term obtained from averaging over the corrup-
tion noise, plus a subleading fluctuation

Xap(€) = Xap(€) + 8Xop(€), (3
where
Xop(€) = E[Xyp(e)] 9

is the noise-averaged overlap and

- 1
BXap(€) = 7= ap(€) + o™ (10)
is a nondeterministic fluctuation of O(d~'/?). In the large-d
limit, nepg(€) is asymptotically Gaussian with zero mean via
the central limit theorem, while the O(d~") term captures the
subleading finite-d corrections to this Gaussian limit.
Through the layer-to-layer recursion formulas [37,38], the
depth-L NTK inherits its entire data dependence, and, in par-
ticular, the mean-plus-fluctuation split of Eq. (8), from X,4.
The full layerwise propagation is carried out in Appendix C;
here, we simply track the two pieces of Eq. (8) through to the
output.
We work near the pure-noise point and in the large-
feature-dimension limit: € < 1 and +/d >> 1. Throughout this

'"We use the convention that a depth L network has L — 1 hidden
layers.
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expansion, the argument (0) denotes evaluation at pure noise,
€ = 0 (equivalently, p = 1). With this in mind, we perform a
joint first-order expansion of the noisy overlap matrix [Eq. (8)]
in € and 1/\/3, leading to

1
7;{’7.1/3 0)

+ O+ O0ed™ )+ 0@, (11

Yaﬂ(e) = XDtﬂ (O) +e€ aexaﬁ(o) +

where we have also expanded the nondeterministic fluctuation
Nap about € = 0.

Feeding this structure through the recursion, the depth-L
NTK takes on a similar form,

Byp(€) = ©)(0) + €3, 0)(0) + fngﬁ;(m

+ O+ O0ed™ ")+ 0Wd™), (12

where G)LLﬂ)(O) is the depth-L NTK built from the pure-noise
averaged overlap X,4(0) and nffﬂ) (0) is zero-mean Gaussian

fluctuation inherited from 8X.
Substituting Eq. (12) into Eq. (4) and expanding to leading
order in € and d—1/2, we obtain

L e NC,
<“€N[ D —xk} (13

where A®), B and C™® are class-independent constants that
encode depth, activation, initialization, and details of the noise
distribution; 5:7,- is a class-dependent Gaussian fluctuation with
zero mean and unit variance, and

, C _
xz—Exk, Xy
k N X

X€i

1
=% > Xy (14)
X

are the centered empirical mean, or centroid, of class i and
the global empirical mean, respectively, in feature k for the
clean training data. The crucial point is that the leading class-
dependent signal depends on the training data only through
these clean centered-class means. Despite being trained on
corrupted inputs, the network extracts from the noisy data a
class-dependent statistic depending only on the clean dataset.
At this order, the noisy part of the inputs contributes only
the fluctuation term &, while the discriminating signal is the
overlap between the test point and the clean class centroid.

Therefore, the leading-order decision rule learned by the
network in the joint limit € < 1 and v/d > 1 is

i = arg_max —Zxk* X, — X). 15)

..... —l

In other words, the NTK calculation predicts that, in the high-
noise regime, the network reduces to a nearest-class-mean, or
centroid, classifier [27] with an inner-product score in feature
space. Remarkably, the leading-order decision rule is univer-
sal across depth, activation, and noise distribution. Despite
the depth and nonlinearity of the original model, classifica-

tion collapses to simple linear template matching against one
prototype per class.

We note that the coefficient B multiplying the cen-
troid term in Eq. (13) is guaranteed to be non-negative
under our normalization convention [Eq. (3)] and unit-
variance noise models (see Appendix D for further details).
However, non-negativity of B®) is not guaranteed for ar-
bitrary non-normalized data or completely general noise
models. For settings where B < 0, the leading decision
rule is simply obtained by reversing the orientation of
the centroid score, equivalently, by replacing arg max with
arg min. Thus, the leading class-dependent response remains
a centroid-overlap rule, with the sign of B determining its
orientation.

Finally, we comment on the controllability of the approx-
imation at large training dataset size N. The prefactor of the
centroid score in Eq. (13) comes from expanding the inverse
NTK around the pure-noise kernel. For moderate N, this ex-
pansion is controlled by the small signal strength €. At larger
N, higher-order terms in € can become important; however,
these terms primarily renormalize the overall coefficient of the
centroid statistic, leaving the leading decision rule unchanged
(further details are given in Appendix C). The full expan-
sion obtained by substituting higher-order NTK corrections
into Eq. (4) does not necessarily converge uniformly in N.
Nonetheless, as shown in the next subsection, the leading
correction already agrees well with the empirical network
outputs and test accuracy in the high-noise regime.

B. Comparison with finite-width networks

We now compare the theoretical prediction for the logit
output [Eq. (13)] to finite-width networks in a controlled em-
pirical setting matched to the assumptions of the high-noise
NTK calculation. This setting differs from the motivating
experiments in Fig. 1, which use finite-width ReLU MLPs,
cross-entropy loss, and raw image inputs in [0, 1] to establish
the robustness phenomenon in a standard classification setup.
Here, in contrast, we use the normalization convention of
Eq. (3) for the inputs, MSE loss, wider networks with erf
activation, and fewer training data points so that the numerical
experiment isolates the leading-order mechanism predicted by
the theory. The theoretical prediction is not intended to repro-
duce every implementation detail of Fig. 1; rather, it identifies
a tractable high-noise mechanism, which we validate directly
in the finite-width experiments of Fig. 4. Further experimental
details on the empirical results presented here can be found in
Table I in Appendix A.

Restoring the corruption probability p = 1 — €, the form
of Eq. (13) motivates the effective model

fi(x*)=a(1—p)[ Zxk* —xk}+b+cé,~, (16)

where a, b, and ¢ absorb the renormalized architecture-
dependent prefactors and fluctuation scale. For simplicity, we
model the fluctuations &; as i.i.d. standard normal random
variables. To estimate these coefficients, we train m MLPs for
each of M independent noisy-dataset realizations, for a total
of mM trained networks. For each test point and class, we first
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FIG. 4. Numerical verification of the high-noise theory. All networks used to create the data in this figure are width-2048, three-layer
erf MLPs, trained with MSE loss on noisy (a) MNIST, (b) Fashion-MNIST, and (c) KMNIST with N = 4000. Main panels: Mean clean
test accuracy vs replacement-noise strength p for a nested ensemble of 20 noisy training sets and ten MLPs per noisy set (red curve). Error
bars show one standard deviation. The gray-dashed curve is the mean clean test accuracy of the fitted effective model in Eq. (16). Insets:
Output-level comparison at p = 0.97, using a nested ensemble of 100 noisy training sets and 50 MLPs per noisy set. Each point corresponds
to one clean test image and one candidate class, comparing the ensemble-mean network output with the fitted prediction from Eq. (16). The

black dashed line in the inset indicates perfect agreement.

average the output logit over the m networks corresponding
to a fixed noisy realization. This produces M realization-
averaged logits per class, which are the empirical objects to
be compared with Eq. (16). We then average these logits
over the M noisy realizations and determine a and b by a
least-squares fit over all test points and classes to the mean
of Eq. (16); the coefficient ¢ does not enter this step because
it multiplies a zero-mean fluctuation. Finally, we set ¢ equal
to the standard deviation of the M realization-averaged logits,
pooled over all test points and classes. Importantly, this is a
global three-parameter fit: We do not fit separate coefficients
for different test examples.

Figure 4 tests this picture in two complementary ways.
The insets compare the empirical mean output logits of the
MLPs on the full MNIST, Fashion-MNIST, and KMNIST test
sets with the prediction obtained from the mean of Eq. (16).
After fitting the two global coefficients a and b, we find nearly
exact agreement for each dataset. This provides strong evi-
dence that, after averaging over noise realizations, the outputs
of the MLP collapse onto the mean of the centroid model,
consistent with centroid-classifier behavior. The main panels
compare the clean test accuracy of the empirical ensemble
with that of the full centroid model in Eq. (16), now includ-
ing the fluctuation term controlled by the fitted coefficient
c. The agreement for each dataset shows that the centroid
model captures not only the mean output structure, but also
the fluctuations that govern classification accuracy. In partic-
ular, it accurately reproduces the decay of the test accuracy
as the noise probability p increases. The main panels also
indicate where the empirical networks begin to depart from
the leading-order centroid description, signaling the onset of
higher-order corrections in (1 — p). In our data, this deviation
becomes noticeable for p < 0.9. We provide additional tests
in Appendixes F and G.

The agreement in Fig. 4 should therefore be interpreted as
a controlled validation of the high-noise centroid mechanism,
rather than as a claim that the theory reproduces every imple-
mentation detail of the raw-input cross-entropy experiments
in Fig. 1. Nevertheless, it indicates that the same centroid
mechanism remains visible in finite-width networks once the

experimental setting is chosen to match the assumptions of the
calculation.

C. Signal-to-noise ratio

Equation (13) for the output logit also implies a scaling
law, since it predicts that, at least for intermediate N, the
class-dependent mean grows as (1 — p)(N/C), while the stan-
dard deviation scales as /(N/C)/d. Therefore, we expect the
signal-to-noise ratio (SNR) to scale as

N
SNR ~ (1 — p)sz. (17)

The theory therefore predicts improved classification accuracy
as the surviving signal fraction 1 — p, the feature dimen-
sion d, or the number of training examples per class N/C
are increased. We test the N, d dependence on MNIST at
fixed replacement-noise probability p = 0.97 and class count
C = 10. With these quantities held fixed, Eq. (17) predicts
SNR o« Nd, corresponding to a unit slope on logarithmic
axes. Figure 5(a) directly tests this prediction using the em-
pirical SNR of the true-class output logit. Averaging In(SNR)
over randomly sampled clean test examples, the results for
different N and d approximately collapse onto a linear trend
in In(Nd). The fitted slope of 1.03 is close to the predicted
value of unity, supporting the proposed scaling. Figure 5(b)
shows the accompanying improvement in clean test accuracy
with increasing N and d.

The analysis in this section has focused on uniform
replacement noise for concreteness. However, the centroid-
classification result is not tied to that specific choice of
corruption model. Rather, for the two broad classes of input
noise most relevant in practice—general replacement noise
and general additive noise—the same leading centroid struc-
ture persists. In Appendix E, we present analogous results for
the additive noise model [Eq. (2)], demonstrating the general-
ity of our findings.
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FIG. 5. Empirical N, d scaling at fixed replacement-noise probability p = 0.97 and number of classes C = 10 for width-2048, three-layer
erf MLPs trained with MSE loss on MNIST. (a) Mean In(SNR) vs In(Nd) over 500 randomly sampled clean test examples. For each example,
true-class logits are first averaged over ten independently initialized networks trained on each noisy training dataset. The SNR is the squared
mean of these averaged logits divided by their sample variance across 20 noisy training datasets. Squares and error bars show the mean and
one standard deviation of In(SNR) across test examples; the dashed line is a linear fit to the means. (b) Mean clean test accuracy vs N at fixed
d, using predictions from initialization-averaged logits. Means and one-standard-deviation error bars are computed across the 20 noisy training
datasets. Larger feature dimensions d are obtained by resizing MNIST images using bilinear interpolation.

D. Permutation symmetry and the centroid response

The centroid rule [Eq. (15)] is independent of noise dis-
tribution, depth, and activation. Here, we give intuition for
this universality within the NTK framework using a linear-
response argument: we treat the trained network as a system
sitting at a permutation-symmetric pure-noise reference state
and view the surviving signal as a small perturbation away
from it. This provides a symmetry interpretation of the high-
noise expansion derived in Appendix C. It should be read
as a minimal linear-response model rather than a second
microscopic derivation of the corruption channels of Sec. II,
but it is sufficient to extract the leading-order class-dependent
decision rule [Eq. (15)].

After separating the O(d~'/?) stochastic fluctuations, the
deterministic part of the noisy NTK depends on the data only
through the noise-averaged overlap [Eq. (9)]. At pure noise,
€ = 1 — p =0, the training examples become exchangeable:
The noise-averaged train-train overlap is invariant under any
relabeling 7w € Sy of the training examples,

Xr @) (8)(0) = Xap(0). (18)

That is, X,,4(0) depends on «, 8 only through whether = 8.
This symmetry structure is guaranteed at pure noise for any
distribution that is i.i.d. with respect to data and feature space
and has bounded mean and variance.

Motivated by this structure, we introduce a minimal pure-
noise reference ensemble for the training set. This reference
ensemble consists of featureless, i.i.d. random variables {&;,},
whose purpose is to capture the exchangeable structure of the
deterministic part of the noisy NTK at the pure-noise fixed
point. The corresponding pure-noise-averaged test-train and
train-train overlap matrices are

d
1
%w=3Z;MM%L (19)

1 d
Xowp = = > Eléiatis], (20)
k=1

where the expectation E[-] is taken with respect to the noise
distribution. We leave the first two moments of the reference
noise arbitrary, assuming only that they are bounded. For
later convenience, we assume the first moment vanishes and
denote the second moment by v.?> Adopting the normalization
convention of Eq. (3) for the clean training inputs {x;,} and
test input xi,, the imposed mean centering makes the pure-
noise test-train overlap vanish, Xy .o = 0, while the pure-noise
train-train overlap remains diagonal Xy 43 = 848v.

We treat the network trained on the pure-noise ensemble
{&xe } as a pure-noise fixed point. Now, suppose we perturb the
pure-noise inputs by a small signal proportional to the clean
features,

@n

To study the response, let § denote the leading-order variation
along the perturbation path z;,(€) = &y + €xo. That is, for
any function F built from the training inputs, define

%-ka - Skot + € X

§F = d Flz(e)]
=6E z€)l,

e=0

(22)

so that §F = O(e). The leading-order response of the test-
train overlap is

8X0,4a = (23)

Ul

d
§ xk*-xkol I
k=1

2The value of the first moment is inconsequential for the rest of
the calculation; a nonzero first moment simply renormalizes the
constants @, s®  and © introduced later in the subsection. In
contrast, the value of the second moment can affect the orientation
of the centroid rule, as discussed below.
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while the response of the train-train overlap vanishes, since its
leading nonzero term is O(e?). Thus, only 8X0o,.4o carries the
signal at leading order.?

We now compute the response at arbitrary depth L. Let
@g;  and @ff?m denote the depth-£ train-train and test-train
NTKSs at pure noise, respectively. At leading order in €, the
class-i logit responds as

N
-1
8fie) = ) 80 [067], svis: (24)
a,f=1

where the variation of the inverse train-train NTK vanishes
at leading order in this minimal treatment. Two objects there-
fore determine the response: the inverse pure-noise train-train
NTK [@)BL)]_1 and the pure-noise test-train NTK variation
8 ®ff):a. Both follow from applying the layer-to-layer recur-
sion relations [38] to the pure-noise fixed point:

Ko = Co+ Culouop)go, (25)
O sy = K + Culoyop) g 0L, (26)

where ng) denotes the depth-¢ pure-noise preactivation ker-
nel, and the layer-1 initial condition is fixed directly by the
pure-noise overlap,

K§op =045 = Cy+ CoXoap. 27)
In the recursion relations, o, = 0 (uy), o, is its derivative,
and (---)g is an expectation over the zero-mean bivariate
Gaussian preactivations (uy, ug) with 2 x 2 covariance K
[Eq. (C2)].

Consider first the inverse train-train NTK. At pure noise,
the train-train overlap is permutation invariant, and hence so
is the layer-1 NTK, ®8;B =r5,5 + s, where r) = C,v
and sV = C,. The recursions at pure noise are permutation
equivariant; if the depth-1 kernel is permutation invariant, then
this invariance is preserved at arbitrary depth €. Therefore, the
depth-L train-train NTK therefore retains the two-parameter
form @éﬁiﬂ = rBs,p + @, for constants r& and s'© that
depend on depth, activation, initialization, and the moments of
the noise distribution. Equivalently, the depth-L NTK at pure
noise lives in the projector algebra span(P), P, ), with P =
]ivllT the projector onto the permutation-invariant sector and
P, =1 — P its complement:

oL = /P, + (P +sON)P. (28)

The NTK is an example of a Gram matrix, which is strictly
positive definite for distinct inputs [26]. Therefore, its eigen-
values ¥ > 0 and r®™ + s"UN > 0 are strictly positive, and
so it has a well-defined inverse

[G)(()L):rl _ P Py

D T D 4 sONT 29

3The train-train overlap vanishes at linear order in ¢ under our
convention that each training input has zero mean across features
[see Eq. (3)].

Consider next the depth-L test-train NTK variation 8@&2&.
The first-layer variation about pure noise is

30y, = K,

0,*a 0,*a

= Cy 8X0 4 - (30)

Layer-to-layer propagation of the variation can be handled by
differentiating the recursion relations using Price’s theorem
[39]. The resulting recursion relations for the test-train kernel
and NTK variations about pure noise are

8Ky = Cul00,) 0 8Ky e 31)
1
801 = 8K)\LD + Cu010)) 50 04 SKL,
+Cy (U;U()/[)K:)w 5@520” (32)

where we have used the fact that diagonal variations of the
test-train kernel and NTK vanish at leading order.

We now show how permutation symmetry in the training
index « reduces layer and activation dependence to an overall
scaling of the first-layer variation. To see this, consider the
entries of the layer-1 test-train kernel at pure noise, which are
permutation invariant in training input o

KW

0, %%

=G+ Gy, Ky

0, %o

=C,+C,, KU

0,0

=G, (33)

where v is the second moment of the noise distribution. Per-
mutation equivariance of the pure-noise recursion [Eq. (25)]
preserves this « independence to arbitrary depth. Con-
sequently, the pure-noise activation-dependent expectation
values and NTK entries appearing in Eqgs. (31) and (32) are
independent of «. Since & @0’*0[ o 6Xo,+«>» We conclude that
the recursion merely rescales the pure-noise overlap variation
by a constant:

805, = 1" 8Xo 1. (34)

where +©) depends on depth, activation, initialization, and the
moments of the noise distribution.

Substituting Eqgs. (29) and (34) into Eq. (24), and using the
class-balanced label contractions

1 1
Py, =y,— =1, Py, =-=1, 35
Di=Yi~ & i = s (35)
the permutation-invariant sector P} contributes only a class-
independent constant, while the P, sector carries the class
signal. With 6Xj ., from Eq. (23), this gives

1D eN[1 .
Sfi(xy) = —=— |:— Z)Ck*()_cll{ — )_Ck)
(L)
rlb) C | d P
+ class-independent terms, 36)

which is exactly the centroid rule. The constants &) and
r encode depth, activation, initialization, and the first two
moments of the noise distribution, while the class-dependent
structure is fixed by permutation symmetry at the pure-noise
fixed point.

A remark on orientation is useful. The prefactor &) /r&)
is common to all classes, so only its sign matters: A positive
sign gives the nearest-class-mean rule, while a negative sign
reverses the orientation of the centroid score. Since r& > 0,
the orientation is determined by the sign of ¢*). Under the
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unit-variance convention v = 1, the layer-1 test-train kernel
entries become
KO — g

0, % 0,a0 | y=

1 =Cb+C‘lU7 K(l)

0,%a

= Cp, 37

which can be determined using Eq. (33). Thus, the test and
training diagonals coincide, and the off-diagonal entry is non-
negative. These properties imply that the activation-dependent
transfer factors (h.hg) KO with A being any of o,0’,0”,
appearing in the kernel and NTK variation recursions are
non-negative at every depth for any activation function—We
show this in detail in Appendix D. Consequently, for unit-
variance noise under the normalization convention [Eq. (3)],
we have r{© > 0.

For general v ## 1 or non-normalized data, the test and
training diagonals of the pure-noise test-train kernel need not
coincide, and the sign is not guaranteed for every activation.
If the prefactor is negative, however, the leading decision rule
is obtained by reversing the orientation of the centroid score,
equivalently, by replacing argmax with argmin. Thus, the
leading class-dependent response remains a centroid-overlap
rule for any depth, activation, and i.i.d. noise distribution, with
the sign of ) fixing the orientation.

IV. DISCUSSION AND OUTLOOK

The problem of training neural networks with heavily cor-
rupted inputs has revealed numerous surprises. First, we found
that MLPs are remarkably robust to attribute noise, capable
of classifying heavily corrupted images with accuracy much
higher than chance. This phenomenon, observed across sev-
eral datasets, prompted us to tackle the problem analytically,
with the naive expectation of revealing the complicated “de-
noising” process employed by the networks, enabling them
to perform so well. Using a controlled expansion of the
NTK in the strong-corruption regime, we found that in fact
the networks learn a very simple rule: They compare each
test image to the average of all training images of a cer-
tain class and check which one is the most similar. This
nearest-class-mean (centroid) rule, which is the dominant
contribution in the strong-corruption limit, emerges despite
the complexity and nonlinearity enabled by the network. The
analytical result also leads to an effective signal-to-noise ratio
[Eq. (17)], which reveals that performance improves with
feature dimension and dataset size; we have confirmed that
empirically as well. Taken together, these results show that, in
the high-attribute-noise regime, wide MLPs have a universal
leading class-dependent response: a centered centroid clas-
sifier. The finite-width networks studied here visibly follow
this mechanism, explaining their surprising robustness on the
MNIST-family datasets.

The symmetry interpretation in Sec. IIID explains why
this simple centroid rule is not a coincidence of the first-layer
calculation: It is fixed by the exchangeability of the pure-noise
kernel and by the permutation equivariance of the NTK recur-
sion. This observation also suggests a broader interpretation
of the formalism. The essential ingredients are not the partic-
ular MLP recursion alone; the same reasoning should apply
beyond fully connected MLPs to any architecture with a well-
defined kernel limit whose pure-noise kernel has the same
exchangeability structure. When those ingredients are present,

linear response around the high-noise fixed point identifies
the first class-dependent correction to the predictor; in the
present setting, that correction is precisely the centroid rule.
More broadly, this points to a way of understanding learning
phenomena by locating tractable fixed points of a network’s
effective description and deriving the leading decision-rule
corrections that appear when a small signal breaks the fixed-
point symmetry.

The success of the NTK prediction for finite-width net-
works suggests that the high-noise regime has an effective
universality beyond the exactly solvable infinite-width limit.
Although finite width, nonlinear feature learning, and the
choice of loss can change architecture-dependent prefactors
and fluctuation scales, the dominant class-dependent direction
appears to remain the centered centroid overlap. This should
not be read as a claim that MLPs are robust to arbitrary
training corruption on every classification dataset. Rather, the
theory predicts a generic leading-order decision rule for MLPs
in the high-noise regime, while the resulting accuracy depends
on the geometry of the dataset itself. In the datasets studied
here, MNIST, Fashion-MNIST, and KMNIST, the clean class
centroids contain enough discriminative information to yield
well-above-chance classification, which explains why the net-
works remain robust at high corruption in Fig. 1.

Finally, the analytical control enabled in the strong-
corruption regime may also have broader implications. Our
perturbative result in (1 — p) could, in principle, be ex-
tended to higher orders, thereby revealing progressively finer
structure in the rules learned by the network. Systemati-
cally carrying out this expansion may provide access to
the intermediate-corruption regime, or even suggest a con-
trolled route toward the clean-data limit, using the corruption
strength as an explicit expansion parameter. A related possi-
ble direction is the analysis of denoising models, including
diffusion-type models, in the high-noise regime. In that set-
ting, one would replace the classification target considered
here by a regression target, such as the clean input. An analo-
gous expansion around the pure-noise limit could then reveal
what statistics of the clean data are recovered at leading order,
and how progressively finer denoising information emerges at
higher orders in the signal strength.
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APPENDIX A: DETAILS OF THE EXPERIMENTS

The details of the numerical experiments presented in the main text and appendices are summarized in Table I. For each

experiment, we specify the datasets and corruption models, network architectures, training hyperparameters, and evaluation
procedures.

TABLE I. Summary of the experimental settings used to generate the results in Figs. 1 and 3-11, including datasets, corruption models,

network architectures, training hyperparameters, and evaluation procedures.

Figure

Dataset and corruption

Model and training

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

1

10

11

Balanced MNIST, Fashion-MNIST, KMNIST; 54 210 training
and 8920 clean test images each; replacement noise with

u ~ Unif[0, 1], fixed across epochs; empirical [0, 1] inputs with
no per-example mean-shift or unit-RMS normalization.

MNIST; full 60 000 training and 10 000 test images; independent
train/test replacement noise, # ~ Unif[0, 1]; raw [0, 1] inputs.
Training noise is resampled on each image access; one fixed test
corruption per pres is shared across runs.

MNIST, Fashion-MNIST, KMNIST; balanced N = 4000,

d =784, and 10 000 clean test images each; replacement noise at
p=0.90,...,1.00 in steps of 0.01. Clean train/test vectors are
mean centered and scaled to centered RMS 1 before corruption;

u ~ Unif [_ﬁ R «/§]; no postcorruption renormalization; noise
fixed across epochs.

MNIST with resized feature dimensions 282, 432, 552, and 642,
using bilinear interpolation; replacement noise at p = 0.97; same
class balancing, normalization and corruption conventions as
Fig. 4.

Same MNIST dataset, raw-input convention, and independent
train/test replacement corruption as Fig. 3.

MNIST, Fashion-MNIST, KMNIST; N = 4000;

p=10.90, ..., 1.00in steps of 0.01; same splits and clean-image
normalization as Fig. 4. Noisy training inputs use (1 — p)x + p&,
& ~ N(0, ), with no postcorruption renormalization; noise fixed
across epochs; clean test sets.

MNIST; same (N, d) sweep and resizing as Fig. 5;
additive-Gaussian noise at p = 0.97; same normalization and
corruption conventions as Fig. 7.

MNIST, Fashion-MNIST, KMNIST; N = 4000, d = 784; clean
test sets. Same splits, normalization, and respective noise
conventions as Figs. 4 and 7. Both grids contain 0, 0.1, ..., 0.8,
followed by 0.90, 0.91, ..., 1.00 for replacement and
0.85,0.86, ..., 1.00 for additive Gaussian.

MNIST, Fashion-MNIST, KMNIST; replacement and
additive-Gaussian noise at p = 0.90, 0.91, ..., 1.00; N = 4000,
d = 784; clean test sets. Same splits, normalization, and
respective corruption conventions as Figs. 4 and 7.

Mean-zero, unit-RMS normalized balanced subset of 4000
MNIST training examples; additive-Gaussian noise as in Fig. 7,
fixed across epochs; 10 000 clean normalized test images.

Width-128, three-hidden-layer ReLU MLP; cross-entropy; Adam,
learning rate 10~3; 20 epochs; batch size 128; 100 noisy training
realizations per p on a 21-point grid, denser above 0.8. Mean
final-model accuracy with population standard deviation (SD).
Horizontal clean-centroid references use inner-product classification
on per-image centered, unit-RMS clean training and test data; no p
dependence.

Same architecture, optimizer, epoch budget, batch size, and raw-input
convention as Fig. 1; 20 training repeats per Piin;

Prain = 0,0.05, ..., 1 and pee = 0,0.0125, ..., 1. Mean final-model
accuracy; same experiment as Fig. 6.

Width-2048, three-layer (L = 3) erf MLP, counting the output layer;
MSE loss; Adam, learning rate 1074 30 epochs; batch size 250.
Accuracy: 20 noisy datasets, ten MLPs each; average logits within
each dataset, then report mean accuracy and sample SD across
datasets. Inset and calibration at p = 0.97: 100 noisy datasets, 50
MLPs each; logits averaged over both ensemble levels.

Width-2048, three-layer (L = 3) erf MLP; MSE loss; Adam; 25
epochs; batch size 100; learning rate 107%;

N € {1000, 2000, 3000, 4000}; 20 noisy datasets, ten MLPs each per
(N, d). Accuracy uses initialization-averaged logits on all 10 000 clean
test images; SNR uses the same 500 randomly sampled clean test
images across (N, d).

Same trained models and 20 repeats per piin as Fig. 3; 21 training and
81 test corruption values. AUC computed by trapezoidal integration
OVer Py for each run; mean and standard error across runs.

Same width-2048, L = 3 erf MLP, MSE loss, Adam settings, 30
epochs, batch size 250, and evaluation as Fig. 4. Accuracy: 20 noisy
datasets, ten MLPs each; inset and calibration at p = 0.97: 100 noisy
datasets, 50 MLPs each.

Same width-2048, L = 3 erf MLP, MSE loss, Adam settings, 25
epochs, and batch size 100 as Fig. 5; 20 noisy datasets and ten MLPs
each per (N, d). Same evaluation: 500 shared clean test images for
SNR; all 10 000 for accuracy using initialization-averaged logits.

Width-2048, L = 3 erf MLP; MSE loss; Adam; 30 epochs; batch size
250; learning rate 107#; 20 noisy datasets and ten MLPs each per p.
Evaluation matches the high-noise accuracy panels; their observations
are reused. Effective model calibrated at p = 0.97, not refitted at each
p.

Width-2048, five-layer (L = 5) ReLU MLP, counting the output layer;
MSE loss; Adam; 30 epochs. Accuracy: 20 noisy datasets, ten MLPs
each; insets and architecture-specific calibration at p = 0.97: 100
noisy datasets, 50 MLPs each. Remaining training and evaluation
settings match the depth-3 experiments.

Width-2048, three-layer (L = 3) MLPs with erf, Gaussian Error
Linear Unit (GELU), Swish, and Tanh; MSE loss; Adam; 20 epochs;
batch size 250; learning rate 10~#; 50 noisy datasets with one
initialization each per activation and p = 0.90, ..., 1.00 in steps of
0.01; mean individual-model accuracy and sample SD.
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FIG. 6. (a) Test accuracy vs test corruption pi. for several values of the train corruption py.;,. We find monotonically decreasing accuracy
as a function of py, but for given p.y the behavior with respect to py.in is nonmonotonic (see also Fig. 3). (b) AUC of the test accuracy vs
Drest> s a function of py.i,. This is an overall measure of performance for a given py,;,. We find that the AUC peaks around p?r'f\lin ~ 0.65. All

network parameters are the same as in Fig. 3.

APPENDIX B: FURTHER ANALYSIS OF SIMULTANEOUS
TRAIN-TIME AND TEST-TIME CORRUPTION

In Sec. II, we showed results for train-time corruption as
well as test-time corruption, characterized by corruption levels
Pirain and Ppeest, Which are in general different. We found that
for a given value of pi, the optimal training corruption level
1S Pirain = Prest- Figure 6(a) shows the complementary view:
accuracy as a function of pyg for different values of piin.

There, we find monotonic behavior: It is always best to test
on clean data (pg = 0), indicating an asymmetry in the effect
of train-time and test-time corruption. Networks trained on
corrupted data doing better when tested on clean data makes
sense from the perspective of centroid classification: Testing
on actual examples from the clean distribution is optimal for
the nearest-mean-class classifier.

As an overall metric of performance of a network with
given py.in, we calculate the area under the curve (AUC) of
the test accuracy versus pis. Figure 6(b) shows the AUC as
a function of pys.in, exhibiting nonmonotonic behavior with a
peak around p;*: A 0.65. This implies that, if the test-time
corruption is not known ahead of time, training with corrup-
tion level ~0.65 will likely lead to optimal performance.

APPENDIX C: HIGH-NOISE NTK EXPANSION
1. Setup

We consider a training set with N examples, C classes,
and feature dimension d. The clean training features are
denoted by x € RN, while the corrupted training features
are denoted by X € RN, The clean labels are denoted by
y € RV*C with y, € RV the one-hot target vector for class
i=1,...,C. A clean test feature is denoted by x, € R4, The
notation in this section is self-contained.

The index y is reserved for training examples. Other Greek
indices, such as «, 8, y, 8, may refer either to training exam-
ples or to the test point x. We write z,, for the input associated
with index o, so that z, = X, for a corrupted training input
and z, = x, for the clean test input.

We work in the infinite-width NTK limit for an arbitrary
L-layer MLP with activation function o (-). The weights and
biases at initialization are drawn i.i.d. from mean-zero Gaus-

sian distributions with variances C,, and C, respectively. In
this limit, training with squared loss gives the class-i output

fix) =020y,

#x L xx
~ (L) NXN : . . . . ~ (L)
where @, , € R is the training-training NTK and O, €
RN is the test-training NTK. The tilde indicates that the
NTK is evaluated on the corrupted training features.
For arbitrary functions g and h, we define the two-
dimensional Gaussian expectation by

(ChH

1
oh =—— { dadb h(b
(8ah1p) 2n«/mf adb g(a)h(b)

xexp[ L b)(llgzz >_I(Z)}. (€2)

The corresponding one-dimensional Gaussian expectation
is denoted by

K,
Ky

2

2Ky

da g(a)h(a)exp [— ] (C3)

1
(gh)k,, = \/T—Kw/

The noisy Bayesian kernel is defined recursively as

RUFD =Gy + Culowop) ko (C4)
with initial condition
c.d
R :c,,+7'”2z,az,ﬂ. (C5)
j=1
The noisy NTK is defined recursively by
ég;l) =G+ Cw((UaUﬁ)km + (UO,,U,;)KM@S‘;), (Co)
with initial condition
O =K. (C7)

Since we work in the large-d limit, the initial feature aver-
age obeys a central-limit expansion,

Co & Co &
710 > ZjaZjp = 710 > Elzjazjs] +
j=1 j=1

wp + O™,
ﬂﬁﬂ d)

(C8)
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where 71,4 is a mean-zero Gaussian random tensor with co-
variance determined by the noise model. Here and throughout
this Appendix, E[-] denotes expectation over the input-
corruption noise. Thus, the first-layer Bayesian kernel may be
decomposed as

_ 1
R =K + Tt o™, (C9)

where
c.
K\ =Cy+ FwZE[zjazjﬂ]. (C10)
j=1
The corruption model is assumed to have a noise strength
p € [0, 1]. We define the signal strength

e=1-p, (C11)

so that € = 0 is the pure-noise limit. Both Ko(t;) and 7,4 may
depend on €. Since the expansion is around the pure-noise
point, all quantities below are evaluated at € = O unless other-
wise specified. For example,

Q)] Q)]
K(l) — kD aKaﬁ _ aKaﬁ ()
ap 7 Taple=0 de  de

(C12)
e=0
With this convention, the first-layer perturbation has the form

0K, 1
SK'D = e—ﬁ + —=Nap-

“B T fe Jd

2. Useful identities

(C13)

We collect several identities used repeatedly below. First,
Price’s theorem gives the following derivatives of Gaus-
sian expectations with respect to the covariance. For one-
dimensional Gaussian expectations,

a 1 1

h = (gNW —(g"h —(gh"k... 14
Ko (gh)k,, = (&)K. + 2(8 VKoo T 2(g koo (C14)
For two-dimensional Gaussian expectations with o # S,
a 1
——(gohg)x = = (g hg)k, CI15
0Kon (guhp)x 2<ga 8)K (C15)
0
——{guhg)k = (g, h3) ks Cl6
T (8ahp)k = (8oMg)k (C16)
a 1 p
———(8ahp)k = 5 (8uhp)k- (C17)

0K 2

Although these expressions are written for smooth activations,
nonsmooth activations such as ReLU may be recovered by a
limiting procedure.

We also use the elementary solution of the scalar recursion

B"Y =g, + b,BD. (C18)
Itis
-1 -1 -1
BY=>"a [ b;+BV] [0 (C19)
=1 j=i+1 i=1
Next, for an N x N matrix of the form
H = hyI+ h,(117 — 1), (C20)

where I is the identity and 1 is the vector of all ones, the
inverse is

H'= ! I-— ho 117).
hd - l’la hd - ho +h0N

For vectors a, b € RV, defining

(C21)

N N
1 1
Ea[a(x] = ﬁ E Ay, Ea[aabrx] = ]v § aabaa (C22)
a=1 a=1

we therefore have

a"H™'b
hoN
= Ea[aaba] - —Ea[aa]Eﬂ[bﬂ] .
hg — hy hg — hy + hoN
(C23)
The following layer-to-layer quantities will also be used:
b—1
Peg? =T Tlowopixo. (C24)
b1 B
Uof_’b = 1_[ (<0/0/)K;’;) + (aa”)Kég), (C25)
and
=
Myt =2 Z(o&’aﬁ)KmUé’_”P;El_)h. (C26)
The corresponding NTK-response coefficients are
b—1
Rgeb — Z ((U,O—/>K(§Q + (O—U”>[(&’a) + [(U”O—H)Ké‘g
+ (OJO‘///>KD((2]®g(l)U5_)iP;-otl_)b + P:{l;)b’ (C27)

b—1
N 1 i " __r a—i
set=3%" [E(wgaﬂ),((i, + 040, 0) k0 )Us

i=a
+ ((O—o/zo—f;)KU) + @fx’g (o;/g[;/>Ku>)Mg;i]pi;mb’

(C28)

b1 ‘
Taa/f}_)b — Z ((G;O’l;)](m + ®((1l;)3 (G;/G/;/)K(i>)P5;IP;EI_)b

+PLh (C29)
All quantities in Eqs. (C24)—(C29) are evaluated in the pure-
noise limit. Therefore, their values depend only on whether
the indices are training-training, test-training, or test-test in-
dices; they do not otherwise depend on the individual data
points.

3. Influence of input perturbations on the output
We now compute how a perturbation in the first-layer
Bayesian kernel propagates to the output. Let
c() _ (D) @) 2
Kyp = Kyp + 6K, 5 + O(BK"),

o

6} = 0!} +50) + OGK?). (€30)

afp T Tap
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The unperturbed kernels satisfy the pure-noise recursions

6((),1;1) =Cp+ Cw(<0-ot0-/3)K(” + (O'éGé)K(/)@gé), (C31)

K;’;“ = Cp + Cy (0408 k- (C32)

The linear perturbations obey

1
C—SK;ZFI) = 5“5(<0/0/>K$ + (O’G//)KL(YQ)(SK;Q
w

1 " )
+ (1 — 80,/3) 5(0'(10/3)[((1)5[(0[0[

/ 1 /
+ (0,05) k0 8Ky + 5 (@0 ﬂ/>K</)8K/§lﬂ)},
(C33)

1
CT(SG)((YZ;I) 280(/3[((0,/0_/)1{(52 + (UU//>K(£’D) + [(0—//0//>K;’u)
w

+(0'0") i |09 KL + (0'0") 8O ]

1 " "1 ()
+ (1 —éap) 5((%0,3)1«” + (o, U,g)m”@aﬁ)
x 8K + ((a;a/g),(m + (G;/Gg)mh@gé)alfélg

1 !
+ 5((%@@),«» + <o;a,;”>,<m®§j,;)31<;,’g

+ <o;af;>,(ma(~)fj;}. (C34)

Given the solution of the pure-noise Bayesian-kernel recur-
sion, the pure-noise NTK has the closed-form solution

1

-1
() —i pi+1—1 1=1 (1)
CH@(w=Z(Cb+cw(aaaﬂ),<<,-.)cwlp;; + PO,
w

i=1

(C35)

and the perturbations propagate as

1
o = SupUy ' SKL) + (1 = 8up)

1=l ¢ (1) 1—>1 ¢ (1) 11 ¢ (1)
X (Mg 8K, + Mg 'Ky ) + P! SK,,)),
(C36)

) 1—1 1
Cl-1 5®aﬂ = SWﬂRa aKu(ta) + - 80‘/3)

w
x (Shg'8KL) + Spy! aKI;}; + T 51(05};).
(C37)

At pure noise, the training-training NTK at layer L has the
permutation-symmetric form

1

795 = 0l + 6,117 =), (C38)
w
while the test-training NTK has the form
1
—— 0" =06,1". (C39)

G

Here, 6,, 6,, and 6, are constants determined by the architec-
ture and the pure-noise kernel. We define

v = N
T 04— 0, +0,N’
Cov,,(da, ba) = Ealaabal — 0o EaldalEalbal.  (C40)
Expanding the kernel-regression output to first order in §®
gives
—1 1

e = [L[01] " + 50 [01)]

—1 1
- 04[05;] 80[05] b (C4D

Substituting the pure-noise inverse and the perturbative solu-
tion gives

filxs) = 0.9 By Vil
N

6 — 0,

+ T, 7 Cov,, (8K, yai)

+

<(sj;L — 0,98, 7 )Cov, (8K, vai)

— 0.y |:TX1X_)LED[ [Cov}; (5[(:5};, yﬁl‘)]

+ 83751 — 0,9)Eq [8K}) |Eq [ya,-]])

+ O(SK N°) + O(8K?). (C42)

4. Output fluctuations under Gaussian kernel perturbations

We now isolate the fluctuation term obtained by taking

m_ 1
(SKa/g = ﬁnrxﬂa
where 7,4 is a mean-zero Gaussian random tensor. Since
Eq. (C42) is linear in 74, the induced output fluctuation
is also Gaussian. It is therefore enough to compute its
covariance.
The basic identity is

(C43)

E[Cov(Nap. ysi)CoV (05, ¥sj)]

1
= 5 Covnep, 1gy )COVE Vais Varj)s (C44)
where
Cov2(dy, be) = Eglagbe] — (20, — (0p¥)*)Eglda]Eq[by].
(C45)

This identity follows from the i.i.d. structure of the input
noise: A covariance between two 7 variables vanishes unless
the two index pairs share at least one data index.

For large N, the required contractions are

E[Covy (Maa: Yai)COV (Mg, 1)

1
= 5 Var(ea)Covi (i vg,), (C46)
E[Covg (Maw Yai)COV (045, Y1)
1
= 5 COV0laa: 1) COVE (i ) (C47)
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E [COVé(naa P yai)Eﬂ [COV)l/ (nﬂ)/ ’ yVJ)]]

1
= 5 Cov0ua, Nap) (COVS, (vyis Yy )

+ (1 = 0,9)E, [y,ilBslys;1) + O(}%) (C48)
E[Cov,, (aa- Yai)Epl1551E, vy 1]
= Va1~ O ElplE, Lyl (C49)
E[CoV,, (s YaiYCOV (Mg ;)]
= I%Var(n*a)CO%(yﬂi’ Ygi)s (C50)
E[Cov) (- Yai)Es[CoV), (15, ¥y )]]
= ]l\,(COV(n*a, Nap) (COVS, (vyis Yy )
+ (1 = 0,9)?E, [vi1Bslys;1) + O(%) (C51)
E[Cov}, (nsa» Yai)Esln8 1Ey [y 1]
= €OV, M) (1 — O By lyplBy 1, (C52)
E[Eo[Covj(nap, ) |E, [Covs(ys, v5))]]
= IlV(Cov(na,s, Ny )(Covi (i, ys;)
+3(1 = 6,9) EslysilEalya 1) + 0(%) (C53)
E[Ea[Cov(nap. ypi) |Ey [0y 1Esys;1]
= ]%Cov(naﬁ, npp)(1 — 0,9)E, [yyi1Es[ys;]
+ 0(1%) (C54)
E[Eq 0o B4 [8:1Ey [ 1Es[ys;1]
= }VVar(nw)EﬂLyﬂi]Ey [yy - (C55)

The variances and covariances appearing here are scalars
evaluated at pure noise. In particular, they have no explicit
dependence on the clean training data, because the clean
signal has been set to zero before evaluating the fluctuation
covariance.

Combining these contractions gives

Cov(fi(xa), fi(x:))
_ Nd (1 N° N
h (ed—eo)z‘/"+o<d2> +O< d ) +O<d2>’
(C56)

where V;; is an architecture- and noise-dependent coefficient
matrix. For C equally partitioned classes,

1 1
CoV2 (Vais Yaj) = C (81‘/' — E[Zeolﬁ - (901”)2])- (C57)

Thus, the coefficient matrix can be written as

Vij = 8iVa + (1 = 8;)V,, (C58)

for scalars V,; and V,. Since the Cov? has an oveirall factor of
1/C, we can pull this out by defining V;; = CV;;. Thus, the
output fluctuations may be written as

fitx) = E[fi(x)] = d 6,0, &~ N(, D),
(C59)
where
Vo
Y =36;+U—46;) (C60)

‘Td.
5. The output for an arbitrary i.i.d. noise model
For an arbitrary i.i.d. noise model, the first-layer perturba-
tion is
1
—Tap.
Ja"’
Substituting this into Eq. (C42), and using the fluctuation
result Eq. (C59), gives the general high-noise output. Here,

we assume the dataset has been partitioned into C equally
represented classes. We define

0K
SK) = e— 4

= Col
af 5e (Col)

N
; C 1
AE, laa] = = > ay — 00 v ;aa, (C62)

oEl

where o € i means that the sum is restricted to training exam-
ples in class i. Since E, [y,;] = 1/C, we have

1.
Covg (das Yoi) = ZAE;[da]. (C63)
The output therefore becomes
0.y N/IC Vi
fixso = 28y JME VY g
C d 6;—06,
eN/C L L [oK(D
ST =08 7)) AE, | %~
Pt (SR ECA
) aK(l)
1—-L i ko
+%Aq5?

K'Y
1—L i ap
_e*w(TXX Ea|:AEﬂ|: - H
K
1—-L oo
+SXX (1—90W)Ea[ de ]))

+ O(eN°) + O(e®)
+ O(N°/Vd) + O(eN/Nd) + OWN/d). (C64)

We now impose the normalization used in the main text,

d d

2
2w =0. 2D x5 =1
i=1 j=1

for both training and test data.

1 1

(C65)

Q|
|
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Here, we consider two general noise models. Additive
noise with any mean-zero, unit-variance noise variable,

Xjy =exjy+ (1 =€)k, Elg,]1=0, E[§]=1,
(C66)
for which the first-layer derivatives are
BKS) C, d E)K(U
an = 72 Xy = —2C,8,,, (C67)

and replacement noise with an arbitrary replacement distribu-
tion u,

X = (L =bj)xjy +bjyujy, Pr(bjy, =0)=¢, (C68)
for which the normalized data imply
8K“)
== Zx,*xjx, (C69)

kM

8§*' = Cyy (1 — E[u?]) — 2C, (1 —

Thus, for both additive noise and replacement noise, the only
class-dependent data dependence in Eq. (C64) comes from

Tox® 11 d
AE& |:T = Cw AE(IX E ij*xja
j=1

All other quantities in Eq. (C64), including 6,, 6,4, 6,, S, T, and

V4, are constants determined only by the architecture and the

noise distribution. This is because, under the normalization

of Eq. (C65), the pure-noise kernels depend on the data only

through fixed quantities such as Z Xjgand T3 x ; ja
Therefore, for either noise model

fi(x,; €) =const +A(L)\/T

E XjsX jo

+ O(eN®) + o<ez> +OWN°/Vd)
+ O(eN/Vd) + OWN/d),

8, )E[u]*. (C70)

(C71)

+ BMe AE‘

(C72)

where A and B®) are architecture- and noise-distribution-
dependent constants.

Finally, to obtain the expression quoted in the main text,
note that when 6, # 0,

6,N
04 — 0, + O,N

The exceptional case 6, = 0 can occur in special symmetry-
preserving settings, such as when the activation is chosen to
be odd and C, = 0. This is a nongeneric degeneracy rather
than a fundamental obstruction. Indeed, adding any positive
bias variance C, > 0, however small, breaks this exact odd
symmetry at the level of the kernel recursion and generically
produces a nonzero off-diagonal pure-noise kernel 6,. Thus,
the case 6, = 0 can be avoided by an arbitrarily small and

O, = =14+0W™. (C73)

standard modification of the initialization. In the generic case
0, # 0, we therefore have

W ey

131

N
AE! [a,] = Zaa +OWNY. (€74
a=1

Defining the empirical class mean (centroid) and global
mean by

=2 Zx,a, == Zx,a, (C75)
we obtain Eq. (13), "
fi(xy; €) = const +A<L>F &
~|—B(L)e—— Zx]* — %))
s
+ O(eN®) + O(€?) + OWN°//d)
+ O(eN/d) + O(N/d). (C76)

Using € = 1 — p gives the high-noise expression stated in
the main text. The leading class-dependent term is therefore
the overlap between the clean test point and the centered
empirical class centroid. Consequently, after averaging over
the finite-d fluctuations, the network implements a nearest-
class-mean rule in the high-noise limit.

APPENDIX D: NON-NEGATIVITY OF THE COEFFICIENT
MULTIPLYING THE CENTROID

For the centroid term in Eq. (13) to have the correct ori-
entation, its coefficient B must be non-negative. We show
here that this is guaranteed by the normalization convention
and the unit-variance noise models adopted in the main text.

According to Eq. (C64), the sign of B is that of T, so it
is enough to establish T*()f) > 0. The recursion that generates
T(L) (Appendix C) involves only the initialization constants

Cy 2 0and C,, > 0, the test-train kernels K., ) and NTKs ®§fx)
and the two-dimensional Gaussian expectatlons

(hhy) ko, (D)

in which £ stands for the activation or one of its derivatives,
evaluated on a pair of jointly Gaussian preactivations. The
non-negativity of T*()f) follows once each of these ingredients
is shown to be non-negative at every layer.

The essential observation concerns the Gaussian expecta-
tion itself. Let (z,, z, ) be jointly Gaussian with zero mean and

covariance
9
Kix  Kyx
and suppose the two preactivations share a common variance

and a non-negative correlation,

K. =K,, >0,

D2)

K., >0. (D3)

Because the two marginals have the common variance K.,
we may rescale to standard normal variables, writing z, =
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VK X and z, = /K.Y with (X, Y) jointly standard nor-
mal. Their correlation is inherited from the off-diagonal entry
of K,

K.
L elo, 1],

k%

p= (D4)
where p > 0 follows from K, > 0, and p < 1 because K is
a valid covariance matrix. We now expand the activation in
the Hermite polynomials H,, orthogonal with respect to the
standard Gaussian weight (Hy = 1, Hy = x, H, = x2—1,and
so on) [40,41],

h(vKys x) = (D5)

o0

> en Hy(x).

n=0

Using the bivariate identity E[H,,(X)H,(Y )] = . n! p", the

expectation collapses to a single sum over the diagonal,

oo
(hihy)x = Elh@Oh(z)] = ) Jepnlp" >0, (D6)
n=0
every term of which is non-negative because p > 0. A com-

mon variance together with a non-negative correlation is
therefore sufficient to render (h.h,)x non-negative for any
activation & square integrable with respect to a Gaussian mea-
sure; in particular, this holds for h = o, 0/, o”.

It remains to verify that the conditions of Eq. (D3) are met
at every layer. At the first layer, the kernel is fixed directly by
the input overlaps,

L .xz.* ]E[l,t]l i X
K“)=Ch+Cw< 7 2% a2% , (D7)

u] % ZJ- Xjs E[u?]

the constant C, being added to every entry. The normalization
1 1 )
EZ)‘J‘*=O’ gzx./*zl
J J

annihilates the off-diagonal s1gna1 and fixes the test-point
variance to unity, leaving K*x = Cp 2 0. The diagonal en-
tries, C, + C,, and Cj, + C,, E[1?], coincide precisely when
E [uz] = 1—which is the case for both noise models employed
here, since replacement noise with u ~ Unif [—\/§, «/§] has
E[u] = 0 and E[4?] = 1, and the additive-Gaussian noise is
taken with zero mean and unit variance. The layer-1 kernel
thus satisfies Eq. (D3), with Kil) > 0 assured by C,, > 0.
This structure is inherited under the layer-to-layer recur-
sion. The diagonal entries evolve according to K{{t" = C), +
Cy(o?) KO which depends on the layer-¢ kernel only through

the single diagonal entry K!); the two diagonal entries are
therefore governed by the same map, so equal diagonals at
layer ¢ yield equal diagonals at layer £ + 1. The off-diagonal

entry evolves according to

KU =Gy + Cylonoy)go = Cp >0,

(D8)

D9)

where the inequality holds because the quantity (0.0, )k is
itself non-negative: This is precisely Eq. (D6) with h = o,
applied to the layer-¢ kernel, which by hypothesis has equal
diagonals and a non-negative off-diagonal entry. Both condi-
tions of Eq. (D3) are thus passed from layer £ to layer £ + 1,
and since they hold at the first layer they hold at every layer

up to L. The same reasoning applied to the NTK recursion
0L =K\ + Cylo! )Km@*x, beginning from O, =

Ki)l() = C, > 0, shows that ®ffx) > 0 throughout.

With the common-variance and non-negative-correlation
properties secured at every layer, the Gaussian expectations
(hyhy ) gow—for h = o, ¢’, 0" alike—are all non-negative, as
are Kif() and @552 Every term of the recursion for T*()%) is then
a sum of products of non-negative quantities, so that

T\ >0, andhence, B® >0. (D10)

The centroid term in Eq. (13) therefore carries a non-negative
coefficient under our normalization convention and unit-
variance noise models.

APPENDIX E: EMPIRICAL VALIDATION OF THE
CENTROID MODEL FOR ADDITIVE-GAUSSIAN NOISE

We now show that the same high-noise picture extends to
additive-Gaussian corruption. In the insets of Fig. 7, we com-
pare the ensemble-averaged MLP logits on the full MNIST,
Fashion-MNIST, and KMNIST test sets with the prediction
obtained from the mean of Eq. (16) for noise strength p =
0.97. Using a global fit for the coefficients a and b, we observe
excellent agreement. This indicates that, once averaged over
noise realizations, the network outputs are well described by
the mean centroid-based predictor in the additive-Gaussian
setting as well. The main panels of Fig. 7 compare the clean
test accuracy of the empirical ensemble against that of the
full effective model in Eq. (16), including the fluctuation term
set by the fitted coefficient c¢. The close match shows that
the centroid description accounts not only for the average
logits, but also for the noise-induced variations that determine
classification performance. In particular, it reproduces the de-
cline in clean test accuracy as p increases. The figure also
shows where the empirical networks begin to deviate from the
leading-order centroid prediction, indicating the growing im-
portance of higher-order terms in (1 — p). In our experiments,
these deviations become visible for p < 0.9.

We next examine the N, d dependence of the empirical
SNR and test accuracy under additive-Gaussian noise, using
MNIST at fixed p = 0.97 and C = 10. Figure 8(a) compares
the mean In SNR with In(Nd), using the same estimator and
averaging procedure as in the main text. This provides a direct
test of the SNR o« Nd dependence suggested by Eq. (17).
Panel (b) shows that clean test accuracy increases systemati-
cally with both N and d, consistent with the proposed scaling.

APPENDIX F: TEST ACCURACY OVER
THE FULL NOISE RANGE

Figure 9 extends the centroid-model comparison to the
full range p € [0, 1]. The replacement-noise and additive-
Gaussian experiments use the same hyperparameters and
evaluation procedures as Figs. 4 and 7, respectively. The
extended curves show how the agreement in the high-noise
regime gives way to a growing accuracy advantage for the
neural networks as p decreases. This comparison illustrates
the limits of the leading-order centroid description and the
additional classification performance attained by the networks
outside that regime.
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FIG. 7. Numerical verification of the high-noise theory. All networks used to create the data in this figure are width-2048, three-layer erf
MLPs, trained with MSE loss on noisy MNIST, Fashion-MNIST, and KMNIST with N = 4000. Main panel: Mean clean test accuracy vs
additive-Gaussian-noise strength p for a nested ensemble of 20 noisy training sets and ten MLPs per noisy set. Error bars show one standard
deviation. The blue curve is the mean clean test accuracy of the fitted effective model in Eq. (16). Inset: Output-level comparison at p = 0.97,
using a nested ensemble of 100 noisy training sets and 50 MLPs per noisy set. Each point corresponds to one clean test image and one candidate
class, comparing the ensemble-mean network output with the fitted prediction from Eq. (16). The black dashed line in the inset indicates perfect

agreement.

APPENDIX G: VALIDATION FOR A DEEPER
RELU ARCHITECTURE

We repeat the output-level and test-accuracy comparisons
we performed in Figs. 4 and 7 for depth-5 ReLU MLPs.
All other hyperparameters and evaluation procedures remain
unchanged for the respective noise types, and the effective-
model coefficients are fitted using the same procedure. As
shown in Fig. 10, the centroid-based model continues to
describe the ensemble-mean logits and broadly captures the
high-noise accuracy curves. These results provide an addi-
tional empirical check that the centroid description extends
beyond the architecture used in the main text.

APPENDIX H: DEPENDENCE OF TEST
ACCURACY ON ACTIVATION

In this Appendix, we discuss how the high-noise prediction
accuracy depends on the activation function. For analytical

simplicity, we specialize the general result of Appendix C
to additive-Gaussian noise. This choice makes the fluctua-
tion covariance particularly transparent, while still capturing
the qualitative mechanism expected for general i.i.d. cor-
ruption models: The class-dependent signal is controlled by
the centroid overlap derived in Eq. (C76), whereas the ac-
tivation function enters only through architecture-dependent
constants.

We use the same data normalization convention as in
Appendix C,

(HI)

QU
QU

1< 1 <&
ija =0, Zx?a =1.
j=1 j=1

Under this normalization, the pure-noise training-training and
test-training kernels coincide at the level relevant for this
calculation. Thus,

Sec =8yt =S TN =T =T, 0.=0, (H)

—
o
~
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- ~ 60 4
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FIG. 8. Empirical N, d scaling at fixed additive-Gaussian noise probability p = 0.97 and C = 10 classes for width-2048, three-layer erf
MLPs trained with MSE loss on MNIST. (a) Mean In(SNR) vs In(Nd) over 500 randomly sampled clean test examples. Per-example SNR
is computed from true-class logits averaged over ten initializations per noisy training dataset, using the squared mean divided by the sample
variance across 20 noisy training datasets. Squares and error bars show the mean and one standard deviation of In(SNR) across test examples;
the dashed line is a linear fit to the means. (b) Mean clean test accuracy vs N at fixed d, using predictions from initialization-averaged logits.
Means and one-standard-deviation error bars are computed across the 20 noisy training datasets. Larger feature dimensions d are obtained by

resizing MNIST images using bilinear interpolation.
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FIG. 9. Clean test accuracy over the full noise range p € [0, 1] for replacement noise (top row) and additive-Gaussian noise (bottom row).
Columns show MNIST, Fashion-MNIST, and KMNIST, from left to right. Red solid curves show empirical neural-network accuracy; blue
dashed curves show the centroid-based effective model of Eq. (16), calibrated at p = 0.97 and evaluated across the full range. Networks are
width-2048, three-layer erf MLPs trained with MSE loss, N = 4000, and d = 28 x 28. Ensemble averaging and all other hyperparameters
match the accuracy panels of Figs. 4 and 7 for the respective noise types. Error bars show one standard deviation.
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FIG. 10. Comparison with depth-5, width-2048 ReLU MLPs trained with MSE loss under replacement noise (top row) and additive-
Gaussian noise (bottom row). Columns show MNIST, Fashion-MNIST, and KMNIST, from left to right. Main panels: Mean clean test accuracy
vs p for the neural networks (red solid curves) and the fitted centroid-based effective model of Eq. (16) (blue dashed curves). Error bars show
one standard deviation. Insets: Ensemble-mean output logits vs fitted mean predictions at p = 0.97, with each point representing a clean test
example and candidate class; dashed diagonal lines indicate perfect agreement. Training uses N = 4000 and d = 28 x 28. All settings other
than depth and activation, including ensemble sizes and fitting procedures, match Figs. 4 and 7 and for the respective noise types.
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For additive-Gaussian noise, substituting the correspond-
ing first-layer derivatives into the general high-noise output
formula [Eq. (C64)] gives

0, IN/C V,
fl(x*ae)__w / 9;/_—(1

eN/C
Qd - 90

+Cy (—25(1 — 0,9)(1 — 26,4)

d
|1
+TAE; E E XjxX jor )
=1

+ ON°) + O(2) + ON° /N d)

+ O(eN/Vd) + O(N/d), (H3)
where
4
Vv, =C2 [282(1 - eow)2(1 — Ga¥ (1 - eow)>
+ T2(1 - éaﬂ/f(z - w))] (H4)

Here, é,- denotes the Gaussian fluctuation described in
Appendix C and AE! [-] is the class-centered average defined
in Eq. (C62). The only term in Eq. (H3) with classifying power
is the centroid-overlap term

d
1
AEQ E ]X:]: XjseX jo

All remaining terms are either class-independent shifts or ran-
dom fluctuations. Under the normalization and unit-variance
noise conventions used here, the coefficient multiplying this
centroid term has the correct non-negative orientation; equiv-
alently, T > 0, as shown in Appendix D. Thus, different
activations change the magnitude of the signal and the fluc-
tuation scale, but they do not reverse the orientation of the
leading centroid decision rule in the setting considered here.

For fixed data and noise level, activation-dependent robust-
ness is therefore governed by the noise-to-signal ratio between
the fluctuation scale and the coefficient of this centroid term.
Equivalently, maximizing prediction accuracy corresponds to
minimizing

(H5)

Va
T2
Since the optimal activation should not depend sensitively on

the number of classes, it is useful to examine the large-C limit.
In this limit,

(H6)

Vy = C2[28*(1 — 6,¥)* + T?1. (H7)

Thus, at large C, the excess fluctuation beyond the unavoid-

able T contribution is controlled by
S2(1 = 6,9 (H8)

Consequently, for the generic case in which the pure-
noise off-diagonal NTK is nonzero, the large-N relation

80
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g
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FIG. 11. Mean test accuracy, with standard deviations shown as
error bars, for an ensemble of 50 independent three-layer, width-2048
neural networks with four different activations: erf, GELU, Swish,
and Tanh. The networks are trained with MSE loss on a noisy subset
of 4000 MNIST data points corrupted with additive-Gaussian noise.

0, = 1+ O(N~') implies that this term is suppressed by
O(N~2). Thus, a broad class of activations should have nearly
identical signal-to-noise ratios, and therefore similar test ac-
curacy. In other words, the leading high-noise classifier is not
strongly controlled by the detailed choice of activation; the
activation mainly changes subleading architecture-dependent
prefactors multiplying the same centroid rule.

Figure 11 tests this prediction numerically. We compare
four activations: erf, GELU, Swish, and Tanh. The resulting
test-accuracy curves are very similar across the full range
of noise probabilities p. Aside from a modest advantage for
Tanh and Swish at the highest noise levels, all four activations
attain comparable performance and display nearly the same
dependence on p.

APPENDIX I: EXPLANATION OF NONMONOTONIC TEST
ACCURACY VARIANCE

Here, we show that the nonmonotonic dependence of the
test-accuracy variance on the noise probability p follows di-
rectly from the general form of the output logits in Eq. (13).
For clarity, we consider the following toy model. The logit of
the correct class is

where é* ~ N(0, 1) and a > 0 is a constant. The logits of the
C — 1 incorrect classes are

L=& i=1,...,C—1, (12)
where each & ~ N(0,1). We assume all Gaussian vari-
ables are independent. This captures the essential structure of
Eq. (13): The correct class receives a positive deterministic
offset, reflecting its larger centroid overlap, while the incorrect
classes do not. For simplicity, we take this offset to be the
constant a(l — p), and we normalize the Gaussian fluctuations
to zero mean and unit variance.
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FIG. 12. Standard deviation of the test accuracy of the toy model
vs the noise probability p. We set the constants @ = 10 and C = 10.

For a test input x,., define the correctness indicator

Acc(xy) = l{l*(x*) > max li(x*)}. (I3)
1<i<C—1

The population mean test accuracy is therefore

E[Acc] = IEX*[I {Z*(x*) > ISrlngacx 1l,-(x*)”. I4)

Since Acc(x,) is an indicator variable, Acc(x,)? = Acc(xy),
and thus its population variance is

Var[Acc] = E[Acc] — E[Acc]® = E[Acc] (1 — E[Acc]).
I5)

Hence, the variance is maximized when E[Acc] = 1/2, so it
is necessarily a nonmonotonic function of the mean accuracy.

It therefore remains only to show that the mean accuracy
is monotonic in p. Conditioning on the correct-class noise
£, = u, the probability that the correct logit exceeds all C — 1
incorrect logits is

®(u+a(l —p)° . (16)
Averaging over u ~ N (0, 1) gives
E[Acc] = /OO dudpu) ®(u+a(l —p)=, A7)

where ¢ and @ are the standard normal probability density
function and cumulative distribution function, respectively.
Because & is strictly increasing, this expression is monotoni-
cally decreasing in p. It follows that Var[Acc], being of the
form m(1 —m) with m = E[Acc], is generically nonmono-
tonic in p. This proves the claim.

Figure 12 shows the predicted standard deviation of the test
accuracy in this toy model as a function of p for @ = 10 and
C = 10. The nonmonotonic behavior is clearly reproduced,
showing that it arises directly from the competition between a
decreasing correct-class offset and Gaussian logit fluctuations.
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