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Postquench relaxation dynamics of Gross-Neveu lattice fermions
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We study the quantum relaxation dynamics for a lattice version of the one-dimensional N-flavor Gross-Neveu
model after a Hamiltonian parameter quench. Allowing for a system-reservoir coupling γ , we numerically
describe the system dynamics through a time-dependent self-consistent Lindblad master equation. For a closed
(γ = 0) finite-size system subjected to an interaction parameter quench, the order parameter dynamics exhibits
oscillations and revivals. In the thermodynamic limit, our results imply that the order parameter reaches
its postquench stationary value in accordance with the eigenstate thermalization hypothesis. However, time-
dependent finite-momentum correlation matrix elements equilibrate only if γ > 0. Our findings are consistent
with the system being described by a pertinent generalized Gibbs ensemble and, accordingly, highlight subtle
yet important aspects of the postquench relaxation dynamics of quantum many-body systems.
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I. INTRODUCTION

The continuous development and improvement of time-
resolved spectroscopic techniques has triggered a remarkable
increase of interest in the nonequilibrium dynamics of corre-
lated electronic systems [1–6]. In general, there are several
ways to study the nonequilibrium dynamics of quantum
many-body systems. An effective and widely employed proce-
dure is to prepare the system in a given equilibrium state (de-
termined by an initial Hamiltonian) and subsequently, at time
t = 0, to perform a sudden quantum quench of one or several
Hamiltonian system parameters. The postquench dynamics
then reveals characteristic time dependences of physically
observable quantities. If the system allows for different equi-
librium phases that are close in energy, the quench can induce
a time evolution across the phase boundary. In such cases, it is
important to clarify the phase eventually reached at long times
in a given quench protocol [7–9]. If both the quench param-
eters and the environment of the system can be controlled to
high precision, the intriguing possibility opens up to engineer
phases with desired properties at will [10]. Under suitable
conditions, the quench dynamics can also lead to a dynamical
phase transition (DPT) at some critical time where the system
switches between different phases [11–18]. We note in pass-
ing that the presence of DPTs allows one to devise efficient
protocols realizing so-called Pontus-Mpemba effects [19,20].

In this paper, we numerically study the postquench
relaxation dynamics for the paradigmatic example of one-
dimensional (1D) correlated lattice fermions with N flavors
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and interaction parameter g (see also Ref. [20] for related
work). In the continuum limit, this lattice model is equiva-
lent to the N-flavor massless 1D Gross-Neveu (GN) model
[21–26], which develops an asymptotically free phase with
dynamically generated fermion mass m �= 0. Moreover, for
N = 1, our lattice model is equivalent to the model introduced
in Refs. [27–29] for describing the Peierls transition in 1D
interacting polymers at half-filling. Specifically, we imagine
that at times t < 0, the system is prepared in an ordered phase
with m �= 0. At time t = 0, we suddenly quench the interac-
tion strength g and let the system evolve with the postquench
Hamiltonian. In order to account for the nonequilibrium dy-
namics of the order parameter, we employ a time-dependent
self-consistent mean field (SCMF) approach [4,17,18,20].

In contrast to Ref. [20], we here consider parameter
quenches that do not cause DPTs in the relaxation dynam-
ics. Instead, we are interested in clarifying the combined
effects of eigenstate thermalization hypothesis (ETH) and of
a system-environment coupling γ � 0, which may arise, e.g.,
from interactions between quasiparticle excitations (typically
neglected within the SCMF approximation), from particle
exchange with a tunnel-coupled metallic substrate, or from
fluctuations of the order parameter in ordered phases [18,30],
on the relaxation dynamics after a Hamiltonian parameter
quench. In the γ = 0 limit, the system is expected to obey
the ETH [31]. As a consequence, in the thermodynamic limit
L → ∞, the order parameter characterizing a quench should
relax to a value corresponding to the average value of the
corresponding observable computed in the microcanonical
ensemble, at an energy corresponding to the (conserved) total
energy of the prequench state of the system. Moreover, at
finite L, periodic revivals (which should be suppressed at a
finite γ ) are expected to arise, in the time dynamics of the
order parameter, in the closed system [15,16,32]. On top of
that, in determining the possible equilibration of our system
in the large-time limit, a key role is played by the possible
integrability of our model Hamiltonian. The integrability of
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the 1D GN model has been proven in the continuum version of
the model [33] and is somehow expected to persist in the lat-
tice model Hamiltonian, as well. In integrable systems, ETH
is constrained by the presence of infinite conserved quantities,
which makes the asymptotic state of the system described by a
generalized Gibbs ensemble (GGE), determined by requiring
that all the conserved quantities take the value set in the
initial state. For γ = 0, the asymptotic time evolution of our
system is consistent with the onset of the GGE. At variance,
for γ > 0 our results also indicate that the time-dependent
correlation matrix elements equilibrate, which evidences how
a true thermalization of the entire system to a stationary state
is therefore possible only for a finite coupling to the bath.

In interacting systems such as ours, the time dependence
must be pertinently handled when implementing approxi-
mations such as SCMF theory [4,17,18,34]. Moreover, a
general treatment of the postquench nonequilibrium dynam-
ics requires addressing dissipation effects due to a finite
system-environment coupling γ . As a result, the postquench
relaxation proceeds from an initial nonequilibrium system
state toward a final equilibrium state, which is determined
by the postquench parameters and by details of the system-
environment coupling [35–38]. A time evolution toward a
designated target state may then be achieved by engineering
the quench parameters and/or the system-environment cou-
pling (see, e.g., Refs. [18,19]). Dissipation effects arising
in the postquench dynamics for γ > 0 are described by the
Lindblad master equation (LME) [39–41]. Due to the time-
dependent SCMF relation, this LME is effectively nonlinear
and time-dependent. However, since the problem studied be-
low corresponds to quasifree fermions, i.e., the Hamiltonian is
quadratic (after imposing the SCMF approximation) and the
Lindblad jump operators are linear in the fermion operators,
one can equivalently solve the LME in a simpler manner by
switching to a closed set of differential equations for the time-
dependent correlation matrix [41]. By numerically solving
the latter equations, we obtain the dynamics of all physical
quantities of interest, including the order parameter m(t ). We
focus on the dependence of m(t ) on the quench amplitude, on
the system size L, and on γ .

In particular, we first examine what happens in a closed
system with γ = 0. For relatively small quench amplitudes
and at finite L, we find undamped oscillations in m(t ),
witnessing the nonequilibrium character of the postquench
time evolution. At large enough quench amplitudes, so as to
have, in the initial state, a non-negligible fraction of excited
quasiparticles at high enough energy to effectively vehiculate
a damping of the order parameter, an attenuation in m(t )
emerges, which seemingly mimics the onset of a dissipa-
tive dynamics. Similar features have been reported for the
postquench order parameter dynamics of s-wave supercon-
ductors [4]. However, from the attenuation in m(t ), one cannot
infer that the system globally evolves toward a stationary
equilibrium state. Indeed, for finite L, we find recurrences in
m(t ), where after a time interval �t ∝ L, m(t ) revives to a
finite and large value comparable to the initial one (see also
Refs. [15,16,32]). Even though extrapolation of our results to
L → ∞ would rule out such revivals in the thermodynamic
limit, signatures for the lack of equilibration of the closed sys-
tem (corresponding to the onset of the GGE, for t → ∞) are

hidden in the finite-momentum correlation matrix elements.
We therefore conclude that for γ = 0, the system does not
relax to a true asymptotic equilibrium state. This conclusion
is not in contradiction to the ETH, which applies either to a
global order parameter like m(t ) or to the full dynamics of
a local subsystem [31]. For γ > 0, however, all correlation
matrix elements as well as m(t ) converge to their asymptotic
steady-state values at t → ∞, which in turn are determined
by the postquench values of the system parameters. In par-
ticular, the periodic revivals in m(t ) observed for γ = 0 are
suppressed for γ > 0.

The remainder of this paper is organized as follows. In
Sec. II, we introduce the GN lattice model and implement
the SCMF approximation in order to study the equilib-
rium phase diagram of our model. In Sec. III, we discuss
the self-consistent LME approach for the time-dependent
quench problem and derive the corresponding dynamical
equations for the correlation matrix elements. In Sec. IV, we
analyze the postquench dynamics of the closed system (γ =
0), whereas Sec. V studies the case γ > 0. In Sec. VI, we
summarize our results and offer an outlook. The Appendixes
provide details about our derivations as well as additional
results. In Appendix A, we derive the equilibrium free en-
ergy. In Appendix B, we derive the LME from a microscopic
model describing quasiparticle tunneling between the system
and a metallic substrate. In Appendix C, we derive the ex-
act solution for the postquench dynamics in the absence of
self-consistency. Finally, in Appendix D, we investigate the
large-time behavior of our system, in view of the special role
played by quantum integrability for γ = 0 in combination
with the ETH (see, for instance, Ref. [42]).

II. MODEL AND SCMF APPROXIMATION

We consider a lattice Hamiltonian H describing N flavors
of spinless fermions (α = 1, . . . , N) on a L-site chain with
periodic boundary conditions. Using fermion annihilation op-
erators c j,α with j = 1, . . . , L, fermions interact with a lattice
displacement field {� j} via the interaction strength g > 0.
Assuming a vanishing chemical potential corresponding to the
half-filled case and using the (real-valued) nearest-neighbor
hopping amplitude J , we study the Hamiltonian

H = −
L∑

j=1

(J + � j )
N∑

α=1

[c†
j,αc j+1,α + c†

j+1,αc j,α]

+ N

2g

L∑
j=1

�2
j . (1)

Below, we set the lattice constant to a0 = 1. Moreover, the
energy unit will be set by J = 1 throughout. Functionally in-
tegrating over the field {� j}, one recovers the (lattice version
of the) “standard” 1D GN Hamiltonian, HGN, as [20]

HGN = −J
L∑

j=1

N∑
α=1

[c†
j,αc j+1,α + c†

j+1,αc j,α]

+ g

2N

L∑
j=1

{
N∑

α=1

[c†
j,αc j+1,α + c†

j+1,αc j,α]

}2

. (2)
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In the continuum limit, Eq. (1) corresponds to an N-flavor
generalization of the model introduced in Refs. [27–29] to
describe the Peierls transition in 1D interacting polymers at
half-filling. In this limit, it also corresponds to the 1D N-flavor
GN Hamiltonian [20–26]. Within the SCMF approximation,
the displacement field is related to the fermion operators by a
self-consistency relation,

� j = g

N

N∑
α=1

〈c†
j,αc j+1,α + c†

j+1,αc j,α〉, (3)

where 〈· · · 〉 denotes a quantum average over the fermionic
many-body state ρ. We observe that only through Eq. (3),
fermion operators with different flavors are mixed with each
other. Given a self-consistent solution for � j , the Hamiltonian
(1) is therefore separable with respect to the flavor index.

Let us first address the equilibrium phase diagram of this
model. According to the above discussion, one can write down
energy eigenmode operators,

�ε,α =
L∑

j=1

u∗
ε, jc j,α, (4)

satisfying [�ε,α, H] = ε�ε,α . The complex-valued wavefunc-
tion uε, j solves the time-independent lattice Schrödinger
equation,

−(J + � j )[uε, j+1 + uε, j−1] = εuε, j, (5)

with uε, j+L = uε, j . Once Eq. (5) has been solved, Eq. (3)
yields

� j = g
∑

ε

(u∗
ε, juε, j+1 + u∗

ε, j+1u j,ε ) f (ε), (6)

with the Fermi distribution function f (ε) = 1/(eβε + 1) for
β = 1/kBT . The temperature T is eventually set by the envi-
ronment when including a finite system-environment coupling
γ > 0 (see Sec. III). In this section, we assume an infinitesi-
mal but finite coupling γ = 0+.

In the continuum version of SCMF theory for the model
in Eqs. (1) and (2) taken at half-filling (zero chemical poten-
tial), it is well established that Eq. (3) has spatially uniform
solutions [21–29]. In the lattice version, this corresponds to
setting

� j = δJ + (−1) jm, (7)

allowing for both a uniform (δJ) and a staggered (m) com-
ponent of the displacement field. These two variables then
serve as order parameters in the SCMF approach. At a finite
chemical potential μ, they can in principle be slowly varying
functions of the site index j. However, numerically solving
the SCMF equation directly in real space, without making
any a priori assumption on the dependence on j, gives back
the uniform solutions at half-filling [20]. For this reason, in
the following we only consider spatially homogeneous solu-
tions. To account for m �= 0, it is convenient to decompose
the fermion operators into left and right movers. Switching to
Fourier space, we write

c j,α = 1√
L

∑
0�k�π

eik jck,α,1 + (−1) j

√
L

∑
0�k�π

eik jck,α,2, (8)

where ck,α,1 = ck,α and ck,α,2 = ck+π,α , with 0 � k � π cov-
ering only half of the Brillouin zone. Inserting Eq. (8) into
Eq. (1) and defining

J = J + δJ, (9)

we arrive at

H = (m2 + δJ2)L

2g
+

∑
0�k�π

N∑
α=1

(c†
k,α,1, c†

k,α,2)

×
(−2J cos k −2im sin k

2im sin k 2J cos k

)(
ck,α,1

ck,α,2

)
. (10)

The fermionic quasiparticle spectrum is thus given by ±εk

with

εk = 2
√
J 2 cos2 k + m2 sin2 k. (11)

In particular, m �= 0 opens a spectral gap 2|m| at k = π/2,
where the SCMF solution always yields |m| < |J |. The cor-
responding eigenmodes �k,α,λ=± for energy ±εk are given by

(
�k,α,+
�k,α,−

)
=

(
cos ϑk

2 i sin ϑk
2

i sin ϑk
2 cos ϑk

2

)(
ck,α,1

ck,α,2

)
, (12)

where the angle ϑk is defined by

cos ϑk = −2J cos k

εk
, sin ϑk = 2m sin k

εk
. (13)

From Eq. (6), we obtain self-consistent expressions for δJ and
m,

δJ = 4g

L

∑
0�k�π

J cos2 k

εk
tanh

βεk

2
,

m = 4g

L

∑
0�k�π

m sin2 k

εk
tanh

βεk

2
. (14)

When complemented with the free energy in Appendix A,
Eq. (14) determines the equilibrium phase diagram of our
lattice model.

Note that in a strictly 1D system (N = 1), a finite coupling
g can never yield an ordered (m �= 0) phase at T > 0 due to
the Mermin-Wagner theorem. However, the SCMF approxi-
mation effectively implements a large-N limit, which becomes
exact to lowest order in 1/N . In fact, by computing the free
energy at finite L and N , and afterward sending N → ∞ be-
fore taking the limit L → ∞ [21–26], our system represents a
two-dimensional (2D) lattice model corresponding to an array
of N coupled 1D chains of length L. For this 2D case, finite-T
ordered phases are permitted. In Fig. 1, we show the phase
diagram in the g-T plane as obtained by numerical solution of
the above equations for a system size L large enough to lead
to no additional changes on further increasing L. It exhibits
the expected phase boundary between a low-T asymptotically
free phase with a dynamically generated mass gap (m �= 0),
and a high-T trivial phase with m = 0 [23]. The latter phase
is qualitatively equivalent to free relativistic fermions.
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FIG. 1. Equilibrium phase diagram of the lattice GN model (1) in
the g-T plane. Here, J = 1 sets the energy unit and we use L = 2000
sites. We assume the large-N limit, where SCMF theory becomes
exact. The solid curve marks the phase boundary between the ordered
(m �= 0) and the disordered (m = 0) phase. As no significant changes
are observed upon further increasing L, these results essentially cor-
respond to the thermodynamic limit.

III. TIME-DEPENDENT SELF-CONSISTENT
LINDBLAD EQUATION

To describe an open system coupled to its environment, we
rely on the LME for the time-dependent density matrix ρ(t )
[40]. Specifically, we employ Lindblad jump operators that
are proportional to the quasiparticle creation and annihilation
operators of the postquench Hamiltonian [17,18,20,35–37].
Remarkably, the microscopic derivation of the LME for a
chain tunnel-coupled to a metallic substrate yields exactly this
form of the jump operators (see Appendix B). In the LME for
ρ(t ), we employ the time-dependent SCMF approximation,
which induces a time dependence of m(t ) and δJ (t ) [see
Eq. (7)] and, consequently, of H (t ). Since the resulting non-
linear and time-dependent LME for ρ(t ) describes quasifree

fermions, it is very convenient to solve it by switching to the
equivalent but simpler dynamical equations for the correlation
matrix elements [41]. These are the key quantities employed
in computing time-dependent physical observables of the
system.

The time dependence of H (t ) also implies a time depen-
dence of the single-particle eigenmodes, �k,α,±(t ), and of the
corresponding eigenenergies ±εk (t ). Keeping time arguments
implicit, the LME takes the form (see Appendix B)

dρ

dt
= −i[H, ρ] + γ

N∑
α=1

∑
k,λ=±

( f (−λεk )

×D[�k,α,λ]ρ + f (λεk )D[�†
k,α,λ

]ρ), (15)

with the Fermi function f (ε), the dissipator superoperator

D[�]ρ = �ρ�† − 1
2 {�†�, ρ}, (16)

and the anticommutator {·, ·}. The jump operators used
in Eq. (15) follow from the microscopic derivation in
Appendix B. Since the self-consistency condition is now en-
forced at every time step during the quench dynamics, we
arrive at a nonlinear time-dependent LME.

We next define the correlation matrix elements (a, a′ =
1, 2)

θk,α;(a,a′ )(t ) = Tr[ρ(t )c†
k,α,ack,α,a′ ]. (17)

Since Eq. (15) describes quasifree fermions, one readily ob-
tains equivalent linear first-order differential equations for the
time dependence of these matrix elements, which are equiva-
lent to Eq. (15) but much easier to solve numerically. We can
thereby study relatively large systems. Writing out the explicit
time dependence, we find

dθk,α;(1,1)(t )

dt
= 2m(t ) sin(k)[θk,α;(1,2)(t ) + θk,α;(2,1)(t )] − γ θk,α;(1,1)(t )

+ γ f (εk (t )) cos2

(
ϑk (t )

2

)
+ γ f (−εk (t )) sin2

(
ϑk (t )

2

)
,

dθk,α;(2,2)(t )

dt
= −dθk,α;(1,1)(t )

dt
+ γ [1 − θk,α;(1,1)(t ) − θk,α;(2,2)(t )],

dθk,α;(1,2)(t )

dt
= −4iJ (t ) cos(k) θk,α;(1,2)(t ) − 2m(t ) sin(k)[θk,α;(1,1)(t ) − θk,α;(2,2)(t )]

− γ θk,α;(1,2)(t ) + i

2
γ [1 − 2 f (εk (t ))] sin ϑk (t ),

dθk,α;(2,1)(t )

dt
= 4iJ (t ) cos(k) θk,α;(2,1)(t ) + 2m(t ) sin(k)[θk,α;(2,2)(t ) − θk,α;(1,1)(t )]

− γ θk,α;(2,1)(t ) − i

2
γ [1 − 2 f (εk (t ))] sin ϑk (t ). (18)

Here, m(t ) and J (t ) = J + δJ (t ) have to be computed self-consistently at each time step, and εk (t ) and ϑk (t ) follow from
Eqs. (11) and (13), respectively, by substituting m → m(t ) and J → J (t ). From Eq. (3), we obtain the self-consistency relations

m(t ) = 2ig

NL

N∑
α=1

∑
0�k�π

sin(k)[θk,α;(1,2)(t ) − θk,α;(2,1)(t )], δJ (t ) = 2g

NL

N∑
α=1

∑
0�k�π

cos(k)[θk,α;(1,1)(t ) − θk,α;(2,2)(t )]. (19)
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Moreover, the time-dependent fermionic Hamiltonian can be
written in the form

H (t ) =
N∑

α=1

∑
0�k�π

εk (t )(c†
k,α,1, c†

k,α,2)

×
(

cos ϑk (t ) −i sin ϑk (t )
i sin ϑk (t ) − cos ϑk (t )

)(
ck,α,1

ck,α,2

)
. (20)

To initialize the system state at t = 0, we evolve the open
system for a large value of γ in order to minimize the prepa-
ration time, selecting the jump operators such that the final
state of this preliminary time evolution step corresponds to
the desired initial prequench state. Given the correspond-
ing initial values θk,α;(a,a′ )(0), we numerically evaluate the
postquench time evolution of the correlation matrix elements
from Eq. (18). This also means that one has to simultaneously
solve the time-dependent self-consistency condition (19) and
to update the time-dependent Hamiltonian (20).

IV. POSTQUENCH DYNAMICS OF CLOSED SYSTEM

We start by discussing the postquench dynamics of closed
systems (i.e., γ = 0). The SCMF-approximated model is de-
scribed by a quasifree fermion Hamiltonian, with the only
nonlinearity introduced by the self-consistent condition in
Eq. (3). As a result, on giving up self-consistency, the
model becomes quadratic and, therefore, integrable. Inte-
grable models are expected to partially satisfy the ETH, with
the asymptotic state of the system corresponding to the GGE
determined by the values of the (infinite) conserved quantities
fixed by the initial state [31]. As it does not correspond to
any conserved quantity (see Appendix D), the order parameter
should relax to the a stationary equilibrium value consistent
with the GGE, in the thermodynamic limit. Remarkably, as
we are going to highlight in the following, a similar dynamics
is recovered when fully accounting for the time-dependent
self-consistency in the system model Hamiltonian. On the
numerical side, treating the time-dependent problem defined
by Eqs. (18)–(20) is more demanding than solving the equi-
librium problem in Sec. II. For that reason, we show results for
smaller system size L below as compared to the phase diagram
in Fig. 1. The prequench thermal initial state was determined
by allowing for a large value of γ with kBT = 0.05J for t < 0.
Energy units are again set by J = 1.

We have performed time-dependent simulations for three
different quench protocols. In all cases, we start from a state
with prequench interaction strength gi = 1, corresponding to
the ordered equilibrium phase region in Fig. 1, and then
perform a sudden parameter quench gi → g f at time t = 0,
with g f < gi still belonging to the ordered region. In Fig. 2,
we show m(t ) and δJ (t ) for t > 0, several g f , and fixed size
L = 100.

The quench at t = 0 results in a nonequilibrium problem
since the initial state is not a stationary state of the postquench
Hamiltonian. The resulting oscillatory behavior of both m(t )
and δJ (t ) (where the oscillation amplitudes are much smaller)
is visible in all panels of Fig. 2. Specifically, we find a
sudden postquench change in the average value of both or-
der parameters at t = 0+, where the equilibrium postquench
value is approximately realized already. Since g f < gi in all

FIG. 2. Postquench order parameters m(t ) (left) and δJ (t ) (right
column) vs time t for a closed GN model in the large-N limit
where SCMF theory becomes exact. Units are determined by J = 1.
The quench at t = 0 is performed in the interaction strength, g =
gi → g = gf , with gi = 1 in all panels. Results were obtained by
numerically solving Eqs. (18)–(20) for L = 100, using (a) gf = 0.9,
(b) gf = 0.6, and (c) gf = 0.5.

panels, the rapid changes in m(t ) and δJ (t ) imply initial drops
in the magnitude of these order parameters. Subsequently,
both order parameters oscillate around their corresponding
equilibrium postquench values, without sign of a damping
mechanism reducing the oscillation amplitudes for t → ∞.
For finite size L, the oscillations are related to a finite revival
time, trev ∼ L/v, where the velocity v ∼ 2J characterizes
elementary quasiparticle excitations [15,16,32]. The scale trev

is manifest in a slow periodic modulation of m(t ) and δJ (t ),
superimposed on fast oscillations.

To further ground these observations, in Figs. 3 and 4,
we demonstrate a direct relation between the oscillation fre-
quencies and the system size L. Specifically, in Fig. 3, we
show m(t ) and δJ (t ) for different L with g f = 0.6, while in
Fig. 4, we analyze the corresponding case with g f = 0.5. The
time dependence of the order parameters is quite complex and
determined by the superposition of several harmonics, where
the relevant oscillation frequencies clearly depend on L. The
undamped oscillatory time evolution in Figs. 3 and 4 implies
that we have persistent nonequilibrium states, without signa-
ture for a relaxation mechanism driving the system toward an
asymptotic stationary state.

Remarkably, for large quench amplitude |g f − gi| and
large L [see, e.g., Fig. 4(c)], the slow periodic modulations
characterized by the timescale trev ∼ L/v turn into sharp peri-
odic revivals (also known as recurrences) in m(t ) and δJ (t ).
For instance, m(t ) relaxes from the prequench value mi to
the (here very small) “final” asymptotic value m f on a fast
timescale, but then periodically revives to the prequench value
mi at the times t = ntrev, with integer n � 1. The revivals are
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FIG. 3. Postquench order parameters m(t ) (left) and δJ (t ) (right
column) vs time t for a closed GN system as in Fig. 2(b) with gf =
0.6, but for different values of L. To better highlight the oscillations
in m(t ) and δJ (t ), we omit the initial drop at t = 0+ visible in Fig. 2
in this and the following figures. Results are shown for (a) L = 100,
(b) L = 200, and (c) L = 400.

qualitatively explained by the approximate expressions de-
rived in Appendix C, where we give up self-consistency. In
that case, an effective decoupling occurs between the pa-
rameter 2|m| (the single-particle mass gap) and the order
parameters m(t ) and δJ (t ) in Eq. (19).

Specifically, we start from the prequench order parameters,
mi and δJi, determined from Eq. (14). At t = 0, we quench

FIG. 4. Postquench dynamics of m(t ) (left) and δJ (t ) (right col-
umn) for the closed GN model with different L as in Fig. 3 but for
gf = 0.5 [see also Fig. 2(c)]. Results are shown for (a) L = 100,
(b) L = 200, and (c) L = 400.

gi → g f , with the corresponding stationary order parameters
m f and δJf for g = g f obtained again from the equilibrium
relation (14). We also define εk,i/ f as in Eq. (11) but with J →
Ji/ f = J + δJi/ f and m → mi/ f . Without self-consistency, the
Hamiltonian governing the postquench dynamics is then time-
independent. As detailed in Appendix C, it is convenient to
define the time-dependent pseudovectors

�Tk,α (t ) =

⎛
⎜⎝

θk,α;(1,2)(t ) + θk,α;(2,1)(t )

−i[θk,α;(1,2)(t ) − θk,α;(2,1)(t )]

θk,α;(1,1)(t ) − θk,α;(2,2)(t )

⎞
⎟⎠ (21)

subject to the initial condition

�Tk,α (0) = −
⎛
⎝ 0

sin ϑk,i

cos ϑk,i

⎞
⎠, (22)

with ϑk,i/ f in Eq. (13) for g → gi/ f . For t > 0, in the absence
of self-consistency, one obtains decoupled equations of mo-
tion,

d �Tk,α (t )

dt
= 2 �Hk × �Tk,α (t ), �Hk =

⎛
⎝ 0

2m f sin k

−2J f cos k

⎞
⎠. (23)

In Eq. (C5), we specify the analytical solution to Eq. (23)
with the initial condition (22). From Eq. (19), this solution
determines m(t ) and δJ (t ) for t > 0 as

m(t ) = 2g f

NL

N∑
α=1

∑
0�k�π

sin(k)T y
k,α

(t ),

δJ (t ) = 2g f

NL

N∑
α=1

∑
0�k�π

cos(k)T z
k,α (t ). (24)

For L sites (assuming even L), the quasimomenta are kn =
2πn/L with n = 1, . . . , L/2. Inserting Eq. (C5) into Eq. (24),
one finds

m(t ) = m̄ + δm(t ), δJ (t ) = δJ̄ + δJ̃ (t ), (25)

with

m̄ = 16g f

L

∑
kn

[JiJ f cos2 kn + mim f sin2 kn]m f sin2 kn

εkn,iε
2
kn, f

,

δJ̄ = 16g f

L

∑
kn

[JiJ f cos2 kn + mim f sin2 kn]J f cos2 kn

εkn,iε
2
kn, f

,

δm(t ) = 4g f

L

∑
kn

[m f Ji − miJ f ] sin2(2kn)

εkn,iε
2
kn, f

cos
[
2εkn, f t

]
,

δJ̃ (t ) = m f

J f
δm(t ). (26)

In Figs. 5 and 6, we show the non-self-consistent coun-
terparts to Figs. 3 and 4, respectively, where m(t ) and δJ (t )
are obtained from Eqs. (25) and (26). Both the self-consistent
and the non-self-consistent version show a similar scaling of
the oscillation frequencies with L, with comparable results
for m(t ) and δJ (t ) in both approaches. While this observa-
tion supports our subsequent use of the non-self-consistent
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FIG. 5. Postquench dynamics of m(t ) (left) and δJ (t ) (right
column) vs time t (in units with J = 1) without enforcing time-
dependent self-consistency. As for the self-consistent counterpart in
Fig. 3, we consider a quench from gi = 1 to gf = 0.6 for (a) L =
100, (b) L = 200, and (c) L = 400.

approach for estimating δm(t ) and δJ̃ (t ) [see Eq. (25)], in the
asymptotic long-time limit, it is worth noting that the time-
dependent SCMF method determines the asymptotic values
m f and δJf by itself. In the non-self-consistent variant, those

FIG. 6. Postquench dynamics of m(t ) (left) and δJ (t ) (right col-
umn) vs time t without self-consistency. As in Fig. 4, we consider a
quench from gi = 1 to gf = 0.5 for (a) L = 100, (b) L = 200, and
(c) L = 400.

values must be computed separately and then inserted by hand
into Eq. (23). Nonetheless, Eq. (26) provides a reasonably
good description for the oscillations in m(t ) and δJ (t ). In
particular, the scaling of the relevant harmonic modes with
L can be extracted from this analytical approach. For large
quench amplitude and large L [see, e.g., Figs. 4(c) and 6(c)],
m f is very small and m(t ) exhibits sharp periodic revivals after
a monotonic relaxation from mi to m f . The revivals periodi-
cally (and approximately) recover the postquench value again,
m(ntrev) ≈ mi.

For L → ∞, we instead have trev → ∞, and there are no
revivals anymore. The systems then seems to undergo a true
relaxation dynamics toward a stationary equilibrium state.
This is also seen from the non-self-consistent solution (26)
for, say, m(t ). As we discuss in detail in Appendix D, the
true nature of the asymptotic state can be inferred by putting
together the ETH with the integrability of the non-self con-
sistent Hamiltonian (which is simply quadratic and, therefore,
integrable). Specifically, one readily shows that the asymp-
totic state is described by the density matrix ρGGE, given by

ρGGE = e− ∑
k,α λk,αCk,α

Tr[e− ∑
k,α λk,αCk,α ]

, (27)

with

Ck,α = −i sin(ϑk, f ){c†
k,α,1ck,α,2 − c†

k,α,2ck,α,1}
+ cos(ϑk, f ){c†

k,α,1ck,α,1 − c†
k,α,2ck,α,2}, (28)

and {λk,α} being Lagrange multipliers that make the average
value of Ck,α equal to the one in the initial state. Equations (27)
and (28) define a nonequilibrium state (see Appendix D
for details). The striking qualitative similarity between the
results obtained with the self-consistent and with the non-
self-consistent approach eventually leads us to conclude that
a similar GGE state is determined by the asymptotic time
evolution of the model once the full time-dependent SCMF
procedure has been implemented.

To recover δm(t ) in the thermodynamic limit, we start from
the finite-L expression for δm(t ) in Eq. (26) and substitute
1
L

∑
kn

(with kn = 2πn
L and n = 0, . . . , L

2 − 1) with the integral∫ π

0
dk
2π

. Consistent with the fact that we are mainly interested
in the asymptotic (t → ∞) behavior, we expand the argument
of the integral around the energy minimum by setting k =
π
2 + q and retaining only the leading nontrivial contributions
in q. This requires introducing a high-momentum cutoff �

with 0 � |q| � �, eventually sending � → ∞. Setting m f ≈
0, and retaining, as discussed above, only long-wavelength
fermion excitations close to the band minimum, δm(t ) can be
simplified, for t → ∞, to

δm(t ) ≈ −g f [miJ f − m f Ji]
∫ ∞

−∞

dq

4πJ 2
f

e4iqJ f t√
J 2

i q2 + m2
i

= −g f [miJ f − m f Ji]

2πJiJ 2
f

K0

(
4J f mit

Ji

)

∼
√

πJi

8J f mit
exp

(
−4J f mit

Ji

)
, (29)
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with the modified Bessel function Kn(u) of the second
kind. The last step in Eq. (29) holds for t � Ji/[4J f mi],
highlighting the exponential decay of the postquench
oscillations in m(t ) and δJ (t ). The order parameter is
just a specific combination of real-space correlation
functions, mj = 1

NL

∑N
α=1

∑
0�k�π e−ik( j− j′ ){θk;α;(1,1)(t ) +

(−1) j− j′θk;α;(2,2)(t ) + (−1) jθk;α;(1,2)(t ) + (−1) j′θk;α;(2,1)(t )}
for j = j′, with the correlation matrix elements θk;α;(a,a′ )(t )
defined in Eq. (17). Using arguments similar to the ones
leading to Eq. (29), we infer an exponential decay of
correlations in time and in real space, with a typical length
(or time) ∝Ji/4m f . Using Eq. (C6), a similar decay of
correlations in real space is expected for the asymptotic
stationary state reached for the open system at t → ∞.
Just as the order parameter, the result for the real-space
correlations is consistent with the ETH, which applies to a
global order parameter like m(t ), or to the full dynamics of
local subsystems [31].

Similar apparent relaxations of order parameters after a
large parameter quench have been reported for other closed
many-body systems before (see, e.g., Refs. [4,17,43]). In par-
ticular, our way of dealing with the postquench dynamics
without any coupling to a bath parallels the analysis per-
formed in Refs. [44,45], to which our framework is then
formally equivalent. In those papers, three different regimes
were identified, depending on the ratio between the prequench
value of the order parameter, mi, and the value of the or-
der parameter in the equilibrium state determined by the
postquench parameters, m̂ f . Specifically, for mi/m̂ f < e−π/2

(regime A), there is no apparent asymptotic attenuation of
the order parameter. On the other hand, for e−π/2 � mi/m̂ f �
eπ/2 (regime B), the t > 0 oscillations between the two lim-
iting values mmin and mmax become damped. Due to the
Landau damping mechanism, for t → ∞, m(t ) flows to an
asymptotic value m̂ f , which does not monotonically depend
on mi/m̂ f . Finally, for eπ/2 < mi/m̂ f (regime C), the damping
gets stronger, eventually washing out the postquench oscil-
lations in m(t ) and leading to m̂ f = 0. In Fig. 7, we show
the postquench time evolution of m(t ) for those three cases.
In particular, regime A corresponds to Fig. 7(a), regime B
to Fig. 7(b), and regime C to Fig. 7(c). The curves for m(t )
demonstrate the consistency between our findings and those
of Ref. [45].

In any case, we emphasize that the intrinsic postquench
dynamics features a decoupling between the global order pa-
rameter relaxation and the flow of arbitrary correlation matrix
elements toward a stationary equilibrium state. In fact, for a
true relaxation to an equilibrium state, we expect a relaxation
of all matrix elements θk,α;(a,a′ )(t ) to a stationary value in the
limit t → ∞. However, this is not observed for the presently
studied closed systems as we illustrate in Fig. 8 for a finite-
momentum correlation matrix element subject to the same
protocol as in Fig. 3(c). Here, we again take self-consistency
into account. Such matrix elements directly contribute to the
order parameters [see Eq. (19)]. We observe unattenuated
oscillations of the real and imaginary parts of this matrix
element persisting for arbitrarily long times. A comprehen-
sive understanding of the full nonequilibrium time evolution
of the closed system therefore cannot rely on a few global

FIG. 7. Postquench dynamics of m(t ) for the closed GN model
with J = 1 for (a) gi = 0.6, gf = 1.5, (b) gi = 1, gf = 0.9, and
(c) gi = 1, gf = 0.5. Consistent with the numerical values of mi/m̂ f

(see main text), the dynamics of m(t ) corresponds to regimes A, B,
and C of Ref. [45], respectively.

observables like m(t ) and/or δJ (t ). The relaxation of these
order parameters is caused by a superposition of many har-
monics in the thermodynamic limit L → ∞, which effectively
undergo dephasing at long times, in accordance with the ETH
[31]. The underlying nonequilibrium nature of the state is
then encoded in the persistent unattenuated oscillations of the
finite-momentum harmonics of order parameters (see Fig. 8).
As discussed in Sec. V, only for γ > 0, a true relaxation to a
stationary equilibrium state occurs, where the oscillations are
damped out for all higher harmonics in the limit t → ∞.

V. POSTQUENCH DYNAMICS OF OPEN SYSTEMS

To illustrate the relaxation dynamics of the open system
with finite γ > 0, we show the self-consistent order parameter
dynamics as computed from Eqs. (18) and (19) in Figs. 9 and
10 for fixed system size L = 100. In Fig. 9, we address a rather
low temperature, kBT = 0.05J , while in Fig. 10, we consider
the elevated temperature kBT = 0.2J for a quench from the
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FIG. 8. Postquench dynamics of the (a) real part and (b) imagi-
nary part of the finite-momentum correlation matrix element θk∗,α;(1,2)

vs time t for the closed GN model, with J = 1 and arbitrary α. As
in Fig. 3(c), we use gf = 0.5 and L = 400, and define the momen-
tum scale k∗ = 15 2π

L . These results were obtained from Eqs. (18)
and (19).

ordered to the disordered phase [see Fig. 10(a)], as well as
from the disordered to the ordered phase in Fig. 10(b). Note
that in the latter case, we have introduced a tiny initial mass at
t = 0+ in order to drive the postquench Z2 symmetry breaking
toward the ordered phase. We recall that the Lindblad ap-
proach for γ > 0 is valid at not too low temperatures and for
weak system-environment coupling due to the Born-Markov
approximation needed for deriving the LME. Specifically, in
order to meet the standard requirements for the validity of the
approximation [40,46,47], we put γ = 0.01J , which is 1/100

FIG. 9. Postquench dynamics of m(t ) (left) and δJ (t ) (right col-
umn) vs time t for an open GN chain with J = 1, γ = 0.01, L =
100, kBT = 0.05, for a t = 0 quench from gi = 1 to (a) gf = 0.9 and
(b) gf = 0.6. These results were obtained from Eqs. (18) and (19).

FIG. 10. (a) Postquench dynamics of m(t ) (left) and δJ (t )
(right) vs time t for an open GN chain with J = 1, γ = 0.01, L =
100, kBT = 0.2, for a quench from gi = 1 to gf = 0.6; see
Fig. 9(b) for the corresponding case with kBT = 0.05. (b) Same as
panel (a) but for a quench from gi = 0.6 to gf = 1. These results
were obtained from Eqs. (18) and (19).

of the typical scale of the high-frequency cutoff and at least
one order of magnitude smaller than 2πkBT . Apparently, in
all cases, oscillations are now damped out at long times, and
m(t ) and δJ (t ) approach their equilibrium values for g = g f

as t → ∞. A similar relaxation dynamics but toward the dis-
ordered phase (m f = 0) is found for the elevated temperature
kBT = 0.2J in Fig. 10(a); see the equilibrium phase diagram
in Fig. 1. Again we observe damped oscillations in m(t ) and
δJ (t ) approaching their respective asymptotic values (which
now vanish) at t → ∞. Finally, in Fig. 10(b), we show m(t )
and δJ (t ) for the case where the quench takes the system from
the disordered to the ordered phase at given T . Remarkably,
the postquench time evolution toward a finite asymptotic value
of m(t ) suggests the interesting possibility of employing a
quantum quench to trigger the onset, in real time, of the
ordered phase from the disordered phase.

In contrast to the closed system in Sec. IV, a finite system-
environment coupling γ > 0 is expected to ensure a true
relaxation of the open system toward a stationary equilibrium
state where all correlation matrix elements become stationary
for t → ∞. To verify this expectation, in Fig. 11, we show the
dynamics of θk∗,α;(1,2)(t ) for the parameters used in Fig. 8 but
now with γ = 0.01J . The observation of damped oscillations
for t → ∞ confirms the existence of a stationary equilibrium
state determined by the postquench system parameters for
γ > 0.

The dissipative dynamics of time-dependent observables
may again be described by the simplified non-self-consistent
approach [see Eq. (C2) in Appendix C]. From our explicit
solution for �Tk,α (t ) in Eq. (C4), with the asymptotic solution
�Tk,α for t → ∞ in Eq. (C6), we indeed evidence how a fi-
nite γ triggers the relaxation of �Tk,α (t ) toward the stationary
equilibrium state. In contrast to the self-consistent theory,
however, the non-self-consistent solution predicts a damping
of time-dependent observables on the timescale τ ∼ (2γ )−1.
The self-consistent solution (see, e.g., Fig. 9) instead exhibits
a much slower attenuation of m(t ) and δJ (t ), due to the fact
that, as evidenced in Eq.(18), the self consistency induces
an explicit dependence on time in the jump operators. This
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FIG. 11. Postquench dynamics of the (a) real part and (b) imag-
inary part of θk∗,α;(1,2)(t ) vs time t in the open GN system with J =
1, γ = 0.01, L = 400, kBT = 0.05, after a quench from gi = 1 to
gf = 0.5, for the momentum k∗ = 15 2π

L . These results were obtained
from Eqs. (18) and (19).

makes the relaxation rate effectively depend on time, and
eventually, close to the final state (that corresponds to an
extremal point of the postquench (free) energy) the curve
describing the relaxation pattern in time of the system tends
to flatten, corresponding to an effective slowing down of the
relaxation rate. Thus, we conclude that the non-self-consistent
approach here fails to yield the proper relaxation timescales,
even though the qualitative dynamical behavior is correctly
captured.

An important observation concerns the fact that, on in-
serting into Eq. (1) the mean-field solution (7) for the order
parameter, one gets back the 1D Su-Schrieffer-Heeger (SSH)
Hamiltonian [48]. At equilibrium, at finite m, the SSH model
lies within a nontrivial topological insulator phase. A natural
question is if, and possibly how, the nontrivial topology of the
model appears in the postquench relaxation dynamics of the
system. In Ref. [18], three of us have studied the interplay
between dynamical postquench evolution and nontrivial topo-
logical properties for a 2D topological superconductor taken
across a dynamical phase transition between a topologically
trivial and a topological phase. To monitor the system across
the dynamical phase transition, we proposed to study response
functions such as the spin-Hall conductance, which in equi-
librium, within each phase, is proportional to a topological
invariant (the Chern number C, with C = 0 in the trivial phase
and C = ±1 in the topological phase). However, in contrast
to the Chern number, the spin-Hall conductance remains well
defined across the dynamical phase transition, which even-
tually allowed us to continuously monitor the system across
the transition itself. The same strategy could be applied here
by substituting the spin-Hall conductance with a response
function suitable for a 1D system, e.g., the charge polarization

[49]. In principle, one might repeat the same derivation as in
Ref. [18] for a 2D system and eventually resort to our 1D
system by means of a dimensional reduction (see Ref. [49]).
Since here we discuss examples of relaxation dynamics with-
out crossing a dynamical phase transition, we may infer a
time evolution of the charge polarization (or some alterna-
tive response function), which on average is a monotonically
decreasing (increasing) function of time when going from
the ordered (disordered) to the disordered (ordered) phase,
possibly with superimposed transient oscillations. Eventually,
along the relaxation dynamics, the charge polarization is ex-
pected to continuously interpolate between the topological
(trivial) and the trivial (topological) phase.

VI. CONCLUDING REMARKS

By means of a systematic application of the LME comple-
mented with the time-dependent SCMF approximation for the
order parameter, we have studied the postquench dynamics of
a lattice version of the 1D GN model. In particular, we have
compared the dynamics of the closed many-body quantum
system to the open case, where the system is weakly coupled
to an environment. We have highlighted the importance of
synoptically considering the dynamics of all finite-momentum
correlation matrix elements. While for large quench ampli-
tudes and in the thermodynamic limit L → ∞, the order
parameter dynamics of the closed system is indistinguishable
from a simple relaxation toward a final equilibrium state,
the finite-momentum correlation matrix elements still exhibit
fast undamped oscillations characteristic of the underlying
persistent nonequilibrium dynamics. Only when including the
system-environment coupling γ > 0, the system relaxes to
an equilibrium state where all possible observables become
stationary. Our results thereby shed light on the mechanisms
determining the postquench dynamics of quantum many-body
systems. In general, when monitoring only global observ-
ables, e.g., uniform order parameters, these observables may
exhibit relaxation behavior even for a closed system, while
other observables do not. In open systems, however, a finite
system-environment coupling γ > 0 ensures the existence of
an equilibrium state where all observables become stationary
in the limit t → ∞. We note that our SCMF-LME approach
makes no assumptions about the final state. We find that, for
t → ∞, the system is always driven to the proper equilibrium
state determined by the postquench parameters. This fact also
enables the construction of the equilibrium phase diagram (see
Fig. 1), which is consistent with previous results obtained
through large-N effective thermodynamic potentials [23]. By
engineering the system-environment coupling and the quench
protocol, one can then prepare a wide class of target states.
Even though we have examined a specific model, given that
our conclusions are consistent with the results of previous
work on different systems [4,17,18], we are confident that
our approach and conclusions apply to many other quantum
many-body systems.
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APPENDIX A: EQUILIBRIUM FREE ENERGY

We here derive the equilibrium free energy of the GN
model [see Eq. (1)] within the SCMF approximation in
Eq. (6), assuming spatially uniform order parameters m and
δJ [see Eq. (7)]. Written as imaginary-time functional inte-
gral [51], with j = 1, . . . , L and α = 1, . . . , N , the partition
function takes the form

Z =
∫

D[� j, c̄ j,α, c j,α] exp
∫ β

0
dτ

(
− N

2g

∑
j

�2
j (τ )

+
∑
j,α

[c̄ j,α (τ )∂τ c j,α (τ ) + [J + � j (τ )](c̄ j,αc j+1,α

+ c̄ j+1,αc j,α )τ ]

)
, (A1)

with fermionic Grassmann fields {c̄ j,α (τ ), c j,α (τ )} and the
displacement field � j (τ ). Using the SCMF approximation,
we next substitute � j (τ ) by Eq. (7). While the uniform
contribution δJ renormalizes J → J = J + δJ , the staggered
component m is accounted for by switching from c j,α (τ ) (and
likewise for c̄ j,α) to the spinor fields ck,iωn,α,a with a = 1, 2
[see Eq. (8)], where the quasimomentum k covers only half
of the Brillouin zone, 0 � k � π with discrete momenta k for
finite L. With integer n, the fermionic Matsubara frequencies
are ωn = 2π

β
(n + 1

2 ). In frequency-momentum representation,
we then obtain

Z =
∫

D[c̄, c] e−NLβ[m2+(δJ )2]/2g2+S[c̄,c]. (A2)

Defining the bispinor Ck,iω,α = (ck,iω,α,1, ck,iω,α,2), we obtain
the fermionic action

S[c̄, c] = 1

βL

∑
α, 0�k�π, iωn

C̄k,iωn,αMk,iωnCk,iωn,α, (A3)

with

Mk,iω =
(

iω + 2J cos k −2im sin k
2im sin k iω − 2J cos k

)
. (A4)

Integrating over the fermion fields, the free energy density
f = −(kBT/L) lnZ follows as

f = [m2 + (δJ )2]N

2g
− NkBT

L

∑
k,iωn

Tr lnMk,iωn . (A5)

Diagonalizing Mk,iω in Eq. (A4), we obtain

f = [m2 + (δJ )2]N

2g
− NkBT

L

×
∑
k,iωn

ln
[−ω2

n − 4(J 2 cos2 k + m2 sin2 k)
]
. (A6)

The self-consistency equations for m and δJ are determined by
∂ f
∂δJ = ∂ f

∂m = 0. As a result, we arrive at Eq. (14). Taking the
thermodynamic limit L → ∞, the self-consistency relation
for m is given by

m = 4gm

2π

∫ π

0
dk

sin2 k

εk
tanh

εk

2kBT
, (A7)

with εk in Eq. (11). We note that by allowing for a finite chem-
ical potential μ and computing ∂ f (μ=0)

∂μ
, the average electronic

occupation n̄ follows as expected for the half-filled case,

n̄ = 1

βL

∑
k,iωn

2iωn

ω2
n + ε2

k

= 1

2
. (A8)

The phase boundary in the g-T plane [see Fig. 1] follows from
the condition m(g, T ) = 0, where the critical curve T = T∗(g)
separates the ordered (m �= 0) from the disordered (m = 0)
phase. For T → 0, nontrivial solutions m = ±m∗ with m∗ �
J follow from Eq. (A7) by expanding εk near the band min-
imum at k = π

2 . Writing k = π
2 + q with |q| � � ∼ π

2 , we

find εk ≈ 2J
√

q2 + ( m
J )2 . Using n̄ = 1/2, we obtain

m∗ � πJ e− πJ
2g . (A9)

With increasing temperature, the system (in the large-N limit)
undergoes a second-order phase transition toward the dis-
ordered (m = 0) phase at a critical temperature T∗ � m∗/kB

[23]. Note that T∗ increases when increasing the interaction
strength g at fixed J .

APPENDIX B: LME AND DYNAMICS OF CORRELATIONS

We here provide details on the LME for the density matrix
ρ(t ). The LME also determines the dynamics of the correla-
tion matrix in our quasifree fermion system. In particular, we
sketch the derivation of the LME from a microscopic model
for the system-bath interaction by assuming a fermionic reser-
voir, e.g., a metallic gate tunnel-coupled to the 1D GN chain
[18,20]. Remarkably, the resulting order parameter dynamics
is equivalent to previous semiphenomenological results for
the dissipative order parameter dynamics in a BCS supercon-
ductor [30,52]. Since these equations involve effects beyond
BCS theory, e.g., quasiparticle interactions and/or interactions
between quasiparticles and order parameter fluctuations, our
time-dependent SCMF approach can capture effects beyond
simple time-independent mean-field theories [4,18,30,52].

We start from the total Hamiltonian Htot = HS + HB + HT ,
where HS describes the many-body fermion system of in-
terest, HB corresponds to a thermal fermionic environment,
and HT models the weak system-environment coupling. The
system and bath fermion annihilation operators in momen-
tum space (with flavor index α) are denoted by ck,α and
dk,α , respectively. We use the standard tunneling Hamilto-
nian [51] with flavor-independent tunnel amplitudes tk , HT =∑

k,α tkc†
k,α

dk,α + H.c., assuming an extended tunnel contact
such that translation invariance along the chain direction is
preserved. The fermionic reservoir is modeled as free Fermi
gas with dispersion ξk , HB = ∑

k,α ξkd†
k,α

dk,α. Following the
standard LME derivation [40], we assume that HT is turned on
at t = 0 and consider the time evolution of the density matrix
of the total system, ρtot (t ), in the interaction representation. To
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leading order in HT , i.e., using the Born approximation, one
obtains [40]

dρtot (t )

dt
≈ −i

∫ t

0
dt ′[HT (t ), [HT (t ′), ρtot (t )]]. (B1)

We then employ the Markov approximation, assuming that the
bath memory time is very short. With the equilibrium bath
density matrix ρB, we then have ρtot (t ) = ρ(t ) ⊗ ρB. Integrat-
ing Eq. (B1) over the d fermions and using the Schrödinger
picture for ρ(t ), the LME follows as

dρ(t )

dt
= −i[HS, ρ(t )] + γ

∑
k,α,λ=±

[ f (−λεk )

×D[�k,α,λ]ρ(t ) + f (λεk )D[�†
k,α,λ

]ρ]. (B2)

We here neglected the k dependence of tk and used the golden
rule expression γ = 4π |tk|2 for the hybridization scale be-
tween the system and the environment. In our case, HS = H is
given by Eq. (10) and the operators �k,α,λ by Eq. (12). For γ =
0+ and time-independent Hamiltonian, the order parameters m
and δJ within our SCMF approach satisfy the self-consistency
conditions in Eq. (14). Due to the parameter quench, for t > 0,
m(t ) and δJ (t ) depend on time, and hence also H (t ) becomes
time-dependent, with instantaneous eigenenergies εk (t ) and
the corresponding eigenmode operators �k,α,λ(t ). We thereby
obtain the LME as quoted in the main text.

For the system of quasifree fermions considered here, the
LME can be equivalently formulated for the correlation ma-
trix θk,α;(a,a′ )(t ) in Eq. (17) [41]. Specifically, if ρ(t ) satisfies
Eq. (15), we obtain the dynamical equations in Eq. (18)
for the correlation matrix elements, with the self-consistency
conditions (19). Inserting m(t ) and δJ (t ) into the system
Hamiltonian, we obtain H (t ) in Eq. (20), which equivalently
can be written as

H (t ) =
∑

0�k�π, α

(c†
k,α,1, c†

k,α,2) �Hk (t ) · �σ
(

ck,1,α

ck,2,α

)
, (B3)

with the vector �σ of Pauli matrices and �Hk (t ) given by
Eq. (23) but with m f → m(t ) and Jf → J (t ).

From Eq. (B3), an alternative motivation for employing
the LME for the postquench time evolution opens up. Indeed,
with the isospin vector �Tk,α in Eq. (21), which is subject to the
initial condition (22), we find from Eq. (15) that the dynamics
of �Tk,α obeys a Bloch-like equation (see also Ref. [30])

d �Tk,α (t )

dt
= 2 �Hk (t ) × �Tk,α (t ) − γ �Tk,α (t ) + ��k (t ), (B4)

with the k- and time-dependent vector

��k (t ) = −γ [1 − 2 f (εk (t ))]

⎛
⎜⎝

0

sin ϑk (t )

cos ϑk (t )

⎞
⎟⎠. (B5)

The angles ϑk (t ) are defined in Eq. (13), with m →
m(t ) and J → J (t ). For γ = 0, Eq. (B4) reduces to a
Bloch equation for the “spin” vector �Tk,α in the “external
field” �Hk (t ). In fact, in the absence of a time-dependent
SCMF relation linking m(t ) and δJ (t ), and therefore �Hk (t ),
to �Tk,α (t ), the system completely decouples into a set of
independent Bloch equations for each k and α. We note
that dissipation effects ∝γ modify the Bloch equations in
Eq. (B5) by introducing effects due to longitudinal (inverse
relaxation time T −1

1 ) and transverse (T −1
2 ) damping rates, with

T −1
1 = T −1

2 = γ from Eq. (B4). In addition, we explicitly
obtain an expression for ��k (t ). For t → ∞, this vector is pro-
portional to the equilibrium pseudospin configuration and is
usually introduced ad hoc. We emphasize that the above Bloch
equations coincide with similar results of previous works on
related problems [30,53].

APPENDIX C: NON-SELF-CONSISTENT SOLUTION

We here discuss the analytical solution of Eq. (B4) in the
absence of self-consistency. Specifically, we study the time
dependence of m(t ) and δJ (t ) after a quench in the interaction
strength, gi → g f , at time t = 0. Without self-consistency, we
assume

m(t ) = �(−t )mi + �(t )m f , δJ (t ) = �(−t )δJi + �(t )δJf ,

(C1)

with the Heaviside step function �, where mi/ f and δJi/ f

are determined from Eq. (14) with g = gi/ f . This ap-
proximation is expected to be accurate for small quench
amplitude |g f − gi|. However, in general, it provides a use-
ful guide to the size dependence of the frequency scales
governing the postquench dynamics. Without time-dependent
self-consistency, the postquench dynamics of �Tk,α (t ) is fully
determined by H with parameters g f , m f , and δJf , where
the Bloch equations (B4) decouple in both k and α. Drop-
ping the flavor index henceforth, we obtain for t > 0 from
Eq. (B4) the decoupled Bloch equations

d

dt
�Tk (t ) = Bk · �Tk (t ) + ��k, (C2)

with the matrix

Bk =
⎛
⎝ −γ −2εk, f cos ϑk, f 2εk, f sin ϑk, f

2εk, f cos ϑk, f −γ 0
−2εk, f sin ϑk, f 0 −γ

⎞
⎠.

(C3)

Given our approximations, both the matrix Bk and the
vector ��k in Eq. (C2) are time-independent. In particu-
lar, we get ��k = −γ (0, sin ϑk, f , cos ϑk, f )T . With the initial
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condition (22), integration of Eq. (C2) yields

⎛
⎜⎝

0 sin ϑk, f cos ϑk, f

1 i cos ϑk, f −i sin ϑk, f

1 −i cos ϑk, f i sin ϑk, f

⎞
⎟⎠ · �Tk (t ) =

⎛
⎜⎜⎜⎜⎝

−e−γ t cos(ϑk, f − ϑk,i ) + 1−e−γ t

γ

[
sin(ϑk, f )�y

k + cos(ϑk, f )�z
k

]
ie−(γ−2iεk, f )t sin(ϑk, f − ϑk,i ) + i 1−e−(γ−2iεk, f )t

γ−2iεk, f

[
cos(ϑk, f )�y

k − sin(ϑk, f )�z
k

]
−ie−(γ+2iεk, f )t sin(ϑk, f − ϑk,i ) − i 1−e−(γ+2iεk, f )t

γ+2iεk, f

[
cos(ϑk, f )�y

k − sin(ϑk, f )�z
k

]

⎞
⎟⎟⎟⎟⎠.

(C4)

Simple limiting cases correspond to (1) the case γ = 0 and
(2) the case t → ∞ for γ > 0. For case (1), we obtain

T x
k (t ) = −2(miJ f − Jim f ) sin(2k)

εk,iεk, f
sin(2εk, f t ), (C5)

T y
k (t ) = 8[JiJ f cos2 k + mim f sin2 k]m f sin k

εk,iε
2
k, f

− 4(miJ f − m f Ji )J f sin(2k) cos k

εk,iε
2
k, f

cos(2εk, f t ),

T z
k (t ) = 8[JiJ f cos2 k + mim f sin2 k]J f cos k

εk,iε
2
k, f

− 4(miJ f − m f Ji )m f sin(2k) sin k

εk,iε
2
k, f

cos(2εk, f t ).

For case (2), we instead find

lim
t→∞

�Tk (t ) = −[1 − 2 f (εk, f )]

⎛
⎝ 0

sin ϑk, f

cos ϑk, f

⎞
⎠ (C6)

in accordance with the stationary equilibrium configuration
for g = g f .

APPENDIX D: DYNAMICAL EVOLUTION OF THE
SYSTEM AND THE GENERALIZED GIBBS ENSEMBLE

In order to investigate the large-time behavior of our sys-
tem, in particular in the γ = 0 limit, we have to consider the
special role played by the quantum integrability, in combi-
nation with ETH (see, for instance, Ref. [42]). First of all,
we note that the integrability of the 1D GN model in the
continuum limit is, by now, well established [33]. Once re-
sorting to the lattice model Hamiltonian in Eq. (2) and after
the decoupling by means of the lattice displacement field in
Eq. (1), integrability is definitely preserved within the non-
self-consistent mean-field theory we refer to in Appendix C to
qualitatively discuss the time dynamics of the closed system.
Indeed, setting, at given values of J and m,

HMF =
∑

0�k�π

N∑
α=1

(
c†

k,α,1, c†
k,α,2

)
Hk

(
ck,α,1

ck,α,2

)
, (D1)

with

Hk =
( − 2J cos k −2im sin k

2im sin k 2J cos k

)
, (D2)

an extensive set of local operators commuting with HMF,
{Ck,α}, is readily recovered by setting

Ck,α = −i sin(ϑk, f ){c†
k,α,1ck,α,2 − c†

k,α,2ck,α,1}
+ cos(ϑk, f ){c†

k,α,1ck,α,1 − c†
k,α,2ck,α,2}, (D3)

with ϑk defined in Eq. (13). In the closed system, the average
values of the Ck,α are fixed by the initial condition. In partic-
ular, once the system has been prepared in a state described
by the Boltzmann density matrix ρ0 = e−βHMF,i/Tr [e−βHMF,i ],
with HMF,i given by Eq. (D1) with ϑk → ϑk,i, one obtains

C̄k,α = Tr[Ck,αe−βHMF,i ]

Tr[e−βHMF,i ]

= cos[ϑk,i − ϑk, f ][−1 + 2 f (εk,i )] . (D4)

As discussed in detail in Refs. [31,54], Eq. (D4) determine
the asymptotic (t → ∞) state of the system in terms of a GGE
density matrix, ρGGE. In particular, ρGGE is determined by
introducing a set of Lagrange multipliers, {λk,α}, determined
by requiring that, when computing the average values of Ck,α

in the asymptotic state, one obtains the same results as in
Eq. (D4). Specifically, one sets

ρGGE = e− ∑
k,α λk,αCk,α

Tr[e− ∑
k,α λk,αCk,α ]

, (D5)

with λk,α determined as specified above. Note that, to repro-
duce the exact values of the constant of motion for every k,
the GGE must incorporate k-dependent Lagrange multipli-
ers, reflecting the system’s integrability. Importantly, when
writing Ck,α in terms of the eigenmodes �k,α,±, f defined in
Eq. (12) with ϑk = ϑk, f , one gets

Ck,α = �
†
k,α,+�k,α,+ − �

†
k,α,−�k,α,− . (D6)

Given Eq. (D6) and the fact that, in terms of the energy
eigenmodes, one gets, for the postquench Hamiltonian,

HMF, f =
∑

0�k�π

N∑
α=1

εk, f {�†
k,α,+�k,α,+ − �

†
k,α,−�k,α,−}

=
∑

0�k�π

N∑
α=1

εk, f Ck,α , (D7)

one readily concludes that in any state described by the
density matrix corresponding to the microcanonical or to
the canonical ensemble at temperature T (such as ρ0

with HMF,i → HMF, f ), one would get C̄k,α = −1 + 2 f (εk, f ),
which would not be consistent with Eq. (D3) for an equi-
librium thermodynamical state with a uniquely defined
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temperature and with the conservation of C̄k,α . Indeed, ρGGE

corresponds to a peculiar, nonequilibrium state, as witnessed
by our analysis of Sec. IV.

When implementing the full time-dependent SCMF ap-
proach, the HMF takes an explicit dependence on time, which
no longer allows for recovering simple expressions for the
constants of motion, as we did without accounting for self-
consistency. Yet, we may infer again that, as t → ∞, the
system is described by a GGE, with pertinent values of C̄k,α

that can be recovered by, for instance, approximating the
whole time evolution with a sequence of steps within intervals
of time in which m(t ) and J (t ) are constant. While, overall,
we conclude that we can only numerically recover the values
of the C̄k,α , yet the striking qualitative analogy between the be-
havior of the correlation functions that we compute in Sec. IV

with, and without, accounting for self-consistency suggests
that in both cases the system evolves toward a GGE, that is,
toward an out-of-equilibrium state, determined by the initial
values of the constants of motion Ck,α .

The situation is completely different at a finite γ . Refer-
ring, again, first to the non-self-consistent solution for the
equations of motion, from Eq. (C4) we first infer that now the
C̄k,α explicitly depend on t and, therefore, that now they are no
longer constants of motion. Moreover, Eq. (C6) shows that,
as t → ∞, one gets that limt→∞ C̄k,α (t ) = −1 + 2 f (εk, f ),
which is the value corresponding to the thermodynamical
equilibrium state of the system described by the Hamiltonian
HMF, f at temperature T . This is a “true” equilibrium state,
only reached by turning on a nonzero coupling γ to the
thermal bath.
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