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Quantum computing and machine learning are state-of-the-art technologies that have been investigated
intensively in both academia and industry. The hybrid technology of these two ingredients is expected to be
a powerful tool to solve complex problems in many branches of science and engineering such as combinatorial
optimization problems and accelerate the creation of next-generation technologies. In this work, we develop an
algorithm to solve a black-box optimization problem by improving Factorization Machine Annealing (FMA)
such that the training of a machine learning model called factorization machine is performed not by a full dataset
but by a subdataset that is sampled from a full dataset: Subsampling Factorization Machine Annealing (SFMA).
According to such a probabilistic training process, the performance of FMA on exploring a solution space gets
enhanced. As a result, SFMA exhibits balanced performance of exploration and exploitation, which we call
exploitation-exploration functionality. We conduct numerical benchmarking tests to compare the performance
of SFMA with that of FMA. Consequently, SFMA certainly exhibits the exploration-exploitation functionality
and outperforms FMA in speed and accuracy. In addition, the performance of SFMA can be further improved
by sequentially using two subsampling datasets with different sizes such that the size of the latter dataset is
substantially smaller than the former. Such a substantial reduction not only enhances the exploration performance
of SFMA but also enables us to run it with correspondingly low computational cost even for a large-scale
problem. These results indicate the effectiveness of SFMA in a certain class of black-box optimization problems
of significant size: the potential scalability of SFMA in solving large-scale problems with correspondingly
low computational cost. The exploitation-exploration functionality of SFMA is expected to pave the way for
solving various complex combinatorial optimization problems in the real world and designing next-generation
technologies that become the basic building blocks for industrial advancements.
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I. INTRODUCTION

Optimization problems are ubiquitous in science and engi-
neering (physics, chemistry, computer science, etc.) and have
been studied extensively for long decades [1–6]. It includes
various kinds of fundamental problems such as traveling
salesperson problem, max-cut problem, and graph color-
ing problem, and the algorithms for solving these problems
are expected to be the basic building blocks for advanc-
ing industrial technologies such as logistics and production
planning [5,6].

In physics, combinatorial optimization problem has been
investigated intensively by using a powerful and simple for-
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malism called quadratic unconstrained binary optimization
(QUBO), or equivalently, Ising model [1,3,5–11]. The canon-
ical algorithms for the optimization based on QUBO (Ising
model) include simulated annealing (SA), quantum annealing
(QA), and/or adiabatic quantum computing [2,3,5–28]. On
the other hand, in gate-based quantum computing variational
algorithms so-called quantum approximate optimization
algorithm and quantum alternating operator ansatz have been
developed and utilized for solving combinatorial optimization
problems [27,29–34]. Furthermore, owing to the advancement
of both classical and quantum computers (quantum annealer
and gate-based quantum computer), such physics techniques
become able to be implemented on these machines and solve
many types of optimization problems related to societal issues
as well as the development of technologies, for instance, mate-
rials engineering, drug discovery, portfolio optimization, and
protein folding [5,12,30,35–51]. Meanwhile, the development
of machine learning techniques or algorithms (both classi-
cal and quantum) has been progressing [4,52–70], and such
data-driven approaches have been playing significant roles in,
for instance, simulations and designing in materials science

2643-1564/2026/8(1)/013187(26) 013187-1 Published by the American Physical Society

https://ror.org/01703db54
https://orcid.org/0000-0002-5932-5454
https://ror.org/04hkpfa76
https://ror.org/01703db54
https://crossmark.crossref.org/dialog/?doi=10.1103/qgpq-6dmr&domain=pdf&date_stamp=2026-02-20
https://doi.org/10.1103/qgpq-6dmr
https://creativecommons.org/licenses/by/4.0/


HAMA AND KADOWAKI PHYSICAL REVIEW RESEARCH 8, 013187 (2026)

and engineering, i.e., materials informatics (MI) [71–80]. Due
to such advancements, in recent years the hybrid techniques
of quantum computing (quantum annealing) and machine
learning have been developed, for example, so-called Fac-
torization Machine Annealing (FMA) [81–94], variants of
FMA [95,96], and Bayesian Optimization of Combinatorial
Structures (BOCS) [85,86,97–99]. These methods have been
applied to solve a problem called black-box optimization
(BBO), which is an optimization problem where a functional
form of an objective function is unknown. In most actual
cases, the optimization problems are considered to be BBO
since the objective functions (output variables) are generated
from input variables through complex processes. For instance,
the optimization of physical properties of target compos-
ite materials is BBO in general, because how the physical
properties (objective functions) are generated from ingredi-
ents (input variables) are complex processes [39,76,81,89,92].
Both FMA and BOCS have been applied to materials simu-
lations and designing and many successful results have been
reported [81–85,87–89,91–93]. Since the advancement of the
quantum computing and machine learning techniques is ex-
pected to continue, it is an important issue to further develop
effective hybrid techniques or algorithms of these two ingre-
dients. It is expected that such hybrid algorithms are going
to be powerful tools to tackle a wide range of optimization
problems in the real world.

Toward the above goal, in this work we develop an effective
algorithm for BBO by improving FMA. In general, the key
to effectively solve combinatorial optimization problems is to
coherently perform exploration and exploitation in solution
spaces. That is, we search candidate solutions in a wide range
of solution spaces in the first half of optimization processes
(exploration), while we concentrate on finding the best can-
didate solutions in the second half (exploitation) [2,100]. On
the other hand, we consider that FMA has good performance
on exploitation but not on exploration since it is basically a
point-estimation approach with regard to machine learning
parameters. By taking this limitation into account, we improve
FMA by amplifying the performance of exploration, which is
done by training a machine learning model with a subdataset
that is sampled from a full dataset. We call this algorithm
Subsampling Factorization Machine Annealing (SFMA). In
SFMA, a machine learning model is trained probabilistically
and the exploration performance of FMA gets enhanced.
As a result, SFMA exhibits the balanced performance of
exploration and exploitation: exploration-exploitation func-
tionality. To numerically check whether SFMA truly possess
the exploration-exploitation functionality and test its util-
ity in numerous black-optimization problems, we perform
numerical experiments on black-box optimization problems
called lossy compression of data matrices [86,101,102].
These experiments are conducted by benchmarking SFMA
against FMA. Consequently, SFMA certainly possesses the
exploration-exploitation functionality and exhibits the faster
convergence to the optimal solutions with higher accuracy
than FMA. Moreover, its exploration performance can be fur-
ther enhanced by serially utilizing two different subsampling
datasets such that the size of the latter dataset is significantly
smaller than the former. Namely, we are able to solve a
large-scale problem by tailoring the size of a subdataset to

FIG. 1. Schematic of a procedure to conduct BBO. It is com-
prised of three steps: (i) data generation, (ii) dataset modeling, and
(iii) optimization of a surrogate model.

be correspondingly small, which implies that SFMA can be
run with correspondingly low computational cost. As a result,
the exploitation performance (accuracy) of SFMA is amplified
as well. This is the significant finding in our results and is
expected to be a powerful tool for solving a complex problem
in the real world.

The paper is structured as follows. In Sec. II, we briefly
summarize the concept of BBO and the framework of FMA.
In Sec. III, which is one of the main sections of this paper, we
explain how to develop SFMA. Furthermore, we discuss the
advantages of SFMA with respect to computational cost and
scalability. In Sec. IV, which is the second main section of this
paper, we demonstrate the numerical experiments on SFMA
and analyze the results. Section V is devoted to the conclu-
sions and outlook of this paper.

II. BLACK-BOX OPTIMIZATION AND FACTORIZATION
MACHINE ANNEALING

To understand how Subsampling Factorization Machine
Annealing is developed (described in detail in Sec. III), in this
section, first we explain the concept of black-box optimiza-
tion. After that, we explain the framework of FMA and its
characteristic from a viewpoint of exploration and exploita-
tion. In the following, we assume that the optimal solution to
a black-box function is the global minimum.

A. Black-box optimization

The goal of BBO is to find the optimal solution to a
black-box objective function that we denote by fBB. Such an
optimization problem is solved using a data-driven approach
represented by a schematic in Fig. 1. BBO is conducted
in three basic steps: (i) data generation, (ii) dataset mod-
eling, and (iii) optimization of a surrogate model. Step
(i) is performed by, for instance, experiments or numeri-
cal simulations. Step (ii) is equivalent to the construction
of a machine learning model or a surrogate model using
a dataset at hand. These three steps are performed itera-
tively. Hereinafter, let us call this sequential process BBO
loop. In mathematical terms, suppose we have given N0

data samples consisting of input (explanatory) variables x(i)

and output (objective) variables yi (= fBB(x(i) )) with i =

013187-2



SUBSAMPLING FACTORIZATION MACHINE ANNEALING PHYSICAL REVIEW RESEARCH 8, 013187 (2026)

1, . . . , N0, i.e., the generation of an initial dataset in step (i).
We describe such a dataset by a form D0 = {(x(i), y(i) )}N0

i=1 =
{�(x(1), y(1) ), . . . , (x(i), y(i) ), . . . , (x(N0 ), y(N0 ) )}. We assume
x(i) to be Nbit-component binary vectors, i.e., x(i) =
(x(i)

1 , . . . , x(i)
l , . . . , x(i)

Nbit
), where x(i)

l ∈ {0, 1}. Next, in step
(ii) we construct a surrogate model that we denote by
fsurrogate(x; Q(0) ), where Q(0) denotes a collection of train-
able parameters obtained by D0 and a machine learning
algorithm. Then, in step (iii) we find the binary opti-
mal solution to fsurrogate(x; Q(0) ) and denote it by x†(1).

After that, we add (x†(1), y†(1) ) to D0, where y†(1) =
fBB(x†(1)). The dataset at hand is augmented such that
D1 = {(x(1), y(1) ), . . . , (x(N0 ), y(N0 ) ), (x(N0+1), y(N0+1))}, where
x(N0+1) ≡ x†(1), y(N0+1) ≡ y†(1). We repeat the BBO loops
Nite − 1 (Nite � 2) more times. As a result, we obtain the
final dataset DNite = {(x(1), y(1) ), . . . , (x(Ntot ), y(Ntot ) )}, where
Ntot = N0 + Nite. Then, we obtain an approximate optimal
solution to fBB(x) that we denote by (x̃∗, ỹ∗), where ỹ∗ =
min{y(1), . . . , y(Ntot )}. In the following, we denote the true op-
timal solution by (x∗, y∗) to distinguish it from (x̃∗, ỹ∗).

Let us end this section by making a comment to avoid
misunderstanding of BBO. In general, the goal of machine
learning (supervised learning) is to train a model with a given
dataset and use it to make a quantitative prediction for new
input data. To achieve this goal, machine learning is processed
not only with training data but also with validation data and
test data in order to avoid overfitting. In contrast, in BBO we
use a trained (surrogate) model not for a prediction task but
for finding the global minimum of a black-box function under
consideration. Therefore, we do not split the data Da into the
training and validation data to calculate a surrogate model.
Instead, the dataset at hand is fully used as training data and a
surrogate model is built with it.

B. Factorization machine annealing

FMA is the BBO algorithm where the surrogate model is
factorization machine (FM) and the optimizer applied in step
(iii) is an annealer such as SA and QA. By denoting x to be
an Nite-dimensional binary vector, the functional form of FM
is given in terms of x by [81–94,103]

fFM(x; θ) = w0 +
Nbit∑
i=1

wixi +
∑

1�i< j�Nbit

(
k∑

l=1

vi,lv j,l

)
xix j,

(1)

where xi (x j) is the ith ( jth) component of x, θ =
(w0, . . . ,wNbit , v1,1, . . . , vNbit,k )T are trainable parameters of
FM (FM parameters) that are real, and k is a hyperparameter
that represents the expressivity of FM. By using the rela-
tion x2

i = xi, we see that fFM(x; θ) in Eq. (1) has the same
mathematical structure with a QUBO function. That is, by
writing matrix elements of QUBO by Qi, j , we observe that
Qi,i = wi and Qi, j = ∑k

l=1 vi,lv j,l (i �= j). Although fFM(x; θ)
in Eq. (1) includes the constant term w0, this does not af-
fect optimization processes and annealers can be utilized.
In FMA, the computational complexity to learn the coeffi-
cients vi,l (off-diagonal matrix elements of FM) is O(Nbitk),
while the number of off-diagonal elements of a QUBO matrix
is Nbit(Nbit − 1)/2, i.e., the computational cost to train off-

diagonal elements of QUBO matrices is O(N2
bit ). By tuning

the hyperparameter k to be Nbit/2 − 1 or less than that, we
become able to train FM functions with lower computational
complexity than that for training general QUBO functions.
This is one of the advantages of adopting FM as a surrogate
model.

Let us end this section by discussing the performance of
FMA from a viewpoint of the exploration and exploitation
performance. FM models fFM(x; θ) (FM parameters θ) are
trained by minimizing a loss function [e.g., mean square er-
ror (MSE)] using a gradient-based optimization method such
as stochastic gradient descent (SGD) and Adam. In such a
scheme, fFM(x; θ) are trained deterministically for a definite
dataset: From this perspective, it can be considered that FM
parameters are trained by a point-estimation approach. Such a
way of training surrogate models is in contrast to the approach
taken in BOCS. That is, in BOCS, the matrix elements of
QUBO matrices (surrogate-model parameters) are sampled
from a posterior probability distribution [85,86,97–99], which
implies that surrogate models are nondeterministic or the
uncertainty of trainable parameters are explicitly taken into
account. When a given dataset is comprised of data points
that belong to a vicinity of a local minimum, we consider that
there is a possibility that FMA does not work properly. That is,
even if we repeat running BBO loops, a series of FM models
is trained in a way that the minimum point of every FM
model could be equivalent to such a local minimum. In such a
circumstance, we consider that an annealer keeps on selecting
the best candidate solutions to be this local minimum point.
This indicates that there is a possibility that the candidate
solutions searched by FMA get trapped into a local minimum.
We consider that such an aspect is a potential limitation of
utilizing FMA.

III. SUBSAMPLING FACTORIZATION
MACHINE ANNEALING

In this section, we explain how to create SFMA and
its characteristics. After that, we discuss the advantages of
SFMA over FMA and BOCS.

A. Sampled subdataset

SFMA is constructed by a subdataset that is sampled
from a full dataset as shown schematically in Fig. 2, and
this is the main difference from FMA. Let us denote a sub-
dataset created in an ath BBO loop (a = 1, . . . , Nite) by Ba =
{(x(a,i), y(a,i) )}|Ba|

i=1 , where |Ba| is the size of Ba. It is controlled
by a hyperparameter R (0 < R < 1) via a relation |Ba| =
[R · |Da|], where [· · · ] denotes the floor function and |Da| is
the size of the full dataset obtained in the ath BBO loop. When
the FM function fFM(x; θ(a) ) is trained by an optimization
method (e.g., SGD and Adam) with Ba, the values of θ(a)

fluctuate or they are trained probabilistically. We comment on
that such a probabilistic way of training surrogate models is
similar to an approach taken in BOCS, which is performed by
sampling model parameters according to posterior probability
distributions [85,86,97–99]. Correspondingly, the best solu-
tion to fFM(x; θ(a) ), which is (x†(a), y†(a) ) (= (x(a+1), y(a+1))),
also fluctuates. Such a fluctuation is going to be a driving force
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FIG. 2. (a) Illustration of how to create a sampled dataset Ba. It is created by sampling the elements of Da according to a probability
distribution, and the relation between the size of Ba (|Ba|) and that of Da (|Da|): |Ba| = [R · |Da|] (0 < R < 1). The data point (x(a,i), y(a,i) ) is
an ith (i = 1, . . . , |Ba|) element of Ba. Owing to such a probabilistic construction of Ba, the FM function fFM(x; θ(a) ) is derived probabilistically
(FM parameters θ are trained probabilistically), and correspondingly, the ath best candidate solution (x†(a), y†(a) )(= (x(a+1), y(a+1) )) is selected
from the solution space associated with a deviation. As a result, we become able to explore a wider range of the energy landscape of fBB(x)
than a case of running FMA as indicated by deviations of the best candidate solutions denoted by symbols �2x(α) (α = a − 3, . . . , a) and the
exploration performance gets strengthened.

to explore a broader range of a solution space than an explo-
ration range that can be achieved by FMA as schematically
represented in Fig. 2. To support the argument above, we note
that it has been investigated in Refs. [104,105] that the training
of machine learning methods using subsampling, which can
be called mini-batch methods as well, enables the training
of parameters in more nondeterministic ways than those us-
ing large-scale subdatasets (large-batch methods). In other
words, subsampling (mini-batch) methods are able to explore
a broader range of trainable parameter spaces. As a result,
the exploration performance of FMA gets strengthened and
it is expected that SFMA exhibits the balanced performance
of exploration and exploitation: exploration-exploitation func-
tionality. Due to this exploration-exploitation functionality, it
is expected that SFMA finds the optimal solution such that
in the first half of optimization processes it exhibits good
performance on exploring a wide range of solution space
(exploration phase). This is because the dataset size |Ba| is
small and the deviation of an FM function as well as its
best solution are large. In the second half, it is expected to
perform well on searching for the best candidate solutions
(exploitation phase) since at this stage the dataset size at hand
is sufficiently big, which indicates that the candidate solutions
have been explored sufficiently. In Algorithm 1, we present a
psuedocode for SFMA. The details of standardization given
in Algorithm 1 are described in Appendix A.

B. Computational cost and scalability

Let us highlight the advantages of SFMA by making
comparisons with FMA and BOCS. First and foremost, the
significant advantage of SFMA is that it is implementable with
lower computational cost than the other two algorithms. That
is, when we utilize FMA or BOCS, the size of a dataset at
hand gets larger as BBO iterations process, which indicates
that the computational cost for machine learning becomes
more expensive in the later training processes. In particular,
the implementation of BOCS is highly demanding since the
computational cost to calculate a posterior distribution per

sample is, for instance, O(p3) or O(p · |Da|2) (p = 1 + Nbit +
Nbit(Nbit + 1)/2), although it possess superior exploration per-
formance [85,86,97–99]. Such an issue becomes prominent
for a large-scale problem. On the other hand, SFMA has a
potential to overcome this issue, which can be done in the
following way. When dataset size as well as Nbit become sub-
stantially large, we take the value of R to be correspondingly
small, which implies the R times reduction of the computa-
tional cost for training a surrogate model (FM model) than that
using a full dataset. Furthermore, taking substantially small
R is beneficial not only for saving the computational cost
for training an FM model but also for solving a large-scale
optimization problem with high accuracy. This is because the
deviation of training an FM model enhances by taking R to
be significantly small, and correspondingly, the best candidate

ALGORITHM 1. SFMA.
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solution obtained by an annealer fluctuates substantially. This
implies the further amplification of the exploration perfor-
mance, and correspondingly, the exploitation performance is
enhanced as well. In this regard, we consider that SFMA
has scalability in solving large-scale problems. Note that the
exploration performance of SFMA might be weaker than that
of BOCS even for a substantially small R; however, we are still
able to explore a broad range of a solution space and SFMA
is practically more feasible than BOCS according to the lower
computational cost.

IV. NUMERICAL EXPERIMENTS

Let us demonstrate our numerical experiments on SFMA
and examine whether it truly possesses the exploration-
exploitation functionality or not and yields the convergence
to the optimal solutions to the given problems with high accu-
racy. We perform these tasks by benchmarking SFMA against
FMA. The problem we choose for our numerical experiments
is called lossy compression of data matrices [86,101,102],
which is an issue or a technique used in, for instance,
image recognition, audio data processing, and edge com-
puting. Moreover, lossy compression is related to other
techniques such as Non-negative Matrix Factorization and
Non-negative/Binary Matrix Factorization [106–108], which
is utilized in various real-world problems, for instance, image
processing and MI [86,101,106–108]. By showing the effec-
tiveness of SFMA on such a ubiquitous problem, we consider
that we can use it as an indicator to emphasize the utility of
SFMA in numerous combinatorial optimization problems in
the real world. In this section, first we explain the problem set-
ting of lossy compression of data matrices. Next, we describe
the numerical setup of our experiments. Finally, we discuss
our numerical results.

A. Problem setting

The objective of this combinatorial optimization problem
is to approximately decompose a target N × D matrix W
in terms of M (N × K integer matrix) and C (K × D real
matrix), i.e., W � MC. The matrix elements of M take ei-
ther 1 or −1. By using a pseudoinverse of M, which is
(MTM )−1MT, the matrix C is approximately re-expressed
as C � (MTM )−1MTW, and we obtain W � V (M,W ) with
V (M,W ) = M(MTM )−1MTW . To put it another way, our
goal is to construct V (M,W ) as a function of M that is suf-
ficiently close to the target matrix W . To do this, we introduce
two functions of M defined by

fW (M ) = W − V (M,W ),

fBB,W (M ) = || fW (M )||F . (2)

The notation || · ||F in the above equation represents the
Frobenius norm defined by ||A||F = ∑nr

i=1

∑nc
i=1 |ai, j |2, where

ai, j is an (i, j)th matrix element of A and nr (nc) is the
number of rows (columns) of A. Our aim is to find a matrix
M that makes the value of fBB,W (M ) as small as possible.
Namely, the problem can be reformulated as the combinato-
rial optimization problem such that the black-box objective
function is fBB,W (M ) and the optimal solution is M∗ =
argminM∈{−1,1}N×K fBB,W (M ). This optimization problem can

be reformulated to a binary optimization in the following way.
Let us rewrite M into a form M = [MT

1 , . . . , MT
i , . . . , MT

N ],
where Mi = [mi,1, . . . , mi, j, . . . , mi,K ]T with mi, j denoting the
(i, j)th element of M. Since mi, j = ±1, it can be regarded
as a spin variable. Then, by introducing a new variable
xM

i, j = (1 + mi, j )/2, we obtain an Nbit-dimensional binary
vector xM = [xM

1,1, . . . , xM
i, j, . . . , xM

N,K ]T ∈ {0, 1}Nbit with Nbit =
N · K . Therefore, this optimization problem is recast into
the black-box optimization problem such that the black-box
function is fBB,W (M ) in Eq. (2) and the solution space is the
2Nbit -dimensional binary solution space.

B. Numerical setup

Let us briefly explain the setup of our numerical exper-
iments. For the details, see Appendix B. In our numerical
experiments, we create ten types of W matrices (problem
instances) that we denote by Wn (n = 0, 1, . . . , 9) and set
Nbit = 12, 16, 20. The parameters (N, D, K ) are taken to be
(6, 50, 2), (8, 50, 2), and (10, 50, 2) for Nbit = 12, 16, and 20,
respectively. These W matrices represent model parameters
of the shrinked versions of the final fully connected layer of
VGG16 convolutional neural network [109]. The repetition
number Nite is set to be Nite = CFM · N2

bit + 1 with CFM =
2, 4, 6. Meanwhile, we take the hyperparameter k [see Eq. (1)]
to be k = Nbit/2 − 1. In such settings, the computational cost
is smaller than that for training general QUBO functions.
The sampled datasets Ba are constructed according to uni-
form sampling. Namely, the elements of Ba are sampled from
Da according to uniform distributions with the probabilities
1/|Da| and a fixed random seed. For doing so, we allow
duplicate selections.

Finally, we discuss the quantities that are calculated in
our experiments. We calculate Nsamp samples of the datasets

Da that we denote by {Da,α}Nsamp

α=1 , where Da,α is the dataset
obtained in the αth round of the sampling. The reason why
we perform such sampling is that the loss functions, which
are chosen to be MSE, include fourth-degree terms in the FM
parameters vi,l that are responsible for nonconvexities. There-
fore, when the initial values of θ differ, in general, the final
(updated) values of θ and the final dataset DNite differ as well.
Thus, the benchmarking of these two algorithms must be done
by some statistical quantities. In our experiments, first we
introduce a quantity defined by y(a)

min,α
= minl∈{1,...,Nin+a} y(l )

α ,
where y(l )

α = fBB(x(l )
α ) with x(l )

α denoting an lth component
of the input variable of Da,α . y(a)

min,α
describes the minimum

value obtained up to the ath round of the BBO loop in the
αth sampling. Next, we introduce two statistical quantities
defined by ȳ(a)

min = (1/Nsamp)
∑Nsamp

α=1 y(a)
min,α

and R(a)
min,success =

N (y(a)
min,α

= y∗)/Nsamp. The quantity ȳ(a)
min describes how the

candidate solutions obtained by the BBO loops converge to
the global minimum (minima) of the given problems as the
iteration number a (or the dataset size |Da|) increases. Mean-
while, N (y(a)

min,α
= y∗) is the number describing how many

y(a)
min,α

are equal to the optimal value y∗. In other words, it
indicates how many samples out of Nsamp trials succeeded in
finding the optimal solution after BBO loops were performed
Nit,a(= |Da| − |D0|) times. Thus, R(a)

success is the percentage of
y(a)

min,α
such that y(a)

min,α
= y∗, i.e., the success rate of SFMA
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FIG. 3. Results of ȳ(a)
min [panels (a), (c), and (e)] and R(a)

min,success [panels (b), (d), and (f)]. Plots in panels (a) and (b), (c) and (d), and (e) and
(f) display the results for W3 with Nbit = 12, W4 with Nbit = 16, and W2 with Nbit = 20, respectively. The iteration number Nite is taken to be
Nite = 2N2

bit + 1. The red (orange) and blue (green) curves represent the results of SFMA and FMA with (without) standardization, respectively.
The results of RS are plotted by the tan curves.

(FMA). By utilizing R(a)
min,success, we introduce metrics for the

exploration performance and the exploitation performance of
the algorithms denoted by Nconv and Rfinal

success = R(a=Nite )
success , re-

spectively. The former represents the minimum number of
Nit,a such that R(a)

min,success � 0.5, whereas the latter describes

the final value of R(a)
min,success. In our numerical experiments,

all the above statistical quantities are computed by taking
Nsamp = 30. In addition, all these quantities are calculated by
rounding them to 17 decimal places in order to avoid floating-
point errors.

C. Results

In this section, we discuss our numerical experimental re-
sults given in Figs. 3–5 and Tables I and II. In these figures and
tables, we denote the terms nonstandardized and standardized
by using acronyms NS and S, respectively; for instance, we
call nonstandardized FMA NS-FMA, while we call standard-
ized SFMA S-SFMA. In addition to these four algorithms, we
present the results of random search (RS) and use them as
indicators to show how well SFMA as well as FMA converge
to the optimal solution. For each Nbit, RS is performed by
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FIG. 4. Results of ȳ(a)
min [panels (a), (c), and (e)] and R(a)

min,success [panels (b), (d), and (f)] of the improved SFMA. Plots in panels (a) and
(b), (c) and (d), and (e) and (f) are the results for W2 with Nbit = 12 and Nite = 4N2

bit + 1, W7 with Nbit = 16 and Nite = 4N2
bit + 1, and W9 with

Nbit = 20 and Nite = 6N2
bit + 1, respectively. For Nbit = 12 and 16, the results of the improved SFMA (ISFMA) are presented by purple curves.

On the other hand, for Nbit = 20, the two improved algorithms ISFMA1 and ISFMA2 are displayed by purple and pink curves, respectively.
To make the comparisons between the performance of the improved SFMA and those of the other algorithms, we also plot the results of the
nonstandardized FMA (green), the standardized FMA (blue), the nonstandardized SFMA (orange), the standardized SFMA (red), and RS (tan).

augmenting the initial dataset |D0| with Nite data points, which
are selected randomly according to Nsamp different random
seeds. In Figs. 3–5, we plot the results for ȳ(a)

min and R(a)
min,success

as functions of the dataset size |Da| and the iteration number
of BBO loops Nit,a, respectively: The plots of ȳ(a)

min (R(a)
min,success)

are labeled by a, c, and e (b, d, and f). For the plots of ȳ(a)
min, we

also present three horizontal dashed lines with three colors,
black, brown, and gray, in order to present how well SFMA
and FMA are approaching the optimal solutions. The black,
brown, and gray lines represent the output value of the first

optimal solution yopt,1st, that of the second optimal solution
yopt,2nd, and the approximate optimal values of fBB,W (M ) in
Eq. (2) (ymid), which is obtained by an algorithm shown in
Ref. [86] (see Eqs. (1)–(5) in Ref. [86]), respectively. The two
values yopt,1st and yopt,2nd are calculated by exhaustive search
(brute force) methods. On the other hand, in Tables I and II,
we present the tabular data on Nconv and Rfinal

success. The last
columns denoted by the term frequency indicate how many
times each algorithm demonstrated the best performance in
convergence (the smallest value of Nconv) and accuracy (the
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FIG. 5. Results of ȳ(a)
min [panels (a), (c), and (e)] and R(a)

min,success [panels (b), (d), and (f)] of the standardized SFMA with Nite = 2N2
bit + 1. Plots

in panels (a) and (b), (c) and (d), and (e) and (f) are the results for W3 with Nbit = 12, W4 with Nbit = 16, and W2 with Nbit = 20, respectively.
The red and light blue curves represent the results for the annealers selected to be SA and QA, respectively.

largest value of Rfinal
success) across the ten instances. To highlight

which algorithm exhibits the best performance in convergence
and accuracy, for each Wn we write the smallest value of

Nconv, the largest value of Rfinal
success, and the largest frequency

by the bold texts. When nalg (= 1, . . . , 4) algorithms and/or
RS become tied (nalg algorithms and/or RS exhibit the same

TABLE I. Data on Nconv for Nbit = 20 and Nite = 2N2
bit + 1. All the annealing processes have been performed by SA.

���������Algorithm
Instance

W0 W1 W2 W3 W4 W5 W6 W7 W8 W9 Frequency

S-SFMA 396 None 393 732 None None 274 380 321 None 6
S-FMA None None None None None None None None None None 0
NS-SFMA None None None None None None None None None None 0
NS-FMA None None None None None None None None None None 0
RS None None None None None None None None None None 0
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TABLE II. Data on Rfinal
success for Nbit = 20 and Nite = 2N2

bit + 1. All the annealing processes have been performed by SA.

���������Algorithm
Instance

W0 W1 W2 W3 W4 W5 W6 W7 W8 W9 Frequency

S-SFMA 24/30 4/30 23/30 15/30 7/30 4/30 25/30 17/30 24/30 1/30 10
S-FMA 5/30 0/30 0/30 0/30 0/30 2/30 1/30 3/30 0/30 0/30 0
NS-SFMA 0/30 0/30 0/30 0/30 0/30 0/30 0/30 0/30 0/30 0/30 0
NS-FMA 0/30 0/30 0/30 0/30 0/30 0/30 0/30 0/30 0/30 0/30 0
RS 0/30 0/30 0/30 1/30 1/30 0/30 0/30 0/30 0/30 0/30 0

smallest values of Nconv or the highest values of Rfinal
success), we

assign a value 1/nalg [or 1/(nalg + 1)] to the frequency of each
algorithm except for the cases when the values of Nconv do not
exist as indicated by the term none and when Rfinal

success = 0. In
addition to Figs. 3–5 and Tables I and II, in Appendix C we
demonstrate the analyses of variances and standard deviations
of y(a)

min. In the following, we discuss the results by presenting
a section for each figure.

1. Results for Nite = 2N2
bit + 1 via SA

In Fig. 3, we show the numerical results for W3 with
Nbit = 12 [panels (a) and (b)], W4 with Nbit = 16 [panels (c)
and (d)], and W2 with Nbit = 20 [panels (e) and (f)]. All these
results are obtained by choosing an annealer to be SA with
Nite = 2N2

bit + 1. We explain the setup for the execution of SA
in Appendix B 2. We present these results since they clearly
exhibit the theoretically expected behaviors across the ten
W matrices. The results for the rest of the W matrices are
shown in Appendix D. Let us explain from the result for the
means ȳ(a) [Figs. 3(a), 3(c), and 3(e)]. We observe in the fig-
ure that the means calculated by the standardization approach
the first optimal solution faster than those calculated without
the standardization, which implies the effectiveness of the
standardization. Such a feature implies the verification of our
consideration on the properness of the standardization. For the
rest of the discussion, let us focus on the results of standard-
ized SFMA and FMA and analyze their behaviors. Basically,
we observe the same characteristics across all Nbit. That is, in
the first half of the BBO processes the red curves (S-SFMA)
take the equivalent or larger values than those of the blue
curves (S-FMA) in certain ranges. On the other hand, in the
second half S-SFMA exhibits the lower values at all |Da| and
approaches the first optimal solution with significantly higher
accuracy. Correspondingly, in Figs. 3(b), 3(d), and 3(f) we
observe that in the first half the values of R(a)

min,success calculated
by S-SFMA take the equivalent or smaller values in certain
ranges whereas in the second half they are larger at all Nit,a.
We interpret such contrastive characteristics of the SFMA and
FMA in the following way. In the first half, SFMA exhibits
the larger deviation in searching the optimal solution since
it is in the exploration phase with higher performance than
the exploration performance of FMA. In the second half, the
candidate solutions are explored sufficiently by SFMA and it
exhibits higher explotation performance. As a result, SFMA
finds the optimal solution more efficiently and effectively than
FMA. This consideration is supported by Tables I and II,
which present the data on Nconv and Rfinal

success for Nbit = 20,

respectively. From these tables, we clearly observe that SFMA
shows the advantages over the other algorithms in both speed
(convergence) and accuracy.

2. Results for Nite = 4N2
bit + 1, 6N2

bit + 1 via SA

Next, we discuss the results in Fig. 4. As indicated by
Fig. 3, Figs. 8–13 in Appendix D, and Tables I and II, the
ways the algorithms converge to the optimal solutions do not
show the similar behaviors with respect to Wn. Specifically,
S-SFMA converge to the optimal solutions with high accuracy
(large Rfinal

success) for certain cases including the ones shown in
Fig. 3, whereas it does not (small Rfinal

success) for some cases.
Furthermore, the values of Nconv of S-SFMA does not exist for
some instances. The convergence performance as well as the
accuracy of SFMA can be improved by, for instance, increas-
ing the value of Nite and/or taking the value of R to be smaller
than 0.4. By controlling the values of Nite and R coherently,
SFMA can be improved in various ways and we investigate
them in the following. In Fig. 4, we present the results for
W2,W7, and W9 with Nbit = 12, 16, and 20, respectively: the
results for other W matrices are discussed in Appendix E. For
Nbit = 12 and 16, the parameters Nite and R are taken to be
Nite = 4N2

bit + 1, R = 0.1. We call these algorithms ISFMA.
For Nbit = 20, we make two types of improvements. The
first one is done by taking Nite = 6N2

bit + 1, R = 0.1 and the
second one is done by sequentially running two different types
of SFMA. In the first part, we perform SFMA with Nite = N2

bit
and R = 0.1, whereas in the second part we run it by tak-
ing Nite = 5N2

bit and R = 0.01. For convenience, we call the
former algorithm ISFMA1 whereas the second one ISFMA2.
We benchmark them against the other four different algo-
rithms (standardized and nonstandardized FMA and SFMA
with R = 0.4) and RS in convergence and accuracy. These
algorithms are performed by augmenting the datasets whose
sizes are equal to 2N2

bit + 1 (the results shown in Figs. 8–13)
with additional datasets obtained by 2N2

bit (4N2
bit) times of

BBO loops for Nbit = 12 and 16 (Nbit = 20). Let us explain
from the cases of Nbit = 12 [panels (a) and (b)] and 16 [panels
(c) and (d)]. For both cases, we observe that ISFMA (purple
curve) exhibits the smallest values of Nconv and the highest
values of Rfinal

success.
Finally, we discuss the result for Nbit = 20 [panels (e)

and (f)]. What we observe from the figures is that ISFMA1

(purple curve) and ISFMA2 (pink curve) approach the optimal
solution faster than any other four algorithms and RS. In the
following, let us focus on the results of ISFMA1 and ISFMA2

and analyze their characteristics more in detail. Note that both
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of these algorithms are performed such that the second parts
of BBO calculations are carried out using the same dataset
obtained by running SFMA with Nite = N2

bit and R = 0.1 (the
first part of BBO calculation). The results demonstrate that in
the first half the mean values ȳ(a) of ISFMA1 are smaller than
those of ISFMA2 in certain ranges. In the second half, the
mean values ȳ(a) of ISFMA2 are always smaller than those
of ISFMA1. Correspondingly, in the first half, the success
rates R(a)

min,success of ISFMA2 are equal to or smaller in certain

ranges, whereas in the second half the values of R(a)
min,success

of ISFMA2 become equivalent or larger at all Nit,a. The fi-
nal value of the success rate Rfinal

success of ISFMA2 is equal
to 22/30 whereas that of ISFMA1 is 12/30, which implies
that the accuracy of ISFMA2 is about twice as large as that
of ISFMA1. We consider that such a significant difference
between these two algorithms has been generated due to how
the FM models have been trained in the second part. That is,
in ISFMA2 the FM models have been trained by taking R =
0.01, which is ten times smaller than the value of R taken in
ISFMA1. We consider that such a way of training has enabled
ISFMA2 to explore a significantly wider range of the solu-
tion space, which leads the enhancement of the exploration
performance of ISFMA2 and the exploitation performance as
well. Moreover, ISFMA2 exhibits the value of Nconv while
ISFMA1 does not. As a result, both the performance of
exploration and exploitation of ISFMA2 are significantly
higher than the other algorithms. We regard this result as
the reflection of the potential scalability of SFMA discussed
in Sec. III B.

3. Results for Nite = 2N2
bit + 1 via QA

Finally, let us discuss the results in Fig. 5. These are
the results for ȳ(a) and R(a)

min,success computed by running S-
SFMA via both SA (red) and QA (light blue). Note that
the red curves are the same ones presented in Fig. 3.
The numerical setup for running QA is explained in Ap-
pendix B 3. We observe in Fig. 5 that the results obtained
by the two annealers quantitatively demonstrate almost the
same behaviors. In our experiments, we have not observed
the explicit outperformance of QA over SA in speed and/or
accuracy (quantum advantage). Meanwhile, for instance, in
Refs. [23,24], it has been highlighted that for certain op-
timization problems QA might be more advantageous than
SA. In addition, it has been studied in Ref. [110] that
a quantum computer exhibits a superpolynomial quantum
advantage over a classical computer in finding an ap-
proximate solution to combinatorial optimization problems.
When Nbit is sufficiently larger than the values taken in
our experiments, the complexity of a Hilbert space, which
is a resource of quantum computing, becomes more en-
hanced, and we expect that there is a possibility that we
observe the supremacy of QA such that it demonstrates
advantages in speed and/or accuracy over SA. We would like
to address such an issue in our future work.

V. CONCLUSION AND OUTLOOK

In this work, we have developed the algorithm that enables
us to solve black-box optimization problems effectively and

efficiently by devising the training processes: SFMA. FMA is
one of the methodologies for solving black-box optimization
problems; however, it has a potential limitation such that its
performance on exploring candidate solutions may be insuf-
ficient since FM models are trained by a point-estimation
approach. From this perspective, we have improved FMA by
strengthening its exploration performance. Specifically, we
have trained FM models by sampled subdatasets. Since FM
models are trained in such probabilistic ways, we become able
to explore broader ranges of solution spaces, which implies
the amplification of the exploration performance of FMA. As
a result, SFMA exhibits the exploration-exploitation function-
ality. We have conducted the numerical experiments to verify
whether SFMA truly exhibits the exploration-exploitation
functionality or not and to benchmark it against FMA in speed
(convergence) and accuracy. Consequently, we have veri-
fied that SFMA certainly exhibits the exploration-exploitation
functionality and is superior to FMA in both speed and accu-
racy. Furthermore, we have observed the potential scalability
of SFMA by setting the value of R to be correspondingly small
according to the problem size. We expect that the advantages
of SFMA, low computational cost and scalability, are going
to be powerful tools for tackling complex problems in the real
world.

Let us further highlight the superiority of SFMA with
respect to the computational cost. In this work, we have
amplified the exploration performance by subsampling.
Meanwhile, we are able to strengthen the exploration per-
formance in other ways. For instance, we can accomplish
this by running FMA and BOCS alternatively. Specifically,
first we run BOCS and later we execute FMA. Moreover,
BOCS can be replaced with another stochastic algorithm.
Although we can take such alternative approaches, we
consider that using the subsampling method is more ben-
eficial. This is because the computational cost for running
stochastic algorithms like BOCS typically increases sig-
nificantly as the dataset size and/or the dimension of a
solution space become larger. On the other hand, SFMA
can be performed with low computational cost even for a
large dataset by setting the value of R to be correspond-
ingly small, although its exploration performance might
be weaker than other stochastic algorithms. Another ap-
proach to accomplish establishing the algorithms possessing
the exploration-exploitation functionalities is, for instance,
to enhance the exploitation performance of stochastic al-
gorithms. We would like to address this problem in our
future work by examining various stochastic algorithms.
Finally, we would like to point out that the subsampling
approach works for training other types of machine learn-
ing models. With this taken into account, the investigation
of the machine learning model trained by a sampled sub-
dataset that demonstrates the best performance on a given
problem would also be an interesting future direction. In
relation to this, the investigation of other sampling meth-
ods would be another important theme to explore. These
could be, for instance, the creation of subdatasets using
clustering methods and that comprised of small and large
values of objective functions. Furthermore, the optimiza-
tion of the hyperparameter R would be another interesting
direction.
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In this work, we have developed the effective algorithm
for black-box optimization problems by devising dataset
modeling, i.e., step (ii) in Fig. 1. By developing powerful
method for each of the other two basic steps and incor-
porating them into SFMA coherently, we expect that we
become able to run SFMA more effectively and efficiently.
Furthermore, the development of powerful algorithms for
BBO that are carried out by gate-based quantum optimization
algorithms [27,29,31,33,34] would be another interesting and
important direction.

Recently, intensive research and development in both
machine learning (artificial intelligence) and quantum tech-
nology including both hardware engineering and algorithmic
development has been progressing. It is expected to continue
toward the development of algorithms that are capable of
addressing complex problems in the real world and large-scale
(both classical and quantum) devices that enable us to leverage
such algorithms. We expect that our results pave the way for
accomplishing these goals and lead to the creation of next-
generation technologies that are going to be the basic building
blocks for accelerating industrial developments.
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APPENDIX A: STANDARDIZATION METHOD

We explain how to construct the normalized sampled
subdatasets B̂a in Algorithm 1. The subdatasets B̂a are
formulated by the standardized output variables defined
by [4,54,55,57,86]

ŷ(i)
stand = y(i) − ȳ√

�2y × Nbit

. (A1)

The quantities ȳ and �2y in the above equation are defined by

ȳ = 1

NG

∑
y∈G

y,

�2y = 1

NG

∑
y∈G

(y − ȳ)2, (A2)

where G is an ensemble of pairs of input and output vari-
ables constructed randomly from a full dataset and NG is
the number of such pairs included in G. In our numerical
experiments, we take NG = 5Nbit. The reason why we use
the standardized output variables ŷ(i)

stand in Eq. (A1) instead
of the bare output variables y(i) to train FM models is be-
cause when the values of y(i) are considerably small, there
are possibilities that annealing processes do not work ef-
fectively. Let us discuss more in detail for both SA and
QA. In case of SA, when output values y(i) are too small
this effectively corresponds to taking high inverse temper-
atures, which means that the annealing processes tend to
show random behaviors. Such randomness destabilizes the
convergence to the optimal solutions, which implies that the
annealing processes do not work effectively. We consider
that such destabilization of convergence is prominent for
large Nbit since the dimension of a solution space is sig-
nificantly big. Next, let us discuss the effectiveness of the
standardization on QA. We consider that the standardization
is also effective on QA because of the following reason.
When bare output variables are substantially small, then the
energy gaps between the ground state energies and the first
excited energies are considerably small as well. In such
cases, the performance of QA gets degraded significantly.
By performing the standardization, the magnitudes of such
energy gaps are effectively enhanced, and correspondingly,
the performance of QA is amplified. Therefore, the stan-
dardization is also effective for performing QA with high
accuracy.

APPENDIX B: IMPLEMENTATION OF SFMA

In this section, we describe the implementation of SFMA
in our numerical experiments. First, we explain the numeri-
cal procedure of SFMA, which is represented schematically
in Fig. 6. After that, we explain the setups for running
SA and QA. All the classical computations in our numeri-
cal experiments are performed on a MacBook Air (Sonoma

FIG. 6. Numerical procedure of SFMA comprised of four basic steps. First, we prepare an initial dataset D0. Second, we create D1.
Third, we train an FM model fFM(x; θ(a) ). Fourth, we run annealing (SA or QA) to search for the optimal solution to fFM(x; θ(a) ) denoted by
(x†(a), y†(a) ). Steps three and four are performed iteratively Nite − 1 times.
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14.2) that consists of Apple M2 (8-core CPU) and 24 GB
of memory.

1. Numerical procedure

The numerical procedure of SFMA is comprised of four
basic steps. First, we prepare an initial dataset D0 with |D0| =
Nbit for each problem instance generated by randomly se-
lecting Nbit sets of input and output variables using a fixed
random seed. Second, for each problem instance we create a
full dataset D1 by running a single BBO loop. We perform
this in two ways, the training of FM models with and without
standardization. The reason we start running SFMA not with
D0 but with D1 is because we conduct the benchmarking tests
in a way that we compare the performance of SFMA and that
of FMA after the initial dataset D0, which is the common
given dataset, is used for both cases. In the rest, SFMA is
performed Nite − 1 times. Since each iteration is performed
by the same way in terms of the basic three steps in Fig. 1,
we describe the following description as the explanation of
the procedure of running the ath (a = 2, . . . , Nite) BBO loop.
Third, we train the FM models fFM(x; θ(a) ) with the datasets
Da−1. We do this by optimizing MSE using Adam with all
the samples of the datasets (full batch). For every calculation,
the learning rate η and the epoch number Nepoch are taken to be
η = 0.01 and Nepoch = 200, respectively. We note that for each
iteration, each component of the FM parameters θ(a) is trained
by initially generating a random number obeying a normal
distribution with its mean and variance equal to 0 and �2ȳ
given in Eq. (A2), respectively. We take the variance of the
normal distribution to be �2ȳ since the FM model parameters
θ(a) have the same orders with the black-box functions. In
other words, we also rescale θ(a) as we do in the standardiza-
tion: In contrast, in cases of the nonstandardized SFMA and
FMA we do not perform rescaling. Such a normal distribution
is constructed by a fixed random seed. All these machine
learning calculations are carried out using PyTorch version
2.4.1 and Python version 3.12.7. Fourth, we run annealing
processes (SA or QA) using D-Wave Ocean SDK version
8.1.0.

2. Setup for SA

Let us describe the setup for SA. The SA cal-
culations are performed using the library called neal.
SimulatedAnnealingSampler, which is supported by D-Wave
Ocean SDK [112]. We set two parameters, num_reads and
num_sweeps, and a fixed random seed. For convenience, here-
inafter let us denote num_reads and num_sweeps by nreads

and nsweeps, respectively. The parameter nreads represents the
repetition number of a definite single annealing procedure and
nsweeps describes the number of Markov chain Monte Carlo
steps. In our experiments, we take (nreads, nsweeps) = (10, 100)
and the rest of the parameters are set to their default values.
We note that we have verified that the annealing processes un-
der these values have enabled the acquisitions of the optimal
solutions to fFM(x; θ(0) ) (FM function obtained by D0) trained
in both cases, with and without the standardization procedure.
Thus, the SA processes work properly for both cases under
these values of nreads and nsweeps.

3. Setup for QA

Let us explain the setup for running QA. The quantum
annealing calculations have been performed by the quantum
device called Advantage_system 6.4, which is supported by
D-Wave Systems, Inc. [113]. In order to implement the FM
models on it, the logical qubits are mapped onto the physical
qubits, which is so-called minor embedding. All the minor-
embedding processes are carried out by utilizing the function
called EmbeddingComposite, which is provided in D-Wave
Ocean SDK [112]. In addition, as similar to the cases of SA,
a definite QA process is run multiple times independently,
which is characterized by a parameter num_reads: In the
following, we denote it by nreads. For every experiment, we
take nreads = 50 and the rest of the parameters are set to their
default values. Furthermore, we have numerically verified that
QA properly finds the optimal solutions to fFM(x; θ(0) ) under
this parameter setting.

APPENDIX C: ANALYSES OF STANDARD DEVIATIONS

In Sec. IV C, we have discussed the results for the means
ȳ(a) and the success rates R(a)

min,success. In addition, let us analyze
our results of variances defined by

σ 2 = 1

Nsamp

Nsamp∑
α=1

(
y(a)

min,α
− ȳ(a)

min

)2
. (C1)

In the following, we investigate the behaviors of the associated
standard deviations

√
σ 2 given by Eq. (C1) by comparing to

those of the success rates R(a)
min,success. In Fig. 7, we display

the results of S-SFMA and S-FMA by red and blue curves,
respectively. The plots in panels (a) and (b), (c) and (d),
and (e) and (f) denote the results for W3 with Nbit = 12, W4

with Nbit = 16, and W2 with Nbit = 20, respectively. For every
calculation, we take the BBO iteration number to be Nite =
2N2

bit + 1. In panels (a), (c), and (e), we display the plots of
the means ȳ(a)

min with shaded regions representing 95% con-
fidence intervals defined by [ȳ(a) − 1.96

√
σ 2/Nsamp, ȳ(a) +

1.96
√

σ 2/Nsamp]. On the other hand, we present the results
for R(a)

min,success in panels (b), (d), and (f). Note that ȳ(a)
min and

R(a)
min,success shown here are the same ones in Fig. 3. From the

results in panels (a), (c), and (e), we observe that, for all
Nbit, when the dataset sizes |Da| increase and get closer to
Ntot, the standard deviations become sufficiently small or ap-
proach zero for the cases of S-SFMA. In contrast, the standard
deviations remain finite for the cases of S-FMA. Correspond-
ingly, the results in panels (b), (d), and (f) demonstrate that
for the cases of S-SFMA, the values of R(a)

min,success increase
as Nit,a get larger and become equal to or almost equal to
30/30 at Nit,a = Nite. For the cases of S-FMA, the values of
R(a)

min,success get larger as Nit,a increase; however, the final values
Rfinal

min,success are equal to or smaller than 11/30. As a result,
the standard deviations are zero (sufficiently small) when we
achieve the optimal solutions in all (almost all) Nsamp (=30)
trials whereas they take moderate values when the optimal so-
lutions have been obtained in the portions of the Nsamp trials as
expected.
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FIG. 7. Results of ȳ(a) associated with standard deviations
√

σ 2 [panels (a), (c), and (e)] and R(a)
min,success [panels (b), (d), and (f)] calculated

by S-SFMA (red) and S-FMA (blue). The plots in panels (a) and (b), (c) and (d), and (e) and (f) are the results for W3 with Nbit = 12, W4 with
Nbit = 16, and W2 with Nbit = 20, respectively. Nite is taken to be Nite = 2N2

bit + 1 for every case.

APPENDIX D: RESULTS FOR THE OTHER W MATRICES

In this Appendix, we explain the results for ȳ(a) and
R(a)

min,success for the other nine W matrices that have not been
presented in Sec. IV C. The plots in Figs. 8, 10, and 12
(Figs. 9, 11, and 13) are the results for ȳ(a) (R(a)

min,success) with
Nbit = 12, 16, and 20 and Nite = 2N2

bit + 1, respectively. Ac-
cording to the results presented in Figs. 8–13 and those in
Sec. IV C, overall SFMA outperforms the other algorithms

in convergence (SFMA demonstrates the smallest values of
Nconv) across the ten problem instances. Moreover, SFMA
demonstrates the advantages in accuracy (SFMA exhibits
the largest values of Rfinal

success) in ten instances for every Nbit.
From these results, we consider that the advantage of SFMA
becomes more prominent as Nbit increases, particularly, in
accuracy. Furthermore, RS becomes less effective when Nbit

increases.
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FIG. 8. Results for ȳ(a) with Nbit = 12 and Nite = 2N2
bit + 1. Plots in panels (a)–(i) are the ones for Wn with n = 0, 1, 2, 4, 5, 6, 7, 8, and 9,

respectively.
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FIG. 9. Results for R(a)
min,success with Nbit = 12 and Nite = 2N2

bit + 1. Plots in panels (a)–(i) are the ones for Wn with n =
0, 1, 2, 4, 5, 6, 7, 8,and 9, respectively.
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FIG. 10. Results for ȳ(a) with Nbit = 16 and Nite = 2N2
bit + 1. Plots in panels (a)–(i) are the ones for Wn with n = 0, 1, 2, 3, 5, 6, 7, 8, and

9, respectively.
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FIG. 11. Results for R(a)
min,success with Nbit = 16 and Nite = 2N2

bit + 1. Plots in panels (a)–(i) are the ones for Wn with n = 0, 1, 2, 3, 5, 6, 7, 8,

and 9, respectively.
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FIG. 12. Results for ȳ(a) with Nbit = 20 and Nite = 2N2
bit + 1. Plots in panels (a)–(i) are the ones for Wn with n = 0, 1, 3, 4, 5, 6, 7, 8 and 9,

respectively.
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FIG. 13. Results for R(a)
min,success with Nbit = 20 and Nite = 2N2

bit + 1. Plots in panels (a)–(i) are the ones for Wn with n = 0, 1, 3, 4, 5, 6, 7, 8
and 9, respectively.
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APPENDIX E: IMPROVED SFMA FOR
OTHER W MATRICES

In this Appendix, we discuss the improvements of SFMA
for other W matrices and present the results for ȳ(a) and
R(a)

min,success in Figs. 14–17. Figures 14 and 15 display the

results for ȳ(a) and R(a)
min,success with Nbit = 12 and 16, respec-

tively. Meanwhile, Figs. 16 and 17 present those for ȳ(a) and
R(a)

min,success with Nbit = 20, respectively. Note that, as explained
in Sec. IV C, the four algorithms (S-SFMA, S-FMA, NS-
SFMA, and NS-FMA) and RS are run such that the datasets
with the sizes equal to 2N2

bit + 1 are incorporated with addi-
tional data points generated by running the BBO loops 2N2

bit
(4N2

bit) times for Nbit = 12 and 16 (Nbit = 20).
Let us begin from explaining the results in Fig. 14. Here,

we have made the improvements for instances W5 and W7

by taking R = 0.1, Nite = 4N2
bit + 1. The results demonstrate

that the fastest convergence or the lowest value of Nconv is
achieved by ISFMA (S-SFMA with R = 0.4) for W5 (W7).
Similarly, ISFMA (S-SFMA with R = 0.4) exhibits the high-
est accuracy for W5 (W7). Next, let us explain the results
for Nbit = 16 displayed in Fig. 15. We have investigated two
instances W2 and W5, and for both cases, ISFMA are created
by setting R = 0.1, Nite = 4N2

bit + 1. As a result, ISFMA only
yields Nconv and demonstrates the highest Rfinal

success in these

two instances. Finally, we discuss the results for Nbit = 20.
We analyze five cases, Wn with n = 1, 3, 4, 5, and 7, and
take Nite to be Nite = 6N2

bit + 1. For Wn with n = 3, 5, and 7,
we improve SFMA by taking R = 0.1, while for the rest
we refine SFMA using two different values of R as we
have done for W9: see Sec. IV C. Namely, for W1 (W4) in
the first part we run SFMA with R = 0.1, Nite = 5N2

bit (R =
0.1, Nite = 4N2

bit), whereas in the second part we run SFMA
by tuning the value of R to be R = 0.01. As we have done
in Sec. IV C, we call the improved algorithms given solely
by R = 0.1 ISFMA1 while we call those created by both
R = 0.1, 0.01 ISFMA2. Note that ISFMA1 is performed by
augmenting the dataset obtained in the first part of the BBO
loops in ISFMA2 with the datasets generated by the second
parts of the BBO loops. We benchmark the performance of
the five (six) algorithms and RS for W3,W5, and W7 (W1 and
W4). As a result, ISFMA or ISFMAi (i = 1, 2) do not yield
the lowest value of Nconv in all the instances; however, they
enable us to achieve the highest values of Rfinal

success in all the
instances. Consequently, we consider that the advantage of
the improved SFMA (ISFMA and ISFMAi) in accuracy be-
comes more prominent when the system size Nbit gets larger.
Moreover, ISFMA as well as ISFMAi outperform the stan-
dardized SFMA with R = 0.4 in all the instances for Nbit =
16, 20.

FIG. 14. Results for ȳ(a) and R(a)
min,success with Nbit = 12 and Nite = 4N2

bit + 1 for W5 [panels (a) and (c)] and W7 [(b) and (d)], respectively.

The plots in panels (a) and (b) [panels (c) and (d)] represent the results for ȳ(a) (R(a)
min,success ).
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FIG. 15. Results for ȳ(a) and R(a)
min,success with Nbit = 16 and Nite = 4N2

bit + 1 for W2 [panels (a) and (c)] and W5 [panels (b) and (d)],

respectively. The plots in panels (a) and (b) [panels (c) and (d)] represent the results for ȳ(a) (R(a)
min,success ).
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FIG. 16. Results for ȳ(a) with Nbit = 20 and Nite = 6N2
bit + 1 for W1 [panel (a)], W3 [panel (b)], W4 [panel (c)], W5 [panel (d)], and W7

[panel (e)], respectively.
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FIG. 17. Results for R(a)
min,success with Nbit = 20 and Nite = 6N2

bit + 1 for W1 [panel (a)], W3 [panel (b)], W4 [panel (c)], W5 [panel (d)], and W7

[panel (e)], respectively.
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