PHYSICAL REVIEW RESEARCH 8, 023188 (2026)

Benincasa-Dowker-Glaser causal set actions by quantum counting
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Causal set theory is an approach to quantum gravity in which spacetime is fundamentally discrete while
retaining local Lorentz invariance. The Benincasa-Dowker-Glaser action is the causal set equivalent to the
Einstein-Hilbert action underpinning Einstein’s general theory of relativity. We present a O(n?) running-time
quantum algorithm to compute the Benincasa-Dowker-Glaser action in arbitrary spacetime dimensions for causal
sets with n elements, which is asymptotically optimal and offers a polynomial speedup compared to all known
classical or quantum algorithms. To do this, we prepare a uniform superposition over an O(n?)-size arbitrary
subset of computational basis states encoding the classical description of a causal set of interest. We then
construct depth O(n)-depth oracle circuits testing for different discrete volumes between pairs of causal set
elements. Repeatedly performing a two-stage variant of quantum counting using these oracles yields the desired

algorithm.
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I. INTRODUCTION

Einstein’s general theory of relativity, which describes
gravity as a geometric property of spacetime, has proven to
be one of the most successful physical theories for describ-
ing our universe at macroscopic scales [1-3]. However, its
incompatibility with our best theory of microscopic scales,
quantum mechanics, is well known. It is therefore important
to find a theory that is capable of describing scenarios where
neither quantum nor relativistic effects may be ignored (such
as near black holes or in the early universe). The theory of
causal sets originally proposed by Bombelli et al. [4], which
considers the causal order of spacetime to be discrete and
fundamental, is a candidate theory of quantum gravity on
which such a description could possibly be built. One of the
most striking phenomenological aspects of causal sets was the
correct prediction by Sorkin [5,6] of the order of magnitude
of the cosmological constant, which was later experimentally
observed.

In general, an action has dual use—giving rise to the be-
havior of a system and as a means to quantize a theory by
a path integral (sum over histories) approach. The (classical)
equations of motion for a physical system can be obtained
from an action principle: The path taken by a physical system
through its state space can be explained as being a stationary
value of the system’s action functional. In general relativ-
ity, this role is played by the Einstein-Hilbert action. The
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celebrated Einstein field equations (Ref. [7]) were formulated
by David Hilbert using the principle of least action applied
to this functional [8]. In quantum mechanical theories, every
possible path through state space contributes to the dynamics
of the system. The amplitude of each path (or “history”) has its
phase determined by the action. The Einstein-Hilbert action is
also used in approaches to quantize gravity [9].

It is therefore natural to seek a discrete action on causal sets
whose expectation converges to the Einstein-Hilbert action in
the continuum limit. The main candidate for such a discrete
action is the Benincasa-Dowker-Glaser (BDG) action [10],
for which there is both analytical and numerical evidence
that it converges in expectation up to some boundary terms
[10—14]. Causal sets are the only mathematical structures that
are discrete and Lorentz invariant [15,16]. Therefore, the BDG
action can be of phenomenological use for any fundamental
theory that at some scale appears to satisfy these properties.
Like the path integral (sum over histories) formulation of
quantum mechanics, causal set actions can be used to con-
struct discrete quantum dynamics by acting as weights in sums
over the sample space of causal sets in a “sum over causal
sets” approach. The development of the correct dynamics for
causal sets is ongoing [17].

A. Our contributions

Our main contribution is a quantum algorithm to estimate
the value of the d-dimensional Benincasa-Dowker-Glaser
causal set action up to an O(en) error in O(n’e~") time.
This is an improvement over classical algorithms that can be
used, which have time complexities Om3) or O(n*80™) (see
Sec. IVA'1 for the latter) depending on available memory
[O(1) for the former and O(n?) for the latter] and acceptable
constant factors in running time. The quantum algorithm is
described in Sec. 1. The statement of our main result found in
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Theorem 6 formulates the accuracy and resource requirements
more precisely.

ALGORITHM 1. Estimating the Benincasa-Dowker-Glaser
causal set action for d spacetime dimensions.

(1) Foreach k € {0, ...,n; — 1}, where n; = % + 2 for even
dimension and n; = < ;1 + 2 for odd dimension, perform the
following steps to estimate order interval abundance N;.

(a) Initial superposition. Prepare an initial [2log, n]-qubit uniform

superposition over the first n? basis states

OB (1)

Achievable in O(log n) time using an efficient circuit (e.g., Shukla
and Vedula [18]).

(b) Data superposition. Apply a sequence of X gates as described
in Sec. V A 1 to produce the state with [21og, n] + 2n qubits

l n
=2 |G, ) ® rie;), )

i,j=1

where r; and ¢; are the n-bit binary strings forming rows and
columns of the n x n reflexive adjacency matrix of the causal set.
Achievable in O(n? log n) time (Corollary 1).

(c) Abundance counting. Perform the two-stage quantum counting
variant of Sec. V A 3 using the O(n)-depth oracle circuit V; given in
Fig. 5 to estimate N, by Ni. Achievable in O(n?) time (since O(n)
oracle queries are made).

(2) Input all the N, into the action formula of Definition 7 to obtain
an estimate @ for §¢.

We also analyze (Sec. IVB) a classical method for ap-
proximately counting order-interval abundances (and thus
computing the BDG action) based on simple random sampling
of pairs of elements. In order to obtain the correct error scaling
in this approximation, we find that the number of pairs sam-
pled must be at least a constant multiple of the total number of
adjacent elements in the causal set, which is O(n?) in general.
Although this does not offer an asymptotic improvement in
the running time over the naive O(n*) time classical method,
there is an improved constant factor that comes at the cost of
its output being an approximation.

B. Overview of techniques

The basis of our algorithm is to use quantum counting
[19,20] to efficiently count the abundance of order intervals
of a particular size in a causal set. This counting is performed
only approximately, so it is important to ensure that as the
number of causal set elements n being considered grows, the
error in the approximation increases at most linearly in 7.
To this end, in Sec. VA3 we adapt the simplified quantum
counting algorithm of Aaronson and Rall [21] (which makes
no use of the quantum Fourier transform and relies solely
on Grover iterations) to perform two stages: an initial rough
estimate of the count which is used to feedback and tune the
target error parameter, followed by a final count using this
updated parameter. This results in an estimate with an error
that is at most proportional to the square root of the true count
(Theorem 5).

In order to apply the counting algorithm successfully, we
require two other components: efficient data preparation and

an efficient quantum oracle. For our algorithm, data prepara-
tion means the preparation of a uniform superposition state
over binary strings of qubits representing all row and column
pairs of the adjacency matrix for the (reflexive) causal set. To
achieve this, we first prepare a uniform superposition over the
correct number O(n?) of states (corresponding to elements
of an n x n matrix) inside a minimal-dimensional quantum
register using the recent algorithm of Shukla and Vedula [18].
We apply a circuit that uses the elements of this superposition
to enumerate states in a second, larger register; mapping each
to strings of qubits representing the row/column data. For
this, we assume that the classical description of the causal
set is provided in a form that, for any given element, allows
constant-time lookup of the set of all elements to its future
and to its past.

We construct a family of quantum oracle circuits
(parametrized by an integer k > 0) that, when acting on clas-
sical input states representing the adjacency data for some pair
of causal set elements, determines whether or not the volume
of their inclusive order interval takes a particular given value
(k 4+ 2), which we may choose. As this is a quantum circuit,
it can be applied to the uniform superposition containing all
of the causal set adjacency data for pairs of elements that we
already prepared. As in many quantum algorithms, exploiting
this superposition “parallelism” forms the origin of the quan-
tum speedup exhibited by the counting algorithm. Having an
algorithm counting the abundance of order intervals of any
given particular volume is enough, as we only need to repeat
this for a fixed number of different k values to find the BDG
action (with the number depending on the spacetime dimen-
sion being considered). That the oracle circuits are efficient
enough for our purposes follows from recent developments in
the depths required to compile general multicontrolled Toffoli
gates into single-qubit and controlled-NOT quantum gates
with minimal space overhead [22]. Any further advancements
in this area could immediately be applied to improve the
resource complexities of our algorithm.

C. Related works

The first explicit quantization of the causal structure of
spacetime was arguably the “causal spaces” defined axiomat-
ically by Kronheimer and Penrose [23]. Causal set theory
was proposed by Bombelli et al. [4] based on a theorem
of Hawking et al. [24] and its generalization by Malament
[25]. The discrete BDG action that (under reasonable assump-
tions) has as its continuum limit the Einstein-Hilbert action
was developed by Benincasa and Dowker [10] (for two- and
four-dimensional spacetimes) and generalized to arbitrary di-
mensions by Dowker and Glaser [14]. Numerical simulations
and heuristic arguments suggest the validity of the BDG ac-
tion as the Einstein-Hilbert action in the continuum limit up
to some boundary terms [12—14]. Closed-form expressions for
the action in arbitrary dimensions were derived by Glaser [26].
Recent work of Yeats [27] has shown that the coefficients can
also be obtained combinatorially via chord diagrams. Glaser
and Surya [28] derived analytic expressions for the expecta-
tion values of order-interval abundances (which are quantities
used to define the BDG action) in flat spacetime. Optimiza-
tions adapted to classical numerical techniques to compute the
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BDG action have been explored [29]. Other attempts have also
been made to define the action of a causal set [30,31]. For
further details on causal set theory, see the excellent review
article by Surya [32].

A quantum algorithm for the unstructured search prob-
lem (identifying the unique marked item from a black-box
function that produces a particular output value) was given
by Grover [33]. This seminal algorithm offers a quadratic
improvement in query complexity over any possible classical
method and is provably optimal in the circuit model of quan-
tum computing [34]. The idea was generalized by Brassard
et al. [19,20] to the scenario in which there are multiple
marked items and was also used to count them, showing the
same quantum speedup. A simplified version of this quan-
tum counting that does not make use of the quantum Fourier
transform (and relies only on Grover iterations) was given by
Aaronson and Rall [21]. Shukla and Vedula [18] showed an
efficient algorithm to prepare a uniform superposition of an
arbitrary number of states, improving previous methods [35].
We make use of fan-out gates to expand the number of target
qubits of a controlled gate, and note that bounded fan-out
gates are almost within reach of quantum hardware [36-39].
Quantum circuits for compiling multicontrolled generalized
Toffoli gates in polylogarithmic depth using only a single
ancilla qubit were found by Claudon et al. [22]. Khattar and
Gidney [40] introduced ““conditionally clean” ancilla qubits,
which can be used to reduce the space overhead of circuits
including generalized Toffoli and related gates such as incre-
menters and comparators. Although no quantum algorithm for
general n X n matrix multiplication beating the current classi-
cal time complexity record of O(n*3713%) [41] is known, in
the special cases over the Boolean semiring with sparse input
or output matrices polynomial speedups are known [42,43].
On the other hand, matrix products can be classically verified
in O(n?) time [44]. In the quantum case, there is an O(n>/?)
time quantum algorithm by Buhrman and Spalek [45]. For
further details about quantum computing and quantum infor-
mation, see, for example, Ref. [46].

D. Organization of the paper

In Sec. I, we introduce causal sets, describe the Benincasa-
Dowker-Glaser causal set action, and give some preliminary
results on quantum circuits and the quantum counting algo-
rithm that we later make use of. In Sec. III, we describe the
problem of algorithmically computing the BDG action and
introduce a possible approach to this based on the adjacency
matrix of the causal set. In Sec. IV, we discuss two exact
algorithms for the problem (the basic naive approach and a
classical matrix approach), followed by a brief analysis of an
approximate classical method that randomly samples pairs of
causal set elements. Section V details our quantum approach
based on quantum counting: We show how to prepare the
correct superposition state, design a quantum oracle circuit
suited to our purpose, and exhibit a variant of quantum count-
ing suitable for our purposes. We analyze the relevant time
and space complexities throughout before combining these
components with quantum counting for our final algorithm.
In Sec. VI we conclude with a discussion of our work and
outline some possible future directions.

II. PRELIMINARIES

We introduce causal sets and the BDG action in Sec. IT A.
In Sec. I B, we explain the representation of causal sets using
graphs and matrices. In Secs. IID and ITE, we give results
on generating quantum superposition states and on quantum
gates relevant to our algorithm. The quantum counting algo-
rithm is stated in Sec. II F.

A. Causal sets

A causal set (or causet for short) is a locally finite partially
ordered set.

Definition 1 (causal set). A causal set is a set C on which
a homogeneous relation < is defined that satisfies the follow-
ing properties:

(1) Trreflexivity: For all x € C, we have not x < x.

(2) Asymmetry: Forallx,y € C,if x < y thennoty < x.

(3) Transitivity: Forall x,y,z € C,if x < yand y < z then
X<z

(4) Local finiteness: For all x, z € C, we have that {y € C |
x < yandy < z} is a finite set.

Remark. We have chosen to use the irreflexive (strict) def-
inition of partial orders, but we could equivalently use the
reflexive definition. We will denote by < the reflexive closure
of < given by

x=<y if x<y or x=y. 3)

We will also denote by > and > the duals of < and <,
respectively.

Definition 2 (past and future sets). For all x in a causal set
C, we define the following sets of points in C:

(1) The exclusive past (or simply past) of x is Past(x) =
{eeC|e=<ux}.

(2) The exclusive future (or simply future) of x is Fut(x) =
feeC|x=<e}.

We also define inclusive versions of these, which contain
the point x itself.

(1) The inclusive past of x is IPast(x) = {e € C | e < x}.

(2) The inclusive future of x is [Fut(x) = {e € C | x < e}.

Definition 3 (order intervals). For any two points x and y
in a causal set C, their (exclusive) order interval I(x,y) is the
set of points

1(x,y) = Fut(x) N Past(y). @
Their inclusive order interval is denoted by

I[x, y] = IFut(x) N IPast(y). 5)
Similarly, we define half-open order intervals

I[x,y) = IFut(x) N Past(y), (6a)

I(x, y] = Fut(x) N IPast(y). (6b)

We may refer to the cardinality of an order interval
n(x,y) = |I(x,y)| as its discrete volume, with a similar no-
tation defined for the other types of intervals.

Definition 4 (nearest neighbors). For any points x and y in
a causal set C satisfying x < y, we say that x and y are k-
nearest neighbors if and only if |I(x, y)| = k. We also define
the set of all k-nearest neighbors to the past of x by

Liy(x)={e€C|e=<xand|l(e, x)| =k}. (7)
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Remark. The O-nearest neighbors are simply the nearest
neighbors, the 1-nearest neighbors are the next nearest neigh-
bors, etc.

We now define the BDG causal set action [10] for four-
dimensional spacetimes and a discreteness length /. First, we
write a discrete version of the scalar curvature.

Definition 5 (scalar curvature, four dimensions). The dis-
crete scalar curvature at a point x in a causal set C in four
dimensions is defined as

1= o) M) = 168 + 85,
(3)
where Ny (x) = |Lg(x)].
Next, we can sum over all points to obtain a discrete action.
Definition 6 (Benincasa-Dowker-Glaser action, four di-
mensions). The Benincasa-Dowker-Glaser action of a finite
causal set C with n elements in four dimensions is given by

R(x) =

1 4
#5C) =5 > R()

P xeC

4 (1Y
= %<l—> [n —N() + 9N1 - 16N2 + 8N3], (9)
p

where Ny =) - Ni(x) is the total number of k-nearest
neighbor pairs in C.

Similarly, the action can also be generalized to d dimen-
sions.

Definition 7 (Benincasa-Dowker-Glaser action, d dimen-
sions). The Benincasa-Dowker-Glaser action of a finite causal
set C with n elements in d dimensions is given by

! 1\42 Ba na—1
ES(d)(C) = —Otd<—> [” + Ol_d Z Clii)lNk]’ (10)

ZP k=0

where Ny is the total number of k-nearest neighbor pairs in
C, the number of layers to be summed over is n; = % + 2 for

even dimensions and n; = d—;l + 2 for odd dimensions, and

oy, Ba, and C,Ed) have closed-form expressions [14,26].

In Definitions 6 and 7 for the BDG action, the quantities
Ny denote the total numbers of k-nearest neighbor pairs in
the causal set C under consideration. In the case of Ny, this
is not quite the same as the number of order intervals such
that |I(x, y)| = O since this is also satisfied when x £ y. In
order to distinguish between the cases of nearest neighbors
and x 4 y in terms of discrete volumes, it is natural to instead
use inclusive order intervals. We now rewrite the k-nearest
neighbor abundances in terms of order intervals.

Definition 8 (abundances). For a causal set C, the k abun-
dance of k-nearest neighbor pairs is

Ni = [{(x,y) € C* | n[x,y] = k + 2}, (an

where n[x, y] = |I[x, y]| is the inclusive discrete volume be-
tween points x and y.

B. Causal sets as graphs and matrices

In the following, we restrict our discussion to finite causal
sets, as it is for these that the BDG action is defined. Thus,

local finiteness is automatically satisfied, and we simply deal
with finite partially ordered sets.

Any irreflexive partially ordered set (C, <) can equiva-
lently be expressed as a directed acyclic graph (DAG) denoted
G = (V, E). The graph is constructed by taking each element
of C to be a vertex and each element of < to be an edge
(V =C and E = <). DAGs constructed in this way are auto-
matically transitively closed and have the initial partial order
as their reachability relation. That these graphs are acyclic is
equivalent to the asymmetry property of partial orders (or, in
the language of causal sets, that there are no closed causal
curves). Conversely, any DAG (such as those represented by
Hasse diagrams) has a reachability relation that is a strict
partial order and that can be found directly from the transitive
closure of the DAG.

The directed graph associated with a reflexive partially
ordered set is not acyclic, since it has loops connecting every
vertex to itself. It is for this reason that we chose to define
causal sets using the irreflexive convention in Definition 1.

It is convenient to enumerate the elements of a causal
set (or the vertices of its graph) by means of labeling each
by a natural number. For a partially ordered set (C, <) of
n elements, if this enumeration is given by the bijection f :
{1,...,n} — C, we write i < j to mean f(i) < f(j). Since
the graph for a partially ordered set is acyclic, it is moreover
always possible to enumerate its elements such that the usual
total order on the index lower set of natural numbers describes
a topological ordering of the graph. In the language of order
theory: There exists a linear extension to the partial order. We
use the term fopological ordering to refer to enumerations
representing total orders of the vertices of directed acyclic
graphs, while the (more general) term linear extension is
reserved for compatible total orders when considering partial
orders themselves (which, unlike those for graphs, may not be
finite in general).

Theorem 1 (topological ordering). For  any  directed
acyclic graph G = (V,E), there exists a topological
ordering of G. That is, there exists an enumeration
f:{l,...,|V]} = V such that for every edge (x,y) € E
we have f~!(x) < f~1(y).

Remark. Standard algorithms for finding topological or-
derings (Kahn’s algorithm [47] and those based on depth-first
search [48]) have time complexities O(|V| + |E|) and space
complexities O(|V ).

We may now assume that the elements of our sets are
enumerated (although it will be unnecessary to assume a
topological ordering unless otherwise stated). This makes
available to us a representation of causal sets as matrices.

Definition 9 (adjacency matrix, directed graphs). The ad-
Jjacency matrix A of a directed graph G = (V, E) withn = |V/|
vertices is the n x n logical matrix defined by

1a
A” = {O,

Definition 10 (adjacency matrix, partially ordered sets).
The adjacency matrix A of a finite partially ordered set (C, <)
with n elements is the adjacency matrix of its corresponding
transitively closed directed graph. Concretely, it is the n x n

if (i, j) € E,

otherwise. (12)
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logical matrix defined by

17
Aij = {O’

Remark. Since < is irreflexive, this matrix has diagonal
elements A; = 0. Moreover, if C is enumerated in topological
order then the matrix is upper triangular.

ifi <j,

otherwise. (13)

C. Quantum computation

In quantum computation, qubits (quantum bits) are two-
dimensional quantum systems acting analogously to the
binary bits of classical computation. The choice of two or-
thonormal states, denoted by |0) and |1), together forms the
standard basis (called the computational basis) of a qubit sys-
tem C2. Qubits may also be represented by complex matrices,
and in this representation the basis states are such that

|0) = <(1)>, 1) = (?) (14)

Many qubits taken together (as a tensor product) form what is
known as a quantum register, whose standard basis states (also
called computational) are typically denoted in the form |x),
where the x are binary strings (and sometimes denoted by their
corresponding digits). For example, the computational basis
of a two-qubit system is written as {|00), |01), [10), [11)}.
The vectors comprising this basis can again be represented
by matrices such that

1 0 0 0
_10 11 _10 _ 10
00)y=1,l OD=]4 MO=| IhHh=],
0 0 0 1

s5)

In general, the state of an n-qubit quantum register is repre-
sented by a unit vector in a 2"-dimensional complex Hilbert
space.

A quantum computer is a device that is able to manipulate a
quantum register by applying unitary operators (called quan-
tum logic gates in this context) after it has been prepared in
some initial state (conventionally taken to be |0 - - - 0)). Some
frequently used quantum gates are the Hadamard gate H, the
Pauli-X gate, and the controlled NOT gate CNOT. In terms of
their matrix representations,

el ) e )

1 0 0 0
01 0 0

CNOT= |0 o o 1 (16)
0 0 1 0

It is typical to consider devices that may only utilize a cer-
tain finite set of gates, a finite sequence of which (called a
quantum circuit) can be made to arbitrarily approximate any
n-qubit unitary operator. Such a set of quantum gates is called
universal for quantum computation, and the approximation
can be done remarkably efficiently [49,50]. After applying the
desired quantum circuit, the qubit register can be measured
in the computational basis to obtain the final result of the
quantum computation. One example of a universal quantum

gate set is the Hadamard gate together with the Toffoli gate
CCNOT (also called the controlled controlled NOT gate),

(I 0
cevor = (5 Q) a7

The resources required to implement a quantum computa-
tion (with respect to some choice of quantum gate set) can be
quantified according to a number of figures of merit.

(1) Quantum circuit depth quantifies the number of time
steps from the beginning to the end of a quantum circuit
implementing the desired computation, counting gates that
can be executed in parallel as belonging to the same step. This
quantity allows us to compare the amount of physical time
required to perform different computations.

(2) Quantum circuit width is the maximum number of
qubits used at any given point between the beginning and end
of a quantum circuit. This quantity corresponds to the amount
of space (quantum register size) required for a computation.

Denoting by n a quantity parametrizing a computational
problem (in our case n is the number of causal set elements),
we often talk about the required computational resources in
terms of their computational complexities. That is, we use
big O notation to express a worst-case bound on how these
resources scale with respect to n as n tends to infinity. We
interchangeably refer to the quantum circuit depth complexity
as the time complexity and the quantum width complexity as
the space complexity. We refer to a time complexity that is
O(1) as constant time.

D. Uniform superposition states

In order to encode our classical causal set data for quantum
computation, we need to prepare an equal superposition of
an arbitrary number of m-qubit computational basis states.
Due to an algorithm of Shukla and Vedula [18], the first
M < 2™ such basis states can be efficiently prepared in equal
superposition

1 M—1
JT?ZW (18)
j=0

The circuit depth is O(log M) and only [log, M qubits (the
smallest number to encode M basis states possible) are re-
quired.

E. Multicontrolled NOT gates

We make frequent use of m-controlled NOT gates C"NOT.
Their action is to flip a single computational basis qubit if and
only if all m control qubits are excited

C"NOT =|1...1)(l...1| ® NOT
+ A=l (... 1D®I (19)

These m-controlled NOT gates can be exactly decomposed
into primitive single-qubit and CNOT gates with polylogarith-
mic @(10g(m)3) circuit depth and a single (borrowed) ancilla
qubit [22]. Alternatively, if m — 2 ancilla qubits are available
rather than just one, then it is simple to implement C"NOT
with depth O(logm). One can use m — 1 Toffoli gates to
perform a cascaded and operation starting on the m control
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FIG. 1. Decomposition of the C*NOT gate into Toffoli gates
using two ancilla qubits prepared as |0). Control and target qubit reg-
isters are labeled C and T, respectively. Gates grouped into dashed
red boxes can be performed simultaneously. This grouping is the
origin of the O(logm) depth for general C"NOT gates using this
decomposition.

qubits, performing individual ANDs on disjoint pairs of qubits
and storing the final result in the target qubit, before uncom-
puting using another m — 2 Toffoli gates. This is illustrated in
Fig. 1 withm = 4.

We also require a further generalization to m-controlled n-
target NOT gates, which we denote by C"NOT". These gates
are defined in the computational basis to flip all # qubits in the
target register if and only if all m control qubits are excited.
A C"NOT" gate can be implemented with two C"NOT gates
and an n-target CNOT gate (also called fan-out gate) using an
ancilla qubit, as shown in Fig. 2. The circuit depth of this then
depends on the implementation of the C"NOT gates used and
the depth of fan-out. An n-target fan-out gate can be compiled
with depth ®(log n) [51,52]. Therefore, with a total of two an-
cilla qubits available, the depth is O(log(m)* + log n); while
with m — 1 ancilla qubits available, the depth can be reduced
to O(log(mn)).

F. Quantum oracles and quantum counting

Consider some function f:{0,...,N—1}— {0, 1}
whose role is to mark K = |f~'(1)| >0 from N items
with a “l,” and otherwise assign a “0.” A membership
oracle for f refers to the unitary operator Uy satisfying
Urlx) = (—1)/®|x). That is, to any computational basis state
|x), the membership oracle for f applies a multiplicative
phase of —1 if and only if f(x) =1 (the state is marked).
There may be many different quantum circuit representations

c -
C ﬁLﬂ—
] — [0) b b— 10)
T +—b— .
7— // D
\\

FIG. 2. The C"NOT" m-controlled n-target not gate expressed in
terms of C"NOT gates and an n-target NOT gate using one additional
ancilla qubit prepared as |0). Control and target qubit registers are
labeled C and T, respectively.

of a given membership oracle Uy, and we refer to any such
circuit implementing Uy as a quantum oracle circuit for f. A
seminal algorithm due to Grover [33] achieves a quadratic
improvement in time complexity over best possible classical
case. Moreover, this quantum speedup is asymptotically tight
[34].

In general, implementations of Grover’s algorithm for un-
structured search problems (starting with classical input data)
take the form of the following steps:

(1) Compute a classical description of the function as a
quantum oracle circuit.

(2) Prepare a uniform superposition of the N particular
states we want to search over.

(3) Run the Grover search algorithm:

(a) Grover iterations: Repeatedly apply the oracle cir-
cuit and Grover diffusion operator.
(b) Measure the output state in the computational basis.

If it is known that there are K matching states, then only
O(+/N/K) Grover iterations are required to measure a correct
answer with high probability. However, it is also important
for practical implementations that the time taken for classical
computation of the appropriate quantum oracle, preparation
of the correct superposition of input states, and each applica-
tion of the quantum oracle circuit do not negate the quantum
speedup gathered from needing only few Grover iterations.
If the number of solutions K is unknown, we can employ
the closely related quantum counting algorithms to find it
[19-21], again with the same concerns for practical imple-
mentations.

The following result of Aaronson and Rall [21] regards
a simplified approximate quantum counting algorithm that
makes use of only Grover iterations (rather than relying on
the quantum Fourier transform as in the original algorithm
[19,20]).

Theorem 2 (approximate counting [21]). Let f:
{0,...,N—1} — {0, 1} be a Boolean function marking
K = |f~'(1)] > 0 items. Given access to a membership
oracle for f and §, € > 0, there exists a quantum algorithm
that outputs an estimate K for K. The output K satisfies

IK — K| < €K, (20)

with probability at least 1 — §. The algorithm makes fewer

than
ole! ]Xlo 1 1)
VK %5

oracle queries. The algorithm requires O(logN) qubits of
space.

Remark. Recall that a membership oracle for f refers to
the unitary operator Uy satisfying Uy|x) = (=1 x).

If € = eK~'/2 for some & > 0, then the estimate in The-
orem 2 would satisfy |K — K| < e+/K and the algorithm
would make fewer than 0(8’1\/]7 log((S’l)) oracle queries.
However, K is unknown since it is the quantity that we are
attempting to estimate, so we cannot choose € this way. We
show how this can be achieved in Sec. V A 3, with the precise
statement given as Theorem 5.
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III. FRAMING THE PROBLEM

Given a classical description of a finite causal set of n
elements and a dimension of interest d, we would like to
calculate its BDG action as expressed in Definition 7. We
assume that the constants and coefficients ny, oy, B4, and Clid)
are already known (for a given d of interest, these can easily
be computed beforehand and reused for future calculations in
the same dimension). We also assume that the causal set is
provided in a form in which x < y can be checked for any
pair of points in constant time with respect to n. It is enough
to calculate each of the abundances N, (defined in Defini-
tion 8) appearing in Definition 7 separately, as the number
of these quantities appearing in the expression is finite and
independent of 7 (it is a constant for a fixed dimension d). All
quantities can then be combined to find the BDG action. The
time and space complexities of the combined algorithm are
then equal to those of calculating the N; sequentially for each
k; that is, they are the highest order complexities of calculating
individual N; over all k. Our goal has thus been simplified to
find all these N, efficiently for any given causal set.

A. Matrix of volumes

The ith row of the adjacency matrix A has its kth element
marked by a 1 if and only if k lies in the future of i. Similarly,
the jth column of the matrix has its kth element marked by a
1 if and only if k lies in the past of j. These are the statements

Fut(i) = {k | Ay = 1}, (222)
Past(j) = {k | A; = 1}. (22b)

Thus, we see that the exclusive discrete volumes can be
written as the dot product of a row and a column

G, Dl = [k | A = Ay =1} =D A (23)
k

The matrix of all exclusive discrete volumes V defined by
Vij = (i, j)| is therefore simply

V =A2. (24)

So that we can easily distinguish between entries of V;; that
correspond to O-nearest neighbors and those such that i £ j,
we would instead like to compute the matrix of inclusive
discrete volumes V defined by \7,-j = |I[i, j]|. This can be
achieved by instead considering the adjacency matrix of the
graph for the reflexive relation < (where every element is also
related to itself) given by A = A + 1. We will call this matrix
A the reflexive adjacency matrix. Using this, we have that

IFut(i) = {k | Ay = 1}, (25a)
IPast(j) = {k | Ay; = 1}. (25b)
The inclusive discrete volumes can be written as
i, 1l = 1k | Ap = Ay = 1) =) AuAyj.  (26)
k

Therefore, the matrix of inclusive discrete volumes can be
expressed as

V=A"=@A+I] 27)

Unlike the adjacency matrix A, the matrix A has the useful
property that it is invertible. Moreover, if (C, <) is enumerated
in topological order then A is upper unitriangular.

Remark. An alternative method to identify O-nearest
neighbor pairs of elements i < j without using A is to com-
pute V = A? and, where Vij =0, check that A;; = 1.

Finally, the k-abundance N; can be found by counting the
number of times the value k + 2 appears in the inclusive
volume matrix V for each k desired (0 < k < 3 for computing
the four-dimensional BDG action of Definition 6). Note that
the k abundances do not depend on the positions of the values
k + 2 in the matrix, but only on their count. Therefore, no
topological ordering of the input data need be assumed.

IV. CLASSICAL APPROACHES

Let us first consider possible approaches to numerically
evaluating the BDG action of a causal set with n elements,
where we are limited to classical computational devices. We
will also denote the number of causally related pairs of points
(edges in the corresponding DAG) by N = |E| = O(n?).

A. Exact methods

Naively evaluating the action involves computing O(n?)
discrete volumes between the N causally related pairs of el-
ements [each of which takes O(n) time] and adding to the
count of each particular possible volume of interest each
time. The overall time complexity is thus O(n®). The space
complexity is O(1). Classical optimizations (which do not
affect the asymptotic complexities) for this method have been
previously explored [29].

1. Matrix methods

As discussed in Sec. 111, finding the abundances of discrete
volumes is equivalent to counting the occurrences of different
values in (A 4+ I)?. Thus, any subcubic time algorithm for
computing the matrix square yields a subcubic time algorithm
for the action. There indeed exist O(n®) time classical matrix
multiplication algorithms, where the minimal value of 2 <
w < 31is an open question in theoretical computer science.

The fastest presently known matrix multiplication algo-
rithm [41] has w = 2.371339; however, this is a galactic
algorithm that would only be useful for n too large for any
present-day computer to handle. The most practical of the
subcubic algorithms is the original algorithm by Strassen [53]
and has w = log, 7 & 2.8074. The Strassen algorithm is use-
ful for large matrices (with n exceeding 1000 or so [54,55])
over exact domains, where its reduced numerical stability
[56,57] is not an issue. Even so, the algorithm is often avoided
due to its larger memory requirements (although asymptoti-
cally it has the same O(n?) space complexity as naive matrix
multiplication).

B. Approximate random sampling

Rather than explicitly computing all of the necessary order
intervals in a causal set, we can instead compute a random
subset of these and use the distribution of their volumes to es-
timate the total abundances of different volumes. Combining
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these estimates of abundances as in Definition 6 leads to an
estimate of the BDG action.

Let us take a random sample of K << N causally related
pairs of points. Random variables K; for the number of k-
nearest neighbor pairs in the sample can be used to estimate
the k-abundances N, for the whole causal set: The random
variables Kj /K are unbiased estimators for Ny/N. Thus, by
Definition 6, an estimator S for the BDG action in four di-
mensions is given by

13—4 AY NK+9NK 16NK+8NK
o e\,) TR T Pk T

(28)

The error in such an estimate can be quantified by its standard
deviation o (S), a simple bound for which is given by

1 (§)<342(1>2N N—K 29)
—0o L¥—|-) =/
h ve\l,) VKV N -1

See Eqgs. (A7) and (A9) for tighter error bounds. Under the
bound of Eq. (29), it can be seen that if K is at least a
constant fraction of N then o ($) = O(+/N) = O(n), which is
the scaling required for the relative error to remain constant.
Specifically, letting the sample size

K = N (30)
 1+&2(1-N"1)
for some choice of ¢ > 0, we find that
1 . 2 (1\?
-0 (5) < 34—(—) evV/N, (3D
h NN
34en ( l )2 32)
< — .
V3 lp
n2

Since we need to compute O(; +52) discrete volumes, each of
which takes O(n) time, the overall time complexity is thus
O(l_';%). The naive exact method of Sec. IV A is simply the
special case with relative error chosen to be ¢ = 0. Similar
analyses can be performed for the BDG action in other di-
mensions.

V. QUANTUM ALGORITHM

We now propose a quantum algorithm for the BDG action.
The algorithm is split into multiple components performed in
sequence, which we present in Sec. V A before combining
them in Sec. V B.

A. Algorithm components

There are three main components: the preparation of a
uniform superposition of data imported from the classical
description of the causal set (using techniques from Secs. II D
and IIE), the construction of a specific data-independent
quantum oracle circuit to be used in the quantum counting
algorithm, and an adapted version of the quantum counting
algorithm discussed in Sec. II F with suitable error scaling.

1. Data preparation

Given a causal set with n elements, the goal of this
section is to prepare a uniform superposition over the n’-
dimensional subspace of 2n-qubit basis states whose binary
strings are all n> possible concatenated pairs of rows and

columns
D = {"icj},r-fj:p (33)

from the adjacency matrix of the causal set, where binary
strings r; and c¢; are the ith row and jth column of the (re-
flexive) causal set adjacency matrix A, respectively. It would
suffice in what follows to consider fewer pairs (a lower dimen-
sional subspace) by removing those whose row and column
correspond to the same causal set element (or if the causal set
is given in topological order, then by only considering those
pairs whose column corresponds to a point to the future of
that of the row); however, this would not affect the asymptotic
resource complexities of the overall algorithm, so we choose
not to do so.

To create the desired state, we first use a [2log, n]-qubit
register C to produce an initial uniform superposition over the
correct number n? of basis states

n?—1

1
6y =~ 1) (34)
j=0

This can be achieved using a circuit of depth O(logn) (see
Sec. IID). We then proceed to map this superposition onto a
larger 2n-qubit register 7 using multicontrolled multitarget
NOT gates (see Sec. IIE), imbuing it with the causal set
data in the process. As we will see, the final result of the
section (Corollary 1) is a uniform superposition state of the
form

1 n
=D 1hG, ) @ rile), (35)

ij=1

where h(i, j) are n> unique integers enumerating the pairs of
rows and columns [as defined by Eq. (42) in the following
explanation]. The state is produced using a circuit of depth
O(n*loglogn).

Let us define a helpful alternative notation for multicon-
trolled multitarget NOT gates that specifies which qubits
of our registers C and 7 are to be used as control and
target qubits, respectively. Denote by nc the number of
qubits comprising the register C and by ny the number
of qubits comprising the register 7 (in our scenario n¢ =
[2log, n] and ny = 2n). For any c € {0, ...,2" — 1} and
t€{0,...,2"7 — 1}, we let X denote the gate acting on
C ® T defined as

X = le)(c| @ NOT; + (I — |e)(c]) ® IT, (36)

where with #; denoting the jth bit of the binary representa-
tion of ¢ and oy denoting the Pauli-X operator, we have also
defined

nt

NOT, = ) oy (37)
j=1

Lemma 1. For any ce€{0,...,2" —1} and t¢€
{0,...,2"" — 1}, the gate X can be implemented as a
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FIG. 3. Example multicontrolled multi-NOT gate X, with con-
trols on a two-qubit register C and targets on a four-qubit register
T (as would be the register setup for a causal set with just two
elements). Since the binary representation of 3 is 11,, both qubits of
C are controls. Since the binary representation of 13 is 11015, qubits
1, 2, and 4 are targets.

quantum circuit with a depth of at most O(log(ncn)) using
ne — 1 ancilla qubits.

Proof. If w(x) denotes the Hamming weight (i.e., number
of nonzero symbols) of a binary string x, then (aside from
when ¢ = 0 or¢ = 0) X¢ coincides with the C*“NOT" ) gate
that has as its control qubits those in the register C whose
positions correspond to the positions of 1’s in the binary
representation of ¢, and has as its target qubits those in the
register 7 whose positions correspond to the positions of
I’s in the binary representation of #. An example of this is
given in Fig. 3. In cases where t = 0, we always have the
identity X§ = Ic ® I according to Eq. (36). In cases where
both ¢ = 0 and ¢ # 0, we have according to Eq. (36) that X
activates NOT; on the target qubits when all control qubits
have states |0). This can be implemented by applying Pauli-X
gates to every control qubit in C before and after a C"¢ NOT*)
gate with its target qubits determined as usual by the binary
representation of ¢. Since the maximum possible number of
control qubits is n¢ and the maximum target qubits is ny, the
asymptotic circuit depth and the number of ancilla required
are the same as those of multicontrolled multitarget NOT gates
(see Sec. IIE) | R

Remark. For a causal set of n elements, this means that the
circuit depth is at most O(logn) using [2log, n] — 1 ancilla
qubits.

The gate X acts on basis states |x)c ® |y)s as

if x =c,
otherwise.

C)e®lydt)r

e ® )7 (38)

X |x)e ®ly)r = {

Suppose that D C {0, 1} is a set of m-bit binary strings (the
data) that we desire to be placed in a uniform superposition.
We can enumerate this data (starting from 0) by any surjection
f:{0,...,N — 1} — D, where N > |D|. Prepare the register
C with ne = [log, N qubits in the state

1 N—-1
7ﬁ§jmc (39)
j=0

and prepare the register 7 with ny- = m qubits in state |0)
We can then apply the following sequence of gates resulting

N—

2: Je ® 1F())

Jj=0

Xfoy - Xfwi|#)e ® 10)7

(40)

Theorem 3. The uniform superposition of Eq. (40) can be
prepared by applying a circuit of depth O(N log(m log N)) us-
ing [log, N1 — 1 reusable ancilla qubits, where all qubits are
initially prepared as |0). The total width is m 4 2[log, N1 — 1
qubits.

Proof. Starting from the zeroed [log, N-qubit state |0).,
the initial uniform superposition |¢). of Eq. (39) can be pre-
pared using a circuit of depth O(log N) (see Sec. II D). After
this has been completed, each application of an X ;(j) gate
contributes an additional depth at most O(log(mlogN)) and
makes use of [log, N] — 1 ancilla qubits (Lemma 1). Such
gates are applied N times as shown in Eq. (40), and thus the
overall depth becomes O(N log(mlog N)). All ancilla qubits
are reset to |0) at the end of each application of a X 7{( ) gate
and can then be reused, therefore no more than [log, N — 1
ancilla qubits are needed.

Returning to the consideration of our causal set, the data
set that we import is every possible pair of rows and columns
of its (reflexive) adjacency matrix A=A +1 (see Sec. Il A),
represented as 2n-bit binary strings (concatenated row and
column strings). We thus set m = 2n. Denoting binary strings
representing values contained in the ith row of A by r; and in
the jth column by c;, the data set is

D= {ric;} ;. (41)

Since no two rows or columns of A are the same (by the
asymmetry property of Deﬁnition 1), the set has cardinality
|D| = n?. Let us thus set N = n®. For convenience, let us
assign to each coordinate (i, j) of an n x n matrix a unique
integer by defining a bijective function k: {1,...,n}?> —
{0,...,n*> — 1} as

hi, j)=>G—1n+j—1, (42)
which has inverse & +— (i(h), j(h)), where

ith) =1+ VJ jh) =1 +h—nLEJ. (43)
n n

Remark. The assignment by £ is simply incrementing an
integer starting at 0 by one for each element of an n x n matrix
representation when read starting from the top left and going
first from left to right and then top to bottom. For n = 3, for
example, h(i, j) = H;;, where

01 2
H=|3 4 5| (44)
6 7 8

We can then define a bijection f : {0, ..., n?—1) - D by
fh) =rigye;m- (45)

Preparing |¢). and applying the gates as in Eq. (40) with
our choices of m, D, N, and f yields the following desired
corollary to Theorem 3:
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FIG. 4. Definitions of quantum gates that increment and decre-
ment qubit representations of integers by one. Note that INCR™! =
DECR. Handling binary representations of up to an integer n re-
quires ¢ = 1 + |log, n] qubits and multicontrolled NOT gates. Since
m-controlled NOT gates can be decomposed into O(log(m)?) single-
qubit and CNOT gates (see Sec. ILE) using a single reusable ancilla
qubit, both INCR and DECR gates can be decomposed with depth
O(qlog(g)’) = O(log(n)(loglogn)?).

Corollary 1. The uniform superposition

1 n
=2 IhG e @ Irle)) (46)

i.j=1

can be prepared by applying a circuit of depth O(n* log ) us-
ing [2log, n] — 1 reusable ancilla qubits, where all qubits are

initially prepared as |0). The total width is 2(n 4 [2log, n]) —
1 qubits.

2. Oracle circuit

Recall from Sec. III A that k abundances can be obtained
from the (reflexive) adjacency matrix A of a causal set with
n elements. Given n-bit binary strings r and ¢ encoded as a
2n-qubit quantum state |r)|c), we wish to count the number of
positions where the two strings share an entry 1 (i.e., compute
the Hamming weight of their bitwise AND, or equivalently
their dot product). If r represents the values contained in an
arbitrary row of A and ¢ of an arbitrary column, then r - ¢ is the
inclusive discrete volume between elements in the causal set
corresponding to this row and column. We then wish to check
if this computed volume is equal to k 4+ 2 for some choice
of 0 < k < ng — 1 (where, for example, n; = 4 for the BDG
action in four dimensions).

Figure 4 defines quantum circuits whose actions are incre-
menting and decrementing binary representations of integers
(strings of computational basis states) by one. We now use
these for counting when computing dot products. A complete
quantum oracle circuit to check whether the volume is k + 2
as chosen is given in Fig. 5. This oracle V; acts on a computa-
tional basis state |r)|c) to introduce a negative phase

—Ir)le),
Ir)lc).

ifr-c=k+2,

otherwise. 47

Vilr)le) = {

Theorem 4. The oracle circuit V; of Fig. 5, which checks
whether the dot product of two n-bit binary strings is equal
to k + 2, has depth O(nlog(n)(loglogn)®) and makes use
of 2(|log, n] + 2) ancilla qubits. The total width is 2(n +
llog, n] + 2).

Proof. The circuit proceeds by checking the first qubit of
each of |r) and |c) and, if they both take value 1, storing

uncompute
1

Ir)

input row{ | T T

n qubits | =

S — 1 T

I

le)

input col.
n qubits | T

|
I

AND qubit |0) & 4 iy T 4 e — T 4

0...0)

inclusive volume INCR INCR o INCR

DECR - DECR DECR
1+ |log, n) qubits :[:l ‘ l ] l ] ‘ l ‘ l
[ ] ] | I L T

[k +2)

k-abundance param.
1+ |log, n| qubits

phase qubit )

D b
I
l\‘
D

FIG. 5. Quantum oracle circuit V; for the N, term of the BDG action for a causal set with n elements. This circuit has width O(n) qubits
[which are 21 row/column data qubits and 2(|log, ] + 2) ancilla qubits] and depth O(n) in single-qubit and CNOT gates. The and qubit and
phase qubits can be used as the borrowed ancilla required to implement multicontrolled CNOT gates used in the circuit (e.g., those underlying
the INCR and DECR gates) and so do not affect the width. The cost of uncomputation can be reduced by a measure-and-fixup approach; however,

this does not affect the asymptotic complexity [58,59].
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this and to a zeroed single-qubit ancilla and incrementing
another ancilla register storing a 1 4 |log, n]-bit integer (ini-
tially prepared as [0...0)) by one before returning the AND
ancilla to zero. This process is then repeated for the second
qubits of |r) and |c), and so on until the nth qubits. Since the
increment gates INCR each have depth O(log(n)(log log n)?),
the depth of all n of these steps performed in sequence is
O(nlog(n)(loglogn)?). Our register of ancilla qubits now
contains a binary representation of the inclusive discrete vol-
ume. The circuit now performs CNOT gates controlled on
each qubit of the ancilla and targeting each qubit of a further
ancilla register of equal size prepared in the state |k 4 2). This
has depth O(1), as all gates are CNOT and can be performed
simultaneously. If the qubits of both ancillae represent the
same integer (k + 2), then the |k 4 2)-prepared ancilla now
lies in the state |0---0). A single C!TU°2"/NOT gate (with
controls reversed by Pauli-X gates) is then applied to intro-
duce the negative phase to a |—) qubit ancilla if this is the
case, which has depth O((loglogn)?). Finally, we perform
uncomputation to return all qubits back to their original state
(but with the possible negative phase). The total depth of the
circuit is therefore O(nlog(n)(loglog n)®), with a width of
2(n 4+ [log, n] + 2) qubits. |

3. Counting algorithm

In order to ensure that the error of our BDG action estimate
scales linearly in n rather than quadratically, we would like a
version of quantum counting (Theorem 2) such that the error
is bounded by O(s+/K) for some & > 0. We can apply two
runs of the algorithm in Theorem 2 to achieve this. Setting the
parameter § = 1 — /1 — ¢, perform the following steps:

(1) Run quantum counting with the error parameter € = ¢
to estimate K by K.

(2) Use this estimate K to run the algorithm again with
appropriately reduced error parameter

A 1

€ =¢e+1—¢eK 2. (48)

Theorem 5 (approximate counting with square-root error).
Let f:{0,...,N — 1} — {0, 1} be a Boolean function mark-
ing K = |f~'(1)| > 0 items. Given access to a membership
oracle for f and ¢, ¢ > 0, there exists a quantum algorithm
that outputs an estimate K for K. The output K satisfies

K — K| < eVK, (49)

with probability at least 1 — ¢. The algorithm makes fewer
than

o(sk/ﬁ log %) (50)

oracle queries. The algorithm requires O(logN) qubits of
space.

Proof. After the first run of the algorithm of Theorem 2
with error parameter €; = ¢, we obtain an estimate K | for K
that satisfies

(1—e)K <K <(1+¢)K, (51)

with probability at least 1 — 6. We now run the algorithm
again, but this time we set the error parameter to

e =ev1—¢kK, >, (52)
Inserting Eq. (51) into Eq. (52) gives

[1—¢ & . € 53)
—_— < < —.
14+¢e.JK ? VK

Thus, the estimate K obtained from the second run of the
algorithm satisfies |[K — K| < 62K < &+/K with a probability
of at least 1 — §, conditioned on the fact that I?l satisfied
the error inequality of the first run. The overall probability
that the error bound for K is satisfied is therefore at least
(1-62=1-c¢.

The first run of the algorithm makes fewer than
0(e7'\/N/K log(6~")) oracle queries. Since we have from the
lower bound of Eq. (53) that

1 1+8\/f< \/f

2 = Sed—g)

I—

54
l—¢ ¢ (>4
the second run makes fewer than O(s~'v/N log(8~")) queries.
The total number of queries of both runs is therefore also
O(¢~'/Nlog(8~")). By our choice of § = 1 — /T —¢, we
have log,(6~!) < 1+ 1log,(¢~") and the result follows. |

B. Combined algorithm

We now have all the pieces in place to describe the algo-
rithm to estimate the k-abundance N, for a causal set with n
elements.

(1) Prepare the uniform superposition state

l n
=2 I e @ Irle)) (55)

ij=1

as described in Sec. V A 1, where the r; and c; encode the ith
rows and jth columns of the reflexive adjacency matrix of the
causal set as n-bit binary strings.

Depth: O(n” log n).

Width: 2n 4 2[2log, n] — 1 qubits.

(2) Perform quantum counting (see Theorem 2) with some
choice ¢ > 0 (pertaining to the tolerable error), probability of
failure §, and oracle as constructed in Fig. 5 over the subspace
spanned by the n? orthonormal states | (i, JNe @ riYle;).

Error: [Ny — N¢| < e/Ny < j—’%

Depth: O(n? log(n)(loglogn)3s ' log(6™1)).
Width: 2n 4 [2log, n] + 2|log, n| + 4 = O(n)
qubits.

The upper error bound is due to k abundances being unable
to exceed the total number of pairs of causal set elements
N < %n(n —-1) < %nz. The extra [2 log, n] term in the width
compared to Theorem 4 appears due to the qubits in the regis-
ter C that enumerate the data states prepared in the last stem,
and must be held for the duration of the quantum counting
without being measured.

The total depth of both state preparation and counting is
O(n*¢~"). The total width of the protocol is 2n + [2log, n] +
2|log, n| + 4 = O(n) since the ancilla qubits of the first step
can be reused for the oracle circuit in the second step.
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As discussed at the beginning of Sec. III, to compute an
estimate of the BDG action we can simply repeat this as a
subroutine once for each N, appearing in the action (Defini-
tion 7) and then combine the estimated N accordingly. Thus,
ng runs must be performed to estimate the BDG action in d
dimensions. The error in the resulting estimate of the action
propagates from the errors in the N, (each of which is correct
with probability at least §) by the triangle inequality, with the
overall success probability becoming at least (1 — §)™. For
example, we can estimate the BDG action in four dimensions
(Definition 6) with error

1 4 (1)
ﬁ'S_Sl < %<E) [INo — Nol + 9IN; — Ny

+ 16Ny — N2 | + 8|N5 — Ns]]

2
()
P

occurring with probability at least (1 — §)*. Finally, we can
state the following result of the algorithm we have described.
Theorem 6. Let C be a causal set of n elements. Given a
spacetime dimension d and §, € > 0, the quantum algorithm
of Sec. I outputs an estimate 8@(C) for the Benincasa-
Dowker-Glaser action S (C). The estimate satisfies

1SD(C) = S“(O)| < O(en), (57)

with probability at least (1 — §)™. The algorithm has a run-
ning time

O(n*s'log(s™ ") (58)
and requires
2n 4+ [2log, n] + 2|log, n] +4 = O(n) (59)

qubits of space.

VI. DISCUSSION

We have constructed an efficient algorithm for computing
the Benincasa-Dowker-Glaser discrete causal set action in d
dimensions. Starting from a classical description of a causal
set with n elements, we showed that all abundances of k-
nearest neighbor pairs (and thus the BDG action itself) can
be found in time O(n?) by quantum counting.

Expressed here as O(n?), we have suppressed the log-
arithmic factors that appear in the time complexity. These
factors are inherited from the time complexity of implement-
ing multicontrolled NOT and fan-out gates. If improvements
are made to state-of-the-art implementations of these gates,
either in their compilation (in terms of single- and two-qubit
gates) or specialized hardware architecture, then these can be
used directly to improve the time complexity of our protocol
[22,36,37,39,52,60]. However, we expect that BDG action
algorithms have a time complexity of at least (n?), since
this is the number of possible pairs of elements in a causal set
(and matches the best possible bound on n x n matrix multi-
plication algorithms with classical output). In other words, we
suspect that our runtime is tight up to logarithmic factors. In
terms of space complexity, our algorithm requires a total width
of O(n) qubits. This is because, unlike the naive classical

TABLE 1. Comparison between time and space resources re-
quired by the different methods discussed for computing the BDG
action for a causal set with n elements, either exactly or approxi-
mately, ordered by time complexity from fastest to slowest. While
¢ represents the relative error in approximate methods, in order to
achieve the same absolute error its value may differ by a constant
factor between rows. For our quantum algorithm, the space complex-
ity is the quantum width measured in number of qubits. We do not
expect better than O(n?) time complexity to be achievable since there
are this many pairs of elements in a causal set.

Complexity
Method Absolute error Time Space
Quantum counting O(en) On?e™") O(n)
Strassen matrix Exact 028074 Oon?)
Random sampling O(en) o1 +¢»)hH  O0)
Naive Exact on?) o)

O(1) algorithm (which can be performed with O(1) space),
our quantum algorithm must work with states encoding full
n-bit rows and columns of the causal set adjacency matrix so
that it can make use of the quantum “parallelism” associated
with a superposition of data in order to perform the counting
efficiently. The width excluding these data qubits is also O(1).
Our algorithm estimates the true value of the BDG action with
an error proportional to en, where ¢ is a chosen constant.
Although this is increasing in n, the growth is linear. Since
the action of the spacetime region over which the action is
evaluated generally also scales linearly with n, the relative
error (compared to its exact value) in our estimate is generally
approximately constant and proportional to the choice of €. A
comparison between merit figures for our quantum algorithm
and other classical algorithms can be found in Table 1.

Future work

In certain practical applications (such as Monte Carlo ex-
periments), it is not the BDG action expressed in Definition 6
that is usually calculated, but rather a “smeared” or “nonlocal”
BDG action that avoids large fluctuations from the mean by
introducing a mesoscale (and associated nonlocality parame-
ter) while still converging to the EH action in the continuum
limit [10,11,14,61-63]. From an algorithmic perspective, the
expressions are similar, but include contributions from larger
order intervals (with the number of terms increasing with the
causal set size). However, by truncating this sum appropri-
ately, our techniques for efficiently finding k-abundances may
be directly applicable and result in a similar quantum speedup.

Another avenue for future work is that of improving
the time complexity of our algorithm. This could con-
ceivably be achieved by more careful consideration of the
data structure used when preparing our input state, utiliz-
ing any further state-of-the-art advances in compiling the
generalized Toffoli gates that we use, or the application of spe-
cialized hardware architectures designed for these purposes
[22,36,37,39,40,52,60].

Although the quantum algorithm we have proposed re-
quires large-scale fault-tolerant quantum hardware that has yet
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to be produced, we may consider whether a quantum counting
variant (and therefore our algorithm) may be implemented in
the near term using so-called noisy intermediate-scale quan-
tum (NISQ) hardware [64]. For example, it is known that
the quadratic speedup of Grover’s algorithm for unstructured
search can be recovered on adiabatic quantum hardware, pro-
vided that their Hamiltonian evolution is optimally scheduled
[65,66]. There exist various schemes for adapting such adi-
abatic algorithms to NISQ hardware [67-69]. We may also
estimate the resources required to perform the algorithm on
fault-tolerant hardware, which include the necessary quantum
error correcting codes [70]. This resource estimation would
allow us to better understand the timescale within which the
fault-tolerant version of our algorithm could be of practical
use.
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APPENDIX: STANDARD ERROR FOR RANDOM
SAMPLING

Consider randomly sampling (without replacement) K
pairs of points x <y from a population of N = |E| <

J

n(n—1)/2 pairs in a causal set with n elements. For any
pair, we may compute the cardinality of their inclusive order
interval (the inclusive volume). The points are called k-nearest
neighbors if and only if this cardinality is k + 2.

Let Ny denote the total number of k-nearest neighbor pairs
in the causal set and let K; denote a random variable for
the number counted in the sample. The number of pairs with
each different volume in the sample (K, ..., K,—») has the
multivariate hypergeometric distribution. We can then write

that
N —KN; N;
Var(Kj)) = K———(1— — |, (Ala)
N—-1N N
N — K N; N;
Cov(K;, Kj) = = K———— < 0. (Alb)
N—-—1NN

An unbiased estimator for N;/N is the proportion of k-
element order intervals K /K in the sample. The action

1 4 (1\?
—S=—|— — N 9N; — 16N 8N A2
5 \/E(lp> (n b + 9N h+8N3)  (A2)

can thus be estimated by

lo_ 4 AY Nko+ 9Nk — 160K, +8Yk
S=—|-)|n—= =K, — 16— =Kz |.
i 6\, [ S S

(A3)

The variance of this estimate is

—1 \% (S) 8 —l ' N— 2V (—Ko + 9K, — 16K, + 8K3)
ar D ar(— — ,

> 3\, \K 0 ! : }
(A4)

where the variance of the linear combination can be expressed
as

Var(—Ky 4+ 9K; — 16K, + 8K3) = Var(Ky) + 81Var(K,) + 256Var(K,) + 64 Var(K3)
— 18COV(K0, Kl) + 32COV(K0, Kz) — 16COV(K0, K3)
— 288Cov(K;, K») + 144Cov(K,, K3) — 256Cov(K;, K3)

N —-K| Ny Ny
—K—— |21 -2
N—-1[N N

No Ny No Ns

N> Ny
+18 2L 3202 4 1622 288 — 2 — 44— 2 4 256— |,

N N N N

N N N N N N
+81—1<1 - —1) +256N2<1——2> +64ﬁ3<1 ——3)

N N N N

No N N N, Ni N

N N (A9)

N N N N N N

Again estimating N, /N by K; /K, we now have an estimator for Var(S) given by

1. 8/I\*N>N—-K[K K K K K K K K
=68 =) (1= 2 )+ 81 (1= ) 4256 (1 — =2 ) #6412
B 3\1,) K N-1]K K K K K K K K

Ky K Koy K> Ko K3

K K K K K K

K K>
182 =32+ 16—+ 2885 — 14— 4256- 5

K K; K K3i| (A6)

K K K K

The square root of this gives an estimator for the standard error of the action

1. 4 (IN* N [N—K[K K K K K K K. K.
68 = —(~) =/ —— 21 -2 ) #8121 L) +256—=(1——=)+64—=(1- =2
h Je\l,) VJKVN—-1[K K K K K K K K

Ko K; Koy K> Ko K3

K K K K K K

+18 32 +16 LoggkiKe iy +256
K K

ol—

K| K
1 K3 (A7)

K K

K> K3
K K
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We may also exhibit a simpler bound on the standard error. Due to the subadditivity of the standard deviation,

4

I
706 < 7

2
<li> %[U(Ko) + 90 (K)) + 160 (K>) + 80 (K3)]
4

) SR

N; N, N, N; N3
<l—ﬁ>+16\/N (1—ﬁ>+8/1\, (1—ﬁ>}. (A8)

Estimating N /N by K} /K as usual gives an estimate for the standard error

1a(S)\ () W\/KO

We also immediately have the bound

B+ fR (-8 o2 (-2)+R0-R)] w

(A10)
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