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Markov inequality as a tool for linear-scaling estimation of local observables
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We introduce a linear-scaling stochastic method to compute real-space maps of any positive local spectral

operator in a tight-binding model. By employing positive semidefinite estimators, the sampling error at each site
can be rigorously bounded relative to the mean via the Markov inequality, overcoming the lack of self-averaging
and enabling accurate estimates even under strong spatial fluctuations. The approach extends to nondiagonal
observables, such as local currents, through local unitary transformations and its effectiveness is showcased by

benchmark calculations in the disordered two-dimensional 7 -flux model, where the local density of states and
steady-state current maps are computed. This method will enable simulations of disorder-driven mesoscopic
physics in realistically large lattices and accelerate real-space self-consistent mean-field calculations.
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I. INTRODUCTION

Revealing spatially resolved quantum observables in large
lattice systems remains a central challenge in condensed-
matter theory. Quantities such as the local density of states
(LDoS), local currents, magnetization textures, and topo-
logical markers encode rich information about underlying
quantum phenomena, including localization, Mott transitions,
and quantum Hall effects. Understanding these observables is
crucial not only for characterizing exotic phases of matter, but
also for predicting how disorder, interactions, and topology
interplay in realistic materials. Moreover, advancement of ex-
perimental techniques over the last 20 years—e.g., scanning
tunneling microscopy [1-3], scanning superconducting quan-
tum interference device (SQUID) [4], and nitrogen-vacancy
center magnetometry [5]—has uncovered intricate spatial pat-
terns in quantum materials, sparking the development of
simulation methods capable of comparable resolution.

Spatial inhomogeneities are core to the physics of disor-
dered systems. Anderson localization, for example, appears
as an exponential suppression of wavefunction amplitudes,
which directly reflects in the LDoS [6], while their multifrac-
tal scaling near a metal-to-insulator (MI) transition is a clear
signature of quantum criticality [7—13]. Likewise, observing
local currents in a system can unveil robust edge channels
for particle transport [14,15], signal presence or absence of
backscattering [16—18], or even demonstrate the existence of
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vortices in steady-state transport regimes, which had previ-
ously been connected to MI transition [19,20]. In addition,
real-space topological markers, such as local Chern and Z,
invariants, have been used to detect topological order even in
the absence of translational symmetry [21,22].

Linear-scaling algorithms based on Chebyshev expansions
are renowned as very efficient ways to estimate volume-
averaged spectral functions (i.e., operator traces) of sparse
real-space Hamiltonians [23-28]. While these can be adapted
to compute local quantities, the generation of full-sample
maps inevitably increases the computational effort to O(N?)
(N being the system size), as the use of stochastic evaluation
becomes limited by the lack of self-averaging. This limitation
is mainly significant for observables that fluctuate by orders
of magnitude from point to point or if repeated sampling is
required [29,30].

In this work, we introduce a stochastic vector-based
method that efficiently computes maps of positive local oper-
ators in large lattices, all at once and with controlled accuracy.
Crucial to this approach is the use of positive semidefi-
nite stochastic estimators, for which the celebrated Markov
inequality enables a rigorous bound of sitewise stochastic
errors to a multiple of the local mean value, thus ensuring
homogeneous convergence across the sample. Local unitary
transformations naturally extend the approach to off-diagonal
matrix elements.

The effectiveness of the method is showcased by bench-
mark calculations done on large samples of the disordered
two-dimensional (2D) m-flux model in the square lattice.
First, vacancies are considered as the disorder source and
full-sample maps of the LDoS are computed. For a single
vacancy at the center, the zero-energy LDoS is shown to
decay as r—2 away from the vacancy. This is an expected
behavior caused by critical zero-energy states [24,31], but
its numerical verification over several orders of magnitude is
only accessible by the convergence properties of our method.
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For multiple vacancies, converged LDoS maps were obtained
around zero energy, demonstrating the method’s ability to ac-
curately capture details of the particle density field, even when
it strongly fluctuates in space. Finally, steady-state current
maps were computed in the presence of long-range poten-
tial scatterers. Their high spatial resolution reveals vortexlike
patterns similar to those previously identified as hallmarks of
the localization transition in graphene [19], belonging to the
Kosterlitz-Thouless universality class.

II. LOCAL LATTICE OBSERVABLES

For independent quantum particles on a disordered lattice,
much of the underlying physics is captured by real-space
matrix elements of functions involving the single-particle
Hamiltonian, . A central example is the spectral function,

Ao’ ,v';o,r|e) = (t',0'|8(s — H)|r, o), D

where ¢ is the energy, {r, r'} are lattice positions, and {o, o'}
label orbitals within the unit cell. This function reveals the
spatial structure of the eigenstates of 7{: It captures their static
real-space properties around a given energy, and its diago-
nal elements yield the LDoS. Off-diagonal elements, in turn,
may also describe local dynamics—such as particle currents
induced by an applied electric field. Specifically, the current
from site (r, o) to (r + A, o¢’) at time ¢ (in units of 2e/#) is

a0 =" (r.olp®r+ A, 0")}, (@)

where p(t) = U, pol/lf is the time-evolved single-particle den-
sity matrix and tg"/ is the hopping parameter [32]. For
fermions in equilibrium at inverse temperature T, B =
(kgT)~', and chemical potential i, the density matrix pq is
{1 +explB(H — W)~

As the method is not tailored to any specific observable, the
presentation is kept general by considering real-space matrix
elements of a Hermitian operator X. The diagonal element
at site r, denoted as x, = (r|X|r), is considered with the
orbital index o omitted for brevity. In general, the full matrix
representation of X in the real-space basis is unavailable, so
each x, must be computed via O(N) matrix-vector multipli-
cation, where N is the Hilbert-space dimension. This way,
obtaining the full spatial map of x, would take O(N?) opera-
tions [25,26]. In contrast, the trace of large matrices (e.g., the
sum over all x,) can be computed much more efficiently using
stochastic sampling methods [23,29,33-35]. Stochastic trace
estimation starts by generating R square-normalized vectors,
{1§,)}n=1....r, €ach being a linear combination of basis states
with coefficients &, .. These coefficients are real or complex
random variables such that &, = 0 and &* &/ v = 8,0r.r
(complemented by &, &, , = 0 in the complex case) where
(---) is an average over independent random vectors. Fol-
lowing Ref. [23], the trace of X may be approximated as the
average Tr(X) =~ %Zf:, (£,1X1&,), which is expected to be
self-averaging, that is, with a sampling error oc N~!.

Inspired by this algorithm, it is possible to recast the cal-
culation of the full spatial map x, as the average of a global
stochastic estimator that samples all positions at once. A

simple naive unbiased estimator can be written as

1 & 1
Ko=) Ene D WX E e = 2 (Gl o XIE), ()
n=1 r n
with the notation (1] o [/2) = ¥ (r)¥»(r) representing the
(element wise) Hadamard product [36]. Although Eq. (3)
represents a legitimate estimator [30] (xr = x;), a subtle but
important issue remains regarding its convergence properties.
The sample-to-sample fluctuations of this estimator are quan-
tified by its variance,

of = [X7ler + EIEIX,, ElEl=1E1F -2, 4

where |£]* is the fourth moment of the random-vector com-
ponent distribution. Specifically, in the eigenbasis of X, the
relative sampling error takes the form of

oo X0 Xl
Xer Yy XealVe®)

revealing its dependence on the spatial structure of the wave-
functions. If X [as in Eq. (1)] selects a narrow spectral window
that effectively isolates a single eigenstate V¥, (r), the relative
local error scales as |, (r)]~!. This results in a nonuniform
spatial convergence, preventing an accurate LDoS estimation
with feasible computational time in localized systems, where
wavefunction amplitudes can vary by orders of magnitude in
space.

®

III. POSITIVE SEMIDEFINITE ESTIMATOR

The spatially uneven convergence can be eliminated by
using an estimator whose sampling noise scales with the local
mean. For positive semidefinite operators (X; > 0), this can
be achieved by forcing the samples to be non-negative, in
contrast to the sign-changing ones produced by Eq. (3). If a
random field 5, is non-negative, the Markov inequality bounds

P(ne = C) <7y C! (©6)

for any C > 0. Consequently, the «th quantile is at most a
multiple of its mean (g, < (1 — )~ '%;) implying that the
field’s relative fluctuations remain constant in space. To ex-
ploit this property, a positive semidefinite unbiased estimator
is constructed for the diagonal elements of the operator X;. A
new random field

Gur = (Eal 0 VX&) )

is introduced so that
1
X == §n url? (8a)

for complex random vectors and
1 1 ?
- Z 2 Z
Xr - R_1 - ¢n,r - E( - ¢n,r> (Sb)

for real random vectors satisfying |§|* = 2, as follows directly
from Eq. (4). In both cases, the field X, is estimated by
non-negative sampling, which leverages Markov inequality
and ensures controlled relative errors across the system.
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A. Rigorous upper bound for the sampling error

If the local map of a positive semidefinite operator is
estimated from Eq. (8a), it is possible to show that the cor-
responding sampling standard deviation is bounded by its
expected value, x;.. For that, we rewrite Eq. (7) as

G =D &rXerbnr,. ©)

ry

where X, = (r|+/X|r;). The mean value of this estimator
approximates x, = (r|X|r) with R random vectors. The corre-
sponding variance of the estimates is given as follows:

1
o=z ;um,rﬁ —x ) (10)
where
|¢n,r|2 =X+ Z En,rl Xr,rl Xr,rz ;zk,rz' a1
I #02

Thus, the expression in Eq. (10) is equivalent to

1
0'1,2 = 1_? Z Z Xr,rl XI‘,I‘ZXI‘,I'3XI',F4Til,{l‘,‘}5 (12)
nori#r
r3#ry
with
Tn,{r,-} = é;rzgn,rl‘g;”gn,r;- (13)

Since & &, = &rr and &, &, v = 0, one concludes that

T gr} = Oriryrarss (14)
which simplifies Eq. (12) to

1
o} = = X2 — ZXf,n ) (15)
r

Because the subtracted term is strictly non-negative, the stan-
dard deviation associated with the stochastic sampling is
upper bounded by x; as o < xr/v/R.

B. Off-diagonal generalization

The estimators are basis independent; i.e., if the basis {|r)}
is replaced by a unitarily transformed basis {|lu)} = {U|r)},
the corresponding random field {¢,} can be likewise used to
estimate diagonal elements in that basis. The reasoning also
applies to the unitary time evolution of Eq. (2). This means
that even though the method had initially been formulated for
the estimation of diagonal matrix elements, it can be naturally
extended to evaluate off-diagonal elements [as in Eq. (2)]. The
key idea is that diagonal elements in a suitably rotated ba-
sis encode information about the corresponding off-diagonal
terms. Specifically, if one applies a local unitary transforma-
tion to a pair of sites {r, r'} of the form

a,) = ————(|r) + y|r')),
lory) 1+|y|2(| ) +v[r)

1
—- — —  (_y* / , 16
1B,) 1+|y|2( v} +[r)) (16)
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FIG. 1. Schematic representation of a bipartite squared lattice.
The blue ellipses represent connected pairs. These form a complete
set, and for each pair we apply the change of basis matrix shown in
the red box.

where y € C is a parameter controlling the rotation, the diag-
onal elements in the rotated basis will be related to the original
off-diagonal matrix elements as

2| Xy =1y —iY;, an

where T, = (o, |X]|o,) — (B,1X|B,). Importantly, because
each bond rotation acts only on disjoint site pairs and the
different components of the random vector are uncorrelated,
the procedure can be applied to all such bonds in parallel
without inducing additional sampling correlations (illustrated
in Fig. 1). Hence, by iterating through the different groupings
needed to cover all intersublattice bonds, this method yields a
complete map of the off-diagonal structure of X. For observ-
ables requiring off-diagonal elements from multiple hopping
ranges (nearest neighbor, next-nearest-neighbor,...), we treat
each range as a separate bond class and measure them in
independent simulations.

IV. DEMONSTRATIONS
A. Electron density fields

The 2D m-flux model on a square lattice is used as a test
bed for the method. Its initially pristine periodic Hamiltonian

Hi = —2w(cos ko, + cos ko), (18)

where w is the hopping parameter, loses its translation
symmetry due to the presence of point defects (vacancies).
As a first demonstration, we test our method by unveil-
ing this zero-energy mode for a single central vacancy in
a 4096 x 4096 supercell under twisted boundary conditions.
The LDoS, p:(¢), was computed along a longitudinal cut
starting at the vacancy for a set of energies approach-
ing ¢ = 0, using kernel polynomial method (KPM) with a
spectral resolution of 1meV. Random sampling was per-
formed with both the proposed positive semidefinite estimator
and the conventional mean estimator using 32 random vec-
tors. Figures 2(a)-2(c) show that the positive semidefinite
estimator faithfully captures the exact algebraic decay of
the zero-energy LDoS, p.(0) o |r|~2, over several orders
of magnitude, whereas the naive estimator does not. The
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FIG. 2. (a)—(c) Longitudinal cuts through the LDoS of a single
central vacancy in a 4096 x 4096 supercell at the energies shown
in the lower panels. Dark blue denotes the naive estimator, light
blue the negative values from the conventional estimator, red the
positive semidefinite estimator, and the black dashed curve the
exact LDoS. The shaded region indicates a +2¢ interval, with
o being the standard deviation from averages over 32 random
vectors.

latter fails in regions of very low LDoS, where sampling
noise generates nonphysical negative values and large rel-
ative errors—an instance of a random-sampling sign prob-
lem that the positive semidefinite formulation inherently
avoids.

Figure 3 shows feature-rich real-space LDoS maps at a
finite vacancy concentration (0.5% on a 2048 x 2048 su-
percell). Computing them with a fixed 100ueV spectral
resolution, averaging over 1000 random vectors and twist-
angle configurations, we demonstrate the controlled accuracy
of the positive semidefinite estimator. Despite the LDoS maps
spanning several orders of magnitude, the 95th percentile of
the local relative fluctuations is upper bounded at 3.5%. The
final panel highlights the overlap of the zero-energy critical
states, with local amplitudes at least two orders of magnitude
larger than the noncritical regions.

Next, we analyze a 512 x 512 sample with 1% randomly
placed vacancies at ¢ = 0 with a 200 ueV spectral resolution.

10 109 1072 10! 100 10! 102 10° 10¢
pe(e) [au)]

FIG. 3. LDoS maps for a 2048 x 2048 supercell with 0.5% va-
cancy concentration. In panel (a), we set ¢ = —0.1eV, while in
panel (b) e = —0.01 eV and in panel (c) we probe this observable
at zero energy.

O R=32 10t
125 R=e
O R=128
3 R=25
C3R=32
O R=64
o R=128
R=256 #

=
=3
S

o (2)] [a0]

I
N
a
L
—_

107

0,50 / 07t -~
| 0 10 10 10t 102 10° 102 104
/ P (e) fau]

Distribution [logm Ar]

FIG. 4. Probability density functions of the local relative error
A, for the conventional (shades of blue) and positive semidefinite
(shades of red) stochastic estimators, as a function of the number
of random vectors, R. The latter reduces the mode of A, by ap-
proximately two orders of magnitude, while scaling as R=%°. The
inset is a scatter plot of stochastic and exact LDoS for 256 random
vectors.

To quantify the accuracy of both estimators, we measure the
local relative error

_|p¥e) = pEXe)|
- R0)

where pE* is the exact LDoS and p3' is the estimate.

Figure 4 demonstrates that the positive semidefinite es-
timator (shades of red) dramatically reduces relative errors.
The corresponding statistical distribution mode lies about
two orders of magnitude below that of the naive estimator
(shades of blue), which also exhibits a much broader spread.
The first moment of the error distribution follows the ex-
pected R~!/2 scaling with the number of random vectors R.
The inset shows the local observable scatter plot comparing
stochastic estimates with the exact LDoS maps (256 ran-
dom vectors). The naive estimator (blue) fails to reproduce
values below approximately 10°. Furthermore, it produces
nonphysical negative LDoS (here plotted as absolute values).
Contrastingly, the positive semidefinite estimator (yellow)
exhibits a controlled dispersion for over ten orders of magni-
tude. Moreover, for the highest R, each stochastic estimation
took ~4 CPU hours, whereas the exact result took ~171
CPU days.

Ar ; 19)

B. Local currents fields

To illustrate the versatility of this method, we stud-
ied the local current fields that develop when translation
symmetry is broken by strong long-range impurities. The
disordered potential is given by V, = Zf;’zl w,, exp(—0.5]r —
r,.|2/k?), where the scatterer amplitudes w,, are drawn uni-
formly from %[—1, 1]. We analyze a 512 x 512 sample with
0.5% randomly placed impurities with W = 1.1eV and « =
9.0. This sample is connected to two finite pristine leads
(each 512 x 512) and periodic boundary conditions are im-
posed in the transverse direction. Following the linear-scaling
time-evolution methodology described in Refs. [32,37], we
compute the real-space distribution of the steady-state local
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FIG. 5. Square-root LDoS and steady-state local currents for a
512 x 512 sample in the two-terminal setup with 0.5% concentration
of long-range impurities (W = 1.1eV, « = 9.0). Top: Square-root
LDoS map (500 random vectors and spectral resolution 100 ueV).
Magnified regions demonstrate the local currents’ steady-state fields.
Intricate patterns in the real-space distributions of currents are evi-
dent with vortex-antivortex pairs being visible.

current fields. The LDoS shown in Fig. 5 was obtained using
500 random vectors. The spectral probe is centered on the
Fermi energy ¢ = 0.1eV and has a width of 100 peV. In
terms of vacancy calculations, the LDoS exhibits controlled
accuracy. The 95th percentile of local relative fluctuations
is <5%. The statistical properties of the diagonal matrix
elements carry over to the matrix elements in the rotated
basis. However, the relation between the magnitudes of the
individual matrix elements and their differences is model de-
pendent, so it is challenging to draw general conclusions for
off-diagonal estimates. The simulation of the linear response
steady-state current fields is performed by exploiting statisti-
cal correlations. Both the equilibrium and steady-state fields
are computed with the same random vector. Subtraction of
both estimates with 2.4 x 10* random vectors reveals intri-
cate structures, with tightly bound vortex-antivortex pairs and
complex flow patterns that appear only when local currents
are resolved at this scale.

V. SUMMARY AND DISCUSSION

To summarize, we introduced a new linear-scaling stochas-
tic method to compute full-sample maps of positive local
spectral operators in tight-binding systems. By employing
positive semidefinite estimators, the sampling error at each
site is bounded relative to its mean value via the Markov in-
equality, ensuring homogeneous sampling convergence across
the sample even when the observable fluctuates strongly

from point to point. This precise control of the sitewise
error is crucial, since unlike stochastic trace evaluations, ran-
dom sampling of local quantities lacks self-averaging. The
method was further extended to evaluate nondiagonal ob-
servables (e.g., local currents) by means of local unitary
transformations.

The method was illustrated using three representative
cases in the 2D m-flux model. For a single vacancy, we
computed the real-space LDoS and recovered the expected
zero-energy r—> decay [24,31], demonstrating that our ap-
proach can accurately capture the converged tail over several
orders of magnitude—something not attainable with a naive
mean estimator. Moreover, full-sample LDoS maps near the
nodal energy were obtained, maintaining a controlled accu-
racy even when vacancy-induced critical states dominate and
drive fast spatial variations spanning several orders of mag-
nitude. Finally, for the w-flux model with Gaussian potential
scatterers, we computed steady-state current maps in a two-
terminal setup using the time-evolution approach introduced
in Refs. [32,37]. The resulting current patterns reveal subtle
vortex structures akin to those previously associated with the
metal-to-insulator transition in graphene [19], belonging to
the Kosterlitz-Thouless universality class.

VI. OUTLOOK

Our proposal opens up possibilities for large-scale sim-
ulations of mesoscopic phenomena aided by a reduction in
computational complexity, from quadratic to linear in the
lattice size. This enables the measurement of local quantities
across entire samples, which can be applied, for example, to
characterize multifractality of disordered phases [7-9,38,39]
or to study disorder-driven transitions [6,10-13,40—43]. In
addition, its efficiency and precision make it suitable for use
in self-consistent mean-field approaches to interactions in real
space [25,26]. The positive-estimator principle can further im-
prove evaluation of other global quantities without significant
changes on current KPM implementations.
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