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Active optical clocks based on collective atomic emission promise narrow lasing linewidths as well as reduced
sensitivity to cavity fluctuations, yet residual frequency pulling limits their ultimate precision. Here, we propose a
laser scheme that simultaneously achieves vanishing frequency pulling and ultranarrow linewidths by exploiting
symmetry in collective superradiant emission. Atoms in a dense beam traversing a bad cavity are prepared
in controlled superposition states using a pump laser with a sinusoidally modulated Rabi frequency €2,. The
resulting emission spectrum consists of a central lasing peak at the atomic resonance and two superradiant
sidebands at symmetric detunings +£€2,. Owing to their symmetric interaction, the central peak is protected
against cavity-induced frequency shifts over detunings comparable to the cavity linewidth. As the atom number
increases, its linewidth narrows far beyond the conventional gain-narrowing limit, reaching values as small as
one millionth of the cavity linewidth. Small pump detunings break the symmetry of the sideband intensities,
providing a robust error signal to stabilize the pump frequency without an external reference cavity. These results
establish a symmetry-driven route toward ultrastable active optical clocks and collective-radiation sources with

exceptional frequency stability.
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I. INTRODUCTION

The precise measurement of time has been one of the most
important endeavors in the development of science. Many
modern technologies including communications, computer
networks, and Global Navigation Satellite System (GNSS)
rely on precise measurements of time in order to operate
properly [1]. Accurate and stable clocks also help advancing
fundamental sciences. A test of Lorentz symmetry has been
performed using two ytterbium optical clocks with precision
on the order of 10~!® [2]. More precise time measurement
would lead to discoveries as well as technologies and en-
able many fundamental sciences that might be impossible
otherwise [3].

A great deal of efforts are made to create better clocks
[4], such as clocks using quantum logic technology [5,6],
single ions [7], multi-ions [8,9], rare-earth atoms cooled and
localized in an optical lattice [10-12], etc. An idea of an
active optical clock based on superradiance has also been
pursued [13] and its initial tests demonstrated superradiant
emission on a highly forbidden transition, highlighting the
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promise of active optical clock architectures [14]. In an active
optical clock, the atomic system itself acts as an oscillator and
generates radiation of a narrow linewidth without relying on
an external cavity [15].

In a typical superradiant laser operating as an active op-
tical clock [13], the atoms with an ultranarrow linewidth
are trapped in a bad cavity and excited by a pulsed pump
laser repeatedly. Because the atomic linewidth y, is much
narrower than the cavity linewidth y., the so-called frequency
pulling of the resulting superradiance lasing of frequency wg;
is given by dw = wg — we =~ %(a)C — w,), thereby achieving
a frequency-pulling coefficient on the order of $ < 1, where
Wy(c 15 the atomic (cavity) resonance frequency. This is an ad-
vantage of a superradiant active optical clock over the passive
optical clocks that need to be stabilized to an external cavity,
which is prone to thermal noise, and thus limiting the clock’s
ultimate precision [16-20].

The superradiant laser in its present form, however, has a
shortcoming, namely, that its pulsed operation fundamentally
limits the short-term stability. In order to overcome this short-
coming, a quasisuperradiant laser employing a dense beam of
two-level atoms traversing a bad cavity has been proposed
for a continuous-wave operation [21]. In addition, a slow
atomic beam traversing a ring cavity [22] as well as a chip-
scale atomic beam source [23] has been developed toward
this and other applications. The bad-cavity condition in the
above proposal [21] enforces the total atomic polarization
to be proportional to the field amplitude, analogously to the
rate equation approximation, and as a result, the system ex-
hibits superradiancelike behavior in the steady state, because
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interatomic coherence is established via cavity-mediated col-
lective interactions as the number of atoms in the cavity grows
beyond a critical number, even though the atoms are initially
injected in a fully inverted and incoherent state. The resulting
cavity field shows both the linewidth and the frequency-
pulling coefficient decreasing as the mean number of atoms,
and consequently the number of collective emission events, in
the cavity is increased.

The remaining frequency-pulling coefficient in the work
of Ref. [21], although very small, would eventually limit the
performance of the active optical clock based on this prin-
ciple. Note that a coherent atomic superposition can transfer
its phase to the cavity field through collective superradiant
emission. As a result, the cavity field inherits the atomic phase
reference and its oscillation frequency is not determined by
the cavity resonance [24]. One may therefore wonder what
happens if the atoms are initially prepared with both the
population inversion and the atomic coherence by using a
superposition state close to the north pole of the Bloch sphere.

The present study is motivated by this question. Through
numerical simulations, we have found that a proper initial
superposition state results in simultaneous operation of an
ordinary lasing at the atomic resonance and superradiance at
symmetrically shifted frequencies at ££2,, when the pump
laser for preparing the initial state was resonant with the atom
while its amplitude sinusoidally modulated at €. More-
over, the ordinary lasing exhibits both linewidth narrowing
and a vanishing frequency-pulling coefficient, as symmet-
ric coupling to the two superradiant sidebands leads to a
symmetry-induced cancellation of cavity-induced frequency
shifts. The zero frequency pulling took place over the cavity-
atom detuning comparable to the cavity linewidth, which
is assumed to be much larger than that of the atoms in
the bad-cavity limit. For a nonzero pump-atom detuning,
the superradiant lasing components showed asymmetric peak
heights, the difference between which was proportional to the
pump-atom detuning. By using this asymmetry, a feedback
loop can be implemented to nullify the remaining pump-atom
detuning. We found the expected signal-to-noise ratio of the
lasing signal would be enough to eliminate the pump fre-
quency fluctuations through the feedback, and as a result, the
ultimate linewidth of the central peak can be as narrow as 107°
of the cavity linewidth. Our simulation parameters such as a
50-MHz cavity decay rate and a 0.5-MHz atom-cavity cou-
pling constant are comparable with high-density high-velocity
rare-earth ion beams [25] such as Ca™* with about 400 nm tran-
sition wavelengths. Our results can be tailored for a specific
atom system and can be used as a guideline for building an
actual active clock system.

This paper is organized as follows. In Sec. II, we briefly
recapitulate the quantum Langevin equations formulated by
Liu et al. [21] and then introduce three different configurations
in the superposition-state pumping that are considered in our
simulations and provide the expressions for the corresponding
initial states for the atoms. We also explain the tilted atomic
beam geometry and its physical consequence as well as how
the pump laser linewidth is included and how the power spec-
tral density is calculated. Simulation results are discussed in
Sec. III, where we present the results with a nonmodulated
pump laser with a nonzero pump-atom detuning exciting an

initial superposition state close to the north pole of the Bloch
sphere for each atom. The results motivate us to perform
simulations with a modulated pump laser with a zero pump-
atom detuning. The results with an ordinary lasing component
occurring at the atomic resonance with two sidebands of
superradiant lasing are presented. The linewidth narrowing
of the ordinary lasing component as a function of the mean
number of atoms in the cavity is discussed. In Sec. IV, we
consider the effect of a small nonzero pump-atom detuning
and discuss a feedback scheme to nullify the overall shift of
the three-peak spectrum using the asymmetric heights of the
superradiant peaks. In Sec. V, we summarize our work and
remark on possible extension of the present work to actual
experimental studies.

II. THEORY

A. Equations of motion

We consider a laser made of a beam of two-level atoms
and a cavity. The atoms are prepared, immediately before
entering the cavity mode, in a common coherent superposition
of the ground and excited states of the same transition that
subsequently participates in the lasing process. We assume
an atomic beam crossing the cavity mode at a small tilt
angle so as to ensure traveling-wave atom-cavity interaction
[26,27] with the atom-cavity coupling constant uniform
inside the cavity. We employ the same set of differential
equations reported by Liu er al. [21]. Their formalism is
recapitulated below.

Our system is described by the Tavis-Cummings Hamilto-
nian [28] in the rotating frame of the atom as

A/h=Ad'a+g) nx)@;ita+a'e;n), ()
J

where A = o, — w, is the cavity-atom detuning, a (@) is the
photon annihilation (creation) operator, & i (&;r) is the lower-
ing (raising) operator for the jth atom, g is the atom-cavity
coupling constant (half width), also known as the vacuum
Rabi frequency, and n(x;) is the normalized cavity mode func-
tion evaluated at the position x; of the jth atom (|n(x;)| < 1).
A set of differential equations in terms of complex-valued
variables derived from the Hamiltonian equations with noise

operators phenomenologically added are [21,29]
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where a = (a), k is the cavity decay rate (full width), and
&P and &9 are complex-valued-variable or c-number represen-
tation of noise operators corresponding to &7 = —i(€ — &)
and £9 = £7 + £ with £ and &7 associated with & and &,
respectively. The noise terms arise from the coupling of a
and &' to the vacuum outside through the cavity mirrors.
In addition, J*®) = Zszl n(xk)sz(y ). where s, s*?, and 55 are
the c-number representations of the operators 6 = 6t +67,
6] = —i(6" —67), and 6; under the semiclassical approxi-
mation, respectively. In writing Eqs. (3)-(5), the interaction
terms, except the noise terms, not proportional to J* or J¥
such as s’;’y (sj + 1) are neglected since these terms are on
the order of unity and thus much smaller than the other terms
proportional to J* and J” since N > 1 in all of our simulations
to be presented below. Moreover, the atomic decay time or the
inverse of the atomic decay rate I'y, is assumed to be much
larger than the atom-cavity interaction time 7, so the atomic
decay is neglected in Egs. (3)—(5). The variables ', I, and
Iy are defined as

2¢°A gk

RENT

A2 + (K/Z)z ’ K '

We need to calculate a in order to obtain the first-order
correlation or the power spectral density as to be explained in
Sec. IIC. We assume a bad cavity, for which x > N gis sat-
isfied with N the mean number of atoms in the cavity. Under
this condition, Eq. (2) quickly reaches a steady state, so we
can approximately set ‘2—‘[’ = 0. The bad-cavity approximation,
similar to the rate equation approximation in quantum optics,
is expected to give a correct steady-state solution, which we
are interested in. It allows us to express a as

A

a=— L.t irc)[ﬁ - ey ist)]. 7
4g VTo

B. Superposition-state pumping

In this study, we are interested in what happens if atoms
are initially prepared in a common superposition state for
all atoms with a uniform atom-cavity coupling constant. We
consider three different pumping cases for the initial superpo-
sition states.

1. Superposition state with a nonzero pump-atom detuning

The pump laser for preparing the superposition state is de-
tuned from the atomic resonance by § # 0. The pumping time
is assumed to be much shorter than the atomic damping time,
so we can neglect the atomic damping during the pumping
process. The initial atomic state can be calculated with the
optical Bloch equation given by

£ =85,
&= =85 + Qs
57 = —Q, ®)

in the rotating frame of the pump field for to <t < fp + 7.
The atom is assumed to enter the pump field at t = ¢y, and
leave the pump field at 7 =ty + 7p,. With the initial con-
dition s5 = s*(to) = 0, sg = s¥(ty) =0, 55 = 5°(tp) = —1 and

> |8 with a top-hat distribution for the pump Rabi fre-
quency €2 in time, we obtain

Sy = — sin(27p) sin(d7,),
sp = —sin(Q7,) cos(87p),
>~ —cos(R21p). ©)]

U
on
¢

Once the atom leaves the pump field, it enters the cavity
and interacts with the cavity field there, generating frequency
components in the spectrum of the field according to Egs. (3)—
(5), which are expressed in the rotating frame of the atom.
Therefore, we need to transform the above result back to the
rotating frame of the atom at 1 = #o + 1:

55 — 83, cos[8(to + 1)1 — 3 sin[8(to + 7p)]
= sin(27p) sin(dtp ),

sy — 83 sin[8(t0 + )] + 53 cos[8(tg + Tp)]
= —sin(Q1,) cos(dtp),

55— 5§ = —cos(Q1p). (10)

Note that the pump phase at time 7, is encoded in 5§ and s.
Using the relation s = pec — Pgg = 20cc — 1 With pee(0gg)
the initial excited (ground)-state population, Eq. (10) can be
rewritten as

5o = 2 pee(l - pee)Sin((StO),

Sy = =24/ pee(1 — pee) cOs(8tp),
S(Z) >~ 20 — 1. (11)

We have reproduced the results of Liu et al. [21] with pe. =
1,8 = 0 and random ;’s.

2. The case with two opposite pump-atom detunings

In this case, the atoms are pumped with two oppo-
site detunings, +Q,. The pump field can be expressed
as %Eo{exp[—i(wa + Qm)t] + exp[—i(w, — Qm )]} = Epcos
(2mt) exp(—iw,t ). Under the rotating wave approximation in
the frame of the atom, it is as if the pump is resonant with the
atoms with its Rabi frequency modulated as €2 cos(€2,¢) with
Q> Q. So, the Bloch equation can be written as

s£ =0,
8 = Qcos(Qmt)s,
57 = —Qcos(Qmt)s’. (12)

Differentiating s¢ equation and substituting s* and s¥ expres-
sions there, we obtain

§% 4 Q tan(2mt)s? + Q2 cos?(Qmt)s“ = 0. (13)
We have solved Eq. (13) with the initial condition s*(fp) =

—1, s*(ty) = s7(ty) = 0, for which the atom is assumed to
enter the pump field at t = #; and leave the pump field at
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t = to + 1. The atomic state after the pump is obtained as

X _
5o =0,

| o

sy = —sin { [sin Qy, (o + 1) — sin(tho)]},

)

m

Q

s5 = —cos {Q_ sin Qu (fo + 1) — sin(tho)]}. (14)

With Q@ 7, < 1, Eq. (14) can be approximated as
55 =0,
sy = — sin[§2 cos(Qmio) T,
5§~ —cos[L2 cos(R2mto)Tp]. (15)

8

Note that the pump phase at time 7, is encoded in s and s},.

3. The case with two opposite pump-atom detunings with
a common offset

Here, we are interested in the effect of overall pump
detunings. The pump detunings are given by £, + §, re-
spectively, where |§| < 2y, is a common offset or the average
of two detunings. The Bloch equation can be written in the
rotating frame of the pump frequency (w, + §) as

=85,
&= =85 + Qcos(nt)s,
572 = —Qcos(Qmt)s’. (16)

Assuming Q2 > |6], we can apply the same approximation as
the one used in Eq. (9) to obtain

Q
sy =~ —sin {Q—[sin Qo + 1) — sin(tho)]} sin(8tp),

m

, Q
sﬁ) ~ —sin {Q—[sin Qo + 1) — sin(tho)]} cos(8tp),

m

sg ~ —cos {Qﬁ[sin Qo + 1) — sin(tho)]}. (17)

m

For Qn1, < 1, Eq. (17) is further simplified as

Sy =2 —sin[€2 cos(Qmty)Tp] sin(87p),

sp = — sin[€2 cos(Qlo)7p] cOS(87Tp),

85 22 — cos[2 cos(Qmto)Tp]. (18)
We should transform this result back to the rotating frame
of the atom at r =1y + 1, as we did in Eq. (10). Com-
paring Egs. (9) and (18), we find the correspondence Q2 <>

Q2 cos(2ptp). Therefore, the result in the rotating frame of the
atom is

12

5o 2 sin[2 cos(Qmto) Tp] sin(8tp),
sy = — sin[§2 cos(Qumig) T, cos(8tp),

5§~ —cos[2 cos(R2mto)Tp]. (19)
We recover Eq. (15) when § = 0.

C. Simulation methods

In the numerical simulations, we incorporate the projection
noise of spin operators in the initial values of the Bloch-vector

components in a way similar to the Monte Carlo simulation. If
the flux of atoms incident on the cavity is sufficiently large, it
can be approximated that the atoms are injected as a cluster in
a superposition state with a common phase over a short time
interval—specifically, within the coherence time during which
the phase of the pump laser can be regarded as constant. This
cluster-based injection is adopted to reduce computational
burden. We have explicitly verified that simulations based
on single-atom injection and those using small clusters yield
identical results in the low-flux regime where single-atom
injection is computationally tractable.

We model the collective spin of such a two-level atomic
cluster as a classical vector with Gaussian-distributed fluc-
tuations. Each atom is assumed to be prepared in the same
superposition state, giving rise to a collective spin j* =
Y i 6! (u = x,y, z) with the corresponding c-number initial
value (ji) = ness;y, where s denotes the single-atom Bloch-
vector components given by Eq. (11), (15), or (19), and ng;
is the number of atoms in a cluster. Since the clusters are
uncorrelated with each other in a spin-coherent state, the spin
projection j* follows binomial statistics with a variance of
nes[1 — (sg )8]. In the large atomic number limit, this distribu-
tion is well approximated by a normal distribution, allowing
one to treat the collective spin as a c-number variable with
small stochastic noise. Accordingly, in the simulation each
spin component j§ is sampled from a Gaussian distribution as

Jo = (o) + Awr(O,  Jne[1 — (s5)%]), where fxr(m, o) de-
notes a normal random variable with mean m and standard
deviation o.

The linewidth Awy, of the pump laser is included in terms
of an additional random-fluctuating phase term in the phase of
the pump laser. In Eq. (11), (15), or (19), the pump phase & #,
is replaced with 8 #) + Pnoise, Where the value of ¢y 1S given
by a Gaussian distribution, the standard deviation of which
equals the square root of Aw,,. The mean and variance of
jy then evolve in time according to sj, which includes the
stochastic phase evolution of the pump laser. This approach
reproduces the correct statistical widths of an atomic coher-
ent state and the pump laser while enabling a semiclassical
treatment of collective spin dynamics.

The residual Doppler shift of the atomic beam in the
direction of the cavity mode is considered in terms of the
atomic transverse velocity vy, which is given by the Maxwell-
Boltzmann velocity distribution centered at v, = vy with a
width Av, = %D with k = w./c. During the interaction time,
the position of the atom changes at the speed of v, which
has no effect in our simulation assuming the traveling-wave
atom-cavity interaction [26,27] and thus a uniform coupling
constant. But it introduces a Doppler shift in the cavity-atom
detuning as A = o, — w, — kv, in Eq. (2) and Egs. (3), (4),
and (5) through I's. Since kv gives a common offset, we let
v = 0 for simplicity in our simulations but still assuming a
uniform atom-cavity coupling constant.

The injection rate of atoms in the cavity is adjusted to
obtain a desired mean number of atoms in the cavity. Each
new atom interacts with the cavity for the atom-cavity inter-
action time t and then it is removed from the calculations of
Egs. (3), (4), and (5) and excluded from the summations for J*
and J”. Integration of Egs. (3), (4), and (5) are done utilizing
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FIG. 1. Comparison of on-resonance population pumping and superposition-state pumping with nonzero pump-atom detuning. (a) Power
spectral density of the intracavity field with the initial conditions, 7, = 7 (pe. = 1) and § = 0 in Eq (11). On the right, the magnified view
of the region enclosed by a rectangle in panel (a) shows a weak frequency-pulling effect as a function of A.,. (b) Power spectral density
of the intracavity field with the initial conditions, Qt, = 0.79527 (pee = 0.8) and /27 = 1.4 MHz in Eq. (11). The magnified view of the
rectangular region in panel (b) exhibits the central lasing frequency independent of the cavity-atom detuning A, but with a small offset. It is
due to the interaction of the ordinary lasing component with the superradiance component (the horizontal line in the power spectral density plot)
occurring at the pump frequency. Common simulation parameters: « /2w = 50 MHz (full width), g/27 = 0.25 MHz (half width), 7 = 1.0 ps,
dp/2m =0.1/7, Aw,/2m = 10 kHz, and N = 2000. Each power spectral density is plotted on a logarithmic scale in arbitrary units and is
color coded according to the scale bar on the right. The spectra are obtained from the Fourier transform of (J* (¢t + ©)J~(¢)).

the fourth-order Runge-Kutta method. After each time step,
J* and J” are evaluated. Under the bad-cavity assumption, a is
proportional to J~ = J* — iJY as shown in Eq. (7). This allows
us to calculate the first-order correlation g(V(t) of the cavity
field and its spectrum in terms of J~ and J* = (J7)* instead
of a and a': g (r) o« J*(t + T)J~(t), where the upper bar
indicates an average over time 7. The spectrum of the cavity
field is then obtained by the Fourier transform of g('(1).

II1. SIMULATION RESULT

Let us first consider the simulation with the initial superpo-
sition state with nonzero pump-atom detuning corresponding
to the first case discussed in Sec. II B 1 with Egs. (8)—(11).
When s3) or s is nonzero in the initial superposition state, J*
and J” can build up directly from initial nonzero s; and s? in

Egs. (3)-(5). Since s}‘ o< sin(8t;) and si o cos(dt;) according
to Eq. (11) with ¢; the arrival time of the jth atom at the
pump field (note fy is replaced with ¢; for the jth atom), the
pump phase is encoded in the individual atomic initial states
and thus (a") oc J* + iJY oscillates as e~ in time, resulting
in a superradiance peak at the pump frequency. If |sj| and
Isy| are much smaller than s§ ~ 1, an ordinary lasing due to
population inversion can also take place, and we can have
both the ordinary lasing and the superradiance as shown in
Fig. 1(b), whereas Fig. 1(a) shows the results with initial pop-
ulation inversion only (s = sy = 0, 55 = 1). If ] significantly
deviates from unity, we only get the superradiance peak.
When both the superradiance and the ordinary lasing occur
simultaneously, because of the cross terms such as J*s; and
Jysii in slj. equation, Eq. (5), the frequency of the ordinary
lasing is affected by that of the superradiance, resulting in
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Power spectral densities under the superposition-state pumping with two opposite pump-atom detunings. Common simulation
Qn/2r =2.0MHz, § =0, /2 = 12 MHz, 1, = 0.0414 ps (27, = 0.9367), ¥ /2m = 50 MHz, g/2n = 0.25 MHz, 6p /21 =

0.1/7, Aw, /2w = 10 kHz, and N = 10000. Spectral densities of the cavity field as a function of the cavity-atom detuning A, in the steady
state are shown in panel (a) with the atom-cavity interaction time T = 0.36 us, in panel (b) with T = 0.40 s, and in panel (c) with T = 0.44 ps,
respectively. Spectra at A, = 0 in each case are shown in panels (d), (e), and (f), respectively. The horizontal line segment in the center in
panel (b) is the ordinary lasing line exhibiting zero frequency-pulling effect. It is fixed at the atom frequency, unaffected by the cavity-atom
detuning over a significant range comparable to the cavity linewidth (~50 MHz). The horizontal lines at 2.0 MHz in the power spectral
density plots correspond to the superradiance occurring at the pump frequencies.

its frequency shift. When we compare Fig. 1(a) showing the
ordinary lasing spectrum and Fig. 1(b), the spectrum when
both the ordinary lasing and the superradiance occur simulta-
neously, we can notice that the ordinary lasing frequency is
pulled to or pushed away from that of the superradiance. We
also notice frequency components corresponding to the sum
and difference of those two frequencies, originating from the
cross terms such as J*s% and J7s% in s* and s’ equations.

The pulling and pushing of the ordinary lasing frequency
by the superradiance component results in a flat region as
indicated by a rectangle in the power spectral density plot of
Fig. 1(b). In this region, the lasing frequency is independent of
the cavity-atom detuning, exhibiting a zero frequency-pulling
coefficient. It implies that the lasing frequency would not be
affected by the fluctuations in the cavity frequency. Such zero
frequency-pulling effect is a desired asset in optical clocks.
However, the lasing frequency also exhibits a constant offset,
not locked to the atomic resonance frequency. Since the offset
depends on the initial atomic states in a complicated way, the
zero frequency pulling seen in Fig. 1(b) cannot be used in
optical clocks.

It might be possible, however, to overcome this problem
by introducing another superradiance component with the op-
posite frequency detuning. If two superradiance components
at £, symmetrically affect the ordinary lasing component
in the middle, we might be able to lock the ordinary lasing
frequency at the atomic resonance regardless of the cavity-
atom detuning. In order to check the effectiveness of this

idea, we now prepare the initial superposition state of atom
according to the second case discussed in Sec. II B2 with
Egs. (12)-(15) and perform numerical simulations. The re-
sults are summarized in Fig. 2. Only difference among three
cases there is the atom-cavity interaction times t, which are
0.36, 0.40, and 0.44 ps in panels (a), (b), and (c), respec-
tively. The central lasing peak is sandwiched between two
superradiance peaks at €, around the atomic resonance.
Because of the symmetric interaction with the two opposite
superradiance peaks, the central lasing peak is locked to the
atomic resonance regardless of the cavity-atom detuning, i.e.,
exhibiting zero frequency pulling, as best seen in Fig. 2(b).
The zero frequency pulling occurs over a range of the cavity-
atom detuning comparable to the cavity decay rate, which
is about 50 MHz in our simulation. Clean central peak is
obtained when the empirical condition 2,7 >~ 5 is satisfied
with 7 the atom-cavity interaction time.

As can be seen in Fig. 3, the central peak corresponds to
the ordinary lasing, whereas the two symmetric side peaks
correspond to the superradiance with their linewidth the same
as the pump laser linewidth. As discussed in Sec. IIC, the
power spectral density of the cavity field is obtained by
Fourier transforming the first-order correlation function of
(@'t + v)a@)) o< J*( + 1)J~(¢) with time average over ¢
chosen after the steady state is reached. We varied the mean
number N of atoms in the cavity and the pump pulse area
Q1, independently and calculated the power spectral den-
sity. The results are summarized in Fig. 3. The vertical axis
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FIG. 3. Linewidth of the central peak in the spectrum under the superposition-state pumping with two opposite pump-atom detunings
(6 = 0). (a) Linewidth in MHz in log (for base 10) scale as a function of the pump pulse area 27, and the mean number N of atoms in
the cavity. The minimum occurs when Q7, ~ 0.947r and N 2~ 10 000 under our simulation conditions listed below. (b) Cross sections of the
surface plot in panel (a) at 21, = 0.9367r and 0.9937. For the former, the minimum linewidth is about 50 Hz, amounting to 1% of the collective
emission rate I, = 4g”/k, corresponding to the number of collective emission of NT'.z 2~ 130. Simulation conditions are k /27 = 50 MHz,
g/2mr =025MHz, v = 0.4 ps, dp/27r =0.1/7, Q,/2mr =2 MHz, Q/27 = 12 MHz, and Aw,/27 = 10 kHz. The pump pulse area is varied
from 0.8797 to 1.027 by changing the pumping time 7, from 0.0366 to 0.0422 us.

corresponds to the logarithm of the central-peak linewidth
in MHz. Over the range of N and Q7, varied, the linewidth
changes by 4 orders of magnitude, reaching the minimum of
about 50 Hz when N >~ 10000 and Q7, 2~ 0.947. Since the
collective emission rate is given by I'. = 4g?/k, it is natural
to compare the linewidth with I".. We note that the minimum
linewidth amounts to 1/100 of I'. under our simulation con-
ditions. In contrast, the two side peaks at £2;,, correspond to
superradiance and their linewidths are the same as that of the
pump field. It is because the superradiant peaks coherently
result from initially injected s§ and s in Eq. (15) and the
linewidth originates from the frequency uncertainty in Qy,,
i.e., the linewidth of the pump field.

IV. DISCUSSION

A. Evolution of linewidth reduction

When the linewidth of the central peak in the power spec-
tral density of the cavity field is plotted as a function of the
mean number of atoms in the cavity as in Fig. 3(b), several dis-
tinct features can be noticed. First, the linewidth rapidly drops
to about 20 kHz, which is close to the pump-field linewidth in
our simulations. This drop corresponds to conventional gain
narrowing, where the linewidth is inversely proportional to the
mean number of photons in the cavity. When the linewidth is
plotted as a function of the mean photon number in the log-log
scale as in Fig. 4, we find the initial slope is close to —1.

Second, the linewidth is further decreased with the mean
number of atoms, exhibiting an abrupt slope change around
the pump linewidth in its decrease. The reduction of the
linewidth beyond the pump linewidth is qualitatively dif-
ferent from the gain narrowing in that the mean photon

number is clamped or even reduced while the linewidth drops,
corresponding to near vertical segments in Fig. 4. During
this drop, the linewidth gets narrowed while the peak height
increased and thus the total number of photons remains about
the same.

The linewidth does not drop forever. Eventually, the
linewidth starts to grow, so does the mean photon num-
ber, as the number of atoms is increased. This linewidth
broadening must be related to power broadening or dressed-
state interactions under the strong intracavity field. As the
mean photon number increases, the atoms experience a large
Rabi frequency 2g+/n, and the turnaround of the linewidth
in Fig. 4 occurs approximately when 2g./n ~ i, indicat-
ing a departure from the ideal bad-cavity (superradiant)
regime.

In our simulations, the significant linewidth reduction,
down to 100 Hz or less, takes place in a narrow range of the
pump pulse area corresponding to 0.90 < pe. < 0.98, judging
from Fig. 4. It is important to have just enough amount of s;
and ;. Too much or too little 53 and s, will make either the
ordinary lasing component or the superradiance components
too small to induce sufficient interaction between them. For
those pulse areas, the minimum linewidth is obtained with
Nimin ~ 8000 with I'. /27 = 2¢%/(w«) = 5 kHz, so the num-
ber N of collective emission events is given by Ny =
Nmin['cT ~ 100. One then expects the minimum linewidth to
be given by (['¢/27)/Neot = 1/(27 NpinT) ~ 50 Hz, which
is exactly what we observe.

From Fig. 3(b), one can also note that the linewidth re-
duction beyond the gain narrowing starts to occur when the
number N, of collective emission events becomes much
larger than unity. So, the linewidth reduction of the central
conventional lasing peak beyond the gain narrowing can be
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FIG. 4. Linewidth of the central peak vs the intracavity mean
photon number associated with the central peak for various 7. For
the pump pulse area 0.927 < Qt, < 7, the linewidth of the central
peak decreases, inversely proportional to the mean photon number,
until it reaches the pump linewidth. This is nothing but the gain
narrowing in the conventional lasers. Beyond the pump linewidth, as
the gain increases, the mean photon number does not change but the
linewidth is further decreased to reach its minimum. The linewidth
starts to increase as the gain is further increased as the mean photon
number also increases. The smallest linewidth of 50 Hz is obtained
when Q1, = 0.936r and N ~ 10 000.

thought as being taking place when the conventional lasing
evolves to superfluorescence, the collective interaction start-
ing from pure population inversion.

1. Collective interaction to induce the minimum linewidth

Note that 1/(2r 1) ~ 390 kHz corresponds to the transit-
time broadening (within a factor of 2), so the minimum
linewidth can be thought as the transit time broadening di-
vided by the number of atoms. This interpretation is analogous
to the linewidth in laser mode locking, where each pulse has
a broad linewidth but the each spectral peak has a linewidth
reduced by the factor equal to the number of pulses in the
pulse train. Likewise, the emission from each atom in our
case would exhibit a transit-time broadening but the collective
emission of Np;, such atoms results in a linewidth reduced
from the transit-time broadening by a factor equal to the
number Ny, of atoms.

In order to reduce the minimum linewidth, one tempts to
reduce the transit time broadening and increase the number
of atoms corresponding to the minimum. But they are not
independent from each other, and therefore such adjustment is
not possible. We rather pay attention to the empirical fact that
the minimum linewidth is obtained when Ny ~ 102, so the
minimum linewidth is roughly given by I'./100 = g>/(25«),
suggesting that smaller g and larger k would reduce the min-
imum linewidth further at the expense of the larger mean
number of atoms.

B. Effect of pump carrier detuning and its compensation
for an active optical clock

In practice, the frequency of the pump laser itself may
change. If the frequency of the central peak changes in ac-
cordance to that of the pump, it is necessary to have a
nonfrequency indicator with which we can form a feedback
loop to correct the pump frequency detuning for optical clock
applications. For this purpose, we investigate the power spec-
tral density as a function of the pump-atom detuning §. The
pump laser is detuned from the atomic resonance by §, while
its amplitude is modulated as cos(21,?), leading to two pump
detuning frequencies at § = 2. The initial conditions for
sg (u = x,y,z) are derived in Eq. (19). The simulation re-
sults are summarized in Fig. 5, which shows in panel (b)
that the three-peak spectrum shifts as a whole by the pump-
atom detuning §. Nonzero § also induces imbalance in the
side-peak heights. The superradiant peak closer to the atomic
resonance becomes larger, while the other becomes smaller. It
is understandable since the gain gets larger toward the atomic
resonance.

In applications, the pump-atom detuning tends to be min-
imized, so we varied § in a small range from —0.03 to
+0.03 MHz, within 1.5% of the modulation frequency 2, =
2 MHz. In Fig. 5(a), the contrast ratio of the peak heights,
defined as (h~ — h.)/(h- + h.) with h- (. the height of the
superradiance peak at the higher (lower) detuning, is plotted as
a function of 6. We are interested in the contrast ratio for large
number of atoms, for which the linewidth of the central peak
is greatly reduced. The slope of the contrast ratio is saturated
as the number of atoms is increased, resulting in a slope of
about —5/3 MHz~!. This height difference can be used as a
nonfrequency indicator for a feedback loop.

1. Pump stability with the feedback by peak height difference

The pump laser stability achievable by a feedback loop
can be estimated as follows. Suppose we have a pump-atom
detuning of §. The peak height difference would then be
—2 x (5/3)6/(1 MHz) times the mean peak height. To re-
solve this difference, we need a signal-to-noise ratio larger
than (1 MHz)/(3.35). Conversely, if the signal-to-noise ratio
is equal to (1 MHz)/(3.36), the frequency stability of the
pump laser by the feedback mechanism would be just 2§ (full
width). If we want the pump stability comparable to the min-
imum linewidth (26 = 50 Hz) in Fig. 4, the signal-to-noise
ratio should be (1 MHz)/(83 Hz)= 1.2 x 10*. The output pho-
ton flux is estimated as nk ~ 3n x 10% photons/s according to
Fig. 4, with n the number of photons associated with the aver-
age of the side-peak heights. For an averaging time of 7', we
get 3n(T/s) x 10® photons, and thus the signal-to-noise ratio
is about /3n(T/s)10*, and thus an enough signal-to-noise
ratio is obtained if n > 0.48/(T /s). For Fig. 5(b), n ~ 3.6, so
the condition is easily satisfied in our simulations for 7 ~ 0.2
s, making the pump laser stability comparable to the minimum
linewidth of the central peak. As a whole, the pump laser and
our system may then form an active optical clock without
the need for a separate high-finesse reference cavity, which
is typically required for laser stabilization in conventional
passive optical clocks.
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C. Regime of validity and experimental considerations

The results presented in this work rely on several assump-
tions that define the regime of validity of our model. First,
our scheme works in the bad-cavity limit, such that the cavity
field adiabatically follows the collective atomic polarization
and the lasing frequency is primarily determined by the atomic
ensemble rather than the cavity resonance. Second, a large
number of atoms in the cavity is assumed, which justifies
the semiclassical c-number treatment of collective spin vari-
ables. Third, we neglect the atomic spontaneous decay rate
I"p (K «) under the condition I's,(t + 7,) < 1. This implies
that the natural lifetime of the chosen transition must be
much longer than both the state-preparation time 7, and the
interaction time t. If free-space spontaneous emission during
the transit becomes significant, it would lead not only to
additional decoherence and linewidth broadening but also to a
loss of excited-state population, thereby reducing the effective
gain. This represents a practical constraint on experimental
implementation. Therefore, an appropriate optical transition
is required, and ion beams with higher velocities than neutral
atom beams can broaden the range of viable options. More-
over, since different transitions exhibit different sensitivities
to technical noise sources, the ability to explore multiple tran-
sitions can be advantageous.

A key advantage of the present scheme is its strong
suppression of sensitivity to cavity frequency fluctuations.
Instead, the dominant frequency reference is set by the
atomic transition and the pump laser used to prepare the
atomic superposition. As a result, stabilization of the pump
laser phase noise and amplitude noise associated with
modulation of the pump field becomes an important experi-
mental consideration. Additional technical noise sources that
may degrade the achievable linewidth include fluctuations
in atomic flux and velocity, as well as residual Doppler
broadening.

V. CONCLUSION

In summary, we considered a beam of two-level atoms
traversing a low-Q cavity, where the atoms prepumped to
a superposition state of the ground and excited states with
the excited-state amplitude dominant prior to entering the
cavity. We numerically solved the quantum Langevin equa-
tions under conditions where the pump laser, resonant with
the atomic transition, was modulated at a frequency €2, for
various cavity-atom detunings. Our simulations reveal that
conventional lasing occurs at the atomic resonance, while su-
perradiance simultaneously emerges at ££2,,, independent of
the cavity-atom detuning. The central peak, originating from
the initial population inversion, exhibits a zero frequency-
pulling coefficient. Unlike previously studied steady-state
superradiant lasers, where residual frequency pulling is sup-
pressed but not eliminated, the present scheme achieves exact
cancellation of cavity-induced shifts through symmetry in
the collective emission spectrum. Moreover, the linewidth
of the central lasing peak narrows beyond the conventional
gain-narrowing limit while the mean photon number remains
stationary as the mean number of atoms increases. This transi-
tion takes place once the number of collective emission events
greatly exceeds unity, marking the crossover from conven-
tional lasing to superfluorescence. The minimum linewidth
achieved is as small as one millionth of the cavity linewidth.
When the pump frequency was detuned by a small offset §
from the atomic resonance, all three lasing peaks shifted by
8, with the side peaks exhibiting asymmetric intensities. A
signal-to-noise analysis indicates that this asymmetry could
be exploited in a simple feedback scheme to lock the pump
laser to the atomic resonance, with an uncertainty on the
order of the central-peak linewidth. The combination of zero
frequency pulling and ultranarrow linewidths highlights at-
tractive features for clock applications. When implemented
in suitable atomic systems [30], these results may enable the
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realization of a class of ultrastable active optical clocks for
future frequency standards.
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