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Casimir-Polder potential on an excited atom near an atomic array
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We develop a microscopic description of the fluctuation-mediated Casimir-Polder (CP) shifts on a “test” two-
level atom placed near a two-dimensional atomic array of two-level atoms. We derive the resonant and off-
resonant CP potentials experienced by the excited test atom using fourth-order perturbation theory, under the
assumption that the test atom resonance is far detuned from those of the array atoms. The total potential on the

test atom can be described as the sum of the pairwise resonant and off-resonant potentials resulting from its
interaction with the individual atoms of the array. We analyze the asymptotic scaling of CP shifts as a function
of the test atom-array separation, and its dependence on various system parameters: array spacing and size,
and dipole orientation of the array atoms. Our results bridge the description of CP potential across two distinct

regimes: from (1) a single-atom limit, where we recover the well-known two-atom van der Waals potential, to (2)
a macroscopic boundary limit, where we demonstrate unconventional asymptotic scaling laws. We demonstrate
that these scaling laws can be tuned via the microscopic parameters of the atomic array, establishing atomically
controlled arrays as a versatile platform for tailoring fluctuation-induced quantum electrodynamics phenomena.

DOI: 10.1103/pww8-hfmd

I. INTRODUCTION

Modification of the quantized electromagnetic (EM) field
in the presence of boundaries is a fundamental feature and a
powerful tool in quantum electrodynamics (QED), underly-
ing a range of areas from cavity QED [1] to nanophotonics
[2] to Casimir physics [3]. For example, by shaping the
electromagnetic mode structure with mirrors, cavities, or pho-
tonic structures, one can engineer the quantum vacuum itself,
tailoring the spectral density of quantum fluctuations near
boundaries. This control underlies fluctuation-induced phe-
nomena such as Casimir-Polder (CP) forces and Purcell decay
of atoms, which, at the microscopic level, arise from interac-
tions between the fluctuating dipole moments of an atom and
those constituting a nearby boundary [4-7].

Typically, electromagnetic boundary conditions are engen-
dered by classical macroscopic objects, with fixed optical
properties. However, recent experimental advances have led
to the realization of atomically thin mirrors with ordered ar-
rays of thousands of atoms, manifesting efficient and tunable
light-matter interfaces [8,9]. Such structured arrays of atoms
can exhibit highly collimated and coherent scattering of light
[10-18], with applications in photon storage [10,12,19,20],
coherent transport of excitations [21,22], topological and non-
linear quantum optics [23—-27], near-zero refractive index [28],
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and magnetometry [10,29]. Thus, such atomic arrays open a
qualitatively new regime of QED wherein the electromagnetic
vacuum and concomitant quantum fluctuation phenomena can
be tailored via the microscopic properties of the boundary
[30-32]. The electromagnetic boundary conditions are thus
dynamically established by and even entangled with the atoms
constituting the boundary [33,34]. This raises the following
question: How are quantum fluctuation phenomena modified
when the boundary is controlled at the level of individual
atoms?

From the broader perspective of tailoring quantum fluctua-
tion phenomena, there has been remarkable progress in engi-
neering fluctuation-induced forces between classical macro-
scopic bodies [35], e.g., using geometry [36—38], nanofab-
rication [39,40], nonequilibrium environments [41-45], and
optical and material properties of the interacting bodies or
the intervening medium [46-51]. When one of the interacting
bodies is microscopic and the other macroscopic, e.g., atoms
placed near a surface, one can leverage the quantum properties
of the microscopic object to tailor quantum fluctuation forces.
For example, it has been shown that CP forces on atoms and
microscopic particles can be engineered by using external
drives [45,52-55], and by preparing systems in correlated and
collective quantum states [56-59]. Specifically, for excited
atoms, the resonant component of the CP potential depends
exclusively on the response of the electromagnetic environ-
ment at the atomic resonance, enabling one to tailor the CP
potential via resonances of nearby media [52,60—-64]. Atomic
arrays present a yet unexplored scenario where the medium
itself can exhibit quantum behavior and can be manipulated
at an atomic scale. This opens up another toolbox for en-
gineering fluctuation phenomena near atomically controlled
boundaries. Such a boundary, created atom by atom, also
motivates a crossover question: How does the CP interaction
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FIG. 1. Schematic representation of the model. We consider an
excited two-level test atom with transition frequency wy placed atop
a 2D square lattice of N two-level atoms with transition frequency
wy and lattice constant a. The array is in the xy plane, with the test
atom placed at a distance z above the central array atom along the z
axis.

interpolate between the familiar limiting cases of two-atom
van der Waals [65] interaction and that between an atom and
a macroscopic medium?

In this work, we present a framework to describe the CP
potential on a test atom placed near a two-dimensional (2D)
atomic array. Section II presents the system setup and Hamil-
tonian. In Sec. III, we derive the CP potential on the test atom
using fourth-order perturbation theory, assuming that the test
atom and the array atoms are far detuned from each other. We
find that the resonant and off-resonant shifts can be described
as a pairwise sum over the individual CP interactions between
the test atom and the array atoms. In Sec. IV, we show that the
resulting CP potentials can be decomposed into a mediumlike
“bulk” contribution and a single-atom-like “boundary” part.
We analyze the CP potential asymptotic scaling as a function
of the test atom-array separation and study its dependence on
various array parameters: array spacing and size, and dipole
orientations of the array atoms. We present our conclusions
and outlook in Sec. V.

II. MODEL

We consider a two-dimensional array of N identical
ground-state two-level atoms with excited and ground states
len) and |gn) and transition frequency wy (see Fig. 1).
The array atoms, indexed as n = (n,,n,), with n,, €
{—\/N/Z, el W/Z}, are placed on a square lattice with a
lattice constant a that occupies the z = 0 plane. Placed at
a distance z, perpendicularly above the central array atom
(placed at {x,y, z} = {0,0,0}), is an excited two-level fest
atom ({x, y, z} = {0, 0, z}). The excited and ground states |eg)
and |go) of the test atom are separated by the transition
frequency wy, such that wy — wy = 6. We note that when
arranged in a lattice, the constituent atoms will have vacuum-
induced shifts to each individual atom that depends on the
atomic position in the lattice. For simplification, we assume
that wy, is the dressed frequency of the array atoms, which
includes any vacuum-induced shifts from their mutual inter-

actions. In the limit of an infinite array, which we will assume,
such a shift is identical for each atom in the array.

The total Hamiltonian of the system, H= ﬁo + Hi,, con-
sists of the free atoms + field Hamiltonian

H() =ha)060+60’ + E fza)M&:&;

+h2/dwwfd3rf;(r, ) BT o). (1)
A

Here, 60i and 6ni are the ladder operators for the test atom and
the array atom indexed n = (n, n,), and {f';(r, w), f(r, ®)}
are the creation and annihilation operators for a photon with
energy /iw at position r, with A = e, m corresponding to the
quantum noise polarization (e) or magnetization (m) [66—68].
These operators follow the canonical commutation relations
[f(r, ), £, (¢, )] = 8,18(0 — @)8(r — 1), where {i, j} €
{x, y, z} refer to the polarization axis of the field excitation.
Hiy = —do - E(rg) — Y, dy - E(ry) is the electric-dipole
interaction Hamiltonian, where d, = da(8;f +6;) is the
dipole operator for the array atom indexed n, located at po-
sition r, = {n,a, nya, 0}, and

E(r) = /d3r//da) Z[ék(r, r,w) b, o)
A

+1(r, 0) - Gl(r, v, 0)] )

is the quantized electric field. The coefficients G, (r, r’, w)
are proportional to the free-space Green’s tensor G(r,r, w),
representing the propagator of the electromagnetic field from
r’' tor (see Appendix A for details) [66,67]. More explicitly,

Au=-Y [do | d-*r[a—o*da Gy, v, 0) - Bi(r, )
A
+ 658 (r, ) - Gl(xo, v, @) - dy

+ Z&:dn ' ék(rna r,w) - f)h(l', w)
n

+ 6,1 (r,0) - Gl (ta, 1, 0) - dy + Hc:| 3)

where the first and second terms denote the co- and counter-
rotating terms of the interaction between individual atoms and
the EM field. We note that we have not made a rotating-wave
approximation in the above interaction Hamiltonian, allowing
for both off-resonant and resonant interactions between the
atoms and the field. We will now evaluate the CP potential
resulting on the test atom from the above Hamiltonian.

III. CASIMIR-POLDER POTENTIAL OF THE TEST ATOM

We compute the energy shifts of the test atom in the
presence of the array via perturbation theory, assuming weak
atom-field coupling. Since we want to calculate the energy
shift of the test atom due to its interaction with the array
atoms, we need to account for QED processes at fourth-order
perturbation (see Table I), wherein each atom interacts with
the EM field twice before returning to the original state.
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TABLE 1. The 12 processes that contribute to the CP potential seen by the test atom with virtual states {|m°), |I°), |k°)} [Eq. (4)] and the
denominators D, [Eq. (6)]. Time increases vertically with #; < t, < f3 < 14 in increasing order. The internal excited and ground states of the
test atom are denoted by light blue (|ey)) and yellow (|go)); those of the array atoms are denoted by red (|e,)) and dark blue (|g,)), respectively.
The red dashed (green dashed) lines refer to the first (second) released virtual photon with frequency @ ().
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We express the fourth-order energy shift to the test atom as
[67,69]

O( |Hml|k0 k0|FIint|lo>

AP=2.0.2.F

0 0_ 0
ko I#a m# a vf E Eq El

(I HiIm®)
E(? - Ei(7)1

(m° | Hinla®), )

where |a®) = |eg) ® ] &n)} ® |{0}) represents the unperturbed
eigenket of Hy, for which we wish to determine the energy
shift, with |{gn}) corresponding to all the array atoms being
in the ground state and |{0}) the vacuum state of the EM field.
E? is the energy eigenvalue for the unperturbed state |a®). The
states {|k°), |1°), |m°)} correspond to intermediate states with
eigenenergies {E, E;, E2}, respectively.

The detuning § = wy — wy between the test atom and the
array atoms makes the state |a) nondegenerate with respect
to the unperturbed states in the single-excitation subspace
for the array atoms. This allows us to use nondegenerate
perturbation theory to compute the energy shift for the test
atom, as given by Eq. (4). Furthermore, the large detuning &
between the test atom and the array atoms allows one to ignore
processes wherein a photon may resonantly scatter multiple
times between the array atoms, unlike in the case of a resonant
excitation in a 2D atomic array [10-13].

Substituting the interaction Hamiltonian in Eq. (3) into
Eq. (4), we end up with the CP potential (see Appendix B
for details)

5 Imgon (w)Imgpo(w’)
D[’

; &)

where gon(wo) = dg - G(rg, In, @) - dy. The above CP poten-
tial consists of 12 processes as listed in Table I; these capture
the fourth-order perturbative shift of the test atom’s energy
[69-72]. Each process diagram starts with an excited test atom
(leo)), all ground-state array atoms (|gp)), and the vacuum
field |{0}), and comprises all the processes captured by both
the rotating wave approximation (RWA) and non-RWA terms
of the Hamiltonian in Eq. (3). The denominators

—E)(E-E)  ©

1
Dy = (B~ E,)(E;
for each process p = {1, ..., XII} are listed in Table I. We note
that the self-energy corrections to any of the atoms, arising
from second-order perturbation, do not contribute to the CP
potential of the test atom [67].
Performing the sum over processes (p) in Eq. (5) yields
the CP potential of the test atom as Ucp = A(AwR + Aw®R),
where (see Appendix C for details)

2 4
2u5  wyomu

R __

Aw™ = s 8(w0~|—a)M);Re[gon(w(’)g“()(%)]’ @)
or _ 2M§mowy /°° s Gon(i&)gno(i&)

Aw = Xn: ; d&& @ 8)

+ ) (87 + )

We note that the total CP potential on the test atom due to the
atomic array is obtained as a sum over pairwise CP interac-
tions between the test atom and individual array atoms. This
amounts to a Hamaker-like approximation [46], where mul-
tiple scattering effects are ignored. Since the scattering cross
section of a photon with an array atom scales as ~m
[73], multiple scattering effects can be assumed to be negligi-
ble for large detunings.

Here, AwR corresponds to the resonant CP shift, resulting
from the interaction mediated via a resonantly emitted photon
by the test atom at frequency wy. We would like to note
that “resonant” here does not imply a resonance between the
test atom and the array atoms, but rather the contribution to
the total CP shift of the test atom that arises from on-shell
processes. AwOR represents the off-resonant CP shift arising
from the interaction mediated between the test atom and the
array via virtual (off-resonant) photons. The off-resonant CP
shift for a ground-state atom near an atom array was recently
studied in Ref. [74]. If we set wy = wy, the shift Aw®R
in Eq. (8) is in agreement with Eq. (S55) obtained in Ref.
[74] for the interaction of a ground-state test atom with an
atomic array composed of two-level atoms. Compared to the
CP potential of two ground-state atoms placed near each other,
the off-resonant CP potential between an excited test atom and
a ground-state atom has an opposite sign [67,75]. We further
remark that the above expressions for the resonant and off-
resonant CP shifts apply for any geometric arrangement of the
array atoms, including nonplanar and nonperiodic geometries.

The factor of 1/6 in the resonant CP shift [Eq. (10)] implies
that the resonant CP shift can be enhanced for small detunings.
However, for § — 0, our analysis, carried out under the non-
degenerate perturbation scheme, would be invalid. As before,
for sufficiently large detunings, we do not need to consider
multiple scattering processes of a resonant photon within the
2D array; thus, the present treatment within fourth-order per-
turbation theory is valid only for a far-detuned test atom.

IV. ASYMPTOTIC SCALING LAWS AND DEPENDENCE
ON ARRAY PARAMETERS

A. Crossover from single-atom to macroscopic medium limit

We now apply the general expressions for the CP poten-
tials, derived in Egs. (7) and (8) to the specific case of a
2D atomic array, focusing, in particular, on the scaling of
the CP potential with test atom-array separation z. Under-
standing such scaling laws for the case of two particles has
been historically instrumental in the development of the QED
description of fluctuation forces [3,5]. Given the microscopic
nature of atomic arrays, one can tune various parameters to
control the CP potential near such boundaries and the corre-
sponding asymptotic scaling laws. We specifically focus on
three parameters: (1) the lattice spacing a; (2) size of the array
N; and (3) the orientation of the array dipoles.

In order to simplify the discrete sum over the array atoms
in the CP potentials [Eqs. (7) and (8)], we assume a large
number of atoms in the array (N — o0) and that all the array
atomic dipoles are identical (d, =d for all n). We use a
two-dimensional extension of the Euler-Maclaurin formula
to decompose the sum over lattice points as follows [76,77]
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(see Appendix D for details):
VN/2 VN/2

N—o00

4 VNa/2 VNa/2
lim Z Z fne, nys0) = ;/0 dy/o dxf(x/a,y/a;w)

ny=—+/N/2 ny=—+/N/2

“Bulk”/mediumlike contribution

o[ pvNaj2 VNa/2
+; / dyf(O,y/a;w)+/ dxf(x/a,0;w) | +
0 0

£, 0; w) ,
——

“Vertex”/single-atom-like contribution

where f(n; w) = gon(®)gno(w). This decomposition allows us
to see a crossover from a “mediumlike” to “single-atom-like”
limit of the CP interaction between the test atom and the
array. Here, the first integral term in Eq. (9) represents the
contribution from the “bulk” part of the 2D lattice, which
captures the response of the dense lattice, while the “vertex”
term recovers the single-atom limit. Particularly, we note that
the first term has a factor of 1/a?, corresponding to the ef-
fective scattering cross section of the array, which enhances
the bulk collective response for dense arrays [11,13]. The
vertex term recovers the “single-atom-like” limit for when the
lattice spacing a >> A, z (Where Ay = 27 ¢/wy is the resonant
wavelength of the test atom). This corresponds to the scenario
where the test atom can resolve individual atoms of a sparse
array. The edge term that scales with ~1/a contributes in the
regime of intermediate array densities. Throughout the analy-
sis below, we assume that the lattice spacing a is sufficiently
large compared to the atomic size, such that there is no spatial
overlap of the individual atomic wavefunctions.

In what follows, we analyze the asymptotic scaling laws
for the CP potential seen by the test atom for two specific
orientations of the array dipoles: along the z and x axes,
respectively. We will consider that the test atom’s dipole is
oriented along the z axis, although the following calculations
can easily be extended to other orientations of the test atom
dipole. In deriving the analytical expressions and scalings for
the asymptotic limits, we focus on the mediumlike (bulk)
and single-atom-like (vertex) contributions [i.e., first and third
terms in Eq. (9), respectively], which become prominent for
dense and sparse arrays, respectively.

B. Asymptotic CP shifts for z-oriented array dipoles

We simplify the CP potentials [Egs. (7) and (8)] by plug-
ging in the free-space Green’s tensor [Eq. (A2)] and using
the Euler-Maclaurin formula in the limit N — oo (see Ap-
pendix E for details). We discuss specifically the nonretarded
and retarded regimes of the test atom-array interaction corre-
sponding to z/1y < 1 and z/Ao > 1, respectively.

1. Nonretarded regime (z/Ay < 1)

We have for the resonant frequency shift (Aw®) in the
nonretarded regime (see Appendix E 1 for details)

AwR 9
lim = T L R—— (10a)
N=oo Y grast  20(wo+wym) 2
Aok 277 1
N=00 Yo |reraer  108(wo + wy) a°Z

“Edge” contribution

©))

(

where Z = koz, a = koa, and yy = 35232-3 is the free-space
spontaneous emission rate for the test atom. In the limit of
large lattice spacing a >> Ag, the primary contribution to the
resonant CP potential is from Eq. (10a), corresponding to
the limit where only a single lattice atom interacts with the
test atom. In the large lattice-spacing limit, the CP potential
goes as ~1/z%, similar to the typical van der Waals poten-
tial between two atoms [78]. Equation (10a) for the resonant
CP potential in the single-atom limit is consistent with the
CP potential between an excited and a ground-state atom,
as obtained in Ref. [79] (note that they use Gaussian units).
For smaller lattice spacings, it can be seen from Eq. (10b)
that the scaling law approaches ~1/z* for dense arrays. This
corresponds to a distinct scaling law for CP potential in the
nonretarded regime. For reference, the resonant CP potential
on an atom near a planar macroscopic medium goes as ~1/z3
in the nonretarded regime [5].

The off-resonant contribution, Aw®R, in the nonretarded
regime can be obtained as (see Appendix E 2 for details)

A OR 9 1
lim = v L (11a)
N=oo Y |igrasr  Hoo+ou)Z

A OR 27
lim —— ~ T (11
N=o0 ¥ |igract 04 wo+ om)a’z

As seen from the above equations, the off-resonant CP po-
tential, in the large lattice-spacing limit (a > A), falls off as
~1/26, while for subwavelength lattices (a < Ag), it scales
as ~1/z*. Recently, in Ref. [74], similar scaling behavior for
off-resonant CP potential of an atom near a dense array has
been reported for a ground-state atom placed near a 2D array
with isotropic dipoles, with scaling transition from 1/z° —
1/(z*a?).

2. Retarded regime (z/ho > 1)

The resonant CP shift in the retarded regime is given by
(see Appendix E 1 for details)

AwR 9 2
lim 2% ~ Yowm COSNE z)’ (122)
N=oo Y lssias1  28(wo+wum)  Z
R 9 . 2,.
lim A WM SH~12(~32) (12b)
N=oe Y |psract  28(wo+wy) a7z

From Eq. (12b), we see that in the large lattice-spacing limit
(a > Ap), where the test atom effectively interacts with a
single array atom, the resonant CP potential scales as ~1/z*.
In this limit, Aw® agrees with the CP potential between an
excited and a ground-state atom, as obtained in Ref. [79]. In

023339-5



ANNYUN DAS AND KANU SINHA

PHYSICAL REVIEW RESEARCH 8, 023339 (2026)

N — = 10 Awk 9
\ N=10 B~ o
15 "\\ N=10 . Awt 27y
N N\ ——- N =100 Y T 64a%6"
N "'\ — e AWt 91y
—~ NN, B E
g M,
< 10 RN
oi3 \
Ly
4 .
o
— 5 @ ’\J\;i\
2 Z -, \r'i,
0 L e
- / 3"%%
A §
0 Y L T e
606
-9 0 5
logyo(2)

FIG. 2. The resonant shift Aw® is plotted for N = 100 (dash-
dotted green), N = 10° (dashed orange), and N = 10'° (solid blue)
array atoms, obtained by performing a numerical sum over all lattice
points using Eq. (7) for a fixed & ~ 1072,

contrast, for a <« A9 [Eq. (12a)], the resonant CP potential
scales as ~1/z3. This is, again, a distinct scaling law that
we observe for CP potential in the retarded regime. For com-
parison, the resonant CP potential near a planar macroscopic
medium in the retarded regime scales as ~1/z*.

The off-resonant shift in the retarded regime becomes
(see Appendix E 2)

AwOR 45y, 1
lim 2 ~ (132)
N=oo Yo |asiasr  STOMZ

AwOR 99 1
lim =2 T — (13b)
N=oe Y0 lisraca 100wy a°2

Equation (13a) shows that for large lattice spacings the off-
resonant contribution to the total CP potential approaches the
conventional 1/Z7 dependence of the Casimir-Polder potential
between two individual atoms [5]. For subwavelength lattices
(a < Xo), the off-resonant CP potential scales as 1/Z°. This
scaling agrees with the recent results by Ye er al. [74] for a
ground-state isotropic atom near a dense atom array. Since
they consider a subwavelength lattice, the single-atom-like
regime with ~1/%7 scaling is not observed in their setup.

3. Resonant CP potential as a function of array size

Figure 2 shows the resonant CP energy shift as a function
of 7 for different values of N, obtained via numerically sum-
ming over the pairwise CP potential induced by each array
atom [Eq. (7)]. We observe that regardless of the array size N,
when the test atom is placed at a separation z < a from the
array, the test atom effectively interacts only with one atom of
the array with a scaling of ~1/2, as captured by the red dotted
line in Fig. 2(c), corresponding to Eq. (10a). As Z increases,
the bulk CP contribution becomes prominent with a scaling of

~1/%*, captured by the black dotted line, which corresponds
to the first term in Eq. (10b). We see that as the test atom-array
separation Z is on the order of the total length of the array
V/Na, the resonant CP shifts deviate significantly from the
infinite-lattice limit. Thus, for 7 > +/Na, the CP shifts are not
captured accurately by the expressions for infinite lattices.

In the retarded regime, Z > 1, only the N = 10'" (solid
blue) curve mimics the infinite-lattice behavior well. By fitting
the solid purple line, corresponding to Eq. (12b), we deduce
that the scaling law of the resonant CP potential in the retarded
regime is ~1/Z, in contrast to the typical 1/z* scaling of
the retarded CP potential near a semi-infinite planar medium
[3.5,67].

C. Asymptotic CP shifts for x-oriented array dipoles

We now consider the array atomic dipoles to be oriented
along the x axis and analyze the asymptotic CP shifts in
different regimes.

1. Nonretarded regime (z < Ay)

The resonant and off-resonant CP shifts in the nonretarded
regime are (see Appendix E)

A R
lim @ ~(, (14)
N=oo Yo lzcisas
Aot 27 1
lim d ~ —)/oﬂ'a)M = (15)
N=oo Yo lrcracn  328(wo + ou) @72

We note that for x-oriented array dipoles, for sparse lattices
(a > Xo) where the test atom effectively interacts with a sin-
gle array atom, Ucp — 0. This agrees with the known result
that for a pair of atoms—one excited and one ground—with
orthogonal dipole orientations, the CP potential vanishes [79].
For dense lattices (a < Ap), the resonant CP potential scales
as ~1/z*, which is distinct from the typical 1/z> scaling of
CP potentials for an atom near a semi-infinite planar medium
[3,5,67]. The off-resonant CP potential is

AC()OR
lim ~ 0, (16)
N=oo Y lztas1
AR 277 1
N=oo W lrraca  128(wo +wy) a°Z

We remark that the 1/z* scaling of the off-resonant CP poten-
tial for a subwavelength array was observed recently in Ref.
[74].

2. Retarded regime (z > Ao)

The resonant CP energy shift in the retarded regime

. AwR
lim ~ 0, (18)
N=0 Y0 zsias
R 9 9%
lim ~ VT OM CO~Sz(~ 2z) (19)
N=0 Yo lzsiaxi 88(wo + wy) @2

falls off as 1/7? in the dense array limit, with pendulations as
captured by the cos(2Z) term [79]. This is, again, a distinct
scaling law from the typical ~1/z* scaling of retarded CP
shifts near planar half spaces [3,5,67]. The off-resonant shift
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FIG. 3. The resonant shift Aw® is plotted for N = 100 (dash-
dotted green), N = 10° (dashed orange), and N = 10'° (solid blue)
array atoms, obtained by performing a numerical sum over all lattice
points using Eq. (7) for a fixed @ ~ 1072

in the retarded regime

. o
Jim ~0, (20)
N=0 Yo lzsiast
Aw®R 9 1
im 2% ~ 1)
N Y srac 160y %2

falls off as 1/7° in the dense array limit [74].

3. Resonant CP potential as a function of array size

In Fig. 3, we show the resonant CP potential Aw®R as a

function of the test atom-array distance Z for different array
sizes N. When 7 <« @ (Z <« 1072), we see that the CP shift
veers off toward Aw®R ~ 0. This happens because in this limit
the test atom effectively only interacts with the nearest array
atom. The CP potential between a single excited atom with
dipole oriented along z and ground-state atom excited along x
is 0 [79]. As the separation is increased such that 7z ~ a, the
test atom interacts with the other atoms in the lattice and we
see that the resonant CP potential scales as 1/7* [dotted blue
line obtained from Eq. (14)]. Similar to the previous case with
z-oriented array dipoles, here, as 7 2> /N a, the infinite-lattice
scaling law no longer holds as can be seen from the deviating
dash-dotted green curve corresponding to N = 100 Ilattice.
In the retarded regime such that 7> 1 and z < +/Na, the
resonant CP potential scales as 1/z? [solid black line, obtained
from Eq. (18)].

V. CONCLUSIONS AND OUTLOOK

In this work, we developed a framework for describing
fluctuation-induced Casimir-Polder shifts of an excited two-
level test atom placed near a 2D atomic array that acts as a
tunable atomically controlled boundary.

We derive analytical expressions for resonant and off-
resonant components of the CP potential using fourth-order
perturbation theory [Egs. (7) and (8)], under the assumption
that the test atom resonance is far detuned from those of the
array atoms. The resulting CP potential can be written as a
sum over pairwise contributions arising from the interaction
between the test atom and the individual array atoms. We an-
alyze the resulting CP potentials for different system parame-
ters, focusing, in particular, on the scaling of the CP potential
as a function of the test atom-array separation z (see Sec. IV).

We show that such a system enables us to bridge the two
familiar paradigms of (1) two-atom van der Waals/Casimir-
Polder interactions, recovered when the test atom can resolve
individual array atoms in the limit of large lattice spacing
(a > Xp), (2) atom-medium interactions, emerging for sub-
wavelength arrays (a < Ag) where the test atom interacts
with the array as a whole. Such a crossover is made manifest
via an Euler-Maclaurin decomposition of the lattice sum into
a “bulk/mediumlike” contribution, proportional to the areal
density 1/a® of the scatterers, and a “boundary/single-atom-
like” component [Eq. (9)].

We demonstrate that the test atom-array CP potential ex-
hibits distinct asymptotic scalings with z, and that these
scaling laws can be tuned via the microscopic degrees of
freedom of the atomic array: lattice spacing a, array dipole
orientation, array size N, and detuning §. The results are
summarized in Table II. Overall, our results establish ordered
atomic arrays as a versatile platform for tailoring fluctuation-
induced forces with microscopic control. Our results agree
with previous limiting cases in appropriate limits and demon-
strate new knobs for tuning CP potentials, paving the way for
several future extensions.

First, the quantum nature of the atomic boundary motivates
one to explore a yet novel mechanism for modifying fluctu-
ation forces via the quantum states of the array atoms. For
example, it was recently demonstrated that a one-dimensional
ordered array of multilevel atoms can behave as a “quantum
mirror,” existing in a coherent superposition of being re-
flecting and transmitting [33]. The electromagnetic boundary
condition imposed by such an atomic array depends on the
specific quantum states of its constituent atoms—The QED
phenomena on a nearby test atom are thus inextricably linked
with the state of the array atoms. The present work can be
extended to include such multilevel atom arrays that exhibit
state-dependent boundary conditions. Furthermore, adding
external drives can enable one to modulate the boundary
conditions on fast timescales, with the possibility of probing
dynamical Casimir-like effects [80].

Recent experiments have demonstrated the capacity to
create large 2D arrays, trapping thousands of atoms with
high fidelity in optical lattices [81], optical tweezers [82-85],
or by a combination of both techniques [86]. Remarkably,
2D subwavelength arrays of just ~1000 Rydberg atoms can
manifest mirrors with reflectances of up to ~0.58(3) [8,9].
Among these results, the experiment by Srakaew et al. [9]
demonstrated that the optical response of such arrays can be
coherently switched from mirrorlike to transparent by ma-
nipulating the state of a single ancilla Rydberg atom. The
emergent boundary conditions in the presence of such atomic
arrays must account for the fact that the macroscopic polar-
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TABLE II. Summary of asymptotic scaling laws for resonant and off-resonant CP potentials seen by the test atom for different lattice
spacings and separation between atom and array, assuming all array dipoles are oriented along the z axis (first to third columns), and all array
dipoles are oriented along the x axis (fourth to sixth columns). For subwavelength arrays (a < o), the array behaves as a collective boundary
and the CP shift acquires an enhancement factor of 1/&* from the areal density of scatterers. In contrast, for a > A the test atom is able to
resolve individual array atoms, recovering the known two-atom van der Waals/CP potentials.

CP potential

Single-atom limit Dense array limit

CP potential Single-atom limit Dense array limit

z-aligned dipoles a> Ao, 2 a <K Ao, 2 z-aligned dipoles a> Ao,z a << Ao, 2
Nonretarded Aw® Nonretarded Aw?
@y @y
: ) ) .’Ikoz<<] 1/26 [78} 1/(Z4a2) 7 ‘_é%lkoz<<l 0 [78] 1/(240,2)
D QO © S
DOODJ 4 4999. A
Eq. (10) Eq. (14)
Nonretarded Aw®R Nonretarded Aw®®
_i : i&
o Ikoz «1 VLSBT Yt [ T O%g Q.Ikoz«l 0 1/(z"a%) [73)
0!“}" @ 4 & )
[OXOXOXe A A A A
Eq. (11) Eq. (16)
Retarded Aw® Retarded Aw®
(UO (2
kyz> 1 1/2* [78] 1/(z%a?) koz > 1 0 [78] 1/(2%a?)
) ) A A
3 yan\ O )
’ 1% D A A A A
),0.0.0.4 e
Eq. (12) Eq. (18)
Retarded Aw®R Retarded Aw®FR
ig 7 5 2 ig 0 5 2
koz > 1 1/2" [5] 1/(z°a®) [73] koz > 1 1/(2°a®) [73]
) OGO oQeP
/@ ‘/. » )
).0.0.0.4 OO0
Eq. (13) Eq. (20)

ization induced in the atomic medium can exist in coherent
superpositions. The consequent QED phenomena (e.g., quan-
tum fluctuation effects and cavity QED) in the presence of
such quantum mirrors [33] or quantum metasurfaces [34] are,
as yet, largely unexplored. Our results are timely in light of
the surge in theoretical and experimental interest in 2D atomic
arrays, and motivate future studies to consider vacuum QED
effects near such boundaries [80].

ACKNOWLEDGMENTS

We thank Aaron Bartleson, Clemens Jakubec, Chloe
Marzano, Peter Milonni, and Sean Raglow for insightful dis-

cussions. We acknowledge support from the National Science
Foundation under Grant No. PHY-2418249, by the Air Force
Office of Scientific Research under Award No. FA9550-25-
1-0333, by the John Templeton Foundation under Award No.
63626, by the U.S. Department of Energy, Office of Science
under Grant No. DESC0026059. This research was supported
in part by Grant No. NSF PHY-2309135 to the Kavli Institute
for Theoretical Physics (KITP).

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further information
or data should be sent to the authors.

023339-8



CASIMIR-POLDER POTENTIAL ON AN EXCITED ATOM ... PHYSICAL REVIEW RESEARCH 8, 023339 (2026)

APPENDIX A: GREEN’S TENSOR

The coefficients (:}A:e,m(r, r’, ) in Eq. (3) are given by [67]

= , | h o= ,
Ge(r, v, 0) =i— /| —G(r 1, ),
C TE

= h =
Gn(r, ¥, @) = i, | [V x G, v, )], (AD)
cV e
with é(r, r’, w) the free-space Green’s tensor
G (r.r k /0) e - ikr — 1 oot (14 3 — 3ikr\ r*rf (A2)
Tk=w/c)= — )84 S ’
4y k2r? A k2r? r2

witha, B € {x,y,z} and r = |r — 1'|.

APPENDIX B: FOURTH-ORDER CP POTENTIAL

We outline the general steps for simplifying the perturbative CP potential in Eq. (4) as follows. Let us take the first process
listed in Table I as an example, where we get the following four expectation values in Eq. (4):

(m° | Hinc|a®) /d3r1 /dwl Zel 'éil(l'l, ro, @) - do, B

Ottty = [ s [ don Zdn G (2, Ey 0) - €5, (B2)
A2

Witlt®) = [ s [ dos Y do- G rsomo.on) e (B3)
A3

@lk®) = [ s [ don s 6 w0t 00) - o (B4)
Ag

where e; is the unit vector associated with the annihilation (creation) operators f)(:)(rj, ;). The inner products create Kronecker
deltas 8;,1,, 8x;a,» 01,2, and 83 4, and Dirac-delta functions 6(r; — r7), 8(r; — r4), 3(w) — wy), and §(w3 — wy). Integrating over
these delta functions reduces the sums and integrals to two variables: @ and ', r and r’, and A and 2/

Now, we use the fluctuation-dissipation relation [67]: ), f dr d, GA (r,ry, ) - G' L (r,ro, w) -dg = “"ﬁ‘" d, -
IMG(rn, T, ) - do and Y, [ d3 do - G (', 19, @) - GL (X, g, @) - dy = 227 dy - ImG(xy, T, ) - d The 1ntegra1s over
w and o' are the only integrals that finally remain. The perturbative shift, after summing over all processes, becomes

XII

=AY = Z 2%1‘1 / dow’ f do'w'” [do-ImG(rn,ro,w’%dng[dn~ImG(ro,rn,w’)-do]’ (B5)
P

which corresponds to Eq. (5).

APPENDIX C: CALCULATING THE PERTURBATIVE SHIFT VIA FEYNMAN DIAGRAMS

We compute the CP potentials in Eq. (5) using the Feynman diagrams depicted in Table I and note that the shift resulting
from each process p = {I, 11, ..., XII} has the same integral over frequencies w, @’ with the distinction being the denominators
D,, as detailed in Table 1. We consider each D,, collecting terms to create a partial fraction expansion with ﬁ or —— + -, closely
following the approach in Ref. [67]. In order to facilitate such a partial fraction expansion, we combine the following terms:

11 1

Lor , 1)
Dm Dy (0 — wo)(w + wy ) (@ — wp)
1 1 1
= : , )
Dyi Dy (0 — wo)(@' + wyr)(w + wyr)
! + ! = ! ! + ! (C3)
D Dxi (w+w)s|lo+wy o—wo]
1 n 1 _ 1 [ 1 n 1 ] )
Dix Dxi (w+o)s|lo+oy o —awp]
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With this, we relabel the denominators as follows:

1 1 1 1 1 1
1t [ + ] (C5)

D, Dy D_XI - (w+w) | +wy  ©—w
1 1 1 1 1 1
—=—= = - : (C6)
D, Dy (w — wo)(w — wy)d (w—) | —wy w—awy
1 1 1 1 1 1 1
. __ = , (e7)
D;  Dm Dy (0 — wo)(@ + wy )(w" — wo) (w+oy)w—-o)| o —wy  ©—aw
1 1 1
=== , (C8)
Dy Dy (0 — wo)(@w + &)@ + wy)
1 1 1 1 1 1 1
S I , —- ~| - L (©
Ds  Dvi  Dvy (0 — wo)(@" + oy ) (@ + wy) (0 —w))(w—) | o +oy o+ oy
1 1 1 1 1 1
— = = = — , (C10)
Ds Dym (0 +ou)w+oy)d (w—-o)|low +oy o+oy
Lo + L ! [ ! + ! :| (C11)
D; Dx Dxi (0+o)|lotoy o -y
1 1 1
—=—=- . (C12)
Dy Dx (0 — wo)(@ + &)@ + wy)
Now, by performing the sum of ﬁl + DL4 + D% + Dlg, we can obtain a term of ﬁ form:
1 . 1 n 1 + 1 1 1 n 1 n 1 1 1
D, Dy D; Dg o (w+w) |+ ©—wy (w+o)|lot+wy o —wy
1 1
— — . (C13)
(0 —wo)(@+ ) w+oy) (©—w))®+ o)+ wy)
Now, the integrals are all symmetric under the exchange @ <> ’; we rewrite the above sum as
1 N 1 n 1 n I 1 1 n 1 n 1 1 N 1
D, D, D; Dy (w+&)|w+twy o—awp (w+o) | w+wy ©—w
e e
2
— , (C14)
(0 — wo)(w + &)@ + wy)
where we have only performed the switch on the indicated terms. This sum is simplified to
1 1 1 1 4(w—3$6
—t—+—+—= ( ) . (C15)
Dy Dy D7 Dg §(w—wo)o+ oy)o+ o)
Adding together the remaining terms, we have
1 1 1 1 1 1 1 1 1 1
—t—+—+—= — - -
D, D3 Ds Dg (w—w)| o —wy w—wy (wH+oy)lo—o)| o —wy w—wy
\q,_,/ \q/f/
1 1 1 1 1 1
_ - + - . (Cl16)
(w—w))w—) | +wy o+ oy (w—) | +wy o+ oy
——
Switching w <> ' in the indicated terms, we get
1+1+1+1— 2 + 2 2 (C17)
Dy Dy Ds Ds (0—o)o—w)s (0+ou)o—o)o—aw) (@—ao)o+wou)d
4(w—34
= (@=9) (C18)

8w — wo)(@ + oy — ')
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Now adding Egs. (C15) and (C18), Eq. (B5) becomes

4/,L0 z(w_(s)lmgOn(w) o r
Uer = 42 Z/ “ (@ —w0)@+ o) Jo d”‘“[

1
P w]lmgno(a/). (C19)

To perform the o’ integral, we split Imgno(w') = M and use Schwartz reflection principle to write

/ood , |:gn0(w) gnO(_w,) + gnO(w/) _ gnO(_w/):|
0 2i

o+ o o +w o —w o —w
_/ dw gno(w)+/° dw/w_/ngO(w/)+/ do gno(w)+/° o @ gn0(@)
0 2i w+ o o 2i W —w 0 2i W —w oo 2i o' +w
2/00 dw/w_ﬂgno(a)/) _’_/‘OO dw/w_/zgno(w/) (C20)
oo 2i w+ o oo 2 W —w’

Performing a contour integral over «’, Ucp becomes

_ /"" ' (@ — 8)Imgon () ~
Uer =T 2 Jy %50 —anytao + ) 500 F 800 (C21)

Again, by splitting Imgno(w) = w and using the Schwartz reflection principle, we write
Ucp = 2“ Rl Z / 5 f’z(‘)‘; (;‘2 - Son(®) _zfo"(_“’) [400(@) + gno(~)] (C22)
= —g Z fo " do 5 i"if:“) (;i) 5 8 (@)800() — gon(~)ga0(~)] (C23)
= —g Z /0 " do 5 f’if;")(;‘? wM)go,.w)gno(w) + 2 Z / 5 +‘”;§;i_+cf)+ S5 (@)go(@). (C24)

After performing a Wick rotation, the only residues result from the emitter’s resonance. This is to be expected as the emitter is
the only excited atom. Ultimately, we recover Eqs. (7) and (8).

APPENDIX D: EULER-MACLAURIN FORMULA FOR 2D LATTICE SUM
For a 2D square array of atoms, the sum over atom indices in Eqs. (7) and (8) corresponds to the following form:

VN/2 JVN/2

Y fnnge)y= Y Y fa,ng), (D1)

VLX=7\/N/2 nv=7\/ﬁ/2

f(;0) = gon(@)gno(@) = [dy - é(ro, Jn2a® +n2a?, ) - dn][dy - é(‘ [n2a? 4 n2a?, r, ) - do]. (D2)

In what follows, we derive, in the limit of a large number of atoms N, an asymptotic Euler-Maclaurin formula that
approximates the above sums in Eq. (D1) in terms of a continuous “bulk” integral and additional “boundary” terms [76].

Given the symmetry of the system, i.e., f(ny, ny; ) = f(—ny, ny; ) = f(ne, —ny; ) = f(—n,, —ny; @), we express the
above sum as

where

VN/2 VN/2 VN/2/N/2
> Yo frenge) =4 " fr.n; o). (D3)
nx:—«/N/Z n)»:—«/N/Z n,=0 ny=0

We use the one-dimensional Euler-Maclaurin formula [76] for expanding the sum over n, as follows:

VN/2/N/2 VN/2 VNaj2 4 0: N /2
th E E f(nx, ny;w) — E |:/ ;yf(nx,y/a;a)) + f(nxv ;W) +_};(nx7 vV / ;)
o A=0 l’ly=0 Vl;(=0 0
3 & 2ky—1 Coy o £2k—1 .
2 ™ e YN 0) = T G50} | D4)
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where we have made the change of variable n, — y/a in the integral. Here, By, are the Bernoulli numbers and f 2k =1 refers to
the order 2k, — 1 partial derivative of f with respect to n,.
Now, because we assume that the Green’s functions are well behaved and vanish at infinities, we can write

VN/2 /N2 VNa/2
. . dy ) f(”x’o w) Dok Fol )

Jim Z:O Z:O flneny;w) = Z /O — [, y/a;0) + == - Z Gyl e G0) | (DS)
where we have approximated f (1, /N /2) — 0 for large N. Importantly, from Eq. (D2), we observe that f (n, ny; ) is an even
function under the exchange n, — —n, (or n, — —n,). Thus, the odd-order derivative of f with respect to n, (n,) is odd under
the exchange n, — —n, (n, — —n,). Thus, odd-order n, (n,) derivatives must be equal to 0 when n, = 0 (n, = 0). This sets
every term in the expansion with a Bernoulli number identically equal to 0, thus yielding

VN/2 /N /2 INa)2
Jim Z;) 2;) Fnny;0) = Z [/ —f . yaw) + =T . (D6)

Similarly, applying the Euler-Maclaurin formula to expand the sum over n,, we arrive at Eq. (9).

APPENDIX E: CP POTENTIALS FOR DIFFERENT ARRAY DIPOLE ORIENTATIONS

1. Resonant Casimir-Polder shifts

From Eq. (9), we see that for N — oo, the sum over lattice positions can be converted to the sum of three terms: (1) an
integral with a “bulk term” with 1/a® dependence; (2) an integral with an “edge term” with 1/a dependence; and (3) a “vertex
term” with 1/a° dependence that captures the interaction of the test atom with the lattice atom vertically below it in the lattice.
In what follows, we consider the limits of a dense lattice a < Ay, where the bulk term is the most significant, and the sparse
array limit a 3> Ao, where only the vertex term contributes significantly.

a. Dense array

When all the array dipoles are z oriented, we have from Eq. (7)

24wt w ¢thoron ikoron — 1 3 — 3ikoron \ 22 117
Aok = S Y Re { {(1+%>+(—1+T00“>7}}
hfeget — 8(wo + wy) 47 r0n kar2, k5Ton "0n

22
_Z e Re|:e2ﬁ“{(7§+i7n—1)+(—7,2,+3—3i?n)§—2} ] (E1)

88(wo + w78 2

where we define 7, = ko|rn, — ro| = 27 |ry — rol/Ao and Z = koz (note that all the array atoms occupy the z = O plane). The
exponential phase factor leads to pendulations in the CP potential with increasing distance.
For a dense array with large N — oo, we evaluate the bulk (1/@*) term of Eq. (9):

AwR VNa/2 VNa/2 9wy 2 2
lim ~4 lim d)”c/ dy——Re {(r +ir—1)4+(— 43— 3zr)—} , (E2)
0

N—oo i N—oo Jo 8a28(wo + wpy )F®

where 7 = ko|rg — r| is the unitless distance of the test atom from any point of the plane at z = 0. Here, we switch to polar

coordinates such that VNG g5 N VNG g — [YNPGRR [T a
AR . VN2 97T wyy T . ) L7 ?
nglclxj % N]\/hj};o A dRRmRC e {(V +ir — l)+(—r +3—3lr)7.—2} . (E3)

Then, we make the substitution 7 = R? + 72 = 7 d7¥ = R dR:

INT 9 i 2)°
lim a; %/ d?#Re[ez”{( +ir—1)+ (— ~2—i—3—3zr)—} :| (E4)
z

N—oo Y, 4628 (wo + wpy )7
For an infinite lattice, we can compute

AwR

N—oo yo

97TCL)M ol - 2 - N -
~ —8C.Z(2 272)(3 -2 2Z(3+2 27)]. ES
16&26(a)0+wM)24[ (22)7" + cos(22)( Z7) +22(3 + 277) sin(27)] (E5)

akl

By Taylor expanding the cosine-integral term, we obtain Egs. (10b) and (12b).
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When the array dipoles are oriented along the x axis and the emitter is oriented along the z axis, we obtain the CP potential
using Eq. (A2) as

9]/2(1)M i7 ZnXn :
AR =) ——L———Re| ™ (—F +3 - 3iF : E6
S B it K (A o
Taking the large-N limit, we can express the bulk term in Eq. (9) as
A R /N/2a 2 9 B R
lim =%~ lim arR [ dp o R ez"{<—~2 +3-3i )LS("”} . (E7)
N—oco ¥ N—oo Jg 0 828 (wg + wyy)FO 72
We make the substitution 7 = R? + 7> = 7 d7 = R dR and replace the R*> = 7> — 7* to obtain
o o wm
lim ~ 3 — 47%) cos (27) + 67 sin(22)], E8
M| ™ Tt o )cos (22) 22)] (E8)

which reduces to Eqgs. (14) and (18) in the appropriate limits.

b. Sparse array

For a sparse array with @ > 1, only the vertex term of Eq. (9) has a significant contribution. When the array dipoles are z
oriented, the vertex term can be evaluated as

R
QUMM Re(edi{1 — iz)?) A —22MN0 =l + 7) cos(23) + 27 sin(23)], (E9)

lim ~ oM oMb
a1 28(wo + wp)Z° 28(wo + wpr)Z0

N—oo Y0

reducing to Eqgs. (10a) and (12a) in the nonretarded and retarded limits. When the array dipoles are x oriented, the vertex term is
0 and there is no CP potential in this limit.
2. Off-resonant Casimir-Polder shifts
a. Dense array
The off-resonant part of the CP potential given by Eq. (8) can be written for z-oriented array dipoles as

AwCPR _ Yoy oo 1 o~ 2% ol . 2 ~2j|2

where £ = £ /wy. _
In the retarded regime, Z >> 1, the exponential decays fast once §& ~ 1/7y. Therefore, we can consider that only small values
of £ contribute to the integral. In this case, we perform the integral over & first:

AwCR o2 . . B ~ 32 2
— 7 o+ 1 — {822 4387, + 31 = Ell
o Smsz [ B = (B3 30 E1D)
9 1374 —5622 2+63z
" Ry 2 Al E12)
Now using the Euler-Maclaurin formula [Eq. (9)], we evaluate the bulk term as
AwCR 1 P ) =4
lim w ~d - 37" — 56Z°7 + 63% E13)
N—oco Yo 32na)Ma2 4711
A OR
= lim =% LZS (E14)
N=oo W siacn 100ma@Z

For the nonretarded limit Z < 1, we first perform the sum over n using the Euler-Maclaurin formula before the integral over &.
So for 7 <« 1, the bulk term is

Aw OR 9wM 0 1 2 —2§r ~2
lim N / dé— / d??/ dp* [sz P ER 41— (EF 2+3gr+3}—]
N—oco Vo 871’(00612 0 (52 1)(52 + CUM/wo

~ 90)M /m g 1
T Ra@ )y T E A+ DE + ol j})
e 2E[3 4 23E(3 + 3E(1 — 238)) — 8XFHEHCH.T(23E) — S H.T(23E))]

24

(E15)
Here, since Z < 1, we keep terms to lowest order in Z. We also set the exponent to 1, yielding Eq. (11b).
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We use similar methods to evaluate the off-resonant contributions due to x-oriented array dipoles. In the retarded regime, we

start with
Aa)OR 9 o] ~e—2§7 — . 35 2
g ~ g Z/ dE — |:{Ezr2+3§r+3}3] . (E16)
Yoo lzstax Ton = Jo r r
After performing the £ integral and taking the continuum limit for a large N, we arrive at Eq. (20).
In the nonretarded regime, we first sum over the array dipoles:
Aw®R 9eonr /00 . e %7 [ . . w7
~ | dE— _ _ {5272+357+3}~—} ) (E17)
Yo lcraca 879 Jo &+ D(E* + vy /w}) Zn: 7o P2

We convert the sum to an integral with the same method used in Eq. (E7) and perform the integrals over 7 and ¢ to arrive at

Aw®R Yy

e

after performing the £ integral, we arrive at Eq. (16).

o0
g lakl 64")(2)&2 /0 (52 + 1)(52 + “)1%/1/‘0(%)

= ; (E18)

| [e—2§2{3 + 233+ 225)}}

b. Sparse array

For a sparse array with & > 1, when the array dipoles are z oriented, the vertex term in Eq. (9) is evaluated in the nonretarded

regime as

lim AwOR . Iwu

1

N=oo Y0 lzxlasi

27w /o (E + 1)(E + o}y /}) 2
which yields Eq. (11a). In the retarded regime, we get Eq. (13a).

1 £212
(1 + 1827, (E19)

The vertex terms due x-oriented array dipoles vanish in this limit.
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