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Characterizing topology at nonzero temperature: Topological invariants and indicators
in the extended Su-Schrieffer-Heeger model
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We compare three complementary diagnostics for mixed Gaussian states at nonzero temperature, focusing
on the Su-Schrieffer-Heeger (SSH) chain and its inversion-symmetric extension. While the ensemble geometric
phase, a mixed-state generalization of the Zak phase, remains well defined at nonzero temperature, the modulus
of the corresponding expectation value vanishes in the thermodynamic limit, limiting its practical use. To
develop diagnostics suitable for large systems, we introduce local twist operators acting on neighboring sites,
whose expectation values provide local indicators of the underlying topological phase. The topological phase
is identified from the relative magnitude of these expectation values, which only requires measuring two
local expectation values at nonzero temperature, together with one additional nonlocal expectation value when
next-nearest-neighbor hopping is included. In addition, we generalize the local chiral marker to mixed Gaussian
states, fully determined by its single-particle correlation matrix, with a nonzero purity gap in their effective
single-particle Hamiltonian. The presence of a purity gap ensures that the correlation matrix can be flattened to
an effective projector. Evaluating the chiral marker with respect to the band-flattened correlation matrix yields
a real-space topological invariant that coincides with the winding number in the zero-temperature limit. The
ensemble geometric phase, the local twist operators, and the local chiral marker provide complementary methods
to characterize topology in the SSH chain beyond pure states.

DOI: 10.1103/pwkc-lqq6

I. INTRODUCTION

In equilibrium, topology is a property of the many-body
state at zero temperature, which for Gaussian states is the
ground state of a quadratic Hamiltonian. A topological phase
can be protected by symmetries, which may be local or spatial
in nature. This means that ground states belonging to distinct
topological phases cannot be connected by a finite-depth lo-
cal unitary circuit that respects the protecting symmetry [1].
From the Hamiltonian perspective, this implies that parent
Hamiltonians of different phases cannot be smoothly de-
formed into one another without either closing the energy
gap or breaking the protecting symmetry [1]. Gaussian states
protected by local symmetries are classified [2–5] into ten
symmetry classes [6–8], determined by the combinations of
time-reversal, particle-hole, and chiral symmetries. The dis-
tinct phases are characterized by known topological invariants
such as the Chern number [9–11] and winding number [4],
which are evaluated for the ground-state wave function.

Quantum systems described by mixed states, arising for
example at nonzero temperature or under dissipation, require
a different framework for topological classification and char-
acterization. In this work, we adopt a state-based viewpoint,
in which topology is defined directly at the level of the
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density matrix [12–19]. Such mixed Gaussian states can oc-
cur as thermal states, and as nonequilibrium steady states of
open-system dynamics [20–22]. A general classification of
density-matrix topology was introduced in Ref. [23], based
on the symmetry properties of the dynamical generators of
fermionic matter in and out of equilibrium. In this formal-
ism, the classification of Gaussian steady states ρ ∼ e−G is
formulated in terms of an effective single-particle operator
G, which plays a role analogous to a quadratic Hamiltonian
in equilibrium. The spectrum of G defines the purity spec-
trum, which reflects the degree of mixedness of single-particle
modes [12,13,16]. Eigenvalues far from zero correspond to
modes that are predominantly occupied or empty, while eigen-
values at zero represent totally mixed modes. A finite gap
around zero—the purity gap—therefore guarantees that no
mode is maximally mixed, and all modes are biased toward
being either filled or empty. The negative-energy eigenstates
of the effective Hamiltonian form a Slater determinant that
serves as an effective ground state, enabling a topological
classification of the corresponding effective Hamiltonian [23].
In the purity-gap framework, topology is defined at the level
of the mixed Gaussian state rather than through the finite-
temperature spectrum of the physical Hamiltonian [12,13,23].
Accordingly, a conventional bulk-boundary correspondence
in terms of protected in-gap edge states of H is not evident at
nonzero temperature. Instead, boundary signatures of mixed-
state topology have been formulated in terms of the response
of the density matrix itself [24].

Several approaches have been proposed to character-
ize the topology of mixed states. The Uhlmann phase
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[16,25–28] provides a mixed-state generalization of the geo-
metric phase [29–31], by defining parallel transport of density
matrices through their purifications in an enlarged Hilbert
space. However, because every density matrix admits a unique
and smooth purification, one can always define a global gauge,
making the Uhlmann phase always topologically trivial, even
for topologically nontrivial pure states [16]. In contrast, the
ensemble geometric phase captures topological properties di-
rectly from the density matrix and reduces to the Zak phase,
the one-dimensional Berry phase of the occupied band [32],
in the pure-state limit [18]. The ensemble geometric phase
applies to Gaussian states with a nonzero purity gap and
has been extended to higher-dimensional systems, interact-
ing states [33–35], and a broader framework of topological
order parameters [36]. It is constructed from Resta’s formu-
lation of electric polarization, in which the polarization of
a one-dimensional insulator is defined as the phase of the
expectation value of a large-gauge, many-body twist operator
evaluated in the many-body ground state [37]. The opera-
tor is defined as T = exp[i(2π/L)

∑
j x jn j], where L is the

length of the one-dimensional chain, x j is the position at
unit cell j, and n j is the occupation number [37]. For a
translation-invariant noninteracting system at zero tempera-
ture, Resta’s expression reduces to the Zak phase, connecting
the many-body operator to the corresponding single-particle
Berry phase. At nonzero temperature, evaluating the same
expectation value with respect to the thermal density matrix
yields the ensemble geometric phase [18].

The ensemble geometric phase is well defined for any
nonzero temperature and approaches the Zak phase of the low-
est band in the purity spectrum in the thermodynamic limit,
with finite-size corrections that vanish as the system size in-
creases [18]. While the ensemble geometric phase—the phase
of the expectation value of the many-body twist operator—
remains meaningful at all temperatures, the modulus of the
expectation value vanishes exponentially with system size
at nonzero temperature, as discussed in Ref. [38]. This is
an undesirable feature for a signature of a bulk system and
introduces an ambiguity in the practical use of the ensemble
geometric phase for large systems. Such behavior is consistent
with general considerations of dipole moment operators, such
as the large-gauge translation operator used in Resta’s formu-
lation of polarization, which can exhibit vanishing expectation
values in the thermodynamic limit, while their phase remains
physically meaningful [39]. To examine the vanishing mod-
ulus, we focus on the one-dimensional Su-Schrieffer-Heeger
(SSH) model [40,41], which has a quantized Zak phase that
takes values of either 0 or π determining the topological phase
[42]. The ensemble geometric phase therefore serves as a
nonzero-temperature generalization of the zero-temperature
topological invariant of the SSH chain. We analyze how the
modulus of 〈T 〉 depends on temperature and system size,
and demonstrate analytically that it decays exponentially with
system size at any nonzero temperature.

The exponential decay of the modulus with system size
limits the practical evaluation of the ensemble geometric
phase in large systems. To address this, we develop alter-
native approaches for characterizing topology in inversion-
symmetric one-dimensional chains, focusing on the SSH
model with both nearest- and next-nearest-neighbor hopping

[43–45]. The SSH model with only nearest-neighbor hopping
consists of alternating hopping amplitudes connecting sites
within a unit cell (intracell) and between neighboring unit
cells (intercell), with the topological phase determined by
their relative strength. We introduce two local twist operators
T intra

j and T inter
j , which reduce T to operators acting on only

two sites—within a unit cell and between adjacent unit cells,
respectively. The moduli of the expectation values of the two
local operators are periodic, with one period across the length
of the chain, and with minima occurring at the center of the
chain. We show that the minimum modulus of 〈T intra

j 〉 exceeds
that of 〈T inter

j 〉 in the trivial phase, while the opposite holds in
the topological phase. Comparing these two minimum values
reveals the topological phase from measurements of only two
local expectation values.

Extending the SSH model to include next-nearest-neighbor
hopping that preserves inversion symmetry introduces an
additional topological sector [43,45]. To capture this, we in-
troduce a third local operator, T nnn

j , corresponding to the
next-nearest-neighbor bond. This requires measuring three
expectation values—one for each operator—and identifying
the topological phase by comparing the relative magnitudes
of their minimum moduli. Since the three operators depend
only on local occupation numbers, this method requires only
local measurements rather than full knowledge of the global
many-body state. This makes the approach experimentally
accessible and scalable to larger systems, offering a practical
route to characterize topology at nonzero temperature.

As an additional tool for characterizing the topology of
the SSH chain at nonzero temperature, we apply the local
chiral marker [46] to mixed states with a purity gap. In
the zero-temperature, translationally invariant limit, the lo-
cal chiral marker coincides exactly with the chiral winding
number, ν, providing a real-space diagnostic of topological
phases [46,47]. For the SSH chain with nearest-neighbor hop-
ping, the winding number ν = 0, 1 corresponds to the two
topologically distinct phases. Including next-nearest-neighbor
hopping introduces a third sector with ν = −1, which cannot
be distinguished by the Zak phase, since it remains quantized
to π for both ν = ±1. The chiral marker is defined in terms
of the one-particle density matrix, which for Gaussian states
at zero temperature, reduces to a projector onto the occu-
pied ground-state bands [48–52]. To characterize topology
at nonzero temperature, we evaluate the local chiral marker
for mixed Gaussian states with a purity gap in its effective
Hamiltonian. In this setting, the density matrix is fully de-
termined by its single-particle correlation matrix, which is
related to the effective Hamiltonian through the occupation
probabilities of its eigenmodes. When the purity spectrum is
gapped, the correlation matrix can be adiabatically flattened to
an effective projector onto the occupied modes, in direct anal-
ogy with the band projectors of pure states. The chiral marker,
evaluated with respect to the band-flattened correlation ma-
trix, defines the topological phase of the state at nonzero
temperature.

For the SSH model, the topology diagnosed by the ensem-
ble geometric phase and the local chiral marker is protected by
chiral symmetry. The ensemble geometric phase approaches
the Zak phase of the lowest purity band in the thermodynamic
limit; in the translation-invariant SSH model, the quantization
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FIG. 1. The SSH model with unit cells labeled by j, each con-
taining two sites A and B. t1 (solid), t2 (double solid), and t3 (dotted)
denote the intracell, intercell, and next-nearest-neighbor hoppings,
respectively.

of this Zak phase is protected by chiral symmetry. The lo-
cal chiral marker is the corresponding real-space topological
invariant for states characterized by a Z-valued winding-
number classification. The local twist operators, in contrast,
are introduced for inversion-symmetric chains, where inver-
sion symmetry quantizes the polarization and constrains the
Wannier-center positions. This allows shifts of charge cen-
ters between topological phases to be inferred from local
occupation-based observables. We compare the ensemble ge-
ometric phase, the local twist operators, and the local chiral
marker, and show when they are valid, and how they provide
complementary ways of characterizing topology in mixed
Gaussian states.

II. BACKGROUND

To make this work self-contained and to fix notation,
we review the Su-Schrieffer-Heeger model with nearest- and
next-nearest-neighbor hopping, and summarize the classi-
fication of mixed Gaussian states at nonzero temperature
possessing a purity gap.

A. The SSH model

The SSH model is a minimal one-dimensional two-band
tight-binding model that captures the essential features of
a topological insulator protected by inversion symmetry
[40–42]. Because of its simplicity and well-understood topo-
logical structure, it serves as an ideal framework for analyzing
how topology can be characterized in mixed Gaussian states
at nonzero temperature.

The SSH chain describes spinless fermions with two
sublattices A and B per unit cell and alternating hopping
amplitudes connecting sites within and between neighboring
unit cells (see Fig. 1). The model hosts two insulating phases
protected by inversion symmetry: a trivial phase, where the in-
tracell hopping dominates, and a topological phase, where the
intercell hopping is stronger. The Hamiltonian with nearest-
neighbor hopping reads

HSSH = −
N−1∑
j=0

(t1 a†
j b j + t2 b†

ja j+1 + H.c.), (1)

where a j (a†
j ) and b j (b†

j) are fermionic annihilation (creation)
operators that act on sublattice sites Aj and Bj in the jth unit
cell. The parameters t1 � 0 and t2 � 0 denote the intracell
and intercell hopping strengths, respectively. With N unit cells
and lattice spacing a = 1, the chain has 2N sites and length
L = N .

Assuming a translation-invariant lattice with periodic
boundary conditions, the SSH Hamiltonian in momentum

space becomes

H (k) = −
(

0 t1 + t2e−ik

t1 + t2eik 0

)
, (2)

where k ∈ [0, 2π ) is the crystal momentum. Since H (k) is
periodic in k, the Bloch eigenstates define a closed loop as
k traverses the Brillouin zone. The energy spectrum consists
of two bands with eigenvalues εk = ±|t1 + t2eik|, and corre-
sponding normalized eigenstates

|u±
k 〉 = 1√

2

(
1

∓eiφk

)
, (3)

where φk = arg(t1 + t2eik ) is the phase of the off-diagonal
matrix element in the Hamiltonian Eq. (2). The Zak phase of
the lower band is defined as

ϕZak =
∫ 2π

0
〈u−

k |i∂k|u−
k 〉 dk = −1

2

∫ 2π

0

∂φk

∂k
dk, (4)

it is a geometric phase accumulated by a Bloch band as k
traverses the Brillouin zone. In the convention implicit in
Eq. (2), the Zak phase of the lower band is quantized by
inversion symmetry to 0 for t1 > t2 and π for t2 > t1. A
change of Bloch-basis convention associated with a different
choice of unit cell can shift the absolute Zak phase by a
quantized amount, while the relative phase difference between
the trivial and topological regimes remains invariant [53–55].
Geometrically, as k runs from 0 to 2π , the complex function
t1 + t2eik traces a closed loop in the complex plane, with φk

the polar angle along this path. The total change of φk over
the Brillouin zone defines the winding number ν = −ϕZak/π ,
which changes only at the gap closing t1 = t2, distinguishing
the trivial (ν = 0) and topological (ν = 1) phases.

The SSH chain is generalized by including inversion sym-
metry preserving next-nearest-neighbor-couplings [43,45].
These additional hopping terms connect A sites in one unit cell
to B sites in the neighboring cell two sites away, extending the
Hamiltonian in Eq. (1) to

HeSSH = −
N−1∑
j=0

(t1 a†
j b j + t2 b†

ja j+1 + t3 a†
j b j+1 + H.c.), (5)

where t3 � 0 denotes the next-nearest-neighbor hopping
strength. For a translation-invariant lattice, the Zak phase still
takes values of either 0 when t1 > |t2 + t3| or π when t1 <

|t2 + t3|, due to inversion symmetry. However, the winding
number now distinguishes three different topological phases:
the trivial phase ν = 0 for t1 > |t2 + t3|, and the two topologi-
cal phases, ν = 1 for t1 < |t2 + t3| where t2 > t3, and ν = −1
for t1 < |t2 + t3| where t2 < t3. The topologically nontrivial
phases ν = ±1 host zero-energy boundary modes under open
boundary conditions; the sign of the winding distinguishes the
two bulk topological sectors.

At nonzero temperature the SSH chain is in a thermal
mixed state. Because the SSH Hamiltonian is quadratic, the
thermal state remains Gaussian and is fully characterized by
single-particle correlations. Thermal excitations lead to partial
occupation of both bands, and the system is no longer in a pure
state. As a result, the Zak phase, defined strictly for the ground
state, is no longer a well-defined topological invariant.
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B. Topological classification of mixed Gaussian states
with a purity gap

A number-conserving fermionic Gaussian mixed state has
the form

ρ = Z−1e−Ĝ, Ĝ =
∑

i j

c†
i Gi jc j, (6)

where ci and c†
i are fermionic annihilation and creation op-

erators, and G is the corresponding single-particle Hermitian
matrix. The partition function Z = Tr(e−Ĝ) enforces the nor-
malization Tr(ρ) = 1, where Tr denotes the trace over the
many-body Fock space. In this work, we focus on thermal
states, for which Ĝ = βĤ , and

ρ = Z−1e−βĤ , Ĥ =
∑

i j

c†
i Hi jc j . (7)

At the single-particle level, this implies G = βH , where H
is the single-particle matrix representation of Ĥ , and β is
the inverse of temperature times Boltzmann’s constant. The
Hermitian matrix G, referred to as the effective Hamiltonian,
determines both the occupations and the purity of the state
through its eigenvalues [13]. If the spectrum of G is gapped
around zero, all modes are either predominantly occupied or
predominantly empty, and the state is adiabatically connected
to a pure state. In this case, the topology is fully determined
by that corresponding pure state.

The topological classification depends on the structure of
this occupied subspace: The eigenstates of G below the purity
gap form an occupied subspace, analogous to the occupied
band that defines the ground state of a free-fermion Hamil-
tonian [13,23]. Each eigenvalue εγ of G defines a fermionic
mode with thermal occupation pγ = [eεγ + 1]−1. The mixed-
ness of mode γ is quantified by the purity ηγ ≡ 1 − 2pγ , for
which |ηγ | = 1 for a pure mode and |ηγ | = 0 for a maximally
mixed mode. The purity gap refers to a nonzero gap around
ηγ = 0. Using pγ = [eεγ + 1]−1 leads to the relation

ηγ = eεγ − 1

eεγ + 1
= tanh(εγ /2), (8)

showing how the purity spectrum is directly determined by the
eigenvalues of G.

The occupation probabilities pγ are contained in the two-
point correlators:

〈c†
i c j〉 = [ f (G)]i j, (9)

where

f (G) = (1 + eG)−1. (10)

In the pure-state limit, where pγ ∈ {0, 1}, the matrix f (G)
is a projector onto the ground state, which determines the
topological classification. For a mixed state, f (G) has eigen-
values in the interval (0, 1). When the purity spectrum is
gapped around pγ = 1/2, spectral flattening of f (G) yields
the band-flattened projector

P = 1

2

(
2 f (G) − 1

|2 f (G) − 1| + 1

)
. (11)

The matrix P is the object entering the topological classifi-
cation, in direct analogy with the projectors onto the filled

bands in the classification of pure Gaussian ground states.
The topology of a mixed Gaussian state with a purity gap is
therefore determined by its correlation matrix or equivalently
through the effective Hamiltonian.

III. THE ENSEMBLE GEOMETRIC PHASE

The ensemble geometric phase is a topological invariant
for one-dimensional mixed Gaussian states, ρ ∼ e−G with a
purity gap [18]. This phase reduces to the Zak phase of the
lowest purity band of the corresponding effective Hamiltonian
G in the thermodynamic limit [18]. The ensemble geometric
phase is defined as [18]

ϕEGP = Im ln〈T 〉. (12)

For the SSH model, the many-body translation operator T
takes the explicit form

T = exp

⎧⎨
⎩i δk

N−1∑
j=0

[
x jn j + δx

(
nB

j − nA
j

)]⎫⎬⎭, (13)

where δk = 2π/L is the minimal spacing between discrete
crystal momenta in the Brillouin zone for a chain of length
L, nA

j = a†
j a j and nB

j = b†
jb j are the number operators on

sublattice sites A and B in the jth unit cell, and n j = nA
j + nB

j .
x j is the unit-cell coordinate and the two orbital positions
within the cell are xA

j = x j − δx and xB
j = x j + δx, such that

the intracell separation is 2δx.
Assuming translation invariance, the expectation value of

T in momentum space for the SSH model at nonzero temper-
ature takes the form [18]

〈T 〉 = 1

Z
det [σ0 + MT]. (14)

Here, Z = Tr(e−βHSSH ) is the partition function that nor-
malizes the thermal density matrix, σ0 denotes the two-
dimensional identity matrix, and MT is defined as

MT = (−1)N−1
N−1∏
k=0

e−βEk+1 U †
k+1Uk, (15)

where Uk is the unitary matrix of eigenvectors of HSSH(k) and
Ek is the diagonal matrix of the corresponding single-particle
energies. The partition function is real, so the ensemble geo-
metric phase is given by

ϕEGP = Im ln det[σ0 + MT]. (16)

For finite systems, ϕEGP = ϕZak + �(N ), where �(N ) is a
model-dependent correction that vanishes as N → ∞. This
means that the ensemble geometric phase reduces to the Zak
phase ϕZak of the lowest band of the energy spectrum of
βHSSH(k) in the thermodynamic limit. The ensemble geomet-
ric phase therefore distinguishes the trivial and the topological
phases of the SSH model with only nearest-neighbor cou-
pling. When next-nearest-neighbor coupling is introduced, the
ensemble geometric phase—being sensitive only to a phase
modulo 2π—cannot tell apart the two topological phases
whose zero-temperature winding numbers differ by a sign,
ν = ±1.
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FIG. 2. The amplitude |〈T 〉| as a function of t1/t2 and inverse
temperature β, where t1 is the intracell hopping energy, and t2 = 2 is
the intercell hopping energy in the SSH model. The number of unit
cells is N = 150. The overlaid contour lines in brown indicate the
loci where |〈T 〉| = 0.01 for systems with N = 150 (solid), N = 100
(dashed), and N = 50 (dotted). The embedding is inversion sym-
metric, with unit-cell centers x j = j + 1/2, with j = 0, . . . , N − 1
(N even), and orbital positions xA

j = x j − δx, xB
j = x j + δx with

δx = 1/4.

A. The modulus of 〈T〉 tends to zero in the thermodynamic limit

The modulus of the expectation value, |〈T 〉|, equals one
for pure states, but decreases exponentially with increasing
system size and temperature for mixed Gaussian states [38].
Figure 2 shows the dependence of |〈T 〉| on the inverse tem-
perature β and the hopping ratio t1/t2 for the SSH model.
The color map corresponds to a system with N = 150 unit
cells, while the overlaid contour lines indicate the loci where
|〈T 〉| = 0.01 for systems with N = 150 (solid), N = 100
(dashed), and N = 50 (dotted). As the system size increases,
the region where |〈T 〉| remains nonzero shrinks, signaling that
the expectation value vanishes in the thermodynamic limit
even though the ensemble geometric phase remains well de-
fined. Consequently, the ensemble geometric phase provides a
meaningful characterization of topology in finite systems, but
becomes difficult to measure practically in large systems.

The topologically trivial phase with intercell hopping t2 =
t3 = 0 provides a simple example illustrating the vanishing
modulus for large system sizes. The Hamiltonian in Eq. (2)
reduces to H (k) = −t1σx in the trivial limit, where σx is the
Pauli matrix acting in sublattice space. The corresponding
energy spectrum is flat εk = ±t1, with k independent eigen-
vectors |u±

k 〉 = (1,∓1)T /
√

2. In this case, U †
k+1Uk = σ0 for

all k, and

| det(σ0 + MT)| = |1 + seβt1N ||1 + se−βt1N |, (17)

where s = (−1)N−1. The partition function in the trivial
limit is

Z = [(1 + eβt1 )(1 + e−βt1 )]N , (18)

and, for large N , simplifying the quotient between Eqs. (17)
and (18) gives

|〈T 〉| � e−2N ln(1+e−βt1 ). (19)

At zero temperature, in the β → ∞ limit, the modulus goes to
one, but at any nonzero temperature the modulus approaches
zero in the thermodynamic limit. The same trend of a van-
ishing modulus |〈T 〉| persists for general finite values of the
hopping parameters t1, t2, and t3. In the large N limit,

(U †
k+1Uk )αβ = 〈uk+1,α|uk,β〉 � δα,β − δk〈uk,α∂kuk,β〉

� exp[iδk(Ak )αβ], (20)

where Ak denotes the non-Abelian Berry connection,
defined as

(Ak )αβ = i〈uk,α|∂kuk,β〉. (21)

To estimate an upper bound on |〈T 〉|, the matrix MT [Eq. (15)]
is decomposed into diagonal and off-diagonal components,
where e−βEk = e−βεkσ3 and εk is the absolute eigenenergy of
the SSH Hamiltonian at a given momentum k. Following
Ref. [18], Eq. (20) is parametrized as

U †
k+1Uk = eiδk

∑
i=0,3 Ai

kσi + δk
∑
i=1,2

Ai
kσi + O(δk2)

≡ U diag
k+1,k + Vk, (22)

where σi for i ∈ (1, 2, 3) are the Pauli matrices, and σ0 is
the identity matrix in two dimensions, where the components
Ai

k are real. The diagonal matrix U diag
k+1,k = eiδk(A0

kσ0+A3
kσ3 ),

where A0
k ± A3

k = i〈u±
k |∂ku±

k 〉, and the off diagonal matrix
Vk = δk(A1

kσ1 + A2
kσ2) mixes the two bands. We take N to

be odd, such that the global prefactor (−1)N−1 in Eq. (15) is
unity. Expanding the determinant in Eq. (14) perturbatively in
the off-diagonal transition matrices Vk yields

det(σ0 + MT) = det(G−1 + V (1) + V (2) + · · · ), (23)

where

G−1 = σ0 + WN−1,0, (24)

and Wk1,k2 is diagonal with components

W ±
k1,k2

=
∏

k2�k�k1

eiδk(A0
k±A3

k )e∓βεk . (25)

The leading terms in the expansion Eq. (23) describe succes-
sive interband transition processes:

V (1) =
∑

k

WN−1,kVkWk−1,0, (26)

V (2) =
∑
k>k′

WN−1,kVkWk−1,k′Vk′Wk′−1,0, (27)

where V (1) is off diagonal and V (2) is diagonal in band space.
For large N , the zeroth-order contribution in Eq. (23) is dom-
inated by the lower band:

det G−1 ≈ eNβε̄eiδk
∑

k (i〈u−
k |∂ku−

k 〉), (28)

where we have introduced the average single-particle energy
ε̄ = 1

N

∑
k εk , such that

∑
k βεk ≈ Nβε̄. So, the modulus of

det G−1 grows exponentially with system size.
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To evaluate the perturbative contribution to the modulus, it
is convenient to take the logarithm of the determinant, which
converts matrix products into traces and permits a systematic
expansion in Vk:

ln det[σ0 + MT] = ln det G−1 + �(N ) + O(δk3), (29)

�(N ) = Tr GV (2) − 1
2 Tr(GV (1) )2, (30)

to second order in Vk . Terms linear in Vk are off-diagonal in
band space and therefore do not contribute to the trace at this
order. A detailed analysis (see Appendix A) shows that the
real part of the lowest-order correction decays as Re[�(N )] ∼
N−1 for large system size, and the modulus of the numerator
in Eq. (14) behaves as

| det(σ0 + MT)| � eNβε̄(1 + O(N−1)) (31)

for large N .
The partition function in the denominator 〈T 〉 in Eq. (14)

is given by the product over momenta:

Z =
N−1∏
k=0

(1 + e−βεk )(1 + eβεk ). (32)

At zero temperature, |Z| = | det(σ0 + MT)| and |〈T 〉| = 1. For
nonzero temperature, the partition function expands as a sum
over all subsets of {0, . . . , N−1}. Separating out the contribu-
tions from the empty set and the full set yields

N−1∏
k=0

(1 + e±βεk ) = 1 + e±βNε +
∑

S�{0,...,N−1},
S �=∅,

e±β
∑

k∈S εk , (33)

where the sum runs over all nonempty, proper subsets S.
Equation (33) shows that Z includes exponential terms ∼eβrε

for 1 � r � N , many with r ∼ N , so in the thermodynamic
limit it grows faster than the single exponential term in the
numerator. This implies that the modulus |〈T 〉| vanishes for
large enough N .

IV. LOCAL TWIST OPERATORS

We introduce an alternative indicator of topology in
inversion-symmetric chains at nonzero temperature by defin-
ing two local twist operators acting on sites within a single
unit cell and on adjacent sites across a unit-cell boundary.
Unlike the ensemble geometric phase, which is defined from
a global many-body twist operator, the local twist operators
are motivated by the quantized shift in the spatial localization
of electronic charge that distinguishes the topological phases
of the SSH model. Due to inversion symmetry, the electronic
charge localizes either on atomic sites or on the bonds between
them. Accordingly, the electric polarization P(±)

el is quantized
in terms of the Zak phase: P(±)

el = eϕ±
Zak/(2π ), where e is the

electric charge [56,57]. In real space, the polarization is de-
scribed in terms of Wannier functions constructed from Bloch
states via Fourier transformation. The center of a Wannier
function associated with a filled band n—the Wannier center
xn = 〈wn|x̂|wn〉—specifies the real-space position of the cor-
responding electronic state [58]. This position is proportional
to the Zak phase (up to a lattice constant), and the electric po-
larization corresponds to the average position of these centers:

FIG. 3. The SSH chains with three cells labeled by j, depicting
the local intracell operator T intra

j−1 , the local intercell operator T inter
j ,

and the nonlocal next-nearest-neighbor operator T nnn
j .

Pel = −e
∑

occ xn, where the sum runs over occupied bands
[56,57]. In the trivial phase, dominated by intracell hopping,
the Wannier centers lie on the atomic sites and the polarization
vanishes. In the topological phase, dominated by intercell
hopping, the centers shift by half a unit cell onto the bonds,
yielding Pel = e/2.

To capture the difference in the charge localization between
the two topological phases, we define the two operators

T intra
j = exp

{
i δk

[
x jn j + δx

(
nB

j − nA
j

)]}
, (34)

which acts on the two sites of unit cell j, and

T inter
j = exp

{
i δk

[
x jn

B
j + x j+1nA

j+1 + δx
(
nB

j − nA
j+1

)]}
,

(35)

which acts on the bond connecting sites Bj and Aj+1 in
adjacent cells (see Fig. 3). These operators are constructed
such that the product over all local contributions reproduces
the full many-body translation operator T [Eq. (13)], whose
expectation value defines the ensemble geometric phase. The
local form of Eqs. (34) and (35) reflects a decomposition of T
into factors acting on pairs of neighboring sites, corresponding
to charge displacements either within a unit cell or across a
unit-cell boundary. This construction motivates the question
of whether the global ensemble geometric phase can be recon-
structed from the phases of local expectation values; in other
words, whether

ϕ�
EGP = Im ln 〈T 〉 = Im ln

〈
N−1∏
j=0

T �
j

〉
, (36)

for � ∈ {intra, inter}, coincides with the total phase obtained
from individual expectation values,

ϕ�
tot = Im ln

N−1∏
j=0

〈
T �

j

〉 =
N−1∑
j=0

Im ln
〈
T �

j

〉 =
N−1∑
j=0

ϕ�
j . (37)

In general, the expectation value of a product of local oper-
ators does not factorize into the product of their expectation
values, since hopping terms in the Hamiltonian couple neigh-
boring sites and generate spatial correlations. Comparing
Eqs. (36) and (37) allows us to assess whether, and under what
conditions, the global geometric phase can be reconstructed
from spatially local observables, and thereby to identify local
signatures of the topological phase.

T intra
j and T inter

j are diagonal in the single-particle site
basis and equal to the identity away from the two orbitals
they act on. The nontrivial diagonal entries of T intra

j are
exp[i δk(x j − δx)] on Aj and exp[i δk(x j + δx)] on Bj . For
T inter

j , the nontrivial entries are exp[i δk(x j + δx)] on Bj and
exp[i δk(x j+1 − δx)] on Aj+1.
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The expectation values of the twist operators [Eqs. (34)
and (35)] are computed in real space using the definition

〈O〉 = 1

Z
det[12N + e−βHSSH O], (38)

for O ∈ {T intra
j , T inter

j }, where HSSH is the 2N × 2N single-
particle, first-quantized, SSH Hamiltonian. The corresponding
partition function is defined as

Z = det[12N + e−βHSSH ]. (39)

The determinant expression in Eq. (38) is useful for analytical
purposes but becomes numerically unstable for large N and β.
A numerically stable form is obtained by dividing Eq. (38) by
the partition function Z and rewriting the result in terms of the
single-particle correlation matrix,

〈c†
i c j〉 = [ f (HSSH)]i j = [12N + eβHSSH ]−1

i j . (40)

By using the identity (1 + e−βHSSH )−1 = 1 − f (HSSH), the ex-
pectation value in Eq. (38) is rewritten as

〈O〉 = det[12N − f (HSSH) + f (HSSH) O]. (41)

The expectation values 〈T intra
j 〉 and 〈T inter

j 〉 take simple
closed analytical forms in the strict trivial (t1 > 0, t2 = 0)
and strict topological (t1 = 0, t2 > 0) limits. The expectation
values of the intracell operator in the trivial and topological
limits, for periodic boundary conditions, are

〈
T intra

j

〉
triv = 1 + 2 cosh(βt1) cos(δk δx) eiδkx j + e2iδkx j

2[1 + cosh(βt1)]
, (42)

〈
T intra

j

〉
top = (1 + eiδk(x j−δx) )(1 + eiδk(x j+δx) )

4
. (43)

The corresponding expectation values of intercell operators
take the form

〈
T inter

j

〉
triv = (1 + eiδk(x j+1−δx) )(1 + eiδk(x j+δx) )

4
, (44)

〈
T inter

j

〉
top = 1 + 2 cosh(βt2) cos(δkδx) eiδkxbond

j

2[1 + cosh(βt2)]

+ e2iδkxbond
j

2[1 + cosh(βt2)]
, (45)

where xbond
j = (x j + x j+1)/2 is the bond-center coordinate.

The SSH Hamiltonian is the same for both periodic and open
boundary conditions in the strict trivial limit, so the expec-
tation values in Eq. (42), and Eq. (44) are the same for both
choices of boundary conditions. In the topological limit, the
choice of boundary conditions only affects the expectation
value of T inter

N−1 , which connects the two boundaries nonlocally,
where

〈
T inter

N−1

〉OBC

top = (1 + eiδk(x0−δx) )(1 + eiδk(xN−1+δx) )

4
. (46)

The expectation values 〈T intra
j 〉top and 〈T inter

j 〉triv are indepen-
dent of temperature. The β dependence in the numerator of
these expectation values is factorized and canceled by the
partition function in the denominator. This suggests that only
〈T intra

j 〉triv and 〈T inter
j 〉top are relevant expectation values for

characterizing topology at a nonzero temperature. The expec-
tation value of the full translation operator is equal to the
product of the local twist operators in the strict limits, where

〈T 〉triv =
N−1∏
j=0

〈
T inter

j

〉
triv, (47)

〈T 〉top =
N−1∏
j=0

〈
T intra

j

〉
top. (48)

This means that the ensemble geometric phase in these two
limits is equal to the sum of the phases of the local operators
across the chain. For t2 = 0,

ϕEGP = Im ln〈T 〉 =
N−1∑
j=0

Im ln
〈
T inter

j

〉
triv =

N−1∑
j=0

ϕinter
j , (49)

and for t1 = 0,

ϕEGP = Im ln〈T 〉 =
N−1∑
j=0

Im ln
〈
T intra

j

〉
top =

N−1∑
j=0

ϕintra
j . (50)

The ensemble geometric phase reduces to a sum of local
phases in the strict limits, and the same structure extends to
the full parameter space, but only when the intracell operator
is used in the limit t1 > t2, and the intercell operator is used in
the limit t1 < t2. We demonstrate this by using the inversion
symmetry of the SSH chain.

A. The phase of the local operators

Consider the total phase of the intracell operators,

ϕintra =
∑

j

Im ln
〈
T intra

j

〉 =
∑

j

arg
(〈

T intra
j

〉)
, (51)

for positive hopping amplitudes t1 > 0 and t2 > 0. To analyze
this quantity, it is convenient to place the inversion center of
the SSH chain at position x0 = 0. For each site j, there exists
an inversion-symmetric partner j̄ with x j̄ = −x j , such that〈

T intra
j̄

〉 = 〈
T intra

j

〉∗
, (52)

which implies that the arguments of the expectation values for
inversion-symmetric pairs are equal, but with opposite sign,

arg
(〈

T intra
j̄

〉) = − arg
(〈

T intra
j

〉)
. (53)

For an even number of unit cells N , the phases therefore cancel
pairwise, such that the total phase is ϕintra = 0. For odd N , the
central site x0 lies at the inversion center, and Eq. (52) ensures
that its expectation value is real, which means that the phase
contribution from x0 can only be 0 or π . In the strict trivial
limit, t2 = 0, Eq. (42) is positive, and ϕintra

0 = 0. In fact, ϕintra

is always zero regardless of the relative size of the inter and
intracell hopping parameters. Changing the phase of the real
expectation value would require the expectation value itself
to change sign, and thus to pass through zero. As shown in
Appendix B, the modulus of the intracell operator remains
strictly positive for all values of t1/t2, and at any temperature,
preventing such a sign change. This means that ϕintra = ϕEGP

only in the trivial phase.
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FIG. 4. (a) The magnitude of the expectation value of the local twist operator, T �
j , where � corresponds to either intra or inter, as a function

of cell position j for two values of inverse temperature β, and for the two phases with t1 = 2, t2 = 1 colored in pink, and t1 = 1, t2 = 2
colored in green. � = intra is depicted with a solid line, and � = inter is depicted with a dashed line. Square markers correspond to β = ∞
(zero temperature), and triangular markers correspond to β = 1. (b) The minimum value of the magnitude of the expectation values of the intra
(pink) and inter (green) cell operators as a function of t1/t2 where t2 = 2, for N = 19. The square, circular, and triangular markers correspond
to β = ∞, β = 3, and β = 1, respectively. (c) T as a function of β and t1/t2, where t2 = 2, and N = 19. The unit-cell centers are at positions
x j = j, with j = 0, . . . , N − 1 (N odd), with orbital positions xA

j = x j − δx, xB
j = x j + δx with δx = 1/4.

A similar argument applies to the intercell operators, which
act on the bonds between unit cells. With periodic bound-
ary conditions there are N such bonds, where T inter

j acts
on the bond connecting sites Bj and Aj+1 in unit cells j =
0, . . . , N − 2, and the bond between the first and last unit cell
connects sites BN−1 and A0. The average position of T inter

j is
the bond center xbond

j = (x j + x j+1)/2, which is mapped by
inversion as xbond

j �→ −xbond
j . As a consequence, most intercell

operators appear in inversion-related pairs, whose phases can-
cel in the total sum. The only exceptions are the bonds that are
mapped onto themselves. For odd N , there is exactly one such
bond, located at the chain center with index j = (N − 1)/2.
The corresponding phase ϕinter

(N−1)/2 = π for any positive values
of the hopping parameters (see Appendix B). For even N ,
there are two bonds that map to themselves: the central bond
at j = N/2 − 1 and the bond connecting the unit cells at the
two ends of the chain, at j = N − 1. Here, the correspond-
ing phases are ϕinter

N/2−1 = π and ϕinter
N−1 = 0 (see Appendix B).

The total phase is therefore always equal to the phase of the
operator at the central bond, and ϕinter = ϕEGP only in the
topological phase, t2 > t1.

The local twist operators T intra
j and T inter

j capture the topol-
ogy of the SSH chain, but their significance depends on
the phase: T intra

j characterizes the trivial regime, while T inter
j

characterizes the topological one. To use these operators as
practical indicators of topology, one must determine which
is relevant without assuming prior knowledge of the phase.
This is achieved by comparing the magnitudes of the two
operators.

B. The magnitude of the local twist operators

The modulus of the expectation values of the inter and
intracell operators is essentially independent of the system
size N . Both T intra

j and T inter
j contain diagonal factors of the

form e2π ix j/N , so the functional dependence of |〈Tj〉| on j
is controlled by the scaled coordinate x j/N rather than by
N itself. As a result, the modulus is stable as N increases,
with the minimum located in the middle of the chain and the
values enhanced near the boundaries, as depicted in Fig. 4(a).

Figure 4(b) shows that the modulus of T intra
j exceeds that of

T inter
j in the trivial phase, whereas the opposite holds in the

topological phase. This behavior reflects the localization of
the Wannier centers on atomic sites in the trivial phase and
on bonds in the topological phase. Consequently, the phase of
a given chain can be characterized by measurements of two
local expectation values: one of the intracell operator and one
of the intercell operator, both taken at the center of the chain.
We define the quantity

T = ∣∣〈T intra
c

〉∣∣ − ∣∣〈T inter
c

〉∣∣, (54)

where the position label c denotes the unit cell at the center of
the chain. The quantity T is positive in the trivial phase and
negative in the topological phase, crossing zero at the phase
transition, as shown in Fig. 4(c). Thus, T provides a local in-
dicator of the topological phase, requiring only measurements
of two local operators.

C. Inversion-symmetric chain with
next-nearest-neighbor coupling

Adding an inversion-symmetry-preserving next-nearest-
neighbor hopping t3 extends the SSH model’s topological
phase diagram at zero temperature to three distinct regimes.
Inversion symmetry constrains the Wannier centers to be lo-
cated either at the centers of the unit cells or halfway between
them. Depending on the relative magnitudes of t1, t2, and t3,
the Wannier center localizes at site j when t1 > t2 + t3; be-
tween two unit cells, at j + 1/2, when t1 < t2 + t3 and t2 > t3;
and at site j + 1 when t1 < t2 + t3 and t2 < t3. For t3 > t2,
the ensemble geometric phase does not distinguish the two
topological phases with Wannier centers at j + 1/2 and j + 1,
and the single-site intra- and intercell operators considered
so far also fail to capture the shift of Wannier weight be-
tween unit cells. The Wannier function becomes delocalized
between j + 1/2 and j + 1 at the transition where t2 = t3.
In this regime, a single-site intracell operator no longer cap-
tures the correct spatial structure, since the relevant weight
is distributed over two neighboring unit cells. To account for
this, we replace the single-site operator T intra

j with a two-site
intracell operator that acts on both sublattices in adjacent
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FIG. 5. (a) T3 as a function of the ratios t2/t1 and t3/t1, the
hopping parameters of the next-nearest-neighbor SSH model, at zero
temperature. The dotted line denotes T3 = 0. (b) I as a function
of t2/t1 and t3/t1 at zero temperature, where the difference in sign
distinguishes between two topological phases. (c) T3 as a function
of t2/t1 and t3/t1 at β = 1. (d) I as a function of t2/t1 and t3/t1 at
β = 1. The hopping parameter t1 = 2, and the number of unit cells
is N = 32 in all four panels. The unit-cell centers are defined as
x j = j + 1/2, with j = 0, . . . , N − 1 (N even), and orbital positions
xA

j = x j − δx, xB
j = x j + δx with δx = 1/4.

unit cells,

T 2 intra
j = exp

⎧⎨
⎩i δk

j+1∑
�= j

[
x�n� + δx

(
nB

� − nA
�

)]⎫⎬⎭, (55)

which better resolves the change in localization across the
phase transition. We also introduce an operator acting on the
same bond as the next-nearest-neighbor hopping term, t3, in
Eq. (5),

T nnn
j = exp

{
i δk

[
x jn

A
j + x j+1nB

j+1 + δx
(
nB

j+1 − nA
j

)]}
. (56)

which, like t3, is nonlocal and connects site A in unit cell j to
site B in unit cell j + 1 (see Fig. 5). To determine whether a
given phase is trivial or topological, we define the quantity

T3 = ∣∣〈T 2 intra
c

〉∣∣ − M, (57)

where M = max(|〈T inter
c 〉|, |〈T nnn

c 〉|), and the unit cell at
j = c corresponds to the cell in the center of the chain. At zero
temperature, T3 < 0 signals a topological phase as shown in
Fig. 5(a). To distinguish between the two topological phases,
we define

I = ∣∣〈T inter
c

〉∣∣ − ∣∣〈T nnn
c

〉∣∣, (58)

which is positive when t2 > t3, and negative when t2 < t3 as
shown in Fig. 5(b). The superimposed line in Fig. 5(a) shows
the locus where T3 = 0. This line coincides with the phase
transition between the trivial and topological phases, except in
a region close to the triple phase transition at t3/t1 = t2/t1. In
this region, the curve develops a cusp, reflecting that although
|〈T 2 intra

c 〉| decays rapidly along the line t3/t1 = 1 − t2/t1, it
still decays more slowly than both |〈T inter

c 〉| and |〈T nnn
c 〉| near

the triple phase transition. To capture the phase in this region,
it is therefore necessary to additionally consider the value of

I, which remains close to zero in the trivial region near the
transition between the three phases.

Panels (c) and (d) in Fig. 5 display T3 and I evaluated
at t1 = 2 and t2/t1 = 0.75, as functions of inverse temper-
ature β and relative hopping t3/t1. The results show that
the region around the zero-temperature phase transition be-
comes progressively smeared out as temperature increases.
The temperature dependence of T3 and I highlights how
thermal fluctuations weaken the distinction between the com-
peting hopping processes and broaden the localization of the
Wannier centers.

While the local twist operators are not topological invari-
ants, their relative magnitudes offer a local signature of the
topological and trivial phases. When the purity gap closes,
the local twist operators remain well defined as expectation
values, but they cease to provide a meaningful diagnostic of
mixed-state topology. In the maximally mixed limit β → 0,
the expectation values of the local twist operators become
independent of the Hamiltonian, and the magnitudes of the
central intracell and intercell twist operators vanish with
system size, so they no longer carry information about the
topological phase.

The local twist operators are diagonal in the occupation
basis and are therefore directly accessible in cold-atom quan-
tum gas microscope experiments with single-site-resolved
readout [59–62]. In each projective snapshot s, the measured
occupations n(s)

j ∈ {0, 1} determine a corresponding c-number

value T (s)
j,� for � ∈ {intra, inter, nnn}. The expectation value is

then obtained by averaging over many shots,〈
T �

j

〉 ≈ 1

Nshots

∑
s

T (s)
j,� . (59)

In contrast, the global twist operator defining the ensemble
geometric phase requires reliable readout over the full chain
and suffers from reduced contrast at nonzero temperature and
large system size.

V. THE LOCAL CHIRAL MARKER

The local chiral marker is a real-space topological in-
variant that is equal to the chiral winding number for
translation-invariant structure and characterizes the topol-
ogy of states with a chiral constraint. It belongs to a
class of local topological markers, including the local
Chern marker [63], the local chiral marker, and the lo-
cal Chern-Simons marker [46], formulated in terms of
the one-particle density matrix. The local chiral marker
applies to chiral-symmetric states in symmetry classes
and spatial dimensions where the bulk classification is Z
valued.

The Bogoliubov–de–Gennes one-particle density matrix of
a many-body state |�〉 is

� =
(

�̃ κ

κ† 1 − �̃∗

)
, (60)

where �̃ = 〈�|c†
i c j |�〉 and κ = 〈�|c†

i c†
j |�〉, and ci, c†

j are
fermionic annihilation and creation operators, respectively
[50–52]. For number-conserving Gaussian states, such as the
thermal states of the SSH Hamiltonians considered in this
work, the anomalous correlator vanishes identically, κ = 0,
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and � reduces to the normal one-particle density matrix �̃.
The spectrum of � takes values in the interval nα ∈ [0, 1]
and is interpreted as the occupations of the natural orbitals
|nα〉, the diagonalized eigenbasis of � [48–51,64]. For a
translation-invariant pure Gaussian state, the one-particle den-
sity matrix acts as a projector onto the occupied states in
momentum space. The image of the projector defines a sub-
space of the Hilbert space at each momentum in the Brillouin
zone, and the collection of these subspaces across all mo-
menta forms a vector bundle. The topology of this bundle
encodes the topological phase of the state. The projector
commutes with the unitary symmetry operators, yielding a
block-diagonal structure. Each block defines a vector bun-
dle, further constrained by antiunitary or chiral symmetries,
and the resulting symmetry-constrained bundles are classified
within the Altland-Zirnbauer scheme. In particle-number-
conserving symmetry classes and in the absence of pairing
correlations, the topological classification takes as input the
correlation matrix

�̃i j = 〈�|c†
i c j |�〉. (61)

Two projectors are topologically equivalent if they can
be continuously deformed into one another without closing
the spectral gap, while preserving the protecting symmetries
and the exponential locality of their matrix elements. If the
one-particle density matrix is not a projector, it no longer
define a vector bundle over the Brillouin zone. However, if
the one-particle density matrix has a spectral gap, it can be
adiabatically flattened into a projector while retaining the
topological properties of the original state. This approach has
been employed to classify interacting systems with a gapped
one-particle density matrix using the local chiral marker [47].

We use the local chiral marker to characterize the topol-
ogy of the SSH chain at nonzero temperature, by using the
topological classification of mixed Gaussian states with a
purity gap. A mixed fermionic Gaussian state ρ ∼ e−G is
fully determined by its two-point correlations f (G) [Eq. (10)],
which reduces to a projector onto the filled energy bands in
the zero-temperature limit. At nonzero temperature f (G) is
no longer a projector, but if the state has a purity gap, its
spectrum remains gapped and can be adiabatically flattened
into a projector [Eq. (11)], which carries the same topology
as the original mixed state. Consequently, the topology of the
mixed state can be characterized by evaluating the local chiral
marker on the projector in Eq. (11).

The local chiral marker is defined as [46]

ν(x) = −2
∑

α

〈α, x|PSXP|α, x〉, (62)

where P is the band-flattened correlation matrix [Eq. (11)],
S = −σz ⊗ 1N is the chiral constraint of the SSH Hamilto-
nian, X is the position operator, and the trace over α runs
over the two sublattice degrees of freedom. All marker cal-
culations in this work are performed with periodic boundary
conditions. For translation-invariant structures, the local chiral
marker is spatially uniform. Thus, in Figs. 6(b)–6(d), the
marker takes the same value at every bulk position, and
no spatial averaging is required. The SSH model with only
nearest-neighbor hopping exhibits two insulating phases, sep-
arated by a topological phase transition at t1 = t2 at zero

FIG. 6. (a) The gap � of the spectrum of the correlation matrix
f (HSSH) as a function of inverse temperature β and the ratio of the
inter- and intracell hopping parameters t2/t1. (b) The chiral marker
ν as a function of β and the ratio t2/t1 for the SSH model with
only nearest-neighbor hopping. The stripes denote the region where
� < 0.1. (c) The chiral marker ν at zero temperature as a function
of t3/t1 and t2/t1 for the SSH model including next-nearest-neighbor
hopping. (d) The chiral marker ν for β = 1 as a function of t3/t1

and t2/t1. The stripes denote the region where � < 0.1. The intracell
hopping is t1 = 2, and the number of unit cells is N = 80 in all four
panels.

temperature. Figure 6(a) shows the corresponding purity gap
� of the correlation matrix f (HSSH) as a function of inverse
temperature β and hopping ratio t2/t1. The purity gap is equal
to one away from the phase transition for the pure zero-
temperature state. As temperature increases, the Fermi-Dirac
occupations become smeared, mixing states above and below
the chemical potential reducing � even away from the tran-
sition and broadens the region where it becomes small. This
behavior marks a gradual crossover from pure-state topology
to a thermally mixed regime with increasing temperature. The
corresponding chiral marker ν, shown in Fig. 6(b), takes quan-
tized values in the gapped regions, ν = 1 in the topological
phase and ν = 0 in the trivial one. The hatched area indicates
where the purity gap falls below the numerical threshold � <

0.1 used for band flattening. When next-nearest-neighbor hop-
ping t3 is introduced, the zero-temperature phase diagram
expands to include a third distinct phase, as shown in Fig. 6(c),
where ν = 0 and ±1 characterize the three phases. At nonzero
temperature with β = 1, shown in Fig. 6(d), these features
persist but become less sharply resolved. This reflects the
reduction of the purity gap with increasing temperature, which
lowers the numerical contrast of the marker near the un-
derlying zero-temperature transition lines while leaving the
mixed-state topology unchanged for any finite β as long as
the gap remains open. All results are obtained for intracell
coupling t1 = 2 and a chain of N = 80 unit cells.

VI. DISCUSSION

We have compared three complementary approaches
for diagnosing topology in mixed Gaussian states at
nonzero temperature, focusing on the SSH chain and its
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inversion-symmetric extension. These approaches are the
ensemble geometric phase, local twist operators, and the
local chiral marker. At zero temperature, all three meth-
ods reproduce the same topological information for the
nearest-neighbor SSH model. For the SSH model with
nearest-neighbor hopping, the ensemble geometric phase co-
incides with the quantized Zak phase of the lower band,
distinguishing between a topologically trivial and nontrivial
phase. The local twist operators—intracell and intercell—
encode the same phase distinction: The former reflects the
dominant intracell bond in the trivial phase, while the latter
captures the intercell bond characteristic of the topological
phase. The relative magnitude of the two operators reverses
across the phase transition, with the intracell term dominant
in the trivial phase, and the intercell term dominant in the
topological phase. Comparing their magnitudes at the center
of the chain therefore provides a direct and local diagnos-
tic of the phase. The local chiral marker coincides with the
winding number in translation-invariant models. With next-
nearest-neighbor hopping, the local twist operators and the
chiral marker resolve the three topological sectors, while the
ensemble geometric phase, being a phase, remains quantized
modulo 2π , and does not distinguish between the two differ-
ent topologically nontrivial phases.

At nonzero temperature, the three methods remain consis-
tent in identifying the phase transition, but they capture the
topology through different quantities and differ in practicality.
In the thermal SSH family considered here, temperature does
not act as an independent tuning parameter that changes the
topological phase at finite β; instead, it controls the purity gap
and the visibility of the diagnostics. The ensemble geometric
phase is well defined for any T > 0 with a nonzero purity gap,
yet we showed how the modulus |〈T 〉| decays exponentially
with system size, which limits its applicability in large sys-
tems. The relative magnitudes of the intracell, intercell, and
next-nearest-neighbor twist operators decrease with increas-
ing temperature, but they continue to distinguish the phases
and coincide at the corresponding phase boundaries. This tem-
perature dependence demonstrates that the zero-temperature
criterion for topological characterization—based on compar-
ing the magnitudes of the local twist operators—remains valid
in the thermal regime. We formulated the local chiral marker
for mixed Gaussian states with a purity gap by using the
band-flattened single-particle correlation matrix. Evaluating
the chiral marker with respect to this projector produces a
real-space invariant that matches the zero-temperature wind-
ing number and remains well behaved at finite temperature as
long as a purity gap is present.

Each of the three methods serves a distinct purpose. The
ensemble geometric phase offers a direct mixed-state general-
ization of geometric polarization but suffers from a vanishing
modulus in the thermodynamic limit. The local twist opera-
tors provide a minimal, experimentally accessible diagnostic
requiring only local measurements and naturally extend to
distinguish the three topological phases in the extended SSH
model, serving as local indicators of topology rather than
topological invariants. Their diagonal form in the occupation
basis makes them particularly natural for single-site-resolved
measurements in cold-atom quantum gas microscope plat-
forms. The chiral marker provides a real-space topological

invariant that applies beyond translation-invariant settings
and aligns with the projector-based classification of Gaussian
mixed states.

All three approaches rest on the mixed-state classification
of Gaussian systems possessing a purity gap, which guaran-
tees adiabatic continuity to a pure state and allows for the
band flattening of the correlation matrix. When the purity
gap closes—either around the zero-temperature topological
transition or at sufficiently high temperature—the mixed-state
classification ceases to apply. Within the gapped regime,
however, the three methods remain mutually consistent and
provide complementary means of characterizing topology at
nonzero temperature. The three approaches remain valid at
weak disorder whenever the single-particle spectrum retains
a finite spectral or mobility gap at zero temperature. In this
regime, the purity gap of the Gaussian state inherits the
spectral or mobility gap, ensuring adiabatic continuity to the
pure-state limit. We expect weak interactions to leave this
qualitative behavior intact, with all three diagnostics contin-
uing to agree as long as the purity gap remains.
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APPENDIX A: SECOND-ORDER CORRECTION TO |〈T〉|
The expectation value of the many-body translation opera-

tor T is given by

〈T 〉 = 1

Z
det [σ0 + MT] (A1)

defined in Eq. (14). We expanded the expectation value per-
turbatively in the off-diagonal transition matrices describing
interband processes and showed that the zeroth-order term
grows exponentially with system size. To evaluate the second-
order correction,

�(N ) = Tr(GV (2) ) − 1
2 Tr[(GV (1) )2], (A2)

appearing in the expansion of ln det[σ0 + MT] [Eq. (30)], it is
convenient (following the approach of Ref. [18]) to introduce
the projectors

P± = 1
2 (σ0 ± σ3), (A3)

which project onto the upper (+) and lower (−) bands, respec-
tively. The matrices σi (i = 1, 2, 3) denote the Pauli matrices
and σ0 is the identity matrix in band space. We take N to
be odd, such that the global factor (−1)N−1 in MT [Eq. (15)]
equals unity. The Green’s function can then be written as

G = P+ + (W −
2π,0)−1P−, (A4)
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where the diagonal operators W ±
k1,k2

= exp[
∫ k2

k1
dk (iA±

k ±
δk−1βεk )]σ0 act within a single band, with A±

k = A0
k ± A3

k =
i〈u±

k |∂ku±
k 〉. The off-diagonal components of the perturbation

are given by

V +−
k = (

A1
k − iA2

k

)
σ+, V −+

k = (
A1

k + iA2
k

)
σ−, (A5)

with σ± = (σ1 ± iσ2)/2. In the large-N limit, the first- and
second-order terms in the expansion take the form

V (1) =
∫ 2π

0
dk (W +

2π,kV
+−

k W −
k,0 + W −

2π,kV
−+

k W +
k,0), (A6)

V (2) =
∫ 2π

0
dk

∫ k

0
dk′ (W +

2π,kV
+−

k W −
k,k′V −+

k′ W +
k′,0

+W −
2π,kV

−+
k W +

k,k′V +−
k′ W −

k′,0). (A7)

Using the cyclic property of the trace together with the
identities (W ±

k1k2
)−1 = W ±

k2,k1
and W ±

k1,k2
W ±

k2,k3
= W ±

k1,k3
, the cor-

rection becomes

�(N ) = Tr
∫ 2π

0
dk

∫ k

0
dk′

+ [(W −
k,k′ )−1V −+

k W +
k,k′V +−

k′

+ W +
2π,0(W +

k,k′ )−1V +−
k W −

k,k′V −+
k′

− (W −
k,k′ )−1V −+

k W +
2π,0W

+
k,k′V +−

k′

− W +
2π,0(W +

k,k′ )−1V +−
k W −

k,k′V −+
k′ ]. (A8)

Only the first term in Eq. (A8) contributes in the large-N
limit. The second and fourth terms cancel exactly, while
the third term contains the factor W +

2π,0 ∝ e−Nβε̄, where

ε̄ = (2π )−1
∫ 2π

0 dk εk , and is therefore exponentially sup-
pressed.

The quantity of interest is the modulus |〈T 〉|, whose lead-
ing correction arises from the real part of �(N ). Focusing on
the real contribution to Eq. (A8) gives

Re �(N ) =
∫ 2π

0
dk

∫ k

0
dk′ e2

∫ k
k′ dq (−δk−1βεq )

× Re
[(

A1
k − iA2

k

)(
A1

k + iA2
k

)]
cos

(
2

∫ k

k′
dqA3

q

)
.

(A9)

The factor

e2
∫ k

k′ dq (−δk−1β εq ) � e−Bkξ , Bk = 2β εk

δk
(A10)

in Eq. (A9) strongly suppresses contributions from large mo-
mentum separations ξ = k − k′. At large N (small δk), the
integral is dominated by small ξ , where Ai

k and εk vary
smoothly and can be expanded as

Ai
k′ = Ai

k − ξ ∂kAi
k + O(ξ 2), (A11)∫ k

k′
dq βεq = ξ βεk + O(ξ 2). (A12)

The oscillatory term cos(2
∫ k

k′ dqA3
q) � cos(2A3

k ξ ) remains
bounded by unity and varies slowly compared to the

exponential decay. In the small ξ expansion, the real
contribution reads

Re �(N ) �
∫ 2π

0
dk A2

k,⊥

∫ k

0
dξ e−Bkξ cos

(
2A3

k ξ
)
, (A13)

where A2
k,⊥ ≡ (A1

k )2 + (A2
k )2 and Bk ≡ 2 β εk

δk . For Bkk �
1, the exponential decay suppresses contributions near the
Brillouin-zone boundary, allowing the upper limit of the ξ -
integral to be extended to infinity with exponentially small
error, such that

Re �(N ) ≈
∫ 2π

0
dk

[(
A1

k

)2 + (
A2

k

)2] Bk

B2
k + (

2A3
k

)2 . (A14)

Since

Bk � 2 �β

δk
= N �β

π
, (A15)

where �β = mink (β εk ) > 0 is the minimal value of β εk

on the Brillouin zone, ensuring exponential damping for the
smallest gap, and using

Bk

B2
k + ω2

k

� 1

Bk
, (A16)

the correction is

Re �(N ) �
∫ 2π

0
dk

(
A1

k

)2 + (
A2

k

)2

Bk

� π

N �β

∫ 2π

0
dk

[(
A1

k

)2 + (
A2

k

)2]
. (A17)

So, Re �(N ) = O(1/N ) for smooth, k-bounded Ai
k and a

nonzero gap (�β > 0).
The modulus of the numerator in Eq. (14) therefore be-

haves as

| det(σ0 + MT)| � eNβε̄(1 + O(N−1)) (A18)

for large N .

APPENDIX B: THE PHASE OF THE TWIST OPERATORS
AT INVERSION-SYMMETRIC POINTS

At the inversion center, the intracell operator is defined as

T intra
0 = exp

(
i δk X intra

0

)
, (B1)

where δk = 2π/L for a chain of length L, and

X intra
0 = xA

0 nA
0 + xB

0 nB
0 , xB

0 = −xA
0 , (B2)

being the position operator. The intracell operator T intra
0

is supported on the spatial region that inversion leaves
invariant. Since the position operator is inversion odd,
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IX intra
0 I−1 = −X intra

0 , the intracell operator transforms as

I T intra
0 I−1 = (

T intra
0

)†
, (B3)

I e−βHSSH I−1 = e−βHSSH , (B4)

meaning that inversion reverses the phase of T intra
0 but does

not move it away from the inversion center. Because the ther-
mal density matrix e−βHSSH commutes with I, the expectation
value of any operator and that of its inversion partner are
equal,

〈IOI−1〉 = Z−1Tr(e−βHSSHIOI−1)

= Z−1Tr(e−βHSSH O) = 〈O〉. (B5)

Applying this to T intra
0 gives〈

IT intra
0 I−1

〉 = Z−1Tr
(
e−βHSSH

(
T intra

0

)†)
= Z−1Tr

(
e−βHSSH T intra

0

)∗

= 〈
T intra

0

〉∗
. (B6)

Since inversion maps the operator onto itself spatially at the
symmetric point, 〈IT intra

0 I−1〉 = 〈T intra
0 〉, which implies〈

T intra
0

〉 = 〈
T intra

0

〉∗
. (B7)

So, the expectation value of the intracell operator at the inver-
sion center is real; if it is positive, it has a phase which is zero,
and if it is negative, the corresponding phase is equal to π .

In the strict trivial limit (t1 > 0, t2 = 0), the closed expres-
sion in Eq. (42) gives 〈

T intra
0

〉
triv > 0, (B8)

so the phase at the inversion-symmetric point is ϕintra = 0. The
only way that the phase can change is if the expectation value
becomes negative, by passing through zero. To verify that the
expectation value never vanishes as (t1, t2, β ) vary (including
at the transition t1 = t2), the determinant representation,〈

T intra
0

〉 = det
(
1 − f + f eiδkX intra

0
)
, (B9)

f = (1 + eβHSSH )−1, (B10)

is expanded by treating the exponential perturbatively for
small δk = 2π/N . This yields〈

T intra
0

〉 = det[1 + A + O(δk3)], (B11)

with

A := f
[
iδkX intra

0 − 1
2 (δk)2

(
X intra

0

)2]
. (B12)

Using the operator identity ln det(1 + A) = Tr ln(1 + A) and
the series ln(1 + A) = A − 1

2 A2 + O(A3) gives

ln〈T intra
0 〉 = iδkTr

[
f X intra

0

]
− (δk)2

2
Tr

[
f X intra

0 (1 − f )X intra
0

] + O((δk)3).

(B13)

The linear term vanishes by inversion symmetry at the inver-
sion center:

Tr
[

f X intra
0

] = Tr
[
I f X intra

0 I−1
]

= − Tr
[

f X intra
0

]
. (B14)

The quadratic term is real and non-negative. To make this
explicit, it is convenient to rewrite the trace in a manifestly
positive form using the identity Tr[B†B] � 0 for any operator
B. Define

B =
√

1 − f X intra
0

√
f , (B15)

so that

Tr
[

f X intra
0 (1 − f )X intra

0

] = Tr(B†B). (B16)

This construction requires that the operators f and (1 − f )
admit Hermitian square roots,

√
f and

√
1 − f , satisfying

(
√

f )2 = f and (
√

1 − f )2 = 1 − f . Such roots exist because
f is positive semidefinite: Its eigenvalues lie in the interval
[0, 1], implying that both f and (1 − f ) are positive semidefi-
nite operators. The operator X intra

0 is Hermitian, and therefore
Tr(B†B) � 0.

Exponentiating Eq. (B13) gives the magnitude

∣∣〈T intra
0 〉∣∣ = exp

[
− (δk)2

2
Tr

[
f X intra

0 (1− f )X intra
0

] + O((δk)3)

]
.

(B17)

Since Eq. (B17) is the exponential of a finite real quantity,
|〈T intra

0 〉| is nonzero in the large-N limit, at all temperatures
and values of the hopping parameters. Because 〈T intra

0 〉 is real,
its sign—fixed as positive in the strict trivial limit—cannot
change. The intracell operator at the inversion center thus has
a positive expectation value and a vanishing phase,

ϕintra = 0. (B18)

The same argument holds for the value of the phase of the
intercell operator at any inversion-symmetric point. The sign
of the real expectation value is obtained from the analytic
expression in the strict topological limit, which cannot change
as the magnitude of the expectation value never becomes zero.
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