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Eigenstate Fokker-Planck equation for magnetic nanostructures

Zhuonan Lin 1,2,3 and Vitaliy Lomakin1,2,*

1Department of Electrical and Computer Engineering, University of California San Diego, La Jolla, California 92093, USA
2Center for Memory and Recording Research, La Jolla, California 92093, USA

3Materials Science and Engineering Program, University of California San Diego, La Jolla, California 92093, USA

(Received 21 December 2024; accepted 16 June 2025; published 14 August 2025)

A Fokker-Planck equation (FPE) approach is presented to calculate the magnetization probability densities
in nanomagnetic systems characterized by complex magnetization dynamics. The formulation is based on an
eigenstate expansion of the solutions of the linearized Landau-Lifshitz-Gilbert equation (LLGE), which allows
considering statistical properties of nonuniform magnetization dynamics, such as finding write error rates in spin
transfer torque magnetic random access memories induced by thermal noise. The formulation includes finding
eigenstates and eigenfrequencies of the structure of interest, formulating an FPE describing the probability
density dynamics of the excitation coefficients of the eigenstate solutions, and using this equation to find derived
quantities. Compared to using the stochastic LLGE, the presented approach directly obtains statistical properties.
Compared to generally used FPE approaches, the presented formulation allows handling nonuniform dynamics.
The formulation of using the eigenstate-based FPE is applicable to many types of physics.
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I. INTRODUCTION

Stochastic dynamics caused by thermal effects is an inher-
ent characteristic of physical systems. For example, stochastic
effects lead to Brownian motion [1], radioactive decay [2], and
fluid turbulence [3]. Stochastic effects in magnetic nanostruc-
tures cause magnetization fluctuations, leading to a number of
phenomena, such as ferromagnetic resonance broadening [4]
and spontaneous magnetization switching [5]. Stochastic dy-
namics affects the operation of various magnetic structures
and devices. Thermal effects play an important role in the
switching properties of magnetic tunnel junctions (MTJs)
used in spin transfer torque (STT) magnetoresistive random
access memories [6]. Thermal fluctuations result in proba-
bilistic switching, leading to write errors, characterized by a
write error rate (WER) [6,7] for a given switching current
pulse duration or by a distribution of the switching time for
a given current strength.

Statistical properties of the stochastic dynamics caused
by thermal fluctuations in general physical systems can be
obtained by solving dynamic equations for a large ensemble
of realizations. However, such an approach can be com-
putationally expensive or impossible and provides limited
physical insights. Various methods can account for stochastic
behavior, such as rare event enhancement [8] and machine
learning assistance [9]. However, these approaches still pose
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challenges to obtain statistical properties. An alternative ap-
proach is to formulate a Fokker-Planck equation (FPE),
which provides a solution directly for the probability density
function (PDF) [10,11]. FPE was formulated for magnetic
elements, including MTJs, based on a macrospin model for
which the PDF is only a function of two angles [7,12]. Such
an approximation is only valid for magnetic elements that are
small compared to the exchange length. Most structures are
greater than the exchange length and their magnetization dy-
namics is spatially nonuniform. Using macrospin-based FPE
for such cases is inaccurate. Extending FPE formulations to
structures with spatially nonuniform dynamics is essential for
comprehending and leveraging their statistical properties.

Here, we introduce an FPE constructed based on an
eigenstate expansion of the magnetization obtained via a lin-
earized Landau-Lifshitz-Gilbert equation (LLGE). It allows
statistical dynamic properties of the magnetization to be ob-
tained, including complex spatial variations and STT effects.
We demonstrate an example application to obtain WER of
thermally affected magnetization switching in MTJs. The
introduced approach is general, and the formulated FPE ap-
plies to various areas of physics, e.g., statistical properties
of lasers [10,13], temperature-dependent magnetic or electric
susceptibility under time-dependent external fields [14,15], or
dynamics in mechanical systems [16,17].

Consider magnetization dynamics in a magnetic structure
that may be driven by the STT or spin Hall effect and is subject
to stochastic temperature effects. The dynamics is described in
general by the stochastic LLGE [18], which is nonlinear in m.
The LLGE can be linearized by representing the magnetiza-
tion m = m0 + v, where m0 is the equilibrium magnetization
state and v is a small magnetization deviation around m0 [19].
This is allowed when the magnetization varies insignificantly
around its equilibrium state. Weak magnetization variations
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can be due to weak excitations, e.g., by weak applied fields or
by STT. The variations are also weak in the initial stages of the
magnetization dynamics near an equilibrium state even when
the system is driven by strong excitations, e.g., an onset of
switching by STT, which proceeds eventually with a nonlinear
switching. The corresponding dynamics, including stochastic
thermal excitations, provides statistical properties, which ac-
curately describe weak-signal behavior and may serve as a
good approximation even when nonlinear dynamics occurs.

II. EIGENSTATE FOKKER-PLANCK EQUATION

A. Linearized Landau-Lifshitz-Gilbert equation

Linearized LLGE [19] can be written in the following
form:

∂ v
∂t

= Av + Fd + Fs. (1)

Here, A is a linear operator, Fd is a deterministic force
term related to STT excitation, and Fs is the stochastic term
related to thermal stochastic effects. This form applies to
various physical systems, e.g., Maxwell’s equations, state
equations for laser systems, mechanical equations of motion,
and equations of elasticity. In different physics types, the
small perturbation would have a different physical meaning,
e.g., electromagnetic fields, pressure, mechanical displace-
ment, or strain. The linear operator A may include differential
and integral components that describe different physical in-
teractions and complex spatial variations in the system [19].
For various physical systems, the force term can be related to
different source terms, such as charge current, spin current, or
mechanical force. The stochastic term is related to thermal ex-
citations that are typically characterized by white noise [18].

For the LLGE, the linear operator can be given by

A = �(m0)[A0 + α�(m0)A0 − γ β�(p)],

A0 = [(H0 · m0)I − C]. (2)

Here, I is the unit operator, �(u)v = u × v is a rotation
operator, γ is the gyromagnetic ratio, and α is the damping
constant. The field H0 = Heff(m0) is the equilibrium effective
magnetic field, satisfying Brown’s condition [20]. The linear
operator C determines the effective dynamic magnetic field as
Heff(v) = Cv. Effective magnetic fields include the magneto-
static, exchange, and anisotropy field components. Due to the
� operator, v is normal to m0, so v has only two independent
components at every spatial location, and the operators are
understood within this property [21]. Furthermore, the terms
β and p determine the STT field Hstt = β�(p), where p is the
direction of polarization and β = Ib is an STT parameter with
the electric current I and the coefficient b related to spintronic
excitations [22–24]. STT allows overcoming the magnetic
damping and, e.g., for structures with two equilibrium states,
can lead to switching when the current I is large enough. The
current density that leads to switching at zero temperature in
infinite time is referred to as the critical current Ic.

The deterministic and stochastic driving terms are given by

Fd = −γ β�(m0)�(m0)p,

Fs = [γ�(m0) + αγ�(m0)�(m0)]Hth. (3)

The field Hth represents thermal fluctuations as white noise
described by a normal distribution with zero mean and the
dispersion σH = √

(2αkBT )/(γV Ms), where T is the temper-
ature, kB is the Boltzmann constant, V is the effective volume,
e.g., the volume of a discretization element or a small particle,
and Ms is the saturation magnetization [18].

B. Eigenstate representation

Equation (1) can be solved for general structures either
directly or via the eigenstate expansion [19]

v =
∑

n

vn = 2 Re

[∑
n

an(t )ϕn(r)

]
, (4)

where {ωn, ϕn} are the eigenfrequencies and eigenstates
of the eigenvalue problem Aϕn = jωnϕn, vn is nth solu-
tion component corresponding to the nth eigenstate, and
an is the complex-valued time-dependent amplitude. The
eigenfrequencies are complex, i.e., ωn = ω′

n + jω′′
n . The

time-dependent amplitudes are solutions to the time-domain
differential equations [19]

dan

dt
= jωnan + Pd

n + Ps
n , (5)

where

Pd
n = 〈Fd , A0ϕn〉 and Ps

n = 〈Fs, A0ϕn〉 (6)

are forcing terms corresponding to the deterministic and
stochastic components in the LLGE (1) with the inner product
〈·, ·〉 defined as the volume integral over the structure domain.
The stochastic noise term Ps

n is complex valued. It is a linear
transform of Hth, so it also follows a normal distribution. The
standard deviations of the real and imaginary parts of Ps

n are
given by

σ r
n

(
Ps

n

) = Re
(
σH

〈
AT

s A0ϕn, 1
〉)

,

σ i
n

(
Ps

n

) = Im
(
σH

〈
AT

s A0ϕn, 1
〉)
, (7)

where AT
s is the transpose of As and 1 is a unit vector. The

nonuniform dynamics is automatically accounted for by the
fact that the eigenstates are spatially nonuniform. Statistical
properties can be obtained by solving Eq. (5) repetitively to
obtain a sufficient ensemble of realizations. Such a brute-
force approach may require finding many realizations that
often is impossible to accomplish, e.g., small and large values
of WERs in MTJs. Additionally, the brute-force approach
provides limited insight into the physics of stochastic dynam-
ics. To address these difficulties, we formulate an FPE as a
counterpart of Eq. (5), which can be regarded as a Langevin
equation [10], for PDF corresponding to the coefficients an(t ).

C. Fokker-Planck equation

Equation (5) can be viewed as a Langevin equation [10].
We can write the complex-valued amplitude an in polar form
as an = |an|e jφ

n , where |an| is the complex magnitude and
φn is the complex phase. We use the Kramers-Moyal expan-
sion [11] to rewrite Eq. (5) as a multidimensional Langevin
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equation [10] for |an| and φn:

d|an|
dt

= h1 +
2∑

i=i

g1iP
s
n (t )i,

dφn

dt
= h2 +

∑
i=1

2g2iP
s
n (t )i,

(8)
where the sum index i = 1, 2 is over the real and imaginary
parts of the complex variables, and the random variables are
Ps

n (t )1 = Re(Ps
n ) and Ps

n (t )2 = Im(Ps
n ). The coefficients g1i,

g2i, h1, and h2 are obtained from Eq. (5) as

h1 = −ωi
n|an| + Re

(
Pd

n

)
cos φn + Im

(
Pd

n

)
sin φn,

h2 = ωr
n + 1

|an|
[

Im
(
Pd

n

)
cos φn − Re

(
Pd

n

)
sin φn

]
,

g11 = cos φn, g12 = sin φn,

g21 = − sin φn/|an|, g22 = cos φn/|an|, (9)

where ωr
n = Re(ωn) and ωi

n = Im(ωn) are the real and imag-
inary parts of the complex normal frequency of the nth
mode.

We define a time-dependent PDF ρn(|an|, φn; t ) for the
magnitude and phase coefficients |an| and φn. The FPE can
then be obtained based on the Kramers-Moyal expansion [10]:

∂

∂t
ρn = −

2∑
p=1

∂

∂ξp

(
D(1)

p ρn
) +

2∑
p,q=1

∂

∂ξp∂ξq

(
D(2)

pq ρn
)
, (10)

where ξ1 = |an| and ξ2 = φn are the two random variables.
The coefficients D(1)

p (|an|, φn) and D(2)
pq (|an|, φn) are obtained

from the Kramers-Moyal expansion:

D(1)
p = hp +

2∑
i,q=1

gqi
∂

∂ξq
gpi, D(2)

pq =
2∑

i=1

gpigqi, (11)

where the coefficients g1i, g2i, h1 and h2 are defined in Eq. (9),
and the sum index i = 1, 2 is over the real and imaginary
parts of the complex variables. Solving the FPE gives the
time-dependent PDF of time coefficients of each eigenstate.
The PDF of the spatial solution can be obtained based on the
PDFs of eigenstate coefficients.

The FPE can be solved using the periodicity condition
φn(0) = φn(2π ) for phase φn and the zero flux boundary
condition (∂|an|/∂n ) = 0 for |an|.

The solution requires an initial condition, i.e.,
ρn(|an|, φn; t = 0). To that end, we first consider the system
without the driving term Pd

n and find the analytical solution to
Eq. (5) with Pd

n = 0:

an(t ) = e jωnt

[∫ t

0
e− jωnτ Ps

n (τ )dτ + an(0)

]
. (12)

The initial condition should be the system starting from equi-
librium state in the finite temperature for infinite time, so that
an(0) = 0 and t → ∞ in Eq. (12), which leads to

[
σ r

n (an)
]2 = 1

4ωi
n

(
ωi

n
2 + ωr

n
2
){(

2ωi
n

2 + ωr
n

2)[σ r
n

(
Ps

n

)]2

+ ωr
n

2[
σ i

n

(
Ps

n

)]2}
,

[
σ i

n(an)
]2 = 1

4
(
ωi

n

)(
ωi

n
2 + ωr

n
2
){(

2ωi
n

2 + ωr
n

2
)[

σ i
n

(
Ps

n

)]2

+ ωr
n

2[
σ r

n

(
Ps

n

)]2}
. (13)

Since both the real and imaginary parts of a complex random
variable (Re{Ps

n} and Im{Pn
s }) follow the normal distribution,

its magnitude follows the Rayleigh distribution, and the phase
follows the uniform distribution [11]. As a result, the joint
distribution, viz., the initial condition, is given by

ρn(|an|, φn; 0) =
|an| exp

[ − 1
2 |an|2

( cos2φn

σ r
n

2 + sin2

φn
σ i

n
2)]

2πσ r
n σ i

n

,

(14)
where σ r

n and σ i
n are the normal distribution standard devia-

tions of Re(an) and Im(an), respectively.
The eigenvalue-based FPE formulation allows for the ob-

taining of various statistical properties based on the PDF and
can be used in various areas of physics. The approach provides
statistical solutions directly without the need to solve Eq. (1)
for a massive number of realizations. It reduces the number
of degrees of freedom from a fully discretized space to the
space of direct PDF solutions for the eigenstate coefficients.
For a set of uses, one may require only a small number of
eigenstate solutions to be taken into account. In linear re-
sponse considerations, only the eigenstate with the frequency
of excitation near a particular eigenfrequency plays a role. An
example of such a linear response system is the temperature-
dependent magnetic or electric susceptibility of freestanding
or arrayed magnetic, dielectric, or plasmonic nanoparticles
that support complex spatially nonuniform eigenstates [19].
Other examples may include noise in nanoscale devices [25]
or linear magnetic spin waves [26]. In other cases, including
nonlinear ones, often only certain linearized eigenstates may
play a dominant role, e.g., in the MTJ switching process [19].
The number of eigenstates that need to be accounted for may
increase with the considered system size, but the presented
approach still provides a way to solve complex practical prob-
lems that otherwise are impossible.

D. Use for write error rates in MTJs

We now present results of using the FPE framework for
obtaining thermal statistical switching properties of MTJs
driven by STT. The MTJ is composed of a disk-shaped
free layer of 1 nm thickness and diameters (D) of 20 and
80 nm [Fig. 1(a)]. The material parameters are for the
effective perpendicular uniaxial anisotropy energy density
KU = 6.11 Merg/cm3, saturation magnetization Ms =
960 emu/cm3, exchange stiffness Aex = 1 µerg/cm, and
damping constant α = 0.01. STT is present at the bottom
surface of the disk related to the corresponding reference
layer. The MTJ example is chosen as a complex case that
includes nonuniform magnetization and demonstrates that
the linearized approach provides a good approximation
to nonlinear switching properties. For these MTJs, the
magnetization dynamics becomes highly nonuniform at sizes
greater than the domain wall width, which corresponds to
diameters greater than 20 nm. In addition, for such sizes, the
energy barrier becomes large. Using single-spin-based FPE
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FIG. 1. (a) Illustration of an MTJ free layer disk, where h is the
height and D is the diameter of the disk. (b) First three eigenstates
for D = 80 nm. The color and arrows represent the magnitude and
real part, respectively.

approaches of direct stochastic simulations [7,12], for such
cases, is not valid and using brute-force stochastic simulations
is impractical or impossible.

The first several eigenstates for this structure are shown
in Fig. 1(b). The corresponding eigenfrequencies and critical
current densities at zero temperature are shown in Table I. The
first eigenstate is most spatially uniform, but still is nonuni-
form, and it has the smallest eigenfrequency and critical
current density. The other eigenstates are highly nonuniform
and have higher critical currents. The significance of the
critical current per eigenstate, In

c , is that for I > In
c , ω′′

n < 0,
and the corresponding amplitude increases exponentially over
time; i.e., it becomes active. This leads to an increase of
the magnetization deviation and eventually switching occurs
via a nonlinear process, often by domain wall. These active
eigenstates are most important for the switching process, and
typically, there is only a small number of them; in the pre-
sented case, there are only one to three active eigenstates.

An important example of a derived statistical quantity is
WER. For WERs in perpendicular MTJs, we characterize the
switching behavior by the magnitude of the spatially averaged
in-plane magnetization [19,27], which at the initial dynamics
stage is approximately given by the magnitude of the spatially
averaged magnetization deviation |v̄|. A nonswitching condi-
tion can be defined as |v̄| � s, where s = O(1) is a certain
critical value. Using Eq. (10), the time-dependent WER for
the system is given by the integral of the joint probabilistic
density function of n active eigenstates:

WER(t ) =
∫

· · ·
∫

|v̄|�s
ρ(a1 · · · an; t )da1 · · · dan. (15)

TABLE I. Eigenfrequency ( f ′) and critical current (Ic) of first
four eigenstates (denoted by n) for D = 20 and 80 nm, respectively.

n 1 2 3 4

D = 20 nm f ′
n (GHz) 8.13 29.71 29.81 65.55

In
c (µA) 2.67 9.74 9.77 21.42

D = 80 nm f ′
n (GHz) 3.76 5.80 5.86 8.63

In
c (µA) 19.60 30.15 30.66 45.24

FIG. 2. WER via the stochastic LLGE and FPE for T = 300 K
for (a) D = 20 nm, I = 9.5 µA, (b) D = 20 nm, I = 21 µA, (c) D =
80 nm, I = 29.5 µA, and (d) D = 80 nm, I = 45 µA.

To determine the upper limit of integration, we consider
the approximation in which the total magnetization deviation
consists of each eigenstate component v̄ = ∑

n v̄n. We con-
sider condition v̄n � sn, where sn is the critical value for the
nth component and s = ∑

n sn for each eigenstate. Then, the
nonswitching probability of nth eigenstate Pn is given by

Pn(t ) =
∫ sn

0

∫ 2π

0
ρ(|an|, φn; t )d|an|dφn. (16)

The WER is the total nonswitching probability combined of
all the eigenstate contributions:

WER(t ) =
∑

sn

∏
n

Pn(t ). (17)

As a demonstration of using the presented framework,
we consider WERs due to the magnetization switching at
room temperature in an MTJ with perpendicular magnetic
anisotropy. The geometry and material parameters of the MTJ
are the same as in Fig. 1 and Table I. We found eigenstates
by discretizing the system via the finite element method [28]
with Arnoldi’s method [29]. The results of the eigensolver
indicate the active modes involved in the switching process,
where the imaginary parts of the eigenfrequencies are nega-
tive [19]. We use the presented FPE formulation to calculate
the PDF and WER. The FPE is solved numerically [30,31]. To
validate the formulation, we compare the FPE-based results
to the results obtained via a massive set of micromagnetic
simulations directly solving the stochastic LLGE. We note
that such a comparison is only possible for intermediate values
of the WER, still requiring many simulation hours on a large
computer cluster. However, for small and large values of the
WER, such simulations are practically impossible because
of the prohibitively large number of calculated realizations
required. FPE can be used for any value of the WER using
any computing system.
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FIG. 3. PDF for |a1| for T = 300 K for (a) D = 20 nm, I =
9.5 µA, (b) D = 20 nm, I = 21 µA, (c) D = 80 nm, I = 29.5 µA, and
(d) D = 80 nm, I = 45 µA.

WER and marginal PDF in Figs. 2 and 3 are shown for
MTJ of two sizes, D = 20 nm and D = 80 nm. For the smaller
size (D = 20 nm), the magnetization switching is more
uniform and the switching is mostly by a uniform magneti-
zation rotation. For the greater MTJ size, the magnetization
is more nonuniform and the magnetization switching is by
domain wall. However, in both cases, the initial magnetization
dynamics is due to the excitation of active eigenstates [19].
The results are shown for the currents that correspond to a sin-
gle active mode for D = 20 nm and one or three active modes
for D = 80 nm, as follows from Table I. The higher active
modes are highly nonuniform and their contribution is found
to be more significant for the large-sized MTG, which is at-
tributed to the fact that their critical currents are closer to each
other.

Figure 2 also shows the WER obtained by the FPE
approach and by running a massive set of micromagnetic
simulations with stochastic thermal field. We find a good
agreement in both cases with a slightly better agreement for
the smaller MTJ case. We note that for the larger current
cases, there are more active modes that need to be accounted
for; otherwise, the results would differ. Figure 3 shows the

marginal PDF for |a1|, which is used to obtain the WER
results in Fig. 2. The PDF width increases with time, which
corresponds to a higher probability of switching and a higher
WER in Fig. 2.

III. SUMMARY

In summary, this work presented an FPE approach to cal-
culate PDF and its derivative quantities, such as WER, in
systems with complex spatially nonuniform dynamics. The
approach is based on an eigenstate expansion of the magne-
tization spatial distribution using the linearized LLGE. The
eigenstate representation allows for accounting for spatially
nonuniform dynamics with only a small number of degrees
of freedom, thus overcoming the need of multidimensional
solution space that otherwise would be required if using FPE
with direct spatial discretization, in which each spatial site
is taken as a degree of freedom. The examples presented
demonstrate the power of the approach for the computing of
WER in MTJs in terms of providing physical insights into
the stochastic magnetization dynamics and major enhance-
ment of the computational capabilities. This FPE framework
of this framework is general and can be extended to other
physical systems in which stochastic dynamics with spatial
nonuniformity is of interest. Additionally, the framework can
be extended to nonlinear interactions based on eigenstate ex-
pansions [32], e.g., to obtain thermally induced probability of
power transfer between different modes.
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