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Finding the ground state of geometrically frustrated spin systems is a challenging problem with broad
implications. Many hard optimization problems, including NP-complete problems, can be mapped, for instance,
to frustrated Ising models, where competing interactions produce rugged, spin-glass-like energy landscapes. The
difficulty is particularly pronounced in the weak-field regime, where geometrical frustration dominates, and the
spectral gap becomes exponentially small, making it hard to identify the true ground state. In this work, we
consider planar frustrated lattices constructed from the triangular motif, the minimal unit of geometrical frus-
tration. We present a graph-based approach that allows for accurate state initialization of a frustrated triangular
spin lattice with up to 20 sites while avoiding barren plateaus. To optimize circuit efficiency and trainability,
we employ a clustering strategy that organizes qubits into distinct groups based on the maximum cut technique,
which divides the lattice into two maximally disconnected subsets. We provide evidence that this Max-Cut-based
lattice division offers a robust framework for optimizing circuit design and effectively modeling frustrated
systems at polynomial cost. All simulations are performed within the variational quantum eigensolver formalism,
the current paradigm for noisy intermediate-scale quantum devices, but can be extended beyond. Our results
underscore the potential of hybrid quantum-classical methods in addressing complex optimization problems.

DOLI: 10.1103/prhg-3t42

I. INTRODUCTION

Geometrical frustration is now widely recognized as a
central mechanism for generating rugged, glassy energy land-
scapes and slow dynamics in interacting spin systems, even
in the absence of quenched disorder, reproducing key phe-
nomenology traditionally associated with Ising spin glasses
[1-10].

Determining the ground state of an Ising spin glass [11],
a problem within the class of combinatorial optimization,
becomes exponentially challenging for classical computers
as the system size increases, similar to other many-body
problems. Quantum computers, first proposed in the early
1980s [12—14], are anticipated to surpass these limitations by
leveraging quantum mechanical phenomena, including super-
position, interference, and entanglement. This advancement
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in quantum computing offers significant potential for solving
specific computational challenges. Two of the most prominent
algorithms in this field are the quantum phase estimation
(QPE) [15-19] and the variational quantum eigensolver
(VQE) [20,21]. The QPE algorithm typically requires a high
circuit depth to accurately determine the ground-state energy,
which necessitates further development in error-corrected
hardware. Consequently, the VQE, a quantum-classical hybrid
approach with shallow circuit depth, is a viable alternative
for noisy intermediate-scale quantum devices [22]. However,
this advantage comes at the cost of potentially encountering
an NP-hard optimization problem during the training process
[23]. The objective of the VQE is to find a parametrized ansatz
that can determine the energy of the target state or provide a
reasonable quantum state estimation for the QPE. The ansatz
is prepared by designing a quantum circuit with a variational
form, consisting of layers that specify rotation patterns and
CNOT gates. One of the most challenging aspects of VQE is the
design of an efficient variational quantum circuit with shallow
depths, which is crucial in noisy environments and demands
a minimal number of parameters to avoid issues related to
barren plateaus and entrapment in local minima.

The Ising problem has a tight connection with optimization
problems. The quantum approximate optimization algorithm
(QAOA), introduced by Farhi, Goldstone, and Gutmann in
2014 [24], is an optimization algorithm based on the VQE
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method designed to address combinatorial problems. The
QAOA has been widely studied to solve quadratic uncon-
strained binary optimization (QUBO) problems [25,26] such
as maximum cut (Max-Cut) [24,27], maximum independent
set [28], binary paint shop problem [29], binary linear least
squares [30], etc. The QAOA method has many scientific and
industrial applications such as portfolio optimization [31],
tail assignment [32], protein folding [33], etc. In several sit-
uations, such as QUBO, the QAOA can be mapped to the
problem of finding the ground state of an Ising system.

Exploring the ground-state properties of Ising spin glasses
stands as a key difficulty in both solid-state physics and sta-
tistical mechanics and has been extensively researched for
many decades [34-37]. The term spin glass denotes a state of
disordered magnetism where the spins of magnetic atoms or
molecules interact in such a way that it gives rise to frustrated
magnetic phenomena [38]. The behavior of frustrated mag-
netic metals is observed in alloys such as CuMn and AuFe,
where manganese (Mn) or iron (Fe) is introduced as impurities
into copper (Cu) or gold (Au) [39,40]. The Ising model is
widely used due to its simplicity and effectiveness in capturing
the essential features of real spin glasses, as it accounts for the
interaction energy between impurities [41,42]. The presence
of unsatisfied edges in the lattice can lead to situations where
multiple geometric arrangements of atoms remain stable. For
a spin glass with n spins, there are 2" possible configurations,
making the task of finding the ground state a combinato-
rial problem. It has been shown that for planar graphs with
nearest-neighbor interactions, both with and without periodic
boundary conditions, and in the absence of an external mag-
netic field, the ground state can be found in polynomial time
[43-48] and is comparable to solving the Max-Cut problem.
However, Barahona proved that computing the ground-state
energy for two-dimensional (2D) models with a magnetic
field is NP-hard, even without periodic boundary condi-
tions, and no polynomial algorithm exists for this problem
[42].

Over the past few decades, various methods, such as Monte
Carlo simulations [49] and evolutionary algorithms [50,51],
including genetic algorithms [52], have been developed to
determine the ground-state energy of Ising spin glasses. How-
ever, these approaches generally provide only approximations
rather than the exact ground state, with a significant limi-
tation that there is no guarantee of finding the true ground
state [41,53]. Additionally, another major drawback of these
heuristic methods is their performance in the presence of de-
generacies. Two states with almost identical energy levels can
still be qualitatively different. Therefore, even though these
algorithms can give energies close to the ground state, they
may not be close to the true ground state. As a result, these
methods are inadequate for analyzing real ground states, such
as those found in protein folding applications, as mentioned
in Ref. [54]. However, finding the exact ground state of a
2D Ising model with a transverse field is itself an NP-hard
problem, and thus no polynomial-time algorithm—classical
or quantum—can be expected to reliably produce exact solu-
tions for general instances.

An alternative approach to finding the true ground state
involves adiabatic methods, such as simulated annealing
(SA) [55], quantum annealing (QA) [56], and the quantum

adiabatic algorithm (QAA) [57]. The SA method is an opti-
mization technique that seeks the ground state by simulating
a system gradually cooling into a low-energy state. The
downside of this method is that the cooling process must be
prolonged; otherwise, the system may get trapped in local
minima rather than reaching the global minimum. The QA
relies on quantum fluctuations and aims to find optimal so-
lutions by gradually reducing an applied transverse magnetic
field to the spin system at the lowest possible temperature.
Experiments [58] and simulations [59,60] have demonstrated
that QA can achieve equilibrium in a spin glass more rapidly
than SA, which operates through thermal annealing. However,
removing the magnetic field reduces quantum fluctuations
and forces the system to pass through the critical point. A
complete understanding of the transition between the disor-
dered phase, which occurs at large fields, and the spin-glass
phase, which emerges at smaller fields, is still lacking and
remains an active area of research. A recent study [61] uti-
lizing extreme-scale simulations, primarily based on Monte
Carlo methods, demonstrated that it is possible to reach the
quantum spin-glass phase with an annealing time that scales
polynomial in the number of qubits, provided that parity-
changing excitations are avoided. One possible limitation of
this optimistic outlook is that simply crossing the critical
point differs from navigating through the entire bulk glass
phase to reach the final state at zero transverse field, which
may still be challenging [62]. The QAA is closely related
to the QA but is specifically a Hamiltonian-based quantum
algorithm where the Hamiltonian undergoes slow evolution,
enabling the system to remain in its ground state. Determining
the complexity of the QAA is crucial, particularly when the
minimum of the first excitation gap (AEn;,) is small, since
the total evolution time (7) is inversely related to AEp;,. If
AEni, becomes exponentially small at any point during the
evolution, the simulation time can grow exponentially, render-
ing the QAA inefficient [63]. The same issue arises in QA as
well, since it also requires adiabatically transitioning from the
critical point to a vanishing magnetic field. The complexity
of this task becomes even more problematic in higher dimen-
sions [64—66]. Related annealing-inspired approaches, such as
snapshot-QAOA [67], rely on gap-preserving interpolations
and may therefore encounter similar challenges in frustrated
regimes where the many-body excitation gap becomes very
small.

Given the limitations of adiabatic approaches, exploring
alternative methods is important. For instance, an algebraic
approach has been proposed for designing a quantum cir-
cuit that efficiently diagonalizes the Ising Hamiltonian and
provides access to all eigenstates by directly preparing the
computational basis states. This approach has been applied
to a four-qubit system and holds the potential for extension
to larger qubit numbers; however, this is only for the one-
dimensional Ising model [68,69]. Recently, a promising study
[70] demonstrated the effectiveness of noise-mitigation tech-
niques in quantum simulations of a 2D transverse-field Ising
model (TFIM) implemented on a 127-qubit heavy-hexagon
lattice. The results surpassed those of several classical tensor
network methods applied to the same problem, even when
the classical approaches utilized substantial computational
resources. In addition, in a recent advance, King et al. [71]
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used a large-scale, programmable quantum annealer to an-
alyze entanglement growth in spin glasses, demonstrating
area-law scaling in quench dynamics across two-, three-, and
infinite-dimensional topologies. They showed that state-of-
the-art classical methods based on tensor and neural networks
could not match the quantum annealer’s accuracy within a
reasonable time frame.

From a complexity-theoretic perspective, the Ising spin-
glass ground-state task naturally appears in two forms: an
optimization version (compute the minimum energy) and
a decision version (given a threshold E,, decide whether
the ground-state energy satisfies En, < Ep). The former
is NP-hard [42], whereas the latter is NP-complete [72].
Consequently, the decision form is polynomial-time interre-
ducible with any NP-complete problem, formalizing the
close connection between Ising models and a broad class
of hard combinatorial decision problems. This connection
helps explain why advances in algorithms for low-energy
Ising configurations can have wide impact: Many challeng-
ing optimization problems—including the traveling salesman
problem and protein folding—admit Ising (or closely related)
formulations [72-74]. While it is widely conjectured that
quantum computers will not solve NP-complete problems
in polynomial time, they may still yield practically rele-
vant speedups—for instance, by reducing the exponent in the
best-known exponential scaling for certain problem families,
as suggested by recent QAOA scaling studies for random
8-satisfiability (SAT) [75]. The broader problem-solving po-
tential that comes with determining low-energy configurations
of Ising models motivates researchers from diverse disciplines
to tackle this challenge. For instance, the Hopfield model [76],
along with other neural network models, uncovered significant
links between neural networks and Ising spin glasses across
general networks [77-79]. A range of deep neural network
architectures, including generative models [80-86] and rein-
forcement learning [87,88], have been applied to solve Ising
models. Designing neural networks to solve the Ising spin-
glass model on larger and more complex graphs can not only
open the door for the development of powerful optimization
tools but also illuminate the limitations and boundaries of
deep-learning-assisted algorithms [86].

In light of the computational hardness of frustrated Ising
models in the presence of a transverse field, our goal is not
to provide an exact polynomial-time algorithm for arbitrary
systems. Instead, we position our contribution as a structure-
guided heuristic ansatz for the VQE that explicitly leverages
the geometry and symmetries of the underlying lattice. By
combining (1) Max-Cut-based bipartitions that separate the
lattice into minimally frustrated groups, (2) a symmetry-
preserving two-qubit cluster (2-qc) building block, and (3) a
circuit layout aligned with the global spin-flip symmetry of
the Hamiltonian, we construct variational circuits that remain
confined to the physically relevant subspace and substan-
tially mitigate the risk of barren plateaus. As demonstrated
throughout this work, this structure-exploiting design leads to
markedly improved trainability, high ground-state fidelity, and
polynomial circuit scaling, even in regimes where standard
VQE, QAOA [24], or adaptive derivative-assembled pseudo-
trotter variational quantum eigensolver (ADAPT-VQE) [89]
struggle.

In earlier works, maximum-weight cuts were employed
to compute ground-state energies of two-dimensional Ising
spin-glass models with random Gaussian couplings on square
lattices using classical hardware [41,53]. Subsequent studies
considered the more challenging +J case, where the interac-
tion magnitude is fixed but the sign of each bond is random
[49]. Using branch-and-cut techniques, instances as large as a
100 x 100 grid can be treated; however, the run time is diffi-
cult to predict, and for larger lattices, obtaining exact solutions
with guaranteed polynomial scaling remains challenging. In
the present work, rather than introducing disorder through
random couplings, we focus on geometrically frustrated lat-
tices with fixed antiferromagnetic interactions J;; < 0 and
use Max-Cut as a structural guideline for designing efficient
quantum circuits. In the weak-field regime, this geometrical
frustration gives rise to complex low-energy landscapes that
share qualitative features with those reported in disordered
spin-glass systems.

In this study, we apply the proposed ansatz to frustrated
triangular spin lattices with system sizes up to 20 sites and
employ VQE to compute ground-state energies. We show that
the Max-Cut realization of the lattice provides a natural and
effective guideline for partitioning the system into two groups
and establishing the corresponding intercluster couplings.

The remainder of the paper is organized as follows. We first
introduce the concept of geometrical frustration and develop
an exact theoretical framework for the triangular transverse-
field Ising model. As the minimal frustrated motif, the triangle
serves as a fundamental building block of the triangular lattice
and is described using a cluster-circuit construction based on
graph partitioning. We then extend this framework to study
frustrated systems with 5 and 7 sites, as well as a 10-site
triangular lattice. Finally, we explore the applicability of the
proposed approach to predicting the magnetic behavior of
larger frustrated lattices, with system sizes up to 20 sites.

II. GEOMETRICAL FRUSTRATION

Geometrical frustration arises when the interaction pattern
in a spin system prevents all pairwise antiferromagnetic (AF)
couplings from being satisfied simultaneously. The triangular
motif is the simplest example: For AF Ising interactions, at
most two spins can align antiparallel, leaving one bond nec-
essarily unsatisfied. This constraint produces six degenerate
classical ground-state configurations, shown in Fig. 1.

This multiplicity of low-energy configurations is a defining
feature of geometrical frustration and becomes increasingly
pronounced in larger frustrated lattices.

A. Transverse-field Ising model

To study quantum effects in frustrated systems, we con-
sider the TFIM,

H=-Y "JZZi—h)_ X (1)
(i) i

where J;; <0 encodes the AF Ising interactions and h
represents the transverse magnetic field. Introducing the di-
mensionless parameters a, b, with a € [0, 1] and b =1 — g,
we set J;j = —b and h = —a in Eq. (1). Thus, a controls
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FIG. 1. Six degenerate AF Ising ground states on a triangle.
the transverse field and b controls the antiferromagnetic in-
teraction strength. The transverse field introduces quantum
fluctuations by flipping individual spins, thereby mixing the
many degenerate classical configurations induced by frustra-
tion. The simulated lattice geometries considered in this work
are shown in Fig. 2.

To demonstrate how geometric frustration gives rise to
a spin-glass-like energy landscape—characterized by near-
degenerate states and multiple local minima—we compare
each frustrated geometry with its corresponding unfrustrated
chain geometry. This comparison highlights the role of frus-
tration in producing glassy behavior, particularly in the
weak-field regime.

Figure 3 presents the low-energy spectra of both the chain
and frustrated geometries for system sizes L = 5, 10, 20. For
L =5, the full spectrum (25 = 32 levels) is shown, whereas
for L =10 and 20 we display only the lowest 100 energy
levels.

In the weak-field regime [Fig. 3(a)], geometric frustration
gives rise to a macroscopically near-degenerate ground-state
manifold, with eigenstates clustered close to the ground-state
energy and separated by a gap that becomes exponentially
small with increasing system size. As the system size in-
creases from L =15 to L =20, the low-energy spectrum
becomes progressively denser and more irregular, indicating
the emergence of a rugged energy landscape. The magnified
inset of Fig. 3(a), shown for the 5-site case as a representative
example, resolves splittings on the order of O(10~*), demon-
strating that the manifold is macroscopically degenerate while
remaining microscopically nondegenerate. A complementary
analysis of the first excitation gap for the frustrated lattices,
presented in Fig. 4, further confirms the exponential suppres-
sion of the gap with increasing system size. In contrast, the
unfrustrated chain retains a well-isolated ground state and a
smoother low-energy spectrum.

In the strong-field regime [Fig. 3(b)], the transverse field
dominates and suppresses the effects of geometric frustration.
The ground state becomes unique and well separated from the
excited states, and the overall spectrum of both geometries
becomes smoother and more regularly spaced, eliminating the
glasslike clustering observed under weak fields.

Ribbon

FIG. 2. Overview of the geometrically frustrated lattices studied
in this work. Top left: 5-site house geometry. Top right: 7-site and
19-site hexagon lattices. Bottom: 10-site and 20-site ribbon lattices.

B. RVB viewpoint and the challenge of qubit connectivity

In the broader context of frustrated magnetism, Anderson’s
resonating-valence-bond (RVB) framework [90] provides a
useful perspective. In Heisenberg-like spin models, where the
Hamiltonian takes the form

Hieis = Y _J;jSi - ;. )
(i,J)

a singlet bond between two sites, [Vpair) = %(MT) — ),

forms an exact eigenstate of the 2-site interaction and mini-
mizes the local energy. Accordingly, the ground state of the
full system can be viewed as a superposition of valence-bond
coverings, illustrated in Fig. 5, with singlet (VB) pairs be-
tween sites forming the elementary building blocks of the
RVB framework (Fig. 6).

Even for moderate system sizes, the number of distinct
pairings grows combinatorially as (2w)!/(2¥w!) for a sys-
tem of 2w spins. While the RVB picture captures essential
physics in Heisenberg-like models, directly importing this
structure into a quantum circuit leads to practical difficulties,
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FIG. 5. Superposition of possible valence-bond pairings in the
RVB picture.

as encoding all possible pairing patterns results in a combina-
torial explosion that would require exponentially many circuit
components.

A key observation is that the breakdown of a VB singlet
into alternating spin-down/up components naturally resem-
bles a bipartite coloring of the underlying graph. Assigning
red to spin-down and blue to spin-up partitions the lattice into
two color classes, where an edge connecting opposite colors
is satisfied by the antiferromagnetic interaction. Conversely,
edges connecting same-colored sites correspond to unsatis-
fied bonds (Fig. 7). In this sense, each VB singlet implicitly
enforces a local bipartite structure: No valence bond connects
two sites of the same color. This coloring viewpoint provides
a conceptual link between the RVB resonance picture and the
cut-based classification of frustration introduced in the next
section.

Thus, while the RVB analogy provides intuition about reso-
nance in frustrated systems, it is impractical as a direct design
principle for constructing shallow, hardware-efficient circuits
for frustrated Ising models. In the next section, we reinterpret
the resonance concept from the RVB framework in a different
context, formulating an approach suited to the frustrated Ising
model.

C. Frustration classes and cut-based resonance

In a geometrically frustrated Ising system, classical spin
configurations can be grouped according to how many inter-
action constraints they fail to satisfy. For a configuration C, let
k(C) denote the number of unsatisfied AF edges, and define
the corresponding “frustration class”

Ce ={C | k(C) = k}. 3

This induces a natural hierarchy, where the lowest class Cy
contains configurations with the minimal number of frustrated
interactions, and higher classes Cy, C,, ... contain progres-
sively more frustration. In the classical limit, the energy
depends linearly on the number of violated edges,

E(C) x k(C), 4)

so the frustration classes form a well-defined energetic
ordering.

When a transverse field is introduced, the ground state
of the system is no longer concentrated in a single classical
configuration. The term a ), X; induces single-spin flips that

H{g

FIG. 6. Schematic illustration of a singlet (VB) pair formed be-
tween two sites, [Yir) = 75 (W 1) — [11).
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FIG. 7. A triangular spin lattice colored by spin orientation,
where red represents spin-down |{;) and blue represents spin-up |1 ).
Edges connecting opposite colors are satisfied; edges connecting
identical colors are unsatisfied.

mix different frustration classes, leading to a quantum ground
state |1/o) of the form

o) =D ) aclC), )

k CECk

with amplitudes that decrease systematically with increasing
frustration,

|aCEC0| > |O(C€C1| > |aC€C2| > ..., (6)

Frustration classes admit a natural interpretation in terms
of graph partitioning: Each classical spin configuration corre-
sponds to a particular partition (cut) of the interaction graph,
and all configurations within a given frustration class share the
same number of edges that violate the AF constraint. Thus, the
hierarchy of frustration classes mirrors a hierarchy of graph
cuts ordered by the number of unsatisfied interactions.

Although the transverse-field Ising model does not exhibit
singlet formation as in SU(2)-symmetric Heisenberg models,
geometric frustration induces an analogous form of resonance.
In Heisenberg systems, the ground state resonates among
multiple valence-bond coverings, whereas in the Ising case
the resonance occurs over the set of classical graph partitions
compatible with the frustrated geometry. However, the num-
ber of such partitions grows combinatorially, making it ineffi-
cient to incorporate all of them directly into a quantum circuit.

To circumvent this challenge, we start with the ground
state of the transverse-field term in Eq. (1). This product
state assigns equal weight to all computational-basis config-
urations, each representing a graph partition. We then use
the dominant low-frustration partition to define which qubit
pairs are connected by local two-qubit gates. These gates
tune the configuration amplitudes and generate entanglement.
This strategy captures the essential resonance structure of the
frustrated system without requiring an explicit enumeration of
all possible partitions.

This resonance structure naturally leads to a cut-based
description. Minimizing the number of unsatisfied edges cor-
responds directly to the Max-Cut problem.

D. Max-Cut partitions

The goal of the Max-Cut problem is to divide the nodes of
a graph into two distinct sets so as to maximize the edges that
connect them. To label the two different groups, we can assign
binary digits, O and 1. It is important to note that we cannot
cut an edge that connects nodes within the same group. To

solve the Max-Cut problem, we aim to maximize a specific
cost function, which can be defined as follows:

n—1
f@® =Y w1 —x)), (7)

i,j=0

where w;; represents the weight of the edge between nodes
iand j, and X = (xg, X1, ..., X,—1) € B", where B = {0, 1} is
a binary vector with a length corresponding to the number of
nodes in the graph. Due to the graph being undirected, the
weights are such that w;; is equal to w ;. Assigning a spin site
s; to each node (V), where the spin value is s; = %1, allows
us to categorize the graph into two sets: nodes with spin-up
(V1) and nodes with spin-down (V 7). In the context of quan-
tum computing, where we measure the expectation value of
observables composed of Pauli operators, the connection to
spin lattice mapping is logical and coherent. Indeed, this task
can be accomplished by making the following assignment:

xi=0-2)/2, (8)

where Z; denotes the Pauli Z operator that has eigenvalues %1.
This change of variable implies that

X,'=O—> Z,'Zl,
€))

x,-=1—> Z,'=—1.

Upon employing Eq. (8) and substituting it into Eq. (7), we
obtain

n—1 i n—1 i
f@ = ZZ% —ZZ%Zizj. (10)

i=0 j=0 i=0 j=0

Furthermore, the intrinsic inclination of a quantum computer
is to seek minima, typically the lowest energy, rather than
maxima. Therefore, instead of maximizing f(Z), we aim to
minimize

n—1 i

n—1 i
—f(2)=ZZ%Z,ZJ-—ZZ%. (11)

i=0 j=0 i=0 j=0

The observable for which we will calculate the expectation
value is

n—1 i
H=Y"Y" %Zizj, (12)

i=0 j=0

with a constant correction.

In statistical physics and disordered systems, the Max-Cut
problem is analogous to minimizing the Hamiltonian of an
Ising spin glass without an external magnetic field. This re-
duces Eq. (1) to the following form:

H=->"JZZ;. (13)

iJj

Utilizing the QAOA algorithm [24], we can initially leverage a
quantum computer to identify the maximum cut in an arbitrary
graph. However, we use a more heuristic approach here, given
the relatively small size of the system (n < 20).
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E. Hamiltonian and symmetries

It is straightforward to verify that the transverse-field
Ising model Hamiltonian commutes with the total-spin-flip
operator

X = HX (14)

The proof boils down to showing that all local Z;Z; commute
with X. We get

(X221 = [ | XIXiX;. ZiZ;]
ki, j

= [] X% (xzx;z; - z.Xx2;X;)
ki, j

= [ X(=ip=ivy) — axary)
k#i, j
= 0. (15)

As aresult, eigenstates of the Hamiltonian must also be eigen-
states of the X operator. Due to the idempotency of the X
operator (X?> = 1), a Z, symmetry arises, with eigenvalues
41 corresponding to the symmetric (4) and antisymmetric
(—) sectors. The eigenstates of the X operator exhibit a spe-
cial property: Any two states with the maximum Hamming
distance (defined as the number of bit positions at which the
corresponding binary strings differ) exhibit equal amplitude.
However, their phases may vary. For example, in the two-qubit
case, the eigenstates take the following form:

1
) = —(]00) £ [11)), 16
[v™) ﬁ(l>|)) (16)
. 1

= —(|01) £ |10)). 17
[w) ﬁ(|)|)) (17)

Consequently, a linear combination of symmetric states,
[vt) + |w™), or antisymmetric states, |[v™) + |w ™), is also an
eigenstate of the X operator. Thus, the general form of the
eigenstates can be rewritten as follows:

IM*) = cos x|vE) + sinx|w®). (18)

Furthermore, |[M™) spans all states of the 2-site Hamiltonian
(Hy_site ). Consider the 2-site Hamiltonian

Hy e = bZ1Zy + a(Xo + X1). (19)

The state |M ) is the ground state in the second and fourth

quadrants, with tan%‘ = “hovdarob? W’ and the highest excited
state in the first and third quadrants, with tan § = —”+2—*/‘(‘1‘12W‘
Thus, we have
Hy o M) ++/b% + 4a2|M), x € QI or QIII, 20)
2-si =
“ VP FA@\MY), xeQllorQlV,

where QI-QIV denote the four quadrants. Similarly, |M ™) in-
cludes the first and second excited states, with x = 7 yielding
the first excited state |w~) and x = O the second excited state
[v™). It is important to note that |[M~) is not an eigenstate
of H, e in general. However, it preserves the form of |M ™)

through its action:
Hie|M ™) = b(cosx|v™) — sinx|w™)). (21)

Preserving the form means the output state retains equal am-
plitudes for maximally Hamming distant states, with possible
phase differences. This property arises from the commutation
of the Ising Hamiltonian with the X operator. By leveraging
these properties, one can search for the target state using a
quantum circuit within a confined searching space aligned
with the target state’s structure. This reduction is important
as it addresses one of the primary sources of barren plateaus
during cost landscape optimization [91].

In the next section, we introduce the fundamental building
block for designing a quantum circuit inspired by the symme-
try of the system’s Hamiltonian and explain how these blocks
are placed on the graph according to the Max-Cut partition.

F. Max-Cut-partitioned ansatz

Here, we present the fundamental circuit component for
generating nearest-neighbor interactions, referred to as 2-qc:

2—qc = :
N Ry(e) U 22)

This component is designed to align with the symmetry of the
system’s Hamiltonian and represents the partitioning mech-
anism using a cut for the simplest 2-site system. The 2-qc
operator (Us.qc) with qubit i controlling j can be written as

CNOT - Ry (26) - CNOT = cos 01 — i sin0Y;Z;. 23)

Interestingly, the U, commute with the X operator
[X, Usqc] = 0 because

XiXj[cos @I —isinOY;Z;]1X;X; = cos O] — isin6Y;Z;. (24)

The consequence of this is that as soon as a reference state is
an eigenstate of the X operator

X[g) = (DY), (25)

acting with whatever U,_ operator on the reference state will
remain in the same symmetry sector:

XUZ—ch’) = U2—ch|1//> = (:I:)UZ—qchﬂ)' (26)

So, a circuit consisting of any 2-qc gates will be an eigen-
state of the X provided the reference state (or initial state)
[1; 1¢:) is an eigenstate of X. The reference state |£)®" can be
easily prepared as an eigenstate of the X operator by applying
an R, (0) gate to each qubit with § = £7.

Lemma 1. Let U, denote the two-qubit cluster unitary
that produces an exact eigenstate for the two-spin subsystem.
The application of U,.qc does not alter the structure of |[M*);
it merely shifts the effective rotation angle:

UsqelM*) = cos (x £ £)[vF) +sin (x £ £)|w™). (27

Proof. The action of U,y is block diagonal in the ordered
basis {|00), [10)} & {|11), |01)}:

_ (v B a —p
o= L)o (i Y
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42 Ry (02) H——— S L] e e — .

FIG. 8. The whole circuit for the AF Ising spins on a triangle.

where

% .0
a_cosz, ﬁ_smz.

Using the definitions of |v*) and |w®),
U gelv™) = a|v®) £ Bluw®), (28)
Urgelw™®) = FBIvF) + alw®), (29)
Therefore,
Us.qclM*) = (a cosx F B sinx)|v*)
+ (£ cos x + o sinx)|w™) (30)

which reduces directly to Eq. (27). |

The next step is to generalize this circuit design to arbitrary
graphs with n nodes. This graph-based placement of 2-qc
blocks, dictated entirely by a Max-Cut partition, defines our
Max-Cut-partitioned 2-qc ansatz (MPA).

Consider a graph with nodes colored in two sets (“red” and
“cyan”) according to a Max-Cut solution (Sec. II D). For each
edge (i, j) crossing the cut, there are two possible orientations
for the 2-qc block, depending on whether i or j is chosen as
the control (source, s) and which as the target (sink, ¢). For a
single edge, this can be represented graphically as

o= 00
/_/H /_/H

Ry (0) —p—

lq0) lg0) —4
q1) —B— Ry(0)

[an)

D lq1)

Given a Max-Cut coloring, we define two subcircuits:

(1) The source subcircuit s, where all 2-qc blocks are
oriented such that all red nodes act as controls and cyan nodes
as targets.

(2) The sink subcircuit ¢, where the orientation is reversed:
Red nodes are targets and cyan nodes are controls.

The full ansatz layer is then built as an s—¢ pair, preceded by
single-qubit R, rotations for state preparation. The complete
circuit for the triangle case is shown in Fig. 8. We also define
a mean-field circuit or cut(0), which consists only of the initial

R, layer without any 2-qc blocks; this reference is used to
quantify the recovered correlation energy (RCE) in Sec. IV A.

Two structural properties of the s and ¢ subcircuits are
worth highlighting:

(1) Within each subcircuit (s or ¢), the 2-qc blocks com-
mute with one another, since their rotations act either on
distinct target qubits or on a shared target qubit with distinct
control qubits. Consequently, the output state does not depend
on the order in which the edges of a given cut are traversed,
removing any combinatorial ambiguity in block placement.

(2) The relative order of s and ¢ is unimportant: Swapping
the s and ¢ layers amounts to a reparametrization and an
overall shift of the cost landscape. In Sec. II G, we explicitly
show that both s— and r—s orderings can produce the exact
triangle ground state.

By repeatedly applying the 2-qc blocks according to
the Max-Cut coloring, we obtain a structured, symmetry-
preserving ansatz for arbitrary graphs. In the next subsection,
we specialize to a single triangle and show that, in this case, a
single s—¢ layer already has exact expressibility for the ground
state for all values of the parameters a and b in Eq. (19).

G. Exact expressibility on the triangle

The frustrated triangle constitutes the minimal nontrivial
system for establishing our circuit design methodology. The
analytical results for this case are summarized below as a
theorem, highlighting the central claim of this section.

Theorem 1. Consider the 3-site  antiferromagnetic
transverse-field Ising Hamiltonian on a triangle with uniform
couplings J;; = —b and transverse field # = —a as in Eq. (1).
Let |Yg) denote its ground state. Then, for all a,b >0
there exists a single real parameter x* such that one layer of
the Max-Cut-partitioned 2-qc circuit (one s— pair; Fig. 8)
prepares the exact ground state,

[Vt (X)) = Y1) (€19}

Equivalently, the ansatz reproduces both the exact ground-
state energy

Eg=—a+b—2Va>+ab+ b, (32)

043084-8
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TABLE I. Labeling scheme for |P;) and |Q;) states, categorized
into 3U and 1U classes.

Class Label Basis state

3U |Py) |000)
|Pr) [111)
[Qo) |001)
101) |010)

U |02) [011)
103) |100)
|04) [101)
|Os) [110)

and the symmetry-adapted amplitude structure of |y ) using
a single variational angle.

Proof. To prove the claim, we analyze the symmetry struc-
ture of the triangular Ising Hamiltonian. The triangular Ising
model has 2% = 8 possible configurations. We can categorize
the possible configurations based on the number of unsatisfied
edges, where both sites on an edge have the same spin. In
total, there are two different classes of configurations: those
with one unsatisfied edge (1U class) and those with three
unsatisfied edges (3U class). The latter case represents a less
favorable state due to its higher energy. The general wavefunc-
tion has the following form:

1 5
) = N(me + Zq,~|Q,~>), (33)
i=0 j=0

where N is the normalization factor, and |P;) and |Q;) rep-
resent 3U and 1U classes, respectively. p; and ¢; represent
the amplitudes corresponding to configurations in each class.
Those configurations in the same class have equal amplitudes
in terms of magnitude. This equality results from their sym-
metry and balanced contribution to the wavefunction, where
none of the configurations is more stable than the others,
making them equally significant. However, the phase of the
amplitudes for the same class can vary. We can denote the
magnitudes of amplitudes for classes 3U and 1U as cos 6 and
sin @, respectively, leveraging their equivalence in absolute
amplitudes within the same class. Consequently, the normal-
ization factor can be determined as follows:

lgol = lgqi| = ---1gs| = sin6, (34)
1

M) o
|

[pol = |p1|l = cos B,

Similar to the 2-site case, we can demonstrate the ground
state based on the eigenstates of the X operator using the
labeling scheme in Table I. The eight eigenstates of the X
operator are

1

i) = %(UDO) + |P1)), (36)
1

lvi) = ﬁ<|Qs> + |Q0)), (37
1

lvy) = E(IQM +101)), (38)

lvf) = iuQ ) £103)) (39)

3/ = «/E 2 37)-

The basis set {|vl.i)} spans all states of the Hamiltonian. The
proper phase for each basis state in constructing the ground
state is determined by examining its expectation energy in the
general form across all possible phase assignments. We omit
these details for brevity and instead focus on the ground state,
which serves as our target state. It can be shown explicitly that
the target state |1) has the following form:

3
1
=————— | cosO|v, —sin@E v; ) ), (40
2—00526)( ) |'>> (40)

i=1

[Vigt)

where the angle 6 satisfies

_ @b+a)+2vVa>+ab+1?
B 3a ’

and the ground-state energy is given by

Egy=—a+b—2Va>+ab+ . (42)

Each configuration in the target state is characterized by
a sign determined by the number of spin-up and spin-down
sites. Configurations with an odd number of 1s are assigned
a minus sign, whereas those with an even number of 1s have
a plus sign. For instance, |001) holds a minus sign, whereas
|110) carries a plus sign. Therefore, if two different configura-
tions have a maximum Hamming distance, they should exhibit
opposite signs with respect to each other.

As we can see, the target state consists of two coefficients,
implying that only one parameter is required to obtain it.
To maintain consistency, the circuit in Fig. 8 reproduces the
desired state using a single parameter, for all a and b values as
shown below:

tan 6

(41)

yan
v
=
<
0
NE
—
K
A
Ay
D
=
<
—
I8
S~—

D
&
=
o
S~—
Pany
NP

b By (3) €

: (43)
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where tan(%) = /2sin (x + 7 /4)), resulting in the output
State:

3
Yy = C((Zsinx+ cosx)|vy ) + cosxz |vi_)>, (44)

i=1

where s—t represents a single layer of subcircuit s and subcir-
cuit 7, with the order of s and ¢ proceeding from left to right

one can derive Eq. (40). In this context, the variable x satisfies
the following relation:

_ —(a+b)+var+ab+1?

a

tan x 45)

As mentioned earlier, we can swap subcircuits s and ¢ to

and C = \/m By applying the identity tan x = %, obtain the target state, and we derive
|
j90) | Ry(—5) e Ry () 5| R, (2) o
| |
) < Ry(=%) D Ry (5) - : (46)
| |
) {R,(-5) ; e r,(5) &

where y = 2tan~!(+/2sin (x' — 7)), resulting in the output
state:

3
wt—s:C/(Sin <x/+ %))Ivg_) + cos (x/+ %)) ; Iv,-_)),

(47)

where C' = m By using the identity tan(x’ + %) =
—cot 8, Eq. (40) can be derived. This leads to the following
relationship between x’' and the parameters a and b of the

Hamiltonian:

,  —(a+2b)+2Va? +ab+ b

a

tan x

(48)

For larger systems, we will apply the 2-qc building block
to benchmark the trainability of the circuit in finding the
target state. The capability of this framework to find the target
state for larger frustrated systems is explored in the following
section. Whereas the MPA was able to reproduce the ground
state for the triangle exactly, this is no longer the case for
larger graphs. However, taking the triangle as building blocks
for frustrated systems, one can employ the s and ¢ circuits in
the same vein.

III. NUMERICAL METHODOLOGY

A. Extracting Max-Cut bitstrings

To obtain the Max-Cut, we use Eq. (13) and set J;; =1
to assign equal weight to all edges in the graph. We run the
QAOA algorithm and identify the bitstrings with the high-
est output probabilities, which correspond to the Max-Cut
solutions.

B. Performance metrics

We assess the performance of the MPA method using com-
plementary metrics that probe both energetic accuracy and the
quality of the prepared quantum state.

1. Recovered correlation energy

The RCE quantifies how much of the correlation energy—
defined as the energy difference between the exact ground
state and the mean-field approximation [92]—is captured by
the MPA. It is computed as

E — E
%RCE = —mf — =MPA

mf

x 100, (49)

tgt

where E, is the mean-field energy obtained from a circuit
containing only single-qubit R, rotations (i.e., without any
two-qubit entangling blocks), Enmpa denotes the energy
obtained using the MPA circuit, and Eiy is the target-state
energy. Negative values of %RCE indicate that the variational
ansatz performs worse than the mean-field reference; i.e.,
it fails to recover correlation energy beyond a product-state
description.

2. Fidelity

To quantify the closeness of the MPA state to the target
state, we use the Uhlmann fidelity [18,93]. For the MPA den-
sity matrix pnmpa and the target density matrix oy, the fidelity
is defined as

F(ompA, Prgt) = [Tf(\/ /OMPA Prgt /Prpa) ]

We note that fidelity is not a directly observable quantity
on current quantum hardware, as its estimation requires either
access to the exact target state or full (or partial) quantum state
tomography. Both approaches are highly sensitive to statistical
shot noise and scale unfavorably with system size. For this
reason, fidelity is evaluated here using ideal simulations with
infinite shots, where it serves as a diagnostic tool to assess the
intrinsic expressibility of the variational ansatz rather than as
a hardware-level benchmark.

(50)

3. Correlation functions and magnetization

Although energy and fidelity provide good global measures
of performance, we also employ experimentally accessible
observables—namely, correlation functions (Z;Z;) and mag-
netizations (X;)—as performance metrics for the 19- and
20-site lattices.
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TABLE II. Comparison of energy error, %RCE, and F between QAOA, ADAPT-VQE, and the MPA circuit introduced in this work for
the frustrated 5-site house Ising model with a = 0.1. ADAPT-VQE(1) and ADAPT-VQE(2) correspond to different choices of the gradient

convergence threshold in the adaptive operator-selection procedure.

Method Energy error %RCE Fidelity Gradient threshold
QAOA 0.014 95 —721.4 0.954 -
ADAPT-VQE(1) 0.000 08 95.6 0.500 10~ (four iterations)
ADAPT-VQE(2) 0.000 00 1.000 107 (five iterations)
MPA 0.000 06 96.4 1.000 -

C. Simulation setup

All simulations were performed using the QISKIT AER
ESTIMATOR in the state vector mode, under noiseless con-
ditions [94]. The classical optimization was carried out
using sequential least squares programming (SLSQP) [95]
with a convergence threshold of 1078, The performance of
the proposed method was benchmarked against QAOA [24]
and ADAPT-VQE [89], with a detailed description of these
approaches provided in Appendix A. For a fair compari-
son, QAOA and ADAPT-VQE simulations were run using
identical classical optimization settings. In all cases, varia-
tional parameters were initialized randomly using a single
initialization per simulation. Additional hardware-realistic
simulations, incorporating a backend-derived noise model,
are reported separately in Appendix D and are restricted to
energy-based observables.

D. Optimization protocol

Parameters are optimized across a grid of a € [0, 1]. For
large graphs (19-20 sites), an adiabatic continuation scheme
is used: The optimal parameters at one value of a are used as
the initial point for the next value.

IV. RESULT AND DISCUSSION

A. 5-site frustrated Ising model

Here, we present results for a 5-site frustrated Ising model
on the house graph [96]. For various cuts, including Max-Cut
to evaluate the circuit’s performance across different graph
partitioning approaches (see Fig. 9). To distinguish between
different cuts, we define cut(«), where o denotes the number
of edges in a cut. In this case, the Max-Cut corresponds to
cut(5). In each scenario, the circuit starts from the initial state
and employs three layers of s, ¢, and s subcircuits in the order
of s—t—s. The resulting recovered correlation energy and state
fidelity are presented in Fig. 10.

Figure 10 demonstrates that the Max-Cut-based MPA cir-
cuit achieves the exact solution with high fidelity across the
entire interval of a. However, for cut(4) and cut(4*), the exact
result is reproduced only when a > 0.5, and as a decreases,
the fidelity drops rapidly. As previously stated, simulating
spin glasses becomes particularly challenging when the mag-
netic field is weak. Consequently, if the circuit provides an
incomplete representation compared to the target state, it will
readily align with the structure of an excited state. This leads
to convergence to a linear combination of the ground state and
the excited state, rather than the ground state itself.

We analyzed the RCE and state fidelity relative to the
exact results for a = 0.1, where the first excitation gap is
1.5 x 107*. The results are presented in Table II and visu-
alized in Fig. 11. As shown in the results, for a small value

(g) cut(5) = Max-Cut

FIG. 9. Six possible cuts for the 5-site house configuration, in-
cluding the Max-Cut.
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FIG. 10. Comparison of the recovered correlation energy for dif-
ferent cuts, including the Max-Cut [panel (a)], and the state fidelity
[panel (b)] for the 5-site house frustrated Ising model.

Single Gates
—— QAOA
ADAPT-VQE(2)

Parameters

FIG. 11. Comparison of the circuit complexity between QAOA,
ADAPT-VQE(2), and the MPA circuit introduced in this work for the
frustrated 5-site house Ising model with a = 0.1.

FIG. 12. Schematic representation of the MPA,, ansatz, where m
denotes the number of s— pairs used.

of a, the QAOA method requires a large number of layers to
achieve accurate energy and wavefunction results. However,
even with a depth of 310, the QAOA circuit does not reach a
fidelity of 1.000 and exhibits a higher energy error compared
to the MPA method. For ADAPT-VQE, a gradient threshold of
1073 is required to achieve a fidelity of 1.000. However, with
a gradient threshold of 107, it is possible to obtain accurate
energy results, with an energy error lower than that of the
proposed method, but at the cost of poor state fidelity. Us-
ing very small gradient thresholds increases the circuit depth
and also raises the number of measurements required for the
operators in the pool. This example illustrates that the MPA
circuit can achieve accurate results with the highest fidelity
while significantly reducing circuit complexity, requiring only
one-tenth the depth of the QAOA circuit and one-fifth that of
the ADAPT-VQE (see Fig. 11).

B. 7- and 10-site frustrated Ising model

To further evaluate the capability of the MPA circuit, the
lattice size was increased to 7 and 10 sites to determine the
number of s and ¢ layers required to achieve accurate results
for %RCE and F within a. The notation MPA,, denotes an
ansatz composed of m successive layers, where each layer
consists of an s— pair acting collectively on the full qubit
register (see Fig. 12).

Figure 13 illustrates a representative Max-Cut configura-
tion among the four distinct solutions obtained for the 7-site
hexagon graph using the QAOA algorithm. The correspond-
ing results are shown in Fig. 14, indicating that an accurate
solution corresponds to MPA;. For the 10-site ribbon lattice,
one possible Max-Cut configuration was obtained using the
QAOA algorithm from a set of six distinct solutions, together
with an alternative configuration (Figs. 15 and 16). The sim-
ulation was carried out according to the configuration shown

FIG. 13. One possible Max-Cut for the 7-site hexagon graph.
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FIG. 14. Comparison of the recovered correlation energy for dif-
ferent m shown in panel (a), and the state fidelity presented in panel
(b) for the 7-site hexagon frustrated Ising model. The mean-field
curve corresponds to a product-state ansatz constructed using only
single-qubit R, rotations (see Sec. Il B).

in Fig. 15, while a comparison between the two Max-Cut so-
lutions, including the results for the alternative configuration,
is provided in Appendix B. Interestingly, m = 3 once again
provides a result with high state fidelity and accurate energy,
as shown in Fig. 17.

FIG. 15. One of the six possible Max-Cut solutions for the
10-site ribbon graph.

FIG. 16. Alternative Max-Cut configuration for the 10-site rib-
bon graph.

In Table III, %RCE and F are compared with QAOA and
ADAPT-VQE for a = 0.1, where the first excitation gap is
2.861 x 1078. For the QAOA method, 100 layers of prob-
lem and mixer Hamiltonians were utilized [24]. However,
as evident from the table, despite this substantial number of
repetitions, the state fidelity remains very poor, and the energy
error is significant. Due to the extremely small first excitation

1001
90
80 1
70
m i
=60
& 50
= 40
307 —=— MPA,
20 —=— MPA,
10+ —s— MPA;
0.1 02 03 04 05 06 0.7 0.8 0.9
a
(a)
1.01
0.8 MPA,
& —=— MPA,
—=— MPA;
0.61 —»— Mean-Field
0.4

01 02 03 04 05 0.6 0.7 0.8 0.9 1.0
a

(b)

FIG. 17. Comparison of the recovered correlation energy for dif-
ferent m shown in panel (a), and the state fidelity presented in panel
(b) for the 10-site ribbon frustrated Ising model.
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TABLE III. Comparison of energy error, %RCE, and F' between QAOA, ADAPT-VQE, and the MPA circuit introduced in this work for

the frustrated 10-site ribbon Ising model with a = 0.1.

Method Energy error %RCE Fidelity Gradient threshold
QAOA 1.743 23 —4107.5 0.067 -
ADAPT-VQE 0.000 27 99.3 0.500 10~* (three iterations)
MPA 0.000 42 99.0 1.000 -

gap, achieving accurate results would require repeating the
layers an excessively large number of times, leading to an
exponential increase in circuit depth and the number of CNOT
gates. On the other hand, the ADAPT-VQE method provides
accurate energy estimates. However, with a gradient threshold
of 1074, the state fidelity is not satisfactory, as this configura-
tion results in a circuit with substantial depth and an excessive
number of parameters. Consequently, obtaining an output
state with high fidelity using ADAPT-VQE becomes chal-
lenging without significantly reducing the gradient threshold.
Lowering the threshold further would produce a circuit that
is both extremely deep and heavily parametrized, making it
impractical. Table IV illustrates a comparison of circuit com-
plexity scaling from a 5-site to a 10-site system for the MPA
circuit, QAOA, and ADAPT-VQE with a = 0.1. As observed,
the circuit depth for the QAOA method increases significantly,
yet the fidelity remains very poor. For the ADAPT-VQE ap-
proach, the scaling is approximately linear, similar to our
method; however, the fidelity for the 10-site system is poor,
and both the circuit depth and the number of parameters are
significantly higher. Notably, the circuit depth for the 10-site
system using our method is still lower than the depth required
for the 5-site system with the ADAPT-VQE method.

To further assess the robustness of the proposed circuit
beyond uniform interactions, we also investigate a frustrated
10-site ribbon lattice with nonuniform (random) couplings.
This additional benchmark, presented in Appendix C, demon-
strates that the circuit retains its performance under interaction
inhomogeneity.

In the following section, to evaluate the scalability of the
proposed method for larger lattices and to verify whether
m = 3 continues to provide a high-fidelity output state, we
extend the lattice size to 20 sites.

C. 19- and 20-site frustrated Ising model

We applied the same procedure to simulate a lattice with
20 sites, corresponding to a Hilbert space dimension of
dim H ~ 10°. One possible Max-Cut configuration, selected

TABLE IV. Comparison of circuit complexity scaling for differ-
ent methods across different system sizes.

Sites Method Depth CNOT Parameters
5 QAOA 310 216 36
ADAPT-VQE(2) 161 98 59
MPA 31 30 15
10 QAOA 4701 3800 200
ADAPT-VQE 551 342 194
MPA 121 168 84

from 40 solutions obtained using QAOA as the initial step in
the circuit design, is shown in Fig. 18. Due to the lack of
symmetry in this lattice, compared to the previous lattices,
it serves as a useful test for evaluating the capability of the
MPA circuit. We started from a = 1 and employed adiabatic
optimization. For m = 3 and m = 4, the results are shown in
Fig. 19, and Table V presents the circuit complexity. The
results indicate that m = 3 is adequate to reproduce the tar-
get state with high fidelity across nearly the entire interval
of a. However, the energy error can be further reduced by
increasing m to 4. Despite the fact that the first excitation
gap decreases exponentially with increasing lattice size in
the weak-field regime, as shown in Fig. 4, the MPA circuit
demonstrates remarkable robustness by consistently maintain-
ing high fidelity.

We continue evaluating the performance of the circuit with
m =3 to analyze the correlation function (Z;Z;) and the
magnetization (X;), comparing them with the exact results.
Calculations were performed for a = 0.1, which corresponds
to the most challenging regime, by evaluating all possible
interactions across all sites on the obtained output state and
comparing them with the exact results. Figure 20 presents the
correlation function for the exact results, while Fig. 21 illus-
trates the differences with the simulation results. The results
indicate that the error in the correlation function is small on
average; however, larger deviations of up to | = 0.115]| are
observed for interactions involving sites 16—18. Consistently,
by analyzing the magnetization, we observe that despite ac-
ceptable agreement with the exact data for small values of q,
sites 16, 18, and 19 exhibit larger errors compared to other
sites, with a maximum absolute error of 0.096 (see Fig. 22).

From the position of sites 16, 18, and 19, we hypothesize
that interactions in the bulk are more difficult to capture,
and so we conducted an additional simulation for a 19-site
hexagon lattice (Fig. 23), which has a configuration that is
slightly bulkier than the 20-site ribbon lattice. Figures 24
and 25 present the results for the exact values and the dif-
ferences between the exact and simulated results for a = 0.1,
respectively. The output state fidelity is 0.972, with an energy

FIG. 18. One possible Max-Cut for the 20-site ribbon graph.
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FIG. 19. %RCE for different m shown in panel (a), and F pre-
sented in panel (b) for the 20-site ribbon frustrated Ising model.

error of 1.242 x 1072, The circuit complexity corresponding
to the 19-site lattice is summarized in Table V. The results
demonstrate that the proposed method successfully produces
a state with high fidelity. Additionally, the correlation function
derived from the simulation shows good agreement for most
interactions. Notably, for site 9, which is located at the center
of the graph and is farthest from the edges, the error in the
correlation function involving this site is relatively low.
Moreover, the magnetization was calculated and compared
to the exact result, as shown in Fig. 26. The values obtained

TABLE V. Summary of the CNOT gate count and the number of
parameters in the MPA circuit for different system sizes, evaluated
form = 3.

Name Sites (n) CNOT Parameters
House 5 30 15
Hexagon 7 108 54
Ribbon 10 168 84
Hexagon 19 360 180
Ribbon 20 360 180
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FIG. 20. The correlation function obtained from the exact results
for the 20-site ribbon system.

from the circuit approximate the exact results well, with the
highest absolute error being 0.083. As illustrated in Fig. 26(b),
although sites 5 and 13 are expected to behave identically due
to the lattice symmetry, the MPA circuit breaks this symmetry,
leading to a larger error at site 13 than 5.

V. CONCLUSION

We introduced a 2-qc block to design a variational quantum
circuit for Ising spin glasses using the VQE framework. Graph
partitioning of the underlying frustrated lattice based on the
Max-Cut problem is utilized to minimize circuit depth. The
method has been tested on frustrated lattices with up to 20
sites. Notably, when scaling the circuit from a 10-site to a
20-site lattice, the number of CNOT gates, circuit depth, and
required parameters increase by a factor of 2, despite the
exponential growth in the number of possible configurations,
exceeding one million for the 20-site lattice. In the RVB
picture, the number of possible pairings for a 20-site lattice
exceeds 650 million, compared to only 945 pairings for a
10-site lattice. This demonstrates the exponential growth in
circuit depth required to accommodate all possible pairings,
highlighting the importance of methods that can reduce the
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FIG. 21. The difference between the correlation function for the
exact results and the simulated results for the 20-site ribbon system.
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FIG. 22. The magnetization obtained from the exact results for
the 20-site ribbon system is shown in panel (a), and the difference
between the magnetization obtained from the exact results and the
simulated results is shown in panel (b).

search space by identifying significant pairings. By employing
graph partitioning based on Max-Cut, the circuit complexity
is significantly reduced.

In general, finding a Max-Cut is an NP-hard problem. The
most effective classical polynomial-time approximation algo-
rithm is that of Goemans and Williamson [97], which employs
semidefinite programming combined with randomized round-
ing and achieves an approximation ratio of approximately
88% of the maximum cut. For quantum algorithms, single-
layer QAOA (p = 1) achieves an approximation ratio of about

FIG. 23. One of the forty possible Max-Cut configurations for
the 19-site hexagon graph.

69% for Max-Cut on 3-regular graphs [24]. Nevertheless,
for planar graphs, classical polynomial-time methods exist
that reformulate the Max-Cut problem as a maximum-weight
matching problem solvable using polynomial-time algorithms
[47].

In terms of gate scaling, for a planar graph G(V, E) with V
sites and |E| edges, let k denote the number of edges cut in the
maximum cut of G, which is bounded by |E|/2 < k < |E]|.
A single layer of the MPA therefore requires 4k CNOT gates
and 2k variational parameters, while a single QAOA layer
uses 2|E| CNOT gates and two parameters. Consequently, the
per-layer CNOT count of MPA ranges between 1 x and 2x that
of QAOA. Although QAOA is more parameter-efficient per
layer, achieving comparable performance typically requires
multiple layers.

Based on the results, m = 3 provides acceptable accuracy
compared to exact solutions, meaning that the circuit com-
plexity also remains polynomial. It should be mentioned that
the seemingly constant m = 3 was not tested on larger systems
than 20 spins, because of computational limitations on the
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FIG. 24. The correlation function obtained from the exact results
for the 19-site hexagon system.
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FIG. 25. The difference between the correlation function for the
exact results and the simulated results for the 19-site hexagon system.

exact benchmark results, which require exact diagonalization
in an exponentially scaling Hilbert space. However, if a con-
stant or polynomially scaling m with system size can be
confirmed, the MPA circuit design might open a door to poly-
nomial scaling simulation of RVB spin glasses on quantum
devices.

Finally, the 2-qc block exhibits a group structure, as this
operation is closed for any input in the Hilbert space. Addi-
tionally, the commutation properties with the total-spin-flip
operator, such as the Hamiltonian of the problem, can provide
potential insights by examining the corresponding Lie alge-
braic structure and the dynamical Lie algebra of the building
block. This aspect will be addressed in future work.
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APPENDIX A: QAOA AND ADAPT-VQE

In our QAOA simulations of the frustrated Ising model
in Eq. (1), the cost-Hamiltonian evolution was implemented
using a first-order Trotter decomposition [18,99]. The mixer
Hamiltonian was chosen as Hy = 27:_01 Y;, since the Ising
interaction terms act in the Z direction while the transverse
magnetic field is applied along X . This choice follows the gen-
eral QAOA requirement that the mixer Hamiltonian should
not commute with the problem Hamiltonian, thereby en-
abling nontrivial exploration of the Hilbert space [24,100].
We applied 18 alternating layers of the problem and mixer
Hamiltonians for the 5-site house geometry and 100 layers for
the 10-site ribbon lattice.

For the ADAPT-VQE method, an operator pool was con-
structed using single-qubit and two-qubit gates to implement
single and double excitations, representing spin flips at lat-
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FIG. 26. The magnetization obtained from the exact results for
the 19-site hexagon system is shown in panel (a), and the difference
between the magnetization obtained from the exact results and the
simulated results is shown in panel (b).

tice sites. We have the following candidate operators for
constructing the pool:

Single-qubit operators:

{o'},
{Ul-"‘af}.

The two-qubit operators included in the pool are derived from
neighbor-neighbor interactions based on the graph structure.
The gradient of the energy with respect to each operator is
initially evaluated for the two-qubit operators. The selected
operators are then implemented in a quantum circuit, which
is initialized in the vacuum state, with their parameters op-
timized. In the subsequent step, the gradient for a single

two-qubit operators:

043084-17



GHASEMPOURI, DUECK, AND DE BAERDEMACKER

PHYSICAL REVIEW RESEARCH 8, 043084 (2026)

10°
=~ -3 /‘\\ v
*L) 10 ~ /// g \\
§ /V \\
S b \
Eﬂ/ —4 | /’, ‘\
ﬁ 10 v \‘ ”,\
L
\
\\v
10—
0.1 020304050.60.7080.9
a
(a)
10°
I'\\
/ \V""
/ “
- 74_ //' \
S / \
S Y LA
5107 vo
4 \
‘\
\
\\
10 4 v
0.1 0203040.50.60.70.80.9
a
(b)

FIG. 27. Comparison of two Max-Cut configurations in the 10-
site ribbon lattice.

operator is measured and added to the existing circuit, fol-
lowed by reoptimizing all parameters within the circuit. This
iterative process continues until the gradient threshold and
convergence tolerance are achieved.

APPENDIX B: COMPARATIVE ANALYSIS OF MAX-CUT
CONFIGURATIONS (10-SITE RIBBON LATTICE)

Here, we present a comparison between two distinct Max-
Cut configurations in terms of energy error and fidelity for
the 10-site ribbon lattice. We denote the configuration shown
in Fig. 15 as mc and the one in Fig. 16 as mc*. The en-
ergies obtained from the corresponding circuits for mc and
mc* are compared in Fig. 27(a). The absolute energy error,
|AE (mc, mc*)|, demonstrates strong agreement between the
two results, with the error remaining below 10~* fora = 0.1,
which represents the most challenging regime.

Furthermore, the difference in fidelity between the two out-
put states, AF (mc, mc*), with respect to the true ground state,
has been computed and is shown in Fig. 27(b). The results
indicate that the fidelity difference remains below 1073 across
the entire range of a, and notably below 10~ for a = 0.1,

TABLE VI. Random nearest-neighbor couplings J;; sampled
independently from the uniform distribution on [0, 1], ie.,
Jij ~U (0, 1)

Ji .

~
~.

0.787 42
0.892 09
0.015 08
0.833 67
0.547 90
0.973 45
0.236 83
0.646 92
0.065 03
0.555 58
0.402 36
0.265 97
0.986 68
0.397 32
0.328 46
0.125 16
0.111 46
0.984 57
0.578 94

O NN NP BRWWLWDDNDND—~~=OOOo
000 J O NN OWNNO O 0O WOo NI —

suggesting that the two distinct Max-Cut configurations yield
nearly identical output states.

APPENDIX C: RANDOM INTERACTIONS FOR THE
10-SITE RIBBON LATTICE

As an additional benchmark, we investigate the perfor-
mance of the MPA method in the presence of nonuniform
antiferromagnetic interactions. Specifically, we consider a
representative instance in which the coupling strengths are
randomly drawn from a uniform distribution on the interval
[0, 1], as listed in Table VI. The first excitation gap is evalu-
ated to demonstrate that this lattice configuration also exhibits
an exponentially small gap, see Fig. 28.
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h

FIG. 28. First excitation gap of the 10-site ribbon lattice with
nonuniform interactions, evaluated across different magnetic-field
strengths /.
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FIG. 29. One of the two possible Max-Cut solutions for the
weighted 10-site ribbon graph.

The Max-Cut partitioning for this lattice with nonuniform
edge weights is illustrated in Fig. 29, where the resulting
source and sink layers of the graph are identified.

The corresponding energy error and state fidelity are
shown in Figs. 30(a) and 30(b), respectively. These results
indicate that the proposed circuit accurately reproduces the
target ground state, achieving a fidelity of 1.000.
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FIG. 30. Energy error in panel (a) and fidelity results [panel (b)]
for MPA; the 10-site ribbon lattice with nonuniform interactions.
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FIG. 31. Energy error AE = E — Ey for the 5-, 10-, and
20-site systems at transverse-field strength a = 0.1, obtained from
infinite-shot and finite-shot (4000) simulations with and without
noise. Different markers indicate system size. Finite-shot noiseless
results remain close to the infinite-shot reference, while hardware-
realistic noise induces a systematic upward bias that increases with
system size.

APPENDIX D: HARDWARE-REALISTIC
NOISE SIMULATIONS

In this Appendix, we assess the robustness of the proposed
method under finite-shot sampling and hardware-realistic
noise. We consider three representative geometries: the 5-site
house graph and the 10-site and 20-site ribbon graphs.

For each system, we compare energy estimates obtained
from (1) infinite-shot simulations, (2) finite-shot ideal simula-
tions with 4000 measurement shots, and (3) finite-shot noisy
simulations with 4000 measurement shots. The infinite-shot
results serve as a reference, while the finite-shot simulations
quantify the effects of statistical sampling and device-level
imperfections.

All noisy simulations were performed locally using QISKIT
AER, with a noise model constructed from the IBM Marrakesh
backend [101]. The backend configuration was used to extract
the native basis gates, qubit coupling map, and calibrated gate
and readout noise parameters, thereby enabling hardware-
realistic simulations.

To isolate the effects of shot noise and hardware-induced
errors, finite-shot ideal and noisy energies were evaluated at
the optimal variational parameters obtained from the corre-
sponding infinite-shot simulations.

The inclusion of finite-shot noiseless simulations allows
the impact of statistical sampling to be examined indepen-
dently of hardware noise. As shown in Fig. 31, across all
three system sizes the finite-shot noiseless results obtained
with 4000 measurement shots remain in close agreement with
the infinite-shot reference energies. In particular, the devia-
tion between infinite-shot and finite-shot noiseless energies
remains below 0.03 for all systems considered, indicating
that shot noise alone does not significantly degrade perfor-
mance at this sampling level. In contrast, the introduction of
hardware-realistic noise leads to a systematic upward bias in
the estimated ground-state energy, with the magnitude of the
deviation increasing with system size, most notably for the
20-site ribbon graph.
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