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Cross-order induced behaviors in contagion dynamics on higher-order networks
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Recent studies have shown that novel collective behaviors emerge in complex systems due to higher-order
interactions. However, the way in which the structural correlations of these interactions shape such behaviors
remains a significant gap in current research. To address this, we use signatures of higher-order behaviors
(HOBs) to identify the underlying dynamical rules, or higher-order mechanisms (HOMs). In this work, we
compare several HOB measures derived from information theory. Utilizing a simplicial susceptible-infected-
susceptible contagion model, we demonstrate that simpler, computationally efficient measures can serve as
robust indicators of HOMs. We uncover the phenomenon of cross-order induced behaviors, where behavioral
signatures emerge at interaction orders where no direct mechanism is present. Crucially, these cross-order HOBs
are not simply induced by structural correlations—such as nestedness and hyperedge overlap—but they appear
in the neighborhood of any HOM. Among the information-theoretic measures we tested, synergy is the most
reliable indicator of the true order where the underlying mechanism is at play. These findings offer new insights
into the relationship between the network structure and observed dynamics of higher-order systems.
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I. INTRODUCTION

Many of the systems of scientific and general interest today
are complex systems, made up of many simple units interact-
ing in nonsimple ways. In many of these systems, the set of
interactions are naturally described by a network: a mathemat-
ical object whose structure has repeatedly shown to be crucial
for modeling the system’s dynamics [1]. However, recently
extensions of the classical network framework to include so-
called higher-order interactions—e.g., interactions involving
three or more nodes at the same time—have been proposed
[2–8]. Such interactions are essential for representing real-
world processes that cannot be decomposed into a set of
pairwise interactions [9–12], such as group social interactions
[13–17], ecological competition [18], and neural processing
units [19–21], to name a few.

Moreover, recent research showed that structural corre-
lations between higher-order structures are a fundamental
determinant of how these dynamical processes unfold. In
particular, interorder hyperedge overlap, which refers to a
hierarchical correlation structure where smaller hyperedges
are entirely contained within larger ones, is a common fea-
ture of real-world social systems. These structural correlations
significantly alter transitions in dynamical processes [22–28].

*Contact author: michele.starnini@upf.edu

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

For instance, the emergence of explosivity and bistability
in synchronization dynamics often requires specific levels
of hyperedge overlap [29–33]. In the context of contagion
dynamics, the degree of overlap can dualistically lower inva-
sion thresholds while reducing the size of outbreaks [34,35].
Beyond contagion, nested structures are found to promote
the emergence of cooperation in evolutionary dynamics when
they comprise rich, uniform nested dyadic structures [36].

The interplay between these structural constraints and the
resulting dynamics necessitates a clear distinction between
higher-order mechanisms (HOMs) and higher-order behav-
iors (HOBs) [37]. In this context, mechanisms refers to the
(potentially dynamical) rules of interaction between system
units, while behaviors refers to the statistical patterns in the
(potentially time-dependent) state of the variables that de-
scribe the system. Both are considered higher order when they
involve more than two variables in a way that is irreducible to
purely pairwise relationships. Understanding the relationship
between these two concepts is vital for network inference;
ideally, one could identify the presence of complex hidden
mechanisms by measuring their behavioral signatures. Yet,
HOMs and HOBs do not always correspond directly. There
are instances where HOMs leave no detectable behavioral
mark, or conversely, where purely pairwise interactions gen-
erate behaviors that appear higher order [9–12,37,38].

In this work, we compare several measures of HOBs based
on the partial information decomposition [39] to identify
which serves as the most reliable indicator of underlying
HOMs, while assessing the robustness of these signals as
the interaction order increases. Utilizing a simplicial SIS
contagion model, we explore how these signals emerge and
scale across both simplicial complexes and hypergraphs.
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FIG. 1. Schematic representation of the simulation and analysis pipeline. First, we generate a network via the procedure described in
Appendix B, with parameters depending on the particular experiment [panel (a)]. Using this network, we simulate a contagion model with
different parameters μ, λ� [panel (b)] to obtain a discrete-time series for each node [panel (c)]. We then extract the time series for each group of
nodes involved in pure cliques (Xc) or simplices (Xs) and compute the information-theoretic quantities defined in Sec. II A using the procedure
described in Appendix D [panel (d)]. Since all measures M require a target node to be specified, we take the average over all nodes in the
group as targets M as the final measure for that group. Separating groups into two classes, we obtain a distribution for M for cliques Pc

M
and simplices Ps

M [panel (e)]. Finally, we take the statistical distance between the distributions for the two classes δ(Pc
M, Ps

M) to quantify
the overall difference in behavioral response between cliques and simplices for the given measure M [panel (f)]. The procedure is applied
analogously when studying random hypergraphs; for details, see Appendixes B and C.

We specifically investigate the phenomenon of cross-order
induced behaviors, where mechanisms at one order trigger
behavioral signatures at another. Our findings suggest that
simpler, computationally efficient measures can often cap-
ture the same qualitative behaviors as more complex ones,
provided they are properly conditioned to isolate dynamical
dependence. Furthermore, these induced behaviors emerge
when no structural correlations, such as nestedness or hy-
peredge overlap, are present, offering new insights into the
interplay between network structure and observed higher-
order dynamics.

II. RESULTS

A. Measures of higher-order behavior

We consider the simplicial susceptible-infected-susceptible
(SIS) model [40], as one of the simplest stochastic systems for
generating higher-order behaviors. See Fig. 1 for a schematic
representation of the simulation and analysis pipeline.

For a simplicial complex of maximum order L = 2, the
simplicial SIS model is defined by a pairwise infectivity λ1

(the classic rate of individual, pairwise infection) and a higher-
order infectivity λ2 (an additional infection rate for each
2-simplex with one susceptible and two infected nodes). See
Fig. 1(b) and Appendix C for details. We interpret λ1 and λ2

as the strength of the pairwise (PWM) and higher-order mech-
anisms, respectively. We study the behavior of this model
via stochastic simulations on a quenched random simplicial
complex [see Fig. 1(a) and Appendix B]. In all cases, we fix
the number of nodes to N = 200 and the average pairwise
degree to 〈k1〉 = 20. We adjust the average degree at orders
larger than 1 in each of the experiments described below, in
order to provide a sufficient number of both simplices and
purely pairwise cliques for the statistical analysis. We also
fix the independent recovery rate to μ = 0.8 and the initial
density of infected nodes to ρ0 = 0.3.

To quantify HOBs within groups of nodes, we compare
different measures from information theory [see Fig. 1(d)].
We start by looking at the sum of pairwise transfer entropies

T (X) =
∑
i, j �=i

T (Xj → Xi ) =
∑
i, j �=i

I
(
X (t )

i ; X (t−1)
j |X (t−1)

i

)
, (1)
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as a purely lower-order measure, since it considers only the
pairwise mutual information I (Y ; X ), which does not depend
on the joint state of more than two variables. The superscripts
(t ) and (t − 1) indicate the state at the current and previ-
ous time step, respectively, such that the transfer entropy T
captures the information flowing from one source X (t−1)

j to

one target variable X (t )
i over one time step, conditioned on

the history of the target X (t−1)
i . We use T as a baseline for

comparison with other measures, as it has a much weaker
dependence on higher-order mechanisms [38].

The simplest way to include information from more than
two variables is to use a joint distribution inside the mu-
tual information I (Y ; X), where X = {Xi}i=1···n is the set of
n sources. Averaging this quantity over all nodes in the group
as targets, we obtain the average mutual information

I (X) = 1

n

n∑
i=1

T (X−i → Xi ), (2)

where X−i = X \ {Xi}. Since we apply a time delay and con-
dition on the target’s history, the average mutual information
becomes the average multivariate transfer entropy, but we
choose the notation for I to avoid ambiguity with its pairwise
counterpart T .

However, the quantity I (Y ; X) of information that a set
of sources provides about a target aggregates many different
types of dependence. Notably, some amount of information
can be stored redundantly in each source variable, while some
amount is contained within the group of variables syner-
gistically, i.e., accessible only through the joint state of all
variables, not the state of any lower-order subgroups. These
quantities are called redundancy and synergy, respectively.
Synergistic information is one of the defining features of
higher-order behavior and is analogous to the irreducibility
of higher-order mechanisms to lower-order ones (e.g., pair-
wise interactions). Furthermore, groups involved in HOMs are
expected to contain a greater amount of synergy than those
involved in PWMs only, since the dynamical rules of HOMs
depend on multiple variables at the same time.

To measure this effect, we can use the average synergy

S (X) = 1

n

n∑
i=1

[
T (X−i → Xi ) − max

j
T (X−i j → Xi )

]
, (3)

which captures the average amount of information about
each variable that is available only when looking at all other
variables together. In the definitions of both I and S , the con-
ditioning on the target’s history ensures that we exclude the
effects of common drivers between source and target nodes,
thus isolating the dynamical dependence between them. To
test how sensitive our results are to this choice, we also
consider the time-lagged but nonconditioned average mutual
information Î and average synergy Ŝ [see Eqs. (A1) and
(A6)].

While we would expect that an increase in synergy is
related to the presence of HOMs, it could also result from an
increase in the overall mutual information, even for PWMs
alone. Thus, it is not clear whether the identifying feature
of HOMs is a larger quantity of synergy or instead a dom-
inance of synergy over redundancy, which is reflected in the

difference between the two types of information. To test which
of these observables is a stronger signal of HOMs, we employ
the average dynamical O-information [41,42]

d�(X) ≡ 〈d�(Xi; X−i )〉i

= 1

n

n∑
i=1

[
(1 − n)T (X−i → Xi )

+
n∑

j=1

T (X−i j → Xi )

]
.

This quantity captures a balance between various kinds of
synergistic and redundant information in the system, such that
d� < 0 indicates a dominance of synergy and d� > 0 that of
redundancy. For a group of three variables (two sources X and
one target Y ), it can be shown that d�(Y ; X) = R(Y ; X) −
S(Y ; X), where R and S denote the single-target redundancy
and synergy, respectively (see Appendix A 2 for details).

We want to test how these measures are affected by
the presence and strength of different HOMs. To this aim,
we compare the value obtained for a given measure M ∈
{d�,S, Ŝ, I, Î, T } when applied to groups of nodes inter-
acting only via pairwise mechanisms against those where
nodes are additionally involved in higher-order interactions.
That is, we apply M to the time series of two distintic sets
of three nodes, connected either in a 3-clique or in a 2-
simplex, obtaining two distributions Pc

M and Ps
M , respectively

[see Figs. 1(c)–1(e)]. Despite being measured on pairwise-
connected nodes, Pc

M might be different from zero [38] (see
Fig. 6 in Appendix E). This is partly a result of performing
numerical approximations of the information, but mostly be-
cause higher-order behaviors are not inherently excluded from
pairwise systems, and indeed are observed in many cases,
such as the model we study here. Therefore, we take the statis-
tical distance between the distributions δ(PM ) ≡ δ(Pc

M , Ps
M ) =

1
2

∑
x |Pc

M (x) − Ps
M (x)|, which can better quantify the HOB

due to the presence of HOMs (e.g., 2-simplices). See Fig. 1(f)
and Appendix D for more details on the estimation procedure
and distance calculation.

Figure 2 shows how the pairwise λ1 and higher-order λ2

infection parameters in the simplicial SIS model affect the
distance δ for the six measures of HOB defined previously. We
use a random simplicial complex of maximum order L = 2,
with generalized average degrees 〈k1〉 = 20 and 〈k2〉 = 6. The
distance δ, which quantifies the difference between HOB for
cliques and simplices, depends nontrivially on (λ1, λ2), in
line with previous works [38]. When δ ≈ 0, we are unable to
distinguish between pairwise and higher-order mechanisms,
either because the measure is inappropriate or because there
is little information in the observed dynamics to begin with.
The practical implication is that in this case our ability to infer
the presence of higher-order mechanisms from state dynamics
alone, such as when working with empirical data, is limited.

The regions of low (δ ≈ 0) and high (δ > 0) distin-
guishability correspond to regions where the pairwise or
higher-order mechanism (respectively) is driving the dynam-
ics and is therefore the dominant factor determining the
system behavior. We see a strong response (large δ) for
all measures in two regions. The first is below the critical
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FIG. 2. Higher-order behaviors in 2-simplices. Statistical distance δ between 3-clique and 2-simplex distributions for different lower-
and higher-order information measures: (a) sum of pairwise transfer entropies T (X); (b) average dynamical O-information d�(X); (c), (d)
unconditioned Ŝ and conditioned S average synergy; and (e), (f) unconditioned Î and conditioned I average mutual information. Phase space
is composed of the pairwise and 2-simplex rescaled infectivities (λ1, λ2) in the simplicial SIS model. Lines in panels (a) and (b) correspond to
the mean-field critical infectivity due to pairwise (dashed) and higher-order (dash-dotted) mechanisms. At these points, the system exhibits a
transition from extinction to endemicity; the full phase space of the prevalence is shown in Fig. 7 in Appendix E.

infectivity for pairwise interactions [λ1 < λ∗
1 = 1, indicated

by a dashed line in Figs. 2(a) and 2(b)], but above that for
the HO interactions [λ1 > 2

√
λ2 − λ2 [40], indicated by a

dash-dotted line in Figs. 2(a) and 2(b)]. In this region, sim-
plices are entirely responsible for sustaining the infection,
since below λ∗

1 it would die out if only pairwise mechanisms
were at play. (For the full phase space of the prevalence ρ,
see Fig. 7 in Appendix E). The second region with large δ

occurs for λ > λ∗
1 whenever the higher-order infectivity λ2 is

sufficiently larger than λ1. As we increase λ1, pairwise mech-
anisms account for an increasing number of infection events,
and thus only sufficiently strong higher-order mechanisms
will create enough dependence on the group level to appear as
information in the joint state of nodes. This is captured by all
higher-order measures except the nonconditioned versions of
the average synergy Ŝ [Fig. 2(c)] and average mutual informa-
tion Î [Fig. 2(e)]. For very large λ1, the response for simplices
approaches that of cliques and thus δ → 0. In this region, a
larger proportion of infection events occur due to pairwise
interactions, so HOMs have only a marginal effect on the
dynamics, and the joint node state loses the extra information
it provided when pairwise infection events were rare. In the
subcritical regime (λ1 < λ∗

1), the transition from low to high
distinguishability due to higher-order interactions follows the
first-order transition between extinction and endemicity (i.e.,
nonzero prevalence) in the simplicial SIS model [40]. In the
supercritical regime (λ1 > λ∗

1), the more gradual transition
to distinguishability is not accompanied by a change in the
prevalence ρ, so it is purely an effect of the competition
between pairwise and higher-order mechanisms.

Let us compare the response of different measures. While
the purely lower-order metric T [Fig. 2(a)] captures the essen-
tial characteristics described above, d� [Fig. 2(b)] produces

the clearest difference between cliques and simplices through-
out the phase space. Interestingly, also the average mutual
information I [Fig. 2(f)] and especially the average synergy
S [Fig. 2(d)] produce a signal that is almost as strong as
that of d�. Since d� is equivalent to a balance between
synergy and redundancy [see Eq. (A9)], synergy plays a more
important role in distinguishing between lower- and higher-
order mechanisms (see Fig. 6 in Appendix E). Crucially, the
effectiveness of both synergy and mutual information relies
on conditioning: Specifically, it relies on isolating the dynamic
influence by conditioning on the target variable’s history (e.g.,
conditioning on the target being susceptible in the SIS model).

To make these observations more concrete, we can cal-
culate the mean absolute difference, denoted as � ∈ [0, 1],
between the phase portraits for the statistical distance δ pre-
sented in Fig. 2. For example, for the phase portraits of the
dynamical O-information d� and another measure M, we
define the difference as �(d�, M ) = 〈|δ(Pd�) − δ(PM )|〉λ�

,
where the average is taken over parameter points, in this case
all pairs (λ1, λ2). The smaller the value of �, the more the
two phase portraits match, which allows us to support quanti-
tatively our previous observations. Taking d� as a reference,
we find that there is a difference �(d�, T ) � 0.244 with the
purely pairwise transfer entropy T , while there is a much
smaller difference with the conditional synergy �(d�,S ) �
0.082 and mutual information �(d�, I ) � 0.164. We find
the largest difference when comparing to the nonconditioned
versions of the former measures, with �(d�, Ŝ ) � 0.274 and
�(d�, Î ) � 0.305.

Note that the average synergy S and especially the aver-
age mutual information I, are much simpler measures than
the dynamical O-information d�. When thinking about these
measures as a combination of partial information atoms (see
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FIG. 3. Behaviors at higher orders. Statistical distance δ for the
average dynamical O-information d� [left column, panels (a) and
(b)] and average synergy S [right column, panels (c) and (d)] distri-
butions of 3-hyperedges (top row, a and c) and 5-hyperedges [bottom
row, panels (b) and (d)] relative to their respective (� + 1)-cliques.
Distributions are based on separate simulations on random simplicial
complexes with maximum order L ∈ {3, 5} (top and bottom rows,
respectively) and all mechanisms of intermediate order disabled, i.e.,
λ� = 0 for 2 � � < L, effectively leaving only pairwise and order
L edges.

Appendix A 2), the synergy S has a much simpler interpre-
tation as the minimum amount of information contained in
the state of all n variables that is not contained in any subset
of n − 1 variables. As we increase the number of variables,
S continues to represent a single atom, while d� is a com-
plex combination of atoms. At higher orders, it is easier to
reason about d� as the difference between total correlation
and dual total correlation [41], which is still less intuitive than
the definition of synergy. Finally, if we are only interested
in distinguishing between cliques and simplices (e.g., for an
inference problem), rather than analyzing the decomposition
into different types of information, mutual information I ap-
pears as a decent and much less computationally intensive
option [scaling as n, while d�(X) and S (X) scale as n2].
See Fig. 8 (Appendix E) for the HOBs of a wider range of
information-theoretic measures based on the partial informa-
tion decomposition.

Therefore, simpler measures such as average synergy S
or even average mutual information I, if conditioned to the
history of the system, provide a sufficiently strong signal to
distinguish the emergence of HOBs. Figure 3 further sup-
ports this observation by showing d�(X) and S (X) for an
L = 3 and L = 5 simplicial complex. We set the generalized
average degrees to 〈k1〉 = 20 and 〈kL〉 = 6. We impose that
only pairwise edges and the largest faces in the simplex are
active (only λ1 and λL are nonzero). As before, we focus
on how the difference δ between HOBs for (L + 1)-cliques
with and without L-simplices depends on the parameters λ1

and λL, controlling the strength of pairwise and higher-order
interactions, respectively. Note that applying HOB measures
to a larger set X ≡ Xn of n = L + 1 variables introduces com-
putational challenges (see Appendix D 1 for discussion).

Figure 3 shows phase spaces similar to the L = 2 case. We
can see regions with a large difference between the behaviors
of pairwise cliques and simplices (δ > 0) and regions where it
is difficult to distinguish between the two (δ ≈ 0). We also see
the two types of transitions between these regions, for small
and large pairwise infectivity λ1. However, in this case, the
subcritical transition for λ1 < 1 does not occur when λ1 ≈ 0
and depends less strongly on the higher-order infectivity λL.
Other studies have documented the significant effect that the
order of interactions has on the shape of the transition [43],
which is reflected here in the behavior of δ. This can be con-
firmed with the phase portrait of the prevalence ρ for orders 3
and 5, which is shown in Figs. 7(b) and 7(c) in Appendix E.

The average synergy S captures only a fraction of the mu-
tual information between variables, unlike the more complex
d�. While this simplicity makes S less sensitive to HOBs near
the λ1 = 1 transition, it performs remarkably well elsewhere.
Across the rest of the phase space, S distinguishes between
cliques and simplices with the same precision as d�, main-
taining this parity at least up to order L = 5.

B. Cross-order induced behaviors

In the previous section, we focused on measuring the be-
haviors at the maximum order L of the simplicial complex,
i.e., disabling all mechanisms except those at first and Lth
order. We now look at a more realistic scenario, in which
mechanisms of different orders are active at the same time,
and we measure their effects on HOBs at all orders. We focus
on random simplicial complexes of maximum order L = 3
(tetrahedrons), which means we have three parameters: one
lower-order parameter λ1, and the higher-order parameters
λ2 and λ3, controlling the strength of 2-simplices and 3-
simplices, respectively. The networks have a size N = 200
and average pairwise degree 〈k1〉 = 20 as before, and aver-
age generalized degrees set to 〈k2〉 = 6 and 〈k3〉 = 2. See
Appendix B for details on network generation. Recall that,
in simplicial complexes, all simplices of intermediate orders
(2-simplices, in this case) are located within structures of
larger order. We can now probe how the mechanisms at one
order affect the behaviors at another order, by controlling the
HOMs (λ2 and λ3).

Figure 4 shows how HOBs at order � = 2 depend on λ3,
the strength of the order � = 3 mechanism [panels (a) and
(b)], and vice versa, how HOBs at order � = 3 depend on λ2

[panels (c) and (d)]. We show the HOBs at order � in two
different cases: with �th-order mechanisms either disabled
(λ� = 0) or active (λ� = 2.5). As before, we show the differ-
ence δ between the HOBs at �-simplices and (� + 1)-cliques.
We constrain the analysis to the average synergy S , since
we have seen it produces a similar signal to the dynamical
O-information d� while being a simpler measure, especially
for higher orders. Thus, we look at the statistical distance
δ(PS ) ≡ δ(Pc

S , Ps
S ), where Pc

S and Ps
S are the synergy S distri-

butions of (� + 1)-cliques and �-simplices, respectively, i.e.,
groups of size � + 1.

One can see strong HOBs (δ(PS ) � 0) at order � even
when the mechanism at that order is disabled (λ� = 0), in
panels (a) and (c) of Fig. 4. A priori, we would expect
that the HOBs observed by applying an information-theoretic
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(a) (c)

(b) (d)

FIG. 4. Higher-order behaviors in mixed-order scenario. Sta-
tistical distance δ(PS ) ≡ δ(Pc

S , Ps
S ) between clique and simplex

distributions of average synergy S for 2-simplices [left, panels (a)
and (b)] and 3-simplices [right, panels (c) and (d)] depending on the
strength of the other’s mechanism in a random simplicial complex
with maximum order L = 3. Panels (a) and (c) show the HOBs at
order � when the �th-order mechanisms are disabled (equivalent to
removing �-hyperedges). Panels (b) and (d) show the HOBs when
both mechanisms are active.

measure will only be sensitive to mechanisms at the same
order. Instead, we see that HOMs acting on one order can in-
duce HOBs at other orders, affecting the dynamic response of
the system. Therefore, in some contexts, a pure higher-order
dynamics (HOM) is indistinguishable from induced HOBs at
lower or higher orders. Let us first focus on HOBs at order
� = 2. When λ2 = 0, i.e., no activity due to 2-simplices [panel
(a)], for sufficiently large pairwise infectivity λ1, we observe
a large δ(PS ), due to 2-simplices having more synergy than
3-cliques. As expected, the difference δ increases with the
strength of the mechanisms at 3-simplices λ3. A similar obser-
vation can be made for HOBs at order � = 3 [panel (c)], with
the difference that we can observe HOBs even for λ1 = 0, due
to sufficient λ2. We saw qualitatively the same phase space in
Fig. 2, for HOBs at order � = 2, due to λ2. We obtain similar
results by using the sum of transfer entropies T , the dynamical
O-information d�, and the average mutual information I (see
Figs. 9 and 10 in Appendix E).

From the functional point of view, disabling a mechanism
λ� is equivalent to removing the respective �-faces from the
network (while keeping the other orders intact), so observing
HOB at order � is a signature of induced behaviors between
orders. On one hand, this detaches the measure of HOBs from
the presence of mechanisms at the same order, which might
not be practical in applications such as network inference.
On the other hand, this sensitivity makes these measures a
particularly useful tool for studing how higher-order behaviors
can emerge, whether they come from higher-order or pair-
wise mechanisms. Later on in this section, we test whether
the overlap and nestedness between edges can account for
this effect.

When we activate the second-order mechanisms, i.e.,
λ2 = 2.5 [panel (b)], two things change with respect to the
inactive case (λ2 = 0) described above [panel (a)]. First, the

transition to distinguishability due to pairwise interactions
occurs for a lower λ1. As we saw in the previous experi-
ments, this HOB transition coincides with the onset of HOM
activity. Since second-order mechanisms require fewer simul-
taneously infected nodes than third-order mechanisms, the
minimum prevalence ρ due to pairwise mechanisms necessary
for HOMs to start triggering infections is reduced, and the on-
set of activity occurs for lower pairwise infectivity λ1. Second,
the transition driven by 3-simplex infectivity (λ3) nearly dis-
appears, rendering the δ(PS ) phase space independent of λ3.
In contrast, for HOBs at order � = 3 [panel (d)], the transition
due to λ2 is only lost in the supercritical regime (large λ1); in
the subcritical regime (small λ1), the transition remains unaf-
fected by the activation of λ3 = 2.5. This asymmetry suggests
that 2-hyperedges play a more fundamental role in generating
HOBs across all orders. This observation aligns with existing
literature, which indicates that higher-order terms generally
contribute less to simplicial SIS and related dynamical models
than their lower-order counterparts [10,40,44].

To understand the cause of induced HOBs, in particular
how they are related to the overlap and nestedness between
mechanisms, we perform a series of experiments on ran-
dom hypergraphs (see Appendix B 1 for details on network
generation). To apply the same methodology as in previous
experiments, we must first select the specific lower-order
structures against which hyperedges will be compared to de-
fine the distance δ. For simplicial complexes, it was intuitive
that for any �-simplex an equivalent lower-order structure of
� + 1 nodes is simply an (� + 1)-clique. However, hyperedges
are not in general supported by pairwise cliques in a random
hypergraph, so disabling the hyperedge leaves us with � + 1
randomly chosen nodes that may or may not be connected by
pairwise interactions or be part of other higher-order struc-
tures. Therefore, instead of using (� + 1)-cliques as before,
we use a uniform sample of � + 1 nodes from all available
nodes in the network as a baseline for comparing to HOBs
in hyperedges. That is, we now define δ(PM ) as δ(Pr

M, Ps
M ),

where Pr
M and Ps

M are the measure M distributions for random
nodes and hyperedges, respectively.

By removing the structural correlations of simplicial com-
plexes, nodes in hyperedges should exhibit the same HOBs
as random groups of nodes, when the respective hyperedges
are disabled. Indeed, in a random hypergraph with order � ∈
{2, 3} HOMs, we see a low δ and no induced HOBs (see
Fig. 11 in Appendix E). To see why, consider the two main
correlations missing in a random hypergraph compared to a
random simplicial complex, both due to the inclusion criterion
of simplices: The presence of pairwise cliques under each
hyperedge and the nestedness between hyperedges of different
orders. By nestedness, we refer to the complete inclusion of
an interaction of some order within an interaction of another
order, or in general of a group of nodes within another. We
conjecture that the absence of pairwise cliques under HOMs
does not explain the lack of induced HOBs in the random
hypergraph, since any HOBs due to pairwise interactions are
discounted by taking the difference δ(Pc

S , Ps
S ) between cliques

and simplices. Instead, it is the nestedness that creates the
apparently induced HOBs. More accurately, we observe in-
duced HOBs because we apply our measures to groups of
nodes that are strict subsets or supersets of some higher-order
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FIG. 5. Induced higher-order behaviors in nested hyperedges. Statistical distance δ between HOB measure distributions for nested groups
and random nodes, on a random hypergraph of maximum order L = �M = 2. Rows {a, b, c, d} correspond to different orders �B ∈ {2, 3, 4, 5}
for the nested groups, respectively. In this case, row a corresponds to the actual order of the nested hyperedges, i.e., �B = �M = 2. Columns
correspond to different measures of HOB: average dynamical O-information d� (column 1), average synergy S (column 2), average mutual
information I (column 3), and sum of pairwise transfer entropies T (column 4).

mechanism, whether or not those nodes themselves form a
mechanism.

We test this hypothesis by explicitly studying HOBs for
groups of nodes in the neighborhood of higher-order mech-
anisms (hyperedges), which we call “nested groups”. We
construct a nested group of order �B by starting from the nodes
in a mechanism of order �M and either removing random
nodes (if �B < �M) or recursively adding a random pairwise
neighbor of the nodes in the current set (if �B > �M), until we
get a set of the desired size. As a result, each nested group is
either completely contained within a hyperedge or contains a
full hyperedge within it. For example, consider a mechanism
of order �M = 3. A nested group of order �B = 2 is a set
of three nodes out of the four that make up the mechanism;
at order �B = �M = 3, the nested group is the nodes in the
mechanism itself; and at order �B = 4, we take a nested group
by joining the set of nodes in the mechanism with one of their
pairwise neighbors. To properly test for induced HOBs, in the
following experiments we ensure that the nested groups do not
themselves form a hyperedge, unless �B = �M . To get a set of
nested groups for the statistical analysis, we take one group
per mechansism (hyperedge) in the network, for each order �B.

In Fig. 5, we show how different measures of HOB depend
on the order �B of the nested group when there is a mechanism
at order �M = 2. The setup involves a random hypergraph of
N = 200 nodes with average generalized degrees 〈k1〉 = 20
and 〈k2〉 = 6. For a given measure M, we show the statisti-
cal distance δ(PM ) ≡ δ(Pr

M, Pn
M ) between random and nested

groups in the (λ1, λ2) phase space of the simplicial SIS model.
In general, almost all measures show induced HOBs at

nested groups that do not correspond to the actual mecha-
nism, i.e., we have δ �= 0 when �B �= �M . When comparing
the response of different measures as we increase the order
�B of the nested groups, we see clear differences in terms
of distinguishability of nested from random groups. The sta-
tistical distance δ for the average synergy S peaks at �B =
�M = 2 and decreases for �B > �M , as we can see in column
2 of Fig. 5. This makes the synergy a confident indicator
of the exact order of the underlying mechanism. In contrast,
the average mutual information I (column 3) and sum of
pairwise transfer entropies T (column 4) show an almost
constant distance δ as we take larger sets of variables (increase
�B). This implies we are able to distinguish groups that con-
tain higher-order mechanisms but not their exact order. The
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average dynamical O-information d� (column 1) shows a
balance between these two extremes, with a δ peaking at
�B = �M = 2. This is the case for all parameter values except
close to the phase transition due to HOMs, where d� shows
high δ for all orders of nestedness �B. At higher orders, the
O-information can be represented as a sum of information
quantities at all lower orders within the group of source vari-
ables, making it sensitive to synergies even when they come
from only subsets of the whole. In Fig. 12 (Appendix E), we
show that these results are consistent for mechanisms at order
�M = 3. However, in that case the average synergy decreases
less sharply whenever �B < �M , compared to when �B > �M ,
with the latter showing a similar dependence to that in Fig. 5
(column 2). This asymmetry shows that synergy is more easily
confused by the presence of mechanisms at higher, rather than
lower, orders. This underlines the importance of analyzing an
HOB response at a given order in the context of interaction at
proximate orders, to ensure reliability in the context of HOM
inference.

There are two main takeaways from these results, if one
is trying to infer the presence of HOMs by measuring HOBs.
First, if the order of mechanisms is unknown, the most reliable
signal is achieved using the average synergy S due to its
sensitivity to the actual order of mechanisms (see column
2 of Fig. 5). Note that S is the only measure considered
here that is also sensitive to higher-order mechanisms in its
expected magnitude, not only the statistical distance δ (see
Fig. 13 in Appendix E). Second, if the order of the target
mechanisms is known and one simply has to find exactly
where they are (which nodes compose them), it does not
matter which measure one uses, as they provide a similar level
of distinguishability (see row a of Fig. 5). In this case, the most
parsimonious and computationally efficient choice would be
to use a measure like the average mutual information I. How-
ever, the applicability of this scenario is limited to cases where
only a single order of HOMs is present, since otherwise one
could not distinguish mechanisms of different orders and the
average synergy S would still be a better choice.

It is worth clarifying in what sense the cross-order induced
behaviors are nontrivial, given that statistical dependencies
between variables are expected even in the absence of a cor-
responding mechanism. While such dependencies exist even
without direct interaction, by focusing on the statistical dis-
tance δ we discount the effects of lower-order interactions,
and in the hypergraph experiments we furthermore remove
incidental correlations from intermechanism overlap and from
the lower-order cliques that simplicial complexes generate
automatically, isolating a group’s nestedness within a sin-
gle higher-order mechanism as the sole structural relation.
The leftover HOB signal therefore represents higher-order
statistics genuinely induced by a noncorresponding higher-
order interaction. Crucially, this signal is not merely present
but order selective—sharply peaked in the synergy S at the
mechanism order while nearly flat in the mutual informa-
tion I and transfer entropy T —so it cannot be reduced to
a generic structural shadow. Previous studies on the mis-
match between HOBs and HOMs in toy systems either
make purely qualitative predictions [37] or show quantita-
tively that measures of HOB are agnostic to lower-order
mechanisms [45].

III. CONCLUSIONS

We conducted a number of experiments relevant to both
the application of measures of HOBs for detecting HOMs
and the understanding of the relationship between the two.
While the dynamical O-information d� [41] is highly sensi-
tive to the presence of HOMs for the simplicial SIS model on
random simplicial complexes [38], simpler measures like the
average synergy S do similarly well in capturing this behavior,
also for orders up to L = 5. This suggests that to detect HOMs
it might be sufficient to apply conceptually and computation-
ally simple measures of higher-order information, including
simply the average mutual information I. Importantly, one
needs to isolate the dynamical dependence between source
and target variables (inherent in the d�), since without remov-
ing intrinsic target dynamics, the measures show qualitatively
different dependence and are no better than pairwise-only
measures at distinguishing between lower and higher-order
structures.

Furthermore, we showed how higher-order behaviors can
be induced by higher-order mechanisms across orders of inter-
action, meaning that a higher-order behavior can be observed
for a group of nodes without a corresponding mechanism.
Notably, hyperedge overlap is not necessary for observing
these induced HOBs in our setup. Instead, induced behaviors
can be measured for any group of nodes that either contains
or is contained in an HOM, even if that mechanism is uncor-
related with interactions at other orders. We tested how the
observed HOBs change when measured for groups of varying
sizes in the vicinity of HOMs and find that induced HOBs are
common for all measures, but some, like the average synergy
S , only show a strong signal when measured at the order of
the underlying mechanisms.

Our work helps to highlight the limitations inherent in
using statistical signatures to infer hidden interaction rules,
demonstrating that higher-order behaviors do not always pro-
vide a direct mapping to their underlying mechanisms. By
clarifying these boundaries and showing that signatures can
emerge at scales where no dynamical rule is present, we
highlight the need for a careful approach to higher-order in-
ference when performing structural and dynamical analyses
of complex systems.

As an early work in this direction, our study is inherently
limited in its scope. We focus on a single dynamical pro-
cess (simplicial SIS model) and a single network structure
[Erdos-Renyi (ER)-type random higher-order networks]. The
methodology we apply is based on estimation of information-
theoretic quantities, which inherently requires a large amount
of data and has known biases [46,47]. In our specific setting,
while we show that HOBs can be induced in nested groups,
we do not explicitly show whether they can also be observed
in groups that are partially overlapping with HOMs, although
our results on random hypergraphs suggest this (see Fig. 11 in
Appendix E).

The two main avenues of future work are assessing the
generalizability of our results to different experimental set-
tings and testing the methodology with empirical data. On one
hand, working with different idealized models for dynamics
on networks allows to test the robustness of the findings and
gain a better understanding of the relationship between HOBs,
HOMs, and specific dynamical rules. For example, whether
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all types of interactions show induced HOBs and whether the
most appropriate measure of HOB depends on the specific
dynamical process. On the other hand, it would be insightful
to apply this methodology in empirical settings (with limited
or noisy observations), in order to assess how severe the in-
herent data quantity requirements are. This would be a key
step toward applicability in network inference. A different
direction, which is currently unexplored, is the relationship
between HOBs and the structural properties of the groups
of nodes, such as pairwise connectedness, centrality within
the network, individual degree or degree heterogeneity, and
hyperedge overlap [29,33].
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APPENDIX A: INFORMATION-THEORETIC
MEASURES: DEFINITION

Here, we describe the key measures of multivariate and
higher-order information that we use in our analysis. These
are built on standard measures in information theory like the
entropy H and mutual information I [49]. (All logarithms are
base 2, and thus all measures have units of bits.)

1. Mutual information for dynamical processes

We associate to each node i in the network a dynamical ran-
dom variable Xi(t ) following a distribution Pi(x), representing
the state of the node susceptible/infected X = {0, 1}.

Since we are considering dynamical models, we need to
consider the directed information between the state of nodes
with a certain time lag. For two variables X and Y , this is
captured by the time-delayed mutual information (TDMI)

Î (X → Y ) ≡ I (Y (t ); X (t−1)). (A1)

Over the work, we constrain the definition to interactions
within single time step, but the extension to processes with

longer memory is straightforward (although more compu-
tationally challenging; see Appendix D 1). Note that the
TDMI Î is not necessarily symmetric, since in general
I (Y (t ), X (t−1)) �= I (X (t ),Y (t−1)). In this context, we will refer
to Y as the target variable and X as the source.

However, the TDMI (A1) is not a pure measure of inter-
action between variables, since it does not exclude the effects
of intrinsic target dynamics and common drivers (confounder
variables) when quantifying information between variables.
To do this, we condition on the history of the target obtaining
the well-known measure of transfer entropy T [50]

I (X → Y ) ≡ I (Y (t ); X (t−1)|Y (t−1)) ≡ T (X → Y ). (A2)

2. Multivariate information and its decomposition

In order to study higher-order behaviors, we need to an-
alyze the interactions between three or more variables at the
same time. The most straightforward extension to multivariate
is to consider the joint state of a set of variables as a single
unit for the pairwise mutual information I . For example, in a
dynamical setting the amount of information that a set of n
sources X carries about a target Y is quantified by

I (X → Y ) ≡ I (Y (t ); X(t−1)|Y (t−1)) ≡ T (X → Y ), (A3)

where X(t−1) = {X (t−1)
i }i=1···n. In this formulation, we treat a

set of variables as a single unit, so we are still describing only
pairwise influence. Fundamentally, this measure is unable to
distinguish between different types of dependence [51]. For
example, it gives the same value both whenever the state of
one variable in X completely determines Y and whenever all
sources in X are required to determine Y .

Thus, to quanify HOBs, we need to consider the multiple
types of dependence that are aggregated into the multivariate
mutual information. We expect in the presence of HOMs this
information to be contained mainly in the joint state of all
variables, as otherwise the dependence could be reduced to
lower-level interactions. The information that is contained in
the joint state of variables but not in the marginals is com-
monly called synergistic information or simply synergy. In
contrast, information that can be obtained from any of the
available sources is commonly called redundancy.

To distinguish between redundant and synergic interactions
we employ partial information decomposition (PID) [39]. For
a target variable Y and a set of n sources X = {Xi}i=1···n, the
PID assigns an information atom to each of a set of possible
groups of source variables Xi. These atomic quantities can be
arranged on a lattice, where each node in the lattice represents
the information available in a group of variables that is not
available in a lower-level group. These give natural measures
of synergy and redundancy, respectively, which are defined in
the general case as

S(Y ; X) = I (Y ; X) − max
i

I (Y ; X−i ),

R(Y ; X) = min
i

I (Y ; Xi ),

where X−i represents all the variables in X except for i, i.e.,
X−i = X \ {Xi}.

These definitions fit well with the our intuitive understand-
ing of synergy and redundancy. The measure S gives us the
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information contained only in the joint state of all variables,
and thus unrecoverable in any lower-level set. R instead tells
us the amount of information we could get by looking at any
source variable, and thus the amount of redundant information
at the level of pairwise dependence.

The fundamental insight of the PID framework is that the
total amount of information I (Y ; X) that the sources X provide
about the target Y can be decomposed into a sum of posi-
tive, nonoverlapping information quantities, two of which are
the synergy S and redundancy R just defined. For two source
variables, i.e., X = {X1, X2}, the mutual information can be
represented as

I (Y ; X) = R(Y ; X) + U (Y ; X1) + U (Y ; X2) + S(Y ; X),

where U (Y ; Xi ) is the unique information that the source Xi

provides about the target Y .
To put these measures in the context of dynamical pro-

cesses, we will introduce time delays between the dynamical
variables and a conditioning on the target history. We can thus
define the following quantities:

R̂(Y ; X) = min
i

I (Xi → Y ), (A4)

R(Y ; X) = min
i

T (Xi → Y ), (A5)

Ŝ(Y ; X) = I (X → Y ) − max
i

I (X−i → Y ), (A6)

S(Y ; X) = T (X → Y ) − max
i

T (X−i → Y ). (A7)

Finally, to characterize HOBs within a group of nodes, we
use the average synergy or redundancy over all nodes in the
group as targets. For example, for a hyperedge of order � (size
n = � + 1), we compute n times R and S varying the target
node and then take the average.

3. Dynamical O-information

Instead of looking at the amount of synergistic information,
it is natural to ask what is the balance between synergistic
and redundant information, as this quantifies how reducible
(or not) the system is to lower-level interactions.

For this purpose, Rosas et al. [41] introduced the O-
information �, which was later extended by Stramaglia et al.
[42] in the context of dynamical processes to the dynamical
O-information d�. The d� measures the difference between
group synergy and subgroup redundancies in the influence of
a set of n source variables X = {Xi}i=1···n on a target variables
Y . It is defined as

d�(Y ; X) = (1 − n)I (Y (t ); X(t−1)|Y (t−1))

+
n∑

i=1

I
(
Y (t ); X(t )

−i

∣∣Y (t−1))

= (1 − n)T (X → Y ) +
n∑

i=1

T (X−i → Y ), (A8)

We see that d� checks the amount of information in the whole
group against that provided by all subgroups of size n − 1.

d� has a few useful properties [41]. First, the number of
terms needed to calculate d� scales linearly with the system

size n. In general, d� > 0 indicates a predominance of re-
dundant information, while d� < 0 indicates a predominance
of synergistic information. In the case of three variables (two
sources and one target), it can be shown that it is equal to the
difference between R and S, resulting in

d�(Y ; X) = R(Y ; X) − S(Y ; X). (A9)

Again, since d� is a directed measure, to measure HOBs
within a group we consider the average of d� over all nodes
in the group as targets and the rest as sources.

APPENDIX B: GENERATING RANDOM
HIGHER-ORDER NETWORKS

Throughout the work, we consider both random simplicial
complexes and random hypergraphs with the aim of assessing
how the interorder overlap affects the detectability of HOBs.

1. Random hypergraphs

The random hypergraph model we employ is one of the
possible extensions of theER random graph model where, for
each order � we fix the number of edges M�. To sample from
this ensemble, we take M� uniform samples of � + 1 nodes
without replacement for each order �, and connect them.
To obtain a network with target generalized degrees k∗

� , we
can set M� = Nk∗

� /(� + 1) in the sampling process described
above. A function implementing this procedure is available in
the hypergraphx Python package [52].

2. Random simplicial complexes

In order to understand the role of interlayer overlap in the
measured HOBs, along with random hypergraphs we also use
simplicial complexes because the overlap between edges (of
both higher and lower order) is predictable.

To generate random simplicial complexes, we start with a
random hypergraph H = (V, EH ), as described in the previous
section. Then, we construct a new edge set EK out of every hy-
peredge e ∈ EH and all possible edges of lower order between
the nodes in e. For example, if we have a 3-hyperedge, we
will add all possible 2-hyperedges (triangles), as well as all
possible 1-hyperedges (pairwise links). The resulting hyper-
graph (V, EK ) will satisfy the inclusion criterion and thus be a
simplicial complex K .

Same as when we generate random hypergraphs, we are
interested in controlling the generalized average degrees 〈k�〉
in the simplicial complex. However, this is complicated by the
procedure described above, since in general not all edges of
lower order will be present and including them will increase
〈k�〉. To go around this, we adjust the number of edges M� of
the ensemble H (N, M1, . . . , ML ) that we use to generate the
initial hypergraph in order to obtain the target degrees k∗

� in
the simplicial complex.

We can do this as follows. For an edge of order � + 1, each
newly added hyperedge of order � will increase the average
degree 〈k�〉 by some amount depending on the probability that
edges of order � are already present in H . This probability
is p� = M�/T (�), where T (�) = ∏�

j=0(N − j)/(� + 1) is the
total number of possible edges of order � in a network of N
nodes. Assuming p� = M�/T (�) 
 1, i.e., a sparse network,

043010-10



CROSS-ORDER INDUCED BEHAVIORS IN CONTAGION … PHYSICAL REVIEW RESEARCH 8, 043010 (2026)

we obtain the equation

〈k�〉 ≈ (� + 1)M�

N
+ (� + 1)〈k�+1〉

(
1 − M�

T (�)

)
. (B1)

By plugging in our targets k∗
� and inverting the equation,

we obtain an expression for the target M� that will result in
〈k�〉 ≈ k∗

� . Since no edges of the maximum order L are added
to the hypergraph, we can calculate the adjusted number
of nodes M� recursively, starting with 〈kL〉 = k∗

L and ML =
N〈kL〉/(L + 1).

For example, suppose we want to generate a simplicial
complex with hyperedges up to order L = 2 (triangles). We
would begin by fixing the top-level average degree to k∗

2 ,
which gives us a total of M2 = Nk∗

2/3 triangles. Then, from
Eq. (B1) the expected pairwise (order L − 1 = 1) degree is

〈k1〉 ≈ 2M1

N
+ 2〈k2〉

(
1 − 2M1

N (N − 1)

)
.

Rearranging this equation as

M1 = N (N − 1)
〈k1〉 − 2〈k2〉

2(N − 1) − 4〈k2〉 ,

we can calculate the number of pairwise edges M1 that we
need for a desired pairwise degree 〈k1〉 ≈ k∗

1 . We use M1 and
the previously fixed M2 as parameters to sample from the
H (N, M1, M2) ensemble of hypergraphs, and then fill in the
missing lower-order edges to obtain a simplicial complex.

In the resulting network, the expected total number
of cliques (including those acting as simplicial faces) is
C3 = N (N−1)(N−2)

6 p3
1, while the expected number of pure

cliques (that do not correspond to a simplex) is Ce
3 = C3 −

M2 = N
3 [ (N−1)(N−2)

2 p3
1 − k∗

2 ]. As before, p1 = M1/T (1) =
k∗

1/(N − 1) is the density of pairwise edges, and this proce-
dure yields the target degrees k∗

1 , k∗
2 whenever p1 
 1 (i.e., a

sparse network). Typical network parameters used in the paper
are N = 200, k∗

1 = 20, and k∗
2 = 6, which give M2 = 400

simplices and Ce
3 � 933 pure cliques. (Note also that p1 ≈

0.1 
 1.) These quantities are sufficient for characterizing the
distributions for both classes (cliques/simplices), and in prac-
tice it is sufficient and preferred to subsample 100 groups from
each class, since the computational cost of simulations grows
with the number of groups and the distributions of informa-
tion measures are always normal and well behaved in our
experiments.

APPENDIX C: NUMERICAL SIMULATIONS
OF THE CONTAGION DYNAMICS

The method we apply for quantifying HOBs can be used
with empirical data on dynamics. However, to evaluate its
potential systematically we restrict our study to numerical
simulations of dynamical models on networks. In particular,
we focus on the SIS model of contagion [53], and its extension
to higher-order interactions [40].

1. Simplicial SIS model

The SIS model posits that each of N individuals (nodes)
in a population (network) of can be in one of two states:

susceptible or infected. A susceptible node is infected by each
of its infected neighbors (separately) at a pairwise infection
rate β. Additionally, for each hyperedge e of order � that the
node is a part of, it is infected at an additional rate β� if all
other nodes in e are infected. An infected node recovers at a
rate μ independently of its neighbors.

We can represent nodes as stochastic variables with states
0 (susceptible) or 1 (infected). The state of node i at a
time t is denoted as σi(t ) ∈ X = {0, 1}, and the overall
microstate of a system of N nodes is the vector σ (t ) =
[σ1(t ), σ2(t ), . . . , σN (t )] ∈ X N . The macroscopic order pa-
rameter is the prevalence ρ(t ) = ∑

i σi(t )/N .
For the case of pairwise (order 1) interactions only, the

mean-field approximation with homogeneous average de-
gree 〈k1〉 yields an epidemic threshold for the infection rate
β∗

1 = μ/〈k1〉. Below β∗
1 , the disease will die out, while above

it will persist in the population at a finite prevalence. Because
of this, and in order to make it easier to compare between
networks with different connectivity, we usually work with
the rescaled infectivity λ1 = β1〈k1〉/μ. In the simplicial SIS
model by Iacopini et al. [40], this reasoning is generalized to
higher-order interactions by defining one rescaled infectivity
parameter for each order as λ� = 〈k�〉β�/μ. The authors also
show that show that there is a transition to endemicity due to
second order interactions (2-hyperedges) at λ∗

1 = 2
√

λ2 − λ2.
These are the main control parameters of the model, which we
interpret as controlling the strength of pairwise mechanisms
(PM) (� = 1) and HOM (� � 2).

2. Numerical simulation procedure

There are many ways to obtain numerical approximations
to the dynamical equations of the (simplicial) SIS model. In
general, one needs to be careful, since simulation schemes
that result in otherwise equivalent macroscale observables
can show distinct microscale patterns, which in turn affect
the estimation of probability-based measures like the ones
described in Appendix A. Recall that our information-based
approach requires we reconstruct the time-lagged joint prob-
ability distributions over node states, which is much easier
when dynamics are discrete and Markovian. Hence, we will
focus on the simplest and most coarse approximation of the
dynamics: a discrete-time, synchronous update agent-based
simulation.

The simulation proceeds as follows. At the initial time,
each node starts in the infected state with a probability ρ0.
At each time t afterward, we use the current node states σ (t )
to obtain the following σ (t + 1). For each node i,

(1) If σi(t ) = 1 (infected), we set σi(t + 1) = 0 with a
probability μ.

(2) If σi(t ) = 0 (susceptible), node i has a probability to
be infected from each of its interactions. For each edge e of
order � incident on i where all other nodes are infected, i.e.,
σ j (t ) = 1, ∀ j ∈ e s.t. j �= i, we have an independent probabil-
ity β� that σi(t + 1) = 1.

This mechanism is analogous to the simplicial contagion
model by Iacopini et al. [40], except that the latter was de-
fined only for simplicial complexes, and we simply assume
that the independent higher-order infection rules apply in an
analogous way in hypergraphs.
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For all of the simulations presented in the main text, we
fix the parameters μ = 0.8 and ρ0 = 0.3, while varying the
infection rates β� (by controlling λ�). Due to the computa-
tional burden of the simulations, we generate a single network
for each set of network parameters (N, 〈k�〉), and explore the
full range of dynamical parameters (λ�) with that network.
In all cases, we simulate the dynamics up to tmax = 104 time
steps and use all time steps of the trajectory as samples to
construct the joint probability distribution of node states, as
described in the following section.

APPENDIX D: INFORMATION-THEORETIC
MEASURES: MEASUREMENT

In this Appendix, we summarize some of the main compu-
tational techniques and give some relevant definitions.

1. Entropy estimation from data

From the simulation procedure described in the previous
section, we obtain a series of vectors σ (t ) of dimension N ,
which we use to estimate the information measures defined in
Appendix A.

The easiest and most agnostic approach to this is to esti-
mate probability terms as p̂(x) = nx/ntot = ∑

t σX (t )/tmax, or
the number of times the state x was observed for variable X
in the data σX , divided over the total number of samples tmax.
Then, the simplest approach is to employ the maximum like-
lihood estimator (MLE) for the entropy H , which is defined
(for a single binary variable X ) as

ĤMLE =
∑
x∈X

p̂(x) log2 p̂(x).

This approach is straightforwardly extended to joint and con-
ditional distributions, and thus to arbitrary entropy, mutual
information, and other higher-order information measures.

For an overview of entropy and information estimation
methods (see Ref. [46]). In addition, we note that the bias
in using the MLE approach to estimate the O-information
was explored by Gehlen et al. [47], where they find that a
naive O-information estimation is consistently biased toward
synergy � < 0 with insufficient samples, especially for sys-
tems of independent variables (where we expect � = 0). The
accuracy of the estimated entropy depends on the amount of
observational data we have, which for empirical data tends to
be scarce or expensive. The curse of dimensionality exacer-
bates this issue when increasing system size, since we need
the convergence of |X |n values for the joint distribution of
n variables over a shared state space X . In our experiments,
we find that even for the simplest cases (three variables), we
require on the order of 104 samples to clearly observe the
statistical patterns.

2. Distance between distributions

We use an aggregate measure for the distance between
distributions in order to quantify the difference between the
higher-order behavior signals of different groups of nodes, for
example, pairwise cliques and simplices. Following previous
work [38], we use the statistical distance δ. For two discrete
distributions P1, P2 over a common, discrete domain Z , the
statistical distance δ is defined as

δ(P1, P2) = 1

2

∑
z∈Z

|P1(z) − P2(z)|. (D1)

In practice, we need to discretize the joint support of the two
distributions into K bins, thus obtaining a discrete support
set Z and then summing over the probability values in each
bin.
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APPENDIX E: ADDITIONAL RESULTS

Below, we present a number of supporting figures that have been referenced in the main text of the paper.

FIG. 6. Magnitude of HOB measures in 2-simplices, 3-cliques, and random triplets. Quantified as the mean value of the measure
distributions for different groups (corresponding to rows). Columns correspond to different measures of HOB: sum of pairwise transfer
entropies T , average dynamical O-information d�, average synergy S, average redundancy R, and average mutual informaion I. Phase
space is composed of the rescaled infectivity parameters (λ1, λ2) for the simplicial SIS model.

FIG. 7. Steady-state prevalence in the simplicial SIS model. Results are shown in the phase space of the lower and higher order rescaled
infectivity parameters λ1 and λL . The structure is a simplicial complex in which all faces of intermediate order are disabled, i.e., λ� = 0 for
1 < � < L. This corresponds to the experimental setup in Figs. 2 and 3. (a) L = 2. Corresponds to the network and simulations in Fig. 2.
White lines show the values of (λ1, λ2) at which we observe a critical transition from extinction to endemicity due to pairwise (dashed line)
or higher-order (dash-dotted line) infectivity in the mean-field model, as described in Ref. [40]. (b) L = 3. Corresponds to the network and
simulations in Figs. 3(a) and 3(c). (c) L = 5. Corresponds to the network and simulations in Figs. 3(b) and 3(d).
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(a) (c) (e) (g)

(b) (d) (f) (h)

FIG. 8. Full range of measures showing higher-order behaviors on 2-simplices. Higher-order behaviors measured by the statistical distance
δ between 3-clique and 2-simplex distributions for different information-theoretic measures: (a) sum of pairwise transfer entropies T ; (b)
average dynamical O-information d�; (c) average mutual informaion I; (d) difference between average redundancy and average synergy
R − S; (e) average redundancy R; (f) average synergy S; (g) average sum of unique informations U = I − R − S; and (h) average synergy
ratio S/I. Phase space is composed of the rescaled infectivity parameters (λ1, λ2) for the simplicial SIS model.

FIG. 9. Higher-order behaviors at order 2 induced by third-order mechanisms. Statistical distance δ between 3-clique and 2-simplex
distributions for different measures of HOB: (a), (e) sum of pairwise transfer entropies T ; (b), (f) average dynamical O-information d�; (c),
(g) average synergy S; and (d), (h) average mutual informaion I. HOBs are shown as a function of the strength of the third-order mechanism
λ3 in two cases: (a)–(d) with second-order mechanisms disabled (λ2 = 0, equivalent to removing the second-order mechanisms) and (e)–(h)
with mechanisms at both orders active (λ2 = 2.5).
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FIG. 10. Higher-order behaviors at order 3 induced by second-order mechanisms. Statistical distance δ between 4-clique and 3-simplex
distributions for different measures of HOB: (a), (e) sum of pairwise transfer entropies T ; (b), (f) average dynamical O-information d�; (c),
(g) average synergy S; and (d), (h) average mutual informaion I. HOBs are shown as a function of the strength of the second-order mechanism
λ2 in two cases: (a)–(d) with third-order mechanisms disabled (λ3 = 0, equivalent to removing the third-order mechanisms) and (e)–(h) with
mechanisms at both orders active (λ3 = 2.5).

FIG. 11. No induced higher-order behaviors in independent hyperedges. Statistical distance δ between synergy S distributions of �-
hyperedges and groups of � + 1 random nodes in random hypergraphs with maximum order L = 3. Results are for HOBs at order � = 2
[panel (a)] and � = 3 [panel (b)]; colors are simply a visual aid. While modulating the strength of �-order mechanisms λ�, we keep the
mechanism at the other order fixed. Concretely, in panel (a), we change λ2 for a fixed λ3 = 2.5, while in panel (b), we fix λ2 = 2.5 and
change λ3. Dashed lines show HOBs when �-order mechanisms are disabled (λ� = 0). Solid lines show HOBs when mechanisms at both
orders are active. Dynamics on random hypergraphs are obtained analogously to the simplicial SIS model, with independent infection events
for pairwise and higher-order structures.
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FIG. 12. Induced higher-order behaviors in nested hyperedges at order �M = 3. Statistical distance δ between HOB measure distributions
for nested groups and random nodes, on a random hypergraph of maximum order L = �M = 3 and no 2-hyperedges. Rows {a, b, c, d}
correspond to different orders �B ∈ {2, 3, 4, 5} for the nested groups, respectively. In this case, row b corresponds to the actual order of the
nested hyperedges, i.e., �B = �M = 3. Columns correspond to different measures of HOB: average dynamical O-information d� (column 1),
average synergy S (column 2), average mutual information I (column 3) and sum of pairwise transfer entropies T (column 4). The phase
space consists of the rescaled infectivities (λ1, λ3). Note the less pronounced decrease for the synergy S when �B < �M [panel (a2)] compared
to when �B > �M [panels (c2) and (d2)] and the results for �M = 2 (Fig. 4).
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FIG. 13. Magnitude of HOB measures with nested hyperedges. Mean value of measure distributions for different order of nested groups �B

and different measures of HOB: (a), (e) average dynamical O-information d�; (b), (f) average synergy S; (c), (g) average mutual informaion
I; and (d), (h) sum of pairwise transfer entropies T . Results are for mechanisms of order �M = 2 [panels (a)–(d)] and �M = 3 [panels (e)–(h)].
Colors correspond to different values of �B, with the case �B = �M highlighted (dashed stars) in each scenario. Results are shown as a function
of the pairwise infectivity λ1 for a fixed higher-order infectivity λ�M = 5. Note the pronounced increase in synergy when behaviors are measures
at the actual order of the underlying mechanisms [stars in panels (b) and (f)].
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