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Digital-analog quantum computing (DAQC) is a universal computational paradigm that combines the evo-
lution under an entangling Hamiltonian with the application of single-qubit gates. Since any unitary operation
can be decomposed into a sequence of evolutions generated by two-body Hamiltonians, DAQC is inherently
well suited for realizing such operations. Suboptimal upper bounds for the total time required to perform these
evolutions have been previously proposed. Here, we improve these limits by providing a tight bound for this
crucial parameter, which shows a linear dependence with the number of couplings. This result enables a precise
estimation of the time resources needed for quantum simulations and quantum algorithms implemented within
the DAQC framework, facilitating a rigorous comparison with other approaches.
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Any quantum computation can be realized by means of
the evolution under a Hamiltonian HP for a given time t � 0,
e−itHP . Thus, for a quantum system to be able to perform
universal quantum computations, it requires to simulate the
evolution under an arbitrary Hamiltonian [1]. One paradigm
that allows for this is digital-analog quantum computing,
which proposes the use of a universal set of quantum gates
from which we can construct any unitary evolution [2]. An-
other paradigm corresponds to analog quantum computing,
which proposes designing a controllable quantum system that
mimics the dynamics of the target evolution [3,4].

There is a possibility of merging both paradigms, as for
achieving universality it is sufficient to implement a two-body
entangling Hamiltonian and arbitrary single-qubit gates [5].
This idea was later refined as the digital-analog quantum
computing paradigm (DAQC) [6,7], which combines the ap-
plication of single-qubit gates with the free evolution under
the natural interaction Hamiltonian of the system. In this
manner, DAQC benefits from both the flexibility of digital
quantum computing and the robustness of analog quantum
computing. DAQC has shown resilience against typical error
sources [8,9]. As a universal quantum computing paradigm,
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it allows for the implementation of any quantum algorithm
or procedure, such as the quantum Fourier transform [10],
the Harrow-Hassidim-Lloyd algorithm [11], counterdiabatic
protocols [12], or quantum convolutional neural networks
[13]. Several experimental proposals have been made for var-
ious platforms [14–17], and it has already been implemented
in superconducting circuits [18,19] and trapped-ion setups
[20].

One of the key points that differentiates DAQC from the
other two paradigms is the compilation process. In DAQC,
the target quantum process can be implemented as one or
various evolutions under a two-body interaction Hamiltonian,
U = e−iT H . By means of the usual Trotter decomposition
[21], we can isolate the single-body terms from this evolu-
tion and implement them by using single-qubit gates. Then,
the evolution that needs to be simulated corresponds to the
evolution under a Hamiltonian with two-body interactions,

HP =
∑
i< j

∑
μ,ν∈{x,y,z}

hP
μν
i j σ

μ
i σ ν

j . (1)

For this, we have access to the natural evolution of the system,
which will have the form

HS =
∑
i< j

∑
μ,ν∈{x,y,z}

hS
μν
i j σ

μ
i σ ν

j . (2)

A key property that we employ to generate DAQC schedules
is the fact that if we sandwich an analog block, e−itHS , with
Pauli gates, we get a change of sign in the effective Hamilto-
nian. As an example, if we sandwich the analog block e−itσ z

i σ z
k

with a Pauli x gate applied to one of the two qubits, we can flip
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the effective sign of the Hamiltonian, σ x
i e−itσ z

i σ z
k σ x

i = eitσ z
i σ z

k .
Using this, and assuming a first-order Trotter error, a DAQC
circuit can be written as∏

k

V †
k e−itk HSVk =

∏
k

e−itk H (k)
S ≈ e−i

∑
k tkH (k)

S , (3)

where Vk is the unitary evolution corresponding to the single-
qubit gates and H (k)

S is the effective system Hamiltonian
during the kth digital-analog block.

The last step of the compilation process is to find a set of
analog block times tk that solves the equation

e−iT HP ≈ e−i
∑

k tkH (k)
S −→ T HP =

∑
k

tkH (k)
S . (4)

We can further refine this expression by vectorizing the
Hamiltonians. Instead of working in the Hamiltonian’s Hilbert
space, we can solve the equation by equating the couplings.
For this, we describe the Hamiltonian as a column vector of
its couplings, HP → hP = {hP

μν
i j }i jμν and equivalently for HS.

Additionally, we can keep the information about the effective
signs of the couplings in a matrix M, where its columns
represent each of the analog blocks and its rows represent each
of the couplings. This way, we can write the equation as a
simple linear system of equations,

T hP = (M � t ) · hS −→ M t = T hP � hS, (5)

where � and � are the Hadamard or elementwise vector mul-
tiplication and division, respectively. If a coupling is missing
from the system, but the corresponding coupling in the prob-
lem is nonzero, hP

μν
i j �= hS

μν
i j = 0, the system of equations is

not well defined. Thus, we need to apply a strategy to rear-
range the system in order to be solvable, which can consist of
swap strategies if a coupling between qubits i and j is missing
[7] or rotations of the Hamiltonian if a σμσ ν component is
missing [22,23]. If both couplings are zero, hP

μν
i j = hS

μν
i j = 0,

the optimal solution is to remove the coupling from the system
of equations [22]. There is also the option of treating the inde-
terminate form as hP

μν
i j /hS

μν
i j = 0/0 = 0, possibly obtaining a

suboptimal solution in time [24]. For simplicity of notation,
we will simplify the notation b ≡ T hP � hS throughout the
text.

The initial proposal for DAQC protocols employed com-
binations of pairs of σ x gates sandwiching a ZZ-Ising
Hamiltonian [6] to attain an arbitrary ZZ-Ising Hamiltonian.
A latter proposal introduced the notion of optimizing the total
circuit time by introducing the minimization of ‖t‖1 as the
objective of the optimization [7], where ‖ · ‖1 is the vector
1-norm. Throughout the text, we employ the usual Lp norms,
‖x‖p = (

∑n
i=1 |xi|p)1/p. Afterward, the original DAQC proto-

col was extended to arbitrary two-body Hamiltonians [22]. If
one includes not only the Pauli basis, but also the single-qubit
gates from the Clifford group, one might further optimize the
DAQC circuits [23].

An important question is the following: How much time
does it take to solve a problem with the optimal DAQC circuit
for the worst case? This is equivalent to finding an upper
bound for ‖topt‖1. The first result about this was given in
Ref. [25], which proposed an upper bound given by ‖topt‖1 �

2T ‖hP � hS‖1. This bound grows quadratically with the num-
ber of qubits in the system, which is far from optimal. In fact,
the authors proposed there the conjecture for a tighter bound
scaling linearly with the number of qubits.

Conjecture 1. The optimal circuit time for a DAQC proto-
col with ZZ-Ising Hamiltonians is tightly upper bounded by
[25]

‖topt‖1 � T ‖hP � hS‖∞ ×
{

n, for odd n,

n − 1, for even n.
(6)

Here, we show that this bound is actually not optimal,
provide a counterexample, and prove a tight upper bound for
the optimal DAQC circuit time: ‖topt‖1 � T

√
3‖hP � hS‖2.

We achieve this by taking a geometrical perspective based on
the properties of convex polytopes. These techniques allow
us to construct the explicit form of the problems saturating
the bound. Finally, we provide some numerical evidences to
support our results.

Tight upper bound for tA. An arbitrary problem for a two-
body Hamiltonian is defined by a vector b ∈ Rd , with d the
number of couplings in the problem. Then, the problem of
finding a valid DAQC protocol is equivalent to solving the
following linear system of equations:

M t = b, with t � 0. (7)

M ∈ Md d ′ (±1) is a full rank with d � d ′ � 4n. Therefore,
the columns of M span Rd , but they are in general not linearly
independent. From a geometric point of view, solving Eq. (7)
is equivalent to finding the coordinates of the vector b in
terms of the aforementioned generating set. In Ref. [22], it
was proven that we can do this for any vector b, but that proof
leads to a vector of times t such that both the dimension and
every element scale exponentially with the system size. Here,
we aim for a construction leading to a tighter upper bound for
the optimal analog-block time ‖topt‖1.

Theorem 1 (Upper bound for time in two-body Hamiltoni-
ans). Let us consider the problem of simulating the evolution
for a time T under the time-independent Hamiltonian HP =∑

i, j,μ,ν hP
μν
i j σ

μ
i σ ν

j acting on n qubits. Assume that we em-
ploy for that a source Hamiltonian HS = ∑

i, j,μ,ν hS
μν
i j σ

μ
i σ ν

j
also acting on n qubits. For any compatible HP and HS, i.e.,
hS

μν
i j = 0 ⇒ hP

μν
i j = 0, for every universal DAQC protocol,

there is an implementation whose total analog time ‖topt‖1 is,
at most,

‖topt‖1 � T
√

3‖hP � hS‖2, (8)

where hP = {hP
μν
i j }i, j,μ,ν and hS = {hS

μν
i j }i, j,μ,ν are the vectors

of the couplings of the problem and the source Hamiltonians,
respectively. Note that if hP

μν
i j = hS

μν
i j = 0, we remove the

corresponding term.
The main consequence of this theorem is that the total

analog time for any DAQC protocol does not explicitly depend
on the number of qubits. However, it does depend on the 2-
norm of the vectors of the couplings, which in the worst case,
i.e., all-to-all Hamiltonians, scales linearly with the number of
qubits.

Before providing a proof for Theorem 1, let us provide a
geometrical interpretation of the problem. The expression to
obtain the DAQC circuit in Eq. (5) corresponds to a weighted
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FIG. 1. Sketch showing the intuition for building any valid so-
lution for any DAQC problem �b. The problem b̃ ∼ �b can be solved
in a total analog block time ‖t‖1 � 1, as it is on the surface of the
polytope, b̃ ∈ M.

sum with positive coefficients of the columns of M. This way,
we can interpret the total analog time tA for solving a problem
b = T hP � hS as the sum of its positive coordinates in terms
of a generating set that corresponds to the vertices of a convex
polytope. With this relation, we construct a demonstration in
two parts: First, the result is proven for the ZZ Hamiltonian,
and afterward, this result is employed to demonstrate the
general case.

To build up an intuition for the proof, let us begin by notic-
ing that we can generate a convex polytope M ⊆ Rn(n−1)/2 by
taking the columns of the matrix M. As proven in Ref. [22],
this polytope contains the origin. This means that we can
construct any vector x ∈ Rn(n−1)/2 as a positive sum of the
columns of M. By definition of a polytope, if x ∈ M, then
we can construct x as a convex combination of the elements
in M. If x is outside the polytope generated by the extreme
points of the convex hull, then we can normalize x to be in the
polytope, calling this new vector x̃. Then, x̃ can be written
as convex combination of the extreme points and rescaled
back to x by multiplying it by a constant that depends on the
2-norm, x = x̃‖x‖2/‖x̃‖2. See the sketch in Fig. 1.

First, let us note that the 2-norm of every point of the
polytope with respect to the origin of coordinates is lower
bounded by a finite value in a universal DAQC protocol [22].
However, finding this bound is computationally costly. For
instance, a naive approach would be to first calculate all
the facets of that polytope, and then calculate the minimum
distance between each facet and the origin. Unfortunately, this
problem is equivalent to the facet enumeration problem, which
is NP-hard [26]. Instead, we will see that the worst possible
case corresponds to the smallest nontrivial system sizes (two
and three qubits). The intuition comes from two facts. First,
the recursive structure of the matrix M, employed in Ref. [22],

M(n + 1) =
(

L(n + 1) L′(n + 1)
M(n) M(n)

)
, (9)

where n is the number of qubits, and L(n) and L′(n) cor-
respond to the sign changes of the new couplings added

FIG. 2. Minimum total analog block times for ZZ Hamiltonians
for problems with norm ‖b‖2 = √

n(n − 1)/2. Colored area shows
the range between the obtained maximum and minimum total time
for the different problem distributions, while the lines represent their
mean value.

along with the additional qubit. For instance, for the ZZcase,
we can assign L(n + 1) to the effective signs of the cou-
plings when no gate is applied to the (n + 1)th qubit, and
L′(n + 1) to the contrary. In this case, we will get the fol-
lowing relation: L′(n + 1) = −L(n + 1). Second, the number
of vertices of the polytope M grows exponentially with the
number of qubits, while the dimension of the space in which
it lives grows only quadratically. This gives us the intuition
that, as n grows, the polytope resembles more and more an
n(n − 1)/2-dimensional ball. Thus, increasing the number of
qubits should not increase the minimum distance from the
origin to the surface. Then, from the smallest nontrivial size,
we can iteratively increase the number of qubits, and at each
step, we will find that the worst possible problem for n qubits
corresponds to the worst problem for the smallest n with the
additional coefficients zero. The complete proof is provided
in the Appendix.

Numerical calculations. In order to numerically confirm
the obtained bound, we have run a numerical calculation. For
this, we have generated different problem vectors b, all nor-
malized with respect to the columns of M, ‖b‖2 = ‖Mk‖2. We
further set T = 1 for simplicity. This normalization assures
us that the lower bound of ‖topt‖1 is set to 1 for any system
size.

We start by checking the bound for ZZ Hamiltonians with
up to n = 10 qubits. For this, we have generated 106 random
problems uniformly distributed in the surface of a ball of the
corresponding dimension. As shown in Fig. 2, the generated
problems appear to concentrate in the middle between the
upper and lower limits, showing a sublinear behavior. As
both the upper bound and the lower bound can be reached
for problems of the form b ∼ {±1, 0}n(n−1)/2, we have gen-
erated 106 problems in which we uniformly sample all the
combinations. To search on a larger sample set, we added a
small perturbation uniformly distributed on the [−0.1, 0.1]
range to those problems. This way of generating problems
still concentrates around the same values as obtained with
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FIG. 3. Minimum total analog block times for arbitrary two-body
Hamiltonians and problems with norm ‖b‖2 = √

9n(n − 1)/2.

the previous distribution. As an additional note, the lower
values obtained tend to be close to the lower bound more, as
these correspond to problems proportional to columns in M.
In order to approach the upper bound, we generate random
problems near the axes, but forcing them to have a maximum
of six nonzero elements. Additionally, we have calculated
the solution for the problems that coincide with the closest
points of the facets of M to the origin. However, due to the
complexity of calculating the facets, we only made the exact
calculation for up to n = 7 qubits for the ZZ Hamiltonian
case. This way, we confirm that the upper bound is reached
for some of these problems. These results numerically show
that our proposed upper bound is tight.

We again repeat the same calculation but for arbitrary
two-body Hamiltonians (Fig. 3). In this case, we do not have
access to the information for the facets of M for n > 4, so
we have only run the calculations for the randomly generated
problems. The results in this case are similar to the previous
case, further confirming the tightness of our bound and the
sublinearity of uniformly random problems.

In the above, we have obtained a tight upper bound for the
total time of an optimal digital-analog schedule. This gives a
concise idea of the scaling of DAQC circuits with the number
of qubits. As shown, the maximum simulation time for a two-
body Hamiltonian increases with the number of couplings.
This way, the optimal total time for optimal DAQC circuits
lies in the range

T ‖hP � hS‖∞ � ‖topt‖1 � T
√

3‖hP � hS‖2. (10)

These bounds are tight, and we can identify the limiting cases.
The lower bound is reached in some cases where |hP

μν
i j /hS

μν
i j |

is equal for all couplings, leading to a DAQC circuit with
a single digital-analog block. The upper bound is reached
for some problems in which three nonzero couplings are
connected with each other, and the rest of the couplings
have zero contribution to the problem. The results obtained
here are extrapolable to any DAQC protocol that aims at
optimizing the total time, both with arbitrary single-qubit
rotation angles [22] and with fixed rotation angles [6,22,23],
as the protocols composed of Pauli gates are the worst of the

three. This allows us to estimate the time resources needed
to perform a simulation with DAQC, further allowing us to
compare it with the time needed for its DQC counterpart.
Additionally, the obtained bound may improve error estima-
tions in the circuit. In particular, we can employ different
product formulas and their corresponding error bounds to
estimate the errors in the DAQC approach [27–30]. This may
help identify the main sources of Trotterization errors and
reduce them by using state-of-the-art techniques [31,32] or by
selecting the appropriate DAQC implementation, improving
the practical simulation of longer Hamiltonian dynamics. In
summary, we provide an answer to an open question and
confirm the previous intuition regarding a linear dependence
on the system size of the upper bound of DAQC circuit
times, enabling the further development of this computational
paradigm.
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Appendix. Before addressing the full proof of Theorem
1, let us first demonstrate it for the ZZ Hamiltonian. The
proof of this case is more intuitive and the generalization is
straightforward.

First, let us recall that the columns of the matrix M form
a generating set of Rn(n−1)/2. This was proven in Ref. [22];
the columns in M form a convex polytope, denoted by M.
The origin is contained in this polytope, but not in the frontier
convHull(M ) ⊆ Rn(n−1)/2.

By definition, we can write any point of the polytope,
p ∈ M, as p = ∑

i tiMi = Mα, ‖t‖1 = 1, ti � 0 ∀i. In par-
ticular, we can write any point in the surface of M using the
same expression. Let us denote the points in the surface of M
with b̃.

For any b̃, the solutions t̃ with minimal 1-norm will ful-
fill ‖t̃‖1 = 1. This can be easily proven by contradiction.
Assume we can write b̃ as a convex combination Mt̃ = b̃
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with ‖t‖1 = ξ < 1. Then, we could generate a new vec-
tor b′ = (2 − ξ )b̃ as the convex combination Mt ′ = b′, with
‖t ′‖1 = (2 − ξ )‖t̃‖1 = 1. However, this would mean that this
new point b′ is inside the polytope, contradicting the initial
statement that b̃ is in the surface of M.

As the polytope is a compact closed set containing the
origin, any line connecting the origin with any other point in
the space crosses the convex hull. This allows us to project
any point b of the space to the convex hull, b = βb̃, β �
0 ∀b ∈ Rd . Then, we can write any vector b = T hP � hS as
b = βb̃, and simply rescale the system by multiplying it by β,
Mt = M(β t̃ ) = βb̃ = b. Using the homogeneity of the norms
and the fact that t̃ with ‖t̃‖ = 1 is the optimal solution for
any b̃, we get that the optimal total time to solve b is exactly
‖topt‖1 = β, with β = ‖b‖2/‖b̃‖2.

As b can be an arbitrary vector in Rd , in order to find the
upper bound for ‖t‖1 we need to find the minimum 2-norm
of b̃. In the geometrical picture, this problem is equivalent to
finding the smallest Euclidean distance of the origin to any
facet of M, min ‖b̃‖2. This problem is closely related to the
facet-enumeration problem [26], which is an NP-hard prob-
lem. A simple triangulation algorithm would require

(
v

n(n−1)/2

)
steps to enumerate the facets of a convex hull of v points
in Rn(n−1)/2. As the number of columns in M is exponential
with the number of qubits, |M| = 2n−1, using a triangulation
algorithm is not appropriate for large n.

First, we consider the worst-case instance for n = 3, which
is the smallest nontrivial system size. We then recursively ex-
tend the construction to obtain the corresponding worst-case
instance for n + 1 qubits. However, the behavior for n < 7
differs slightly from the general pattern, so we first analyze
the range 3 � n � 6 and subsequently treat the case n � 7.

For n = 3, we can just brute force the solution and calcu-
late the facets of M. For n = 3, M is a regular tetrahedron,
and the smallest distance of the surface of the convex hull
of M is found in four directions: (−1,−1,−1), (−1, 1, 1),
(1,−1, 1), and (1, 1,−1). If we set the problems b propor-
tional to these directions, for example, b = (−α,−α,−α),
the total optimal time to solve the DAQC protocol is ‖topt‖1 =√

3‖b‖2.
Now, we increase the problem size to n = 4. We will start

from the worst problem in n = 3, and then we parametrize the
additional elements, b = (β1, β2, β3,−α,−α,−α). We can
always divide this problem into four different problems, b1 =
(β1, 0, 0,−α1/3,−α1/3,−α1/3), b2 = (0, β2, 0,−α2/3,

−α2/3,−α2/3), and b3 = (0, 0, β1,−α3/3,−α3/3,−α3/3).
This way, the total time for solving the problem b will
be upper bounded by the sum of solving each individual
problem, tA(b) � ∑

i tA(bi ). Now, we focus on one of the
parametrized problems bi. As seen in Eq. (9), the matrix
corresponding to these problems can be written as

M ′(4) =
(

L(4) L′(4)
M(3) M(3)

)
. (A1)

As before, we can remove the columns corresponding to the
zero elements in the problem vector, and thus we can take L(4)
and L′(4) as row vectors. By construction of the M(4) matrix,
we can reorder the columns such that we get L(4) = �1, and by
definition, L′(4) = −�1. This way, it is easy to solve each of the

problems bi, in which the parametrization that yields the max-
imum total time corresponds to selecting βi = 0. This election
saturates the lower bound for tA, and so, it corresponds to the
minimum time of the parametrized b problem.

We can repeat this process of iteratively adding a qubit to a
system, and parametrizing the new couplings, while keeping
the worst b from the previous system size. We parametrize
the new couplings and solve every subproblem bi, following
the same structure as in the n = 4 case. In all cases, the
structure of each of the partial problems is the same as the
one from Eq. (9). In order to solve every partial problem,
we remove the rows corresponding to the zero entries of
the problem vector bi. This leaves us with a matrix M ′ with
linearly dependent columns. By removing these redundant
columns, the partial problem we have to solve is identical
to the one solved in Eq. (A1). We repeat this process up to
problem size n = 7. Here, there is a change in the topology
of the problem, as adding an extra qubit introduces a coupling
that is disconnected from the original n = 3 problem. In this
case, when we parametrize all the new couplings, the structure
of the problem remains identical when removing redundant
columns. For n > 6, it is even easier to reorder the columns to
make the identification L(n) = �1 and L′(n) = −�1, i.e., mean-
ing a vector of 1s and −1s, respectively, as these couplings
are disconnected from the original problem. This fact can be
verified by explicitly calculating the minimum distance, as in
the n = 3 case.

To complete the proof, we assume that the worst problem
corresponds to an n = 3 all-to-all problem embedded in a
larger system, and assume that this holds up to n qubits. We
then add a new extra qubit and check that the worst case
still corresponds to the problem in n = 3. For this, we again
parametrize the new couplings added to the problem. We
notice that we can separate them into two types: couplings that
are connected to the original n = 3 problem and those that are
not. This allows us to study this arbitrary size n problem as if
it was an n = 6 problem, as for this size we already have the
required topology to represent arbitrary-sized problems. As
for n = 7 the worst case is obtained by putting all the weight
of the problem into the n = 3 subproblem, we can extend the
upper bound to arbitrary n.

Note that the worst case is not unique. We have based the
proof on one of the worst-case problems found for n = 3, but
this is not the unique worst-case problem. Indeed, we have
chosen the vector (−1,−1,−1), but we might have chosen
any other three cases, for instance, (−1, 1, 1). Likewise, we
can change the indices of the qubits that are connected. This
way, we have at least 4

(n
3

)
directions in which we can find the

worst cases. However, all these cases lead to the same tA.
The extension of the proof to arbitrary Hamiltonians can

be attained by taking the previous case as an starting point.
For arbitrary Hamiltonians, the case of n = 2 is already non-
trivial. Indeed, for this case, we have already problems in
a nine-dimensional space that are solved by employing 16
possible combinations of single-qubit gates. If we use the
same intuition as before, the problems b that yield the worst
solutions are the ones located in the center of the facets of
the convex hull of the columns of M, M. In this partic-
ular case, the center of the facets points to the directions
with three nonzero coordinates. In particular, the nonzero
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couplings can be found for the couplings {(XX,YY, ZZ ),
(XX,Y Z, ZY ), (YY, XZ, ZX ), (ZZ, XY,Y X ), (XY,Y Z, ZX ),
(XZ, ZY,Y X )}. The directions in which these problems yield
the worst ‖t‖1 correspond to the same combinations found
for the ZZ-Hamiltonian case, i.e., {(−1,−1,−1), (−1, 1, 1),
(1,−1, 1), (1, 1,−1)}. An example of one of these problems
is the vector b = (−1, 0, 0, 0,−1, 0, 0, 0,−1).

We follow the same scheme that we employed in the previ-
ous section. We start by increasing the number of qubits by 1.
Then, starting from the worst case obtained for the previous
system size, we parametrize the new couplings. Here, we
have two options for the worst possible case. One corresponds
to the scenario in which we have all the nonzero couplings
between the same two qubits, i.e., the case mentioned in the
previous paragraph. The other case corresponds to having
three couplings connecting the same three qubits, which is
similar to the n = 3 for ZZ Hamiltonians case previously
discussed. Note that the proof for the ZZ Hamiltonian ob-
tained in the previous subsection is included in the proof for
the arbitrary two-body Hamiltonians. The construction is an
extension of the ZZ case. Indeed, for any of these cases, we

can construct the matrix M(n + 1),

M(n + 1) =
(

L(n+1) L′(n+1) L′′(n+1) L′′′(n+1)
M(n) M(n) M(n) M(n)

)
,

where the corresponding L(n + 1) matrices correspond to the
signs of the new couplings. As in the ZZ case, when solving
the problems bi, we parametrize every new coupling. We can
always rearrange the matrix in such a way that we are left
with a problem that is identical to the one in Eq. (A1), where
we have two M(n) blocks, L(n + 1) = �1 and L′(n + 1) = −�1.
Then, the proof follows the same steps as in the ZZ case.

Again, we assume that the worst case for n qubits cor-
responds to a problem in which only threecouplings in the
vector b are nonzero. Then, we add a single qubit, and
parametrize the new couplings. Then, we set all the new
parameters to zero except one. We finish the proof by noticing
again that the topology of this problem is the same as the one
for n = 6. By brute forcing the resolution of this problem,
we see that the worst case corresponds to setting the new
parameters to zero.
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