
PHYSICAL REVIEW RESEARCH 8, 033106 (2026)

Enhanced multiphoton ionization driven by quantum light
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We present a first-principles S-matrix framework for multiphoton ionization driven by arbitrary quantum
states of light, retaining the full spatial structure of the light fields. Within this framework, we show that the
utilization of momentum-entangled photon pairs emitted by ultrathin nonlinear crystals can enhance resonant
two-photon ionization cross sections by more than two orders of magnitude relative to an uncorrelated reference
state. The enhancement stems from the broad distribution of the transverse momentum and is captured only by a
nonparaxial treatment, while strongly underestimated in the paraxial approximation. Atom-specific estimates for
resonant two-photon ionization in sodium indicate that the predicted effect should be observable with currently
available photon-pair sources.
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I. INTRODUCTION

Nanoscale quantum light sources have emerged as highly
promising platforms for quantum information science and
light-matter interactions. Recent experiments have demon-
strated the generation of highly correlated photon pairs
from single-layer crystals [1–3], subwavelength nonlinear
films [4,5], resonant metasurfaces [6,7], and other compact
nonlinear structures [8]. These sources rely on paramet-
ric down-conversion in a non-phase-matched regime, where
extremely broad bandwidths and emission with very large
transverse momenta can be generated [see Fig. 1(a)]. These
sources can be engineered to produce tunable polarization
[9–12] or spatial [13] entanglement, support multiple en-
tanglement links [1], and offer directional emission control
[14,15]. Such capabilities open opportunities for probing
matter with engineered spatiotemporal correlations. Research
has only recently started to explore these opportunities for,
e.g., linear quantum imaging [16], but their wider ramifica-
tions for applications in sensing [17–19], imaging [16,20–
23], metrology [24–28], high-harmonic generation [29,30],
and spectroscopy [31–33] remain largely unexplored.

Investigating this potential requires careful consideration
of the nonparaxial emission characteristics of nanoscale
sources in these applications [8]. Multiphoton ionization,
and its variant resonance-enhanced multiphoton ionization
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(REMPI), provides an experimentally accessible and highly
sensitive platform for exploring this: Its nonlinear nature is
a direct probe of photon correlations, as recently demon-
strated with bright squeezed light [34]. Its strong sensitivity
to intermediate-state resonances [35], together with its in-
trinsic dependence on the spatial and correlation structure
of the driving field, makes REMPI a clean and control-
lable setting to identify and quantify quantum advantages
beyond the paraxial regime. Beyond its role as a probe
of nonclassical fields, REMPI underpins a broad range of
applications, including plasma generation [36,37], chemical
diagnostics [38,39], high-harmonic generation [40–42], pho-
toelectron spectroscopy [35,43,44], ultracold atom-molecule
dynamics and atom-atom collisions [45–47], molecular chi-
rality [48–51], catalytic surface chemistry [52], nuclear-spin
conversion [53], and precision metrology [54–56].

Here, we investigate REMPI driven by quantum states
of light, taking the full spatial dependence of the photonic
fields into account such that broad-angle emission effects
are captured properly. Our approach incorporates relativistic
effects important for heavy atoms [57–74] and enables accu-
rate predictions of angular distributions [75] and asymmetries
[76,77] relevant to chiral discrimination [78] and circular
dichroism [79]. Using an S-matrix formulation, we calculate
perturbatively multiphoton ionization cross sections and, as
a case study, predict that resonant two-photon ionization of
the sodium atom by momentum-entangled photons may be
enhanced by several orders of magnitude from momentum
entanglement alone. This enhancement can be evaluated only
by accounting for broad-angle emission effects via a non-
paraxial treatment, and is significantly underestimated by the
paraxial approximation. Moreover, our analysis shows that
for dipole-mediated REMPI, the enhancement only depends
on the photonic quantum state. This breaks down for higher-
order multipole transitions, pointing toward an interesting
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FIG. 1. (a) Schematic presentation of two-photon ionization of
the sample with momentum-entangled photons. A pump field beam
waist �p interacts with a birefringent crystal with length L, where
spontaneous parametric down-conversion (SPDC) generates pairs of
momentum-entangled photons. These photon pairs trigger resonant
two-photon ionization in the sample. The paraxial approximation ac-
counts only for the narrow emission angles of entangled photons and
is valid for sufficiently large crystals, whereas short crystals allow
much larger momentum mismatches and correspondingly broader
angular spectra, where a nonparaxial treatment is necessary. (b) En-
hancement ratio of the REMPI cross sections [Eq. (4)] of entangled
photons compared to two separable photons as a function of the
pump beam waist �p and length of the crystal L for the ioniza-
tion through dipole channel: (upper panel) nonparaxial treatment
and (lower panel) paraxial approximation. We consider the central
frequencies of signal and idler photons to match the energy of the
(32S1/2–42P3/2) transition in a neutral sodium atom [80]. The graphs
are plotted on a logarithmic scale with base 10, but the scale bar is
not in logarithmic scale.

lightmatter interaction regime. SI units are used throughout
the paper, unless stated otherwise.

II. TOTAL IONIZATION CROSS SECTION

We model the process as the interaction between a quantum
state of light |ψin〉 and matter |ϕin〉, initially prepared in the

state |�in〉 = |ψin〉 ⊗ |ϕin〉. After absorption of n photons, the
system evolves into the total final state |� f 〉 = |ψ f 〉 ⊗ |ϕ f 〉,
where |ϕ f 〉 describes the matter state comprising the pho-
toelectron and the residual system (e.g., an ion, molecular
fragment, or ionized solid-state background), and |ψ f 〉 is the
final state of the light field.

We define the total cross section σ (n) for n-photon ioniza-
tion as (see Appendix A for details)

σ (n) = �(n)

φñ
, (1)

where �(n) is the transition rate associated with the ionization
process and φ is a projection of the photon flux onto the axis
perpendicular to the plane of a target. The transition rate is
divided by the ñth power of the photon flux, depending on the
initial state of the field: For example, for multiphoton absorp-
tion, entangled n-photon states generate a linear signal at low
photon fluxes, such that ñ = 1 [82,83], whereas the signal of
coherent pulses scales with the nthpower of the photon flux,
i.e., ñ = n.

III. PHOTON FLUX

Without loss of generality, we assume that the target is
placed in the xy plane; therefore, φ is the projection of the
photon flux onto the z axis. We define the photon flux of an
arbitrary quantum state of light |ψin〉 as

φ = c

∑
λ=1,2

∫ ∞
−∞ dk kz

k 〈ψin|â†
λ(k)âλ(k)|ψin〉

Vψin

, (2)

where c is the speed of light in vacuum, âλ(k) is an annihila-
tion operator of a photon with momentum k and polarization
λ, kz is projection of k onto z axis, k = |k|, and Vψin is an
effective volume that quantifies the localization of the photonic
state in space. This definition allows us to account for the
strong wave packet dispersion beyond the paraxial regime. It
naturally incorporates the spatial and temporal confinement of
realistic photon states, and Eq. (1) reduces to the established
semiclassical cross sections in the appropriate limits: Taking
a plane wave as the initial state of light, the effective volume
coincides with the full quantization volume since the state is
completely delocalized [84]. For a Gaussian pulse, the volume
is determined by the transverse beam waist and longitudinal
pulse length, and for entangled photons, it is further reduced
due to correlations inherent in the quantum state, as we will
discuss below Eq. (5). Our first-principles framework de-
scribed above is general and can be applied to compute cross
sections for both resonant and nonresonant ionizations. As
an illustration, we focus here on REMPI driven by entangled
photons as a nonclassical light source.

IV. ENHANCEMENT RATIO

To study the enhancement of the REMPI cross section due
to quantum correlations, we introduce the ratio between the
REMPI cross sections induced by entangled light fields, σent,
and by suitable separable states, σ̃sep [see discussion after
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Eq. (5)],

R(n) = σ
(n)
ent

σ̃
(n)
sep

. (3)

Both cross sections are calculated from Eq. (1) with a linear
photon flux dependence, ñ = 1, such that R(n) is unitless.
Crucially, if the ionization is resonant with intermediate dipole
transitions and the field polarization is independent of the
photons’ propagation direction, R(n) becomes independent of
the material: For narrow-band separable or entangled states
with n-photon wave functions Fent/sep(k1, . . . , kn), we find (for
details, see Appendix B)

R(n) = Vent

Vsep

f (n)
ent

f (n)
sep

, (4)

where Vent/sep is the effective volume of the respective state,

and f (n)
ent/sep = | ∫ ∞

−∞ dk1···dknFent/sep(ki,...,kn )|2∫ ∞
−∞ dk1,...,dkn|Fent/sep(k1,...,kn )|2(

k1,z
k1

+···+ kn,z
kn

)
quantifies

the focusing of the n-photon wave function at the sample.
Notably, the enhancement depends only on the light field, not
on the sample. As we will demonstrate by simulations below,
however, this result [Eq. (4)] breaks down when the quantum
state of light is in resonance with a higher-order multipole
transition.

V. MOMENTUM-ENTANGLED PHOTON PAIRS

We illustrate this enhancement in the case of the cross
section of two-photon ionization with momentum-entangled
photons. The general setup is depicted in Fig. 1(a). A non-
linear crystal is pumped by a laser (shown in blue) to
generate entangled photon pairs. The generated photons are
subsequently focused on the sample, where they induce
two-photon ionization. The emitted photoelectrons are then
detected. We consider a model of two narrow-band entan-
gled photons denoted by signal and idler and produced in
SPDC, both centered around frequency ω, which are mo-
mentum entangled in the xz plane; i.e., the y components of
the momentum for both photons are very small, ki/s,y ≈ 0,
as investigated in Ref. [16]. This leads to |ψin〉 ≡ |ψent〉 =∫ ∞
−∞

∫ ∞
−∞ dkidksFent(ki, ks)â†

λy
(ki )â

†
λy

(ks)|0, 0〉, with ks and ki

being the momentum of signal and idler photons, respec-
tively, and λy being a linear polarization in the y direction.
The two-photon wave function is given by (for details,
see Appendix C)

Fent(ki, ks) = Cent√
2

sinc

(
L�kz

2

)
up(ki,x + ks,x; ki,y + ks,y; �p)

× e− �2
y (k2

i,y+k2
s,y )−T 2 ((ωi−ω)2+(ωs−ω)2 )

2 θ (ki,z )θ (ks,z ),
(5)

where sinc is a sinc function, L is the length of the crystal
in z direction, and �kz is the momentum mismatch in the
z direction. The up is the pump transverse momentum-space
envelope function, which depends on the x and y components
of the signal and idler wave vectors, ks/i,x and ks/i,y, and on the
pump beam waist parameter �p (see Appendix C for the full
form). The pulse duration is given by T , �y characterizes the
spread of ki/s,y for the idler and signal photons, and θ (ki/s,z )

is the Heavisine function, which enforces propagation in the
positive z direction. Cent is a normalization constant.

Before we continue, it is important to comment on
the paraxial approximation and its relation to our formal-
ism. The paraxial approximation assumes that the photons
are emitted only within small angles relative to the pump
propagation axis, irrespective of the crystal length, typi-
cally not exceeding a few degrees (e.g., �5◦). In contrast,
Eq. (5) is derived within a fully nonparaxial treatment of
the SPDC-generated two-photon state. This means that no
small-angle approximation is imposed on the transverse mo-
mentum components of the emitted photons. Consequently,
the formalism remains valid for arbitrary emission angles and
hence arbitrary crystal lengths, allowing one to accurately de-
scribe broad angular spectra and strong transverse-momentum
correlations.

The narrow-angle (long-crystal) and broad-angle
(ultrathin-crystal) emission regimes, on the other hand, are
physical characteristics of the emitted radiation, irrespective
of their theoretical modeling. For a fixed central frequency
ω, the crystal length L controls the angular spread of the
emitted photons through the phase-matching sinc function.
As L decreases, the sinc function broadens in momentum
space, allowing increasingly large transverse momenta and
correspondingly larger emission angles with respect to the
pump axis. This defines the broad-angle (ultrathin-crystal)
emission regime central to our analysis. Conversely, for
sufficiently long crystals, the phase-matching function
becomes narrow in momentum space, restricting the emitted
photons to small transverse momenta and small propagation
angles, thereby recovering the narrow-angle (long-crystal
limit) emission regime. Hence, while the nonparaxial
treatment is formally applicable for all crystal lengths,
nonparaxial physical features (broad-angle emission) become
particularly pronounced for short-crystal configurations.

The two-photon state is localized within an effective
volume Vent = Cent, and its degree of entanglement is con-
trolled by the crystal length L and the pump-beam waist
�p [85]. This volume is inversely related to the joint
momentum-space correlation volume, i.e., to the overall ex-
tent of the unnormalized joint spectrum in (ki, ks) space.
For two separable Gaussian photons, the joint spectrum is
confined to the product of two narrow single-photon distri-
butions, yielding a relatively small joint correlation volume
in momentum space. In contrast, for momentum-entangled
SPDC pairs in the ultrathin-crystal regime, longitudinal phase
matching allows a much broader joint angular spectrum, re-
sulting in a larger joint correlation volume in momentum
space. Since the normalized two-photon amplitude scales in-
versely with this correlation volume in momentum space,
the broadened joint spectrum corresponds to a smaller
effective normalization volume Vent compared to Vsep in
real space.

We compare the REMPI cross section of two entan-
gled photons using Eq. (5) with a separable counterpart
Fsep, which describes two narrow-band Gaussian photons
propagating along the z axis, but features the same beam
waist, pulse duration, central frequencies, and linear y
polarization as the signal and idler photons (see Ap-
pendix C for explicit form of Fsep). With these two wave
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FIG. 2. (a) The enhancement ratio of the REMPI cross sections (R(2)) [Eq. ((3) of a neutral sodium atom for dipole (black lines), quadrupole
(red lines), octupole (blue lines), and hexadecapole (purple lines) as a function of the crystal length L (which quantifies angular emissions of
entangled photons). The considered beam waists of the pump field are �p = 3 µm (solid lines), �p = 10 µm (dashed lines), and �p = 50 µm
(dot-dashed lines). (b) The enhancement ratio of the cross section of neutral sodium atoms for dipole (solid black line), quadrupole (dashed
red line), octupole (dot-dashed blue line), and hexadecapole (dotted blue line) as a function of the beam waists of the pump field (�p) for
crystal length L = 10 nm. (c) Total REMPI cross sections, σ

(2)
ent , with entangled (black lines) and separable (blue lines) photons via dipole

channel as a function of crystal length L for different beam waist. The transverse beam waists is �y = 50 µm, chosen large enough that the
transverse momentum can be neglected. The pulse duration is T = 1.33 ps, corresponding to a photon bandwidth smaller than the 42P3/2–42P1/2

splitting, ensuring exclusive population of 42P3/2. The transition energies considered for the dipole, quadrupole, octupole, and hexadecapole
channels are 3.753 293, 4.283 461 4.288 194, and 4.594 759, respectively [80] and lifetimes of the intermediate 42P3/2, 42D5/2, 42F5/2, and
52G7/2 states are 90, 55, 72, and 235 ns, respectively [81]. All the graphs are plotted on a logarithmic scale with base 10, but the scale bar is
not in logarithmic scale. All the results presented here are obtained via the nonparaxial treatment.

functions and Eq. (4), we can evaluate the enhancement
without specifying the sample. The results are presented
in Fig. 1(b).

The enhancement increases with the beam waist and with
decreasing crystal length, but plateaus at very short lengths
[see also Fig. 2(a)]. The formation of the plateau is a dis-
tinct feature emerging only in the ultrathin-crystal regime. It
arises because the sinc function governing longitudinal phase
matching in Eq. (5) approaches unity, i.e., sinc(�kL/2) 

1, effectively removing the dependence on the propagation
length within the crystal. This is the non-phase-matched
regime, which is characteristic of nanoscale entangled light
sources with subwavelength crystal lengths [1–3,8]. This sat-
uration effect indicates an ultimate enhancement limit for
momentum-entangled two-photon interactions, which has not
been previously reported. It emerges in the nonlinear interac-
tions considered here, and is absent, e.g., in linear quantum
imaging [16]. At intermediate lengths, the enhancement oscil-
lates with the crystal length, since the two-photon amplitude
is proportional to a sinc function, as predicted, e.g., in en-
tangled two-photon transparency [83]. An enhancement of
several orders of magnitude is shown to be possible from
this analysis. This pronounced enhancement arises from the
large longitudinal mismatch leading to a very broad angular
spectrum of photons.

VI. PARAXIAL VERSUS NONPARAXIAL TREATMENT

We repeat the same calculation using the paraxial treat-
ment. The results for these calculations (paraxial and non-
paraxial treatment) are plotted in Fig. 1(b). Strikingly, the
paraxial treatment strongly underestimates the achievable
enhancement, incorrectly suggesting that only an O(1) en-
hancement is possible in the depicted parameter range. In
addition, the paraxial treatment completely misses the os-
cillatory features in the intermediate-length crystal that we
discussed above. Hence, it cannot describe the most interest-
ing regime of quantum-enhanced REMPI.

VII. REMPI BEYOND DIPOLE TRANSITIONS

Given the results for the dipole channel, a natural question
is whether higher-order multipole ionization channels can be
enhanced in the same way. Here, each “channel” refers to
its multipole character, namely, electric dipole, quadrupole,
octupole, or hexadecapole, of the transition from the ground
state to the intermediate excited bound state in the course of
the two-photon ionization. First, we note that Eq. (4) breaks
down because the multipole moments matrix elements depend
explicitly on the photonic wave vectors, such that photonic
and sample correlation functions cannot be separated, and
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FIG. 3. Enhancement ratio of the dipole channel as a function
of the crystal length for three different beam waists for n = 2:
�p = 3 µm (solid line), �p = 10 µm (dashed line), and �p = 50 µm
(dash-dotted line). The curves are obtained from Eq. (4), while the
discrete markers represent the numerical evaluation of Eq. (3), show-
ing excellent agreement between analytical and numerical results.

the potential enhancement now becomes explicitly sample
dependent. We thus consider a case study in which our sample
is a neutral sodium atom, and we model the process in the
framework of a single-electron approximation (see compu-
tational details [81,86,87] in the Appendix A). We present
the simulations of the enhancement ratios using Eq. (3) for
REMPI via dipole, quadrupole, octupole, and hexadecapole
transitions in Fig. 2. For ionization via the dipole channel, the
results obtained from Eqs. (3) and (4) coincide with very high
accuracy (see Fig. 3).

In the dipole channel, the most significant enhancement
in REMPI occurs for ultrathin crystals (L < 300 nm), where
broad-angle emission effects are the most pronounced [see
Fig. 2(a)]. This remains true in the octupole channel, but
surprisingly, the enhancement in both the quadrupole and
hexadecapole channels peaks at a finite crystal length, ap-
proximately given by the wavelength of the quadrupole and
hexadecapole transitions. In any channel, as the crystal length
increases, moving toward the narrow-angle emission regime,
the enhancement of the cross section decreases and vanishes
for sufficiently large crystal lengths. The dipole transition ex-
hibits the most pronounced enhancement in the cross section,
followed by the octupole [see Figs. 2(a) and 2(b)]. As we
already discussed for the ionization via the dipole channel,
the former enhancement ratio is determined solely by the
light properties. In contrast, the quadrupole and hexadecapole
transitions display significantly weaker enhancement across
the depicted parameter ranges.

In all channels, the enhancement increases monotonically
with beam waist, as the excitation probability of separable
states naturally decreases with beam waist (i.e., with fo-
cusing). However, the rate of increase is channel dependent
[Fig. 2(b)]: The octupole and hexadecapole transitions show
steeper growth compared to the dipole and quadrupole cases.
Consequently, there is a crossover for very large beam waists,
where the enhancement of higher-order multipole channels
(octupole and hexadecapole) can surpass their lower-order
counterparts (dipole and quadrupole). This can be observed

in Fig. 2(b), where the hexadecapole transition eventually
exceeds the quadrupole in enhancement for sufficiently large
beam waists. Overall, the results presented in Figs. 2(a) and
2(b) clearly confirm that Eq. (4) breaks down when other ion-
ization channels are considered, and the enhancement depends
on the material explicitly.

VIII. SYMMETRY OF THE IONIZATION CHANNELS

The observed variation in enhancement originates from
the interplay between the photonic wave function and the
material response. For the quadrupole and octupole ionization
channels, the photon fluxes are nearly identical, since
the corresponding frequencies ω are almost the same in both
cases. The enhancement, therefore, cannot be attributed to flux
differences alone. Instead, it arises from the overlap between
the photonic wave function Fent and the material response
in k space, which is larger for the octupole (even-parity)
channel than for the quadrupole (odd-parity) one. A similar
trend holds for other channels: The enhancement ratio R(2)

is maximal for the dipole (odd-parity) channel, reflecting the
largest k-space overlap, as the material response effectively
decouples from Fent.

Consequently, at short crystal lengths, where the angular
range for signal and idler photons is broad, odd multipole
transitions with parity-favored pathways (dipole and octupole)
exhibit significantly enhanced coupling, resulting in the high-
est enhancement. As the crystal length increases, the angular
range for signal and idler photons narrows, reducing the
distinctiveness between channels and diminishing the en-
hancement differences in any excitation channel.

IX. QUANTUM-ENHANCED REMPI CROSS SECTION

We can express the entangled two-photon ionization cross
section σ

(2)
ent in terms of the classical cross section, using

σ
(2)
cl = σ̃

(2)
sep

φsep
. This yields

σ
(2)
ent = R(2)φsepσ

(2)
cl , (6)

where the material properties are encoded in the classical
cross section σ

(2)
cl [57,88]. The classical cross section is

weighted by the ratio R(2) that quantifies the momentum cor-
relations of the entangled photon pair. We note an important
distinction between Eq. (6) and similar expressions in the
literature: Earlier expressions for entangled cross sections ac-
counted for quantum correlations in momentum and energy
separately [83], such that the factor R(2)φsep can be replaced
by the inverse of the so-called entanglement area and time.
Equation (6) instead allows for arbitrary spatial profiles and
propagation directions, and can account, e.g., for spatiotem-
poral entanglement [89,90].

In Fig. 2(c), we show estimates of the total REMPI cross
section for entangled and separable photons via the dipole
channel as a function of the crystal length and different beam
waists of a pump beam �p. To this end, we have to choose
realistic values for the pulse duration and the transverse
beam waist.

The cross sections up to �10−18 cm2 are on par with
the largest reported entangled two-photon absorption cross
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sections in molecules [33,91] or with phase-matched sum
frequency generation [90,92], and orders of magnitude larger
than those measured in competing experiments [92–97]. The
large ionization cross section in our study has a twofold origin:
first, the resonant nature of the REMPI pathway, and second,
the additional enhancement arising from momentum correla-
tions in photon pairs generated by ultrathin crystals. This is
evident from comparing Eq. (6) and Fig. 2(c). Experimentally,
REMPI is particularly attractive because the signal is read out
via photoelectrons, where the signal is less prone to be spoiled
by other processes, as is the case in a purely photon-detecting
scheme [98]. Hence, our simulations establish REMPI as an
attractive platform to explore entangled two-photon physics
and for entanglement-enhanced sensing, spectroscopy, and
imaging.

As a final remark, we note that thin nonlinear crystals
and tight focusing conditions may generally lead to relatively
low SPDC efficiencies and, consequently, reduced entangled-
photon fluxes. Thus, despite the potentially large enhancement
factor, the experimentally achievable ionization yield may
remain limited by the available photon-pair production
rate. However, recent advances in engineered nanophotonic
platforms, including resonantly enhanced metasurfaces and
exciton-assisted SPDC in low-dimensional materials, have
demonstrated significantly improved entangled-photon gen-
eration efficiencies [99,100]. These developments may pave
the way toward thin nonlinear media capable of efficient
entangled-photon generation and thereby may help mitigate
these limitations in future implementations.

X. CONCLUSION

We have investigated resonant multiphoton ionization
driven by entangled light produced by nanoscale sources.
By describing the ionization processes beyond the parax-
ial approximation, we uncovered a large enhancement of
the ionization cross section. We further found channel-
dependent enhancements that are entirely missed in paraxial
models. These results demonstrate that the metrological
advantages of entangled light emerge most strongly in
the broad-angle emission regime, where large momentum
correlations determine the ionization efficiency. This in-
sight highlights the relevance of emerging nonclassical
light sources based on ultrathin crystals, metasurfaces, and
subwavelength nonlinear films, which naturally operate in
this regime. Beyond revealing this effect, our framework
provides a general foundation for exploring quantum-light-
driven ionization, chiral and symmetry-sensitive photore-
sponses, and precision spectroscopy with modern nanoscale
light sources.

We close by mentioning that we only analyzed the im-
pact of momentum correlations in this paper. Extending the
analysis to higher-dimensional spatiotemporal entanglement
[101] will likely enhance the total cross section even fur-
ther. Although our case study focuses on neutral sodium
atoms, the perturbative S-matrix formalism is fully general
and applies to both finite systems, such as molecules or other
atomic species, and extended periodic systems, including
solids.
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APPENDIX A: DEFINITION OF THE CROSS SECTION
FOR TWO-PHOTON IONIZATION WITH QUANTUM

STATES OF LIGHT

The total cross section σ (n) is given by

σ (n) = �(n)

φñ
= 1

gin

∑
in

∑
f

∣∣S(n)
in; f

∣∣2

T φñ
, (A1)

where T is the effective interaction time of the incident ra-
diation at the target and S(n)

in; f is the transition matrix element
from the total initial state |�in〉 to the total final state |� f 〉.
We sum over the final states (

∑
f ) and average over the initial

degenerate matter states ( 1
gin

∑
in), with gin being a degeneracy

of the initial matter state. All quantum numbers required to
characterize the initial state of the system, |�in〉 (and also final
state |� f 〉), are specified by the multi-index in ( f ). We note
that in the case when these quantum numbers are continuous,
the sums in Eq. (A1) must be interpreted as integrals with
proper normalizations.

For the case of the ionization by two-photon state, Eq. (A1)
reduces to

σ (2) = �(2)

φñ
=

1
gin

∑
in

∑
f

∫ ∞
−∞ d pe

∣∣S(2)
in; f (pe)

∣∣2

T φñ
, (A2)

where S(2)
in; f (pe) is a transition matrix element from the total

initial state given by |�in〉 = |ψin〉 ⊗ |ϕin〉, with |ϕin〉 being an
initial electronic ground state to the total final state |� f 〉 =
|0, 0〉 ⊗ |ϕ f 〉, with |ϕ f 〉 = |ϕres; peμe〉 being a wave function
of the final state of a system comprising the residual system
state |ϕres〉 and photoelectron wave function |peμe〉. Here,
the photoelectron is characterized by helicity μe and definite
asymptotic momentum pe = (pe, θe, φe), with pe = |pe|, and
θe and φe being polar and azimuthal angles, respectively.
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The initial photonic state |ψin〉 has the general form

|ψin〉 =
∫ ∞

−∞

∫ ∞

−∞
dk1dk2F (k1, k2)â†

λ1
(k1)â†

λ2
(k2)|0, 0〉,

(A3)

where F (k1, k2) denotes the normalized joint two-photon
momentum-space amplitude for two photons with momenta

k1 and k2 and polarizations λ1 and λ2. For the symmetric
two-photon state considered here, we assume that F (k1, k2) =
F (k2, k1) = C0√

2
F̃ (k1, k2), with C0 =

√
1∫

dk1
∫

dk2|F̃ (k1,k2 )|2 be-

ing the normalization factor. Note that C0 ≡ Vψin , where Vψin

is the effective volume of the photonic state.
The transition matrix element S(2)

in; f (pe) is given by [84,88]

S(2)
in; f (pe) = − 2π ie2c2

h̄2

∫ ∞

−∞

∫ ∞

−∞
dk1dk2F (k1, k2)

⎡
⎢⎣∑

n

〈ϕres; peμe|R̂k2,λ2 |ϕn〉〈ϕn|R̂k1,λ1 |ϕin〉
E f

h̄ − ω2 − 1
h̄

(
εn − ih̄

2tn

)

+
∑

n

〈ϕres; peμe|R̂k1,λ1 |ϕn〉〈ϕn|R̂k2,λ2 |ϕin〉
E f

h̄ − ω1 − 1
h̄

(
εn − ih̄

2tn

)
⎤
⎥⎦δ

(
E f

h̄
− ω1 − εin

h̄
− ω2

)
, (A4)

in which tn and εn are lifetime and energy of the intermediate matter state ϕn, respectively, εin is the energy of the initial matter
state ϕin, and E f = εe + Eres, with εe and Eres being an energy of photoelectron and residual matter system, respectively. Here,
the interaction operator R̂k,λ = ∑Ne

i αi · Ak,λ(ri ), where Ne is the number of electrons in a system and αi is the Dirac matrix

acting on ith electron. The amplitudes Ak,λ(ri ) are given by Ak,λ(ri ) =
√

h̄
2ωkε0(2π )3 eik·ri eλ(k), with eλ(k) being a polarization

vector such as eλ(k) ⊥ k, ωk = c|k| is frequency of the photon, and ε0 is vacuum permittivity.
The photon flux is obtained using Eq. (2):

φ = c

∑
λ=1,2

∫ ∞
−∞ dk k·ez

k 〈ψin|â†
λ(k)âλ(k)|ψin〉

Vψin

= 2c

Vψin

∫ ∞

−∞

∫ ∞

−∞
dk1dk2|F (k1, k2)|2

(
k1,z

k1
+ k2,z

k2

)
, (A5)

where k1/2 = |k1/2| and k1/2,z is the projection of k1/2 onto the
z axis.

REMPI. Now, we consider the REMPI case, i.e., when the
energy of (at least) one absorbed photon is resonant with the
transition energy from the initial matter state ϕin to an inter-
mediate matter state ϕc with the energy εc. This corresponds
to tuning the photon frequency to h̄ω ≈ εc − εin. In practice,
achieving such a resonance requires at least one of the photons
to be narrow band. Here, we focus on the case where both
photons are narrow band and centered at the same frequency
ω. Accordingly, we set ω1 = ω2 = ω in Eq. (A4). Then, upon
inserting Eq. (A4) into Eq. (A2), we encounter the square of
a Dirac delta distribution. For sufficiently long pulses, i.e.,
in the narrow-band limit, we regularize it using the standard
finite-time identity [84]

δ2

(
E f

h̄
− 2ω − εin

h̄

)

= lim
T →∞

δ

(
E f

h̄
− 2ω − εin

h̄

)∫ T/2

−T/2

dt

2π
e

i
(

E f
h̄ −2ω− εin

h̄

)
t

= lim
T →∞

δ

(
E f

h̄
− 2ω − εin

h̄

)
T

2π
. (A6)

Using the identity d pe = 1
c2 peεedεed�e (in which d�e =

sinθedθedφe denotes the solid angle) and integrating over dεe,
we get the expression for total cross section as

σ (2) = h̄peεe

2πc2

1

gin

∑
in

∑
f

∫
d�e

∣∣τ (2)
in; f (pe)

∣∣2

φñ
, (A7)

where the transition amplitude τ
(2)
in; f (pe) is given by

τ
(2)
in; f (pe) = − 4πe2c2tc

ih̄3

∑
c

∫ ∞

−∞

∫ ∞

−∞
dk1dk2F (k1, k2)

× (〈ϕres; peμe|R̂k2,λ2 |ϕc〉〈ϕc|R̂k1,λ1 |ϕin〉
+ 〈ϕres; peμe|R̂k1,λ1 |ϕc〉〈ϕc|R̂k2,λ2 |ϕin〉

)
. (A8)

Here, εe = εin + 2ω − Eres and tc is a lifetime of the interme-
diate state ϕc.

Single-active electron approximation in sodium atom.
In the sodium case study (Z = 11), the matrix elements
entering Eq. (A8) are evaluated within the single-active-
electron (SAE) approximation. Accordingly, the many-
electron states in Eq. (A8) are approximated in factor-
ized form as |ϕin〉 
 |ϕcore〉 ⊗ |ϕ̃in〉, |ϕc〉 
 |φcore〉 ⊗ |ϕ̃c〉,
and |ϕres; peμe〉 
 |ϕcore〉 ⊗ |peμe〉, where |ϕcore〉 denotes the
frozen (spectator) core and |ϕ̃in〉, |ϕ̃c〉, and |peμe〉 are one-
electron Dirac spinors of the active (valence) electron in an
effective central potential describing the screened nuclear
field. Within SAE, the interaction operator R̂k,λ in Eq. (A8) re-
tains only the contribution of the active electron, since the core
is frozen and core excitations are neglected. Consequently, the
core factor yields 〈ϕcore|ϕcore〉 = 1, and the matrix elements
in Eq. (A8) reduce to one-electron matrix elements between
|ϕ̃in〉, |ϕ̃c〉, and |peμe〉. The initial state is taken as the ground
3s orbital. We choose the z axis as the quantization axis.
The continuum wave function of the photoelectron |peμe〉 is

033106-7



KOSHELEVA, PANAHIYAN, RUBIO, AND SCHLAWIN PHYSICAL REVIEW RESEARCH 8, 033106 (2026)

expanded in the partial waves [43],

|peμe〉 =
√

c2

4πεe pe

∑
κmj

C
jμ f

l0 11/2μ f i
l
√

2l + 1e−iδk

× D j
mjμe

(φe, θe, 0)�εκmj (r). (A9)

Here, κ = (−1)l+ j+1/2( j + 1/2) is the Dirac quantum num-
ber determined by the total angular momentum j and the
parity l , δκ is the phase shift induced by the scattering po-
tential, CJM

j1m1 j2m2
is the Clebsh-Gordan coefficient, DJ

MM ′ is
the Wigner matrix [102], and �εκmj (r) is the partial-wave
solution of the Dirac equation in the scattering field [86,87].
The summation over intermediate states in Eq. (A8) is taken
as

∑
c ≡ ∑

mc
, where mc is the projection of the total angular

momentum of the intermediate state |ϕ̃c〉 onto the z axis. In
Eq. (A7), the average over the degenerate initial states is
written explicitly as 1

gin

∑
in ≡ 1

2 jin+1

∑
min

, with jin being
the total angular momentum of the initial electronic state
|ϕ̃in〉 and min its projection onto the quantization axis (z). The
summation over final states is taken as

∑
f ≡ ∑

μe
. In all SAE

calculations, we assume both photons to be linearly polarized
along the y axis (eλ(k) 
 eλy ); i.e., this choice is used for
the polarization entering R̂k,λ in Eq. (A8). In general, the
polarization vector depends on k; however, in the parameter
regime considered here, the photon momenta satisfy ky 
 0
(see Appendix C and the main text), so that the polarization
can be taken as linearly polarized along the y axis.

As effective potential, we utilize the so-called Xα central
potential whose parameters are adjusted in such a way as to
reproduce the energy of dipole (32S1/2 − 42P3/2), quadrupole
(32S1/2 − 42D5/2), octupole (32S1/2 − 42F5/2), and hexade-
capole (32S1/2 − 52G7/2) transitions, respectively, namely,
3.753 293 , 4.283 461 , 4.288 194 , and 4.594 759 eV [80]. The
corresponding lifetimes tc of the intermediate 42P3/2, 42D5/2,
42F5/2, and 52G7/2 states are 90, 55, 72, and 235 ns, respec-
tively [81]. The modified radial package solves the radial
Dirac equation with the effective potential [86].

Now, to obtain σ
(2)
ent from the main text, one should use

F (k1, k2) given by Eq. (C16), C0 = Cent ≡ Vent, and ñ = 1. To
obtain σ̃ (2)

sep from the main text, one should use F (k1, k2) given
by Eq. (C18), C0 = Csep ≡ Vsep, and ñ = 1.

APPENDIX B: CALCULATION OF ENHANCEMENT
RATIO: THE DIPOLE CHANNEL

When considering the transition amplitude τ
(2)
in; f (pe) [Eq.

(A8)] through the dipole channel in a dipole approxima-
tion, we can approximate the interaction operator R̂k,λy

as R̂k,λy = ∑Ne
i αi · Ak,λ(ri ) =

√
h̄

2ωkε0(2π )3

∑Ne
i eik·riαi · eλy 
√

h̄
2ωkε0(2π )3

∑Ne
i αi · eλy . As a result, the absorption operator is

independent of momentum k, i.e., R̂k,λy ≡ R̂λy . Then, the two-
photon ionization amplitude for entangled photons, τ

(2)
ent (pe),

can be expressed in terms of the corresponding amplitude for
separable photons, τ (2)

sep (pe) (for both amplitudes, for simplic-

ity we have omitted lower indices in; f ),

τ
(2)
ent (pe) ≈ − 8πe2c2tc

ih̄3

∑
c

〈ϕres; peμe|R̂λy |ϕc〉〈ϕc|R̂λy |ϕin〉

×
∫ ∞

−∞

∫ ∞

−∞
dkidksFent(ki, ks)

= τ (2)
sep (pe)

∫ ∞
−∞

∫ ∞
−∞ dkidksFent(ki, ks)∫ ∞

−∞
∫ ∞
−∞ dk1dk2Fsep(k1, k2)

. (B1)

Using Eq. (B1) together with Eqs. (A5) and (A7), we obtain
the enhancement ratio as

R(2) = Vent

Vsep

f (2)
ent

f (2)
sep

, (B2)

where f (2)
ent/sep = | ∫ ∞

−∞
∫ ∞
−∞ dki/1dks/2Fent/sep(ki/1,ks/2 )|2∫ ∞

−∞
∫ ∞
−∞ dki/1dks/2|Fent/sep(ki/1,ks/2 )|2(

ki/1,z
ki/1

+ ks/2,z
ks/2

)
.

Similarly, one can extend the enhancement ratio to the case
of REMPI with n entangled photons (n is even),

τ
(n)
ent (pe) = τ (n)

sep (pe)
∫ ∞
−∞ dk1 · · · dknFent(k1, . . . , kn)∫ ∞

−∞ dk1 · · · dknFsep(k1, . . . , kn)
, (B3)

in which we assumed that |ψin〉 = ∫ ∞
−∞ dk1 · · · dknFent(k1,

. . . , kn)a†
λ(k1) · · · a†

λ(kn) and that Fent(k1, . . . , kn) is symmet-
ric to any permutations of kn and that polarization of the
photons is independent of the direction of the vectors kn

(which is true for the case of paraxial approximation or the
case when the wave vectors are confined in 2d plane). Then,
the flux is given by

φent/sep = 2c

Vent/sep

∫ ∞

−∞
dk1 · · · dkn|Fent/sep(k1, . . . , kn)|2

×
(

k1,z

k1
+ · · · + kn,z

kn

)
, (B4)

and the enhancement ratio R(n) is given by

R(n) = Vent

Vsep

f (n)
ent

f (n)
sep

, (B5)

where f (n)
ent/sep = | ∫ ∞

−∞ dk1···dknFent/sep(ki,...,kn )|2∫ ∞
−∞ dk1,...,dkn|Fent/sep(k1,...,kn )|2(

k1,z
k1

+···+ kn,z
kn

)
.

In Fig. 3, we plot the enhancement ratio R(2) for the case
of the ionization of a sodium atom in SAE approximation
through the intermediate 4p3/2 state. The curves are obtained
from Eq. (4) with n = 2, while the discrete markers represent
the numerical evaluation of Eq. (3) with n = 2, showing ex-
cellent agreement between analytical and numerical results.

APPENDIX C: THE TWO-PHOTON AMPLITUDE

In the current investigation, we assume that entangled pho-
tons are generated via the SPDC process and the entangled
state |ψent〉 is given by [16]

|ψent〉 ∝
∫ Tint

−Tint

dt
∫

Vcrystal

dr
∑

α,β,γ∈{x,y,z}
χ

(2)
αβγ (r)

× EP,γ (r, t )Ê (−)
α (r, t )Ê (−)

β (r, t )|0, 0〉, (C1)
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where χ
(2)
αβγ is the second-order nonlinear susceptibility ten-

sor of the crystal. Note that the present analysis assumes an
idealized two-photon Fock state |ψent〉, which captures the
leading-order physics of SPDC in the low-gain regime. In re-
alistic sources, higher-order Fock components corresponding
to multipair emissions are present; however, their contribution
scales with higher powers of the pump intensity and can
be strongly suppressed under typical experimental conditions
using low pump powers [103], temporal gating [104], and
coincidence detection. Such multipair events primarily intro-
duce an incoherent background and are therefore expected to
reduce the absolute visibility of the effect rather than qualita-
tively alter the predicted enhancement.

We integrate Eq. (C1) over the interaction volume of the
crystal Vcrystal and interaction time Tint, with Ep,γ (r, t ) being
γ th component of the pump field, which we assume to be
linearly polarized in y direction and propagate along positive
z axis:

Ep(r, t ) =
∫ ∞

−∞
dkpup(kp,x, kp,y )eikp·r−iωptθ (kp,z )ey, (C2)

where up is the pump transverse momentum-space envelope
function that depends on x and y components of pump mo-

mentum kp, kp,x and kp,y, respectively. The shape of up is
determined by the pump-beam parameters, which are kept
implicit for the moment. θ (kP,z ) is a Heaviside function, which
makes photons propagate in the positive z direction, and ey

is the polarization vector in the y direction. The quantized
electric field Ê

(−)
(r, t ) that corresponds to idler and signal

photons is given by

Ê
(−)

(r, t ) = −i

(2π )3/2

∑
λ=1,2

∫ ∞

−∞
dk

(
h̄ωk

2ε0

)1/2

× â†
λ(k)e−i(k·r−ωkt )θ (kz )e(k, λ), (C3)

where h̄ is the reduced Planck constant, ε0 is the vacuum
permittivity, and âλ(k) and â†

λ(k) are the creation and anni-
hilation operators of a photon with momentum k and helicity
λ, respectively, such as

[âλ(k), â†
λ′ (k′)] = δ(3)(k − k′)δλλ′ . (C4)

The frequency of the photon is ωk = c|k| and e(k, λ) is
the transversal dimensionless polarization vector that obeys
k · e(k, λ) = e(k, 1)∗ · e(k, 2) = 0. The two-photon state can
thus be written as

|ψent〉 ∝
∫ +∞

−∞
dt

∫ +∞

−∞
dx

∫ +∞

−∞
dy

∫ +L/2

−L/2
dz

∑
α,β∈{x,y,z}

χ
(2)
αβy(x, y, z)

∫ +∞

−∞
dkpup(kp,x, kp,y )ei(kp,xx+kp,yy+kp,zz−ωpt )θ (kP,z )

×
∑
λi

∫ ∞

−∞
dkiω

1/2
ki

e−i(ki,xx+ki,yy+ki,zz−ωit )θ (ki,z )eα (ki, λi )â
†
λi

(ki )
∑
λs

×
∫ ∞

−∞
dksω

1/2
ks

e−i(ks,xx+ks,yy+ks,zz−ωst )θ (ks,z )eβ (ks, λs)â†
λs

(ks)|0, 0〉. (C5)

To take the spatial and time integrals, we use the following relations:

∫ +∞

−∞
dxei(kp,x−ks,x−ki,x )x ∝ δ(kp,x − ks,x − ki,x ), (C6)∫ +∞

−∞
dyei(kp,y−ks,y−ki,y )y ∝ δ(kp,y − ks,y − ki,y), (C7)∫ +L/2

−L/2
dzei(kp,z−ks,z−ki,z )z ∝ sinc

(
�kzL

2

)
, (C8)∫ +∞

−∞
dtei(ωs+ωi−ωp)t ∝ δ(ωs + ωi − ωp) ∝ δ(ωs/c + ωi/c − kp), (C9)

in which �kz = kp,z − ks,z − ki,z, and consequently, Eq. (C5) reduces to

|ψent〉 ∝
∑

α,β∈{x,y,z}
χ

(2)
αβy

∫ +∞

−∞

∫ ∞

−∞

∫ ∞

−∞
dksdkidkpδ(kp,x − ks,x − ki,x )δ(kp,y − ks,y − ki,y)δ(ωs/c + ωi/c − kp)

× sinc

(
�kzL

2

)
up(kp,x, kp,y )θ (kp,z )

∑
λi

ω
1/2
ki

θ (ki,z )eα (ki, λi )â
†
λi

(ki )
∑
λs

ω
1/2
ks

θ (ks,z )eβ (ks, λs)â†
λs

(ks)|0, 0〉, (C10)

where we have assumed that the crystal is uniform without poling (making χ (2) independent of r). In the next step, we use the
following identity for the delta function:

δ(ωs/c + ωi/c − kp) =
δ
(
kp,z −

√
(ks + ki )2 − k2

p,x − k2
p,y

)
(ωs + ωi )√

(ks + ki )2 − k2
p,x − k2

p,yc
, (C11)
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where we took into account that kp,z > 0. Using the above delta function, the entangled state can be simplified further to

|ψent〉 ∝
∑

α,β∈{x,y,z}
χ

(2)
αβy

∫ ∞

−∞

∫ ∞

−∞
dksdki

(ωs + ωi )√
(ks + ki )2 − (ks,x + ki,x )2 − (ks,y + ki,y )2

sinc

(
�kzL

2

)
up(ks,x + ki,x; ks,y + ki,y )

×
∑
λi

ω
1/2
ki

θ (ki,z )eα (ki, λi )â
†
λi

(ki )
∑
λs

ω
1/2
ks

θ (ks,z )eβ (ks, λs)â†
λs

(ks)|0, 0〉, (C12)

where �kz = kp,z − ks,z − ki,z =
√

(ks + ki )2 − k2
p,x − k2

p,y − ks,z − ki,z = √
(ks + ki )2 − (ks,x + ki,x )2 − (ks,y + ki,y)2 − ks,z −

ki,z. Considering that we want to have a fixed frequency and ky ≈ 0, we apply the filter to both the signal and the idler. This

means that we should add a corresponding filter function e− k2
s,y�2

y
2 e− k2

i,y�2
y

2 e− (ωs−ω)2T 2

2 e− (ωi−ω)2T 2

2 , where the first two exponents filter
out signal and idler photons with ks/i,y ≈ 0 and the the last ones filter out single frequency ω for sufficiently long pulse duration
T . Since ky ≈ 0 for both signal and idler, then in summation over polarization λi/s, one can take one of the polarizations being
along y(λy) and another perpendicular. We also assume that χ (2)

yyy = const is the largest contribution, which is true for most
crystals [16]. Using the vacuum dispersion relationship for signal and idler photons, we get

|ψent〉 ∝
∫ ∞

−∞

∫ ∞

−∞
dkidks

√
ωsωi(ks + ki )√

(ks + ki )
2 − (ks,x + ki,x )2 − (ks,y + ki,y )2

sinc

(
�kzL

2

)

× up(ks,x + ki,x; ks,y + ki,y)e− (k2
s,y+k2

i,y )�2
y

2 e− ((ωs−ω)2+(ωi−ω)2 )T 2

2 θ (ki,z )θ (ks,z )â†
λy

(ki )â
†
λy

(ks)|0, 0〉. (C13)

We note that we leave the dependence on ks/i,y because we would like to construct a normalizable state. The use of the vacuum
dispersion relation eliminates the need to account for crystal-specific refractive index variations, which would require detailed
knowledge of the material dispersion and reduce the generality of the analysis [16]. Since only photons with transverse wave
vectors smaller than the free-space wave vector can exit the crystal, the accessible mode range is fundamentally determined
by the vacuum dispersion condition. Deviations from this condition due to the actual crystal dispersion affect only the detailed
shape of the phase-matching function, without altering the accessible transverse momentum range (especially in the case of a
very thin crystal) or the main conclusions of this work.

From here on, we use the explicit Gaussian form for the envelope function up:

up(kp,x, kp,y ) = up(ks,x + ki,x; ks,y + ki,y) ≡ up(ks,x + ki,x; ks,y + ki,y; �p) = e− �2
p(ks,x+ki,x )2

2 , (C14)

where �p is the pump beam waist, characterizing the pump momentum spread in the x direction. We consider a loosely
focused pump beam; i.e., �p is sufficiently large such that kp,z � kp,x. In this paraxial regime, one has kp,z ≈ kp and hence

(ks+ki )√
(ks+ki )2−(ks,x+ki,x )2−(ks,y+ki,y )2

≈ 1. Since, we assume that the signal and idler photons are both centered around the same frequency

ω, i.e., ωi ≈ ωs ≈ ω, the entangled-photon state can be written as

|ψent〉 =
∫ ∞

−∞

∫ ∞

−∞
dkidksFent(ki, ks)â†

λy
(ki )â

†
λy

(ks)|0, 0〉, (C15)

where Fent(ki, ks) = Cent√
2

F̃ent(ki, ks), with Cent being a normalization factor and F̃ent(ki, ks) is given by

F̃ent(ki, ks) = sinc

(
�kzL

2

)
up(ks,x + ki,x; ks,y + ki,y; �p)e− (k2

s,y+k2
i,y )�2

y
2 e− ((ωs−ω)2+(ωi−ω)2 )T 2

2 θ (ki,z )θ (ks,z ). (C16)

Here, �kz = kp,z − ks,z − ki,z =
√

(ks + ki )2 − k2
p,x − k2

p,y − ks,z − ki,z = √
(ks + ki )2 − (ks,x + ki,x )2 − (ks,y + ki,y)2 − ks,z −

ki,z ≈ √
(ks + ki )2 − (ks,x + ki,x )2 − ks,z − ki,z and ks/i,z ≈

√
k2

s/i − k2
s/i,x. For the case of separable photons, we use the following

expression for the two-photon amplitude:

|ψsep〉 =
∫ ∞

−∞

∫ ∞

−∞
dk1dk2Fsep(k1, k2)â†

λy
(k1)â†

λy
(k2)|0, 0〉, (C17)

where Fsep(k1, k2) = Csep√
2

F̃sep(k1, k2), with Csep being a normalization constant and F̃sep(k1, k2) is given by

F̃sep(k1, k2) = up(k1,x; k1,y; �p)up(k2,x; k2,y; �p)e− (k2
1,y+k2

2,y )�2
y

2 e− ((ω1−ω)2+(ω2−ω)2 )T 2

2 θ (k1,z )θ (k2,z ). (C18)
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