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The recent discovery of unconventional superconductivity has pointed to twisted WSe, bilayer as a versatile
platform for studying the correlated and topological phases of matter. Here, we analyze the effect of the
displacement field and electron interactions on the formation of a topological paired state in twisted WSe,. Our
approach is based on the effective single band 7-J-U model supplemented with intersite Coulomb interaction
term and treated within the Gutzwiller approximation. We show that the superconducting phase is stabilized in
a small range of displacement fields where the Van Hove singularity crosses half-filling, which is in qualitative
agreement with recent experimental data. According to our analysis, such a circumstance comes as a result
of a subtle interplay between the large density of states of the Van Hove singularity, in combination with the
renormalization effects that appear in the weak-to-moderate correlation regime. The two factors create favorable
conditions for the superconducting pairing only in a small area of the phase diagram.

DOLI: 10.1103/pkf3-tkv4

Introduction. Transition-metal dichalcogenide bilayers
have recently attracted a significant amount of interest due
to their rich physics and exceptional tunability. It has been
established experiementally that those systems host a number
of correlated and topological states such as Mott insulators
[1,2], magnetically ordered states [3,4], generalized Wigner
crystals [5-9], quantum anomalous and spin quantum anoma-
lous Hall states [4,10,11], and Kondo effects [12]. Moreover,
in recent years signatures of unconventional superconducting
(SC) state have been reported, first by Wang et al. for the case
of the twisted WSe; bilayer (tWSe;) [2]. It has been suggested
that for this system two superconducting domes reside on both
sides of a Mott insulating state, which is located at half-filling
similarly to that in the well-known cuprates [13] or twisted
bilayer graphene [14,15]. Interestingly, strong evidence of the
paired state in tWSe, has been shown in very recent experi-
mental papers, which, however, report one SC dome close to
or at the half-filling for a certain range of displacement fields
[16,17].

Depending on the twist angle (6) between the two WSe,
monoatomic layers, a moiré pattern emerges, which leads to
the creation of a mini-Brillouin zone and, most importantly,
to flat electronic bands [18]. This points to a significant role
played by electron-electron interactions. It is believed that
tWSe; is in the moderately correlated regime, with the on-site
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Coulomb integral being comparable to the flat band width
(U =~ W) [2,19]. However, the actual strength of the electron-
electron correlations is influenced by the twist angle and the
dielectric environment of the sample. The experimental ab-
sence of the Mott insulating state at half-filling in Ref. [17]
indicates that most probably a weak-to-moderate correlation
regime (U < W) has been achieved in this particular study.
Moreover, it has been established that the paired state emerges
only in a relatively small range of displacement fields and
band fillings, whose exact location depends on the twist angle.

The original experimental report as well as the most recent
ones related with SC state in tWSe, has motivated theoretical
analysis that considered effective single- and multiband mod-
els as well as different forms of pairing mechanisms [20-32].
Many of the those considerations lead to a mixed singlet and
triplet symmetry of the order parameter, due to the presence
of the Ising-type spin-orbit coupling in the system. Both the
theoretical study and the experimental reports point to the
role of the Van Hove singularity (VHS) in the stabilization
of the paired state. However, the physical mechanism that
determines the characteristic form of the phase diagram is still
under ongoing debate and has not been completely resolved so
far.

In our previous study, we have employed an effective
single-band ¢-J-U model to the description of SC state of
tWSe,, which leads to the stability of a topological mixed
d +id and p-ip pairing scenario [23,33]. Within such a de-
scription, the single-particle physics is described by a tight
binding Hamiltonian with complex hoppings that incorporate
the spin-valley locking in the system. Here, we extend our
previous considerations by supplementing the Hamiltonian
with an intersite Coulomb interaction term. We focus on the
effect of the displacement field in the formation of the paired

Published by the American Physical Society
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FIG. 1. (a) Phase factor ¢ as a function of displacement field, D,
together with spin-up (blue) and spin-down (red) Femi surfaces at
half-filling for selected values of D (inset). In the upper right corner,
we provide the v;; = &1 factor corresponding to the six nearest
neighbors [cf. Eq. (1)]. (b) Density of states at the Fermi level as
a function of band filling for selected values of the displacement
field D, € {0.05, 0.2, 0.3, 0.45, 0.6} V/nm, for [ =1,2,3,4,5,
respectively.

state in order to discuss the obtained results in the view of
the most recent experimental findings. In particular, our main
aim here is to reconstruct one of the principal features of the
tWSe,, namely, the appearance of an unconventional super-
conducting state in a relatively small range of displacement
fields (D) and band fillings (r) [16,17]. In our study, we apply
the Gutzwiller approximation based on which we analyze in
detail the electron-correlation-induced renormalization of par-
ticular energy terms in the context of the SC state stabilization.
As we show explicitly, in the regime of weak-to-moderate
correlations, the renormalization effects create favorable con-
ditions for the SC pairing in close proximity of the half-filled
situation. This effect, together with the Van Hove singularity
evolution induced by the displacement field, determines the
stability regime of the SC state in the (n, D) phase diagram.
Model and method. We employ the moiré ¢-J-U model
supplemented with the intersite Coulomb repulsion term, i.e.,
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where 0 = %1 represents spin up/down, GL and ¢;, are the
creation and annihilation operators for electron with spin o
at site i of a triangular lattice, (i, j) correspond to nearest
neighbors, S7, S;r , and §; are the spin—% z component and
rising and lowering operators, respectively, #i;, is the oc-
cupancy operator, and #; = ) _ fl;. The primed summation
means that each bond between the lattice sites appears only
once. The subsequent terms of the above Hamiltonian corre-
spond to electron hopping, intersite exchange interaction, and
intra/intersite Coulomb repulsion. The phase factors of the
exponents have an alternating sign introduced by v;; = £1,
which depends on the bond direction (cf. inset of Fig. 1). The
resultant spin- and direction-dependent complex hoppings ac-

count for the Ising-type spin-orbit coupling in the system.
As shown in Refs. [2,19], the single-particle part constitutes
an effective description of the flat moiré band of twisted
WSe,/WSe; homobilayer. It should be noted that in the ex-
perimental situation the tWSe, structure is usually placed in
between two electrodes that allow to control both the electron
concentration (n) and the displacement field (D) in an in situ
manner. The effect of the latter tunes the spin-valley splitting
and enters the effective model via a D-dependent ¢ and ¢,
which have been calculated for the twist angle of 6 = 5.08° in
Ref. [2] and are used by us here. For the sake of completeness
in Fig. 1, we provide the D dependence of ¢ as well as Fermi
surfaces and density of states as a function of band filling for
selected values of displacement field.

Motivated by the experimental result provided in Ref. [17],
we focus on the weak-to-moderate correlation regime
(U/W < 1) by taking U = 80 meV, where the bandwidth is
W =~ 90meV. The value of the exchange interaction integral
is set to J = 4¢>/U. We apply the Gutzwiller approximation
method, which takes into account the electron-electron inter-
actions above the level of a standard mean-field approach. At
the same time, the considered method allows us to access the
renormalization factors corresponding to subsequent energy
terms appearing in our Hamiltonian and analyze them in the
context of the SC state formation. The considered variational
wave function of the Gutzwiller type has the following form
W) = P|Wy), where |W) is the uncorrelated (mean-field)
state and P denotes the correlation operator, i.e.,

P=TT> nirimyiurl, &)
i T

while |I) are states from the local basis {|@), | 1), | {), | 11)}
and A, r represent variational parameters determined via en-
ergy minimization. Since we consider a homogeneous system
without magnetic or charge ordering, we take A; ) = Ay,
)\.,‘,T = )\.,‘”L = )\.S, and )\-i,(é = )\.g.

It is important to note that, when it comes to stabilization of
the superconducting state, the exchange interaction term (J)
and the intersite Coulomb interaction term (V') have positive
and negative effects, respectively. Within the Gutzwiller
approximation, the expectation values in the |\Ws) state of the
two mentioned terms is the following:
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where g, = (1 — (2 =23 Ing)/(1 —ny),  niy =ny, =n,,
nie = (iz)o, and (0)g refers to an expectation value of
operator 0 in the |\Wy) state. As one can see, the expectation
value of a given energy term in the correlated state, |Y), can
be expressed in terms of the expectation values in the uncor-
related state, |vo). However, factors AY and g2 renormalize
the coupling constants J and V, respectively. Therefore, the
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FIG. 2. Symmetry resolved superconducting gap amplitudes corresponding to the obtained mixed spin-singlet d + id and spin-triplet
p — ip paired state as a function of band filling n and displacement field D for gradually increasing value of the intersite Coulomb repulsion
V(a — j). The on-site Coulomb repulsion and the exchange interaction parameters are set to U = 80 meV and J = 4¢%/U, respectively. The
solid blue line in panels (e) and (j) mark the evoulution of the Van Hove singularity across the phase diagram. The white dashed line is a guide

to the eye denoting the stability range of the SC state.

relative balance between the two energy terms is going to be
affected by the significant on-site Coulomb repulsion via the
renormalization factors possibly having a decisive influence
on the stabilization of the superconducting state.

To determine the values of the real-space superconducting
gap amplitudes in the correlated state, A7 = (é;éj&)g, we
apply the effective Hamiltonian scheme [34] and then ex-
tract the symmetry-resolved SC gaps [23], which allow us
to analyze the principal features of the paired state. Also,
following Biinemann ez al., we impose an additional condition
to the correlation operator, which reduces the complexity of
the numerical calculations [35]. More details related to the
applied theoretical approach are provided in the Supplemental
Material [36], which includes Refs. [37-50]. In the following,
we refer to the average number of electrons per lattice site as
band filling n = 2n;.

Results. In order to discuss our theoretical approach in the
context of the available experimental data, we calculate the
symmetry-resolved SC amplitudes across the (n, D) diagram.
In Fig. 2, we provide the results obtained for the gradually
increasing value of the intersite Coulomb repulsion, V. Our
calculations lead to the stabilization of a mixed d + id (sin-
glet) and p-ip (triplet) paired state. Singlet-triplet mixing has
also been reported in other theoretical descriptions of tWSe,
[21,22,25,30,32] and is a straightforward consequence of the
spin-valley locking as we discuss in more detail in the Ap-
pendix and/or Supplemental Material [36]. As one can see,
for the V = 0 case the SC state is relatively robust, with the
spin-singlet pairing dominating the low displacement field
regime and gradually increasing contribution resulting from
the triplet component as D increases. Such robust SC state
covering a significant area of the phase diagram is in con-
tradiction with the experimental situation. However, as the

value of V is increased, the stability area of the paired state
shrinks. It should be noted that the negative effect of the V
term on the pairing has been previously reported in other
theoretical considerations [51-53]. For V = 22 meV, the SC
phase covers only a small part of the (r, D) plane, which is
located in the proximity of the half-filled situation, and for
D ~ 0.2-0.4 V/nm. The SC phase shown in Figs. 2(e) and
2(j) is characterized by a Chern number C = +4 indicating a
topological character. The sign change of C appears exactly
at the Van Hove singularity line, which is due to the tran-
sition from the electronlike to holelike Fermi surfaces. For
more details related with the topological features, see the Ap-
pendix and/or Supplemental Material [36]. It should be noted
that a similar form of the phase diagram has recently been
reported experimentally for tWSe, in Ref. [17]. However, due
to uncertainty in experimental determination of band filling, it
is not completely clear whether the SC phase stability range
has reached the half-filled situation. Another experimental
report has shown the SC phase stability at half-filling but in
very low displacement field range [16].

In order to analyze why the particular small area of the
(n, D) plane seen in Figs. 2(e) and 2(j) creates favorable con-
ditions for the SC state to be stable, we first study the evolution
of Van Hove singularity across the phase diagram. The solid
blue line marks the band fillings that for a given value of D
correspond to the Van Hove singularity being located at the
Fermi level. As one can see, the area covered by the SC state is
located around the Van Hove singularity line. Such an effect is
expected since high values of the density of states at the Fermi
energy stabilize superconductivity in the weak-coupling the-
ory. The second effect that is of significant importance here
originates from the electron-electron correlations. In Fig. 3,

we provide the (n, D) dependence of the g3 and A? factors,
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FIG. 3. The g% [panel (a)] and )\;‘ [panel (b)] factors that renor-
malize the intersite Coulomb interaction term and the exchange
interaction term [cf. Eq. (3)], respectively, as a function of n and D.
The blue line marks the Van Hove singularity evolution across the
phase diagram. The black dashed line corresponds to the stability of
the SC state as in Figs. 2(e) and 2(j). Note that SC phase is located
at the crossing of the Van Hove singularity line and the area where
the renormalization is the strongest. (c) The SC gap as a function
of U and n for D = 0.35 V/nm with J = 4%/U,V = U/3.635. We
provide only the singlet component since the triplet one shows the
same behavior but is approximately twice smaller.

which renormalize the intersite Coulomb interaction term and
the exchange interaction term, respectively [cf. Eq. (3)]. For
g2 = A =1, our variational Gutzwiller state would become
equivalent to the Hartree-Fock solution (|vy) = [¥)), which
is not the case here. More importantly, the region of maxi-
mized renormalization is located roughly around half-filling
where g7 is small, significantly diminishing the destructive
character of the V term on the paired phase. Moreover, A?
is relatively large in the same region, which enhances the
positive effect of the J term on the pairing. At the same time,
since we are dealing with the weak-to-moderate correlation
regime, there is no Mott insulating state located at half-filling
that would suppress the SC state there. As a result, the stability
of the SC state lies exactly at the crossing of the Van Hove
singularity line and the maximized renormalization area at
half-filling. This allows for the two positive effects to act si-
multaneously, which as a result create favorable conditions for
the paired phase only in a particular region of the (n, D) plane.
Additionally, in Fig. 3(c) we show that the SC phase vanishes
while the electron-electron correlations are weakened.

For comparison, in Fig. 4 we provide the results for both
weak-to-moderate and strong correlations. Namely, panels (a)
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FIG. 4. Symmetry-resolved gap amplitudes of the mixed singlet-
triplet solution as a function of n for D =0.35 V/nm and for
two selected values of the on-site Coulomb repulsion, U = 80 meV
[panel (a)] and U = 120meV [panel (b)]. In both cases, we keep
J =4t*/U andV = U/3.635.

and (b) correspond to U = 80meV and U = 120 meV, re-
spectively, while the bandwidth is W & 90 meV. In the second
situation, instead of having a single SC dome, we actually
obtain two of them with the SC gap reaching values one
order of magnitude larger than those in the first case. This
is due to the fact that for U 2 W strong electron-electron
correlations enhance the positive effect of the renormalization
parameters g and A? on the pairing. However, due to the fact
that U is already larger than W in panel (b), a Mott insulating
state starts to develop at half-filling, which suppresses the SC
amplitudes there, leading to a two-dome behavior.

It should be noted that recent measurements carried out for
0 = 5.0° and 6 ~ 3.5° twisted WSe, show a single SC dome
not separated by a Mott state in a certain D range [16,17].
However, the original experimental report referring to the
same system with a twist angle & = 5.1° shows signatures of
two SC domes and a Mott insulator at half-filling [2]. It might
be possible that depending on the dielectric environment and
the actual twist angle the two regimes (U < W and U 2 W)
can be reached in tWSe, leading to two different forms of the
phase diagram. It should be noted that our results lead to a
significantly larger maximal SC gap in the two-dome case,
which would agree with the experimental situation where
Te =~ 200-300 mK and T¢ ~ 1K correspond to single-dome
and two-dome behaviors, respectively [2,16,17]. During the
resubmission process of this Letter, an experimental report
has appeared [54] showing the stability of the SC phase close
to the crossing between the Van Hove singularity and the
half-filling, which is consistent with our approach. However,
above a certain value of D, an antiferromagnetic Mott insula-
tor begins to develop atn = 1.

Our Gutzwiller approach is limited to the ground state
only. Therefore, we are not able to reach nonzero temper-
atures. Nevertheless, in order to provide a rough estimate
of the maximal critical temperature in the two considered
situations, we use the formulas A(T = 0) = 1.764 kgTc and
A(T = 0) = JAnpax, With Apx being the maximal SC gap
amplitude value obtained in our calculations. Such an estimate
gives us T &~ 100 mK and T &~ 450 mK for the U = 80 meV
(a) and U = 120meV (b), respectively. The obtained values
underestimate the experimentally obtained critical tempera-
tures; however, they are of the same order.

Final remarks. We have analyzed the principal fea-
tures of the unconventional superconducting state in tWSe;
within an effective ¢-J-U model supplemented with the
intersite Coulomb repulsion term. As we show, for the
weak-to-moderate correlation regime the topological mixed
singlet-triplet superconducting state covers a relatively small
area of the (n, D) phase diagram, which is located where the
Van Hove singularity line crosses half-filling. We show that
this precise region optimizes the conditions for superconduc-
tivity: The VHS causes a large density of states, whereas the
electron-correlation-induced renormalization is maximized at
half-filling. This allows the two effects to act simultaneously,
creating favorable conditions for the paired state as seen in
experiments [16,17,54]. To explore the unconventional nature
of the SC state experimentally, we propose using Knight
shift measurements to identify any nonsinglet pairing. Ob-
serving the Kerr effect could indicate spontaneous breaking
of time-reversal symmetry. Finally, our prediction of topolog-
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ical superconductivity in tWSe, highlights it as a promising
platform for detecting chiral edge states through scanning
techniques or transport measurements [55].

Additionally, we show that a single SC dome and two SC
domes can be reproduced within a single theoretical frame-
work. The former corresponds to weaker correlations and the
latter to stronger correlations. The two-dome scenario comes
as a result of the fact that the Mott insulating state located at
half-filling separates the SC stability range into two. Never-
theless, the maximal values of the gap amplitudes are larger
for the stronger correlations and the two-dome scenario. This
is in qualitative agreement with the available experimental
data [2,16,17].

For the flat band of cuprate superconductors, it has been
shown that the #-J-U and Hubbard models lead to a roughly
similar physical picture of the superconducting phase [56].
However, since the J term does not appear explicitly in the
latter, either a higher order diagrammatic expansion of the
Gutzwiller wave function or a density martix renormaliza-
tion group (DMRG) method would be necessary to obtain
the stability of the paired phase. As we have shown very
recently, the DMRG approach can indeed lead to the pres-
ence of the SC phase in the effective single-band model
of tWSe, [57].
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Appendix. Here, we provide a detailed extension related
to the method of determination of the superconducting gap
symmetry, the influence of the spin-valley locking, and the
topological features of the superconducting state.

Symmetry of the paired state. Within the presented
Gutzwiller wave function approach, the unprojected wave
function, |Wy), contains the superconducting order parame-
ter, S;’j"/ = (CisCjo’)0, Which is related to the correlated wave

function counterpart Al?‘j"/ = {CisCjor)G = quj’j"/, where g =
As(Agng + Ag(1 — ny)). In our numerical scheme, we do not
limit ourselves to one specific symmetry of the SC gap. In-
stead, we consider all possible pairing symmetries that are
allowed for the case of a triangular lattice within the nearest-
neighbor real-space pairing scenario. This requires solving the
set of self-consistent equations for all the six complex nearest-
neighbor gap amplitudes without any additional constraints.
We allow for spin-singlet pairing (SiTjL = —Siif), spin-triplet

pairing (S = S/1), and their mixture (S]] # [S}5]). We
neglect the possibility of triplet S = =1 pairing, as these
pairing channels lead to a Fermi wave vector mismatch, which
significantly suppresses superconductivity.

After we determine the gap amplitudes Aff’ to all nearest

neighbors, we transform them into the so-called symmetry-

TABLE I. Symmetries of the SC gap together with their parities
and Cooper pair spin state. The symmetry factor, M, and the parity
factor p are provided in the first and the second column, respectively
[cf. Eq. (A])].

M p Gap symmetry Parity Spin state
0 0 Extended s Even Singlet
1 1 P +1ipy Odd Triplet
2 0 dxz,yz +idyy Even Singlet
3 1 f Odd Triplet
4 0 da_p —idy Even Singlet
5 1 Dx — 1 Dy Odd Triplet
resolved gap amplitudes, given by
P o s
A= > e MOiATY, (A1)

i(j)

where the summation runs over the nearest-neighbor lat-
tice sites j surrounding site i, and 6 are angles
{0, m/3, 27 /3, =, 4w /3, 57 /3} between the positive half-
x axis and the R;; = R; — R; vector. M and p correspond to
particular symmetries and are provided in Table I.

Finally, we can write down the expressions for the real-
space singlet and triplet gap amplitudes in the correlated state:

Ay, = (AL, =AY /Y2,

(A2)
Ay, = (AL + AL )/V2.

For the sake of clarity, in the main text of the Letter, we use
the symmetry names (p £ ip, d £id, f, etc.) instead of the
values of the M and p factors.

In Fig. 5, we show the k dependence of the SC gap corre-
sponding to the symmetries listed in Table I. As one can see,
all the symmetries fulfill the Cs symmetry of the underlaying
trianlular lattice. However, due to the presence of spin-valley
locking, the Hamiltonian breaks the C¢ symmetry, which has
further consequences for the pairing symmetry, as we show in
the next section.

Influence of spin-valley locking on the pairing. The pres-
ence of spin-valley locking leads to two spin-split Fermi
surfaces and a reduction of the symmetry from Cg to Csz. Ac-
cording to our calculations, for this case, a stable SC solution
corresponds to a mixed d + id and p — ip symmetry of the
gap in the relevant range of model parameters. As one can
see in Fig. 6, this particular composition of the symmetry
components leads to a situation in which the SC gap fulfills
the C; symmetry of the Hamiltonian. Moreover, there are two
different SC gap distributions realized in k space. This allows
for the SC gap to adjust to the shape of the two separate Fermi
surfaces resulting from the spin-valley locking. Therefore, the
mixed symmetry of the gap is a straightforward result of the
spin-valley locking, which leads to reduction of the systems’
symmetry and to two separate Fermi surfaces.

Details of the topological paired state.According to our
calculations in the range of parameters corresponding to
Figs. 2(e) and 2(j), the superconducting state is nontrivial
topologically with the Chern number C = 44. For clarity, we
revisit here the mentioned diagram in Fig. 7. As one can see,
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FIG. 5. The absolute value of the k-dependent SC gaps for the
pairing channels listed in Table I. The Brillouin zone is marked by
black solid line. The presented distributions have been obtained by
setting particular symmetry-resolved factors to 1 and all the others to
0.

the sign change of C appears at the line representing the Van
Hove singularity.

In Fig. 8, we provide the corresponding k-dependent SC
gap as well as the normal state Fermi surfaces for two rep-
resentative sets of parameters, which are marked by green
dots in Fig. 7. As one can see, the obtained value of the
Chern number can be understood as a total topological charge
contained inside the spin-up and spin-down Fermi surfaces.
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FIG. 6. The absolute value of the k-dependent SC gaps corre-
sponding to mixed d + id /p — ip symmetry obtained forn = 1,U =
80meV, J = 4t2/U, and D = 0.3V/nm. The normal state Fermi
surfaces are marked by solid blue and red lines in panels (a) and
(b), respectively.
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FIG. 7. (a) The SC gap amplitude as a function of band filling
and displacement field for the same model parameters as in Fig. 2(e).
The two green points correspond to the two representative n and
D values leading to C = +4 and selected for the detailed analysis
provided in Fig. 8. (b) The phase diagram that shows the calculated
values of the Chern number of the SC state.

Namely,

(A3)
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FIG. 8. The normal-state Fermi surfaces for spin-up and spin-
down (blue and red solid lines) electrons as well as the k-dependent
SC gaps for the two points marked by green dots in Fig. 7, which cor-
respond to Chern number: C = —4 [panel (a)] and C = 4 [panel (b)].
The arrows at the Fermi surfaces represent the winding direction,
which is counterclockwise (clockwise) for the electronlike (holelike)
Fermi surfaces.
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where C; is the topological charge of a given nodal point,
which can be determined by calculating the winding number
of the order parameter around it. The sign of the Chern charge

depends on whether it is enclosed by an electron- (w = 0) or
holelike (w = 1) Fermi surface. The i index runs only over the
nodal points that are contained inside the Fermi surface.
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