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Belief propagation for finite networks using a symmetry-breaking source node
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Belief propagation (BP) is an efficient message-passing algorithm widely used for inference in graphical
models and for solving various problems in statistical physics. However, BP often yields inaccurate estimates of
order parameters and their susceptibilities in finite systems, particularly in sparse networks with few loops. Here,
we show for both percolation and Ising models that fixing the state of a single well-connected “source” node to
break global symmetry substantially improves inference accuracy and captures finite-size effects across a broad
range of networks, especially treelike ones, at no additional computational cost.

DOI: 10.1103/pgxg-mhjr

I. INTRODUCTION

Message passing enables efficient inference in probabilistic
graphical models of complex systems [1–3]. This approach
has led to advances across diverse fields, including machine
learning [4–6], epidemiology [7,8], social network analysis
[9–12], and statistical physics [13–15]. Central to message
passing is belief propagation (BP), also known as the cavity
method, which efficiently computes marginal probabilities by
decomposing global inference problems as the exchange of
local messages between nodes and their neighbors. BP is exact
on acyclic (tree) networks and often provides good approx-
imations on cyclic (loopy) networks that are locally treelike
[15,16].

In statistical physics, the application of BP to phase-
transition models, such as percolation [17–22] and the Ising
model [15,22–26], has yielded highly accurate predictions in
many large real-world networks. However, this narrative of
success holds a profound exception: BP’s ability to describe
phase transitions catastrophically breaks down on the very
structures where it is theoretically exact—tree networks—
creating a paradox [18]. This failure persists on almost-trees,
networks that are only slightly more connected.

This paradox arises because the system is symmetric and
finite, and thus lacks true spontaneous symmetry breaking
(SSB) in theory [27,28]. Although finite systems may appear
to exhibit SSB and nontrivial order parameters, these are
practical measurements rather than quantities defined in the
thermodynamic limit. For example, percolation strength refers
to the fractional size of the infinite cluster, which exists only

*Contact author: alec.w.kirkley@gmail.com

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

in infinitely large systems [29]; similarly, the average mag-
netization in a finite spin system vanishes if measured over
an infinite time as thermal fluctuations restore symmetry [30].
Thus, theoretical order parameters are zero in finite systems.

BP is indeed exact on trees and correctly predicts the
absence of SSB [18]. However, this theoretical consistency
on trees makes BP incompatible with practical metrics used
in finite systems, such as the fraction of the largest clus-
ter in percolation or the absolute magnetization in the Ising
model. This discrepancy highlights the need for a modified
BP approach to accurately infer these practical metrics in fi-
nite systems. Reference [18] partially addressed this “treelike
network catastrophe” by adding a clique to the tree to induce
a nontrivial solution, but the resulting accuracy remains poor.

Here, we introduce the source-node BP (SNBP) method,
a simple modification to the BP framework that explicitly
breaks system symmetry by designating a single source node.
This enables BP to accurately approximate order parameters
and susceptibilities while maintaining computational effi-
ciency. We show that SNBP significantly reduces finite-size
errors across various networks, especially treelike ones, and
closely matches ground-truth results from Monte Carlo (MC)
simulations. SNBP also outperforms conventional BP and the
naive mean-field approximation (MFA) in many real-world
networks, offering a practical inference method for finite sys-
tems with global symmetries.

II. METHODS

We demonstrate our framework on two canonical phase-
transition models, bond percolation and the Ising model,
defined on an undirected graph G = (V, E ) with N nodes and
M edges.

A. Bond percolation

Each bond (i, j) ∈ E is independently occupied with prob-
ability p. In the large-N limit, the model exhibits a phase
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transition at a critical probability pc: For p < pc, only finite
clusters exist, while for p > pc, an infinite cluster spans a
nonzero fraction of the network. The theoretical order pa-
rameter (percolation strength) is the probability P∞ that a
randomly chosen node belongs to the infinite cluster, which
is strictly zero in any finite system. In practice, for a finite
graph, we measure the practical order parameter as the frac-
tional size of the largest cluster, S1 = |Cmax|/N , where |Cmax|
is the number of nodes in the largest cluster, Cmax [29]. In
the large-N limit, S1 → P∞. The theoretical susceptibility
χtrue = ∑

|C|<∞ |C|2/N measures the mean finite cluster size,
where |C| is the size of cluster C. In finite systems, the infinite
cluster is absent, and the direct calculation of χtrue yields
no peak. Therefore, the practical susceptibility is defined by
excluding the largest cluster, treating it as the infinite cluster:
χpractical = ∑

C �=Cmax
|C|2/N [31].

B. Ising model

Each node i ∈ V carries a spin σi = ±1. In zero field, the
Hamiltonian is H(σ) = −∑

(i, j)∈E σiσ j . The theoretical order

parameter is the average magnetization, m ≡ ∑N
i=1 σi/N . In

the large-N limit, the system exhibits SSB below a criti-
cal temperature Tc, and the equilibrium magnetization 〈m〉
becomes nonzero. However, for any finite system, thermal
fluctuations cause global spin flips, restoring the symme-
try and ensuring 〈m〉 = 0 at all temperatures. Therefore, the
absolute magnetization 〈|m|〉 is used as the practical or-
der parameter in finite systems; it is nonvanishing for T <

Tc and converges to |〈m〉| as N → ∞ [30]. The magnetic
susceptibility for each order parameter is given by χtrue =
βN (〈m2〉 − 〈m〉2) and χpractical = βN (〈m2〉 − 〈|m|〉2), where
β ≡ 1/T [32]. In finite systems, 〈m〉 = 0, so χtrue simplifies
to βN〈m2〉.

We introduce the SNBP framework for these two models.
SNBP breaks global symmetry by clamping the state of a
designated source node x throughout BP iterations, assuming
x is always connected to the infinite cluster in percolation or
has a fixed spin direction (e.g., positive) in the Ising model.
The marginal probability of interest for each system is then the
probability that a node is connected to x (percolation) or has a
spin aligned with σx (Ising). Consequently, the order parame-
ters become the fraction of nodes in x’s cluster (percolation) or
magnetization aligned with σx (Ising). The source node x can
be selected arbitrarily but different choices provide different
accuracy improvements. A simple heuristic that works well in
practice is to select the highest-degree node as x, since it often
belongs to the largest cluster or aligns with the dominant mag-
netization. This facilitates reliable approximations to practical
order parameters in finite systems.

Algorithmically, SNBP is distinguished from conventional
BP by the inclusion of Kronecker delta terms that enforce a
fixed state on the source node. Removing these terms recovers
the conventional BP equations (see the Supplemental Material
[33] for details). Throughout, we denote by Ni the set of
neighbors of node i, and by N j \ i the set of neighbors of
j excluding i. The cluster containing the source node x is
denoted by C(x).

C. SNBP for percolation

We derive the SNBP equations by extending conventional
BP for percolation [17–19]. Let μ

(x)
i← j denote the probability

that node j belongs to C(x) when i is removed, and μ
(x)
i

the probability that node i belongs to C(x). Since the source
node is always connected to C(x), μ

(x)
i←x = 1 for i ∈ Nx and

μ(x)
x = 1. This modification can be incorporated into the mes-

sage update rule:

μ
(x)
i← j = 1 − (1 − δ jx )

∏
k∈N j\i

(
1 − pμ

(x)
j←k

)
. (1)

The expected fraction of C(x) is then 〈S(x)〉SNBP ≡
〈|C(x)|〉SNBP/N = ∑N

i=1 μ
(x)
i /N , where the marginal probabil-

ity μ
(x)
i satisfies

μ
(x)
i = 1 − (1 − δix )

∏
j∈Ni

(
1 − pμ

(x)
i← j

)
. (2)

The message-passing equation for determining the suscep-
tibility in the SNBP framework can be derived from linear
response analysis [17,34,35] and is given by

χ
(x)
i← j =

⎡
⎣1 +

∑
k∈N j\i

pχ
(x)
j←k

1 − pμ
(x)
j←k

⎤
⎦(

1 − μ
(x)
i← j

)
. (3)

The expected global susceptibility, representing the mean size
of non-C(x) clusters, is then χ

(x)
SNBP = ∑N

i=1 χ
(x)
i /N where

χ
(x)
i =

⎡
⎣1 +

∑
j∈Ni

pχ
(x)
i← j

1 − pμ
(x)
i← j

⎤
⎦(

1 − μ
(x)
i

)
. (4)

D. SNBP for the Ising model

Extending the conventional BP framework [15,22,36], we
derive the SNBP equations for the Ising model. Let h(x)

i← j
denote the effective field from spin j to spin i when spin
x is fixed to σx = +1. The expected spin of x is fixed to
mx = 1 by setting h(x)

x←i = ∞ for i ∈ Nx. This constraint can
be incorporated into the message update rule:

tanh
(
βh(x)

i← j

) = δix + (1 − δix ) tanh(β )

× tanh

⎛
⎝ ∑

k∈N j\i

βh(x)
j←k

⎞
⎠. (5)

The expected global magnetization aligned with σx is then
〈m〉(x)

SNBP = ∑N
i=1 m(x)

i /N , where

m(x)
i = δix + (1 − δix ) tanh

⎛
⎝∑

j∈Ni

βh(x)
i← j

⎞
⎠ (6)

is the probability that σi aligns with σx.
Following the approach in Refs. [34,35,37], we derive the

susceptibility propagation under a uniform external field:

q(x)
i← j = Q(x)

i j

(
1 +

∑
k∈N j\i

q(x)
j←k

)
, (7)
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where

Q(x)
i j = tanh(β )

sech2
(
βh(x)

i← j

)
[

1 − tanh2
(
βh(x)

i← j

)
tanh2(β )

]
. (8)

The global susceptibility is then χ
(x)
SNBP = ∑N

i=1 χ
(x)
i /N , where

χ
(x)
i = β

[
1 − (

m(x)
i

)2](
1 +

∑
j∈Ni

q(x)
i← j

)
. (9)

Detailed derivations of Eqs. (1)–(9) are provided in the
Supplemental Material [33]. For direct comparison with per-
colation, Ising model results are plotted against the equivalent
bond occupation probability p = 1 − e−2β from the random
cluster representation [38].

We also apply this source-node concept to extend MFA
and MC simulations. We call these extensions SNMFA and
SNMC, respectively. In SNMFA, the state of x is fixed during
mean-field updates, and in SNMC, it is fixed during Monte
Carlo sampling (see the Supplemental Material [33] for de-
tails). All variants retain computational efficiency similar to
their conventional forms.

III. RESULTS

A. Trees and almost-trees

We first evaluate the performance of these source-node
inference methods on synthetic networks under the bond
percolation model, starting with a perfect tree and its per-
turbations with a few added edges. For the perfect tree,
we use a 3-regular Cayley tree of depth 5 (N = 94,
M = 93), where internal nodes have degree 3 and leaves have
degree 1.

On the perfect Cayley tree, conventional BP stably con-
verges to a trivial solution, correctly capturing the absence
of SSB: 〈P∞〉BP = 0 [Fig. 1(a)]. The susceptibility computed
by conventional BP, χBP, increases monotonically with p
and exactly matches ground-truth MC results, χtrue, obtained
by assuming P∞ = 0 [Fig. 1(b)]. However, these results are
useless for predicting the practical phase-transition metrics,
which estimate P∞ using S1 = |Cmax|/N .

Adding a single edge between a randomly chosen node pair
in the tree causes conventional BP to exhibit a spurious critical
point at pBP

c = 1 [Figs. S1(a) and S1(b) of the Supplemental
Material [33]]. This occurs because BP treats the resulting
cycle as an infinite one-dimensional chain [18] with a known
critical point at p = 1 for percolation (T = 0 for the Ising
model). As a result, 〈P∞〉BP converges to zero for p < 1, as it
does on a tree, but becomes underconstrained at pBP

c = 1. χBP

deviates from χtrue in MC simulations and diverges to infinity
at pBP

c = 1.
When two or more edges are added to the tree, pBP

c shifts
below unity. For p > pBP

c , BP admits both the trivial and a
spurious nontrivial solution; however, as the trivial solution is
unstable, BP reliably converges to the spurious solution un-
der asymmetric initialization. Consequently, 〈P∞〉BP becomes
nonzero for p > pBP

c [Fig. 1(c) and Fig. S1(c) of the Supple-
mental Material [33]], and χBP displays a divergent peak at
pBP

c [Fig. 1(d) and Fig. S1(d) of the Supplemental Material
[33]]. Although adding a few cycles to the tree improves BP’s

FIG. 1. (a), (c) Percolation strength P∞ and (b), (d) susceptibility
χ as functions of occupation probability p for (a), (b) a 3-regular
Cayley tree (N = 94, M = 93) and (c), (d) the same tree with two
additional edges. Symbols indicate results from MC and SNMC.
Curves show message-passing results inferred by MFA, SNMFA, BP,
and SNBP. The curve “MC (P∞ = S1)” uses S1 as the order parameter
and χpractical as the susceptibility, while “MC (P∞ = 0)” computes
χtrue. The red node in each network marks the source node, chosen to
be of the highest degree.

estimation of practical metrics, it is still inadequate near and
below pBP

c .
In contrast, SNBP dramatically reduces this gap between

theory and numerical experiments by explicitly breaking the
symmetry. It admits only a nontrivial solution, which accu-
rately captures the nonzero 〈S1〉MC and the smooth peak of
χMC (Fig. 1). By construction, SNBP exactly matches SNMC
whenever the removal of the source node yields a perfect tree
[Figs. 1(a) and 1(b) and Figs. S1(a) and S1(b) of the Supple-
mental Material [33]]. This exactness is rooted in the same
principle as conditioned BP (CBP), which achieves exactness
by clamping nodes to remove all cycles [39–41]. However,
unlike SNBP, CBP does not directly address the issue of
global symmetry, and its computational complexity grows ex-
ponentially with system size due to scanning over all possible
clamped values. Furthermore, as demonstrated here, sophisti-
cated clamping schemes are often unnecessary when dealing
with percolation and Ising models, which are widely stud-
ied contexts for belief propagation methods [13,17,18,20,26].
Our SNBP results indicate that fixing a single, well-chosen
node is often sufficient to obtain highly accurate approxima-
tions. Moreover, even in the inexact regime when an extra
cycle remains, SNBP still closely predicts SNMC [Figs. 1(c)
and 1(d)]. Since the highest-degree node often lies in the
largest cluster, SNMC—and thus SNBP—reliably approxi-
mates the practical metrics of conventional MC.

Although the naive MFA predicts a nonzero order pa-
rameter and a susceptibility peak even on a perfect tree
[Figs. 1(a) and 1(b)], these predictions deviate significantly
from MC results. This inaccuracy persists despite the addition
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FIG. 2. Inference on locally treelike networks. Order parameters
for the percolation model are shown in panels (a), (c), and (d), and for
the Ising model in panel (b). Simulations were run for the Norwegian
board directors network (N = 179, M = 184), an Erdos-Renyi ran-
dom graph (N = 94, M = 139), and a scale-free network (N = 80,
M = 156) generated using the Barabasi-Albert model with k = 2
out-edges per arriving node. The red node in each network marks
the source node.

of several cycles [Figs. 1(c) and 1(d) and Figs. S1(c) and
S1(d) of the Supplemental Material [33]]. Its source-node
variant, SNMFA, is similarly inaccurate, except for slightly
reduced finite-size errors at small p and nondiverging sus-
ceptibility. Overall, SNBP clearly outperforms both MFA
and SNMFA in accuracy for practical metrics on trees and
almost-trees.

B. Locally tree-like networks

The high accuracy of SNBP, demonstrated on a Cayley
tree and its perturbations, generalizes to various locally tree-
like networks. On the real-world Norwegian board directors
network, an almost-tree, SNBP shows superior accuracy for
the order parameter [Figs. 2(a) and 2(b)] and susceptibility
[Figs. S2(a) and S2(b) of the Supplemental Material [33]].
A minor deviation occurs only for the Ising model at high
temperature (small p = 1 − e−2β ), where 〈m〉SNBP → 1/N but
〈|m|〉MC → (2/(πN ))1/2 (derived from the one-dimensional
random-walk result of Ref. [42]). In contrast, SNBP is exact
for percolation in this limit: As p → 0, both 〈C(x)〉SNBP and
〈S1〉MC approach 1/N .

Even when networks contain many cycles—as quantified
by a large cyclomatic number c(G) ≡ M − N + 1—SNBP
maintains high accuracy if the network is locally treelike. This
accuracy stems from the established principle that conven-
tional BP provides highly accurate inference in such networks
[15,22]. Our simulations show that SNBP outperforms the
other inference methods in Erdős–Rényi random networks
[Fig. 2(c) and Fig. S2(c) of the Supplemental Material [33]]

FIG. 3. Inference for the percolation strength on spatial net-
works: (a) 8×8 square lattice and (b) random geometric graph (N =
100, 〈k〉 = 5.9). Both BP and SNBP fail to reproduce MC results,
showing significant deviations over a wide range of p. Red node in
networks marks source node.

and scale-free networks [Fig. 2(d) and Fig. S2(d) of the Sup-
plemental Material [33]]. Although their cyclomatic numbers
are not small, the sparsity of short cycles enables SNBP to
remain accurate.

C. Spatial networks

In networks that are not locally treelike and contain
many short cycles, such as spatial networks including lattices
[Fig. 3(a)] and random geometric graphs [Fig. 3(b)], both BP
and SNBP deviate significantly from MC results. Although
SNBP is more accurate than BP for p < pBP

c , its overall ac-
curacy is still limited by errors from cycles—a well-known
issue in loopy BP. These cycle-driven errors can be overcome
by more computationally intensive algorithms that explicitly
account for neighborhood correlations [19–21,26].

D. Real-world networks

To systematically evaluate the performance of SNBP, we
benchmark its accuracy against conventional BP and MFA
on 139 real-world networks (details and links to data sources
are provided in the Supplemental Material [33]). For each
network, we extract the largest connected component and con-
vert it to a simple graph by removing directionality, duplicate
edges, and self-loops. Accuracy is quantified by the mean
absolute error in the order parameter relative to conventional
MC simulations, �Method-MC, which is calculated as the area
between the curves from p = 0 to 1 (see the Supplemental
Material [33]).

For both the percolation [Fig. 4(a)] and Ising [Fig. 4(b)]
models, SNBP consistently outperforms conventional BP
across the real-world networks. The improvement is most
pronounced in networks with a low cyclomatic number, for
which conventional BP suffers from the aforementioned “tree-
like network catastrophe” and can provide even less accurate
results than MFA [Figs. S4(a) and S4(b) of the Supplemental
Material [33]].

Unlike conventional BP, SNBP outperforms MFA across
all tested networks [Figs. 4(c) and 4(d)]. The performance gap
increases with decreasing 〈k〉, highlighting SNBP’s particular
advantage in weakly connected networks where mean-field
assumptions break down.
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FIG. 4. Comparison of SNBP errors with BP and MFA errors for
(a), (c) the percolation model and (b), (d) the Ising model on 139
real networks. (a), (b) SNBP outperforms BP: �SNBP-MC is generally
smaller than �BP-MC, particularly for small cyclomatic numbers. (c),
(d) SNBP outperforms MFA: �SNBP-MC is almost always smaller than
�MFA-MC. The gap increases as 〈k〉 decreases.

IV. DISCUSSION

Here, we address a fundamental yet often overlooked chal-
lenge in applying BP to finite, symmetric phase-transition
models: BP’s exactness on trees, which correctly predicts the
absence of spontaneous symmetry breaking, prevents it from
effectively capturing established practical order parameters
[18]. To bridge this gap between theory and practice, we
propose SNBP, which breaks global symmetry by fixing a
single source node. Our tests on percolation and Ising models
show that SNBP accurately infers practical order parameters
and their susceptibilities in a broad range of real and synthetic
networks. SNBP most significantly outperforms conventional
BP in networks with few cycles and naive MFA in sparse

networks. Importantly, this enhanced accuracy is achieved
without sacrificing the computational efficiency of standard
BP.

Opportunities remain for further improvement and broader
application. Like conventional BP, SNBP’s accuracy is limited
by the presence of short cycles. This can be mitigated by in-
tegrating the source-node method with more sophisticated BP
algorithms for loopy graphs [19–21,26], albeit at the cost of
increased computational expense. Additionally, in networks
lacking a clear hub, selecting the highest-degree node as the
source may not be optimal. Indeed, Figs. 3 and 4 show cases
where SNBP fails to improve inference accuracy over stan-
dard BP, which is a potential issue in networks with highly
homogeneous degrees, such as spatially embedded networks.
Future research could explore alternative strategies for choos-
ing one or more source nodes to improve accuracy in such
cases.

Moreover, SNBP shows promise for extension to other
symmetric phase-transition models, including the q-state Potts
model [38], XY model [43], and Heisenberg model [44].
Beyond these, the core principle of SNBP—strategically
fixing node or edge values for practical message-passing
approximations—could potentially be adapted to diverse in-
ference tasks on networks, such as community detection
[9,10], as well as various deep learning tasks [45–47]. How-
ever, it is unclear whether the choice of a single source node
in SNBP is sufficient for these more challenging settings
due to their complex symmetries—these cases may be best
handled by more flexible, adaptive message-passing modifi-
cations [39–41].

DATA AVAILABILITY

All empirical networks used in this study were obtained
from the Netzschleuder repository [48], and details about the
networks are given in the Supplemental Material [33]. The
data that support the findings of this article are openly avail-
able [48].
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