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Learning parameter curves in feedback-based quantum algorithms
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Feedback-based quantum algorithms (FQAs) operate by iteratively growing a quantum circuit to optimize
a given task. At each step, feedback from qubit measurements is used to inform the next quantum circuit
update. In practice, the sampling cost associated with these measurements can be significant. Here, we ask
whether FQA parameter sequences can be predicted using classical machine learning, obviating the need for
qubit measurements altogether. To this end, we train a teacher-student model to map problem instances to
associated FQA parameter curves in a single classical inference step. We first study weighted MaxCut problem
instances, where numerical experiments show that this machine learning model can accurately predict FQA
parameter curves across a range of problem sizes, including sizes not seen during model training. We then extend
the analysis to transverse-field Ising models on graphs and analyze how this learning strategy performs and
generalizes beyond the original MaxCut setting. To evaluate performance, we compare the predicted parameter
curves in simulation against FQA reference curves and linear quantum annealing schedules. We observe similar
results to the former and performance improvements over the latter. These results suggest that machine learning
can offer a heuristic, practical path to reducing sampling costs and resource overheads in quantum algorithms.
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I. INTRODUCTION

There is substantial interest in using quantum computers to
approximate ground states of Hamiltonians. This is a chal-
lenging computational task [1,2] with diverse applications,
including in combinatorial optimization [3]. Early work in the
latter domain centered on quantum annealing (QA) [4-7], a
conventionally continuous-time approach that aims to prepare
the ground state of an Ising Hamiltonian using an adiabatic
evolution, parametrized according to an annealing schedule.
Later, variational quantum algorithms (VQAs) emerged as
another approach for ground-state preparation geared toward
implementations on digital, gate-model quantum computers
[8,9]. These algorithms operate by classically optimizing over
a set of free parameters in a quantum circuit, whose purpose
is to prepare an approximation of the target ground state.
One notable example of a VQA is the quantum approximate
optimization algorithm (QAOA) [10], developed in analogy
to QA for finding approximate solutions to combinatorial
optimization problems.

Feedback-based quantum algorithms,
feedback-based algorithm for quantum

such as the
optimization
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(FALQON) [11,12], were subsequently developed in analogy
to QAOA. These algorithms operate by assigning values to
free parameters in quantum circuits in a sequential manner.
At each step in the sequence, a feedback law is utilized
to set the value of a given parameter according to the
outcome of qubit measurements performed at the previous
step. Then, additional qubit measurements are performed
to inform the next step. The feedback law is derived from
quantum Lyapunov control principles [13,14] to ensure that
a cost function decreases monotonically as a function of
step. In practice, however, the sampling cost associated
with evaluating the feedback law can be significant, as
each step requires many circuit repetitions to perform the
needed qubit measurements. This sampling overhead can
become a significant bottleneck toward quantum device
implementations at scale. Here, we address this challenge
by leveraging classical machine learning (ML) to predict
FALQON parameters without the need for measurement data.

The sequence of FALQON parameters can be collected
into a parameter curve, which is analogous to parameter
sequences in QAOA and continuous annealing schedules in
QA. FALQON parameter curves tend to display a typical
shape, characterized by an initial peak region defined by large,
rapid variations in the FQA parameters, followed by a sub-
sequent tail region. Figure 1 illustrates this typical shape for
FALQON parameter curves associated with the MaxCut prob-
lem. Across different MaxCut problem instances, the curves
cluster tightly around the common profile. This phenomenon
was observed but not analyzed in Ref. [11], and it suggests
that FALQON parameter curves may be predictable from rel-
atively simple problem features, without having to explicitly
run the full feedback procedure for each instance.

Published by the American Physical Society
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FIG. 1. FALQON parameter curves found for solving MaxCut
on 19 nonisomorphic, unweighted 3-regular graphs with ten nodes,
where each curve corresponds to the FALQON solution for one
of the 19 graphs. The consistent clustering of these curves around
a common profile motivates our work exploring whether machine
learning could be employed to predict them.

Motivated by this observation, in this work we develop and
test an ML model that replaces the per-layer qubit measure-
ments with a one-step classical prediction of the full parameter
curve. We develop this ML model in the context of predicting
FQA parameter curves associated with solving an Ising model
formulation of the weighted MaxCut problem and analyze its
performance. We then explore applications to quantum mod-
els, here considering transverse-field Ising models (TFIMs)
defined on the same class of graphs considered for MaxCut.
While our results appear encouraging, we emphasize that our
ML approach is heuristic: What problem classes admit FQA
parameter curves compatible with prediction using classical
ML, and when ML models trained on one family of Hamilto-
nians can be productively transferred to others, remain open
questions.

This direction is aligned with prior efforts that use ML to
predict QAOA parameters, primarily to reduce the burden of
classical optimization [15-19]. Ultimately, the ML-predicted
curves we obtain could be used as stand-alone solutions that
directly replace FALQON, QA, or QAOA solutions, or as
warm starts for subsequent refinement through classical op-
timization or hybrid FALQON or QAOA strategies [12].

The remainder of this article is organized as follows.
Section II reviews QA, QAOA, and FALQON, contrasting
feedback-generated FALQON parameter curves with those of
QAOA and QA. Section III introduces our teacher-student
approach for predicting the full FALQON parameter curves,
detailing the high-level architecture and training procedure.
Section IV reports a variety of numerical results that explore
the performance of the ML predictions. Section V summarizes
and outlines future directions.

II. BACKGROUND
In this section, we provide relevant technical background

on QA and QAOA, followed by an overview of FALQON.

A. Quantum annealing

Quantum annealing is a strategy for preparing or approx-
imating the ground state of a target problem Hamiltonian,

H, [4-7]. It operates by first initializing a set of qubits in
the ground state of another, simpler Hamiltonian, denoted
here by Hy. Then, the qubits are evolved over time under a
Hamiltonian,

H(t)=A(t)Hy+Bt)H,, tel0,T], (1

that smoothly interpolates between the simpler Hamiltonian
and the problem Hamiltonian of interest, according to a pre-
defined annealing schedule captured by the time-dependent
scalar functions A(f) and B(t), typically selected so that
A(0) =B(T)=1and A(T) = B(0) = 0. The performance of
QA depends strongly on the choice of QA schedule, and a
commonly used heuristic choice is a linear schedule, given by

t

B®) = @)
which interpolates from Hy at ¢+ = O to the problem Hamilto-
nian H,, at t = T. While Eq. (2) is a simple and commonly
used schedule, it is not generally optimal. If some coarse-
grained information about the instantaneous spectral gap is
available, then the schedule can be modified to slow down
near small-gap regions and speed up where the gap is larger.
Such local-adiabatic strategies can improve over a purely lin-
ear interpolation, although they generally require additional
spectral information about the problem Hamiltonian [20]. If
the evolution proceeds slowly enough, the system remains
close to the instantaneous ground state and transitions toward
the target ground state according to the quantum adiabatic
theorem [21]. Quantum annealing is conventionally an analog
procedure, carried out continuously in time. In practice, the
slowly varying schedules required to maintain adiabaticity can
demand evolution times that are prohibitively long [22,23].

It is also possible to digitize QA for implementation on
gate-based quantum computers [24,25]. The latter has been
explored in contexts such as adiabatic quantum state prepara-
tion, which has been considered as an approach for preparing
initial states that are then fed into quantum algorithms such
as quantum phase estimation, or algorithms for Hamiltonian
simulation. Digitization can be accomplished through Hamil-
tonian simulation [26], e.g., by discretizing the interval [0, T']
into £ steps of size At = T /£ and applying a first-order Trotter
formula [27,28] to yield the product

¢
UQA(T) ~ l_[ e*iAtB(Ij)Hp e*iAtA(t,')Hd’ (3)
j=1

t
At)=1—- —,
) T

where t; = j At and the error of the approximation can be
controlled via the choice of At according to Trotter error
bounds [27,28]. Equation (3) describes a unitary sequence
that can be used for a digitized implementation. In practice,
this would be further compiled down to a gate sequence. Due
to the long times that are often required for QA, such digital
formulations can involve circuit depths that are substantial.

B. Quantum approximate optimization algorithm

More recently, VQAs have emerged as another paradigm
for ground-state preparation on digital, gate-model quantum
computers [8,9]. The idea is to execute short parametrized
quantum circuits on a quantum computer, with the aim that
these circuits prepare the ground state of a target Hamiltonian,
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or close to it. This goal is quantified using a cost function,
which is typically chosen to be the target Hamiltonian ex-
pectation value, as this is minimized by the ground state.
Then, a classical computer is used to iteratively search for the
values of the quantum circuit parameters that minimize the
cost function. Depending on the problem at hand, the resulting
classical optimization landscape can be highly nonconvex and
can exhibit many local minima, making convergence chal-
lenging when not enough variational parameters are used [29].
Moreover, variational training can suffer from barren plateaus,
where gradients vanish exponentially with system size, ren-
dering gradient estimation itself resource intensive [30,31].

One relevant example of a VQA is the QAOA [10,32],
developed for finding approximate solutions to combinatorial
optimization problems. The roots of QAOA can be traced back
to QA. In particular, QAOA utilizes a parametrized quantum
circuit ansatz whose structure matches that of a digitized
simulation of QA in Eq. (3). In particular, a depth-p QAOA
circuit prepares the quantum state

p
V(. B) = (He‘iﬁf”d e"’””n>|wo>, @
j=1

where y = (y1,...,¥,) and B=(Bi,...,Bp) are free pa-
rameters and |[yp) is the initial state typically taken to be
an eigenstate of Hy. That is, rather than using a fixed
QA schedule, QAOA allows the digitized evolutions to be
freely parametrized. The parameter values are iteratively ad-
justed by a classical optimizer to minimize a cost function,
(Y, (y, B)IH, Y, (y, B)), given by the expectation value of
the problem Hamiltonian. This cost function is minimized
by the ground state. The properties of optimal parameter
curves in QAOA and QA have been analyzed previously in
Refs. [33-35].

The classical optimization loop in QAOA allows for going
beyond slow, predefined QA schedules; instead, in QAOA, the
free parameters are iteratively optimized in an effort to achieve
faster convergence than adiabatic QA or straightforward dig-
itizations of QA, using quantum circuits with a relatively
shallow depth. Nonetheless, as the size and complexity of
the combinatorial problems of interest increase, the classical
optimization cost in QAOA associated with searching through
the associated parameter space can become a bottleneck. A
variety of proposals have aimed to address this situation, e.g.,
through the use of bootstrapping solutions [15,17,36], warm
starting [37,38] the classical optimization problem, or utiliz-
ing adaptively constructed circuits [39-44].

C. Feedback-based algorithm for quantum optimization

Feedback-based quantum algorithms constitute another
approach for ground-state preparation [11,12,45-52]. Here,
we consider the FALQON, which was developed in close
analogy to QAOA. In the following, we provide details
on FALQON, beginning by motivating the relevant back-
ground in continuous-time quantum Lyapunov control theory
[13,53-60].

Consider a quantum
units of A =1) are

system whose dynamics (in
described by the Schrodinger

equation

d
i V(@) =1Hy + B(t) Hally (1)), &)

where |y (t)) denotes the state of the system at time ¢, H),
denotes here the portion of the Hamiltonian that is time inde-
pendent, and Hy denotes the so-called driver Hamiltonian that
couples a time-dependent control function () to the system.

Quantum Lyapunov control is a technique that can be
applied to a variety of quantum control problems. Here, we
consider the problem of designing a control function, S(t), for
controlling, and specifically minimizing, the expectation value
of an observable, taken here to be H,. For this application,
quantum Lyapunov control operates by seeking B(¢) to satisfy
the following derivative condition:

d

Z(Hp>t <0, ©)
and in so doing, ensure that (Hp), decreases monotonically
over time. Here, we have used the abbreviated notation (-), =
(¥ ()] - |¥(¢)) for the expectation value. Evaluating the left
side of Eq. (6) leads to

d

77 (e = i{[Ha, Hpl), p(r) = A(t) B(1), )

with
A(t) = i{[Hq, Hpl):- (¥

There are many choices of B(¢) that satisfy Eq. (6) [14]. A
common choice is to utilize a quantum Lyapunov control law
of the form

B(r) = —A(t) ©))
to ensure that the derivative condition in Eq. (6) is satis-
fied at all times 7. This monotonic descent alone does not
guarantee eventual convergence to the ground state of Hp,
since the equality in Eq. (6) is obtained whenever A(z) =0
(see Ref. [12]). This means that in practice, quantum Lya-
punov control is often utilized as a heuristic control approach.
Numerical evidence supports that it can often achieve good
convergence in practice [11,12], with performance depending
on the choice of initial state | (0)), specification of Hamilto-
nians H, and Hy, and the functional form and parameters in
the control law in Eq. (9).

We now describe how digitizing this continuous-time
quantum Lyapunov control approach leads to FALQON as a
quantum circuit-level algorithm. This mirrors the discussion
of digitizing QA in Sec. I A. First, we discretize time into
steps of length At and take S(¢) to be constant over each step,
and second, we Trotterize the time evolution over a single time
step, giving

Yrj) = e BB T A gy ), (10)
where B; is the sampled control att; = j At, [/;) denotes the
associated state, and j = 1, 2, ... labels the step or layer. The
choice of At has a large impact on the algorithm execution.
Selecting this parameter to be too large can lead to violations
of the derivative condition in Eq. (6), while selecting it to
be very small can lead to slow convergence as a function of
layer. In practice, At can be treated as a hyperparameter; it
is desirable to tune it to be as large as possible while still
satisfying Eq. (6).
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FIG. 2. Schematic of the steps for implementing FALQON. A weighted graph G (left) defines the problem Hamiltonian Hj,. Each quantum
circuit layer j applies U, = e~'2' followed by U;(B;) = e~/ fifla_ After layer j, the expectation value A; = (i[Hy, H,]); is estimated from
qubit measurements and used to set the next parameter via the feedback law f;,; = —A;. Repeating for £ layers generates the parameter curve
{ ﬁ_,-}f.zl , presented at right. At the end of the protocol, one may either estimate the final expectation value (H,), or sample the terminal state to
obtain a candidate MaxCut bit string solution. In the present work, we examine the prospect of replacing the steps of FALQON, and associated
sampling costs, with an ML model trained to predict the full FALQON parameter curve. This figure is adapted from Ref. [11].

In many cases, the digitized form in Eq. (10) is readily
compatible with a quantum circuit-level decomposition, and
it represents one step of FALQON. In other cases, e.g., where
H, and Hy contain multiple noncommuting terms, we can
perform a subsequent Trotterization of each exponential in
Eq. (10) to obtain a form that is then decomposable into a
quantum circuit [46].

At each step of FALQON, g; is determined using the
quantum Lyapunov control law from Eq. (9). In FALQON,
this control law is evaluated using feedback obtained from the
previous step, with the typical choice of feedback law being

Bi=—-Aj-1 )

with A;_y = i(y;_1| [Ha, Hp] [¥;—1). Based on these princi-
ples, the steps for executing FALQON are depicted in Fig. 2
and described in the associated figure caption. Crucially, at
each step the quantity A;_; is obtained by estimating the ex-
pectation value of i[Hy, Hp]. This observable can, in general,
be expanded into a linear combination of Pauli operators.
These Pauli operators can be grouped into mutually commut-
ing subsets, and the expectation values of each subset can be
estimated separately. Then, the output results can be combined
classically to evaluate A;_; [46]. Thus, the feedback law is
experimentally accessible, but it can require many repeated
circuit executions at each layer to estimate the required ex-
pectation value. We refer to the FALQON sequence {f j}§=1
produced by the feedback law in Eq. (11) as a parameter
curve. This is analogous to the (y, f) parameter sequences
in QAOA and the continuous annealing schedules defined by
A(t), B(t) in QA.

To generate a FALQON parameter curve, each expectation
value A;_; is estimated from qubit measurements, performed
on repeated executions of the FALQON circuit up to layer

j — 1. In practice, FALQON can require deep circuits with
many layers, increasing the measurement cost. In the follow-
ing, we explore the prospect of training a machine learning
model to predict these curves classically, thereby removing
the need for qubit measurements.

III. MACHINE LEARNING PREDICTION OF FALQON
PARAMETER CURVES

This section presents the ML model we use to predict
FALQON parameter curves for two classes of problems: Max-
Cut on weighted graphs and transverse-field Ising models on
graphs. The former is a widely studied combinatorial opti-
mization problem that has been extensively studied in both
classical [61] and quantum settings, and has been utilized
as a standard benchmark for QAOA and FALQON [10,11].
The latter is also a widely utilized benchmark problem and
expands the scope of our work to “quantum” Hamiltonians,
i.e., whose ground states can possess entanglement. We first
overview the application of FALQON toward each of these
problem classes, and then go on to motivate and describe the
high-level architecture of the ML model, with further details
captured in Fig. 3. We then discuss the training procedure
used in this work. Additional architectural details, a list of
hyperparameters, and alternative pooling and readout choices
are provided in the Appendix.

A. FALQON for MaxCut

Given an undirected graph G = (V, E') with vertex set V of
size |V| = n and edge set E, a cut is a partition of V into two
disjoint subsets. The cut size is the number of edges that cross
the partition, and the (unweighted) MaxCut problem asks for
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FIG. 3. Teacher-student ML framework for predicting FALQON parameter curves for MaxCut. (a) Teacher: The input graph G and five
scalar features s are processed by a graph neural network (GNN); pooled graph features feed a small conditioning module that outputs a
full parameter curve Br. (b) Student: A lighter graph network produces an embedding g and an auxiliary estimate § (supervised only during
training); a small readout maps [g, §] to the predicted curve Bs. At test time, only JBs is used. Further details are given in the Appendix.

the partition that maximizes this number. In the weighted vari-
ant we consider here, each edge is assigned a positive weight
w;;, and the objective becomes to maximize the total weight
of edges crossing the cut. Figure 2 illustrates this premise in
the case of a 3-node graph, where the dashed line partitioning
the graph on the right-hand side of the figure represents the
maximum cut.

The weighted MaxCut problem can be cast as a ground-
state preparation task by defining the problem Hamiltonian

1-27227;
MC E =]
Hp [g— w[j T’
(i,j))EE

12)

whose ground state encodes the maximum cut, where Z; de-
notes the Pauli-Z operator on qubit i and w;; are the edge
weights. The driver Hamiltonian considered in the present
work is given by

13)

n
Hy = ZXI‘,
i=1

where X; denotes the Pauli-X operator on qubit i. Qubits are
initialized in the ground state of Hy, given by

Yo) = |=)®", (14)

where | =) = —=(/0) — [1)).
We evaluate performance using two figures of merit. The
first is the approximation ratio, defined at layer j as
E:

I 15
Emin ( )

rqu =

where E; = (¢ |HI1)VIC|¢ ;) and Ep;, denotes the minimum
eigenvalue of the problem Hamiltonian. In our numerical sim-
ulations, Ey,;, is computed exactly and used only to evaluate
performance. It is not assumed to be known during execution
of FALQON or during inference with the trained ML model.

In a setting where exact normalization is unavailable, one
could instead report the energy directly, compare against the
best sampled cut value, or estimate approximation quality
relative to a classical benchmark when available.

The second figure of merit we consider is the squared
overlap with the ground-state subspace, defined at the jth
layer as

¢ = Nalvil, (16)

l

where {|g;)} denotes the set of degenerate ground states of
Hé\’lc. Equivalently, ¢; is the fidelity with the ground-state
subspace of H;‘AC. For MaxCut, this quantity can also be
interpreted as the probability that a computational-basis mea-
surement samples an optimal cut. Thus, r4 ; captures the
average cut quality, while ¢; captures the probability weight
assigned to globally optimal solutions.

B. FALQON for the transverse-field Ising model

The TFIM describes interacting spins acted on by a trans-
verse field. Here, we consider spins with pairwise interactions,
where the coupling graphs are sampled from the same dis-
tributions as the graphs considered for MaxCut. The TFIM
Hamiltonian is given by

Hy"™ = Hzz + hHy, a7
with
n
HZZ = Z w,-jZ,-Zj, HX = ZX, (18)
(i,))EE i=1

Here, w;; denotes the edge weight and £ is the transverse-
field strength. In the numerical experiments below, we set
h = 1. We sample the edge weights independently from the
uniform distribution on [0, 2]. Also, the unweighted baseline
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is obtained by setting all edge weights equal to 1. For studies
of the TFIM, we consider the same driver Hamiltonian and
initial state given in Egs. (13) and (14).

Since the transverse-field term in H™™ is proportional to
the driver Hamiltonian, one layer of FALQON is given by

|,(//_]) — e*[At (Bj+h)Hx e*iAt Hz; |¢j—l ) , (19)
with the feedback law generated from the commutator

Bi=—Aj, Aj =iy l[Hx, H™][¥0). (20)

Because [Hy, hHx] = 0, the feedback is determined by the
noncommuting Ising component Hzz, while the performance
is evaluated with respect to the full TFIM Hamiltonian in
Eq. (17).

We evaluate TFIM performance using the same figures of
merit 74 ; and ¢; introduced in Egs. (15) and (16), but us-
ing H"™. Unlike H)"®, whose spectrum is nonpositive by

construction, the TFIM Hamiltonian HT™™ has an indefinite
spectrum. Thus, for an arbitrary state, the normalized quantity

ra ™ could in principle be negative. The feedback law is

deéigned to decrease (HPT FIM) ; with layer, and our simulations

remain in the negative-energy regime. Therefore, along the
exact FALQON trajectories and sufficiently accurate approx-
imations to them, r4 ; remains between 0 and 1. For other
choices of initial state, this interpretation need not hold.

C. Machine learning model

Our ML model is based on a teacher-student framework:
A higher-capacity teacher produces high-quality reference
curves, and a lighter student is subsequently trained to approx-
imate those curves [62]. The teacher is trained to fit FALQON
curves directly, and the student is trained to mimic the teacher
(a distillation loss on the whole curve), with an auxiliary loss
on a set of predicted scalars 3. Details of the loss functions are
given in the Appendix. At a high level, the student and teacher
models share the following flow. A weighted graph as input is
first fed into a GNN, where each node aggregates information
from its neighbors and connected edges in a message-passing
fashion [63]. We use a GNN here because it is a natural
fit for our graph Hamiltonian problems; i.e., the aggregation
it performs depends only on adjacency and is permutation
invariant to vertex relabelings. This is relevant because it
prevents spurious label memorization given that the MaxCut
and TFIM objectives are invariant to vertex relabeling. This
is followed by multiple convolutional layers, i.e., given by
graph isomorphism network with edge features (GINEConv)
and the mask label prediction (TransformerConv) layers in the
teacher and the student, respectively [64,65], and the outputs
are pooled to capture both local statistics and global structure.
This is then sent through a small readout network that outputs
the FALQON parameter curve 3, where the hat is used to
denote that it is a model prediction. The teacher and student
share this overall pattern; the teacher uses a more expressive,
conditioned readout, whereas the student is streamlined. In
our numerical analyses, we have found that simpler models,
e.g., using dense networks only, ignoring graph structure, or
only matching values, produce worse predictions.

We consider weighted, 3-regular graphs with n €
{4,6,8,10, 12} and with edge weights sampled uniformly

from [0, 2]. In total, we generate 2240 instances and split
them into 60% training (of which 80% are used for parameter
updates and 20% for validation) and 40% testing. For each
instance, we compute the FALQON parameter curve exactly
in numerical simulation with time step Ar = 0.01. We train
with batch size 1 so that each optimization step processes a
full parameter curve, and we use Adam [66]. Training runs
for 100 epochs with learning rate 10~3, with hyperparameters
tuned using Optuna, an open source optimization toolkit that
automates search over model settings [67]. The model outputs
parameter curves of length £ = 1001 to match the FALQON
depth used in our numerical experiments. The forward path
follows Fig. 3: three message-passing blocks (1-3), multi-
pooling heads (A-E), and a two-stage readout (I and II). The
teacher uses a conditioned (dynamic) readout whose weights
are produced by a small hypernetwork fed by the scalars s
described in the Appendix; the student uses a lightweight
readout and additionally predicts § as an auxiliary target. After
training, we use only the student to predict parameter curves;
the teacher is not needed at test time.

The resulting ML workflow used in this work is as follows.
For the MaxCut study, we generate a training set of weighted
graph instances and compute reference FALQON parameter
curves by classical simulation. After training the teacher-
student model, a new weighted graph is passed through the
trained student model, which outputs a predicted parameter
curve in a single classical inference step. This curve can then
be replayed as a fixed schedule on the corresponding weighted
Hamiltonian for validation, if desired. The model architecture
and workflow were designed for the MaxCut setting. The
TFIM study is included as an initial exploration of whether
the same learning strategy can be useful beyond MaxCut. For
TFIM, the same teacher-student architecture and training pro-
cedure are used, but we train a new model on TFIM-generated
FALQON curves. Thus, the TFIM results test whether the
same approach and architecture can capture parameter curves
for a different graph-defined Hamiltonian.

IV. RESULTS

In this section, we present numerical results exploring how
the ML model described in Sec. III performs at predicting
FALQON parameter curves. We organize the section around
four questions: (1) How faithfully does the student model
reproduce FALQON results layer by layer for weighted Max-
Cut? (2) How well does the model extrapolate to MaxCut
problem sizes not seen during training? (3) For MaxCut, how
do the learned curves perform when compared with a stan-
dard digitized linear-annealing schedule? (4) Does the same
learning strategy extend to a graph-defined transverse-field
Ising model? Questions (1)—(4) are analyzed in Figs. 4-6,
and 7 and 8, respectively. Figure 4 compares, layer by layer,
the reference FALQON parameters 8; with the predictions
produced by our student ML model on weighted 3-regular
graphs with n € {8, 10, 12}. These results are plotted in blue.
For a given weighted graph instance, the reference FALQON
parameters are computed from an exact simulation of run-
ning FALQON for solving MaxCut on that weighted graph
instance. The ML model predictions are obtained using the
same weighted graph as input to the student model to generate
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FIG. 4. MaxCut performance is plotted vs layer for the ML model predictions (blue) as well as the unweighted baseline (red) for different
figures of merit and different problem sizes. Solid curves show the mean across problem instances, shaded bands indicate the associated
standard deviation, and dashed curves indicate the maximum error across instances. The three columns of panels correspond to graph sizes
n € {8, 10, 12}. The top row shows the parameter error |AfS;| on a logarithmic scale, the middle row shows the approximation-ratio error
|Ary j|, and the bottom row shows the ground-state-subspace-overlap error |A¢;|. For a given weighted graph instance, these errors are
computed with respect to the true FALQON curve and its performance for solving MaxCut on that instance. The ML model predictions are
obtained using the same weighted graph as input, and the unweighted baseline corresponds to using the FALQON parameter curve computed
for the same topology with all weights set equal to one. The logarithmic scale resolves the tail-region behavior of the parameter error, where
the ML predictions remain close to the weighted FALQON reference and generally improve over the unweighted baseline.

an ML-predicted parameter curve. This latter ML curve is then
used to parametrize an exact simulation of a FALQON circuit
for solving MaxCut on this weighted graph instance, and its
performance is evaluated in terms of the absolute deviations
between the predicted and reference values, according to

|AB;| = 1B} — B, (@2
[Ara il = | Pa,j — 7a,jls (22)

and
|Ag;| = |d; — ¢5l, (23)

at each layer j, where hats denote ML student model pre-
dictions. We first observe that across n € {8, 10, 12}, the ML
predictions closely track FALQON for g;. This matters be-
cause any layerwise deviations Af; can introduce errors that
then accumulate as a function of layer. Here, we do not ob-
serve this issue, and the good agreement between the ML
predictions and the FALQON reference curves extends to r4

and ¢.

The results in red in Fig. 4, meanwhile, show the per-
formance of an “unweighted-baseline” model, included here
to benchmark the ML model results. For a MaxCut problem
instance defined by a given weighted graph, this unweighted
baseline is computed as follows. First, we run FALQON for
this graph, but with all edge weights set equal to 1. This
outputs a parameter curve associated with solving the un-
weighted version of the MaxCut problem. The performance of
this unweighted-baseline curve is then evaluated in simulation
against the original weighted graph. For edge weights near 1,
this baseline is expected to be strong because the weighted
Hamiltonian is close to its unweighted counterpart. As the

weight distribution broadens, however, the baseline becomes
a more stringent test of whether the ML model learns weight-
dependent effects. By utilizing the unweighted solution as a
baseline to compare against, we can therefore check our ML
model’s ability to learn these edge-weight effects, in addition
to the effects of the underlying graph topology. We see in
Fig. 4 that the ML model results are consistently better than
the results of the unweighted baseline, confirming that the ML

033378-7



PENA PEREZ, GRACE, ARENZ, AND MAGANN

PHYSICAL REVIEW RESEARCH 8, 033378 (2026)

n=14

n=20

10° 5 ML prediction 3

Unweighted
baseline

0.100

0.075 1

< 0.050 1

|A

0.025 1

0.000

0.20

0.151
< 0101
$ 010

0.05 -

0.00

500
Layerj

500 1000 500 1000

Layerj Layerj

FIG. 5. MaxCut performance is plotted vs layer for the ML model predictions (blue) as well as the unweighted baseline (red) for different
figures of merit and for problem sizes n € {14, 16, 18, 20} not seen during training. The plot conventions match those in Fig. 4. The logarithmic
scale in the top row makes the long-layer behavior of |AB;| visible after the initial peak region. The ML model continues to reproduce key
features of the FALQON parameter curves outside the training range, although the performance gradually deteriorates as the problem size

moves farther from the training distribution.

model learns weight-dependent parameter curves. We observe
that performance is strongest at n = 12. We attribute this to
greater training diversity: There are 85 nonisomorphic graphs
forn = 12 versus 5 and 19 for n = 8 and n = 10, respectively;
this richer variety appears to regularize the predictor and im-
prove generalization within the training range.

The ability of the ML model to generalize beyond the
training sizes is explored next, with results presented in Fig. 5.
For unseen graphs with n € {14, 16, 18, 20}, the absolute de-
viations |AB;l, |Ary |, and |A¢;| remain small on average,
with modest variability across layers. Notably, |Ar, ;| and
|A¢;| stay controlled even as n increases, suggesting that
an ML model can serve as a reliable warm-start surrogate
for FALQON’s iterative measurement-feedback loop on larger
problem sizes.

Our final MaxCut analysis compares the learned curves
with a linear digitized quantum annealing heuristic. For this
comparison, we use the same number of layers £ and the same
time step At as in the corresponding FALQON simulation,
so that the total digitized evolution time is 7 = ¢At. The
linear schedule is evaluated at the discrete times t; = jAf,
withA(t;) =1 —t;/T and B(t;) = t;/T . We do not separately
optimize the total annealing time for each problem size or
instance. Thus, this comparison should be interpreted as an
equal-layer, equal-total-time comparison against a simple lin-
ear schedule, rather than as a comparison against an optimized
annealing protocol.

In Fig. 6, we compare the MaxCut performance, as quan-
tified by r4 and ¢, of the ML-predicted parameter curves
against standard linear QA schedules, digitized for imple-
mentation on circuit-model quantum computers. Given that
the identification of optimal QA schedules is known to be
difficult, the aim of this comparison is to explore whether
the ML model predictions could have value for improving
performance over other more commonly used QA schedule
heuristics. In line with previous work [12], this comparison is
carried out by fixing the total number of layers and comparing
the methods’ performance with this parameter held fixed.
Dashed curves show the mean performance of the parameter
curves predicted by the student model for different problem
sizes, while dotted curves show the performance when a linear
QA schedule is used. As a reference, exact FALQON results
are shown as solid curves. We find that the ML model results
track the FALQON mean curves closely for both r4 and ¢
and consistently outperform the linear schedule across the
problem sizes we consider, n € {8, 10, 12}.

Having established this behavior for weighted MaxCut, we
repeat the analysis for the TFIM introduced in Sec. IIIB.
For each weighted TFIM instance, we compare the weighted
FALQON reference curve against two alternatives in line with
our analysis for the MaxCut results, i.e., the first being the
ML-predicted curve obtained from the weighted graph input
and then replayed on the same weighted TFIM Hamiltonian,
and the second being an unweighted graph baseline, obtained
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FIG. 6. Mean approximation ratio and mean ground-state-
subspace overlap are plotted vs layer for the exact FALQON
reference (solid curves), a digitized linear-annealing baseline (dotted
curves), and the ML model predictions (dashed curves) for solving
weighted MaxCut. Panel (a) shows the mean approximation ratio
r4 and panel (b) shows the mean ground-state-subspace overlap
¢; for n € {8, 10, 12}, the means are computed over 40, 152, and
680 weighted graph instances, respectively. The magnitude of the
associated standard deviations (not shown) of the FALQON refer-
ence curves and ML predictions are similar, and smaller on average
compared with the linear-annealing baseline.

by running FALQON on the corresponding unweighted graph
and replaying that parameter curve on the weighted TFIM
Hamiltonian.

Figure 7 shows the TFIM results for n € {8, 10, 12}, or-
ganized in the same format as Fig. 4. Across these system
sizes, the ML-predicted curves remain close to the weighted
FALQON reference and generally yield smaller errors than
the unweighted baseline, indicating that the ML model is able
to learn how the edge weights modify the FALQON trajectory
for the TFIM.

The energy and overlap errors show the effect of the
predicted curve on the actual TFIM dynamics. Since 74 ; mea-
sures closeness to the ground-state energy and ¢; measures
probability weight in the ground-state subspace, smaller errors
indicate that the model captures weight-dependent informa-
tion relevant to the ground-state preparation behavior of the
FALQON trajectory.

We next test TFIM extrapolation beyond the training
sizes, with results for n € {14, 16} shown in Fig. 8. For
n = 14, the ML predictions remain reasonably close to the
weighted FALQON reference and generally improve over the
unweighted baseline. This behavior is consistent with the
MaxCut extrapolation results and suggests that the model
has learned structure that is useful beyond the exact training
sizes. For n = 16, however, the quality of the extrapolation de-
grades, suggesting a finite generalization window. That is, the
trained ML model captures useful low-dimensional structure
in the FALQON parameter curves, but its reliability decreases
as the system size moves farther from the training distribution.

Thus, the TFIM analysis supports the broader applicability
of the approach beyond MaxCut, while also showing that
robust extrapolation to larger systems will likely require larger
training sets or transfer-learning strategies.

V. CONCLUSION AND OUTLOOK

In this work, we have explored the prospect of predicting
FALQON parameter curves with classical machine learning.
We have found that the teacher-student ML model devel-
oped here can effectively predict FALQON parameter curves
associated with MaxCut and TFIM problems when fed a
weighted graph as input. For both settings, the ML model
reproduces key features of the reference FALQON curves
and generally improves over an unweighted baseline within
the regimes studied. These results indicate that once trained,
an ML-driven approach can be a viable, measurement-free,
and classical-optimization-free alternative to the iterative,
measurement-based feedback procedure utilized in FALQON.
We have also illustrated that the ML-predicted parameter
curves can offer benefits in a digitized QA setting when used
in place of conventional, linear QA schedules. The latter find-
ing opens prospects for utilizing ML to design schedules for
use in adiabatic quantum state preparation more broadly.

There are also important practical considerations for hard-
ware implementations. First, the circuit depths considered in
our simulations may be challenging for near-term quantum
devices, where noise can accumulate over many layers. Sec-
ond, the measurement savings discussed here concern the
measurements needed for the generation of the FALQON
parameter curve, i.e., as the trained ML model can remove
the need for these measurements by outputting the full curve
classically. This does not, however, remove the need to mea-
sure the final circuit output. In practice, one would still need to
sample the terminal state to read out the desired results (e.g.,
problem Hamiltonian expectation value or sampled bit string).

It is also useful to relate these learned curves to ideas
from quantum control and counterdiabatic driving [68—70].
Counterdiabatic protocols aim to suppress diabatic transitions
by adding control terms constructed from spectral information
about the instantaneous Hamiltonian. FALQON curves con-
sidered here also differ qualitatively from Floquet-engineered
implementations of counterdiabatic driving, in which periodic
modulations of the available controls are used to synthe-
size approximate counterdiabatic terms [71]. In contrast,
FALQON parameter curves studied here are dominated by
a smooth peak-and-tail structure and do not exhibit a pro-
nounced high-frequency component. The learned FALQON
curves studied here are not counterdiabatic ansitze in this for-
mal sense, since they do not introduce additional Hamiltonian
terms and are not derived from the adiabatic gauge potential.
Nevertheless, they can play a related heuristic role since the
learned schedule can deviate from a simple linear-annealing
path in a way that improves performance.

There are a variety of ways in which this work could be
extended. One important aspect is to further analyze the scal-
ability of the approach. We carried out an initial investigation
of this point in Fig. 5, where we found that the ML predictions
begin to lag for n = 18, 20, indicating limited generalization
and scalability to problem sizes as they move farther beyond
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FIG. 7. Performance is plotted vs layer for the TFIM test instances with n € {8, 10, 12}. The ML model predictions are shown in blue and
the unweighted baseline is shown in red. Solid curves show the mean across problem instances, shaded bands indicate the associated standard
deviation, and dashed curves indicate the maximum error across instances. The top row shows the parameter error |AS;| on a logarithmic scale,
the middle row shows the normalized-energy error |Ary |, and the bottom row shows the ground-state-subspace-overlap error |A¢;|. Both
the ML-predicted curves and the unweighted-baseline curves are replayed on the same weighted TFIM Hamiltonians and compared against
the weighted FALQON reference. The ML model generally produces smaller errors than the unweighted baseline, indicating that it captures

weight-dependent features of the TFIM dynamics.

the largest training size of n = 12. The TFIM results in Fig. 8
exhibit a similar trend where the ML predictions remain rea-
sonably close to the FALQON reference for n = 14, while
the quality of the extrapolation degrades for n = 16. Looking
ahead, it would be interesting to train and validate the ML
model on larger problem sizes to probe its ability to handle
the growing complexity that arises as n is increased further.
It would also be valuable to study the number of problem in-
stances needed for training ML models, and how this scales as
the models are extended. In the present work, we utilized 1344
instances for training our model, where the generation of each
instance involved an exact numerical simulation of FALQON
to output the reference parameter curve. Given that exact
numerical simulations have costs that scale exponentially, in
general, with the size of the problem, training data could
alternatively be obtained from runs of FALQON on quantum
hardware. Either way, the cost of generating sufficient training
data must be balanced against the utility and scalability of
the resulting ML model. Another direction that could support
scalability would be to explore training an ML model to
learn a small set of parameters entering into a parametrized
function defining a FALQON parameter curve, rather than the

full curve directly. The use of a parametrized function could
constitute a more parsimonious approach with the potential
to scale more easily, if a suitably expressive functional form
could be identified.

Another future direction could involve extending our ap-
proach beyond the problem classes considered here, by
exploring how ML models trained on one ensemble of graphs
(e.g., defined by fixed degree, given edge-weight distribu-
tion, or topology) perform when applied to different graph
families or weight priors. Techniques such as domain adap-
tation [72-74] or metalearning [75,76] could be explored for
helping ML models adjust to unseen instances, preserving
performance without retraining from scratch. Broadening out
further, ML models could also be explored for transfer be-
tween different problem classes, such as MaxCut and TFIM,
as well as to additional problems to test the flexibility of
the method and reveal the specific features of the problem
that a generalized architecture must capture. In the present
work, separate models are trained for MaxCut and TFIM,
so whether a model trained on one Hamiltonian family can
transfer directly to another remains an open question. Yet
another aspect that could be considered in future work is to
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FIG. 8. Extrapolation performance for TFIM instances with n € {14, 16}, which were not included in training. The plot conventions match
those of Fig. 7. For n = 14, the ML-predicted curves remain close to the weighted FALQON reference and generally improve over the
unweighted baseline. For n = 16, the prediction becomes less stable, as shown by the larger parameter fluctuations and the increased energy
and overlap errors at later layers. These results suggest that the model learns useful TFIM parameter-curve structure beyond the training sizes,

while also revealing the onset of extrapolation limitations.

explore the impact of noise on the predictions, given that
today’s quantum computers exhibit numerous types of noise
including pulse distortions, calibration errors, and decoher-
ence. Given the freedom in choosing the driver Hamiltonian,
another possibility could be to train an ML model to select it
or to output a targeted, layerwise sequence of driver Hamilto-
nians to use. Across these different future directions, it will be
important to identify suitable points of comparison to bench-
mark ML models’ performance. Finally, the results reported
here also open the prospect of using ML models, like the
one we have designed, for predicting quantum controls, which
could have broad applications across quantum science and
technology. This prospect is in line with recent work using ML
to learn control fields directly from classical optimal-control
solvers [77].
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APPENDIX: MODEL ARCHITECTURE
AND TRAINING DETAILS

In this Appendix, we provide further details on the ML
model architecture and training procedure used in this work.

1. Data, features, scalars, and normalization

Each MaxCut instance is a weighted 3-regular graph G =
(V, E, w) with positive edge weights w;;. We encode each
graph into the input tensors of a GNN encoder, i.e., a matrix
that contains information about node features and a list with
the edge attributes. Because the graphs do not have intrinsic
node attributes, we use a constant node feature x; = 1 for
every vertex I; all information enters the GNN through con-
nectivity and edge weights. In addition to message passing on
the graph (see Sec. 2 of the Appendix), during training both
teacher and student receive a small set of scalar features s that
contains the following: the node count |V|; the ground-state
eigenvalue of the problem Hamiltonian; the spectral gap of the
problem Hamiltonian; the spectral gap of the midpoint Hamil-
tonian, defined as (Hy + Hp)/2; and an optional index feature
that is determined by the index (after canonical labeling) of
the minimum diagonal entry of H,, where canonical labeling
means a deterministic relabeling that assigns the same vertex
ordering to isomorphic graphs so that indices are comparable
across instances. We found the index feature to have negligible
effect in our tests, so we omit it from the nominal model.
To provide explicit size cues, we append +/[V] and In |V| to
the set of scalar features. Thus, we have five instance scalars
(if the optional index feature is included) plus two size cues.
All scalar components are standardized using training-split
statistics (zero mean, unit variance), and the same procedure
is applied at validation and test time. We train with batch
size 1.

2. Encoder (message passing)

Given a weighted graph, a GNN encoder performs mes-
sage passing for £, GNN layers. Here, message passing
refers to each node repeatedly gathering information from
its neighboring nodes, which are weighted by the edges con-
necting them, and updating its own internal vector to reflect
that neighborhood. That is, in each layer, every node up-
dates its embedding by aggregating a learned function of its
neighbors’ embeddings and the incident edge weights. After
Emf layers, the encoder produces node embeddings {h(f'“") €
R :v e V}, i.e., learned d-dimensional vectors that summa-
rize each node’s local weighted neighborhood. Because the

neighbor-aggregation step is permutation invariant, the en-
coder is invariant to vertex relabelings.

3. Pooling and the graph-level vector

After the neighbor-update steps, each node v carries a
vector h(f"‘") that encodes its local environment. To describe
the whole graph with a single object, we combine these node
vectors into one fixed-length graph-level vector z. We do this

by taking a few simple summaries over all nodes,
— 1 — —
I"l’_mzhva U_Zhva n_mvathv
v v

and by using two standard learned summaries that adaptively
weight or scan over the set of nodes: GlobalAttention (a
learned, weighted average) and Set2Set (a small recurrent
module applied to the unordered node set) [63,78,79]. We then
concatenate these pieces to form

z2=[p;0;7;8GA;8s2s |,

such that z collects both simple whole-graph statistics
(mean/sum/max) and learned global summaries that can cap-
ture more structured correlations across the graph.

4. Readouts and teacher-student roles

Teacher (conditioned readout). The teacher stacks three
message-passing convolutional blocks (GINEConv with edge
attributes) to produce node embeddings, applies the mul-
tipooling heads A-E (A: mean, B: sum, C: max, D:
GlobalAttention, and E: Set2Set), and concatenates them to
z. A small hypernetwork H then takes five graph-level scalars
s and outputs the weights and bias (W (s), b(s)) of a two-stage
readout (I and II), yielding the reference curve

Br = W(s)z+ b(s).

This lets the final map adapt smoothly across instance sizes
and coarse difficulty without retraining upstream layers.

Student (lightweight backbone with auxiliary scalar head).
The student uses three TransformerConv layers with edge
attributes, the same multipooling to obtain z, and two heads:
(1) an auxiliary scalar head fi., that predicts § (supervised
only during training) and (2) a compact two-layer multilayer
perceptron (MLP) (curve head) that takes [ z, §] and outputs
3. Having the student also learn the graph statistics s encour-
ages it to capture the same information that guides the teacher.
At inference, the student builds a graph summary z, forms an
internal estimate § from this summary using a small readout
trained to match s, and then uses [z, §] to output the curve ,BS;
we report only 3% and do not use the teacher.

5. Distillation objective (values, differences,
and light smoothing)

By “distill” we mean that the student matches the teacher
as a function of layer index, minimizing discrepancy on the
full curve and its first/second finite differences, while lightly
suppressing high-frequency oscillations. Let V and V? denote
first and second finite differences along the layer axis, F the
real-input FFT, and TV total variation. The training objective
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Laisin = c1 |B5 = B"13 + 2 IVBS — VB |3

+ o3 V2B = V2B 5+ ea ) o IFIB ) )

+¢s TV(B®) + c6 |15 — s113. (A1)
Definitions (finite differences and transforms).
(VB)j =B —Bj. 0<j<t—-2, (A2)
(V2B);j =Bjn1 —2Bj+Bj-1. 1<j<L—2, (A3)
-1
FiB wm) =) e, wy =22,
j=0
m=0,...,£—1, (A4)
-2
TV(B) =) |Bjr1 — Bjl- (A5)
j=0

Intuition. ¢; matches level; ¢, matches slope (peak place-
ment and tail decay rate); c3 matches curvature (peak
sharpness and tail bend); c4 reduces high-frequency chatter
(via @*); c5 discourages step-to-step jumps; and cg aligns the
scalar conditioning channel. Values are given in Table I.

6. Data, training protocol, and hyperparameters

We consider 3-regular graphs with n € {4, 6, 8, 10, 12}.
We generate 2240 instances and split them into 60% training

TABLE I. Model hyperparameters (Optuna tuned unless marked
fixed).

Hyperparameter Value
Teacher (fixed)

Hidden dimension 96

Hypernetwork hidden 224

Output length ¢ 1001

GlobalAttention/Set2Set True/True

Nominal Student [TransformerConv; loss weights in Eq. (A1)]

¢, (level match) 1.970 063 3
¢; (slope match) 0.355 368 1
c3 (curvature match) 1.761 085 2
¢4 (spectral penalty) 8.7863 x 1072

5.5548618 x 107!
tuned; best ¢

cs (total variation)
¢ (auxiliary scalar head)

Tunable values selected via Optuna (TPE) on validation loss; teacher
settings are fixed.

(of which 80% are used for parameter updates and 20% for
validation) and 40% testing. We train for 100 epochs with
Adam (learning rate 107%), batch size 1 (per-graph curve
supervision). The model outputs curves of length ¢ = 1001 to
match the FALQON depth used in our numerical experiments.
The coefficients in Eq. (Al) are those in Table I. The for-
ward path follows Fig. 3: three message-passing blocks (1-3),
multipooling heads (A-E), and a two-stage readout (I and
I). The teacher uses a conditioned (hypernetwork) readout
fed by s; the student adds the auxiliary scalar head § that is
estimated during training by a small MLP and included in the
loss function. Training the nominal student on a single GPU
takes on the order of hours, while a trained student predicts a
full curve in milliseconds per graph.
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