PHYSICAL REVIEW RESEARCH 8, 043035 (2026)

Observable scaling hierarchies in multiphoton dissipative quantum sensing

Shahram Panahiyan
Institute for Quantum Physics, Max Planck Institute for the Structure and Dynamics of Matter,
Luruper Chaussee 149, D-22761 Hamburg, Germany
and University of Hamburg, Luruper Chaussee 149, D-22761 Hamburg, Germany

® (Received 28 May 2026; accepted 19 September 2026; published 13 October 2026)

We investigate how quantum correlations in squeezed driving fields determine scaling laws in dissipative
multiphoton quantum sensing. Independently squeezed fields yield factorized scaling, with separate absorption
and emission contributions and nonlinear thresholds that suppress exponential scaling in linear processes. In
contrast, jointly squeezed fields generate collective scaling governed by the total nonlinear photon order of
the dissipative interaction. Remarkably, we show that normally ordered observables do not inherit the full
nonlinear scaling of the underlying multiphoton fluctuations. Instead, they exhibit asymptotic behavior with
an effective nonlinear order reduced by one. This arises because normally ordered observables probe only part of
the underlying multiphoton fluctuation structure. These findings reveal how multiphoton fluctuations, quantum
correlations, and measurement structure jointly determine the experimentally accessible sensitivity of nonlinear
dissipative quantum sensors and establish design principles for quantum sensing protocols based on structured

squeezed light.
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I. INTRODUCTION

Dissipative quantum sensing has emerged as a power-
ful approach for probing weak physical parameters through
environment-induced transitions and nonequilibrium light-
matter interactions [1-6]. Unlike purely coherent interfero-
metric protocols, dissipative sensors can directly exploit loss,
emission, and relaxation processes as metrological resources,
enabling parameter estimation in open quantum systems
where dissipation is unavoidable or even engineered [2,6—
10]. As dissipative control becomes increasingly accessible in
photonic [11], atomic [8,12—14], and superconducting [6,15]
platforms, understanding the fundamental scaling laws gov-
erning dissipative quantum sensors has become an important
problem in quantum metrology [6,16].

Multiphoton dissipative processes occupy a special role
within this framework because their transition rates depend
directly on high-order field correlations [17-23]. Unlike lin-
ear dissipative channels, multiphoton absorption and emission
probe nonlinear fluctuation sectors of the driving fields, mak-
ing them intrinsically sensitive to quantum correlations and
nonequilibrium photon statistics. Engineered multiphoton dis-
sipation therefore provides a natural setting for investigating
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how nonclassical fluctuations shape the scaling structure of
open-system quantum sensing [1,24-27].

Squeezed optical fields strongly amplify multiphoton fluc-
tuations [28-33] and can substantially modify the response
of nonlinear dissipative [17-19] and nondissipative [31,34—
39] channels. However, the metrological consequences of
these enhanced fluctuations depend not only on their magni-
tude but also on their correlation structure and experimental
accessibility. Independently squeezed optical modes gener-
ate fluctuations locally within each field, whereas jointly
squeezed fields produce intermode correlations that directly
couple absorption and emission processes. This raises a funda-
mental question: To what extent do the enhanced multiphoton
fluctuations generated by squeezing translate into experimen-
tally accessible metrological advantage? Since experimentally
accessible observables probe only specific moments of the
underlying multiphoton fluctuations, it remains unclear how
distinct squeezing-induced correlation structures determine
the observable scaling of nonlinear dissipative quantum
Sensors.

Previous studies have established important roles for
squeezed multiphoton states in quantum metrology and for
higher-order quantum correlations in nonlinear entangle-
ment characterization. In particular, scalable multiphoton
quantum metrology with two-mode squeezed vacuum states
and photon-number-resolved detection has demonstrated the
metrological value of exploiting complete multiphoton statis-
tics in unitary sensing protocols, establishing that the choice
of measurement determines the accessible metrological infor-
mation [40]. Related studies have developed hierarchies of
higher-order entanglement witnesses and separability crite-
ria for characterizing nonlinear quantum correlations [41,42].
The present work addresses a complementary problem:
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Rather than unitary parameter encoding or entanglement char-
acterization, we consider multiphoton absorption-emission
dynamics described by a Lindblad master equation and in-
vestigate how the correlation structure of independently and
jointly squeezed fields determines the asymptotic scaling
of experimentally accessible observables. Accordingly, the
hierarchy developed here concerns dissipative metrological
sensitivity rather than a hierarchy of entanglement witnesses
or optimal measurements. The collective scaling considered
here likewise refers to nonfactorizable intermode contribu-
tions to experimentally accessible observables, rather than to
many-body collective quantum states.

Within this Lindblad-based framework, we derive analyti-
cal scaling laws and show that dissipative multiphoton sensing
exhibits two distinct asymptotic structures determined by the
squeezing architecture of the driving fields. Independently
squeezed pump and signal modes produce factorized scaling,
in which absorption and emission contribute separately to the
sensitivity, whereas jointly squeezed fields generate collective
scaling governed by the total nonlinear photon order of the
dissipative interaction. We further establish a universal one-
order reduction: Experimentally accessible normally ordered
observables exhibit asymptotic scaling corresponding to a
nonlinear order effectively reduced by one relative to the un-
derlying multiphoton fluctuations. In jointly squeezed fields,
intermode correlations modify this scaling structure through
interference between local and collective fluctuation channels,
leading to observable-dependent deviations and exceptional
symmetry-induced regimes. Finally, we show that in this dissi-
pative setting the structure of quantum correlations determines
both the nonlinear response and the relative performance
of measurements: Independently squeezed fields exhibit a
regime-dependent hierarchy with no globally optimal ob-
servable, while jointly squeezed fields lead to a constrained,
asymmetry-dependent hierarchy of observable performance
across different regimes.

These results reveal how squeezing correlation structure
and measurement structure jointly constrain nonlinear quan-
tum scaling in dissipative sensing, with direct implications for
the design of optimal sensing protocols.

II. MULTIPHOTON ABSORPTION
AND EMISSION THEORY

We consider a dissipative multiphoton process in which
m pump photons are absorbed and n signal photons are
emitted. The optical fields are modeled as two independent
bosonic modes with annihilation operators ap and ag, sat-
isfying canonical commutation relations. We assume weak
coupling between the sample and the optical fields and a fast
relaxation of the sample degrees of freedom. Under these
conditions, the sample acts as a Markovian reservoir for the
fields (see Appendix A), allowing the internal dynamics of
the sample to be adiabatically eliminated, resulting in the
following Lindblad master equation:

d
—p =BLIp] = p(2a5@5)" b (ap)"aj

dt
— (b, @) aay @g)'}), M

in which the jump operator is @} (a5)" and g is the absorption-
emission coefficient related to the total cross section of the
process.

Such a Lindbladian description of multiphoton absorption
and emission processes has a well-established microscopic
basis in quantum optics. Higher-order perturbation theory
relates multiphoton transition rates to high-order normally or-
dered field correlations [43], while density-matrix treatments
provide master-equation descriptions of multiphoton absorp-
tion and emission processes [44]. In particular, Sdinz de los
Terreros et al. and Simaan developed master-equation descrip-
tions of hyper-Raman processes, including the three-photon
process in which two pump photons are absorbed and one
signal photon is emitted [45,46], providing a concrete re-
alization of the multiphoton absorption-emission structure
considered here. More generally, effective Lindblad operators
can be obtained by adiabatically eliminating rapidly relaxing
microscopic degrees of freedom [47]. Another microscopic
realization particularly relevant to the present setting is stim-
ulated Raman scattering, where the optical fields exchange
energy with material vibrational modes. In a recent treatment
of quantum-enhanced stimulated Raman scattering, Schlawin
and Gessner showed that, when the pump-probe frequency
difference is resonant with a material vibration, the reduced
optical-field dynamics acquire a Lindbladian contribution de-
scribing this irreversible energy exchange [19].

To evaluate the expectation value of any operator in this
framework, we consider [18,48,49]

(0) = tr{OePLet p}, )

where py =10, 0)(0, 0] is the two-mode vacuum and L.
denotes the squeezing operation, performing

el p = Ijk,olA],j'. 3)

The squeezing can be applied either (1) independently to
each mode, with U = exp[{kazz/Z —H.c.] and & = ree',
where r; and ¢ denote the gain parameter and phase of the
mode and k € {P, S}, or (2) jointly as a two-mode squeezing
operation with Uy = U = exp[¢apay — H.c.], where ¢ = re'®
[see Fig. 1(a)]. The squeezed fields are taken as externally
prepared quantum resources; hence, the quantum correlations
considered here are not generated by the nonlinear dissipa-
tive interaction or by any particular microscopic energy-level
quantization.

Considering that multiphoton absorption-emission pro-
cesses have small cross sections [31,50], we focus on the
weak-interaction limit, 8 <« 1, where the Lindblad evolution
can be linearized as e#£ ~ 1 4+ B.L, corresponding to a first-
order perturbative expansion in . In the Heisenberg picture,
this yields input-output relations of the form ay — ay + B8 ¥«
in which

d b mman ot

Fs = a5 = n(ayy anaiag) "', )
d ~ At\xm—=1lamansat\n

Fo = —ap = —m(@p)"" apagay)”, Q)

An A

where we have used the standard identities [dy, ag] =

nag’l and [(ag)", as] = —n(&})"". Using these relations, we
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FIG. 1. (a) Schematic illustration of the two illumination configurations considered: independently squeezed pump and signal modes
(top) and jointly squeezed fields (bottom). (b) Sensitivity as a function of the squeezing parameters for independently squeezed fields for
representative observables. Distinct regimes emerge, including saturation features associated with nonlinear thresholds, reflecting the factorized
contributions of absorption and emission processes. (¢) Sensitivity as a function of a single squeezing parameter for jointly squeezed fields,
for photon-counting and photon-correlation measurements. Exponential scaling is generally observed in the high-gain regime, except for
correlation measurements in the symmetric linear case, where the exponential dependence disappears and the sensitivity saturates.

define the input-output transformations of the fields inside the
sample

(6)
(N

This formulation is particularly advantageous because it pro-
vides direct access to the time evolution of experimentally
relevant observables.

We consider Gaussian input states obtained by applying
squeezing procedures to the vacuum. The output fields are
analyzed through experimentally accessible observables, in-
cluding photon number N, = &z&k, their difference Ny — Np,
and the photon-number correlation NpNs, evaluated using
normal-ordering techniques [51-53] (see Appendix B for
closed-form expressions).

The present effective description concerns the quantization
of the optical fields and their nonlinear dissipative interaction,
rather than microscopic mechanisms of energy-level quanti-
zation or spectral restructuring such as quantum confinement,
avoided crossings, crystal-field splitting, or dressing-induced
level shifts.

as — ag = as + pn(ah)y apaial) ",

ap — dp = ap — Bm (@) " analial)".

III. ESTIMATION STRATEGY

To quantify the precision in estimating 8, we employ the
standard error-propagation formula [54,55]

B AO?
19(0) /881>

where AO is the standard deviation. This approach directly
relates the intrinsic quantum fluctuations of O to its changes
in B, providing a transparent and experimentally relevant
measure of estimation precision [18,19,48,56,57]. Since the
observables considered here are directly measurable via stan-
dard photon-counting or coincidence-detection schemes, the

NG ®)

error-propagation uncertainty offers a practical benchmark for
achievable sensitivity in multiphoton absorption-emission ex-
periments [56,57]. In what follows, the sensitivity is defined as
the estimated uncertainty in 8, so smaller values of sensitivity
correspond to higher precision.

IV. OBSERVABLE SCALING HIERARCHY
UNDER MULTIPHOTON DISSIPATION

We now establish the structural principles governing the
asymptotic scaling of multiphoton dissipative sensing.

Theorem (Universal one-order reduction). The asymptotic
scaling of dissipative sensitivities in an m-photon absorption
and n-photon emission process is determined by the highest-
order normally ordered field moments contributing to the
measured observable.

For dissipative multiphoton processes generated by L =
ap(ag)", the underlying multiphoton fluctuations scale with
the full nonlinear order (m + n) of the dissipative interac-
tion. For normally ordered observables, however, the leading
observable scaling is reduced by one nonlinear order rel-
ative to the underlying multiphoton fluctuations, provided
the dominant fluctuation contributions remain nonvanish-
ing. Physically, this reduction reflects the fact that normally
ordered observables probe only part of the underlying multi-
photon fluctuation structure.

Proposition (Correlation-induced scaling modification).
For jointly squeezed fields, intermode correlations generate
interference between local and collective fluctuation con-
tributions to the observable moments. These interference
effects can modify or suppress the leading asymptotic scaling
for specific observables and symmetry configurations, pro-
ducing observable-dependent deviations from the universal
one-order-reduced scaling structure.

The explicit observable realizations of these scalings are
derived through the asymptotic analyses presented in the
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TABLE 1. Leading-order asymptotic scaling of the sensitivity measures AfBy,, ABy;_n,, and ABy,y, for independently and jointly
squeezed pump and signal fields. For both cases, power-law (algebraic) behavior appears when a field remains in the low-gain regime, while
exponential suppression emerges once the corresponding field enters the high-gain regime. The decay rates are governed by the nonlinear
emission and absorption orders n and m, respectively. In the independently squeezed case, cross-exponentials in the high-gain regimes capture
the interplay of multiphoton emission and absorption. In the joint-squeezing scenario, the scaling reduces to a cooperative exponential decay
in the high-gain regime. Here, c(n, m) and ¢/(n, m) are constant prefactors given in Eq. (E13).

Regimes of interest A By ABng—np

Independent pump-signal squeezing

OUz™" + rp*mr2)

O(r;4me—4(n71)rg)
0(6—4(m71)rp rg)

0(6*4((m*1)rp+ﬂ7s) + 674(mrp+(n—l)r5)) O(

ABnpng

O(r2ry™m
0(674()17 Drg r;4m)
O(rgef4mrp)
0(874(117 Drg e74mrp )

2—4m 2 d—dm 4
O(ry™™rs + 15 "r§)
O(FIZ;._4"1€74WS )

O(r§ei4’””’ )
e—4((m—l)rp+(/xfl)rs) )
(c(n,m)e* P +¢' (n,m)e’s )2

rp<1,rg<1
rp <1 rs > 1
rp>»> 1rs<1
P> 1, rg > 1

Joint pump-signal squeezing

r<l o(r*=*m) - o@r*—*m)

> 1 0(6—4(m+n—1)r)

_ 0(674(m+n—1)r) and O(e—S(n—l)r) ifn=m

following section, and the proof follows from the exhaustive
analysis of Appendix E for the stated observable class.

V. SCALING BEHAVIOR AND PHYSICAL
INTERPRETATION

We first consider independently squeezed pump and signal
modes in which the nonclassical fluctuations of each field can
be tuned separately, allowing us to isolate how single-mode
squeezing modifies multiphoton absorption and emission
processes. The input-output transformations before the inter-
action with the sample are & — cosh ry & + /% sinh ry a,f
[48,58]. We next consider jointly squeezed pump and sig-
nal fields prepared in a two-mode squeezed state in which
quantum correlations directly couple the two modes, thereby
modifying the joint photon statistics that enter multipho-
ton transition amplitudes. The corresponding transformations
are a; — coshray + e sinhr&;, with j € {P,S} and j #
k [49,58]. Closed-form expressions for the observables are
given in Appendixes C and D.

We analyze the scaling of sensitivities for independently
and jointly squeezed fields across low- and high-gain regimes,
with the results given in Appendix E and their scaling behav-
iors summarized in Table I.

Two qualitatively distinct behaviors emerge. In the low-
gain regime, the dynamics are pump dominated since
multiphoton absorption requires photons in the pump mode,
while emission processes can proceed from vacuum fluctu-
ations. As a result, the leading scaling is governed by the
statistics of the pump field, with the signal contributing only
subleading corrections. This asymmetry gives rise to algebraic
scaling laws characteristic of a perturbative regime. In the
high-gain regime, exponential factors appear whose decay
rates are determined by the nonlinear absorption and emission
orders. In mixed regimes, algebraic and exponential contri-
butions coexist, reflecting the interplay between weakly and
strongly squeezed modes.

For independently squeezed fields, the high-gain scaling
factorizes into contributions associated with the two modes,
reflecting the action of the Lindblad generator through sep-
arate dissipative channels associated with the pump and

signal modes. Exponential contributions from absorption and
emission processes, therefore, appear independently, and the
detailed scaling remains observable dependent. A direct con-
sequence is the emergence of nonlinear thresholds, whereby
the exponential scaling disappears [see Fig. 1(b)] when the
corresponding absorption or emission process becomes lin-
ear (e.g., linear emission in photon-number measurement).
Independent squeezing thus probes absorption and emission
pathways separately, revealing their individual nonlinear char-
acter.

In contrast, jointly squeezed illumination leads to the
scaling reorganizing into a collective form governed by a
single squeezing parameter r. This is because intermode
correlations reorganize the photon statistics and activate the
collective structure of the multiphoton jump operator. The
sensing dynamics then behave as a single cooperative mul-
tiphoton channel. Consequently, in the high-gain regime,
photon-counting and correlation-based observables generally
exhibit scaling in which exponential suppression is controlled
by the total nonlinear order of the multiphoton interaction,
(m+n—1). This collective behavior, however, is observ-
able dependent and therefore not universally accessible at the
level of measurable sensitivities. Its manifestation depends on
how the chosen observable samples the underlying quantum
fluctuations. In particular, symmetry constraints and fluctu-
ation properties of the measurement operator can suppress
the expected exponential scaling [see Fig. 1(c)], leading in
some cases to saturation in the high-gain regime (e.g., lin-
ear processes with m = n = 1 for photon correlations) or to
ill-defined sensitivities (e.g., the photon-number difference,
whose variance vanishes under two-mode squeezing).

In the high-gain equal-squeezing limit (rp = rg > 1), the
leading exponential scaling for independently and jointly
squeezed fields coincides, yielding an effective universal be-
havior governed by the total nonlinear order (m +n — 1).
This realizes the universal one-order-reduction theorem
established above. In this regime, the system behaves
as a single nonlinear dissipative channel, where the
combined multiphoton absorption-emission process deter-
mines the asymptotic metrological enhancement. Subleading
terms and observable-dependent prefactors, however, retain
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FIG. 2. Relative performance of measurement strategies for independently and jointly squeezed illumination. (a) Logarithmic ratio
ABng—np [ AByg (left panel), ABy,ng /APy, (middle panel), and A By, _y, /ABn,ng (right panel) as a function of rg and rp for different nonlinear
orders (m, n). The ratio ABy,ng/APn; remains below unity across the entire parameter space, while ABy,_y, /A By, and ABye_n, /A Bypng
exhibit a regime-dependent behavior revealing nontrivial competitions between different observables and the correlation observable. Across
all panels, the qualitative structure is preserved for different (m, n), with the nonlinear orders primarily shifting the boundaries (denoted by
dark solid line) between regimes. (b) Ratio ABy,n,/A By for jointly squeezed fields as a function of the squeezing parameter r in logarithmic
scaling. The ratio shows mixed behavior determined by the gain parameter and order parameter.

signatures of the underlying squeezing configuration. We
quantify this by analyzing the relative performance of experi-
mentally accessible measurements in the next section.

We emphasize that this reduction is a property of the
asymptotic error-propagation sensitivities under nonlinear
Lindblad dynamics, rather than a statement about optimal
information extraction: It does not follow from the Fisher-
information analyses of unitary multiphoton metrology [40],
where different detection operators are known to extract dif-
ferent amounts of information from a given state, but instead
originates from the operator structure of the dissipative mul-
tiphoton process itself. In particular, the 8 derivative of a
normally ordered observable involves field correlations of
one order lower than the fluctuations generated by the full
(m + n)-photon interaction, which is the origin of the one-
order-reduced asymptotic scaling.

This behavior admits a natural interpretation as a nonlinear
dissipative interferometer, in which multiphoton processes
amplify the effective squeezing resource by reducing the
number of independent fluctuation channels. The achievable
precision, therefore, scales exponentially with the effective
nonlinear order, establishing a general design principle for
dissipative quantum sensors: The attainable scaling is set by
the total photon number participating in the interaction, while
its accessibility depends on both the entanglement structure of
the fields and the measurement used to extract the signal.

VI. RELATIVE PERFORMANCE
OF MEASUREMENT STRATEGIES

To assess the relative performance of different measure-
ment strategies, we present Fig. 2, which summarizes these
comparisons in terms of logarithmic ratios of sensitivities
across the relevant parameter regimes.

For independent squeezing, correlation-based measure-
ments provide a robust metrological advantage over photon
counting across the entire (rp, rsg) parameter space for all non-
linear orders considered in this configuration [see Figs. 2(a)
and 3]. In contrast, the ratio A By,—_n, /APy, displays both en-
hancement and degradation regions across the (7p, rs) plane.

In particular, it exceeds unity for a high-gain pump field,
whereas it remains below unity in the complementary regime.
A similar competition is observed in Fig. 2(a) for the ra-
tio ABn,—n,/ABNyng, Which is smaller than unity for weak
squeezing and becomes larger than unity as both rp and rg
increase. Notably, the qualitative behaviors detailed above
are largely preserved across different nonlinear orders, with
(m,n) primarily affecting the extent and location of the
boundaries between advantage and disadvantage regions (see
Fig. 3 in the Appendix).

For jointly squeezed fields, the relative performance of
photon-counting and correlation measurements exhibits a
nontrivial asymptotic dependence on the nonlinear asymmetry
of the dissipative interaction. As shown in Fig. 2(b) (and
Fig. 4 in the Appendix), correlation measurements outperform
photon counting in the high-gain regime whenever the interac-
tion is sufficiently asymmetric, m —n > 2 or n — m > 3, for
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ABNy Ng/DBNs  ABNg-Np/ABN, N

2 i
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g 140
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FIG. 3. Relative performance of measurement strategies for in-
dependently squeezed illumination.
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FIG. 4. Relative performance of measurement strategies for
jointly squeezed illumination.

which the sensitivity ratio falls below unity asymptotically. In
the remaining cases, including symmetric and weakly asym-
metric processes, the hierarchy reverses at large gain, and
photon counting provides superior sensitivity. Moreover, for
m —n = 2, the correlation observable remains advantageous
across all gain regimes. These results show that the observable
hierarchy in jointly squeezed dissipative sensing depends non-
trivially on both the magnitude and direction of the nonlinear
asymmetry. At high gain, the ratios ABy,n,/ABn, for n # m
saturate, signaling the onset of the asymptotic scaling regime
discussed previously.

Taken together, these results show that, while inde-
pendent squeezing admits a broadly flexible observable
hierarchy, jointly squeezed fields produce a more constrained
asymmetry-dependent structure governed by collective multi-
photon correlations and measurement accessibility.

We note that the hierarchy identified here is complemen-
tary to measurement-optimality analyses in unitary multipho-
ton metrology, where photon-number-resolved detection has
been shown to maximize the accessible information by ex-
ploiting the complete multiphoton statistics [40]. Rather than
identifying a globally optimal measurement, the present anal-
ysis compares the asymptotic sensitivities of experimentally
standard observables under dissipative dynamics, showing
that their relative performance is governed by the nonlinear
interaction orders and the correlation structure of the illu-
mination, with no single observable being optimal across all
regimes.

VII. EXPERIMENTAL REALIZATION

The scaling hierarchy studied here can be investigated

using established squeezed-light and photon-counting
techniques. Independently squeezed pump and signal
fields can be generated using separate single-mode

squeezing processes [59], while jointly squeezed fields
can be produced through two-mode parametric interactions
[33,60]. The photon-number observables considered here
can be accessed using photon-number-resolving and
coincidence-detection measurements [21,61]. The remaining

requirement is a nonlinear dissipative optical channel
realizing an effective multiphoton absorption-emission
process; stimulated Raman scattering and hyper-Raman
processes provide experimentally demonstrated examples
of nonlinear light-matter interactions of this type [39,62],
while engineered dissipative light-matter interactions offer
additional routes to effective nonlinear channels. Thus, the
predicted factorized and collective scaling regimes and the
associated observable hierarchy can, in principle, be tested
by varying the squeezing gain and measuring the resulting
photon-number statistics.

VIII. CONCLUSION

We have established the scaling structure governing mul-
tiphoton dissipative quantum sensing with squeezed light.
While squeezed fields exponentially enhance the underly-
ing multiphoton fluctuations, we showed that experimentally
accessible sensitivities obey a universal one-order-reduced
hierarchy determined by the structure of measurable observ-
ables. Independently and jointly squeezed fields realize dis-
tinct factorized and collective scaling regimes, with intermode
correlations generating observable-dependent interference ef-
fects and exceptional symmetry-induced behavior.

Our results identify observable accessibility as a funda-
mental constraint in nonlinear dissipative quantum metrology,
establish a unified framework for understanding how quantum
correlations shape experimentally accessible scaling laws in
open quantum systems, and provide general design principles
for dissipative quantum sensors.
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APPENDIX A: JUSTIFICATION
FOR LINDBLADIAN APPROACH

The effective Lindblad description in Eq. (1) can be un-
derstood as the reduced dynamics of the optical fields after
eliminating microscopic degrees of freedom of the sample.
In a microscopic light-matter description, higher-order in-
teractions generate transition amplitudes involving products
of optical creation and annihilation operators. An m-photon
absorption process gives rise to factors of a&p, while the
simultaneous emission of n signal photons gives factors
of (&;)”. Such multiphoton processes have been described
microscopically using higher-order perturbation theory and
density-matrix methods [43,44]. In particular, the three-
photon hyper-Raman process considered by Séinz de los
Terreros et al. [45] provides an explicit example involving
the absorption of two pump photons and the emission of one
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signal photon. More generally, when the relevant microscopic
degrees of freedom of the sample are rapidly relaxing, they
can be adiabatically eliminated, resulting in effective dissipa-
tive operators acting on the optical fields [47].

The corresponding multiphoton channel is constrained by
energy conservation in the underlying microscopic process.
If the sample undergoes a transition with energy change
(AEgmple), the allowed m-pump/n-signal process satisfies
the resonance condition mliwp — nhws >~ AEgmple, Where the
equality is understood within the linewidth of the relevant
transition. For example, in stimulated Raman scattering, a
pump photon is converted into a signal photon while the sam-
ple undergoes a vibrational transition, giving wp — ws >~ wyip.
This is the microscopic energy-exchange mechanism under-
lying Raman processes and is also the situation considered in
the recent microscopic treatment of quantum-enhanced stim-
ulated Raman scattering by Schlawin and Gessner [19]. Thus,
m and n are not arbitrary photon numbers imposed indepen-
dently of the physical system; rather, they specify a particular
nonlinear optical channel selected by the microscopic tran-
sition and its resonance condition. After the sample degrees
of freedom are traced out, their energy exchange with the
optical fields is encoded in the effective dissipative dynamics
of Eq. (1).

The weak-coupling and short-memory assumptions under-
pinning the Markovian approximation are well justified in our
study because the sample relaxation time is much shorter than
the timescale over which the light fields evolve. Similarly,
any coherent backaction of the sample on the fields is neg-
ligible due to the low probability of multiphoton absorption
and emission events under the weak-interaction conditions as-
sumed here. Saturation and depletion of the sample states can
likewise be neglected in the weak-interaction regime assumed
here, where the sample remains far from population inversion
or significant occupation of excited states. Under these condi-
tions, the sample acts as an effectively Markovian reservoir
for the optical fields, and the resulting reduced dynamics
are accurately described by the Lindblad master equation in

Eq. (1).

APPENDIX B: CLOSED-FORM EXPRESSIONS
OF THE OBSERVABLES

In this Appendix, we present the explicit analytical expres-
sions for the observables employed throughout this work. To
evaluate the expectation values of the observables introduced
in the main text, we first establish a set of operator identities

J

that allow us to systematically normal order products of cre-
ation and annihilation operators. This step is essential because
squeezed states and multiphoton processes naturally generate
operator expressions involving high powers of noncommuting
field operators. We employ modified binomial expansions for
bosonic operators [51],

[n/2] | m n—2m
. aton n!(xy) n—2m
(Gx+a'y) mX: m'(n—2m)'2’”

x xryn 2m— r(aT)n—Zm—r&r, (Bl)

which explicitly account for the noncommutativity of a and
a'. When applied to the vacuum state, this expansion simpli-
fies to

ln/2] (AT)n—Zm

ax +a 0) = n! —x"y"7"0), (B2
(ax+a'y)"|0) Zm,(n_Zm),zm Y'7"0),  (B2)
which is particularly useful for computing expectation val-
ues in squeezed-vacuum and related nonclassical states. To
reorder products of creation and annihilation operators, we
further use the identities

min(j,k)

Ajratyk ]‘k' ATksAj s

@ = ;) preEsTr G (B3)
(AT)“"—mmf)L( ya =@y, B4
T L aG ks ’

with additional related identities given in Refs. [52,53]. Using
the above relations, we obtain the general vacuum expectation
value

(Ol(ax + a'y)"(aw + a'z)"|0)
[n/2]

( ')2 m_n—m_n—m_m
= 2 Gatyitn = amy VT B9
m=0
which serves as a central building block for evaluating
photon-number moments, differences, and correlations of the
squeezed fields considered in this work.

Working in the Heisenberg picture, we apply the input-
output transformations derived from the Lindbladian formu-
lation, given in Egs. (6) and (7). These relations describe
the effective evolution of the field operators induced by
the multiphoton absorption-emission process. Using these
transformations, we obtain closed-form expressions for the
relevant photon-number moments, differences, and correla-
tions, which are listed below:

Ns = g + 2np(ap)"ap[dya)" — nag~" @)=+ OB, (B6)

Rp = (@) ap = fip — 2Bm(a} )"yl @l + OB, (B7)

N§ = (@5)as)* = a5 + 4np(ap) apas @by — @n + Dagaby" + n*ag" @)™+ 0B, (B8)
N7 = (@) ap)* = iip — 4pm(@p)" ! + m(ap)"apas@y)" + 0(B*), (BY)

NpNs = @p) ap(ay) ay = apis + 28 (n(@p)y"apt! + nm(@y)y"ay) (@@ — nas" @h)")

_ m(&P)m&Zl(agl+l (as)n+1

— (n+ Dagag)")] + 0B,

(B10)
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(NpNs)* = (@p) dp (@) as)” = (hphs)® + 4Bn(@h)"apt? + @m + 1)@p)"ap™ + m(af)"ay)
X (&245’1(&3)”4»1 _ (2}’1 + 1)&5(&5)}1 +n &gfl(as)nfl) _ 4ﬂm(( )m+1Am+1 +m( )mag’l)(&§+2(a;)n+2

— 2n+3art @)™ + (n+ 1*ak@)") + oY), (B11)
(Ns — Np)? = ((ay)'ds — (@p) ap)* = (@) ag)* + (@p)'ap)* — @) ag@p) ap — (ap)ap ) as, (B12)

in which
NSNP — (aS)TaS(AP)TaP = Aghp + Zﬂ[(n(ap)m+l,\m+l + nm(a )m&rﬁ)(&s(&;)n _ nag—l(ag)n—l)
—mpayy"ay @yt @) — (n+ Dagal)")] + 0. (B13)

APPENDIX C: CALCULATED QUANTITIES FOR THE CASE OF INDEPENDENTLY SQUEEZED FIELDS

In this Appendix, we present the results for photon counting and its higher-order moments for the case in which the pump
and signal fields are squeezed independently. In this configuration, the nonclassical properties of each field can be controlled
separately, allowing us to isolate the influence of single-mode squeezing on multiphoton absorption and emission processes.

To evaluate the expectation values of the normally and antinormally ordered expressions appearing in Eqgs. (B6)-(B13),
we make use of the general identity given in Eq. (B5). These expectation values naturally arise when expressing multiphoton
observables in terms of squeezed-field operators and encode the dependence of the nonlinear response on squeezing strength and
phase. For the choice x = e~*sinh r, y = cosh 7, w = coshr, and z = ¢ sinh r, corresponding to normally ordered operator
products, we obtain

n/2]

(Ol(ax + a'yY'(aw +a'z)"10) = Y (
m=0

(n!)*

m!)z(n —2m)! 22m (cosh r)zm(Sinh r)2n72m' .

Conversely, for x = coshr, y = ¢ sinh r, w = ¢~ sinh r, and z = cosh r, which corresponds to antinormally ordered operator
products, we find

/2]

NP . (n!)? s )
(0](ax + a'y)"(aw + a’z)"|0) = —(coshr) "M (sinh )™ (C2)
mZ:o (m")2(n — 2m)! 22

Using the above equations, the expectation values of the relevant operators for independently squeezed light fields are given
by

Lm/2]
(&) Tas) = sinh*(rs) +2n8 >
k=0

(m!)2(cosh rp)2 (sinh rp)2m=2k | L/

(k)2 (m — 2k)122

[(n — 1)!]*(cosh r5)*"~2/~2(sinh rg)*/
(G2 (n—2j — 1)122/

j=0
& (12 (cosh rg)> ¥ (sinh rg) s ZZ ()2 (m! (=1
4 (G020 — 2))12% 1g'[(n — D!PLm — @)
j=0 J J t=0 ¢g=0 q
LD [am — @)1 (cosh rp)2¥(sinh rp)tn =202 L2 DR 10 4 1)112(cosh rg) #2212 (sinh r5)%
o (kD2(2m — q — 2k)12%* po GD2@n—t —2j — D122
+0(8%) + 0B, (€3)
Lm/2] 2 2k (o3 2m—2k
. . (m!)*(cosh rp)“(sinh rp)
IR i 4 2 2
(@) a(af) ag) = sinh*(rg) + 2 sinh(rs) cosh?(rs) + 28 g K12 n — 2002
ot (’”2/:” (n)?(cosh rs)" % (sinh s “”*X”:/ *[(n + 1)1 (cosh rg)2"=27+2(sinh rg)%
(tn +2m) (1R — 2122 = (1P —2j + 1)12%
o L [ — 1)112(cosh )22 (sinh rs)2/
"o (G2 —2j — 1)12%
+0(8%) + 0(B%) + 0(B"), (€4
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Lm/2]
((@p)'ap) = sinh®(rp) +2mp Z

(m!)%(cosh rp)* (sinh )2 L2 (n1)2(cosh rg)2"~2/ (sinh rs
(kD2(m — 2k)12% (D —2))12%

j=0
prot 33 Pl = DIPCLY EERE (@m — g — DPoshre) 7 K sinh
par <1lgll(n—D!Plm—q - DI & (K)?*(2m — q — 2k — 1)12%
[(2n—1)/2] 2 2j (i An—2t—2j
[(2n — t)!]°(cosh rg)~/ (sinh rg) J 3 4
= GOPn—i = T OB HOED. ©
((@p) a,(ap) ap) = sinh*(rp) 4 2 sinh?(rp) cosh? (rp)
L [m + 1)1 (cosh )= 242 (sinh rp)% R ()2 (cosh rp )% (sinh rp)2n-2
+ 4l3m[ Z 2 % 2 % }
par (k12 (m — 2k 4+ 1)!12 — (k12(m — 2k)!12
ln/2] 2 M—2j (o 2j
(n!)?(cosh rg)*"~2i (sinh rg)?/ 2 3 4
2 G =) +O0(B%) + 0(B”) + O(B). (C6)

APPENDIX D: CALCULATED QUANTITIES FOR THE CASE OF JOINTLY SQUEEZED FIELDS

It is not possible to directly use the relations derived in Appendix B to obtain closed-form expressions for the expectation
values of different observables for jointly squeezed fields. This limitation arises due to modifications of the commutation relations
at higher orders. Nevertheless, we obtain the following closed-form expressions up to first order in S:

((@g)'ag) = sinh®(r) + 28n((m + n)! cosh® (r) sinh® (r) — n(m + n — 1)! cosh™ (r) sinh*" =V (1)) + O(B?), (D1)
((@p)Tal) = sinh?(r) — 2Bm(m + n)! sinh®"(r) cosh™(r) + O(B?), (D2)

((@p) (@) al) = sinh*(r) + sinh?(r) cosh?(r) 4 2Bn(sinh®" (r) cosh® (r)(m?* cosh?(r)(m + n — 1)! + C(n, m) sinh*(r))
+ n*(m + n — 1)!sinh®™ 2 (r) cosh®*=V(r)) — 2Bm(m + n)! sinh>"(r)
x cosh? (r)(m cosh®(r) + (n + 1) sinh®(r)) + O(B?), (D3)

in which C(n, m) is a combinatorial factor arising from the normal ordering of the jointly squeezed moments, depending only
on the photon orders n and m.

APPENDIX E: SCALING STUDY

To analyze the different limiting cases, we first recall the standard relations for the hyperbolic functions, sinh r = €= and

2
¢ +e ’ In the large-squeezing regime, » > 1, both functions grow exponentially, and we can approximate sinh r ~ 7
and coshr ~ 5. This corresponds to the high-gain regime, in which multiphoton nonlinearities dominate and higher-order
photon-number contributions become increasingly important.

In contrast, for small squeezing, r < 1, the functions can be expanded as sinhr ~ r + % and coshr ~ 1+ %, defining
the low-gain regime where single- and few-photon processes prevail, and the system behaves approximately linearly. The
intermediate range of r between these two limits is treated as a mid-gain regime, in which both linear and nonlinear effects
are relevant and compete to determine the photon statistics and correlations. We will not focus on this regime.

These approximations provide a practical recipe for exploring the four limiting cases (low-low, low-high, high-low, and
high-high gain) introduced earlier, and for understanding how the nonlinear nature of the multiphoton absorption-emission
process evolves across different squeezing strengths. The results for photon counting when the fields are independently squeezed
are presented below:

coshr =

APy

re<l,rp<l

21-5,2(2 4+ 6)* (%2 + rp) (12 4+2)

27
2 2 > 2
nz(m!)zr(n)2 2Fl(lzm, nzq; 1; 2({5%126);) (n(rs 2)2 »F (l;n7 n.q. r§(r§+6)z ) 4n,F, ( ]En’ 1 n.q. rs(r§+6)2 ))

2777 9(r3+2) 2777 9(r3+2)
(ED)
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722n=5 (VP + §)74m674(n71)rs
AIBNS |rs>>1,r1><1 = 5 s 9(r2+2)2 s (E2)
n2(m)2(n+ 1) o F (52, -2 1 -

)2
rlz, (rfz,+6) ’

8Bt = AP (03 4 6) (7 +2)" et
Slrg<l,rp>1

: . (E3)
4 1)\2 2 2 1=n _n.q.7303+6)" ) 1=n 1 _ n.q.r5(r5+6)
9T (m + 3) T(n) (n("s-i-z) 2F1< =, =55 15 EEY dn i\ 55 1= 31 9(212)
i n,222m+2n75674(mrp+(n*1)rs)
ABNs|, st sy = , (E4)
Slrg>1,rp>1 nzl_,(m+ %)21_,("_‘_ %)2
and similarly, for photon differences, we find
25 (% 4 1) (B (k877 +12)° + B+ 83 +12)°)
AﬂNg—Np|rS<1 o<l = A ; (E5)
' 1
in which

2 2 ’r,%(rf,+6)2

_ 2(;2 1 6)° _ 2(;2 1 6)° 2

< (om 4 mytrs + 2705 ( 1 ”,—f;l;w i (! ”J—ZLM . (E6)
2 2 9(ri +2) 2 2 9(ri +2)
n22"’5(% + rp)f "o 4nrs (r,%(r;‘, + 8r123 + 12)2 + 964’5)

7 (E7)
9(m!)2(m+n)21‘(n+%)ZZFl <1—Tm m. 1. 90+2) )

2
1—-m m 9(r3 4 2)2
Al = n2(r5 + 2)4”’4I‘(m + 1)21"(n)2 2F1< 31 (rp ) )

AﬂNS?NP|rs>>1JP<1 =

2 R(3+6)
ABNs—N» |rs<1,rp>>1 =

225 p—dmrp (po 4 2)4—4n(9e4rP + rg(rg‘ + 8r§ + 12)2)

-
2(r2 2 B 12(r2 2
(m + n)(rs +2)* zFl(%", -5 —;((rjjj))z) —4n2F1<1T", 1 - B0 )’
N

T(m+1)’Tn+ 1)

’ 9(r§+2)2

(E8)

7.[222171-',-2n—5 (e4rp + e4r5)e—4(mrp+nrg)
ABNs—Np |rs>>1,rp>>1 = N 112 ne (E9)
(m+n) F(m + 5) F(n + §)
and finally, for photon correlation, we find
AﬂNPNS |r5<1,rp<1
g em s ((46) (B30 ri09em) o  otraotossn (n o \a )
81 42n+1(€P+"P) (rs +2) 1679616 —\stre o TTs
- 2T (m + 12T (n)?A2 ’
(E10)
in which

A= —

1—-m m 9(1’123—1-2)2
Om(n+ 1)(r3 +2)° oF (— ——;1;—)
(S ) 2871 2 2 VI%(F[23+6)2
2(;2 1 6)2 . 2(;2 1 6)°
X <(r§+2)22F1<%(—n—1),—3;1;—%(”254_ )2>—42F1<1 n,—ﬁ;l;—rS(rS—i_ )2 ))
9(rs + 2) 2 2 9(r§ + 2)

9(r2 +2)°

1- 9(r% 4+ 2)?
2 rlz,(r}% + 6) 2 27 T rp(rp+6)
1 - 2(r2 +6)°
x(4n2Fl(Tn,l—n'l'rS(rS )

_ 2(,2 2
2 9(r§+2)
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—4m
72 T3(13 + 3) (1 + 6)° (rf 4+ 362 +36) (£ 4+ rp) e

AlngNsirs»l,rpgl = ) — . 7 E11)
ST (o 3725 (152, 415 202 )
ABon| (3 4 3) (73 + 6)(r 4 3602 +36)24 45 (12 4 2) .
:BNPNS rs<l,rp>1 8]A% , ( )
in which
: l—m m_  (+e7)y 2, 2 (3 +6)’
Az =m(r§ +2) m!eZmrP2F1( m = || (55 +2) "+ DA ( n—1y, — rslrs +6)°
P2 ey PRI

1— r2(r: +6 2
—4(n+ Dn!,F n,—E;I;S(S—)2 —nez(m_l)r‘"((ez”‘ —D*m+ 1),
2 2 9(r§ +2)

er2 . 2rp2
<(m—1) 2y w>+4mez”’m!zﬂ(l " —f-l d+e™) ))

( 1 + lep )2 2 ’ ( 1 I e2rP )2
_ 2(;2 1 6)° _ 2 4 2
x <4n(n—1)!2F1<1 ",1-&1;@) - (r§+2)2n!2F,<1 no_n et (s + )2>>
2 2 9(r3+2) 2 9(2 1 2)

T 222m+2n—3e4(—mrp —nrs+rp+rs)

R . (E13)
o s> Ll I'(m+ %)zf(n + %)2((2m + Dne?r +mQ2n + 1)e¥rs )’

Similarly, for the jointly squeezed light field case, we have the following scaling behaviors:

a2 PR ORE  42p -
N r\ = :
sl n2((m+n—1)!)? (9m(r2 + 2 + 22 + 6)2)2

24m+4n—6e—4r(m+n— 1)

A = , El5
Pl n2(m + n)>((m+n— 112 E15)
ABrs-—Np |, = OB), (E16)
ABNy—Ns |,y = O(B), (E17)
A ‘ 4732 (k% 4 812 4 12)%(r'? + 34710 4+ 38578 + 181670 + 34327% + 172877 + 144)(% + ;’)_4r'1(r2 4+ 2)4n
NpNs | <1 — 81(A4)2 ’
(E18)
in which
2
1, s n*(r* 4+ 6r)*(m+n—1)! r
A4=n<zm r"+2Xm+n—1)+ 32407 1 2) + C(n,m) g—i—r
1 2 2 202 2
— %m(m +m)!Om@ +2)" 4+ (n+ Dre(r“ + 6)°), (E19)
5 24(m+nfl)ef4r(m+nfl)
A = . E20
B .1 (M2 +n2)Ym+n— D! —m(m +n+ D(m +n)! + C(n, m)n)> (E20)
[1] V. Montenegro, C. Mukhopadhyay, R. Yousefjani, S. Sarkar, metrology and sensing with many-body systems, Phys. Rep.
U. Mishra, M. G. Paris, and A. Bayat, Review: Quantum 1134, 1 (2025).

043035-11


https://doi.org/10.1016/j.physrep.2025.05.005

SHAHRAM PANAHIYAN

PHYSICAL REVIEW RESEARCH 8, 043035 (2026)

[2] M. Raghunandan, J. Wrachtrup, and H. Weimer, High-density
quantum sensing with dissipative first order transitions, Phys.
Rev. Lett. 120, 150501 (2018).

[3] G. M. Vaidya, S. B. Jiger, and A. Shankar, Quantum synchro-
nization and dissipative quantum sensing, Phys. Rev. A 111,
012410 (2025).

[4] S. Sarkar, A. Bayat, S. Bose, and R. Ghosh, Exponentially-
enhanced quantum sensing with many-body phase transitions,
Nat. Commun. 16, 5159 (2025).

[5] J.-X. Peng, B. Zhu, W. Zhang, and K. Zhang, Enhanced quan-
tum metrology with non-phase-covariant noise, Phys. Rev. Lett.
133, 090801 (2024).

[6] G. Beaulieu, F. Minganti, S. Frasca, M. Scigliuzzo, S. Felicetti,
R. Di Candia, and P. Scarlino, Criticality-enhanced quantum
sensing with a parametric superconducting resonator, PRX
Quantum 6, 020301 (2025).

[7] Y. Xie, J. Geng, H. Yu, X. Rong, Y. Wang, and J. Du, Dissipative
quantum sensing with a magnetometer based on nitrogen-
vacancy centers in diamond, Phys. Rev. Appl. 14, 014013
(2020).

[8] P. M. Harrington, E. J. Mueller, and K. W. Murch, Engineered
dissipation for quantum information science, Nat. Rev. Phys. 4,
660 (2022).

[9] R. Di Candia, F. Minganti, K. V. Petrovnin, G. S. Paraoanu, and
S. Felicetti, Critical parametric quantum sensing, npj Quantum
Inf. 9, 23 (2023).

[10] U. Alushi, A. Coppo, V. Brosco, R. Di Candia, and S. Felicetti,
Collective quantum enhancement in critical quantum sensing,
Commun. Phys. 8, 74 (2025).

[11] M. Parto, C. Leefmans, J. Williams, F. Nori, and A. Marandi,
Non-Abelian effects in dissipative photonic topological lattices,
Nat. Commun. 14, 1440 (2023).

[12] S. Diehl, A. Micheli, A. Kantian, B. Kraus, H. P. Biichler, and
P. Zoller, Quantum states and phases in driven open quantum
systems with cold atoms, Nat. Phys. 4, 878 (2008).

[13] J. T. Barreiro, M. Miiller, P. Schindler, D. Nigg, T. Monz, M.
Chwalla, M. Hennrich, C. F. Roos, P. Zoller, and R. Blatt,
An open-system quantum simulator with trapped ions, Nature
(London) 470, 486 (2011).

[14] D. Ding, Z. Bai, Z. Liu, B. Shi, G. Guo, W. Li, and
C. S. Adams, Ergodicity breaking from Rydberg clusters in a
driven-dissipative many-body system, Sci. Adv. 10, eadl5893
(2024).

[15] M. Fitzpatrick, N. M. Sundaresan, Andy C. Y. Li, J. Koch, and
A. A. Houck, Observation of a dissipative phase transition in
a one-dimensional circuit QED lattice, Phys. Rev. X 7, 011016
(2017).

[16] S. Alipour, M. Mehboudi, and A. T. Rezakhani, Quantum
metrology in open systems: Dissipative Cramér-Rao bound,
Phys. Rev. Lett. 112, 120405 (2014).

[17] E. Schlawin, K. E. Dorfman, and S. Mukamel, Entangled two-
photon absorption spectroscopy, Acc. Chem. Res. 51, 2207
(2018).

[18] S. Panahiyan, C. S. Mufioz, M. V. Chekhova, and F. Schlawin,
Nonlinear interferometry for quantum-enhanced measurements
of multiphoton absorption, Phys. Rev. Lett. 130, 203604
(2023).

[19] F. Schlawin and M. Gessner, Theory of quantum-enhanced
stimulated Raman scattering, Quantum Sci. Technol. 11,
02LTO01 (2026).

[20] V. P. Kosheleva, S. Panahiyan, A. Rubio, and F. Schlawin, En-
hanced multiphoton ionization driven by quantum light, Phys.
Rev. Res. 8, 033106 (2026).

[21] C.-J. Yu, S. von Kugelgen, D. W. Laorenza, and D. E.
Freedman, A molecular approach to quantum sensing, ACS
Cent. Sci. 7, 712 (2021).

[22] S. P. Wolski, D. Lachance-Quirion, Y. Tabuchi, S. Kono, A.
Noguchi, K. Usami, and Y. Nakamura, Dissipation-based quan-
tum sensing of magnons with a superconducting qubit, Phys.
Rev. Lett. 125, 117701 (2020).

[23] F. Reiter, A. S. Sgrensen, P. Zoller, and C. A. Muschik, Dis-
sipative quantum error correction and application to quantum
sensing with trapped ions, Nat. Commun. 8, 1822 (2017).

[24] V. Giovannetti, S. Lloyd, and L. Maccone, Advances in quan-
tum metrology, Nat. Photonics 5, 222 (2011).

[25] K. E. Dorfman, F. Schlawin, and S. Mukamel, Nonlinear optical
signals and spectroscopy with quantum light, Rev. Mod. Phys.
88, 045008 (2016).

[26] E. Polino, M. Valeri, N. Spagnolo, and F. Sciarrino, Photonic
quantum metrology, AVS Quantum Sci. 2, 024703 (2020).

[27] C. A. Casacio, L. S. Madsen, A. Terrasson, M. Waleed,
K. Barnscheidt, B. Hage, M. A. Taylor, and W. P. Bowen,
Quantum-enhanced nonlinear microscopy, Nature (London)
594, 201 (2021).

[28] A. 1. Lvovsky, Squeezed light, in Photonics: Scientific Founda-
tions, Technology and Applications, edited by D. L. Andrews
(John Wiley & Sons, Hoboken, NJ, 2015), Vol. 1, pp. 121-163.

[29] R. Schnabel, Squeezed states of light and their applications in
laser interferometers, Phys. Rep. 684, 1 (2017).

[30] B. J. Lawrie, P. D. Lett, A. M. Marino, and R. C. Pooser,
Quantum sensing with squeezed light, ACS Photonics 6, 1307
(2019).

[31] Y. Michael, L. Bello, M. Rosenbluh, and A. Pe’er, Squeezing-
enhanced Raman spectroscopy, npj Quantum Inf. 5, 81 (2019).

[32] G. S. Atkinson, E. J. Allen, G. Ferranti, A. R. McMillan, and
J. C. F. Matthews, Quantum enhanced precision estimation of
transmission with bright squeezed light, Phys. Rev. Appl. 16,
044031 (2021).

[33] M. Kalash, A. Sudharsanam, M. H. M. Passos, V. Parigi, and M.
Chekhova, Real-time monitoring of multimode squeezing, Nat.
Commun. 17, 3904 (2026).

[34] K. Y. Spasibko, D. A. Kopylov, V. L. Krutyanskiy, T. V.
Murzina, G. Leuchs, and M. V. Chekhova, Multiphoton effects
enhanced due to ultrafast photon-number fluctuations, Phys.
Rev. Lett. 119, 223603 (2017).

[35] M. E. Tzur, M. Birk, A. Gorlach, I. Kaminer, M. Kriiger, and
0. Cohen, Generation of squeezed high-order harmonics, Phys.
Rev. Res. 6, 033079 (2024).

[36] A. Rasputnyi, M. Birk, Z. Chen, O. Cohen, M. Kriiger, I.
Kaminer, M. Chekhova, and F. Tani, High harmonic generation
by bright squeezed vacuum, in CLEO 2024 (Optica Publishing
Group, Washington, DC, 2024), p. FM4B.3.

[37] A. Rasputnyi, Z. Chen, M. Birk, O. Cohen, I. Kaminer, M.
Kriiger, D. Seletskiy, M. Chekhova, and F. Tani, High-harmonic
generation by a bright squeezed vacuum, Nat. Phys. 20, 1960
(2024).

[38] J. D. Massayuki Kondo, S. T. Rittenhouse, D. V. Magalhaes, V.
Rokaj, S. I. Mistakidis, H. R. Sadeghpour, and L. G. Marcassa,
Multiphoton-dressed Rydberg excitations in a microwave cavity
with ultracold Rb atoms, Phys. Rev. A 110, L061301 (2024).

043035-12


https://doi.org/10.1103/PhysRevLett.120.150501
https://doi.org/10.1103/PhysRevA.111.012410
https://doi.org/10.1038/s41467-025-60291-6
https://doi.org/10.1103/PhysRevLett.133.090801
https://doi.org/10.1103/PRXQuantum.6.020301
https://doi.org/10.1103/PhysRevApplied.14.014013
https://doi.org/10.1038/s42254-022-00494-8
https://doi.org/10.1038/s41534-023-00690-z
https://doi.org/10.1038/s42005-025-01975-9
https://doi.org/10.1038/s41467-023-37065-z
https://doi.org/10.1038/nphys1073
https://doi.org/10.1038/nature09801
https://doi.org/10.1126/sciadv.adl5893
https://doi.org/10.1103/PhysRevX.7.011016
https://doi.org/10.1103/PhysRevLett.112.120405
https://doi.org/10.1021/acs.accounts.8b00173
https://doi.org/10.1103/PhysRevLett.130.203604
https://doi.org/10.1088/2058-9565/ae508a
https://doi.org/10.1103/pkjw-kh43
https://doi.org/10.1021/acscentsci.0c00737
https://doi.org/10.1103/PhysRevLett.125.117701
https://doi.org/10.1038/s41467-017-01895-5
https://doi.org/10.1038/nphoton.2011.35
https://doi.org/10.1103/RevModPhys.88.045008
https://doi.org/10.1116/5.0007577
https://doi.org/10.1038/s41586-021-03528-w
https://doi.org/10.1016/j.physrep.2017.04.001
https://doi.org/10.1021/acsphotonics.9b00250
https://doi.org/10.1038/s41534-019-0197-0
https://doi.org/10.1103/PhysRevApplied.16.044031
https://doi.org/10.1038/s41467-026-72357-0
https://doi.org/10.1103/PhysRevLett.119.223603
https://doi.org/10.1103/PhysRevResearch.6.033079
https://doi.org/10.1038/s41567-024-02659-x
https://doi.org/10.1103/PhysRevA.110.L061301

OBSERVABLE SCALING HIERARCHIES IN ...

PHYSICAL REVIEW RESEARCH 8, 043035 (2026)

[39] D. Akatev, Y. Meng, J. Brewer, M. Chekhova, U. L. Andersen,
and M. Lassen, Broadly tunable quantum-enhanced Raman
microscopy for advancing bioimaging, Opt. Quantum 4, 108
(2026).

[40] C. You, M. Hong, P. Bierhorst, A. E. Lita, S. Glancy,
S. Kolthammer, E. Knill, S. W. Nam, R. P. Mirin, O. S.
Magaia-Loaiza, and T. Gerrits, Scalable multiphoton quantum
metrology with neither pre- nor post-selected measurements,
Appl. Phys. Rev. 8, 041406 (2021).

[41] D. Zhang, D. Barral, Y. Cai, Y. Zhang, M. Xiao, and K.
Bencheikh, Hierarchy of nonlinear entanglement dynamics for
continuous variables, Phys. Rev. Lett. 127, 150502 (2021).

[42] C. Li, Y. Li, W. Li, K. Li, Y. Liu, Y. Cai, and Y. Zhang,
Generation of tripartite squeezed state by cascaded four-wave
mixing in single hot rubidium atomic system, New J. Phys. 24,
093022 (2022).

[43] G. S. Agarwal, Field-correlation effects in multiphoton absorp-
tion processes, Phys. Rev. A 1, 1445 (1970).

[44] M. S. Zubairy and J. J. Yeh, Photon statistics in multiphoton
absorption and emission processes, Phys. Rev. A 21, 1624
(1980).

[45] L. Sainz de los Terreros, M. Santos, and P. F. Gonzalez-Diaz,
Photon statistics in the three-photon hyper-Raman process,
Phys. Rev. A 31, 1598 (1985).

[46] H. D. Simaan, A master equation approach to the hyper-Raman
effect, J. Phys. A: Math. Gen. 11, 1799 (1978).

[47] F. Reiter and A. S. Sgrensen, Effective operator formalism for
open quantum systems, Phys. Rev. A 85, 032111 (2012).

[48] S. Panahiyan, C. S. Mufioz, M. V. Chekhova, and F
Schlawin, Two-photon-absorption measurements in the pres-
ence of single-photon losses, Phys. Rev. A 106, 043706
(2022).

[49] G. Shukla, S. Panahiyan, D. K. Mishra, and F. Schlawin, En-
hancing measurement precision of non-degenerate two-photon
absorption, Quantum Sci. Technol. 11, 045050 (2026).

[50] W. Min, J.-X. Cheng, and Y. Ozeki, Theory, innovations and
applications of stimulated Raman scattering microscopy, Nat.
Photonics 19, 803 (2025).

[51] Deepak and A. Chatterjee, General expansion of natural power
of linear combination of bosonic operators in normal order,
arXiv:2305.18113.

[52] X.-G. Meng, J.-M. Liu, J.-S. Wang, and H.-Y. Fan, New
generalized binomial theorems involving two-variable Hermite
polynomials via quantum optics approach and their applica-
tions, Eur. Phys. J. D 73, 32 (2019).

[53] X.-G. Meng, J.-S. Wang, and B.-L. Liang, Generalized bino-
mial theorems and multi-variable special polynomials involving
Hermite polynomials, in Entangled State Representations in
Quantum Optics (Springer Nature Singapore, Singapore, 2023),
pp- 225-254.

[54] G. Téth and I. Apellaniz, Quantum metrology from a quantum
information science perspective, J. Phys. A: Math. Theor. 47,
424006 (2014).

[55] A. Niezgoda, D. Kajtoch, J. Dziekariska, and E. Witkowska,
Optimal quantum interferometry robust to detection noise using
spin-1 atomic condensates, New J. Phys. 21, 093037 (2019).

[56] H.-A. Bachor and T. C. Ralph, A Guide to Experiments in
Quantum Optics, 2nd ed. (Wiley-VCH, Weinheim, 2004).

[57] 1. Hughes and T. Hase, Measurements and Their Uncertainties:
A Practical Guide to Modern Error Analysis (Oxford University
Press, Oxford, 2010).

[58] S. Barnett and P. Radmore, Methods in Theoretical Quantum
Optics (Oxford University Press, Oxford, 2002).

[59] T. Park, H. Stokowski, V. Ansari, S. Gyger, K. K. S. Multani,
0. T. Celik, A. Y. Hwang, D. J. Dean, F. Mayor, T. P. McKenna,
M. M. Fejer, and A. Safavi-Naeini, Single-mode squeezed-light
generation and tomography with an integrated optical paramet-
ric oscillator, Sci. Adv. 10, eadl1814 (2024).

[60] A. M. n. Guerrero, P. Nussenzveig, M. Martinelli, A. M.
Marino, and H. M. Florez, Quantum noise correlations of an
optical parametric oscillator based on a nondegenerate four
wave mixing process in hot alkali atoms, Phys. Rev. Lett. 125,
083601 (2020).

[61] J. W. N. Los, M. Sidorova, B. Lopez-Rodriguez, P. Qualm,
J. Chang, S. Steinhauer, V. Zwiller, and I. E. Zadeh, High-
performance photon number resolving detectors for 850-
950 nm wavelength range, APL Photonics 9, 066101 (2024).

[62] R. R. Jones, J. E. Kerr, H. Kwon, S. R. Clowes, R. Ji, E.
Petronijevic, L. Zhang, G. Dan Pantos, B. Smith, T. Batten,
P. Fischer, D. Wolverson, D. L. Andrews, and V. K. Valev,
Chirality conferral enables the observation of hyper-Raman op-
tical activity, Nat. Photonics 18, 982 (2024).

043035-13


https://doi.org/10.1364/OPTICAQ.583523
https://doi.org/10.1063/5.0063294
https://doi.org/10.1103/PhysRevLett.127.150502
https://doi.org/10.1088/1367-2630/ac8db2
https://doi.org/10.1103/PhysRevA.1.1445
https://doi.org/10.1103/PhysRevA.21.1624
https://doi.org/10.1103/PhysRevA.31.1598
https://doi.org/10.1088/0305-4470/11/9/013
https://doi.org/10.1103/PhysRevA.85.032111
https://doi.org/10.1103/PhysRevA.106.043706
https://doi.org/10.1088/2058-9565/aea440
https://doi.org/10.1038/s41566-025-01707-z
https://arxiv.org/abs/2305.18113
https://doi.org/10.1140/epjd/e2018-90224-6
https://doi.org/10.1088/1751-8113/47/42/424006
https://doi.org/10.1088/1367-2630/ab4099
https://doi.org/10.1126/sciadv.adl1814
https://doi.org/10.1103/PhysRevLett.125.083601
https://doi.org/10.1063/5.0204340
https://doi.org/10.1038/s41566-024-01486-z

