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Thermodynamic bounds and error correction for faulty coarse graining
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At the nanoscale, random effects not only govern the dynamics of a physical system but may also affect its
observation. This work introduces a paradigm for coarse graining that eschews the assignment of a unique coarse-
grained trajectory to a microscopic one. Instead, observations are not only coarse-grained but also accompanied
by a small chance of error. Formulating the problem in terms of path weights, we identify a condition on the
structure of errors that ensures that the observed entropy production does not increase. As a result, the framework
of stochastic thermodynamics for estimating entropy production can be extended to this broader class of systems.
As an application, we consider Markov networks in which individual transitions can be observed but may be
mistaken for each other. We motivate, derive, and illustrate thermodynamic bounds that relate the error sensitivity
of the observed entropy production to the strength of the driving and are valid for arbitrary network topologies.
If sufficiently many transitions in the network can be observed, redundancies in the coarse-grained trajectories
can be used to detect and correct errors, which potentially improves naive estimates of entropy production. We
conclude with an outlook on subsequent research on thermodynamic bounds for erroneous coarse graining.

DOLI: 10.1103/p3zx-7txy

L. INTRODUCTION

The principles of stochastic thermodynamics offer a frame-
work to study energetics and dissipation of microscopic
physical systems described by stochastic dynamics [1-4].
Over the past decade, the importance of partially hidden
dynamics has been increasingly recognized, and research
has expanded beyond deriving exact relations in fully ac-
cessible nonequilibrium systems to actively studying specific
observables in situations with incomplete information [5]. In
such settings, results are often expressed as thermodynamic
bounds—inequalities that associate the observable with a suit-
able, but not directly accessible, thermodynamic quantifier for
nonequilibrium like the total entropy production. In recent
years, thermodynamic bounds and estimators for entropy pro-
duction have been formulated based on different observable
phenomena, including, e.g., precision of currents [6-8], speed
limits [9—12], and correlations [13—15] when focusing on par-
ticular observables, as well as waiting times in coarse-grained
models [16-20].

A shared assumption of the previous techniques is that
coarse graining is understood as a projection of trajectories
defined on a microscopic level of description to an effective,
less detailed but observable level on which coarse-grained tra-
jectories are defined [4,5]. Since this projection is understood
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as a deterministic mapping, thermodynamic bounds have not
yet systematically explored the concept of “reliability” of
the coarse-graining operation or the observations, although
such a concept has proved crucial in thermodynamic trade-
off relations involving speed and dissipation in, e.g., kinetic
proofreading and error correction [21-24]. The scenario of
measurement errors may arise naturally if clean observations
of, say, states [25-27] and transitions [28,29] become difficult,
or if the accessible part of an experimental system, like a
colloidal particle [30] or a molecular motor [31,32], includes
both clearly measurable states and states that are hidden or
appear ambiguous. Fluorescence-resonance energy transfer
experiments provide a concrete example, in which emitted
photons can be registered [29], but typically photons of a
particular color do not originate from only a single state [33].
As a theoretical minimal example, we can consider a discrete
asymmetric random walk, i.e., a system that makes forward
or backward steps randomly in time but favors one direction
over the other [cf. Fig. 1(a)]. Provided that observations are
reliable, the observed asymmetry under time reversal has been
identified as a lower bound on entropy production in system
and environment [34-36].

This work addresses three key questions. First, can this
framework for estimating entropy production [34-36] be ex-
tended to the case of faulty observations? After identifying
a condition under which this is possible in Sec. II, we next
ask whether the resulting estimation error from measurement
inaccuracies can be bounded and, third, whether practical
methods exist to improve such estimates. To tackle the lat-
ter two questions, we assume a weak-error regime, which is
inspired by error-correction problems in quantum computing
[37]. We further assume Markovian dynamics on a network,
where errors are transitions that are mistaken for other ones,
which includes the aforementioned random walk as well as the
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FIG. 1. From faulty coarse graining to thermodynamic bounds. (a) On a fundamental level, we assume discrete Markovian dynamics, such
as the illustrated random walk. (b) The trajectory y is characterized by a sequence of forward (+) and backward (—) transitions, but an external
observer cannot measure these steps reliably. The observer’s trajectory I'* comprised of registered forward (1) and backward (0) steps may
thus contain errors (underlined for clarity). (c) The relation between symbols 0, 1 and +, — if errors appear symmetrically with probability
¢ [cf. Eq. (3)]. (d) The scheme can be generalized to arbitrary discrete Markovian dynamics, with probability ep,_,, to mistake the transition
y as x. (e) Erroneous measurements affect the estimated entropy production, quantified by R°, the sensitivity of entropy production to errors
[Eq. (10)]. An upper bound R* < R{ . (Asmax) [Eq. (14), red curve] is given in terms of the maximal affinity Asn. and is saturated for the
random walk [panel (c)]. This bound, as a function of Asp.y, is compared to R® of randomly selected systems with different numbers of

transition pairs. (f) A lower bound As?

min

Model parameters for the simulation are provided in Appendix E.

recently introduced transition-based coarse graining [17,18].
In this regime, we obtain thermodynamic bounds relating
the sensitivity of entropy production to the strength of the
nonequilibrium driving. We present these results in Sec. III
[Egs. (12)—(15)]. Based on this finding, we present a strat-
egy for error correction in observed trajectories, which can
enhance estimates of entropy production. These results serve
as a foundation for subsequent studies of thermodynamic in-
ference problems in the case of measurement errors, which
are detailed in Sec. IV. In Sec. V, we investigate whether the
error-corrected estimates of entropy production remain mean-
ingful beyond the previously assumed weak-error regime. We
conclude with a brief outlook on potential future research in
Sec. VL.

II. A FRAMEWORK FOR FAULTY COARSE GRAINING

A. From deterministic to faulty coarse graining

The framework for estimating entropy production in the
case of faulty coarse graining introduced in this section ex-
tends and generalizes the analogous, more familiar setting
of coarse graining as a many-to-one mapping of trajecto-
ries [34-36]. We start from the physical assumption that the
entropy production rate o (in units of kg = 1) is related to
the statistics of the exact microscopic trajectories y via the
general relation [34-36]

1/ Plyl 1 -
o= T<1n 73[)7]> = TDKL(P[V]HP[V])a ey
where the path weight P quantifies the probability to realize
a particular trajectory y of duration 7' and (-) denotes taking
the average. The time-reversal operation y > ¥ is given by
reading the trajectory backward, i.e., y(¢) = y(T —t) if the
dynamics is Markovian and describes even variables.

/2 < R is identified as a function of the minimal distance of affinities Asy;, [Eq. (16), red curve].

If an observer cannot access the full underlying dynamics,
it is still possible to obtain a lower bound on entropy produc-
tion provided that the observer sees coarse-grained trajectories
I' that result from a many-to-one mapping y + I'. In this
case, one can establish [5,35,36]

o>=6:= l<ln P[—E]> 2)
T\ P[I]

This reasoning requires that coarse-grained time reversal I' =
" is implicitly defined through the requirement y +— I' =
7 — T [5,17,28,38,39].

In this work, we consider analogous questions in the more
general scenario where coarse graining not only groups mi-
croscopic trajectories together but may also introduce errors.
Thus, there is an additional layer of randomness between the
already inherently stochastic description of the microscopic
trajectory, y, and the coarse-grained trajectory, I'®, that is
actually observed. Coarse graining is no longer defined by a
deterministic mapping y +> I', but is instead characterized by
the likelihood P[I"*|y] of observing a possible trajectory I'*
given the underlying trajectory y. In this work, we assume
that coarse graining and time reversal satisfy

PIT¢|y] = PIT¢|7]. 3)

Intuitively, this symmetry condition ensures that the observed
time asymmetry in I'¢ stems from the irreversibility of y
itself and is not introduced through “biased” coarse grain-
ing. The condition is sensible if, e.g., errors correspond to
small but unbiased physical displacements, but is not satisfied
in asymmetric settings like photon detection in a fluores-
cence resonance energy transfer (FRET) experiment, which
allows to register some transitions but not their reverse [29].
Combining Eq. (3) with Eq. (1) and the chain rule for
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Kullback-Leibler divergences, we express

L PLyIre
<Z7’[ e P! ]>

PlyIle]
after defining ¢ := (In(P[I"*]/P[I¢]))/T in close analogy
to Eq. (2). Since a non-negative quantity is averaged over
I'* in Eq. (4), we also verify o > 6°. We now apply this
information-theoretic result to a concrete model class, first
considering the case without hidden variables and addressing
coarse graining with errors later.

“

B. A paradigmatic example

We first introduce the setting in the simple, paradigmatic
example of a discrete asymmetric random walk in continu-
ous time, illustrated in Fig. 1(a). Denoting the probability of
forward and backward jumps by p(+) and p(—) = 1 — p(+),
respectively, the average entropy production rate associated
with the asymmetric walk is

1 p(+)
o=— In ——
) (p(+) = p(=)) )’ &)
with 1/(t) denoting the mean rate of jumps per unit time.

Errors are introduced by assuming an observer who can-
not directly measure the sequence of forward and backward
jumps that comprise the microscopic trajectory y. Instead, a
possibly faulty trajectory I'? is registered, which is comprised
of symbols 1 or O that indicate forward and backward steps
but have a finite chance ¢ of erring, as indicated in the scheme
given in Fig. 1(c). As a consequence, observing the potentially
defective trajectories I'® gives us access to the probabilities
p(1) and p(0) =1 — p(1), from which not the true entropy
production rate o but rather

pe L p(1)

=0 (p(1) = p(0))In 20) (6)
is inferred. Applying our previous reasoning and Eq. (4), we
can conclude that 6° is a lower bound on o if Eq. (3) is
satisfied. In the present example, this property is equivalent to
the symmetry p(1|4+) = p(0|—). Not imposing this condition
results in observations that can appear out of equilibrium even
for a process that fundamentally satisfies detailed balance

p(+) = p(=).

III. THERMODYNAMIC BOUNDS ON RESPONSE
TO ERRORS

A. General setup

The previous example can be generalized to arbitrary net-
works in the stationary state. Let us denote a transition from
state i to j by x = (ij) and its reverse by X = (ji). We de-
note the stationary rate of observed transitions x by p(x)
and assume p(x) > 0 = p(X) > 0. The steady-state entropy
production rate then takes the form

G—ZP()I p() %)

If transitions can be mistaken for other ones, an exter-
nal observer will register a different stationary distribution

of transitions x, denoted as p°(x). Such errors can be
parametrized as

P =p)(1 — &)+ Y ep(y)py, ®)

y

so that with probability ep,_. a transition y is registered as
x. The case p,—., # 0 is allowed, so that the total probabil-
ity of error for transition x is (1 — p,_,). To quantify the
sensitivity of the observed dissipation to measurement errors,
we compare the true entropy production rate ¢ to the value
inferred by an observer,

= Zps(x) ]n p8(~)

(€))

B. Maximal affinity bounds response to errors

If the probability of errors ¢ < 1 is small, the sensitivity of
the entropy production rate to errors can be characterized by

a response quantity
AE
. 0—6
R’ = lim
e—0 &

20, (10)

whose positivity follows from Eq. (4). We note that the sym-
metry condition (3) is assumed to hold. In Appendix A, we
show that this condition can be equivalently expressed as
Py—x = Dy in the present setup.

A direct calculation (see Appendix B for the details) re-
veals

RE= Y pyoxpIE ) — (s(x) —s()) — 11, (11)
X, y#X

where s(x) = In[p(x)/p(%)] denotes the entropy production
associated with a single transition x and will be referred to
as the affinity of transition x.

We gain structural insights into Eq. (11) by identifying
thermodynamic upper and lower bounds on R*,

S R® < Rippax (Asmax). 12)

The upper bound on R is formulated in terms of the maximal
difference in affinities, which due to the antisymmetry s(¥) =
—s(x) each appear with either sign,

ASmax = max ls(x) — s(y)| = 2 max [s(x)]. (13)
x££y x

We note that o itself is not a suitable quantifier for nonequi-
librium for the bounds (12), which is discussed in more detail
in Sec. III C.

A first, crude estimate of the upper bound can be ob-
tained by using normalization, ny pP¥)py—» = 1, together
with positivity of e* —z — 1, to obtain the estimate R® <
eBsmx — (Aspax + 1) from Eq. (11). A more careful estimate
reveals the stronger bound (see Appendix B):

A A
(ASmax) = 2tanh S4max <% + sinh %),

(14)

which is tight in the case of the asymmetric random walk.
A lower bound can be identified using e* > 1 +z 4+ z2/2 in
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Eq. (11), which yields
R, =(1/2) ) pyrp@)(s(x) — s’ (15)

xy

This lower bound is strictly stronger than the mere non-
negativity of R?, which follows from its definition (10)
together with o > 6° [cf. Eq. (4)]. The lower bound in
Eq. (12) can be saturated in the linear response regime, where
all terms of third and higher order in the affinities s(x) are
neglected. We can explicitly solve the toy model of the one-
dimensional asymmetric random walk. Denoting the affinity
by s = p(+)/p(—), a direct calculation reveals R° =R},
for Asmax = 25 (cf. Appendix B). As illustrated in Fig. 1, more
involved numerical examples with randomly generated p(x)
and py,_. generally do not achieve equality in the bounds (12).
The upper bound R® < R, is illustrated in Fig. 1(e). We
also introduce Aspi, = min,, [s(x) — s(y)| to obtain a lower

bound on RE:

R > RE, 2 R (Asmin) = (1/2)(Asmin)*. (16)

This bound depends only on Aspi, and is illustrated in
Fig. 1(f).

C. Linear response in terms of entropy production?

One might speculate whether bounds of a similar form to
the inequalitites (12), but with the entropy production rate
as the quantifier for nonequilibrium, can be obtained. In this
section, we first heuristically explain why such a bound is
not to be expected. We complement our reasoning with an
explicit example for which the ratio R®/o diverges, whereas
the bounds (12) remain meaningful.

Heuristically, the dependence on ~(s(x)— s(»)? in
Eq. (15) expresses that a significant difference between o
and o¢ requires errors to induce a notable difference in both
the affinities and the currents, which, in linear response, are
proportional to the affinities themselves. This behavior differs
from the scaling of o itself, which takes the form ~s(x)? in
linear response; thus, for small o, the ratio R /o can diverge.

As an archetypal example, consider two pairs of transitions
x, y with a “common but cheap” transition y (s(y) = 0) and a
“rare but costly” transition x, so that the system can be brought
arbitrarily close to equilibrium for small p(x), p(¥). The two
pairs of transitions x and y are assumed to connect a single
state to itself. This peculiarity of having one state and two
transition channels is not pivotal but simplifies the discussion;
essentially the same reasoning applies to a two-dimensional
discrete random walk with horizontal transitions x and verti-
cal transitions y. We assume that transitions along y are not
driven, i.e., s(y) = 0, which can be realized through equal
transition rates along y and ¥. Additionally, we assume that
transitions along x and X are possible but rare and parametrize
p(x) = e'W§, p(¥) = § for a small § > 0. The total entropy
production in the system is given by

o = (p(x) — p@)sx) =8 - s(x)(e™ —1); (A7)
thus, equilibrium is attained for 6 — 0. As error matrix, we
assume
1, Y=y xX=xory =9 xX =%,

py’—>x/ = {O, CISC, (18)

which respects the symmetry condition (3). The response R°
can be calculated via Eq. (11), yielding

R = 2p(y)[coshs(x) — 1] = p)sx)* =Rf., (19

independently of §. Thus, this quantity remains constant in
the limit § — 0, whereas o — 0, such that the ratio R®/o
diverges.

IV. IMPROVED BOUNDS THROUGH ERROR
CORRECTION

A. Error correction in fully observable networks

Although the previous thermodynamic bounds can be satu-
rated, the results can be improved. The key idea is that the full
description of a trajectory often contains redundancies; e.g.,
if only one pathway connects two states i, j, all intermediate
states between i and j along that path must have been visited.
If some of the redundant information is altered in the observed
trajectory ', we may detect inconsistencies and sometimes
even correct them—a feature absent in reliable coarse grain-
ing. We illustrate this with a generic example in the case of
observed transitions, where I'* emerges from y according to

yio-—(ij)— (k)— (kl)—> (Im)—> (mn) — - - -,
e = (0j)— (Geke) = (k) — (Im) - (mgn,) — - - - .

Here, the two transitions (jk) and (mn) are mistaken for
(Jeke) # (jk) and (mgng) # (mn), respectively. Assuming
that subsequent errors are rare and can be neglected, we can
detect and correct all errors of the form y = (jk) > x =
(jeke) that change both the origin and destination (j # j. and
k # k.). Effectively, the error probabilities become

) 0, Je # J and kg # k for y = (jk),
Py—x = . . . (20)
Dy—x, either jo = jork, =k.

We set py,y, =1—3) 4y Py—x 10 maintain normalization.
Combining error correction with the thermodynamic bounds
(12), we obtain

& =~

Ry, SR < Ry 1)

for the error-corrected response ﬁs, which takes the form of
Eq. (11) with p,_,, replaced by p,_,,. Positivity of f(z) =
e* — z — 1 implies that corrected estimates always improve on
noncorrected ones, i.e., R < RE.

B. Error correction in coarse-grained networks

We now extend the previous result to the more realistic
case that only some transitions in the network can be ob-
served, while others remain completely hidden. Figure 2(a)
shows an example of this transition-based coarse graining.
Entropy estimation for this type of transition-based coarse
graining has been investigated systematically before (see, e.g.,
Refs. [17,18]). For a self-contained presentation of our results,
we give a brief introduction to these results in Appendix C.

Assuming for now that transitions can be detected without
error, we identify two connected components of the network,
A and B, shown in Fig. 2(b). Although the microscopic state
is not directly accessible, it remains possible to distinguish
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FIG. 2. Error correction in a coarse-grained network. (a) Example of a six-state Markov network with three pairs of observed transitions;
transition rates are given in Appendix E. (b) In this topology, the six observed transitions allow to distinguish two connected components
A ={1,2} and B = {3, 4,5, 6}. (c) The steady-state entropy production rate ¢ is compared to the estimators 6° for error rates ¢ = 0.05, 0.3
and varying additional force f along the transition (34). Assuming that errors are isolated, error correction (cf. main text) improves the estimates
to ° (dashed lines). (d) For f = 0, o (first bar) is compared to 6° (dark coloring in second/fourth bar), o — ¢ (light coloring in second/fourth
bar), and o° (third/fifth bar). The second and fourth bars are decomposed further into contributions & and o, — &; from sequences with
n =0, 1, ... subsequent errors [cf. Eq. (23)]. The diagrammatic notation shows correct transitions as empty gray boxes and erroneous transitions
as white boxes containing ¢. For ¢ = 0.05, contributions due to paths with n > 2 subsequent errors sum up to 5° — 6° >~ 5.4 x 1073, whereas
Y2200 = 2.1 x 1073, For e = 0.3, we have 3° — 6° ~ 7.0 x 10> and ), ., 0, = 5.9 x 1072, In both cases, the improvement due to error
correction surpasses the neglected terms of order &2 but has a similar order of magnitude.

the connected components A and B based on the latest reg-
istered transition. Thus, the six possible transitions can be
sorted into four groups, (AA) =@, (AB) ={I_,J_}, (BA) =
{I+,J+}, and (BB) = {K_, K.}, according to their origin and
destination. If an error modifies both the origin and destina-
tion, it can be detected by the method described above. For
example, an error changing J, into J_ in

r-..-kK,-»>Jy,>I0L_—-K —---

r‘: .. - K, —»J_—-I—>K — -

can be detected, whereas errors changing J into I, a transi-
tion of the same group, cannot be detected. Modifying either
origin or destination, e.g., changing J, into K, leads to de-
tectable inconsistencies, but the position of the error cannot be
located. Unlike the case where all transitions are observable,
we can no longer correct the error with certainty; e.g., a
detected error J_ could have originated from either J or I;.
Nevertheless, a reasonable guess based on knowledge of the
system is possible. In this case, we can estimate

PUL)Ps 1.
ZX=]+,I+ PX)Pxsi

P(J,|J_ detected) = (22)

using Bayes’s theorem provided we know the probabilities
that transitions I, J are registered as J_.

V. ILLUSTRATION FOR FINITE ERROR RATE &

The realistic case of a finite error rate is illustrated for
the topology of Fig. 2(a). In Fig. 2(c), we compare o to
the coarse-grained estimators 6° and o°, where the latter
incorporates correction of detectable errors as in Eq. (22).

Although there is no direct link between trajectory-level error

correction and the correction of entropy estimators, we heuris-
tically expect error correction to aid in inferring dissipation
because the currents inferred from the error-corrected tra-
jectory are closer to the actual steady-state currents. In our
example, the error-corrected estimate is indeed an improve-
ment satisfying 6° < o° < o for different driving forces f
applied at the transition (34) and ¢ = 0.05, 0.3. Note that the
error-correction mechanism assumes isolated errors, which
may be inappropriate for larger & where sequences containing
subsequent errors contribute to entropy production substan-
tially.

Our framework allows to check this hypothesis quantita-
tively by evaluating Eq. (4). Since the microscopic dynamics
is accessible in this example, we can compute the contribu-
tions to 6° and o — &° from individual trajectories y, I'®. The
assumption of isolated errors is sensible if contributions to
6°¢ and o — 6° due to sequences of a trajectory that contain
n > 2 subsequent errors are small. We therefore calculate (see
Appendix D for details)

P[re|re]

1 ¢
65 = — PF£ P 1.,—1 23
5, me:; PP Seemy @D

and, similarly, o,, which collect contributions from steady-
state trajectories I'® with n + 2 observed transitions: a correct
initial transition I'{, n errors in between, and a correct fi-
nal transition F;}. Since any trajectory can be decomposed
into such snippets, we have 6° =} -6, ando =} _ -, 0n.
Here, (t) denotes the average time between two error-free
transitions. The results of this decomposition for the numeri-
cal example are displayed in Fig. 2(d). For both ¢ = 0.05 and
& = 0.3, the improvement in observed dissipation due to error
correction is of a similar order of magnitude as the visible and

n errors
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invisible contributions to o from terms with n > 2, indicating
that error correction is a promising heuristic tool for recover-
ing hidden dissipation even in coarse-grained networks.

VI. OUTLOOK

This work explores the impact of errors in coarse grain-
ing from the perspective of stochastic thermodynamics.
By extending established tools—such as the information-
theoretic framework for entropy production—and introducing
approaches like error correction—which have not been ex-
plored in this context—, we identify, prove, and illustrate
thermodynamic bounds for model classes that include faulty
coarse graining. We anticipate that the relation between dis-
sipation and errors extends beyond the specific case of faulty
observations used here as a proof of principle. Thus, our find-
ings may inspire research in other contexts, e.g., continuous
observations like waiting times, continuous state spaces, or
misdetected states, for which a related framework based on
master equations for the faulty dynamics was developed in a
very recent preprint [40]. Further studies will help distinguish
between setting-specific results and general principles, ulti-
mately leading to a broader understanding of the relationship
between errors, dissipation, and its estimation.
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APPENDIX A: THE CONDITION OF SYMMETRIC
COARSE GRAINING: FROM PATH WEIGHTS
TO TRANSITIONS

The main text introduces the symmetry condition [Eq. (3)]
on the level of path weights. In this Appendix, we establish
that for the model class discussed in the main text, faulty
observations of transitions in Markov networks, this condition
is equivalent to

(AD)

Py—x = Pj—>x
for all transitions x, y in the network, which constrains one
half of the values of the error matrix py_,, in terms of the
other half.

Since the studied model class focuses on transitions, we
specify the microscopic trajectory y and its coarse-grained
observed and possibly faulty counterpart I'¢ through their
sequence of transitions. Specifying y :yo = y1 = -+ = W
and I'¢ : xp - x; — -+ — x,, the path weights of these tra-
jectories read

Plylyol = [ [ 7y (A2)

i=1

Pyl = (A3)

1_[ Pyi—xi-

The probability that given the transition y;,_; the next tran-
sition is y;, 7, ,—,, should not be confused with the error
matrix. After forming similar path weight expressions for
the time reverses y : , = y,.1 — - — Yo and I'¢ : X, —
Xp—1 — -+ — X, the explicit form of Eq. (3) becomes

n
l_[ Pyi—%+
i=1

It can now be seen that imposing p,_., = py_x for all x,y
causes all products on the right-hand side of this equivalence
to agree and therefore also establishes the symmetry condition
[Eq. (3)]. Coversely, imposing Eq. (3) and specifying to tra-
jectories y, I'¢ in which a single y is observed as x establishes

PITly] =PIC 7] <= [ [ Py = (A4)

i=1

Py—x = Pyj—i-

Strictly speaking, the path weight P[y|yo] includes ad-
ditional waiting-time terms accounting for the exponentially
distributed waiting times between two successive transitions.
To simplify notation, these terms have been ignored here,
because such waiting-time contributions are symmetric under
time reversal. Similarly, the derivation assumes that every
transition is observed, but is easily extended to the case that
not every transition is observed, in which case P[I"¢|y] has
fewer factors but the basic reasoning remains unchanged.

Due to the equivalence of Eq. (3) with the symmetry
Dy—x = Dy—z in the discussed model class, we refer to both
conditions as the “symmetry condition” interchangeably in
the Appendix.

APPENDIX B: THERMODYNAMIC BOUNDS
ON RESPONSE: CALCULATIONS AND PROOFS

The following Appendixes contain details about the deriva-
tions of the exact expression [Eq. (11)] for the response
quantity R? defined in Eq. (10).

1. First-order response in terms of probabilities

In this Appendix, we calculate R® in terms of p(x), the
steady-state rates of a transition x, and p,_,, the probability
that an error in transition y results in a registered transition x.
In the following calculations, we use the shorthand g(x) =
p(¥) and similarly ¢°(x) = p®(X) to denote the steady-state
rate of the reverse transition of x.

Starting from the expression

o—o0f= % <;(p(x) g(x))In %

P(x)
q°(x)

we first express p®(x) in terms of p(x) using Eq. (8). When
replacing ¢° (x) in terms of g(x), the symmetry condition (A1)
allows us to write ¢°(x) = > q(¥)ps—z = Y, qO)Py—x. We
note that the following calculations remain valid both for a
nonvanishing diagonal p,_,,>0 and for p,_,, = 0. Expanding

—Z@m ¢ () 2

(B
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the logarithm to second order in ¢ yields

2P ‘(x) p)(L —e)+ > ep(y)py—x p(x) l—e+e Z PY)Py—r/p(x)
n : === +In (B2)
e T g -+ >y 84Dy q(x) l—e+ed qypy—r/q(x)

OB 2y PPy 22, 40Py o, E3)
q(x) p(x) q(x)
which can be substituted into the previous equation to obtain
2o — 0% = 3 (p®) — g0) — (') — W) %
Y — g (e PO d0Pn) ) (B4)
: p(x) q(x)
For the first line, we use Eq. (8) in the form
(P(x) — () = (" (x) = ¢°(x)) = —& | —=p(x) + q(x) + Y pOIPyx — Y 4Py | (BS)
y y

whereas the second line already is of order &, so the zeroth-order approximation of p°®(x) — ¢°(x) suffices. After rearranging
terms, we take the limit ¢ — O:

PRE — 2lim o—-o _ Z(p(x) - q(x))ln p( ) Z Py—x(p(y) —q(y))In %
s POIDyx 0)Py—x
Y ) — glap (P 2000 B0
- p(x) q(x)

The first term on the right-hand side is 2o, but it will be convenient to artificially introduce a normalization ) p,_, = 1 to
rewrite this term as 20 = Z},x Dy—x(p(y) — q()) In[p(y)/q(y)]. After dividing by 2 and rewriting the third term on the right-hand
side, we arrive at

p(y)

prx(p(y) g1 o prx(p(y) q(y))ln +Z wx<ﬂ ()+p( )q(y)> . (B7)

q(x)

A more symmetric form can be obtained by combining the first two logarithmic terms, which yields

e 1 POGE) (q(x) p(x) )
R =-1+; y—x - 1 =5 —x + ——
> g Pr=s(PO) = gD In TS+ Zpy P )

1 q(y)p(x) p(y)q(x)] [p(y)q(X) q(y)p(x)}
- 14+ = ox 1 — x 1 . B8
FR Ll )[p(ym(x) NPT RSP ML Prors Rt ®9

(

2. Response in terms of affinities which corresponds to Eq. (11). In passing to the second line
in Eq. (B9), we have replaced the summation indices x, y by
X, ¥ in the second sum. Using the symmetry condition p,_,, =
Ps—x [cf. Eq. (A1)] and the antisymmetry s(X) = —s(x), we
see that the two terms in Eq. (B9) are identical, i.e.,

The previous expression [Eq. (B8)] contains two sums,
into which we distribute the constant —1 symmetrically. After
identifying s(x) = In[p(x)/q(x)] and rearranging, we obtain

1 . 1 S(y)—sx
=5 2 PO = (5) = () — 1] 3 nypwq(y)[e O = (s() = 5(0)) = 1]

X,y#X

1 .
5 2 Prord O — (50 = 500) = 1]

Xy

1
= Y PP — (5(x) —s() — 11, (BY) 5 2 Py — (s(0) = 5()) — 1], (B10)

X,y#X xy

1 F)—s(i
>3 @D — (55) = 5 — 1]
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3. Proof of the lower bound

Starting from the result (B9), it suffices to use the in-
equality e > z+ 1 to confirm non-negativity of R*. To get
a stronger lower bound in terms of

ASmin = m;n Is(x) = syl (B11)
x#y

we include the second-order term in the expansion e* — z —

1 > z%/2, valid for real z, which yields

R =D pyoaapMIED ™) — (s(x) = 5() — 1]
X, yF#x

1
> 5 D PP () = 50
X, YF#X

1
> (=3 pOIry) Bsiy (B12)
y

These results correspond to the respective bounds involving
R;, and Rf . (Asyin) in the inequalities (12) and (16). Note
that to obtain the simpler expression [Eq. (16)] in the main
text, a situation where p,_,, = 0 for all y is required, which
is satisfied in the numerical illustration in the main text (cf.

Appendix E).

APPENDIX C: TRANSITION-BASED COARSE GRAINING

This Appendix briefly explains estimation of entropy pro-
duction if some transitions in a network and the time at which
they take place are observable, as in the setup shown in Fig. 2.

Sufficient transition statistics enable us to determine the
distribution of waiting times between two subsequent transi-
tions I followed by J. The corresponding waiting-time distri-
bution ¥, () is normalized such that ), fooo dty; . () =
1. In the steady state, the quantity

1plaj (t)
Vi)

satisfies & < o and is therefore a consistent estimator for
entropy production [17,18]. The waiting-time distribution
Y1 (t) can be viewed as the distribution of first-passage
times of J, which can be calculated from the dynamics of
the underlying microscopic model by solving a suitable ini-
tial value problem. For transitions I = (kl),J = (mn), the
waiting-time distribution v, ;(¢) is given by

Yi-y(t) = P(y(t) = m|y(0) = Dk, (C2)

where k,,, denotes the transition rate from state m to n
and P(y(t) = m|y(0) = 1) is obtained by solving the mas-
ter equation subject to the initial condition P(y (0) = i) = &
[17,18,41]. The sequence of observed transitions themselves
is itself a discrete-time Markov chain with transition probabil-
ities ;. given by

6= /O dip()i—s (1) In (1)
1J

Ty =/ dtyy (). (C3)
0

If removing the observed transitions from the Markov network
results in a network that is at detailed balance, e.g., one that
does not contain any hidden cycles, then the estimator (C1) is

tight even when waiting times are not taken into account, i.e.,
the two equalities

Ty
6=0= Zp([)m_uln#
1J

J—T

(o))

are satisfied [17]. The corresponding estimator in the presence
of errors is

Zp (i, In ”’, (C5)

J I

with p®(I) as in Eq. (8). The probabilities 7;_, ; can be calcu-
lated from the two-step probabilities p®(1J) to observe first I,
and then J via
£ &
xf = pPFasn  _p (11)' (C6)
>k PFUAK)  pr)

In Fig. 2(c), the values for o and 6° were obtained by first
calculating the transition probabilities 7z;_,; from the under-
lying model followed by a direct calculation using Egs. (C4)
and (C5), respectively.

It is worth noting that in the error-free case only two of
the three pairs of observed transitions are needed to recover
the full entropy production rate; i.e., Eq. (C4) can be applied
even when only two suitable pairs of transitions are observed,
e.g., Ki and either L1 or J.. However, the additional pair of
observed transitions becomes crucial when errors are intro-
duced, because it provides the redundant information in the
coarse-grained trajectory that enables the error detection and
correction mechanism, which leads to the improved estimates
of entropy production.

APPENDIX D: DECOMPOSITION
OF ENTROPY PRODUCTION

The general result [Eq. (4)] provides a decomposition of 6¢
and o — 6° into non-negative contributions from individual
pairs of a trajectory y and its observation I'*. In the case of
observed transitions in a Markov network as in Fig. 2, the
microscopic path weight is known; therefore, explicit results
like the contribution of parts of a trajectory with n subsequent
errors, which scale as €”, can be computed explicitly.

The calculation is simplified by utilizing Eq. (C4), which
allows us to, first, replace y by its correct coarse graining
I' in Eq. (4) and, second, discard the waiting times in I'
because only the transition statistics of I" contribute to o.
This leaves us with the task of comparing the irreversibility
of I'?, the sequence of observed, faulty transitions, to I, the
corresponding correct sequence. We now apply the framework
of Ref. [19], which allows a decomposition of the irreversibil-
ity of a steady-state trajectory I" of duration T into trajectory
snippets I'* that takes the form

1/ P .
?<1 P[F]> rZ:M)PF II]In

PITs|1]
P

(D1

A snippet I'* is defined as a steady-state trajectory between
two observable events / and J, which satisfy the Markov prop-
erty in a specific sense. The condition under which Eq. (D1)
applies is that I and J are Markovian events, meaning that, for
example, observing I implies that the future dynamics after /
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is conditionally independent from its past [19]. This condition
is satisfied on the level of I" for any observable transitions 7,
J, but to obtain the desired decomposition into trajectory snip-
pets containing n subsequent errors only correctly observed
transitions are treated as valid initial and final Markovian
events. Thus, in the previous equation P(I) = (1 — &)p(I)
denotes the rate at which a correctly observed transition /
occurs and initializes a snippet I'*, which by construction has
correctly observed initial and final states but variable length.
Schematically, we denote I'* and its observed counterpart
FS,E by

M=Ilh—>5L—- =I5, — L, D2)
sé = ]0 —> If —> - —> I;:: —> I,H_], (D3)
with respective path weights
PII*] = PUo)PIT 1]
= (1 —e)pUo) [ [ 11,0, (D4)
Jj=0
PIC0 T =" [ [ prre- (D5)

J=1
To apply Eq. (D1), we set I = Iy, J = I, and understand the
sum over all possible I'* as a sum over all possible Iy, . .., 1,1
and all n > 0. We note that the symmetry condition (3) is
satisfied 1f Pr—1; = Pl Thus, substituting

PIIL]l - P, T ]
PNl PICS, T (L]
l"s,s 1 res Fss
—ip L)y PIRITCL )
PIT*#|ly41] P[Fsll“ ‘]
into Eq. (D1) yields the decomposition into
P21
=3 Y pupPIr rgn S )
l"rs|] +1]

n=0 lo,.... Iy 1
I

the visible contribution under errors, and its complement
o — &° in analogy to Eq. (4). We can now identify 67 as
defined in Eq. (23) and 0, — 6 as the contributions due to
the nth term, which contain all possible snippets that contain

J

. (1 =&y pDmoy + el — &) Yox (P71 x px—1 + PX)Tx s px—1) + & Xy y PE)TX oy PX 1Py

n subsequent errors surrounded by a correctly registered initial
and final transition.

APPENDIX E: SIMULATION PARAMETERS

This Appendix presents the model parameters used in the
simulations that generate the data shown in Figs. 1 and 2.

1. Figure 1

For a given number n = 1, 2, 3, 10 of transition pairs, we
generate N =5 X 10* systems with p(x) = u(x)/ )", u(x)
and ii.d. wu(x) chosen from a uniform distribution
U(,1). The error matrix is created according to
Py—x = u(y,x)/(O_, u(y, x)) to ensure normalization. The
u(y, x) satisfy u(y, x) = 0ifx =y, u(y, x) = u(¥, X) to respect
the symmetry condition [main text, Eq. (3)] and are otherwise
i.i.d. and chosen from a uniform distribution U (0, 1).

2. Figure 2

The microscopic model has the topology depicted in
Fig. 2(a). Transition rates k;; from state i to state j are
giVGIl as k31 = k12 = k24 = 2, k13 = k21 = k42 = 3, and k46 =
k64 = k65 = k56 = k53 = k35 = 0.4. A variable afﬁnity f (11‘1
units of energy per kg7) is applied at the transition 3 —
4, which must be incorporated into the model such that
In(k34/ks3) = f. In this model, we parametrize the transition
rates as k34 (f) = 3exp(f/2) and ka3(f) = 2exp(—f/2). The
error matrix p, — x is given by

0.6, x=73,
Py—sx = 0, X =Y, (El)
0.1, else;

i.e., an erroneously detected transition has a higher probability
to be detected as its reverse than to be detected as any of the
other ones. The estimator for entropy production,

Z pr(Dmf 1 ’ =1 (E2)

J 1

is evaluated as discussed in Appendix C, with the explicit
expression for r;_ , = p*(1J)/p®(I) [cf. Eq. (C6)] given by

Ty =

(E3)

(I —e)p)+ed y pPX)px—i

The summation over the individual paths was performed according to Eq. (D7) and up to n = 5, i.e., includes snippets with up
to five consecutive errors. Adding all contributions together, we numerically confirm that Zizo o, deviates from the true value

o by less than 0.5% relative error.
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