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Hamiltonian learning (HL), enabling precise estimation of system parameters and underlying dynamics, plays
a critical role in characterizing quantum systems. However, conventional HL methods face challenges in noise
robustness and resource efficiency, especially under limited measurements. In this work, we present Inverse
Physics-Informed Neural Networks for Hamiltonian Learning (iPINN-HL), an approach that incorporates the
Schrödinger equation as a soft constraint via a loss function penalty into the ML procedure. This formulation
allows the model to integrate both observational data and known physical laws to infer Hamiltonian parameters
with greater accuracy and resource efficiency. We benchmark iPINN-HL against a deep-neural-network-based
quantum state tomography method [denoted as DNN-HL (Deep Neural Network for Hamiltonian Learning)] and
demonstrate its effectiveness across several different scenarios, including one-dimensional spin chains, cross-
resonance gate calibration, crosstalk identification, and real-time compensation to parameter drift. Our results
show that iPINN-HL can approach the Heisenberg limit and exhibits robustness to noises, while outperforming
DNN-HL in accuracy and resource efficiency. Therefore, iPINN-HL is a powerful and flexible framework for
quantum system characterization for practical tasks.
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I. INTRODUCTION

Over the past few decades, advances in quantum tech-
nologies, particularly in the field of quantum control, have
enabled substantial progress in precise manipulation of quan-
tum states [1–5]. Nonetheless, achieving even higher precision
remains crucial for the design of quantum gates, refinement of
control strategies, and robust implementation of high-fidelity
quantum operations under realistic, noisy conditions. Such
improvements are essential for realizing practical quantum
error correction and for scaling up viable quantum comput-
ing architectures [6,7]. Reaching this goal demands more
advanced system characterization techniques capable of ac-
curately identifying device parameters and diagnosing noise
sources [8–12].

Current quantum devices are subject to various sources of
noise, including decoherence, readout errors, and unintended
interactions between neighboring qubits [13–15]. Identifying
and quantifying these error sources is a key step toward ef-
fective device characterization. Moreover, quantum hardware
often requires frequent recalibration to mitigate parameter
drift over time [16], which poses significant challenges to the
efficiency and stability of system characterization procedures.
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System characterization and Hamiltonian learning (HL)
are intrinsically related, as both aim to uncover the underlying
dynamics of quantum systems [17]. In HL, the objective is to
infer the Hamiltonian that governs the evolution of a system
from experimental data, using limited classical and quantum
resources [18–21]. In quantum mechanics, the evolution is
governed by the Schrödinger equation, in which both the
Hamiltonian and various noise terms determine the dynamics
of the system. Consequently, quantum system characteriza-
tion can be formulated as an HL problem, where the goal
is to extract an accurate description of the dynamics of the
system from data. Learning the Hamiltonian provides access
to system parameters, interactions, and noise sources, thereby
laying the groundwork for effective calibration and precise
control.

However, it is unavoidable that the resources required to
learn a generic many-body Hamiltonian grow exponentially
with the system size [22]. When the system size is fixed, the
estimation accuracy scales polynomially with the resources as
m−� and is bounded by the standard quantum limit with � = 1
or by the Heisenberg limit with � = 2, where m quantifies the
amount of resources used in estimation. While it is possible
for an optimized HL protocol to surpass the standard quantum
limit, practical limitations such as imperfect state preparation,
manipulation, and various sources of noise in real devices
often hinder the full attainment of the Heisenberg limit. De-
spite these challenges, it remains advantageous to minimize
the resources needed to achieve a given level of accuracy
within the HL framework. This focus on resource efficiency
is a central aim of this paper.

Machine learning (ML) has been widely applied in HL.
In HL, the requirement to gather extensive measurement data
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over time to accurately characterize system dynamics pro-
vides an ideal context for ML. As a data-driven approach, ML
is particularly effective at identifying patterns and inferring
hidden parameters from large datasets, even when faced with
noise or incomplete information. Recent studies have applied
various ML techniques to extract system Hamiltonians both
numerically and experimentally, including recurrent neural
networks [23], autoencoders [24], Bayesian inference [25],
and active learning [26]. For example, neural networks can
be trained in real time to predict the quantum trajectory of
a superconducting qubit undergoing unitary evolution [23].
While traditional data-driven ML methods have demonstrated
considerable success in HL protocols, they often lack direct
integration of the physical principles that govern the system.
This limitation significantly increases the data demand for
achieving reliable generalization and hinders the adaptabil-
ity of the model when extrapolating beyond the observed
data regime. These issues are particularly pronounced in HL,
where data collection can be costly, and densely sampling over
the entire time period is impractical.

Recently, Physics-Informed Neural Networks (PINNs),
an interesting approach in ML that goes beyond purely
data-driven methods, address this gap by incorporating the un-
derlying physical equations into the learning process [27–31].
By integrating a priori physical knowledge—such as the
Schrödinger equation—into ML, PINNs accelerate conver-
gence, enhance accuracy, and enable more reliable extrapo-
lation beyond observed data [32,33]. Reference [34] applies
PINN to infer material properties in heat conduction and to
reconstruct flow fields in fluid dynamics. PINN is also used in
Ref. [35] to reconstruct permittivity and shape of nanostruc-
tures from observed scattering data. This approach is particu-
larly advantageous in scenarios where data are sparse or noisy,
as the embedded physical principles help regularize the model
and guide it toward physically meaningful solutions.

To utilize PINN in HL, we propose an algorithm called
inverse Physics-Informed Neural Network for HL (iPINN-
HL). In iPINN-HL, the problem of HL is first reformulated as
the inverse problem of Partial or Ordinary Differential Equa-
tion (PDE/ODE). Unlike the forward problem of PDE/ODEs,
where we solve the equations with known parameters and
boundary conditions to numerically find the solution at var-
ious time points, the goal of the inverse problem is to
estimate the unknown parameters in the PDE/ODE such that
the numerical solution obtained under these estimated pa-
rameters aligns with experimental observations. HL can be
naturally formulated as an inverse problem, governed by the
Schrödinger equation, with the Hamiltonian and noise terms
treated as unknown parameters.

In this work, we numerically evaluate the performance of
iPINN-HL across a range of tasks. We find that iPINN-HL
can approach the Heisenberg limit under ideal conditions, i.e.,
with unconstrained state preparation and measurement and
purely unitary dynamics. We further evaluate its performance
in practical calibration tasks, including cross-resonance (CR)
gate calibration, crosstalk quantification, and parameter-drift
compensation. Our results show that it consistently outper-
forms the purely data-driven baseline, Deep Neural Network
for Hamiltonian Learning (DNN-HL), which estimates the
unknown parameters using a deep neural network (DNN).

FIG. 1. Circuit illustration of the quantum query model. After
the query x = (U, t, M ) is input to the system, the output is an n-bit
string.

Our iPINN-HL framework introduces soft physics-
informed constraints through the loss function, providing
flexibility in handling noisy and sparse quantum data. In
comparison, structure-preserving networks such as SympNets
[36] enforce Hamiltonian dynamics exactly by preserving
symplectic structure, ensuring energy conservation but at the
cost of architectural complexity. Hamiltonian Neural Net-
works [37] offer another alternative by learning dynamics
via time-derivative prediction, balancing generality with ac-
curacy. Unlike these strict formulations, iPINN-HL favors
robustness and adaptability over exact Hamiltonian preser-
vation, making it particularly suitable for quantum systems
where data acquisition is costly, as demonstrated in Sec. III.

The paper is organized as follows: In Sec. II A, we provide
an overview of HL, introducing the theoretical framework
of DNN-HL and the concept of inverse problems. We then
discuss the principles of PINNs and their relevance to HL
tasks. In Sec. II B, we present iPINN-HL in detail, explain-
ing its formulation, the integration of physics loss, and the
neural network architecture employed. Section III shows
the application of iPINN-HL across various scenarios, in-
cluding one-dimensional spin chain systems, cross-resonance
gate calibration, crosstalk identification, and parameter-drift
compensation, with comparative analysis against DNN-HL.
Finally, in Sec. IV, we summarize the findings, highlight the
advantages of iPINN-HL, and discuss potential further devel-
opments.

II. PRELIMINARIES

A. Hamiltonian learning and maximum likelihood estimation

Let H be the Hamiltonian of an n-qubit system. It can be
expressed as a linear combination of n-qubit Pauli strings:

H =
4n∑

j=1

θ jPj, (1)

where Pj ∈ {I, σx, σy, σz}⊗n and θ j = 1
2n Tr(HPj ). Here, σx,

σy, and σz are the Pauli matrices, and I is the identity matrix.
In HL, the problem to learn the Hamiltonian of the system
can be reduced to estimating a set of unknown parameters
θ = {θ1, θ2, . . . , θ4n} from experimental data. Data collection
procedure of HL can be formulated as a query model defined
in Ref. [26]. A query x consists of three components U , t and
M, as illustrated in Fig. 1:

(1) The state preparation unitary U. The initial state |ψ0〉
is specified by |ψ0〉 = U |0〉⊗n. In principle, |ψ0〉 can be any
unit vector in the Hilbert space, and this is generally assumed
in most HL protocols. However, in the context of real device
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calibration, greater attention must be paid to the constraints
on the unitary U . For instance, in two-qubit gate calibration,
it is not permissible to assume that the initial state |ψ0〉 is
entangled. In this case, the allowed U must have a tensor
product form, i.e., U = U1 ⊗ U2. Additionally, since the ex-
ecution time of single-qubit gates is much shorter than the
typical timescale of HL protocols, and the calibration of such
gates is generally more accurate, it is often reasonable to
assume that the state preparation process is not significantly
affected by noise sources. Thus, we can consider the state
preparation unitary U as ideal for practical purposes. For a
practical example of device calibration, see Ref. [38].

(2) The controlling parameter t . The controlling parameter
t refers to the time Hamiltonian H being applied to the system.
In a typical HL protocol, t should take different values so
that the dynamics during the time span can be accurately
characterized. Algorithms exist to choose t systematically to
reduce resources needed in HL [26]. However, in this work,
we keep the controlling parameters equally spaced by �t
to examine the extrapolation ability of iPINN-HL. In other
words, we aim to examine whether the embedded physics
knowledge can increase the ability to infer unobserved data at
other controlling parameter t and, in turn, reduce the resources
required in HL.

(3) The measurement operator M. The measurement oper-
ator specifies the set of projective measurement bases {|φm〉}.
In this work, we assume that the final measurement bases are
always fixed as the computational bases {|m〉}; therefore, M =∑

m |φm〉〈m|. Similar to the constraint on the state preparation
unitary U in two-qubit gate calibration, |φm〉 should not be an
entangled state.

We note that our definition of the measurement operator,
M = ∑

m |φm〉〈m|, differs from the standard formalism, where
projectors take the form |φm〉〈φm|. In our construction, the
computational basis |m〉 is fixed as the measurement basis, so
that the outputs are always bit strings. This choice facilitates
data processing in the neural network for iPINN-HL’s loss
term.

The system to be characterized receives a query

x = (U, t, M ), (2)

and outputs a single shot measurement result y, which is an
n-bit string based on conditional probability defined as

p(y|x; θ) = |〈y|Me−iH (θ)tU |0〉⊗n|2. (3)

After collecting a dataset D = {(x j, y j )}N
j=1, where j in-

dexes each entry, we aim to estimate the unknown parameters
θ. A natural approach is Maximum Likelihood Estimation
(MLE), which produces an estimate θ̂ given by

θ̂ = arg max
θ

1

N

N∑
k

log10 p(yk|xk; θ). (4)

Accordingly, we define the loss function L(θ|D) as

L(θ|D) = − 1

N

N∑
k

log10 p(yk|xk; θ), (5)

and by minimizing the loss function, we find the estimated
parameter θ̂.

ALGORITHM 1. Deep-Neural-Network-based Hamiltonian
Learning (DNN-HL).

Require: Dataset D, initial state |ψ0〉, learning rate η, total
iterations J , and ADAM optimizer

Ensure: Estimated Hamiltonian parameters θ̂

1: Initialize neural network weights w and Hamiltonian
parameters θ̂

2: for Epoch = 1 to Jdo
3: Group dataset D̃ = {(Uk, tk, Mk, {y(s)

k }Sk
s=1)}N

k=1, where each
group shares the same control parameters but includes multiple
measurement outcomes;

4: for Each measurement configuration (Uk, tk, Mk, {y(s)
k }) in D̃

do
5: Use the DNN to reconstruct quantum state |φk〉 from the

measurement outcomes {y(s)
k }Sk

s=1

6: Compute the model-evolved state:
|ψk (θ̂)〉 = e−iH (θ̂)tkUk |ψ0〉

7: Compute data loss: L(k)
data = ‖|φk〉 − |ψk (θ̂)〉‖2

8: end for
9: Combine total loss: Ltotal = ∑

k L
(k)
data

10: Update w and θ using ADAM optimizer with learning rate η

11: end for
11: return Optimized Hamiltonian parameters θ̂

The DNN-HL method is adapted from the neural-
network-based quantum state tomography method proposed
in Ref. [39], where a Restricted Boltzmann Machine (RBM)
is used to reconstruct the quantum state from measurement
data. In our work, we extend this idea to HL by learning the
underlying Hamiltonian parameters from the reconstructed
state. To align the model class with that of iPINN-HL and
enable a fair comparison, we replace the RBM with a deep
neural network. Although the architectures differ, both RBMs
and DNNs are capable of representing complex distributions
and learning nontrivial mappings from data under sufficient
capacity. This makes the replacement legitimate in the context
of benchmarking model performance for HL tasks. After the
DNN is applied to reconstruct a set of state {|φi〉} for every
controlling time parameter ti by following the same routine
demonstrated in Ref. [39], we minimize the discrepancy be-
tween the reconstructed state |φi〉 and the estimated state
e−iH (θ̂)ti |ψ0〉 at time parameter ti. Hence, the loss function can
be explicitly written as

LDNN
data (θ̂|D) =

∑
i

||φi〉 − e−iH (θ̂)ti |ψ0〉|2, (6)

for all the initial states |ψ0〉 generated by the state preparation
unitary U .

The details of the DNN-HL algorithm are provided in
Algorithm 1.

B. Inverse problem and PINNs

HL can be viewed as an inverse problem of a PDE—
specifically, the Schrödinger equation:

ih̄
d|	(t )〉

dt
= H (θ)|	(t )〉, (7)
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FIG. 2. (a) Visualization of PINNs for HL. The solid curve shows the true solution |	(t ; θ)〉, while the dashed curve represents the estimated
solution |	(t ; θ̂)〉. Red stars mark data points, green dots indicate prediction errors, and blue dots enforce physical laws by ensuring consistency
with the Schrödinger equation. (b) NNQS representation and its tabular form at different time points. The output nodes α and β of the
neural network represent the real and imaginary parts, respectively, of the complex amplitude of the quantum state 〈m|	(t )〉 at time t . The
neural network efficiently captures the complex amplitudes of quantum states across various configurations, demonstrating high expressive
capacity for representing many-body quantum systems. The table on the right shows the amplitudes of different configurations at discrete time
steps t1, t2, . . . , tn. Automatic differentiation of NNQS enables efficient computation of time derivatives of the quantum state, facilitating the
enforcement of dynamical constraints of Schrödinger equation.

where the goal is to infer unknown Hamiltonian parameters
from observed dynamics and measurements. For simplicity,
we assume the state is pure in Eq. (7); therefore, the dynamics
is unitary. This assumption applies to the remainder of this
chapter as well as Secs. III A, III C, and III D. More compli-
cated cases involving noises and therefore mixed states are
considered in Sec. III B.

Figure 2(a) illustrates the fundamental concept of PINNs,
supplemented with the Schrödinger equation. The solid curve
represents the true solution of the system |	(t ; θ)〉, where
θ denotes system parameters. The dashed curve represents
the estimated solution of the system |	(t ; θ̂)〉 obtained under
the proposed parameter estimation θ̂. The red stars indicate
points where actual observed data are collected, and the model
minimizes the discrepancy (shown by the vertical z lines) be-
tween predictions (green dots) and real-world measurements.
The blue dots represent locations where the physical laws are
enforced. At these points, the first derivative of the estimated

state, ∂|	(t ;θ̂)〉
∂t , is computed alongside |	(t ; θ̂)〉 to ensure that

the system satisfies the Schrödinger equation in Eq. (7). Im-
portantly, no data from the true solution are required at these
points, as the physical laws themselves guide the learning
process.

In order to utilize PINN to solve the HL problem, we first
need to represent the quantum state |	(t )〉 using a neural
network. Accurately representing a quantum state can be com-
putationally challenging due to the exponential scaling of the

state space with the number of particles n involved, illustrated
in the right panel of Fig. 2(b), where one table corresponds
to one time point and every table consists of 2n entries. We
address this challenge by parametrizing the quantum states
with neural networks, denoted as Neural Network Quantum
States (NNQSs). This method facilitates efficient approxi-
mations of states that would otherwise demand extensive
computational resources [40,41]. In NNQS, the neural net-
work acts as a parametrized wave function 	w(t, m), where
w is the trainable weight in the network. The input is time t
and the configuration m is the bit-string representation of the
chosen computational basis |m〉, and its outputs correspond to
the amplitudes of |	(t )〉 in the chosen basis |m〉, 〈m|	(t )〉.
Therefore, NNQS allows for a continuous and differentiable
approximation of the state across time. With the help of
backpropagation, the NNQS can easily calculate and get the
first-order differentiation of |	(t )〉 with respect to time t , i.e.,
d|	(t )〉

dt .
Implementing PINN, we randomly sample P points (which

we call the number of collocation points [42] hereafter) in the
time domain (t1, t2, . . . , t j, . . . , tP ). We incorporate another
loss function (“physics loss”) in the training process (termed
as Lphysics):

Lphysics(w, θ) = 1

P

P∑
j

∣∣∣∣ih̄ d|	(t j )〉
dt

− H (θ)|	(t j )〉
∣∣∣∣
2

. (8)
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FIG. 3. Flowchart illustrating the use of PINNs for HL. Experimental data are generated by evolving an initial quantum state |0〉⊗n under
a unitary transformation U and time evolution e−iH (θ)t , followed by measurement M. The neural network takes configurations and time as
inputs and outputs the amplitude of the quantum state, with its weights w and estimation θ̂ optimized using the Adam optimizer. The loss
function combines a physical loss Lphysics, which ensures consistency with the Schrödinger equation, and a data loss Ldata, which minimizes
discrepancies with experimental measurements. Automatic differentiation efficiently computes the time derivative ∂	w (m, t )/∂t , facilitating
the enforcement of physical constraints during training.

The full wave function |	(t j )〉 is assembled from the 2n out-
puts of neural network,

|	(t j )〉 =
∑

m

(αm + iβm)|m〉, (9)

where αm and βm are the two outputs of neural network given
input being configuration |m〉 and time t j .

For every different initial quantum state |	 (l )(0)〉, we use
one NNQS 	 (l )

w (t, m). The NNQS must satisfy the initial
condition of Eq. (7). Hence, the loss function about initial
condition termed as Linitial is also introduced in the training,
defined as follows:

Linitial (w
(l ), θ|D) = 1

K

∑
m

∣∣〈m|	 (l )(0)〉 − 	 (l )
w (t = 0, m)

∣∣2
,

(10)

where K is the total number of terms in the summation and
w(l ) is the weight of lth NNQS.

Together with a data loss function Ldata defined similarly
to Eq. (5),

Ldata (w, θ|D) = − 1

N

N∑
k

∣∣	w(tk, yk )
∣∣2

, (11)

where yk is the observed bit string in the measurement result
and tk is the controlling parameter stored in the kth entry
(xk, yk ) of dataset D, we have the total loss function used in
training PINN for HL:

Ltotal(w, θ|D) = Ldata (w, θ|D) + λ1Lphysics(w, θ)

+ λ2Linitial (w, θ|D),
(12)

where λ1 and λ2 are weighting factors. Note that Lphysics(w, θ)
is not dependent on dataset D. Rather, it is incorporated to
enforce that the evolution of NNQS satisfies the Schrödinger
equation. In order to compare the accuracy of both algo-
rithms under various settings, we use mean squared errors
(MSE):

MSE = 1

K

∑
i

(θ̂i − θi )
2. (13)

Here, θi denotes the true value of the ith parameter to be
estimated in HL, which may arise from the Hamiltonian or
the noise terms. Its estimate is denoted by θ̂i, and K is the
total number of parameters. We also report the relative mean
squared error (relative MSE) as a performance metric:

relative MSE =
∑

i(θ̂i − θi )2∑
i θ

2
i

. (14)
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ALGORITHM 2. Inverse Physics-Informed Neural Network for
Hamiltonian learning.

Require: Dataset D = {(xk, yk )}N
k=1 with xk = (Uk, tk, Mk ), initial

conditions |	 (l )(0)〉, total sampled points P, total HL protocol
duration T , learning rate η, total iterations J and ADAM
optimizer

Ensure: Hamiltonian parameters θ̂

1: Initialize parameters θ̂ and neural network weights {w(l )}
2: for Epoch = 1 to J do
3: for Each initial condition |	 (l )(0)〉 do
4: Sample P time points {t j}P

j=1 in time domain [0, T ]
5: for each time point t j do
6: for each configuration m = 1 to 2n do
7: Compute NNQS amplitude 	 (l )

w (t j, m) and

derivative
d	

(l )
w (t j ,m)

dt
8: end for
9: Assemble the full quantum state

|	(t j )〉 = ∑
m 	 (l )

w (t j, m)|m〉 and its derivative
d|	(t j )〉

dt = ∑
m d

	
(l )
w (t j ,m)

dt |m〉
10: Calculate Physics Loss according to Eq. (8)
11: Calculate Initial Condition Loss according to

Eq. (10)
12: end for
13: end for
14: Calculate Data Loss for all data points in D according to

Eq. (11)
15: Combine Total Loss according to Eq. (12)
16: Update θ and {w(l )} using ADAM optimizer
17: end for
18: return Optimized Hamiltonian parameters θ̂

We present iPINN-HL in Algorithm 2 and illustrate iPINN-
HL in Fig. 3.

III. RESULTS

In this section, we present the results of iPINN-HL
to various systems, including one-dimensional spin chains
(Sec. III A), cross-resonance gates (Sec. III B), crosstalk
effects (Sec. III C), and compensation of parameter drifts
(Sec. III D).

A. One-dimensional spin chains

In this subsection, we apply iPINN-HL to estimate the
Hamiltonian of a one-dimensional N-spin chain:

Hspin =
∑
〈i, j〉

Ji jσ
(i)
z σ ( j)

z +
∑

i

ωiσ
(i)
z , (15)

where 1 � i, j � N label the spins and 〈i, j〉 indicates the
nearest neighbor. The interaction strength (Ji j) and local ex-
ternal field (ωi) are parameters to be reconstructed. We further
implement the periodic boundary condition so that 〈N, 1〉
is a pair of nearest neighbors. We conduct two numerical
experiments to benchmark iPINN-HL against the DNN-HL
method. In the first experiment, we examine the efficiency
of iPINN-HL as the system size scales and as the number of
parameters to be estimated increases. First, we hold the inter-

action strength and external field uniform across the system
(i.e., Ji j = J and ωi = ω for all i and nearest-neighbor spins
considered) and tune the number of spins N in the system to
compare the two algorithms. The results are shown in Fig. 4.
In Fig. 4, MSE, the key indicator of the accuracy of estima-
tion, scales polynomially with the number of input queries
N ({x}) as N−�({x}) for both iPINN-HL and DNN-HL and
the scaling coefficients � are shown in the legend. It is clearly
seen that � for iPINN-HL is very close to the Heisenberg
limit (� = 2) when N = 4, 7 with only a slight decrease for
N = 10. On the other hand, � for DNN-HL are lower than the
previous case by ∼10%–15%. This is a clear sign showing the
advantage of iPINN-HL over DNN-HL.

Next, we allow Ji j and ωi to take distinct values while
respecting the periodic boundary condition. Namely,

(T̂ s)−1HT̂ s = H, (16)

where T is the translation operator mapping i to i + 1 or N
to 1, while s is a parameter indicating the extent to which
the translational symmetry is implemented. In this section, we
fix N = 8 and the cases with s = 1, 2, 4 are exemplified in
Fig. 5. One notes that different Ji j values as indicated in Fig. 5
imply the complexity of HL, with the case of s = 4 having
the maximal complexity with eight distinct parameters (J1

through J4 and ω1 through ω4), the case of s = 1 the minimal
complexity with two distinct parameters (J1 and ω1), and the
case of s = 2 in between with four distinct parameters (J1,2

and ω1,2).
Again, we calculate MSE as functions of number of queries

x = (U, t, M ), and the results are shown in Fig. 6 with the
fitted scaling coefficient � indicated in the legend. We see
that � has values between 1.981 and 1.997 for iPINN-HL,
which is higher than the results for DNN-HL (which value
between 1.662 and 1.888). We further note that for s = 1, � for
iPINN-HL is about 5% higher than its counterpart DNN-HL,
while this percentage increases to 19% for s = 4. This result
suggests that iPINN-HL is more efficient than DNN-HL in
the cases where the Hamiltonian has higher complexity.In the
above study, we have shown that by incorporating physics
loss, the burden of massive data collection task can be al-
leviated because priori physics knowledge is embedded in
the learning process. The physics loss Lphysics enforces that
NNQS must satisfy the Schrödinger equation at P points
as shown in Eq. (8). In the second numerical experiment,
we evaluate how Lphysics enhances algorithmic efficiency by
analyzing the relationship between MSE and the number
of queries N ({x}). In the remainder of this subsection, we
take N = 8, s = 4 with J1 = 1, J2 = 0.5, J3 = 2, J4 = 1.5 and
ω1 = 1, ω2 = 0.5, ω3 = 1.5, ω4 = 2. We fix the number of
(U, M ) and vary the number of sampled points along the
evolution trajectory of quantum state by changing the differ-
ence �t in the controlling parameter t . A smaller �t implies
more data points in t , while a larger �t suggests otherwise.
The result can be found in Tables I and II, respectively, for
iPINN-HL and DNN-HL. Overall, the MSE values in Table I
are at least one order of magnitude smaller than those in
Table II, confirming the superiority of iPINN-HL method. For
iPINN-HL, reducing �t from 2 × 10−1 to 2 × 10−2 decreases
the MSE by a factor of 3–4. However, further reducing �t
to 2 × 10−3 yields only a marginal improvement (less than
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FIG. 4. The scaling plot of MSE of iPINN and DNN-HL with respect to the number of entries in the dataset D in panels (a) and (b),
respectively, when the numbers of spins in one-dimensional spin chain are 4, 7 and 10. Here, we set J = 1, ω = 0.5, and the number of
collocation points P = 50.

a factor of 1.5). This suggests the existence of an optimal
sampling density—beyond which additional queries provide
diminishing returns in reconstruction accuracy for the HL
problem. On the other hand, this phenomenon is not observed
in the DNN-HL results (Table II), where the MSE shows
no consistent improvement with decreasing �t . This insen-
sitivity to temporal resolution suggests that DNN-HL lacks
the physics-informed regularization to achieve convergence
with optimal sampling efficiency. The ability of iPINN-HL
to extract meaningful physical constraints from sparser data
compared to conventional deep learning approaches is there-
fore a key advantage.

Furthermore, we examine the performance of iPINN-HL
when the number of collocation points P is varied. With
larger P, the NNQS must satisfy the Schrödinger equation at
more points and receives greater penalty from Lphysics if it
deviates from the prediction from the Schrödinger equation.

FIG. 5. Schematic representation of a one-dimensional spin
chain system with translational symmetry parameters s ∈ {1, 2, 4},
showing the corresponding patterns of interaction strengths and local
external field distributions.

The result can be found in Fig. 7. Figure 7 reveals that the
MSE initially follows a polynomial decay with increasing P,
where the scaling exponent grows with the number of queries
N ({x}). This demonstrates a synergistic relationship between
data availability and the efficacy of the physics-informed loss
Lphysics. Notably, when P exceeds a critical threshold (P ≈
100), the MSE saturates—particularly for small N ({x})—
indicating a fundamental limit to physics-based enhancement
without sufficient supporting data. These results highlight
the complementary roles of data-driven and physics-driven
learning: while Lphysics significantly reduces the demand for
extensive training data (compared to purely data-driven meth-
ods like DNN-HL), optimal performance requires a balanced
integration of both Ldata and Lphysics components. This hybrid
approach enables high-accuracy solutions with substantially
fewer data points than conventional neural networks. To fur-
ther elucidate the MSE saturation observed in Fig. 7, we
consider an extremal case of no observational data (N ({x}) =
0); minimizing Lphysics alone permits convergence to any pos-
sible NNQS that satisfies the Schrödinger equation under
some Hamiltonian, yielding a zero physics loss while the
estimate θ̂ can take any value. Hence, physics loss alone pro-
vides no contribution without data loss. Increasing P beyond a
threshold provides no further constraint without data, leading

TABLE I. The accuracy of estimation MSE of iPINN-HL in
relation to differences �t of controlling parameter t in data collec-
tion under fixed number of #(U, M )#(U, M ). Here, we set P = 50
and N = 8, s = 4 with J1 = 1, J2 = 0.5, J3 = 2, J4 = 1.5 and ω1 =
1, ω2 = 0.5, ω3 = 1.5, ω4 = 2.

#(U, M ) �t = 2 × 10−1 �t = 2 × 10−2 �t = 2 × 10−3

1 × 104 7.6636 × 10−2 1.4119 × 10−2 1.2756 × 10−2

1 × 105 9.0494 × 10−4 2.9375 × 10−4 2.0281 × 10−4

1 × 106 9.7906 × 10−6 3.4510 × 10−6 2.9611 × 10−6
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FIG. 6. MSE scaling with the number of queries N ({x}) for translation symmetry parameters s = 1, 2, 4 in a one-dimensional spin chain,
calculated from (a) iPINN-HL and (b) DNN-HL methods. Here, the number of collocation points P is set as 50. For s = 1, we set J = 1
and ω = 0.5. For s = 2, J1 = 1, J2 = 0.5 and ω1 = 1, ω2 = 0.5. For s = 4, J1 = 1, J2 = 0.5, J3 = 2, J4 = 1.5 and ω1 = 1, ω2 = 0.5, ω3 =
1.5, ω4 = 2.

to such saturation. Similar phenomenon is also observed when
solving the motion of a gravity pendulum using framework of
PINN [43].

B. Cross-resonance gates

We employ iPINN-HL to reconstruct and calibrate the
Hamiltonian of a quantum system implementing a CR gate.
This challenging learning task is complicated by the inherent
noise characteristics of multiqubit gates.

The CR gate serves as a fundamental two-qubit entangling
gate in fixed-frequency superconducting transmon architec-
tures, requiring only microwave control. Through appropriate
pulse sequences, the CR gate can be converted into a locally
equivalent CNOT gate, making it particularly valuable for
quantum circuit compilation. The system Hamiltonian gov-
erning the CR gate dynamics is given by

HCR = σz ⊗ A

2
+ I ⊗ B

2
, (17)

with A = cziI + czxσx + czyσy + czzσz and B = cixσx +
ciyσy + cizσz, where σx, σy, and σz are the Pauli matrices
and I is a 2 × 2 identity matrix. In this sense, HL for
the CR gate reduces to estimating the parameter vector
c = {czi, czx, czy, czz, cix, ciy, ciz}. Importantly, we emphasize

TABLE II. The accuracy of estimation MSE of DNN-HL in
relation to differences �t of controlling parameter t in data collection
under fixed number of #(U, M )#(U, M ). Here, we set N = 8, s = 4
with J1 = 1, J2 = 0.5, J3 = 2, J4 = 1.5 and ω1 = 1, ω2 = 0.5, ω3 =
1.5, ω4 = 2.

#(U, M ) �t = 2 × 10−1 �t = 2 × 10−2 �t = 2 × 10−3

1 × 104 3.1211 × 10−1 3.0561 × 10−1 2.7148 × 10−1

1 × 105 6.8932 × 10−3 6.3691 × 10−3 5.4221 × 10−3

1 × 106 1.4892 × 10−4 1.0104 × 10−4 9.0231 × 10−5

that throughout this section and Sec. III C, our protocol
operates under two key constraints: (1) No preparation
of entangled states is permitted, and (2) measurements
are restricted to product-state projections only. These
operational restrictions reflect realistic limitations in many
superconducting quantum processors while still enabling
accurate Hamiltonian characterization.

The calibration of CR gates is particularly susceptible to
noise in realistic quantum systems. In this work, we focus on
two dominant noise sources: readout noise and decoherence,
which represent the most significant limitations for Hamilto-
nian parameter estimation.

(1) Readout noise. Readout noise introduces errors during
quantum state measurement, corrupting experimental data and

FIG. 7. Scaling of the MSE with the number of collocation points
P for different number of queries N ({x}). Dashed lines show fitted
slopes of the initial polynomial decay regime with exponents in-
dicated. Here, we set P = 50 and take N = 8, s = 4 with J1 = 1,

J2 = 0.5, J3 = 2, J4 = 1.5 and ω1 = 1, ω2 = 0.5, ω3 = 1.5, ω4 = 2.
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biasing the inferred Hamiltonian parameters. This directly
affects the reliability of gate calibration.

The readout line of a qubit measurement result oper-
ates as a classical channel, where bit-flip errors can occur.
Specifically, the true measurement outcome y ∈ {0, 1} may be
flipped. We denote the noisy measurement outcome observed
in the experiment as ỹ. The readout noise can be modeled
by the conditional probability pỹ|y(ỹ|y). In the absence of
readout noise, we always have pỹ|y(ỹ = y|y) = 1. Therefore,
the probability of obtaining the noisy outcome ỹk in the kth
entry of the dataset D is given by

p(ỹki|xk, θ) = pỹki|yki (ỹki|ỹki )p(yki|xk, θ)

+ pỹki|yki (ỹki|1 − ỹki )p(yki|xk, θ), (18)

where yki and ỹki denote the true and noisy measurement
outcomes, respectively, of the ith qubit in the kth entry of
the dataset D, and p(y|x, θ) is defined in Eq. (5). In this
study, we assume that the bit-flip channel is symmetric, i.e.,
pỹ|y(1|0) = pỹ|y(0|1), and that the bit-flip channel is identical
for all qubits in the system for simplicity.

(2) Decoherence. Decoherence degrades quantum coher-
ence, leading to deviations from ideal unitary dynamics
U (t ; θ ) = e−iH (θ )t and a reduction in gate fidelity. Here, we
modeled it as a completely depolarized channel:

E (ρ(t )) = (1 − pd (t ))ρ(t ) + pd (t )
I
2n

, (19)

where ρ(t ) = U (t ; θ )ρ(0)U †(t ; θ ) and I is a 4 × 4 matrix.
To first order, the occurrence of depolarization events can be
modeled as a Poisson process with rate μ:

pd (t ) = exp

(
− t − t0

μ

)
, (20)

where t0 is the starting time of the experiment. Therefore,
identifying and quantifying decoherence is equivalent to es-
timating the Poisson rate μ. Same model is used in Ref. [26].
This approach approximates a Lindblad master equation with
strong dephasing, mimicking rapid decoherence toward a
maximally mixed state, and we include a full derivation in
Appendix B to justify this approximation. Using this model
for decoherence, we avoid making modification to the neural
network to represent density matrix, which is harder to opti-
mize when system scales up.

To summarize, the calibration of CR gate in the presence of
noise is reduced to estimate the vector c, bit-flip rate pỹ|y(ỹ|y),
and Poisson rate μ from the experiment data.

The relationship between estimation accuracy, measured
by MSE, and the number of queries is illustrated in Fig. 8. It
is evident from the figure that iPINN-HL consistently outper-
forms DNN-HL across both noiseless and noisy conditions.
Notably, the MSE for iPINN-HL declines more rapidly with
increasing query numbers, demonstrating its superior scalabil-
ity and robustness. Noise sources, particularly readout noise,
have a pronounced impact on the calibration process, as seen
by the more gradual decline and greater spread in the DNN-
HL curves compared to the iPINN-HL curves. Moreover, the
presence of noise also affects training stability, as reflected in
the less smooth scaling behavior of MSE for DNN-HL. These
results confirm that iPINN-HL offers greater resilience against

FIG. 8. Calibration accuracy of CR gate MSE as a function of
the number of queries x in the dataset D, comparing iPINN-HL
and DNN-HL methods under both noiseless and noisy conditions.
Here, we set the parameter vector c = {czi, czx, czy, czz, cix, ciy, ciz} =
{0.5, 0.6, 0.7, 0.8, 0.9, 1, 1.1}, Poisson rate μ = 5, and the bit-flip
error rate as 0.995 in the readout noise.

noise and is more efficient in terms of query usage compared
to the traditional DNN-HL approach. The final relative MSE
for the two algorithms under noisy and noiseless setting is
shown in TABLE III.

C. Crosstalks

In this subsection, we focus on the HL problem for
crosstalk effects in multiqubit systems. Crosstalk refers to
unintended interactions between qubits in a quantum system
that occur due to imperfections in hardware or control signals.
For a system with N qubits, the general crosstalk effect can be
modeled as

Hcrosstalk =
∑
i< j

ηi j
(
σ (i)

x σ ( j)
x + σ (i)

y σ ( j)
y

)

+
∑
i< j

εi jσ
(i)
z σ ( j)

z +
∑

i

δiσ
(i)
z . (21)

The first term is caused by unintended XY -type interactions,
where qubits influence each other through off-diagonal terms
in the Hamiltonian. The second term is ZZ-type interactions,
which can arise from dephasing-induced crosstalk when two
qubits are affected by shared environmental noise sources or
from residual coupling between two qubits. The last term is
sometimes called “classical crosstalk” [44] since it is merely
a shift in the qubit frequency and not qubit-qubit interaction.
This can occur when qubits are not sufficiently detuned from

TABLE III. Relative MSE for iPINN-HL and DNN-HL under
noiseless noisy settings, N ({x}) = 105.

Method iPINN-HL DNN-HL

noiseless 1.1 × 10−2 1.9 × 10−2

noisy 1.8 × 10−2 2.8 × 10−2
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TABLE IV. The table of crosstalk coefficients in the system with XY -type crosstalk (ηi j ) shown in the left panel and ZZ-type (εi j ) crosstalk
in the right panel.

Qubit 1 Qubit 2 Qubit 3 Qubit 4

Qubit 1 0.00 0.59 0.46 0.40
Qubit 2 0.59 0.00 0.35 0.48
Qubit 3 0.46 0.35 0.00 0.54
Qubit 4 0.40 0.48 0.54 0.00

Qubit 1 Qubit 2 Qubit 3 Qubit 4

Qubit 1 0.00 0.25 0.37 0.23
Qubit 2 0.25 0.00 0.56 0.67
Qubit 3 0.37 0.56 0.00 0.27
Qubit 4 0.23 0.67 0.27 0.00

one another, causing their frequencies to overlap and leading
to interference [45]. This can also occur when there is drive-
pulse crosstalk [46].

Since qubits can be more appropriately detuned from each
other with advancing quantum technology and the drive-pulse
crosstalk can be readily characterized by measuring Rabi fre-
quency, we focus on quantum crosstalk in this study:

Hcrosstalk =
∑
i< j

ηi j
(
σ (i)

x σ ( j)
x + σ (i)

y σ ( j)
y

) +
∑
i< j

εi jσ
(i)
z σ ( j)

z .

(22)

Furthermore, in our query x = (U, t, M ) to the system, we
assume that the initial preparation unitary U is perfect, and
projective measurement onto product state is also perfect be-
cause single-qubit gate can be fine calibrated using dynamical
decoupling to cancel out the interaction in the process. Read-
out error and decoherence are not included in the model for
simplicity but can also be estimated in principle.

Here, we conduct a numerical study to estimate the
crosstalk of a four-qubit array. We set the parameters ηi j

of XY -type crosstalk and εi j of ZZ-crosstalk according to
Table IV. The accuracy of the parameter estimation, mea-
sured by MSE, is presented in Fig. 9. The figure clearly
illustrates that iPINN-HL consistently achieves a significantly
lower MSE across all crosstalk parameters compared to DNN-
HL. Specifically, for both XY - and ZZ-type crosstalk, the
iPINN-HL method exhibits MSE values that are approxi-
mately 5–10 times smaller than those of DNN-HL. This
superior performance holds consistently across different pa-
rameter initializations and system configurations, as seen from
the stable, low values of the results from iPINN-HL in the left
column. Additionally, the MSE of DNN-HL displays greater
fluctuations, indicating its sensitivity to initialization and its
lower robustness when faced with complex crosstalk effects.
These results highlight iPINN-HL’s substantial advantage
in both accuracy and stability when characterizing multi-
qubit systems affected by crosstalk, reinforcing its potential
for practical deployment in quantum device calibration and
control.

D. Compensation for parameter drifts

We extend iPINN-HL to address the problem of parameter
drifting in quantum systems, where Hamiltonian parameters

change over time due to environmental fluctuations or system
instabilities. External factors such as temperature fluctuations,
electromagnetic noise, and mechanical vibrations can sub-
tly alter the system dynamics. Internally, qubit decoherence,
residual interactions, and imperfections in hardware calibra-
tion contribute to this drift. Additionally, aging of materials
or components in the device can cause long-term changes in
performance.

In this section, we employ both iPINN-HL and DNN-HL to
capture the parameter shift and recalibrate the system, thereby
compensating for the effects of parameter drift. After train-
ing the iPINN-HL and DNN-HL algorithms to convergence,
we introduce a sudden change to the system parameters.
Although such abrupt changes are uncommon in real experi-
mental settings, they serve as an effective testbed to assess the
adaptability and robustness of both methods. Following this
parameter shift, we collect a new batch of data �N ({x}) to
refine the parameter estimates. �N ({x}) contains 300 queries
as shown in Fig. 1 and x = (U, t, M ) is randomly sampled.
For both algorithms, the pretrained network parameters are
retained as the initial model configuration, and the networks
are further trained using the new dataset �N ({x}). This ap-
proach enables the models to efficiently adapt to the updated
system dynamics by integrating the latest observational data.

This approach closely aligns with the online learning
paradigm in ML [47], where models incrementally adapt as
new data become available, rather than being retrained from
scratch. This way, iPINN-HL benefits from its pretrained
structure, enabling it to rapidly converge to the new parameter
regime after a sudden change. In contrast, DNN-HL requires
more iterations and data to stabilize its estimates, as it lacks
the inherent incorporation of governing physical principles
that facilitate efficient adaptation.

For this study, we use the following two-qubit Hamilto-
nian:

H = ω1σ
(1)
z + ω2σ

(2)
z + εσ (1)

z σ (2)
z , (23)

where initially, ω1 = ω2 = 0.5 and ε = 1. After the sudden
change, the parameters shift to ω1 = ω2 = 1.5 and ε = 2.
In the numerical experiment, the size of the newly collected
queries �N ({x}) is 300. The results, shown in Fig. 10, indi-
cate that MSE for iPINN-HL quickly converges to zero after
just eight batches of �N ({x}), while the MSE for DNN-HL
decreases much more slowly and remains above 1 even
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FIG. 9. The accuracy of estimation MSE (shown as pseudocolor scale) of coefficient for XY - and ZZ-type crosstalk using iPINN-HL in
PANELS (a) and (c), and same for panels (b) and (d) using DNN-HL. The MSE is averaged based on multiple different initializations of
algorithms. The crosstalk coefficients are set according to Table IV.

after ten batches. DNN-HL requires twice the amount of data
to reach same level of accuracy again with iPINN-HL after
parameter drift. This highlights the superior adaptability and
convergence efficiency of iPINN-HL in response to abrupt
system parameter changes.

IV. CONCLUSION AND OUTLOOK

In this study, we presented iPINN-HL, a physics-informed
neural network framework for HL. Through comprehensive
numerical experiments across multiple scenarios—including
one-dimensional spin chain systems, cross-resonance gate

calibration, crosstalk identification, and parameter-drift
compensation—we demonstrated its superior performance
compared to DNN-HL. Our results, as detailed in Sec. III,
show that iPINN-HL achieves higher estimation accuracy,
enhanced robustness to noise, and greater adaptability in re-
sponse to system changes.

The key advantage of iPINN-HL lies in its integration
of physical principles into the learning process, enabling it
to approach near-Heisenberg limit performance and maintain
accuracy even in noisy environments. Its ability to adapt to
dynamic system parameters makes it particularly suitable for
real-time quantum system characterization and calibration.
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FIG. 10. The accuracy of estimation MSE of iPINN-HL and
DNN-HL after a sudden change in the parameters of a two-qubit
Hamiltonian defined in Eq. (23). Every new batch �N ({x}) contains
300 queries depicted in Fig. 1.

Moreover, iPINN-HL is highly compatible with advanced
ML techniques. For instance, it can be integrated as a subrou-
tine within other ML-based HL protocols, as demonstrated in
prior works [23,24]. Additionally, iPINN-HL has the potential
to be enhanced through active learning strategies [26], allow-
ing for more efficient resource utilization while maintaining
high accuracy. These features position iPINN-HL as a pow-
erful and flexible tool for advancing HL in both research and
practical quantum technology applications.

Future developments involving the integration of iPINN-
HL with experimental quantum platforms hold considerable
promise for enhancing the precision and reliability of quantum
device calibration and control. Research directions include
scaling iPINN-HL to larger and more complex quantum
systems and devising hybrid strategies that combine classi-
cal optimization with quantum-assisted Hamiltonian learning.
Extending iPINN-HL to open quantum systems with nonuni-
tary dynamics also presents a compelling challenge, with the
potential to bridge theoretical advances in Hamiltonian learn-
ing and practical applications in quantum technologies.
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APPENDIX A: BASELINE COMPARISON

In this Appendix, we provide a comparison of several base-
line methods for quantum state tomography, focusing on their
scalability, computational cost, and accuracy. The methods
considered are as follows:

(1) iPINN-HL (Physics-Informed Neural Networks for
Hamiltonian Learning): The model proposed in this pa-
per, where physics is incorporated into the learning process
through a physics-informed loss term.

(2) DNN-HL (Deep Neural Network for Hamiltonian
Learning): A traditional deep-neural-network approach to
learning Hamiltonian parameters, without the inclusion of
physics-informed constraints.

(3) RBM-HL (restricted Boltzmann machine for Hamilto-
nian learning): In the RBM-HL method, we replace the neural
network architecture in DNN-HL with an RBM.

(4) MLE-HL (Maximum Likelihood Estimation): A tradi-
tional, non-ML approach used for quantum tomography and
HL.

We confine this comparison to the one-dimensional spin
chain model described in Sec. III A, as it enables a controlled
evaluation of the scaling behavior, computational cost, and
accuracy of each method under varying system sizes and num-
bers of parameters. This well-understood and computationally
feasible model provides an ideal framework for assessing the
core performance characteristics of the methods.

1. RBM-HL

RBM representation of quantum state. The RBM consists
of a visible layer v and a hidden layer h. We denote the
visible layer input as v(t ) = (m, t ), where m is the bit-string
representation of the computational basis state |m〉 and t is
the time parameter. The hidden layer encodes latent variables
that capture correlations in the quantum system. The energy
function of the RBM is defined as

E (v, h; W, b, c) = −
∑

i

vici −
∑

j

h jb j −
∑
i, j

viwi jh j,

(A1)

where v = (m1, m2, . . . , mn, t ) represents the visible units,
h = (h1, h2, . . . , hm) are the hidden units, wi j is the weight
connecting the ith visible unit and the jth hidden unit, and
ci and b j are the biases for visible and hidden layers, re-
spectively. To model a quantum state, the RBM defines a
variational wave-function ansatz. The amplitude associated
with a configuration v is

	ω(v) =
∑

h

e−E (v,h;W,b,c), (A2)
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where the parameters θ = {W, b, c} can be complex valued.
The normalized quantum state is then given by

|	ω〉 = 1√
N

∑
ω

	ω(v)|v〉, (A3)

with normalization constant

N =
∑

v

|	ω(v)|2. (A4)

The probability of observing outcome v upon measurement in
the computational basis follows the Born rule:

P(v) = |	ω(v)|2∑
v′ |	ω(v′)|2 . (A5)

Training the RBM consists of adjusting the weights and biases
to minimize the difference between the model distribution
and the measurement statistics. This is typically done using
contrastive divergence (typically denoted as CD-k [49]) in
cases where the target distribution is directly accessible from
experimental measurement outcomes.

RBM training from quantum measurements. Given a set
of measurement samples {v(i)} drawn from the true quan-
tum state, the RBM parameters ω = {W, b, c} are optimized
such that the model probability distribution Pω(v) matches
the empirical statistics. The optimization objective is the log-
likelihood

L(ω) =
∑

i

log10 Pω(v(i) ). (A6)

Its gradient can be written as

∂L
∂ω

= Edata

[
∂E

∂ω

]
− Emodel

[
∂E

∂ω

]
, (A7)

where

Edata[ f (v, h)] = 1

N

N∑
i=1

∑
h

Pω(h|v(i) ) f (v(i), h), (A8)

Emodel[ f (v, h)] =
∑
v,h

Pω(v, h) f (v, h). (A9)

The first term, known as the positive phase, is directly esti-
mated from measurement data. The second term, known as
the negative phase, requires sampling from the model distri-
bution. The parameter updates then read

�W = η(〈vh�〉data − 〈vh�〉model), (A10)

�c = η(〈v〉data − 〈v〉model), (A11)

�b = η(〈h〉data − 〈h〉model), (A12)

with learning rate η. To approximate Emodel, one uses Gibbs
sampling (i.e., CD-k). For binary RBMs, the conditional prob-
abilities needed for Gibbs updates are

P(h j = 1|v) = σ (bj + v�W· j ), (A13)

P(vi = 1|h) = σ (ci + Wi·h), (A14)

where σ (x) = 1/(1 + e−x ). In CD-k, one initializes v with
a data sample, alternates sampling h and v for k steps, and

uses the resulting samples to estimate the negative-phase
expectations. Unlike standard DNNs, which rely on direct
backpropagation through deterministic forward passes, RBM
training requires sampling from the model distribution to
estimate the negative-phase statistics. This involves iterative
Gibbs sampling or its variants, which can be computationally
demanding due to the need for repeated stochastic updates and
Markov chain mixing. As a result, each training step of an
RBM typically incurs significantly higher computational cost
compared to DNNs, especially when scaling to large systems.

2. MLE-HL

MLE is a statistical method used to estimate the parameters
of a probabilistic model based on observed data. The core
idea of MLE is to find the parameter values that maximize
the likelihood of the observed data under the estimate. For the
task of HL, the likelihood function can be defined as follows:

L(θ̂) =
∑

i

|〈yi|Me−iH (θ̂)tU |0〉⊗n|2. (A15)

The summation is taken over all the sampled bit strings
obtained from the measurements. In simulation, the likeli-
hood function is directly optimized using Boryden-Fletcher-
Goldfarb-Shanno algorithm (BFGS).

3. Comparison result

The results of the benchmark presented in Fig. 11 pro-
vide a comprehensive comparison of the iPINN-HL against
three baseline methods. Scaling coefficients indicate precision
scaling with number of queries. Training times are reported
on an NVIDIA RTX 4070 Ti Super GPU. Accuracy met-
rics (MSE and relative MSE) are computed for N ({x}) =
106 queries, while other parameters are held the same as
in Sec. III A and Appendix C. Across all examined system
sizes (N = 4, 7, 8, 10) and translation symmetry levels (s =
1, 2, 4), iPINN-HL consistently achieves the highest scal-
ing coefficient, approaching the Heisenberg limit [O(1/N2)].
This indicates superior precision scaling with data, where
the estimation error decreases quadratically, enabling efficient
learning even as the complexity of the quantum system in-
creases. In contrast, DNN-HL and RBM-HL exhibit lower
scaling coefficients ranging from 1.501 to 1.796, while MLE-
HL yields the lowest scaling coefficients (1.403–1.621).
Notably, iPINN-HL’s scaling coefficient remains almost in-
variant across different s, demonstrating robustness to the
number of Hamiltonian parameters, whereas the three other
baselines show a clear degradation with increasing s. Fur-
thermore, iPINN-HL outperforms the other methods in terms
of estimation accuracy, exhibiting the lowest MSE and rela-
tive MSE for all configurations considered. For instance, at
N = 7 and s = 1, iPINN-HL achieves an MSE of 1.0 × 10−3

and relative MSE of 1.8 × 10−3, compared to 3.1 × 10−3

and 5.5 × 10−3 for DNN-HL, 9.0 × 10−3 and 1.6 × 10−2

for RBM-HL, and 1.5 × 10−2 and 2.7 × 10−2 for MLE-HL.
This advantage stems from the integration of Schrödinger
equation into the loss function, which constrains the solution
space to physically consistent outcomes and enhances data
efficiency. The baselines, lacking such physical priors, exhibit
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FIG. 11. Performance and computational cost of iPINN-HL,
DNN-HL, RBM-HL, and MLE-HL for the one-dimensional spin
chain model. The left column shares the same x axis, namely, the
translational symmetry factor (s = 1, 2, 4) while N = 8; the right
column shares the same x axis, i.e., the number of spins (N =
4, 7, 10) while s = 1. Each row shares the same y axis, showing
(a, e) the scaling coefficient, (b, f) training hours, (c, g) MSE, and
(d, h) relative MSE.

higher errors that increase more rapidly with N and s. While
iPINN-HL demonstrates clear superiority in scaling and ac-
curacy, it incurs higher training times compared to DNN-HL
and MLE-HL, reflecting the additional computational over-
head of incorporating physical constraints. Specifically, the
training time for iPINN-HL is elevated relative to DNN-
HL due to the evaluation and minimization of the physics
loss over collocation points, which involves computing time
derivatives of the quantum state and enforcing consistency
with the Schrödinger equation at multiple sampled times. This
adds complexity to each optimization iteration, resulting in
times such as 3.3 h for N = 7, s = 1, versus 2.8 h for DNN-
HL. Similarly, RBM-HL requires longer training owing to
its sampling-based nature, where contrastive divergence or
Gibbs sampling over the Hilbert space introduces stochastic
overhead, leading to times like 5.6 h for N = 7, s = 1. ML

methods (iPINN-HL, DNN-HL, and RBM-HL) generally ex-
ceed the non-ML MLE-HL in training duration because they
involve differentiation over network parameters in addition
to the unknown Hamiltonian parameters, necessitating back-
propagation through large models. For MLE-HL, the training
time is dominated by repeated matrix exponentials, but BFGS
optimization keeps it low because the differentiation only acts
on the unknown Hamiltonian parameters without a neural
network in the loop, e.g., 1.7 h for N = 7, s = 4. Nevertheless,
the generalization capabilities of ML methods, particularly
iPINN-HL, mitigate the high cost of data collection in the
quantum regime. Traditional approaches like MLE-HL re-
quire dense sampling of the dynamics to achieve comparable
accuracy, often demanding extensive experimental resources.
In contrast, iPINN-HL leverages learned representations and
physical priors to extrapolate beyond observed data, reducing
the reliance on large datasets and enabling efficient char-
acterization of quantum systems where measurements are
expensive or limited. This trade-off, higher computational
time for lower data requirements, positions iPINN-HL as a
practical tool for advancing quantum technologies, where re-
source efficiency is paramount.

APPENDIX B: DERIVATION OF NOISE CHANNELS
FROM THE LINDBLAD MASTER EQUATION

In this Appendix, we show the derivations that justify the
approximation of solving Lindblad master equation by ap-
plying noise channels after unitary gates, in noisy quantum
circuit simulations. The goal is to show how continuous-time
dynamics can be approximated as discrete quantum channels
in a circuit model. The Lindblad master equation governs the
evolution of a quantum system’s density matrix ρ(t ) under
Markovian noise:

dρ(t )

dt
= − i

h̄
[H, ρ(t )] +

∑
k

D[Lk]ρ(t ), (B1)

where H is the system Hamiltonian, [H, ρ] = Hρ − ρH , and
the dissipative term is

D[Lk]ρ = LkρL†
k − 1

2 {L†
k Lk, ρ}, (B2)

with {A, B} = AB + BA and Lk as the Lindblad operators de-
scribing noise processes. We consider the evolution over a
small time step �t . The solution to the master equation is

ρ(t + �t ) = eL�tρ(t ), (B3)

where the Liouvillian superoperator is

Lρ = − i

h̄
[H, ρ] +

∑
k

(
LkρL†

k − 1

2
{L†

k Lk, ρ}
)

. (B4)

For small �t , we approximate

eL�t ≈ 1 + L�t, (B5)

yielding

ρ(t + �t ) ≈ ρ(t ) + Lρ(t )�t . (B6)
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TABLE V. Training details for iPINN-HL and DNN-HL. Training will be early stopped after 200 epochs of no validation loss improvement.
Here, lr (learning rate) sets the step size of updates, β1 (first moment decay) controls the smoothing of momentum, β2 (second moment decay)
regulates the smoothing of variance, and ε (stability constant) prevents division by zero.

Method iPINN-HL DNN-HL

Network structure Feedforward NN, five layers (120 nodes each) Feedforward NN, five layers (120 nodes each)
Activation function SiLU [50] Tanh
Optimizer ADAM (lr = 0.001, β1 = 0.9, β2 = 0.999, ADAM (lr = 0.001, β1 = 0.9, β2 = 0.999,

ε = 10−8) + BFGS ε = 10−8)
Training epochs 3000–5000, early stopping 3000–5000, early stopping

Now, we split the Liouvillian into coherent and dissipative
parts:

(1) Coherent: Lcohρ = − i
h̄ [H, ρ],

(2) Dissipative: Ldisρ = ∑
k (LkρL†

k − 1
2 {L†

k Lk, ρ}).
Using the Trotter-Suzuki approximation for small �t ,

eL�t ≈ eLcoh�t eLdis�t + O(�t2), (B7)

the coherent part gives unitary evolution:

eLcoh�tρ = e−iH�t/h̄ρeiH�t/h̄. (B8)

Since typical quantum gate durations tg are much shorter than
the characteristic coherence times of the system (for supercon-
ducting qubits, tg ∼ 10–100 ns while T1,2 ∼ 10–100 µs), the
probability of a decoherence event within a single gate is very
small. This justifies treating the gate duration as a short-time
step in the Trotter expansion. Thus, we identify �t = tg, so
that the coherent unitary dynamics and the dissipative noise
can be separated to first order. For a gate time tg = �t , the
unitary gate is U = e−iHtg/h̄, so

ρ → UρU †. (B9)

The dissipative part is approximated as

eLdistgρ ≈ ρ + tg
∑

k

(
LkρL†

k − 1

2
{L†

k Lk, ρ}
)

. (B10)

This can be written as a quantum channel:

ρ → E (ρ) =
∑

k

KkρK†
k , (B11)

with Kraus operators:
(1) K0 = I − tg

2

∑
k L†

k Lk ,
(2) Kk = √

tgLk for each Lk .
The Kraus operators satisfy

∑
k K†

k Kk = I to first order,
ensuring a trace-preserving map. In a quantum circuit, we
approximate the evolution over a gate time tg as a unitary gate

followed by a noise channel:

ρ → E (UρU †), (B12)

where U = e−iHtg/h̄ and E is the noise channel derived from
the dissipative terms over tg. As an example, we consider a
single qubit with depolarizing noise. The master equation in-
cludes

dρ

dt
= − i

h̄
[H, ρ] + γ

4

3∑
i=1

(
σiρσi − 1

2

{
σ 2

i , ρ
})

, (B13)

where σi = {X,Y, Z} and σ 2
i = I . The dissipative term be-

comes

D[σi]ρ = σiρσi − ρ. (B14)

Over gate time tg, the noise channel is

Edis(ρ) = (1 − p)ρ + p

3

3∑
i=1

σiρσi, (B15)

with p = 3γ tg/4. The Kraus operators are
(1) K0 = √

1 − pI ,
(2) Ki = √

p/3σi for i = 1, 2, 3.
The full evolution after a gate is

ρ → (1 − p)UρU † + p

3

3∑
i=1

σiUρU †σi. (B16)

This isotropic depolarizing channel is equivalent to the heuris-
tic model where, with probability p, the state is replaced
by the maximally mixed state I/d . Indeed, the map can be
written as E (ρ) = (1 − p)ρ + p I/d , which matches the ac-
tion of the depolarizing channel derived from the Lindblad
form. This matches the model used in Sec. III B. However,
for non-Markovian noise or long gate times, the full master
equation must be solved numerically.

APPENDIX C: TRAINING DETAILS OF IPINN-HL
AND DNN-HL

In TABLE V, we present the training details of both iPINN-
HL and DNN-HL presented in the main text.
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