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Steady-state multiparticle entanglement via dissipative engineering in waveguide QED
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We propose a simple scalable scheme for the dissipative generation of entangled states of multiple emitters
coupled to a waveguide. Our approach exploits collective interactions arising from the formation of subradiant
and superradiant excited states, combined with the quantum Zeno effect. We show that, starting from an arbitrary
initial state, the system deterministically evolves toward a W-type entangled steady state, with an infidelity that
scales inversely with the cooperativity. The protocol is scalable to an arbitrary number of emitters. We further
analyze the impact of additional experimental imperfections and present a detailed implementation based on
trapped 133Cs atoms.
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I. INTRODUCTION

Entangled states are fundamental for the development
of quantum information processing platforms. At the same
time, their preparation is motivated by the urge to under-
stand the nonlocality of nature. Traditionally, interactions with
the environment, particularly those leading to dissipation,
have been considered an obstacle and a source of decoherence
for achieving entangled states [1]. More recently, we have
learned to use dissipation to our advantage by engineering the
dynamics of certain systems to drive them into a desired en-
tangled state [2–17]. Different protocols have been proposed
for platforms such as cavity quantum electrodynamics (QED)
[5–8], atomic ensembles [9–13], waveguide QED [14–19],
trapped ions [20], and superconducting qubits [21–24]. These
protocols generally drive the system into an entangled
state independently of the starting configuration. Ultimately,
the concept of utilizing dissipation for the preparation of
entangled states can be extended to multiple tasks in quan-
tum information processing, including universal quantum
computation [3].

In this paper, we focus on the dissipative preparation of
steady-state multiparticle entangled states in waveguide QED.
We present a simple scalable protocol that can be imple-
mented to generate high-fidelity W-type entangled states [25],
without requiring feedback control mechanisms or precise
timing of pulses. Our system consists of multiple �-type emit-
ters, and the desired state is an entangled state of the ground
levels. Starting from an arbitrary state, the dynamics drive
the system into an entangled state by using the presence of
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subradiant and superradiant states [26,27] for multiple emit-
ters coupled to the waveguide. Subradiant and superradiant
states can have markedly different decay rates for emitters
well coupled to a waveguide. This phenomenon is combined
with the quantum Zeno effect (QZE) [28]. Here, the QZE
treats the environment as an effective measuring device of
decaying states, with a measurement rate set by the decay
rate. For a system that evolves slowly enough, transitions
into states that are observed more frequently are suppressed.
Consequently, a system initially in its ground state and cou-
pled to both subradiant and superradiant states has a higher
probability of transitioning through a subradiant state than
through a superradiant one. We exploit these properties to
engineer the dynamics, ensuring that the desired state is the
only one for which the pumping rate into the state exceeds the
pumping rate out of it.

We show that the steady-state fidelity F grows with the
coupling efficiency β [29], and we find that it scales as
(1 − F ) ∼ 1/C, where C ≡ β/(1 − β ) is the cooperativity.
This scaling with C is distinctive of dissipative preparation
of states [6]. In contrast, in the creation of entangled states by
the implementation of unitary gates, decay is a more severe
source of errors, and the fidelity characteristically scales as
(1 − F ) ∼ 1/

√
C [30–33]. Moreover, we show that our pro-

tocol allows for the feasible preparation of high-fidelity states
for current state-of-the-art experimental platforms.

The article is structured as follows. First, in Sec. II,
we present the scheme and derive the final fidelity as the
main figure of merit. In this section, we also discuss the
intrinsic errors of the protocol. In Sec. III, we generalize
the scheme to a larger number of emitters. In Sec. IV,
we provide a realistic implementation of the scheme for
trapped 133Cs atoms. We explain how we envision reach-
ing the strong-waveguide coupling regime and include some
additional experimental errors such as broadening of the
ground states and atomic motion. We present a possible al-
ternative protocol that exploits microwave transitions in the
Appendix.
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FIG. 1. (a) Schematic of the system. Two emitters are located
in an optical waveguide. The inset shows the level structure of the
emitters. The emitters decay to state |0〉 through the waveguide at
an enhanced rate �1D and to the side with decay rates �0 and �1

to states |0〉 and |1〉, respectively. �i and �i represent the strength
and the detuning, respectively, for the driving between the ground
state |i〉 and the excited state. The decay from |e〉 to |0〉 couples to
the waveguide but not the one to |1〉. We off-resonantly drive the
ground states to the excited ones. Note that we add a phase difference
between the drivings on |0〉 j to couple the state |00〉 to the subradiant
manifold. (b) Representation of singly excited subradiant (purple)
and superradiant (black) manifold, as well as the ground states,
where |T 〉 is the desired state. |00〉 and |S〉 couple to a subradiant
state, resulting in rapid pumping into |T 〉 at a rate ∼γ F . |T 〉 is
pumped back through superradiant states, suppressing the process
to a slower rate ∼γ S . On the other hand, |T 〉 effectively decays
to |11〉 through nonguided decay from a superradiant state, at an
extremely slow rate γ ES . The decay from |11〉 to |T 〉 occurs through
superradiant decay at the rate γ S . (c) Effective ground-state evolution
separated into fast (green box) and slow (orange box) dynamics.

II. TWO-EMITTERS SCHEME

For simplicity, we first present the protocol for two emit-
ters. We assume the emitters to have a �-type level structure
[see Fig. 1(a)]. Each emitter has two ground states, |0〉 and
|1〉, and an excited state, |e〉, which decays to both ground
states. Our scheme requires one of the transitions to be well
coupled to a bidirectional waveguide, which enhances that
decay rate; i.e., the emitters are placed close to a waveguide,
and the levels are chosen such that the transition |e〉 ↔ |0〉 is
enhanced by the coupling to the waveguide, but not the transi-
tion |e〉 ↔ |1〉. Additionally, the protocol relies heavily on the

distance between emitters to be an integer times the |e〉 ↔ |0〉
transition wavelength in the waveguide. Thus, the emitters
are coupled dissipatively and not dispersively [26,27]. As
discussed in the following, this means that some excited states
decay with superradiant decay at a rate of ∼�1D + �′, where
�1D is the decay rate into the waveguide, �′ = �0 + �1 is the
total nonguided decay rate, and �n is the nonguided decay rate
to the ground state |n〉. The rest of the excited states, which
we call subradiant states, decay at a rate �′. For two emitters,
there is a single unique subradiant state [see Fig. 1(b)]. The
presented protocol works for well-coupled emitters to the
waveguide, meaning that we consider the regime �1D � �′.

Similar protocols limited to preparing two-particle entan-
gled states, including those presented in Ref. [7] and the
Appendix, consider a microwave drive between the ground
states. The scalable protocol presented here works by em-
ploying a weak optical drive between the ground and excited
states, �n 	 �′, where �n is the driving strength between |e〉
and the ground state |n〉. Due to the fast decay of the excited
states, this means that (1) the system will mostly remain
within the ground-state manifold and, therefore, (2) we can
adiabatically eliminate the excited states and study the system
solely based on the ground states’ evolution. For two emitters,
the objective of the protocol is to generate a high-fidelity state
with respect to the maximally entangled state

|T 〉 = 1√
2

(|0〉1 |1〉2 + |1〉1 |0〉2), (1)

where |n〉 j stands for the ground state |n〉 from the jth emitter.
To understand the protocol, we choose to study the

system’s evolution with the ground states given in the
singlet-triplet basis: {|00〉 = |0〉1 |0〉2, |T 〉 = 1√

2
(|0〉1 |1〉2 +

|1〉1 |0〉2), |S〉 = 1√
2
(|0〉1 |1〉2 − |1〉1 |0〉2), |11〉 = |1〉1 |1〉2}.

In Fig. 1(b), we depict the system and its dynamics, including
the ground states and the singly-excited states. Due to the
weak driving, the main contribution to a transition between
two ground states results from the driving to an intermediate
excited state and subsequent decay. We refer to these kinds of
transitions as effective decays. Due to the QZE, excitations to
intermediate excited states are suppressed when those states
decay rapidly compared to states mediated by more slowly
decaying ones. Consequently, transitions mediated by super-
radiant states have smaller effective decay rates than those
mediated by subradiant states. As shown in Fig. 1(b), we
engineer the evolution such that both |00〉 and |S〉 are coupled
to the subradiant state, which subsequently decays to |T 〉,
while |T 〉 and |11〉 couple exclusively to superradiant states.
This is achieved by introducing a phase difference between
the drivings on |0〉 j , which couples the state |00〉 to the sub-
radiant manifold. As a result, there is fast pumping through
the subradiant states from |00〉 and |S〉 into |T 〉, whereas these
states can be repumped from |T 〉 only via superradiant states.
In the effective dynamics shown in Fig. 1(c), |00〉 and |S〉 are
quickly pumped to |T 〉 at a fast rate ∼γ F , while |T 〉 decays
back at a much slower rate ∼γ S . In contrast, although |11〉
couples exclusively to superradiant states, only nonguided de-
cay channels from the superradiant manifold lead the system
to |11〉. As a consequence, this process happens at a rate ∼γ ES

that is even slower than ∼γ S . There is therefore very little
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population in |11〉 and almost all the population accumulates
in |T 〉. Further details are provided in the next section.

A. Dynamics

We now perform a detailed analysis of the dynamics of the
system. The Hamiltonian of the system is given by

H = H0 + V+ + V−, (2)

H0 = −
∑
j=1,2

[�0|0〉〈0| j + �1|1〉〈1| j], (3)

V+ =
∑
j=1,2

[
�0

2
eiφ j |e〉〈0| j + �1

2
|e〉〈1| j

]
, (4)

where V− = V †
+, and |0〉 j and |1〉 j are the jth atom ground

states for j ∈ {1, 2}. We drive the ground states to the excited
state |e〉 j with Rabi frequencies �0, and �1 and detunings
�0 and �1, respectively. V represents the coupling between
ground- and excited-state manifolds. The phase on the driving
from |0〉 j is ideally given by eiφ j = (−1) j . On the other hand,
the nonunitary evolution is given by the Lindblad operators

L(0)
j =

√
�0|0〉〈e| j, (5)

L(1)
j =

√
�1|1〉〈e| j, (6)

L(c) =
√

�1D[|0〉〈e|1 + |0〉〈e|2], (7)

where L(0)
j and L(1)

j correspond to nonguided decay processes
and L(c) to a collective one. The latter arises from the emit-
ters being dissipatively coupled through the waveguide. Note
that here we assume that the coupling between emitters is
exclusively dissipative, and there is no dispersive interaction
between them [18]. We also assume the waveguide coupling
efficiency to be close to unity, which implies �1D � �0, �1.

From these Lindblad operators, we identify the excited-
state manifold as the set of states susceptible to decay.
Importantly, this manifold can be divided into states that de-
cay via collective (superradiant) processes and are affected
by L(c), and states that undergo only nonguided (subradiant)
decays [see Fig. 1(b)].

We are motivated to use the effective operator formalism
[34], since we consider a weak drive between the ground
and excited states. This approach allows us to adiabati-
cally eliminate the rapidly evolving states—here, the excited
states—and focus on the dynamics of the more slowly evolv-
ing ground states. In the effective operator formalism, the
effective Hamiltonian Heff and the effective Lindblad opera-
tors L(k)

eff are given by

Heff = −1

2

⎡
⎣V−

∑
n, j

(
H (n, j)

NH

)−1
V (n, j)

+ + H.c.

⎤
⎦ + Hg, (8)

L(k)
eff = L(k)

∑
n, j

(
H (n, j)

NH

)−1
V (n, j)

+ , (9)

where we refer to an arbitrary Lindblad operator as L(k).
The ground-state Hamiltonian in the singlet-triplet ba-
sis is given by Hg = −2�0|00〉〈00| − 2�1|11〉〈11| − (�0 +
�1)(|T 〉〈T | + |S〉〈S|). For each transition from the ground

state |n〉 j to an excited state, we compute the quantity

(H (n, j)
NH )

−1
V (n, j)

+ , where, for this scheme, it is given by

H (n, j)
NH = �n − i

2

∑
k

L(k)†L(k),

since �n does not depend on the emitter. H (n, j)
NH is the

transition-dependent non-Hermitian Hamiltonian, and V (n, j)
+

denotes the matrix element defined in Eq. (4) corresponding
to a transition from |n〉 j .

We find that the singlet-triplet basis provides a clear picture
of the dynamics [see Fig. 1(b)]. Moreover, this basis is ad-
vantageous for computing the steady state, since its states are
eigenstates of Hg. From the dynamics given in Eqs. (2)–(7),
the effective Lindblad operators in this basis read

L(0)
eff, j =

√
γ F

00|00〉〈00| +
√

γ F
01/2|00〉〈S|, (10)

L(1)
eff, j =

√
γ F

10/2 (|T 〉 + (−1) j |S〉) 〈00|

+
√

γ F
11/4 (|T 〉 + (−1) j |S〉) 〈S| +

√
γ ES

10 /2|11〉〈T |,
(11)

L(c)
eff =

√
γ S

1 /2|00〉〈T | +
√

γ S
0 |S〉〈T | +

√
2γ S

1 |T 〉〈11|, (12)

where the different effective decay rates are given by

γ F
nm = �n�

2
m

4�2
m + �′2 ,

γ S
m = �2

m

�1D + �′ ,

and

γ ES
nm = �n�

2
m

(�1D + �′)2
,

where n, m ∈ {0, 1} and such that γ F
nm � γ S

m � γ ES
nm for emit-

ters well coupled to the waveguide. From these effective decay
rates, we can observe the consequences of the quantum Zeno
effect: (1) Transitions that are mediated by the subradiant
state are proportional to the fast effective decay rate γ F

nm,
which is large because of the small denominator compared to
the other terms (� j, �

′ 	 �1D), and (2) transitions mediated
by superradiant states are proportional to the slow effective
decay rate γ S

m , or to the even slower rate γ ES
nm . These are small

because of the large denominator, and in the latter case further
suppressed by the small numerator.

In Fig. 2(a), we compare the total system dynamics, found
numerically, considering all the states of the system, with
the effective dynamics between the ground states and show a
perfect match between them. We also see how these dynamics
drive the population of the system into the entangled state |T 〉
that we are aiming for.

In Eqs. (10)–(12), we have only included the detunings
�i for the effective decays mediated by the subradiant state,
since they are the most relevant for those processes. The de-
tunings reduce the effective decay rate for pumping into |T 〉,
suggesting that minimizing them improves the accumulation
of population in the desired state. However, as we will see in
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FIG. 2. (a) Comparison of the transient evolution of the system
obtained from the total system dynamics (solid) and from the effec-
tive dynamics restricted to ground states (dashed). Starting from a
completely mixed state, we observe excellent agreement between
the two approaches, as well as how the population of the system
converges into the entangled state |T 〉. We have used β = 0.99.
(b) Fidelity as a function of the cooperativity C = �1D/�′, com-
paring the total system numerical result (solid) with the analytical
prediction from Eq. (16). We observe good agreement between them,
in particular, for large C. For both figures, we use �1 = �2, �0 =
�0 = −�1 = �′/20, and the optimal driving conditions �2

1 = �2
0R

[see Eqs. (14) and (15)].

Sec. II B, some detuning is needed to avoid stagnation in a
dark state.

In the weak-coupling regime, Heff ≈ Hg, such that Hg is
diagonal in the singlet-triplet basis. The errors resulting from
this approximation are analyzed in the following section. Un-
der this approximation, we neglect the off-diagonal elements
giving coherences between the different ground states, and
it allows us to describe the population dynamics using sim-
plified rate equations. In these equations, the effective decay
rates determine the exchange rates between the ground states
[7]. From them, we find that the steady-state fidelity of |T 〉,
FT = 〈T | ρ |T 〉, where ρ is the density matrix, is given by

1 − FT

FT
= �1

2(�1D + �′)
�2

0

�2
1

+ �′2 + 4�2
1

2

1 + 4 �2
0

�2
1

(�1D + �′)�′

+ �′2 + 4�2
0

4�1(�1D + �′)�2
0

�2
1

[
1 + �0

�′

(
1 + 4

�2
0

�2
1

)]
.

(13)

In Fig. 2(b), we compare the analytical prediction from
Eq. (13) with the steady-state infidelity obtained from the
total system dynamics as a function of �1D/�′. We observe

near-perfect agreement between the numerical results and our
analytical expression.

The steady-state population can be optimized with respect
to the ratio of the Rabi frequencies, which we define as

R ≡
(

�0

�1

)2
∣∣∣∣∣
opt

. (14)

If we assume �1D � �′ � �i, the optimal ratio is given by

R =
√

�′

2�1

�′ + �0

4�′ + �1
. (15)

In the symmetric case �0 = �1 = �′/2, we find the optimal
value �1 = 31/4 �0, and the cooperativity-limited steady-state
infidelity becomes

(1 − FT )coop ≈ 4.1
�′

�1D + �′ ≈ 4.1
�′

�1D
. (16)

Hence, the final infidelity of our protocol scales as ∼1/C,
where C = β/(1 − β ) and β = �1D/(�′ + �1D). Such favor-
able scaling strongly supports the possibility of generating
high-fidelity entangled states in realistic systems. In addition,
the proportionality constant is sufficiently small that high fi-
delities can be achieved even for relatively modest coupling
strengths. In contrast, the microwave protocol presented in
the Appendix, scales with proportionality constant equal to
7, instead. Moreover, our protocol achieves the steady state
with very few requirements, facilitating its experimental im-
plementation. In particular, since the entanglement is reached
in steady state, the protocol does not rely on precise timing of
experimental pulse sequences.

B. Intrinsic errors

Until now, we have studied the system neglecting intrin-
sic errors that originate from the necessary detunings in the
optical pumping processes. On the one hand, as we can see
in the effective decay rates presented in the previous section,
large detuning implies less efficient pumping into |T 〉, since
the fast dynamics from γF become less efficient. On the other
hand, as we will explain in detail below, the protocol requires
some detuning to exist between the drivings. This avoids the
evolution into separable dark states, which would not be of in-
terest. Here, we study both effects and find a balance between
them.

We first study the effect of large detuning. To get the
infidelity in Eq. (16), we have neglected the contribution from
the detunings in Eq. (13). If we include them, we obtain the
first intrinsic error for our protocol given by

(1 − FT )detu = �2
0

�1D�1
k0 + �2

1

�1D�′ k1, (17)

which indicates how the infidelity increases with the detun-
ings. Here,

k0 = �2
1

�2
0

+ �0

�′

⎛
⎝1 + 4 �2

0

�2
1

�2
0

�2
1

⎞
⎠, (18)

k1 = 2 + 8
�2

0

�2
1

. (19)
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As discussed above, some finite detuning is nevertheless
necessary. To understand why, consider a single � system
where both ground states are driven to the excited state.
The ground-state manifold can then be expressed in terms
of a bright state |b〉 and a dark state |d〉. The bright state,
|b〉 ∝ (�0eiφ j |0〉 + �1 |1〉), is the superposition of ground
states that is driven to the excited state |e〉 and is therefore
subject to effective decay. In contrast, the dark state, |d〉 ∝
(�1 |0〉 − �0eiφ j |1〉), does not couple to |e〉 and is thus not
directly driven. However, since the excited state can still decay
into both ground states, population will accumulate in |d〉. To
avoid this, the drivings from |0〉 and |1〉 have to have different
detunings. If the difference in the detunings

δ ≡ �1 − �0

is small enough, the population mixing between bright and
dark states is too slow, and the system is trapped in |d〉. Note
that, if the total system consists of multiple �-type emitters
with similar dynamics, every emitter would independently
evolve into a dark-ground state, leading to a separable steady
state. Hence, the system requires a sufficiently large δ to create
entangled steady states.

For our protocol, a practical way to study this effect is to
distinguish the dark and bright states as those coupled and
uncoupled to subradiant states. Therefore, we choose the fol-
lowing basis: {|B〉 = 1√

2�2
0+�2

1

(
√

2�0 |00〉 − �1 |S〉), |D〉 =
1√

2�2
0+�2

1

(�1 |00〉 + √
2�0 |S〉), |T 〉, |11〉}, where |B〉 (|D〉) is

the bright (dark) state coupled to the subradiant (superradiant)
manifold. We treat |11〉 independently.

Following the effective operator formalism presented in the
last section, we find the effective dynamics for this basis to be

Heff − Hg ∼
√

2�0�1δ

2�2
0 + �2

1

(|B〉〈D| + |D〉〈B|), (20)

L(0)
eff, j =

√
�0�

2
0

�′2 |B〉〈B| +
√

�0�
2
1

2�′2 |D〉〈B|, (21)

L(1)
eff, j =

√
�1

4

2�2
0 + �2

1

�′2 |T 〉〈B| +
√

�1�
2
0

2�′2 |D〉〈B|

−
√

�1�
2
1

4�′2 |B〉〈B| +
√

1

2

�1�
2
0

�2
1D

|11〉〈T |, (22)

L(c)
eff =

√
2�2

0 + �2
1

2�1D
|D〉〈T | +

√
2�2

1

�1D
|T 〉〈11|. (23)

In this case, it is important to consider Heff , as it uniquely
describes the pumping out of |D〉. We incorporate the effective
Hamiltonian Heff together with the effective Lindblad opera-
tors Leff into the master equation and solve for the steady state.
We find the infidelity of |T 〉 to yield an additional contribution

(1 − FT )dark = �4
0

�1D�′δ2
k2, (24)

FIG. 3. Comparison of the infidelity for the numerical simula-
tion of the full system (solid) and the analytical results (dashed).
(a) Infidelity of the steady state with respect to |T 〉 as a function
of the difference in the detunings δ = �1 − �0, with �1 = −�0,
for �0/�

′ = 0.10, 0.05, and 0.02. Different detuning regimes can
be identified. For small δ, the system experiences population trap-
ping in dark states, leading to an infidelity given by (1 − FT )dark

[Eq. (24)]. At intermediate δ, a plateau appears where the infidelity
is limited by the cooperativity, (1 − FT )coop [Eq. (16)]. For large
δ, detuning-induced errors dominate and the infidelity is described
by (1 − FT )detu [Eq. (17)]. We observe a close match between the
numerical simulation of the total system dynamics and the analytical
results. (b) Infidelity including dephasing. In the presence of ground-
state dephasing, it is no longer desirable to have a very slow protocol,
and �0 can be optimized based on the other parameters. The values
used for these plots are �1 = �2, β = 0.99, �1 = �0R, and in panel
(b) �0 = −�1 = �′/20 and �d = 10−5�′.

which shows that the infidelity increases inversely with the
square of the detuning difference, δ2, and

k2 =
(
1 + 2 �2

0

�2
1

)3(
2 �0

�1
+ 1 + 4 �2

0

�2
1

)
16

(�2
0

�2
1

)3
. (25)

Equations (17) and (24) describe the intrinsic errors of the
protocol. By minimizing the total intrinsic error with respect
to the detunings, for a fixed driving strength, we obtain the
optimal detunings that minimize the sum of infidelities as

�
opt
0 = −�0

(
k2(k1�1)3

k0(k0�′ + k1�1)3

�1

�′

)1/4

, (26)

�
opt
1 = �0

(
k2(k0�

′)3

k1(k0�′ + k1�1)3

)1/4

. (27)

To verify the analytical predictions, we compare the analyt-
ical infidelity (1 − FT ) ≈ (1 − FT )coop + (1 − FT )detu + (1 −
FT )dark with the numerical steady-state infidelity of the entire
system in Fig. 3(a). As seen in the figure, the two curves are
in excellent agreement.
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From Eq. (24), we observe that small values of δ reduce the
fidelity due to population trapping in the dark state; however,
this effect can be mitigated by slowing down the protocol,
i.e., by reducing the driving strength �0. Lowering �0 also
allows us to decrease δ, thus reducing both intrinsic errors
simultaneously while keeping the cooperativity-limited error
given by Eq. (16). This is also shown in Fig. 3(a) by plotting
the infidelity as a function of δ for different driving strengths.

C. Dephasing

In the discussion above, optimal performance is achieved
in the limit � → 0, where the protocol is very slow. In prac-
tice, this is often not desirable since competing effects may
affect the system. To illustrate this, we consider a generic
model, where the ground states are subject to dephasing,
which drives the system into a mixed state [35]. This deco-
herent effect is described by the Lindblad operators Ld(0)

j =√
�d|0〉〈0| j and Ld(1)

j = √
�d|1〉〈1| j , which effectively create

a two-way decay between |T 〉 and |S〉 at a rate �d. We can
implement this error source into our analysis of the effective
dynamics, which results in an additional infidelity contribu-
tion given by

(1 − FT )deph = �d

�2
0

[
2�′�1�

2
0/�

2
1 + �0�

′

�1

]
. (28)

Note that this error scales inversely with �2
0, which limits

how slowly the system can be driven before the state fidelity
decreases. In Fig. 3(b), we compare the analytical result,
adding the last contribution with the total system dynamics.
We again obtain a good match between the two descriptions.
This additional error gives a lower limit on the speed of the
protocol and allows for the optimization of the optical fields’
strength.

III. SCALING TO MORE EMITTERS

Above, we have explained and analyzed the scheme for
two emitters. However, the scheme directly generalizes to an
arbitrary number N of emitters. In the following, we present
this generalization and numerically analyze the steady-state
fidelity for different N . The objective is to create the W-type
entangled state

|WN 〉= 1√
N

(|011 · · · 11〉 + |101 · · · 11〉 + · · · + |111 · · · 10〉).

(29)
Again, we assume that the decay from |e〉 to |0〉 (|1〉) is (not)
coupled to the waveguide. The scheme works the same as
the protocol we have presented previously. That is, |WN 〉 and
|1〉⊗N are only coupled to superradiant states. |1〉⊗N decays
into |WN 〉 at a slow rate ∼γ S; however, only nonguided decays
at rates ∼γ ES feed |1〉⊗N . The rest of the ground states are
coupled to the subradiant manifold, and are either quickly
mixed or decay to |WN 〉 at a rate ∼γ F .

The dynamics for N emitters are qualitatively similar to
the two-atom case. The driving described by the Hamiltonian
in Eqs. (2)–(4) is essentially the same, except for the phase
differences between the optical drivings from |0〉 j . We choose
these phases to maximize the coupling of the ground states

FIG. 4. (a) Dynamics of the ground states for N �-type emitters.
|WN 〉 is the state we want to prepare. The number of states to the
left of |WN 〉 grows with N , but not the number to its right. Increasing
�0/�1 is equivalent to increasing the effective decay rate toward the
further-right states. Thus, for optimal results, �0/�1 should increase
with N . (b) Steady-state infidelity for |WN 〉 as a function of C for
different N . For N = 2, we use the optimal �1, �0, and �1 derived
in the text. For N = 3, 4, and 5, we use �0 = 0.4 × �0 and �1 =
−0.7 × �0, and the ratio of driving strengths is N = 3: �1 = 0.88 ×
�0; N = 4: �1 = 0.69 × �0; N = 5: �1 = 0.59 × �0. We have also
assumed �0 = �1 = �′/2 and �0 = �′/100.

to the subradiant manifold. The set of phases that we have
observed to achieve maximal coupling is given by

φ j = 2π ( j − 1)

N
, for 1 � j � N.

The optical pumping from |1〉 j might have an emitter-
dependent phase as well. This leads to different relative phases
between the nonlocally superposed states, which can be used
for the generation of different W-type ground states.

Increasing the number of emitters also means that the
number of ground states increases exponentially. Most of
these additional ground states are coupled to the subradiant
manifold and are mixed rapidly. For optimal results, we find
that decreasing the ratio �1/�0 with N is beneficial and helps
to drive the population from the rapidly mixed ground states
toward the target |WN 〉 state, thereby improving the steady-
state fidelity [see Fig. 4(a)].

We have studied the scheme for N = 3, 4, and 5, and
the results are presented in Fig. 4(b). We have numerically
obtained the optimal �1/�0 to be �1/�0 ∼ 0.88 for N = 3,
�1/�0 ∼ 0.69 for N = 4, and �1/�0 ∼ 0.59 for N = 5. In
every case, the infidelity scales as (1 − F ) ∼ 1/C, and we
obtain fidelities above 1/2 even for relatively low values of
C. Additionally, we find the steady-state proportionality con-
stants for (1 − F ) ∼ 1/C to increase at a less-than-linear rate.
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IV. EXPERIMENTAL IMPLEMENTATIONS

In this section, we analyze the implementation of the
scheme for a realistic case of cold trapped 133Cs atoms. We
imagine the emission into the guided mode to dominate over
the free-space decay by using optical tweezers to trap the
atoms in the evanescent field of a bidirectional waveguide.
For that, simple one-dimensional dielectric waveguides suf-
fice, provided that sufficiently large �1D/�′ is achieved. As
illustrated in Fig. 1(a), we envision implementations based on
nanophotonic dielectric waveguides, such as photonic-crystal
waveguides of the type presented in Ref. [36], where the atom
coupling to the waveguide is enhanced through slow light
effects near a photonic band edge. To achieve a transition-
dependent coupling, we consider different hyperfine levels of
the atom. Different hyperfine level transitions have different
polarizations, which couple differently to the waveguide. The
aim of this section is to show that the simplicity of the scheme
allows the preparation of entangled states in a realistic exper-
iment. To demonstrate this, we independently consider three
types of errors. Later, we combine them and show that it is
possible to prepare high-fidelity states in the presence of all
three errors simultaneously.

We emphasize that the Appendix presents an alternative
protocol based on microwave driving between the ground
states. While limited to the preparation of two-particle en-
tangled states, this scheme offers a similar fidelity scaling
with several theoretical advantages, including the experimen-
tal benefits of addressing atomic ensembles with microwave
fields (highly homogeneous fields with long wavelengths that
are little affected by the presence of, e.g., dielectric waveguide
structures). Moreover, the analysis of the different sources
of error presented here naturally extends to the protocol dis-
cussed there.

A. Additional ground states

Using the hyperfine structure, pure � systems are not
always achievable. Typically, the excited state can decay to
multiple ground states, which violates the idealized three-level
structure. For trapped 133Cs atoms, a possible implementation
of our protocol uses the following levels:

|F = 4, mF = 4〉 = |0〉 ,

|F = 3, mF = 3〉 = |1〉 ,

|F = 4, mF = 3〉 = |2〉 ,

|F ′ = 4, mF ′ = 4〉 = |e〉 ,

where the ground states |0〉, |1〉, and |2〉 belong to the 62S1/2

manifold, while the excited state |e〉 is in the 62P3/2 manifold
[see Fig. 5(a)]. The additional state |2〉 is unavoidable due
to the hyperfine structure. We choose these D2 transitions
because they provide favorable Clebsch-Gordan coefficients
for the individual transitions between |e〉 and the ground
states. These coefficients are given by �|e〉↔|0〉 = �0 = 7

15�′,
�|e〉↔|1〉 = �1 = 5

12�′, �|e〉↔|2〉 = �2 = 7
60�′, where �′ is the

total decay rate from |e〉. The only transition with π polarized
light is between |e〉 and |0〉, which we assume to be well
coupled to the waveguide. Hence, the other two occur due to
nonguided decay.

FIG. 5. (a) Considered 133Cs level scheme. The transition from
|e〉 to |0〉 is well coupled to the waveguide, which we assume to
be π polarized. The entanglement is prepared between the states
|0〉 and |1〉, and an additional source of error comes from |e〉 also
decaying into |2〉. Therefore, we introduce a strong driving between
|2〉 and |e〉 to pump the population out of that state. (b) Steady-state
fidelity of |T 〉 as a function of the ratios between the drivings for
two emitters with β = 0.99. For this simulation, we use the decay
rates from the 133Cs, F ′ = 4, and mF ′ = 4 level. The parameters used
are �0 = �′/100 and �0 = −�1 = �2/2 = �′/5. (c) Steady-state
fidelity of |WN 〉 including the additional ground state as a function
of �1D/�′ for different N . The parameters we use are N = 2: �1 =
1.14 × �0; N = 3: �1 = 0.88 × �0; N = 4: �1 = 0.69 × �0; and
for all of them �0 = −�1 = �2/2 = �′/5 and �0 = �′/100.

One of the issues of the additional ground states comes
from having multiple transitions not well coupled to the
waveguide. Let us illustrate this in the case of two emitters,
each with three ground states. The target state is now |T 〉 ∝
(|0〉1 |1〉2 + |1〉1 |0〉2). In this case, since both transitions
|1〉 ↔ |e〉 and |2〉 ↔ |e〉 are not coupled to the waveguide,
there is a symmetric ground state with equivalent character-
istics given by |T̃ 〉 ∝ (|0〉1 |2〉2 + |2〉1 |0〉2). To show how to
mitigate the effect of |T̃ 〉, we present the Hamiltonian dynam-
ics with the additional ground state. They are given by

H = H0 + V+ + V−, (30)

H0 = −
∑
j=1,2

[�0|0〉〈0| j + �1|1〉〈1| j + �2|2〉〈2| j], (31)

V+ =
∑
j=1,2

[
�0

2
eiφ j |e〉〈0| j + �1

2
|e〉〈1| j + �2

2
|e〉〈2| j

]
, (32)

and V− = V †
+. To avoid population stagnation in |T̃ 〉, (1) we

select |2〉 such that the nonguided decay into it is the smallest,
and (2) we add an additional strong driving field with Rabi
frequency �2 to deplete the state. Using the effective operator
formalism, we obtain that the population ratio between |T 〉
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and |T̃ 〉 in the steady state is given by

PT̃ ≈ �2

�1

�2
1 + 2�2

0

�2
2 + 2�2

0

FT , (33)

where FT = 〈T | ρ |T 〉 and PT̃ = 〈T̃ | ρ |T̃ 〉. By choosing
�2 � �1,�0, we can thus reduce the population PT̃ 	 FT .
In Fig. 5(b), we depict an example of the steady-state fidelity
of |T 〉 as a function of �2/�0 and �1/�0. The limit for how
much �2 can be increased is given by the breakdown of the
weak-coupling regime. We have found numerically that for
an optimal fidelity we have to use �1/�0 dependent on N ,
�0 = −�1 = �2/2 = �′/5, and �2 = 0. A high �2/�0 has
the additional advantage that it increases the probability of
keeping the electron within the states of interest.

Thus, we have identified a way to minimize the impact of
the additional ground states on the steady-state fidelity of the
protocol. We can now extend this approach to a larger number
of atoms. The target state remains |WN 〉, and it is optimally
prepared by choosing the phases of the optical drivings from
|0〉 j , as described in the previous section. Figure 5(c) shows
the steady-state fidelity for N = 2, 3, and 4 emitters. We
numerically find an optimal ratio between the driving for
N = 2: �1 = 1.14 × �0; N = 3: �1 = 0.88 × �0; N = 4:
�1 = 0.69 × �0; and for all of them we choose �0 = −�1 =
�2/2 = �′/5 for �0 = �′/100. We observe that the protocol
reliably drives the system into high-fidelity entangled states,
with similar scaling as the case of perfect �-type emitters with
(1 − FT ) ∼ 1/C.

B. Effects of atomic motion

Another experimental imperfection arises from the motion
of the emitters. Our scheme relies on the spacing between
atoms resulting in superradiant and subradiant states, and
having no dispersive interaction, which is altered if the atoms
are perturbed from their ideal rest positions. Hence, we want
to study the effect of atomic motion on the state-preparation
fidelity.

To model this error, we consider the atoms trapped in har-
monic oscillator potential wells. We study the motion along
the waveguide’s axis, since movement in this direction has the
largest disturbance on the subradiant and superradiant states.
The Hamiltonian that describes the motion of the emitters is
given by

HM =
∑

j

ωza
†
j a j, (34)

where ωz is the frequency of the trapped atoms along the
waveguide axis and a j (a†

j ) is the annihilation (creation) op-
erator for phonons on the jth atom. Furthermore, driving
transitions on the internal states of the atom also induce cou-
plings between different motional states [37]. The coupling is
given by

Ṽ =
∑

j

[
�0

2
eiφ j |e〉〈0| je

iη(a j+a†
j )

+ �1

2
|e〉〈1| je

iη(a j+a†
j ) + H.c.

]
. (35)

where η = k z0 is the Lamb-Dicke parameter, k = 2π/λ is
the wave number of the incident fields, z0 = (h̄/2mωz )1/2 is
the spread of the zero-point wavefunction, and m the mass
of the atom. At the same time, decay can also induce tran-
sitions between internal and motional states. The Lindblad
operators are hence modified to

L̃(0)
j =

√
�0|0〉〈e| je

−iη(a j+a†
j )/

√
3, (36)

L̃(1)
j =

√
�1|1〉〈e| je

−iη(a j+a†
j )/

√
3, (37)

L̃(c)
± =

√
�1D

2
[|0〉〈e|1e±iη(a1+a†

1 ) + |0〉〈e|2e±iη(a2+a†
2 )]. (38)

We have here added a heuristic geometric factor of 1/
√

3 to
the exponents of the single emitter decays that represents the
fraction of the total phonon recoil that contributes to the cho-
sen axis motion. This is not the case for the collective decay
since it is completely along the waveguide’s axis. Moreover,
the collective decay has to be split into two to distinguish
between right and left propagating photons.

For simulation purposes, instead of working in the tensor
product of the individual motional Hilbert spaces of each
emitter, we transform to collective motional modes defined
as

aR ≡ a1 − a2√
2

and aCM ≡ a1 + a2√
2

,

where aR describes the relative motion between the atoms and
aCM the center-of-mass motion. For sufficiently small values
of η2n̄, we assume that the center-of-mass mode does not sig-
nificantly affect the system fidelity and therefore neglect it in
the simulations. To justify this approximation, Fig. 6(a) shows
the time evolution of the fidelity FT obtained by including
both motional modes, compared with the result obtained by
considering only the relative mode. The agreement observed
between the two approaches validates this simplification for
the chosen parameters.

Since no cooling mechanism is included in the simulations,
the atoms are expected to heat up over time. As a conse-
quence, the motional state progressively deviates from the
ideal subradiant and superradiant configurations, leading to
a gradual reduction of the fidelity at long times, as shown
in Fig. 6(a). Therefore, the fidelity reaches a maximum at an
intermediate time. The maximal fidelity depends on both the
Lamb-Dicke parameter η and the initial thermal occupation
n̄(0). After each optical transition, the probability of changing
the motional state scales as η2. Thus, larger values of η lead
to faster heating, lower peak fidelities of the target state, and
shorter optimal preparation times. Similarly, a larger initial
occupation n̄(0) corresponds to starting from a less favor-
able motional configuration, further reducing the achievable
fidelity.

Figure 6(b) shows the maximal fidelity obtained for |T 〉
as a function of n̄(0) and η. For the case of 133Cs atoms, we
estimate η ≈

√
4 × 10−4�′/ωz. As shown in the figure, even

in the presence of motional effects, the protocol is capable of
preparing high-fidelity entangled states at intermediate times.
For realistic parameters, the achievable fidelities remain well
above the classical threshold FT = 1/2.
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FIG. 6. Fidelity of the entangled state |T 〉 considering two emit-
ters trapped in harmonic oscillator wells. (a) Monte Carlo simulation
for the fidelity of |T 〉 considering both relative and the center-of-mass
motion (2 h.o.) and only the relative motion (1 h.o.). The atoms start
from a completely mixed state and the phonons in independent ther-
mal states with mean phonon number n̄(0). Since we do not include
any cooling procedure, we see the fidelity reaching a maximum and
subsequently decaying due to the emitters heating up. For this sim-
ulation, we have chosen a cutoff of the vibrational state at Nc = 20,
�0 = �′/20, n̄0 = 0.2, and η = 0.05, which corresponds to a trap-
ping frequency along the waveguide’s axis of ωz/2π ≈ 0.84 MHz
for 133Cs atoms. (b) Maximum of the fidelity as a function of η

and its corresponding ωz for 133Cs, for n̄(0) = 0.2, 2.5, and 5.0. We
consider Nc = 15 and �0 = �′/30. We observe how minimizing η

and n̄(0) results in increasing the maximum fidelity for the protocol.
Other parameters used for the two plots are �0 = �1, β = 0.98, and
the optimal �1, �0, and �1 derived for the case of two emitters.

We note that for free-space optical tweezers and Cs atoms,
typical vibrational frequencies for micron-scale beam waists
are on the order of a few hundred kilohertz. However, higher
spatial confinement (MHz) could be achieved by exploiting
the strong field gradients of guided-mode optical lattices in
nanophotonic waveguides or by trapping in near-field patterns
generated by a side-illuminating tweezer focused onto sub-
wavelength dielectric structures, e.g., holes. Far off-resonant
scattering from the trapping fields can also contribute to mo-
tional heating as well as depumping; however, these rates are
typically negligible on the timescales of the protocol.

C. Broadening of transitions

Until now, we have assumed that the driving phase between
the emitters is the only asymmetry in the scheme. However,
frequency shifts can arise, for example, from differential ac
Stark shifts induced by the trapping fields and van der Waals
interactions near dielectric surfaces. The former can be mini-
mized by the use of magic wavelengths [38] and appropriate
polarization. In this section, we discuss the influence of broad-
ening of the transitions. For that, we study two identical atoms
and consider an independent variation in their transition de-
tunings.

We define the ideal detuning �i for the transition i to be
equal between both emitters and introduce a small variation

FIG. 7. Effect of broadening of transitions on the final fidelity of
|T 〉. Effect of the broadening of the optical transitions (top) and of
the ground-state transitions (bottom). Note that the scheme is most
susceptible to σ dif

− , which corresponds to uncorrelated noise between
the emitters. In both simulations, we have used �1 = �2, β = 0.98
�0 = �′/15, �0 = −�1 = �′/50, and �1 = �0R.

�i + εi j on emitter j. We can separate the effect into

σ sum
+ =

∑
i, j

εi j/4, σ dif
+ =

∑
i, j

(−1) jεi j/4,

σ sum
− =

∑
i, j

(−1)iεi j/4, σ dif
− =

∑
i, j

(−1) j+iεi j/4,

where σ sum
+ and σ dif

+ result in optical broadening, and σ sum
−

and σ dif
− represent broadening for the ground-state transitions.

σ dif
− effectively induces a driving between |T 〉 and |S〉 and is

the broadening with the greatest influence on the steady state.
We numerically study the effect by considering two �-type

atoms with a wide range of detunings and present it in Fig. 7.
We observe that for β = 0.98 and �0 = �′/15, with broaden-
ings given by σ dif

− /�′ ∼ 10−4, we can still get fidelities of F �
0.90. In the case of the transitions studied for 133Cs atoms, for
�′ = 2π × 5.234 MHz [39], that is, T ∗

2 = 2/σ dif
− ∼ 600 µs.

D. Summary

In this section, we have considered some of the most im-
portant experimental issues separately, and we have shown
for each case that high fidelities are achievable with realistic
experimental parameters. Here, we combine all these potential
errors to get the expected realistic behavior. We consider two
133Cs atoms, including the extra level 62P3/2, F ′ = 4, mF ′ =
4, which decays back to |2〉 (see Fig. 5). We include �0 =
�′/20, �1 = �0R, �0 = −�1 = �2/2 = �′/5, and σ dif

− =
10−4�′. We study the system for different values of the cou-
pling efficiency and show the results in Fig. 8. For the different
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FIG. 8. Transient fidelity for the |T 〉 state combining all the
considered errors. We consider two 133Cs atoms trapped in harmonic-
oscillator-type wells. As the excited state, we consider the hyperfine
level 62P3/2, F ′ = 4, mF ′ = 4, with a total free-space decay rate �′.
We study the evolution for trapping frequencies ωz/2π ∈ {1 MHz,
100 kHz} and coupling β ∈ {0.90, 0.98}. We also consider �0 =
�′/20, �1 = �0R, �0 = −�1 = �2/2 = �′/5, Nc = 15, and σ dif

− =
10−4�′ that corresponds to T ∗

2 ∼ 600 µs, and a relation between
the trapping frequency and the Lamb-Dicke parameter of η =√

4 × 10−4�′/ωz. We get the maximum of fidelity FT = 0.80 for
ωz/2π = 1 MHz and coupling efficiency β = 0.98.

parameters, we obtain

ωz/2π = 1.0 MHz, β = 0.98 → Fmax = 0.80,

ωz/2π = 1.0 MHz, β = 0.90 → Fmax = 0.67,

ωz/2π = 0.1 MHz, β = 0.98 → Fmax = 0.51.

Hence, we observe that high fidelities of the desired state can
be obtained for realistic experimental parameters.

V. CONCLUSIONS

We have conducted a detailed study of the dissipative
preparation of entangled states between emitters with multiple
ground states in waveguide QED. We have proposed a simple
protocol to create high-fidelity multiparticle entangled steady
states between the ground levels of �-type emitters close to
a waveguide, and we have demonstrated that the protocol’s
fidelity has a favorable scaling (1 − F ) ∼ 1/C, and a favor-
able scaling with the number of emitters. Moreover, we have
studied the limits of our protocol and have given a regime for
optimal fidelities.

We have evaluated the effects of multiple possible errors
related to an experimental implementation of the protocol.
Those are pure dephasing of the states, extra levels, atomic
motion, or broadening. Notably, we have shown that if
the atomic motion of the emitters is included, the highest
entangled-state fidelity occurs at an intermediate time of the
transient evolution.

For a particular implementation based on Cs atoms, we
have given a full picture of our protocol with realistic ex-
perimental values. We have seen that fidelities well above the
classical limit F = 1/2 can be obtained, even when combin-
ing all imperfections.

In addition to its fundamental purpose, dissipative proto-
cols like the one presented are the simplest to implement
due to their favorable scaling and absence of requirements
for precise timing or feedback control mechanisms. While
the presented protocol only realizes a particular state, the
platform is being explored for more advanced applications.
This protocol could be used to benchmark waveguide QED
platforms and as an important precursor for more complex
applications.
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APPENDIX: MICROWAVE-DRIVEN PROTOCOL

In the following, we present an alternative protocol that
substitutes one of the optical drivings for microwave transi-
tions between the ground states. This protocol cannot easily
be generalized to more than two emitters, but offers a similar
fidelity as the scheme already presented. Similarly to the case
we have presented, the protocol reliably drives the system
to a high-fidelity steady state without the need for feedback
control. The protocol was presented in Ref. [41], and here we
study it further to give a comparison with the protocol from
the main text.

We study the emitters as �-like systems, with |0〉 and |1〉
being the ground states and |e〉 the excited states. The coherent
dynamics in this case are given by

H = H0 + V + He, (A1)

H0 = �MW

∑
j

|0〉〈0| j + �MW

2

∑
j

[|0〉〈1| j + H.c.], (A2)

V = �0

2

∑
j

[eiφ j |0〉〈e| j + H.c.], (A3)

He = �0

∑
j

|e〉〈e| j, (A4)

where the coupling between ground and excited states is as-
sumed to be weak, �0 	 �′, where �′ is the total nonguided
decay of the excited state. Again, we are interested in creat-
ing perfect superradiant and subradiant states, which give the
same nonunitary dynamics as those described by the Lindblad
operators in Eqs. (5)–(7).
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FIG. 9. Comparison of the total system dynamics, effective dynamics, and analytical results for the microwave-driven protocol. (a) Tran-
sient evolution comparing total system (solid) with effective (dashed) dynamics in the singlet-triplet basis. Starting from a completely mixed
state, we obtain a near-perfect match between the two approaches. We use �0 = �′/50 and �MW = �′/300. (b) Infidelity of the steady state
with respect to |S〉 as a function of �MW. We plot the numerical results (solid) and the analytical errors (dashed), including the contributions
from dressing and poor mixing of ground states. We see that, for different values of �0, the numerical results match the analytical errors for
the regime with greater fidelity. In both plots, we have used β = 0.99 and �0 = �1.

In this protocol, the desired state is the antisymmetric state
|S〉 = 1√

2
(|0〉1 |1〉2 − |1〉1 |0〉2). The microwave field mixes

the population between the states |00〉 ↔ |T 〉 ↔ |11〉, and the
state |00〉 is pumped to the subradiant state, which partially
decays to |S〉. This transition is fast since the intermediate ex-
cited state decays slowly. However, |S〉 does not mix with the
rest of the ground states and is coupled to a superradiant state.

Hence, the pumping out of |S〉 is slow since the mediating
state decays rapidly.

Assuming the optimal fidelities are obtained with �MW =
�0 = 0, the eigenstates for the ground-state Hamiltonian
H0 are {|S〉, |U0〉 = 1√

2
(|00〉 − |11〉), |U±〉 = 1

2 [|00〉 + |11〉 ±√
2 |T 〉]}, which yield the following effective Lindblad

operators:

L(0)
eff, j =

√
γ FM

0 /8

[
|U0〉 (〈U+| + 〈U+|) + 1√

2
(|U−〉〈U+| + |U+〉〈U−|)

]
+

√
γ F

0 /8(|U+〉 + |U−〉) 〈U0| , (A5)

L(1)
eff, j =

√
γ F

1 /4

(
− |S〉 + (−1) j 1√

2
|U+〉 − (−1) j 1√

2
|U−〉

)
〈U0|

∓
√

γ FM
1 /8

[
|S〉 (〈U+| + 〈U−|) + 1√

2
(|U−〉〈U+| + |U+〉〈U−|)

]
, (A6)

L(c)
eff =

√
γ S/2(|U+〉 + |U−〉) 〈S| , (A7)

where the different effective decay rates are given by

γ F
m = �m�2

0

�′2 , γ FM
m = �m�2

0

4�2
MW + �′2 , γ S = �2

0

�1D
.

If we assume �MW � �2
0/�

′, then Heff ≈ H0, and the eigen-
states of Heff are approximate eigenstates of H0. This means
that the effective drivings between ground states are negligible
compared to the effective decays, and the rate equations sim-
plify. Assuming the symmetric case �0 = �1 = �′/2, we
obtain the steady-state fidelity for |S〉 to be

(1 − FS )coop = 7�′

�1D
. (A8)

Hence, this protocol also allows for high steady-state fidelities
with an error decreasing as ∼1/C, although with a slightly
less favorable coefficient. This second protocol has some ad-
vantages. For example, all the eigenstates of H0 are effectively
coupled through the subradiant state to |S〉. This allows for a
faster preparation of the steady state.

1. Intrinsic errors

This protocol relies on �MW being within an ideal regime.
On the one hand, increasing �MW too much dresses the
ground states |U±〉 and makes it harder to pump out of them.
The error added from this contribution increases as

(1 − FS )dre = 24�2
MW

�′�1D
. (A9)

On the other hand, too little �MW slows the mixing between
ground states and mainly causes stagnation of the system in
|11〉, which adds the error

(1 − FS )mix = 4�4
0

�2
MW�′�1D

. (A10)

In Fig. 9, we depict these results and compare the total
system dynamics with the analytical result.
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