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Solving the many-electron problem, even approximately, is one of the most challenging and simultaneously
most important problems in contemporary condensed matter physics with various connections to other fields.
The standard approach is to follow a divide and conquer strategy that combines various numerical and analytical
techniques. A crucial step in this strategy is the derivation of an effective model for a subset of degrees of
freedom by a procedure called downfolding, which often corresponds to integrating out energy scales far away
from the Fermi level. In this work, we present a rigorous formulation of this downfolding procedure, which
complements the renormalization group picture put forward by Honerkamp [Phys. Rev. B 85, 195129 (2012)].
We derive an exact effective model in an arbitrarily chosen target space (e.g., low-energy degrees of freedom)
by explicitly integrating out the rest space (e.g., high-energy degrees of freedom). Within this formalism, we
state conditions that justify a perturbative truncation of the downfolded effective interactions to just a few
low-order terms. Furthermore, we utilize the exact formalism to formally derive the widely used constrained
random phase approximation, uncovering underlying approximations and highlighting relevant corrections in
the process. Finally, we detail different contributions in the material examples of fcc nickel and the infinite-layer
cuprate SrCuO2. Our results open up a pathway to obtain effective models in a controlled fashion and to judge
whether a chosen target space is suitable.

DOI: 10.1103/npv1-w4gt

I. INTRODUCTION

Central to the design of functional materials is a deep mi-
croscopic understanding of their various physical properties.
In general, we might differentiate between weakly correlated
materials describable on a mean-field level, such as density
functional theory [1,2], and strongly correlated materials, for
which effective mean-field descriptions fail. Fortunately, to
model and eventually understand strongly correlated materi-
als we can make use of the hierarchical nature of physics:
Relevant degrees of freedom can be distilled from complex
microscopic equations, amounting to the formulation of effec-
tive, interacting (lattice) theories. In recent decades, a plethora
of analytical [3–5] and numerical [6–19] techniques that aid
the formulation and solution of corresponding effective mod-
els have been developed. In practice, the typical workflow
for the study of strongly correlated materials consists of a
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multistep procedure starting from an ab initio characterization
[1,2,6,20–24]. Based on this calculation, a model describing
the relevant degrees of freedom is derived by a downfold-
ing scheme. This model can then be solved with many-body
techniques [7–18]. Some examples for such hierarchical cal-
culations can be found in the fields of (unconventional)
superconductors [25–37], quantum spin-liquid candidates and
frustrated magnets [38–43], and Mott insulators [44–48].

Each of these three building blocks, namely, the
ab initio starting point, the downfolding procedure, and finally
the (approximate) solutions to the downfolded models, comes
with its own challenges. However, there has been tremendous
advancements in recent years, especially on the model-solving
side. In particular, it has become possible to achieve “hand-
shakes” for ground-state properties derived from different
numerical algorithms for (strongly correlated) single-band
models [49–52]. This showcases that, out of the three build-
ing blocks, solving the effective model might not pose the
most significant source of error. Simultaneously, the necessary
initial ab initio calculations can nowadays be performed on
several, well-defined, and well-controllable levels. Thus, in
the hunt for fully predictive calculations for real (correlated)
materials we have to turn our attention to the downfold-
ing technique with which we formulate effective target-space
models.
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There are two main downfolding strategies one can employ
to derive a target-space model: One can either directly start
from the Schrödinger equation and require that the spectrum
of the target-space model is (approximately) identical to a part
of the spectrum of the full model [53,54], or alternatively, one
starts from the partition function or the density matrix and
performs a partial trace over the rest subsystem [55]. The first
strategy gave rise to a plethora of downfolding techniques,
such as active space downfolding [56–58], coupled-cluster
downfolding [59,60], canonical transformations [61–64],
operator perturbation theory [65–67], density-matrix renor-
malization group [68], density-matrix downfolding (DMD)
[69–71], unitary circuit-based downfolding [72], techniques
mapping to spin models [73,74], and constrained local den-
sity approximation [75–78]. The second strategy leads to the
(stochastic) constrained random phase approximation (cRPA)
[78–89] and constrained functional renormalization group
(cFRG) [55,90,91]. cRPA was initially introduced as an
ad hoc approximation [20] to obtain screened two-particle
interactions within the target space. Together with further
approximations, e.g., on the so-called double-counting correc-
tions [92–96] for single-particle properties, it has been shown
to be a good approximation for sufficiently gapped systems
[85,86,97]. cFRG on the other hand was introduced as an
exact theory for downfolding [55], but no applications beyond
model calculations were performed so far [90,91,98]. Thus,
there is an inherent need for an in-depth analysis of an exact
downfolding theory and the corresponding effective action
that is obtained for different real materials.

In this work, starting from the partition function we con-
struct an exact downfolding approach based on splitting the
degrees of freedom into a rest space and a target space in an ar-
bitrary way. The rest-space degrees of freedom are integrated
out using the path integral formalism expressed in terms of an
effective action (cf. Sec. II). Such a procedure is reminiscent
of the cavity construction in dynamical mean-field theory
(DMFT) [99]. From the exact target-space action, we develop
a diagrammatic theory for the effective target-space model
and discuss controlled approximations of it (cf. Sec. II A).
The diagrammatic representation allows us to recover cRPA
by resummation of specific diagrams, highlighting and un-
derstanding the approximations required by the method (cf.
Sec. II B). Next, we calculate simple test cases analytically
that showcase the structure of the resulting contributions to
the target-space action (cf. Sec. III). In addition, we perform
ab initio simulations to calculate the various terms appearing
within the formalism for two material examples: fcc Nickel
and the infinite-layer cuprate SrCuO2 (cf. Sec. IV). Our ap-
proach makes it possible to establish the relevance of each of
the contributing terms, allowing to directly gauge the quality
of the derived effective target-space model.

II. EXACT DOWNFOLDING

Our starting point is the following generic two-particle
interacting Hamiltonian:

H = T12d†
2d1 + 1

2U1234d†
3d†

4d2d1. (1)

The operator d(†)
1 annihilates (creates) an electron in state

|ψ1〉. The indices are (implicitly) summed over and they

combine all the relevant degrees of freedom, e.g., site, orbital,
spin, etc. The matrix elements T12 and U1234 are determined in
a given basis by

T12 = 〈ψ2|Ĥsp|ψ1〉, U1234 = 〈ψ3ψ4|Ĥint|ψ1ψ2〉, (2)

with Ĥsp and Ĥint the single-particle contributions (encom-
passing kinetic energy as well as potential energy) and the
Coulomb interaction, respectively. From here on, we will
work in the path integral formalism. The exact partition func-
tion of the system is given by [100]

Z =
∫

DdDd̄ e−S[d,d̄], (3)

where S[d, d̄] is the action corresponding to the Hamiltonian
[Eq. (1)] and d, d̄ are the fermionic (Grassman) fields [101].
We still use numbers as multi-indices, which in the action
formalism also carry the Matsubara frequency arguments. We
do not explicitly write out all Kronecker-δ’s that arise from
(imaginary) time translational invariance.

The next step is to separate the single-particle basis
[Eq. (3)] into target-space (T ) and rest-space (R) states and
subsequently integrate out the rest space. Often, the target
space is spanned by a few selected low-energy states and the
rest space is spanned by high-energy states. However, this is
not a requirement for our construction. At this point, we can
separate the system into two subspaces in an arbitrary way.
The resulting integrand can be expressed into the form of an
action that we refer to as the “downfolded model.” On this for-
mal level, no approximations have been made. All correlation
functions within the target space are fully equivalent between
the full and the downfolded action; see Appendix D for an
explicit demonstration of this in a simple toy model.

In practice, the separation into target and rest spaces
amounts to splitting the sums over multi-indices into two parts
in the following way (say, for the field d1):∑

1

d1 =
∑
1∈T

d1 +
∑
1∈R

d1 ≡
∑

1

f1 +
∑

1

c1. (4)

In the last step, for the sake of brevity, we introduced a
shorthand notation: The fields f and c correspond to the fields
d in the target and the rest space, respectively. We implicitly
assume that the multi-index 1 in the subscript of f belongs
to the set of target-space degrees of freedom T and in the
subscript of c belongs to the set of rest-space degrees of
freedom R. We now apply this separation to each of the fields
in all terms in the (full) action. For example, the interaction
term becomes

1

2

∑
1234

U1234d̄3d̄4d2d1

= 1

2

∑
1234

U1234( f̄3 + c̄3)( f̄4 + c̄4)( f2 + c2)( f1 + c1). (5)

Multiplying the summands yields 24 = 16 terms. Due to anti-
commutation of Grassman fields and the antisymmetry of the
tensor U (e.g., U1234 = −U1243), some of the terms turn out
to be equal, and we can group them together with additional
combinatorial prefactors in front (see Appendix A).
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The action can now be split into parts in the following way:

Z =
∫

D fD f̄
∫

DcDc̄ e−S f [ f , f̄ ] e−Sc[c,c̄] e−A[ f , f̄ ,c,c̄], (6)

where we defined the target-space action S f [ f , f̄ ], the rest-
space action Sc[c, c̄], and the coupling action A[ f , f̄ , c, c̄].
These different contributions read

S f [ f , f̄ ] =
∑

12∈T
f̄2(δ12(iω − μ) + T12) f1

+
∑

1234∈T

1

2
U1234︸ ︷︷ ︸
F1234

f̄3 f̄4 f2 f1, (7)

Sc[c, c̄] =
∑

12∈R
c̄2(δ12(iω − μ) + T12)c1

+
∑

1234∈R

1

2
U1234︸ ︷︷ ︸
C1234

c̄3c̄4c2c1, (8)

A[ f , f̄ , c, c̄] = f̄2 T12︸︷︷︸
A1:1

12

c1 + c̄2 T12︸︷︷︸
Ã1:1

12

f1 + U1234︸ ︷︷ ︸
A1:3

1234

f̄3c̄4c2c1

+ U1234︸ ︷︷ ︸
Ã1:3

1234

f2c̄3c̄4c1 + U1234︸ ︷︷ ︸
A3:1

1234

f̄3 f̄4 f2c1

+ U1234︸ ︷︷ ︸
Ã3:1

1234

f̄3 f2 f1c̄4 + 1

2
U1234︸ ︷︷ ︸
B2:2

1234

f̄3 f̄4c2c1

+ 1

2
U1234︸ ︷︷ ︸
B̃2:2

1234

f2 f1c̄3c̄4 + 2U1234︸ ︷︷ ︸
A2:2

1234

f̄4 f2c̄3c1, (9)

where we introduced vertices for the different terms in the
coupling action. The superscripts denote the number of f and
c operators associated to the respective vertex, i.e., the number
of target- and rest-space fields attached to it. The vertices
with and without tilde are related by complex conjugation.
Whenever visually representing contributions throughout the
paper, these will not be explicitly differentiated, but which
vertex is required follows from the context. Each of these
terms can be associated with a physical process: A1:1 is a
hopping process between target and rest spaces, and A2:2 en-
compasses both density-density and spin-spin Coulomb-like
interactions between the spaces. B2:2 describes pair-hopping
processes between target and rest spaces. Finally, both A1:3

and A3:1 describe assisted hopping processes between target
and rest spaces.

With these definitions at hand, we restructure the path
integral into

Z =
∫

D fD f̄ e−S f [ f , f̄ ]〈e−A[ f , f̄ ,c,c̄]〉Sc

=
∫

D fD f̄ exp
[ − S f [ f , f̄ ]

+ ln
(〈exp[−A[ f , f̄ , c, c̄]]〉Sc

)︸ ︷︷ ︸
G[ f , f̄ ]

]
. (10)

The resulting action (S f − G) is what we will refer to as
the “effective model” or “downfolded model.” We recognize
the expectation value over the rest-space fields as a gener-
alized generating functional for Green’s functions [100] of
the rest space with the target-space fields as sources that are
not one-to-one coupled to the rest-space ones. This is, in
contrast to, e.g., the usual derivation of DMFT [99] where
the fields are one-to-one coupled via the hopping between
the impurity and the bath. We Taylor-expand the functional
G around f = 0 = f̄ . Due to charge conservation in the sub-
space T , terms with unequal number of f̄ and f fields will
ultimately drop out. What remains has the form of n-particle
interactions, i.e.,

G[ f , f̄ ] =
∞∑

n=1

∑
ī1,...,īn

∑
i1,...,in

1

(n!)2

δ2nG[ f , f̄ ]

δ fi1 · · · δ finδ f̄īn · · · δ f̄ī1

∣∣∣∣∣
{ f , f̄ }=0︸ ︷︷ ︸

G(n)
i1 ,...,in ;īn ,...,ī1

× f̄ī1 · · · f̄īn fin · · · fi1 . (11)

Inserting the Taylor expansion [Eq. (11)] into the re-
structured path integral [Eq. (10)], we obtain the following
effective action, i.e., the model action, for the target-space ( f )
degrees of freedom:

Seff [ f , f̄ ] = S f [ f , f̄ ] −
∞∑

n=1

G(n)
1,...,n;n̄,...,1̄

f̄ī1 · · · f̄īn fin · · · fi1 .

(12)
At this point, we arrived at an exact theory for the
target-space degrees of freedom that formally is equivalent
to the cFRG downfolding approach [55]. For a compar-
ison to Hamiltonian-based downfolding approaches, see
Appendix F.

Individual terms in the effective action Seff [ f , f̄ ] can be
expressed in terms of vertex amplitudes (A and B) and the
correlators within the rest space of the form 〈c̄1c̄2 · · · c2̄c1̄〉Sc .
These terms can be compactly illustrated as shown in Fig. 1.
We stress that, in general, all orders of G(n) have to be consid-
ered; in the figures and the derivations, we mostly constrain
ourselves to the single- and two-particle terms (n � 2) to keep
the presentation manageable.

Up to the two-body level, we find 30 topologically distinct
terms (5 single-body, 25 two-body). We classify the con-
tributions into terms depending on zero, one, two, or three
imaginary times, as denoted in the top left corner of each
diagram in Fig. 1.

The light cyan filled shapes introduced in the diagrams
(Fig. 1) denote g(k) = 〈c1 · · · ckc̄k̄ · · · c̄1̄〉conn

Sc
, where the super-

script “conn” indicates that the n-particle expectation value
will be replaced by all combinations of (ki � n)-particle con-
nected Green’s functions (with

∑
i ki = n) of the rest-space

action (G(k)
c ) that lead to a connected diagram (cf. Fig. 2). The

cancellation of the disconnected diagrams is a direct conse-
quence of the linked cluster theorem in combination with the
generalized Wick theorem [102].

Now that we have laid out the individual terms in the
effective action, let us discuss their physical meaning. The
single-particle terms are depicted in row (a) of Fig. 1. We find
five different contributions: diagram (a1) is a simple Hartree-
like term that can be absorbed into the tight-binding matrix
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FIG. 1. Diagrammatic representation of G(1) [panel (a)] and G(2) [panels (b)–(f)]. The gray background indicates rest-space ( ) variables
that are summed over, while the white background indicates target space ( ). White circles indicate ingoing and black circles indicate outgoing
legs. Light cyan filled shapes in the rest space R indicate g(k) (see main text). The one-particle vertex A1:1 is represented with a dark cyan
line, while the two-particle vertices A2:2, A3:1/1:3, and B2:2 are given as dark cyan, orange, and purple squares, respectively. We only draw
topologically distinct vertices, reducing the number of contributions to 25 for the two-particle case. The number of (imaginary) times that each
diagram depends on is denoted in the top left corner as Nτ , under the assumption of instantaneous vertices.

of the effective model: orbital-diagonal terms are chemical
potential shifts, while the off-diagonal terms are hopping
renormalizations. All of the remaining terms are retarded and
are formally analogous to the hybridization terms in (cluster)
impurity problems [99,103,104]. The second diagram is due
to electrons hopping to the rest space, propagating there,
and hopping back. The last three contributions occur due to
the A1:3 couplings (assisted hoppings between the target and
the rest spaces). It is important to note that, depending on the

choice of basis, the kinetic term connecting the target and the
rest space can vanish. All the diagrams featuring A1:1 then
immediately drop out. However, one can still have an effective
hybridization due to assisted hopping processes (A3:1) [cf.
diagram (a5)].

On the two-particle level, the diagram (b5) is the one that is
most commonly kept in the effective model as it encompasses
retarded density-density and spin-spin interactions. Retarded
pair hopping is captured by diagram (c1).

FIG. 2. Graphical definition of connectedness for diagrams (a), (b), and (c) (cf. Fig. 1) in terms of connected single-particle g(1) and two-
particle G(2)

c Green’s functions. We depict G(2)
c as a purple filled shape. The light cyan filled shape (g(k)) is defined such that it encompasses only

the set of possible decompositions in terms of connected Green’s functions that lead to a connected diagram. The disconnected contributions
(right, red box) are not included in g(k), as they cancel by virtue of the linked cluster theorem.
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To translate the meaning of the diagrams, we need to follow the diagrammatic rules stated in Appendix B 1. As examples, we
show the expressions for diagram (a1) of Fig. 1:

(13)

and diagram (d3) of Fig. 1:

(14)

Collecting all terms in Fig. 1, we arrive at the following expressions for G(1) and G(2):

G(1)
i1,ī1

= (
A2:2

1i13ī1
+ A1:1

1,ī1
Ã1:1

i13

) 〈c1c̄3〉conn
Sc︸ ︷︷ ︸

g(1)
1,3

+(
Ã1:1

i13A1:3
12ī14 + A1:1

2,ī1
Ã1:3

1i134

) 〈c1c2c̄3c̄4〉conn
Sc︸ ︷︷ ︸

g(2)
1,2,3,4

+ A1:3
12ī14Ã1:3

3i165 〈c1c2c3c̄4c̄5c̄6〉conn
Sc︸ ︷︷ ︸

g(3)
1,2,3,4,5,6

, (15)

G(2)
i1,i2,ī2,ī1

= 1
4

(
4A1:1

1,ī2
Ã3:1

i1,i2,ī1,2
+ 4Ã1:1

i2,2A3:1
1,i1,ī2,ī1

)
g(1)

1,2

1
4

(
A1:1

2,ī1
Ã1:1

i1,3A1:1
1,ī2

Ã1:1
i2,4 + 2A2:2

2,i2,4,ī1
A2:2

1,i1,3,ī2
+ 4Ã1:1

i1,3A1:1
1,ī2

A2:2
2,i2,4,ī1

+ 2Ã1:1
i1,3Ã1:1

i2,4B2:2
1,2,ī1,ī2

+ 2A1:1
1,ī1

A1:1
2,ī2

B̃2:2
i2,i1,4,3 + 4B2:2

1,2,ī1,ī2
B̃2:2

i2,i1,3,4 + 4A1:3
1,2,ī2,3

Ã3:1
i2,i1,ī1,4

+ 4Ã1:3
1,i2,4,3A3:1

2,i1,ī1,ī2

)
g(2)

1,2,3,4

+ 1
4

(
2Ã1:1

i1,4Ã1:1
i2,5A1:1

2,ī2
A1:3

3,1,ī1,6
+ 2Ã1:1

i2,6Ã1:3
2,i1,5,4A1:1

3,ī1
A1:1

1,ī2
+ 4Ã1:1

i2,4A1:3
2,1,ī2,5

A2:2
3,i1,6,ī1

+ 4A1:1
2,ī2

A1:3
1,i2,5,4A2:2

3,i1,6,ī1
+ 4Ã1:1

i2,6Ã1:3
1,i1,5,4B2:2

3,2,ī1,ī2
+ 4A1:1

1,ī2
A1:3

3,2,ī1,4
B̃2:2

i2,i1,5,6

)
g(3)

1,2,3,4,6,5

+ 1
4

(
Ã1:1

i1,5Ã1:1
i2,6A1:3

4,3,ī1,8
A1:3

2,1,ī2,7
+ A1:1

4,ī1
A1:1

3,ī2
A1:3

1,i1,6,5A1:3
2,i2,8,7 + 4A1:1

2,ī2
Ã1:1

i2,7A1:3
4,3,ī1,8

Ã1:3
1,i1,6,5

+ 4A1:3
4,3,ī1,8

Ã1:3
1,i2,6,5A2:2

2,i1,7,ī2
+ 2Ã1:3

1,i1,6,5Ã1:3
2,i2,7,8B2:2

4,3,ī1,ī2
+ 2A1:3

4,3,ī1,6
A1:3

2,1,ī2,5
B̃2:2

i2,i1,7,8

)
g(4)

1,2,3,4,5,6,7,8

+ (
2A1:1

3,ī2
A1:3

5,4,ī1,10Ã1:3
1,i1,6,7Ã1:3

2,i2,9,8 + 2Ã1:1
i1,6A1:3

5,4,ī1,10A1:3
3,2,ī2,7

Ã1:3
1,i2,9,8

)
g(5)

1,2,3,4,5,6,7,8,10,9

× A1:3
6,5,ī1,12A1:3

1,i1,8,7A1:3
4,3,ī2,11A1:3

2,i2,10,9 g(6)
1,2,3,4,5,6,7,8,9,10,11,12, (16)

which can be either derived from diagrams or by performing
the functional derivatives (see Appendix B).

A. How to approximate?

As mentioned above, the effective action [Eq. (12)] rep-
resents the exact downfolding: Observables involving only f
fields are identical to those calculated using the full partition
function [Eq. (3)]. In practical applications, however, the sum-
mation over n most likely has to be truncated. Any n > 2 will
generate six- and higher-point vertices and thereby exclude
the application of most of the established quantum-many-
body techniques to solve fermionic lattice models. Hence,
we define that a faithful target-space model exists whenever
contributions beyond n = 2 become irrelevant. Whether this
is the case is dictated by the rest-space action and the coupling
amplitudes between rest and target spaces. The following
rules can be formulated:

(1) The rest space itself has to have a rapidly convergent
expansion of its Green’s function generating functional (G).

That is, a perturbative solution of the rest space has to be
well approximated by the lowest two orders, G(1)

c and G(2)
c .

If this is not the case, we do not expect a closed form for
the target-space model to be derivable. In other words, all
connected Green’s functions of the rest space involving more
than two particles have to be negligibly small.

(2) There has to be a hierarchy of the A and B couplings
[cf. Eq. (9)] that guarantees that no significant three-fermion
term is generated. Explicitly, A3:1 has to be negligible as other-
wise 3n particle interactions are generated from an n-particle
expectation value in the rest space.

The first condition can be readily checked by employing a
perturbative expansion for the connected Green’s functions of
the rest space (for which we have to check convergence of the
coefficient tensors). The second condition can be checked by
calculating all couplings from the ab initio wavefunctions, as
we exemplify in Sec. IV. This hierarchy can then be used to
drop certain terms from Eqs. (15) and (16).

These two rules have two important implications. First,
the hierarchy between A and B tensor elements is decisively
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FIG. 3. Diagrams contained in cRPA in orders (An:m )2 and (g(1) )2 and (An:m )3 and (g(1) )4 under the assumption of orthogonal basis sets of
the rest and target spaces. Light blue lines denote rest-space single-particle propagators; vertices are colored according to Fig. 1. The red dashed
line represents a bare target-space propagator Gf

0 that is required to construct a four-point vertex from the six-point contribution A3:1g(1)A3:1

(indicated by the red arrow). The rest-space vertex is defined by the pale-blue four-point vertex.

controlled by the basis, such that the reliability of the down-
folded theory is intimately connected to the target-space basis
set choice. Second, the larger the target-space basis, the easier
it is to derive a faithful target-space theory [17,24]. However,
since the subsequent handling of the target-space theory be-
comes more and more involving with increasing target-space
size, the aim is to find an optimal target basis set size that
balances accuracy and feasibility.

Beyond approximating the exact theory, typically, we want
to have a Hamiltonian instead of an action, i.e., keep only the
instantaneous terms on both the single- and the two-particle
level. How to approximate a retarded interaction by an instan-
taneous one is a matter we do not address in this paper, but
we note that there are optimized schemes for this procedure
[83,105,106].

In addition to the described formalism, there is a sec-
ond potential hurdle that we have not yet addressed: the
double-counting problem [92–95]. It refers to the fact that
both downfolding and model calculations contain contribu-
tions that were already included in the ab initio starting point.
To correct for this, we have to subtract those contributions
that appear in both approaches. For example, considering an
ab initio GW approximation [21] as a starting point, we have
to drop those diagrams in the downfolding that were already
part of the GW calculation [107].

In the following, we will consider several instructive ap-
proximations to Eqs. (15) and (16). We start with a derivation
of cRPA in the present formalism.

B. Reproducing cRPA

A widely used approach for the extraction of effective
two-particle interactions in the target space is the cRPA [108].
Within this approximation, the target-space interaction param-
eters include charge screening processes from the rest space.
More specifically, the screened Coulomb interaction kernel
is obtained through restricted random phase approximation
(RPA) resummation, where the target-space two-particle prop-
agator is subtracted from the full two-particle propagator:

� f = V

1 + (χ − χ f )V
, (17)

where � f is the effective cRPA target-space interaction, χ and
χ f are the noninteracting two-particle propagators in the full
and target spaces, respectively, and V is the bare Coulomb

interaction. By subtracting the target-space propagator χ f

from the full two-particle propagator χ , we end up with a pure
rest-space propagation χc = g(1)g(1) and a mixed propagation
between rest and target spaces, χc f (assuming orthogonal
target and rest spaces, i.e., A1:1 = 0):

χ − χ f = (
g(1) + G f

0

)(
g(1) + G f

0

) − G f
0 G f

0

= g(1)g(1)︸ ︷︷ ︸
χc

+ G f
0 g(1) + g(1)G f

0︸ ︷︷ ︸
χc f

. (18)

To obtain the cRPA diagrams in this setting from the exact
starting point [Eq. (12)], we need to reconstruct both dia-
gram types visualized in Fig. 3. To recover the first and the
third diagram of Fig. 3, we approximate the rest-space two-
particle propagator by a charge-channel RPA that partially
encompasses diagram (b5) in Fig. 1: This induces a leading
order correction of the form A2:2χcA2:2 and A2:2χcCχcA2:2 in
the next-to-leading order, where C is the rest-space vertex.
The second and fourth diagrams in Fig. 3 are constructed
analogously to Ref. [55]: The diagrams are obtained by a
resummation of higher-order vertices arising in the target-
space action due to the coupling A3:1. To make this more
explicit, we again consider the lowest order of this type,
which is a six-point interaction of the form A3:1g(1)A3:1 (sec-
ond diagram in Fig. 3). cRPA approximates their contribution
by closing bare target-space lines in a way similar to the
rest-space RPA resulting in A3:1χc f A3:1. The next-to-leading
order of such mixed propagation terms is A3:1χc f A2:2χc f A3:1

and corresponds to an eight-point vertex in the target-space
action. So, the main differences to the pure rest-space series
are (1) the smaller energy denominators due to the introduc-
tion of the target-space propagators G f

0 and (2) the inclusion
of A3:1 to connect to the target space. Combining the two
classes generates the standard cRPA series for orthogonal
basis sets. Notably, the second term implicitly renders the
screened interaction dependent on the target-space noninter-
acting Green’s function G f

0 . As a consequence, the self-energy
in the target-space model becomes a functional of not only
the fully dressed Green’s function but also of the bare Green’s
function.

To discuss the relevance of the two diagrammatic classes,
as an example let us assume interaction values similar to
the ones found below for Nickel (cf. Table I). We assume
one band at the Fermi level (being the target space) and two
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FIG. 4. Additional diagrams of order (An:m )2 in the case of nonorthogonal basis functions of the target and rest spaces. Light purple lines
denote the rest-to-target propagator. Vertices are colored according to Fig. 1. The lowest row visualizes the diagrammatic content of cRPA,
while the upper two rows graphically construct these starting from the exact downfolding.

remote bands at distance ±� from the Fermi level (being the
rest space), with � being much larger than the bandwidth.
Under these circumstances, the full (target and rest spaces)
noninteracting, static two-particle propagator reads

χnm(q) =
∑
k,ν

Gnn(k − q, ν) Gmm(k, ν)

=
∑

k

n f (εn(k − q)) − n f (εm(k))

εn(k − q) − εm(k)
, (19)

where n, m is an orbital/band index, εn is the corresponding
energy of the noninteracting Hamiltonian, n f is the Fermi
function (still considering orthogonal orbitals), and G is the
full Green’s function. In this setting, the pure rest-space two-
particle propagator (n, m ∈ R) has a denominator bound by
1/(2�) (for m �= n). The mixed (n ∈ R and m ∈ T ) two-
particle propagator’s denominator is bound by 1/�, so it is
roughly twice as large as the pure rest-space two-particle
propagator. From this standpoint, it appears that mixed propa-
gation terms are more relevant and consequently three-particle
vertices can never be neglected. However, we have to keep
in mind that these diagrams require different outer inter-
action vertices. For example, we find that A3:1/A2:2 ≈ 10−2

for Nickel (cf. Sec. IV). Therefore, we conclude that effects
stemming from mixed propagation in the cRPA series should
be negligible as long as the target-space model is accurately
described by two- and four-point vertices and we are in a
perturbative regime of the rest space. Again, note that this
depends on the chosen basis for the separation of target and
rest spaces.

Going back to the general case, in many instances we do
not necessarily have orthogonal basis functions of the target
and rest spaces. In this case, the two-particle propagator is a
rank-four tensor, such that we arrive at the following, more
complex [compared to Eq. (18)], structure of the projected
propagator:

χ − χ f = (
g(1) + G f

0 + g(1)
c f + g(1)

f c

)2 − G f
0 G f

0

= χc + χc f + (
g(1) + G f

0

)(
g(1)

c f + g(1)
f c

)

+ (
g(1)

c f + g(1)
f c

)(
g(1) + G f

0

)
+ g(1)

c f g(1)
f c + g(1)

f c g(1)
c f . (20)

The first two terms in the second line correspond to the con-
tributions discussed before. The other terms generate classes
of diagrams in the screening. In Fig. 4, we visualize one
representative case of each of these classes of diagrams and
construct it graphically from the exact downfolding formal-
ism. To reproduce these contributions, we first have to identify
how the exact formalism captures effects of the mixed single-
particle propagator g(1)

c f . As we show in the next section,
the kinetic coupling results in a single-particle propagator
of the target-space action of the form (g(1)

f )−1 = (G f
0 )−1 +

A1:1gc
0Ã1:1 such that we arrive at g(1)

c f = gc
0A1:1g(1)

f [109]. Thus,

some contributions stemming from g(1)
c f are captured by in-

clusion of the hybridization corrections in the target space;
i.e., the first three diagrams in the summation (lower row)
in Fig. 4 are contained in the downfolded model upon per-
forming a non-self-consistent perturbation theory in the target
space. Only the last diagram in Fig. 4, which is proportional
to g(1)

c f g(1), requires perturbative closing of selected legs of a
six-point vertex.

C. Comparison to other downfolding approaches

There are many other approaches tackling the downfolding
problem or at least some aspects of it [19,40,73,74]. In the
following, we briefly compare our approach to some of the
previously suggested ones.

1. Constrained FRG

In the initially proposed form [55], cFRG is formally
equivalent to the approach proposed here. In contrast to our
approach, cFRG has been formulated in the band basis and
the majority of cFRG studies did not analyze the basis depen-
dence of their results. Furthermore, cFRG has been derived
in terms of Polchinski’s effective actions [110], which is not
as widely known as the applied perturbation theory here. In
practice, cFRG performs an additional approximation [90,91]
of closing single target-space propagator lines perturbatively
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within the RG flow, leading to cRPA-like equations for effec-
tive interactions in the target space. Therefore, it is hampered
by the same conceptual issue of the Luttinger-Ward functional
depending on both G and G0.

2. Coupled-cluster based downfolding

The different variants of coupled-cluster downfolding
(see Ref. [59]) are based on exploiting subsystem embed-
ding subalgebras (SBS). These algebras are spanned by
the particle-hole operators defined for selected empty and
occupied single-particle states of the reference solution.
Coupled-cluster downfolding is exact for the ground-state
energy and excited states [111], by generating state-specific
effective Hamiltonians for the chosen SBS. In contrast, within
our approach the total energy is not accessible directly any-
more, instead we have the guarantee that observables defined
purely within the target space are exactly reproduced upon
convergence.

3. Renormalized density-matrix downfolding

Unrenormalized density-matrix downfolding [69] deter-
mines the effective Hamiltonian by matching its ground-state
energy, excited states, and two-body density matrices within a
selected set of (potentially) eigenstates of the ab initio Hamil-
tonian. Renormalized DMD [71] expands on this by ensuring
that the model eigenstates and the ab initio eigenstates map
one to one. Therefore, if the reference has high accuracy, the
derived effective Hamiltonian will be faithful; if the reference
is not accurate, the effective Hamiltonian will be a bad repre-
sentation of the full problem. Therefore, the downfolding was
so far mainly performed from a beyond DFT starting point,
e.g., real-space variational Monte Carlo [71]. Depending only
on the convergence of the rest-space expansion, the approach
suggested here allows, in principle, to start from a lower-level
ab initio calculation.

4. Canonical transformation

The aim of canonical transformations is to bring the
Hamiltonian into a block diagonal form by applying unitary
transformations [62]. This is done by subsequently remov-
ing off-diagonal elements in the many-body Hamiltonian
that generates higher-order terms within the mutually diag-
onal blocks [64]. The downfolded basis is thus spanned by
many-body eigenstates, which are potentially of multirefer-
ence character. As such, a clear identification of single- and
two-particle interaction terms within the target space is not as
straightforward as in our suggested approach.

5. Perturbative approaches

There exists a number of operator-based perturbative ap-
proaches that are in a sense close in spirit to our proposed
approach—noteworthy approaches include Schrieffer-Wolff
downfolding [112] and operator perturbation theory [65,66].
While these approaches are widely used in deriving spin mod-
els [71], applications for direct ab initio Hamiltonians are
rare. Since standard operator perturbation theory is based on
a resolvent expansion of the stationary Schrödinger equation,
the approach guarantees (if converged) the correct many-body

eigenenergies, in contrast to our approach that guarantees
correct observables within the targeted subspace.

III. ANALYTIC STRUCTURE

Having shown that cRPA can be recovered from diagrams
contained in the proposed downfolding procedure by pertur-
batively closing target-space lines and adding target-space
vertices, in this section we construct simplified cases that
allow to understand the implications of different contributions
to the coupling action [Eq. (9)]. We start with a purely ki-
netic coupling (only relevant for a nondiagonal basis, e.g., the
orbital basis) in Sec. III A and continue with adding particle-
hole coupling A2:2 in Sec. III B.

A. Kinetic coupling

One of the simplest cases one can envision is a noninter-
acting rest space that is kinetically coupled to the target space,
i.e.,

A[ f , f̄ , c, c̄] = c̄2Ã1:1
12 f1 + f̄2A1:1

12 c1, (21)

S[c, c̄] = c̄2
[
δ12(iω − μ) + T c

12︸ ︷︷ ︸
T̃ c

12

]
c1, (22)

S[ f , f̄ ] = f̄2
[
δ12(iω − μ) + T f

12︸ ︷︷ ︸
T̃ f

12

]
f1 + f̄3 f1U1234 f̄4 f2. (23)

Such a scenario is relevant for cases in which target and rest
spaces are entangled. In the absence of entanglement, we
have A1:1 = 0. The case of purely kinetic coupling has been
discussed in depth in the context of, e.g., impurity models
[113] and transport through macroscopic systems [114,115].
In this limit, the rest space induces a retarded hopping (re-
tarded hybridization) in the target space; see diagram (a2) in
Fig. 1:

G[ f , f̄ ] = ln
(〈exp[A[ f , f̄ , c, c̄]]〉Sc

)
= Ã1:1

12 A1:1
34 f̄4 f1 〈c3c̄2〉 = Ã1:1

12 A1:1
34 f̄4 f1 g(1)

2,3. (24)

The exact target-space action is then given by

S[ f , f̄ ] = f̄2
(
T̃ f

12 + A1:1
42 g(1)

3,4Ã1:1
13

)
f1 + f̄3 f1U1234 f̄4 f2. (25)

We find the standard result that the kinetic coupling to re-
mote bands induces an effective “retarded hopping” due to
propagation in the rest space. This kind of term is also known
as (retarded) hybridization. In the present example, this term is
sufficient to ensure that the spectral function calculated from
the effective target-space model is identical to the spectral
function obtained by the corresponding calculation in the full
model. Importantly, we will get formally identical contribu-
tions in the target-space action even in the absence of A1:1 due
to A1:3 [cf. diagram (a5) in Fig. 1].

B. Particle-hole interactions

To extend the discussion above, let us add an A2:2 contri-
bution to the coupling between the sectors, while keeping the
rest space noninteracting. To obtain the target-space action,
we explicitly perform the path integral over c fields and then
identify the diagrams that correspond to the leading order
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FIG. 5. Diagrams in the target-space effective theory up to four external f fields under the approximations detailed in Sec. III B. (a) Single-
particle term (two-point vertex) � f , (b) two-particle term (four-point vertex) � f , and (c) six-point vertex � f ;(6). The c propagators are denoted
with light cyan lines, and the c f vertices with dark cyan rectangles/squares (as in Fig. 1).

corrections. Suppose the coupling action and the rest-space
action are given by

A[ f , f̄ , c, c̄] = c̄3c1A2:2
1234 f̄4 f2 + c̄2Ã1:1

12 f1 + f̄2A1:1
12 c1, (26)

S[c, c̄] = c̄2T̃ c
12c1, (27)

i.e., only kinetic and particle-hole coupling with particle-hole
pairs in the target space as well as the rest space. Note that
this simple form is basis dependent: Under a global change
of basis, finite contributions of all other types of vertices may
be generated. Further, we can also differentiate from context
whether Ã or A is required by inspecting the attached fields. To
integrate out the rest-space fields, we rearrange all quadratic
terms in the c̄, c fields:

c̄T̃ cc + c̄A2:2 f̄ f c + c̄Ã1:1 f + f̄ A1:1c = c̄2
(
T̃ c

12 + A2:2
1i2 j f̄ j fi

)︸ ︷︷ ︸
M12

c1 + c̄2Ã1:1
j2 f j + f̄iA

1:1
1i c1

= (
c̄2 + f̄iA

1:1
1̃i M−1

1̃2

)
︸ ︷︷ ︸

κ̄2

M12
(
c1 + M−1

12̃
Ã1:1

j2̃ f j
)

︸ ︷︷ ︸
κ1

− f̄iA
1:1
1̃i M−1

1̃2̃
Ã1:1

j2̃ f j, (28)

which allows us to shift the integration and then perform the Gaussian integral, i.e.,

Z =
∫

D fD f̄ exp
{ − S f [ f , f̄ ] + f̄iA

1:1
1i M−1

12 Ã1:1
j2 f j

} ∫
DκDκ̄ exp{−(κ̄, Mκ )}

=
∫

D fD f̄ exp
{ − S f [ f , f̄ ] + f̄iA

1:1
1i M−1

12 Ã1:1
j2 f j + Tr ln[M]

}
. (29)

We recognize that the M-matrix contains a rest-space propagator and the interaction. If we choose to expand M in powers of the
rest-space propagator g(1), we obtain

M−1 = g(1)

1 + g(1)A2:2
ji f̄i f j

= g(1) − g(1)A2:2
ji g(1) f̄i f j + O([g(1)A2:2 f̄ f ]2), (30)

Tr ln[M]
∼= Tr ln[1 + g(1)A2:2 f̄ f ] = Tr

[
g(1)A2:2 f̄ f − 1

2
(g(1)A2:2 f̄ f )2 + O([g(1)A2:2 f̄ f ]3)

]
. (31)

Figure 5 visualizes the leading order contributions (up to
the six-point vertex) diagrammatically. In principle, all 2n-
point vertices are generated, but the higher-order (n > 2) ones
are suppressed by factors of (g(1)A2:2)n−1, as each pair of f̄ f
comes with this factor. Using the diagrams for the six-point
vertex [cf. Fig. 5(c)] as an example, the simple diagrammatic
rules to obtain all 2n-point vertices [cf. Eqs. (30) and (31)]
can be explained: All diagrams that contain A1:1 are strings of
n − 1 vertices A2:2 that end in A1:1 (with 2n external f lines
and n internal c lines). Diagrams without A1:1 are circles of n
vertices A2:2 connected by n internal c lines (also resulting
in 2n external f lines). For an improved understanding of
the relevance of different diagrammatic contributions, let us
consider different rest spaces: One where the c electrons are
located only below the Fermi level [cf. Fig. 6(a), Sec. III B 1]
and one where the c electrons have spectral weight both below

and above the Fermi level [cf. Fig. 6(b), Sec. III B 2]. We will
focus on the leading order diagrams, i.e., neglect the six-point
vertex.

1. Bands below the Fermi level

In the first case [cf. Fig. 6(a)], the rest space is exclu-
sively on one side of the Fermi level (here: below). As a
consequence, the second diagram in Fig. 5(b) is suppressed
exponentially with T/�, where T denotes temperature and
� the gap magnitude. The first diagrams of Figs. 5(a) and
5(b) on the other hand only come with an algebraic suppres-
sion by �—each target-space Green’s function is bounded
from above by its zero frequency value. Assuming narrow
c-electron bandwidth, we find

� f (ω) � (A1:1)2 1

iω − �
, (32)
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FIG. 6. Sketch of the two different energetic setups in the
examples considered in the main text, with panels (a) and (b) cor-
responding to Secs. III B 1 and III B 2, respectively.

� f (ω1, ω2, ω3) � (A1:1)2A2:2 1

iω1 − �

1

iω3 − �
. (33)

As a reminder, we denote a degree of freedom as gapped
when it has negligible partial density of states near the Fermi
level, which does not exclude entanglement with the target-
space bands, as the 4s orbitals in Nickel (see Sec. IV A). As
explained above, for such systems, the self-energy acts as a
hybridization between target and rest spaces. There is also a
non-negligible frequency-dependent screening correction to
the interaction [cf. Eq. (33)]. Material examples of the en-
ergetic setup sketched in Fig. 6(a) include noble gases and
s-electron systems.

2. Bands above and below the Fermi level

In the case of c bands above and below the Fermi level [cf.
Fig. 6(b)], the second diagram of Fig. 5(b) is no longer expo-
nentially suppressed because particle-hole excitations become
available. This is the diagram type resummed in the cRPA for
the target-space two-particle interaction. At low temperatures
T/�± 
 1 (i.e., the gaps �± as dominant energy scale), its
contribution to � f is bounded by

� f (ω1, ω2, ω3) � (A2:2)2

i(ω3 − ω1) − (�+ + �−)
. (34)

Comparing to Eq. (33) (and assuming �± ≈ �) reveals an
enhancement of a factor A2:2/A1:1 · �/A1:1 in the static limit
ωi → 0. The scenario of Fig. 6(b) is relevant in most dn-
electron systems, especially in strongly correlated materials
[116–119]: These systems typically have a filled sn shell (and
sometimes pn−1) below the correlated subspace and empty
pn or sn+1 orbitals above the correlated subspace. The gap
sizes �± to these subspaces are often small, such that substan-
tial screening is encountered. Thus, cRPA naturally captures
the leading order corrections to the target-space two-particle
interactions for these materials, explaining its success a pos-
teriori [79,86,120].

In general, we observe that even in this simple example we
find a competition between different terms in the downfolding

[Eqs. (33) and (34)]. Further, we showed that their hierarchy
is detail-dependent and while arguments can be made about
which is the larger coupling, the other couplings are not a
priori negligible.

Beyond the gap magnitude �(±), A1:1 and A2:2 also
influence the relevance of different contributions to the target-
space model [cf. Eqs. (33) and (34)]. To obtain a hierarchy of
contributions, we have to obtain all coupling matrix elements.
In the following section, this procedure is carried out for two
example materials: fcc Nickel (cf. Sec. IV A) and the infinite-
layer Cuprate SrCuO2 (cf. Sec. IV B).

IV. AB INITIO PARAMETERS

After discussing the analytic structure of exactly down-
folded models of simplified test cases, we now turn our
attention to actual materials and the resulting ab initio pa-
rameter estimates. Specifically, we discuss in the following
face centered cubic nickel as well as the infinite-layer cuprate
SrCuO2 and calculate the bare (full model) parameters A and
B in different Wannier basis sets. These will allow us to judge
on the applicability of the rules defined in Sec. II A.

The DFT calculations we present in the following were
all performed with the FPLO code [121,122]. For all of
these calculations, we employ the local density approximation
exchange-correlation functional [123] and include scalar-
relativistic corrections.

After the DFT simulation, we wannierize all valence and
semicore orbitals considered in the DFT calculation into an
atomic orbitals basis. To check for convergence of the real-
space mesh, we verify that each of the resulting Wannier
functions is approximately normalized to one on the chosen
grid.

From the obtained Wannier orbitals, we calculate the (lo-
cal) interaction tensor via

U1234 = 〈ψ3ψ4|Ĥpot|ψ2ψ1〉

=
∫

drdr′ V (|r − r′|)ψ3(r)∗ψ4(r′)∗ψ2(r′)ψ1(r), (35)

where V (|r − r′|) is the Coulomb interaction and the indices
label both orbital index o and position of the Wannier center
R. The numerical implementation of Eq. (35) follows the
Fourier procedure of Ref. [124]; see Appendix E for more
details. The integration always has an intrinsic error due to the
discretization employed to represent the Wannier functions.

A. Face centered cubic nickel

We start with fcc Nickel that has been extensively studied
in the literature [79,120,125–127]. To this end, we perform a
DFT calculation in which we initialize the lattice in the Fm3̄m
space group (no. 225) with lattice constant a = 3.524 Å [128].
The calculations are performed on a 16 × 16 × 16 momentum
mesh. From the converged calculation, we obtain a tight-
binding model for all bands included in the DFT calculation
and the corresponding Wannier functions. Figure 7(a) shows
the band structure near the Fermi level and color code of
the relevant orbital contributions. We define the 3d manifold
as the target space, which is responsible for most of the
spectral weight near the Fermi level. We further observe that
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FIG. 7. (a) Band structure of fcc Nickel with colored weights of
the 3d (bordeaux), 4p (light cyan), and 4s (dark cyan) orbitals. These
three orbital families make up most of the weight near the Fermi
level. (b) Noninteracting spectral function A(k, ω) of the downfolded
d-orbital model for fcc Nickel. As expected, the poles lie on top
of the bands of the full system [cf. panel (a)]—no additional poles
appear or vanish. We set the broadening to 10 meV.

there is a hybridization with both 4p and 4s orbitals close to
the Fermi level. This is indicated by bands changing from
mainly 3d character to 4p or 3s character, implying A1:1 in
the Wannier basis to be nonvanishing. Orthogonality of the
Wannier orbitals suggests A3:1 and A1:3 to be smaller than A2:2

because of the occurrence of the scalar productlike expression
dr ψ3(r)∗ψ1(r) under the integral in Eq. (35).

In Table I, we summarize the largest magnitude tensor
components of the different couplings in the Wannier basis.
As expected, A2:2 is by far the leading coupling by an order
of magnitude and the hybridization A1:1 has also relevant
contributions. Both A3:1 and A1:3 are essentially zero, which
for some of these elements is expected by symmetry and
for others follows from the orthogonality arguments outlined

TABLE I. Leading couplings between the rest-space states (4s
and 4p) and the target-space manifold of the 3d states for fcc Nickel
in the atomic orbital basis provided by FPLO. All elements are given
in eV. Elements that are forbidden by point group symmetries of the
system are marked with “(sym).”

Coupling 3d → 4s 3d → 4p

A1:1 1.44 −1.19
A2:2 10.83 16.35
A3:1 0.0 0.0 (sym)
A1:3 0.06 0.0 (sym)
B2:2 0.25 1.12

above. In contrast, B2:2 is not symmetry forbidden and indeed
has a sizable but small contribution.

The influence of the A1:1 coupling to the single-particle
terms in our target space becomes clear by integrating out
all orbitals but the 3d shell. Figure 7(b) displays the resulting
noninteracting target-space spectral function. Comparing the
spectral function with the DFT band structure, we observe
that all bands in which the 3d manifold had nonzero weight
are observable as sharp features in the spectral function. Only
those (parts of) bands that have no orbital contributions from
that manifold are truly integrated out. The comparably large
A2:2 yields on the single-particle side a chemical potential shift
[as rendered by diagram (a1) in Fig. 1] and a charge screening
to the two-particle terms [as rendered by diagram (b5) in
Fig. 1]. The small, but still finite B2:2 leads to an additional
renormalization due to pair hopping [as rendered by diagram
(c1) in Fig. 1]. Finally, the combined effects of A1:1 and A2:2

as well as A1:1 and B2:2 yield further renormalizations to the
screened interactions [diagrams (c2), (c3), and (d1) in Fig. 1].
All other contributions are negligible due to the vanishingly
small A3:1 and A1:3 terms.

Thus, if the rest space is perturbatively treatable, fcc nickel
fulfills the conditions outlined in Sec. II A and thereby can be
captured by an action encompassing single- and two-particle
terms.

Finally, we stress that this analysis and conclusion is
strongly basis-dependent and as such only valid in the atomic
orbital basis we chose—our conclusion relies on A2:2 and B2:2

being much larger than A3:1 and A1:3. This hierarchy is affected
by any basis transformation (cf. Appendix C) as different
vertex components are transformed into each other. More
precisely, if we rotate away A1:1 we will generate larger A3:1

and A1:3 contributions appearing due to A2:2 contributions of
the orbital space. Therefore, the choice of basis is intimately
intertwined with the form and convergence of the low-energy
model.

B. Infinite-layer cuprate SrCuO2

We proceed with a more complex material, the infinite-
layer cuprate SrCuO2 [129,130], which belongs to the
intensively studied family of copper oxide superconductors
that have been a focal point in condensed matter research
since their discovery in 1986 [116]. We model the crystal by
the P4/mmm space group (No. 123) with lattice constants
a = 3.927 Å and c = 3.435 Å [131]. The calculations were
performed on a 20 × 20 × 10 momentum mesh.

Often, this class of materials is described by a single-
band Hubbard model resembling the copper dx2−y2 orbital that
contributes most weight at the Fermi level. Alternatively, a
three-band Emery model [132] encompassing 3dx2−y2 from Cu
and 2px and 2py from the two neighboring in-plane oxygens
can be used to describe this class of materials. To empha-
size the coupling between oxygen 2p orbitals, classified as
“Emery” type in light cyan and rest in dark cyan, we en-
code their respective weight in Fig. 8(a). We remark that the
non-Emery-type orbitals are much stronger coupled to the
dx2−y2 orbital than in standard cuprates due to the missing
apical oxygen in the infinite-layer compound. We follow the
procedure described above to obtain the Wannier orbitals and
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FIG. 8. (a) Band structure of SrCuO2 with colored weights of
the copper 3dx2−y2 (bordeaux) and the Emery (light cyan) and non-
Emery-type (dark cyan) oxygen 2p orbitals as visualized in the inset.
The other copper d orbitals have weight close to the Fermi level as
well. (b) Noninteracting spectral function A(k, ω) of the downfolded
single dx2−y2 -orbital model. We observe that the Hubbard-like band
is essentially completely integrated out along � to Z as along this
path segment the dx2−y2 orbital does not contribute any weight. The
broadening is set to 10 meV.

the DFT band structure. In agreement with the single-band
Hubbard model picture, we chose the dx2−y2 orbital as target
space, but extending the discussion to the three-band Emery
model [132] is straightforward.

Table II summarizes the different couplings of the dx2−y2

orbital to the rest of the Cu-3d shell as well as to the O-2p
shell. The interaction couplings to the Cu-3d shell follow
the expected hierarchy of A2:2 > B2:2 > A1:3, while A3:1 is
symmetry forbidden. Considering the Cu-3dx2−y2 to O-2p
couplings, all classes are symmetry allowed. Again, A2:2 is
the largest by an order of magnitude, and A3:1 > B2:2. Most
notably, the kinetic coupling to the Emery-type O-2p sector is
large; see light cyan bands in Fig. 8(a). This large kinetic cou-
pling implies that when downfolding onto the dx2−y2 orbital
a large hybridization arises. This hybridization then ensures
that the projected spectral function of the full model is exactly
recovered (by construction). Most notably, the downfolded
action spectral function cannot be mapped to a single-band

TABLE II. Leading couplings between the rest-space states (Cu-
3d and O-2p) and the target space dx2−y2 orbital for the infinite-layer
cuprate SrCuO2. All contributions are given in eV. Contributions that
are forbidden by point group symmetries of the system are marked
with “(sym).”

Coupling 3dx2−y2 → Cu-3d 3dx2−y2 → O-2p

A1:1 −0.09 2.8
A2:2 25.29 8.04
A3:1 0.0 (sym) 0.79
A1:3 0.49 0.45
B2:2 1.09 0.01

Hamiltonian, as it has discontinuities in the weight distribu-
tion.

As for the nickel case, we found that the density-density
type coupling in A2:2 is the largest one throughout the two
examined cases. Since this coupling is native to the charge
channel, the observed hierarchy justifies cRPA to obtain � f

to some degree. The significance of A1:1 on the other hand
draws attention to corrections beyond the commonly used
downfolding approach of wannierization in combination with
cRPA to obtain the screened two-particle interaction due to the
correction in the hybridization being missed and corrections
due to B2:2 or mixed vertex diagrams.

V. DOWNFOLDING IN PROTOTYPICAL
MULTIORBITAL METALS

In the following final example, we discuss the full impact
of our downfolding protocol ranging from the derivation of
target-space interactions to their impact upon solving the re-
sulting target-space model and compare to the conventional
cRPA scheme. To this end, we focus on correlated multiorbital
metals.

Multiorbital metals are a class of materials in which
the low-energy manifold consists of multiple bands. As a
consequence, the Coulomb tensor does not only contain
density-density type terms but also pair-hopping terms and
spin-flip contributions [133,134]. The strength of those in-
teraction terms is typically given by the Hund’s coupling J
following a Hubbard-Kanamori type parametrization of the
interaction. In the following, we compare different down-
folding approaches and the, respectively, resulting Hund’s
coupling values and investigate how these in combination with
the single-particle terms in the exact downfolding affect the
target-space solutions.

A. The full model and the applied downfolding schemes

The subsequent calculations are performed for a 14-band
Wannier model for SrVO3 accompanied by an ad-hoc chosen
set of bare Coulomb matrix elements. SrVO3 is a widely stud-
ied multiorbital metal, which shows metallic behavior down to
low temperatures [135–137]. The model consists of five V-d
orbitals split in the t2g and eg subspaces (which are orthogonal)
as well as nine O-p orbitals [24]. The hopping parame-
ters are extracted from a VASP [138,139] calculation using
Wannier90 [140]. We include a Hubbard-Kanamori interac-
tion on each atom, and a nearest-neighbor density-density
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interaction between the oxygen p orbitals and the vanadium
d orbitals. For details about the model, we refer the reader to
Appendix G. For the downfolding, we define the V t2g orbitals
as the target and the V eg and O p orbitals as the rest space.
With this choice of model and spaces, t2g and eg orbitals cou-
ple via B2:2 and A2:2, while the t2g subspace couples to the p
orbitals mainly by the A2:2 and A1:1 coupling. This implies that
at second order we only require up to G(2) in the rest space.

We downfold the model to the t2g manifold utilizing cRPA,
cFRG in the form of Ref. [98], and our proposed downfolding
scheme, which we dub Perturbatively Controlled Downfold-
ing (PCD). For PCD, we consider both a charge-channel
RPA truncation of the diagrams and a version that retains
all second-order contributions without truncation. Further, we
focus on the static component of the resulting two-particle
interactions.

All variants of the downfolding approaches are imple-
mented utilizing the divERGe library [141] implying only
inclusion of all diagrams ending and starting in two-particle
interactions. The missing diagrams from the full downfolding
scheme are added by hand in a postprocessing step. As in-
dicated above, we carried out the truncation of the diagrams
in two ways: one using a cRPA-style truncation (denoted as
PCD@cRPA) and the other without any truncation (denoted
as PCD).

B. Testing the rules

Before performing the downfolding calculations, we need
to check whether the perturbative truncation of the downfold-
ing hierarchy is justified. To this end, we need to verify that
the rules outlined in Sec. II A are fulfilled. By design, rule
2 is fulfilled, as we have neither A3:1 nor A1:3 couplings in
the full model. Testing rule 1 technically requires numeri-
cally calculating n-point Green’s functions of the effectively
gapped rest space. To avoid this numerical heavy calcula-
tion, we suggest estimating the size of these contributions
by calculating selected contributions to the n-particle Green’s
functions. Specifically, we calculate the series of leading order
ring diagrams in the static and local limit. Here, we exploit
the fact that in an insulator the presence of a gap leads to
exponential localization of the rest-space propagators in real
space [97], which renders such an approximate resummation
feasible and insightful. To this end, we focus on the class of
diagrams consisting of n two-particle vertices connected in a
loopless fashion that translate into (G · V )n (we suppressed
internal matrix multiplications here). This is converted into
a connected n-point Green’s function by dressing dangling
legs of the vertices by in total 2n Green’s functions at order
n. Thus, order by order we add a factor of G · V · G2. Note
that a general bound on perturbation theory can be proven
in the weak coupling limit [142] and has a similar form. We
summarize the results of our convergence test in Fig. 9. We ob-
serve that already the two-particle connected Green’s function
is fairly small, supporting the truncation of the diagrammatic
expansion at second order.

C. Comparing downfolding methods

We summarize the results for downfolded two-particle
interactions in Table III. We observe that cRPA leads to

FIG. 9. Maximal element of the n-point Green’s function from
loopless diagrams, as indicated in the inset. We observe a power-law
decay in the log plot as expected from the diagrammatic arguments
and the analytic bound.

substantial charge screening, while leaving the Hund’s cou-
plings unchanged. This, however, is not a general feature but
a consequence of the model we picked. Adding the pairing
and spin channels, as done in cFRG, further reduces the local
Coulomb interaction due to the screening nature of the pairing
channel. More importantly, including these channels discrim-
inates between the different Hund’s couplings—the pairing
channel acts as screening channel, while the spin channel
is antiscreening [143]. Therefore, the spin-flip contribution,
which is mainly renormalized by the spin channel, is enhanced
in the downfolding process. Further, the pair-hopping contri-
bution, which is mainly renormalized by the pairing channel,
is reduced. We stress that this differentiation is not a material-
specific feature, but instead we expect it to be systematically
present due to the inclusion of the spin and pairing screening
channels.

Comparing the cRPA calculation to its PCD@cRPA coun-
terpart, i.e., removing the first diagram type in Fig. 4 from
cRPA, we observe a decrease of the on-site Coulomb tensor.
This diagram type is proportional to an off-diagonal propa-
gator (since the propagators traverse between rest and target
spaces), resulting in a case-specific overall sign of the cor-
responding contribution. Thus, the contribution can be either
screening or antiscreening depending on details of the calcu-
lation. Here, we find a reduction in the effective interaction
by ∼0.7 eV by excluding this diagram. Including all other
diagrams, we find that the on-site U increases due to diagram
(c3) in Fig. 1, which is essentially the precursor of the diagram
responsible for the increase of the on-site interaction in cRPA.
Comparing the PCD result to the PCD@cRPA approximation,
we observe the same dichotomy of the Hund’s coupling as in
the cRPA/cFRG comparison, though slightly weaker due to

TABLE III. Comparison of the local and static target-space
Hubbard interaction tensor components from different methods for
obtaining screened two-particle quantities. All elements are given in
eV.

bare cRPA cFRG PCD@cRPA PCD

U 5.00 3.96 3.70 3.31 3.52
Vdd 3.80 2.76 2.47 2.11 2.34
Jpp 0.60 0.60 0.53 0.60 0.55
Jss 0.60 0.60 0.67 0.60 0.63

023091-13



JONAS B. PROFE et al. PHYSICAL REVIEW RESEARCH 8, 023091 (2026)

FIG. 10. Panels (a) and (c) visualize the spectral function of the t2g subspace from DMFT starting with the downfolded action from cRPA
with/without inclusion of the hybridization due to the p-orbitals in panel (a)/(c). Panels (b) and (d) visualize the spectral function of the t2g

subspace from DMFT starting with the downfolded action from PCD with/without inclusion of the hybridization due to the p orbitals in
panel (b)/(d). We observe that depending on the chosen downfolding method the system is either in a Fermi-liquid metallic state or in a Mott
insulating state.

the absence diagrams containing target-space propagators and
interactions.

D. Solving the target-space model

To better understand how these differences in the target-
space models alter the predicted behavior, we solve the
resulting t2g three-band models, once with cRPA-derived in-
teractions and once with the interactions from PCD. In both
cases, we once exclude and once include the effective hy-
bridization due to the kinetic coupling of the p orbitals in the
calculations. To this end, we perform dynamical mean-field
calculations using the continuous-time hybridization expan-
sion impurity solver implemented in w2dynamics [104,144]
at β = 20, with the Anisimov double-counting correction
[145]. For the analytical continuation, we utilize the maximal
entropy method implemented in ana_cont [146]. The spec-
tral functions for the two cases are visualized in Fig. 10. We
observe that depending on the chosen downfolding method to
generate the t2g three-band models, we either find a Fermi-
liquid metallic state (PCD and cRPA with hybridization) or
a Mott insulating state (cRPA and PCD without hybridiza-
tion). Importantly, the hybridization arising from the kinetic

coupling to the rest space enhances the kinetic energy within
the target subspace. This effectively promotes delocalization,
resulting in a more resilient metal. Thus, the treatment of the
hybridization is crucial to obtain the correct physics. Beyond
the pronounced impact of including or neglecting hybridiza-
tion, switching the two-particle treatment between cRPA and
PCD leads to comparatively minor changes. This reflects
a partial error cancellation: In this specific example, cRPA
overestimates U compared to PCD, which leads to enhanced
correlations. On the other hand, the pair-hopping and spin-flip
Hund’s coupling are not split, which leads to a reduction of
correlations. Thus, overall, the two effects cancel out par-
tially, resulting in only a minor change on the two-particle
level.

VI. CONCLUSION

We derived and discussed a general and exact formalism
for downfolding to effective target-space models. Start-
ing from a generic many-body Hamiltonian, we derived
a diagrammatic expression for the effective action of the
target-space model including interactions up to arbitrary or-
ders. Within the formalism, we specified criteria that help in
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judging the quality of effective target-space models, focusing
on whether such a model represents a faithful approxima-
tion to the real material: First, the rest space has to have
a rapidly convergent perturbative solution, as, for exam-
ple, is the case in wide-gap rest spaces [97]. Second, there
has to be a hierarchy of the different coupling contribu-
tions that ensures that three- and more-body interactions
are suppressed. The former can be analyzed by solving the
rest-space action by appropriate means, ensuring that its
(n > 3)-particle connected Green’s functions are negligible.
The latter can be checked by analyzing the A and B co-
efficients appearing in the coupling action, which can be
calculated using available tools. This downfolding proce-
dure we call perturbatively controlled downfolding. While
the physical observables themselves are independent of the
choice of basis, we stress that the form of these couplings,
and thereby the form and convergence properties of the
target-space model, can be strongly basis dependent (cf. Ap-
pendix C).

We further discussed both single- and two-particle terms
arising in the downfolded model and compared to the well-
established cRPA on the level of the two-particle interaction.
Notably, the proposed approach naturally resolves the prob-
lem of constructing effective models for cases in which target
and rest spaces are entangled [108,147–149] by the inclusion
of all different couplings between the spaces. Furthermore,
it removes the ambiguity of the target-space Luttinger-Ward
functional depending on the noninteracting Green’s function
as it is the case when target-space interactions are derived
within cRPA.

Next, we calculated the different couplings from first prin-
ciples in two prototypical examples: pure fcc nickel and an
infinite-layer cuprate. In both, we observed that one has to
expect substantial retarded hoppings due to kinetic couplings
between target and rest spaces. These findings indicate that
for either of the two materials no faithful target-space model
exists that includes only screened interactions. Furthermore,
for both materials we found A1:3 to be small. Finally, we
demonstrated in a prototypical multiorbital metal the signif-
icance of employing a perturbatively controlled downfolding
scheme to accurately capture screening effects across the dif-
ferent channels.

In conclusion, to construct reliable effective target-space
models, it is essential to carefully treat single-particle hy-
bridization effects and to ensure a well-chosen basis such
that the model itself can be truncated to include only single-
and two-particle terms. Otherwise, a theoretical description
of the discussed materials purely from the perspective of the
corresponding target spaces can suffer from uncontrolled ap-
proximations.

As the next step, we envision building a post-ab initio
tool that automatizes the proposed downfolding scheme in-
corporating the convergence checks outlined in this article.
The starting point for such an implementation could be an
orthonormal atomic orbital basis [121,122,150,151] exploit-
ing symmetries [152], but in principle any basis can be used
[153]. For the perturbative treatment of the rest space, we
can rely on a plethora of highly efficient ab initio many-body
perturbation theory [21,141] and ab initio quantum chemistry
codes [154,155].
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APPENDIX A: SPLITTING THE INTERACTION

After defining target and rest spaces, we have to restructure
the interaction accordingly. For this, we start from∑

1234

U1234d̄3d̄4d2d1

=
∑
1234

U1234( f̄3 + c̄3)( f̄4 + c̄4)( f2 + c2)( f1 + c1), (A1)

and multiply out the brackets. The terms can then be classified
according to Table IV.

APPENDIX B: DERIVATION OF THE FORM OF THE
GREEN’S FUNCTION GENERATING FUNCTIONAL

In Eq. (10), we found that the nontrivial contribution to
the effective target-space action ( f Fermions) is given by
a generalized Green’s function generating functional. In the
following, we derive the leading orders of its Taylor expansion
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TABLE IV. Classification of the different contributions arising in
Eq. (A1) and sorting into the different actions.

U1234d̄3d̄4d2d1 representative term in A (or , )

1
2U1234 f̄3 f̄4 f2 f1

1
2U1234 f̄3 f̄4 f2 f1

1
2U1234c̄3 f̄4 f2 f1 U1234 f̄3c̄4 f2 f1 f̄3 f2 f1A3:1

1234c̄41
2U1234 f̄3c̄4 f2 f1

1
2U1234 f̄3 f̄4c2 f1 U1234 f̄3 f̄4 f2c1 f̄3 f̄4 f2Ã3:1

1234c11
2U1234 f̄3 f̄4 f2c1

1
2U1234c̄3c̄4 f2 f1

1
2U1234c̄3c̄4 f2 f1 f2 f1B̃2:2

1234c̄3c̄4

1
2U1234c̄3 f̄4c2 f1
1
2U1234c̄3 f̄4 f2c1 2U1234c̄3 f̄4 f2c1 f̄4 f2A2:2

1234c̄3c11
2U1234 f̄3c̄4c2 f1
1
2U1234 f̄3c̄4 f2c1

1
2U1234 f̄3 f̄4c2c1

1
2U1234 f̄3 f̄4c2c1 f̄3 f̄4B2:2

1234c2c1

1
2U1234c̄3c̄4c2 f1 U1234c̄3c̄4 f2c1 f2A1:3

1234c̄3c̄4c11
2U1234c̄3c̄4 f2c1

1
2U1234c̄3 f̄4c2c1 U1234 f̄3c̄4c2c1 f̄3Ã1:3

1234c̄4c2c11
2U1234 f̄3c̄4c2c1

1
2U1234c̄3c̄4c2c1

1
2U1234c̄3c̄4c2c1

[see Eq. (11)]. The functional to expand in powers of f , f̄ is

G[ f , f̄ ] = ln
(〈exp[−A[ f , f̄ , c, c̄]]〉Sc

) ≡ ln A[ f , f̄ ]. (B1)

We recall that its Taylor coefficients are defined as

G[ f , f̄ ] =
∞∑

n=1

1

(n!)2

δ2nG[ f , f̄ ]

δ fi1 · · · δ finδ f̄īn · · · δ f̄ī1

∣∣∣∣∣
{ f =0}︸ ︷︷ ︸

G(n)
i1 ,...,in ;īn ,...,ī1

× f̄ī1 · · · f̄īn fin · · · fi1 . (B2)

We note that A is Grassmann even and so is A. Thus, a singly
differentiated A is Grassmann odd. Keeping this in mind, a
formal consideration of the second derivative yields

G(1)
i1,ī1

= δ2 ln(A)

δ fi1δ f̄ī1

∣∣∣∣∣
{ f =0}

= δ

δ fi1

1

A

δA

δ f̄ī1

∣∣∣∣∣
{ f =0}

= − 1

A2

δA

δ fi1

δA

δ f̄δī1

∣∣∣∣∣
{ f =0}

+ 1

A

δ2A

δ fi1δ f̄ī1

∣∣∣∣∣
{ f =0}

= 1

A

δ2A

δ fi1δ f̄ī1

∣∣∣∣∣
{ f =0}

. (B3)

The first summand either becomes zero when setting the
sources to zero or contains an odd number of rest-space fields,
which is zero due to the charge conservation of the rest-space
theory. As a consequence, only the second summand remains,
where the derivative can be taken inside the expectation value
(because the expectation value integrates over c, c̄). In the
same fashion, the fourth and higher derivatives can be ob-
tained:

4G(2)
i1,i2,ī2,ī1

= δ4 ln(A)

δ fi2δ f̄ī2δ fi1δ f̄ī1

∣∣∣∣∣
{ f =0}

= δ

δ fi2

[
2

A3

δA

δ f̄ī2

δA

δ fi1

δA

δ f̄δī1

− 1

A2

δ2A

δ f̄ī2δ fi1

δA

δ f̄δī1

+ 1

A2

δA

δ fi1

δ2A

δ f̄ī2δ f̄δī1

+ 1

A

δ3A

δ f̄ī2δ fi1δ f̄ī1

− 1

A2

δA

δ f̄ī2

δ2A

δ fi1δ f̄ī1

]∣∣∣∣∣
{ f =0}

= 1

A

δ4A

δ fi2δ f̄ī2δ fi1δ f̄ī1

∣∣∣∣∣
{ f =0}

− 1

A2

[
δ2A

δ fi2δ f̄ī2

δ2A

δ fi1δ f̄ī1

− δ2A

δ fi1δ f̄ī2

δ2A

δ fi2δ f̄ī1

]∣∣∣∣∣
{ f =0}

. (B4)

Here, we observe that the logarithm again implies a subtraction of disconnected parts. So, we still generate a connected Green’s
function in the sense that the external legs have to be connected (even though the internal Green’s functions in the rest space do
not necessarily have to). We recall that the generalized Wick theorem connecting moment, denoted by single brackets 〈· · ·〉, and
cumulants, denoted by double brackets 〈〈· · · 〉〉, allows to decompose expectation values in connected Green’s functions resulting
in [102]

〈c̄1̄ · · · c̄k̄ck · · · c1〉Sc
=

k∑
n=1

∑
1�li�k∑

i li=k

∑
1�l̄i�k̄∑

i l̄i=k̄

∑
σ∈P({li,l̄i},k)

(−1)P〈〈c̄σ (1̄) · · · c̄σ (l̄1 )cσ (l1 ) · · · cσ (1)〉〉

· · · 〈〈c̄σ (k̄−l̄n−1) · · · c̄σ (k̄)cσ (k)...cσ (k−ln−1)〉〉. (B5)

This expression allows us to rewrite the moments in terms of connected Green’s functions of the rest space. Thereby,
disconnected graphs constructed from xlower order subgraphs are canceled.
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With the above realization that we keep the general form of a connected Green’s function, we arrive for the three-particle
Green’s function at

G(3)
i1,i2,i3,ī3,ī2,ī1

= 1

A

δ6A

δ fi3δ f̄ī3δ fi2δ f̄ī2 fi1δ f̄ī1

∣∣∣∣∣
{ f =0}

− 1

A2
P

{
δ2A

δ fi3δ f̄ī3

δ4A

δ fi2δ f̄ī2 fi1δ f̄ī1

}∣∣∣∣∣
{ f =0}

+ 2
1

A3
P

{
δ2A

δ fi3δ f̄ī3

δ2A

δ fi2δ f̄ī2

δ2A

δ fi1δ f̄ī1

}∣∣∣∣∣
{ f =0}

, (B6)

where P denotes a shorthand for all possible permutations we can reach from the base case that still have the same structure
including the number of swaps inducing a minus sign each.

To evaluate the expressions above, we require the derivatives of A explicitly. As a reminder, A is in general of the form

A[ f , f̄ ] = 〈
exp

[ − (
f̄2A1:1

12 c1 − f1Ã1:1
12 c̄2 + f̄3 f̄4 f2A3:1

1234c1 + f̄3 f2 f1Ã3:1
1234c̄4 + f̄4 f2A2:2

1234c̄3c1

+ f̄3 f̄4B2:2
1234c2c1 + f2 f1B̃2:2

1234c̄3c̄4 + f̄3A1:3
1234c̄4c2c1 + f2Ã1:3

1234c̄3c̄4c1
]〉

Sc
. (B7)

The second-order derivative reads

δ2A

δ fi1δ f̄ī1

∣∣∣∣∣
{ f =0}

=
〈(

− δ2A
δ fi1δ f̄ī1

− δA
δ f̄ī1

δA
δ fi1

)
e−A[ f , f̄ ,c,c̄]

〉∣∣∣∣∣
{ f =0}

= −〈( − 2 f̄4A3:1
1,i1,ī1,4

c1 + f1A3:1
1,i1,ī1,4

c̄4 + A2:2
1i13ī1

c̄3c1
)〉

Sc

∣∣
{ f =0}

− 〈(
A1:1

1,ī1
c1 + 2 f̄4 f2A3:1

1,2,ī1,4
c1 + f2 f1A3:1

1,2,ī1,4
c̄4 + f2A2:2

123ī1
c̄3c1 + 2 f̄4B2:2

12ī14c2c1 + A1:3
12ī14c̄4c2c1

)
× (( − c̄2′ Ã1:1

i12′ + f̄3′ f̄4′A3:1
1′i13′4′c1′ + 2 f̄3′ f2′ Ã3:1

i12′3′4′ c̄4′ − f̄4′A2:2
1′i13′4′ c̄3′c1′

+ 2 f1′B2:2
1′i13′4′ c̄3′ c̄4′ + Ã1:3

1′i13′4′ c̄3′ c̄4′c1′
))〉

Sc

∣∣
{ f =0}

= A2:2
1i13ī1

〈c1c̄3〉Sc
+ A1:1

1,ī1
Ã1:1

i12′ 〈c1c̄2′ 〉Sc
− A1:1

1,ī1
Ã1:3

1′i13′4′ 〈c̄3′ c̄4′c1c1′ 〉Sc
+ Ã1:1

i12′A1:3
12ī14 〈c̄4c̄2′c2c1〉Sc

− A1:3
12ī14Ã1:3

1′i13′4′ 〈c̄4c̄3′ c̄4′c2c1′c1〉Sc
. (B8)

These are all diagrams with which we obtain the correct number of target-space fields. Since the rest-space theory is typically
charge conserving, we directly conclude that the insertion of Eq. (B5) cannot generate disconnected graphs.

Due to the large number of different source fields, the number of terms also rapidly increases. We made use of Mathematica
to generate the fourth-order contribution. The convention used here is that we calculate

δ4A

δ fi2δ f̄ī2δ fi1δ f̄ī1

∣∣∣∣∣
{ f =0}

, (B9)

keeping in mind that penultimately f fields will be added and a summation is added. As shown in Fig. 1, the two-particle
interaction consists of 25 topologically distinct diagrams, where each can be associated to an analytical term classified according
to the different vertices contained. First, we have a term in which only A1:1 appears [cf. Fig. 1(e2)],

〈c̄4c̄3c2c1〉Sc
A1:1

2,ī1
Ã1:1

i1,3A1:1
1,ī2

Ã1:1
i2,4. (B10)

Notably, when utilizing the generalized Wick theorem [Eq. (B5)], we observe that the disconnected parts are canceled as they
are contained within the second order. Next, we can replace any number of A1:1(Ã1:1) vertices by A1:3(Ã1:3) vertices without
changing the number of external legs in the target space. Introducing a single A3:1, we have two different terms

− 〈
c̄4a c1a c2a c1d c̄2e c̄2b

〉
Sc

Ã1:1
i1,2b

Ã1:1
i2,2e

A1:1
1d ,ī2

A1:3
1a,2a,ī1,4a

− 〈
c1a c̄4d c1d c2d c̄2e c̄2b

〉
Sc

Ã1:1
i1,2b

Ã1:1
i2,2e

A1:1
1a,ī1

A1:3
1d ,2d ,ī2,4d

= 〈
c̄4a c̄2e c̄2bc1a c1d c2a

〉
Sc

(
Ã1:1

i1,2b
Ã1:1

i2,2e
A1:1

1d ,ī2
A1:3

1a,2a,ī1,4a
− Ã1:1

i1,2b
Ã1:1

i2,2e
A1:1

1d ,ī1
A1:3

1a,2a,ī2,4a

)
. (B11)

Using here that we can swap ī1 and ī2 by changing the attached f -field order and relabeling, we find

2
〈
c̄4a c̄2e c̄2bc1a c1d c2a

〉
Sc

Ã1:1
i1,2b

Ã1:1
i2,2e

A1:1
1d ,ī2

A1:3
1a,2a,ī1,4a

, (B12)
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and analogously for all other terms where we replace A1:1 by A3:1 [cf. Figs. 1(e3)–1(e5) and 1(f1)–1(f5)] such that in total these
diagrams contribute as

〈c̄6c̄5c̄4c3c2c1〉Sc

(
2Ã1:1

i1,4Ã1:1
i2,5A1:1

2,ī2
A1:3

3,1,ī1,6
+ 2Ã1:1

i2,6Ã1:3
2,i1,5,4A1:1

3,ī1
A1:1

1,ī2

)
+ 〈c̄8c̄7c̄6c̄5c4c3c2c1〉Sc

(
Ã1:1

i1,5Ã1:1
i2,6A1:3

4,3,ī1,8
A1:3

2,1,ī2,7
+ A1:1

4,ī1
A1:1

3,ī2
A1:3

1,i1,6,5A1:3
2,i2,8,7 + 4A1:1

2,ī2
Ã1:1

i2,7A1:3
4,3,ī1,8

Ã1:3
1,i1,6,5

)
+ 〈c̄10c̄9c̄8c̄7c̄6c5c4c3c2c1〉Sc

(
2A1:1

3,ī2
A1:3

5,4,ī1,10Ã1:3
1,i1,6,7Ã1:3

2,i2,9,8 + 2Ã1:1
i1,6A1:3

5,4,ī1,10A1:3
3,2,ī2,7

Ã1:3
1,i2,9,8

)
+ 〈c̄12c̄11c̄10c̄9c̄8c̄7c6c5c4c3c2c1〉Sc A

1:3
6,5,ī1,12A1:3

1,i1,8,7A1:3
4,3,ī2,11A1:3

2,i2,10,9. (B13)

Turing to diagrams containing A2:2 [cf. Figs. 1(b5), 1(c3), 1(c4), 1(d3), and 1(d5)], we find

〈c̄4c̄3c2c1〉Sc

(
2A2:2

2,i2,4,ī1
A2:2

1,i1,3,ī2
+ 4Ã1:1

i1,3A1:1
1,ī2

A2:2
2,i2,4,ī1

) + 〈c̄6c̄5c̄4c3c2c1〉Sc

(
4Ã1:1

i2,4A1:3
2,1,ī2,5

A2:2
3,i1,6,ī1

+ 4A1:1
2,ī2

A1:3
1,i2,5,4A2:2

3,i1,6,ī1

)
+ 〈c̄8c̄7c̄6c̄5c4c3c2c1〉Sc

(
4A1:3

4,3,ī1,8
Ã1:3

1,i2,6,5A2:2
2,i1,7,ī2

)
, (B14)

which completes all diagrams constructable without having a B2:2 or A3:1 vertex. Let us first construct those equations corre-
sponding to diagrams containing B2:2 [cf. Figs. 1(c1), 1(c2), 1(c5), 1(d1), 1(d2), 1(d4), and 1(e1)]:

〈c̄4c̄3c2c1〉Sc

(
2Ã1:1

i1,3Ã1:1
i2,4B2:2

1,2,ī1,ī2
+ 2A1:1

1,ī1
A1:1

2,ī2
B̃2:2

i2,i1,4,3 + 4B2:2
1,2,ī1,ī2

B̃2:2
i2,i1,3,4

)
+ 〈c̄6c̄5c̄4c3c2c1〉Sc

(
4Ã1:1

i2,6Ã1:3
1,i1,5,4B2:2

3,2,ī1,ī2
+ 4A1:1

1,ī2
A1:3

3,2,ī1,4
B̃2:2

i2,i1,5,6

)
× 〈c̄8c̄7c̄6c̄5c4c3c2c1〉Sc

(
2Ã1:3

1,i1,6,5Ã1:3
2,i2,7,8B2:2

4,3,ī1,ī2
+ 2A1:3

4,3,ī1,6
A1:3

2,1,ī2,5
B̃2:2

i2,i1,7,8

)
. (B15)

And finally, we construct the terms containing A3:1 [cf. Figs. 1(b1)–1(b4)]:

〈c̄2c1〉Sc

(
4A1:1

1,ī2
Ã3:1

i2,i1,ī1,2
+ 4Ã1:1

i2,2A3:1
1,i1,ī1,ī2

) + 〈c̄4c̄3c2c1〉Sc

(
4A1:3

1,2,ī2,3
Ã3:1

i2,i1,ī1,4
+ 4Ã1:3

1,i2,4,3A3:1
2,i1,ī1,ī2

)
. (B16)

By combining Eqs. (B10)–(B16), we obtain the first term
of the Taylor coefficient in Eq. (B4). Additionally, we have
to subtract the disconnected part constructable from the lower
orders, which manifests itself by rendering all contributions
constructable by lower-order combinations to be connected
(cf. Fig. 2). In second order, we additionally have no way to
connect the appearing diagram types in a disconnected fash-
ion. Therefore, there are no disconnected diagrams appearing
in the expansion in the sense that they can be subdivided into
disconnected vertices. We again stress that this does not mean
that the internal rest-space propagator has to be a connected
Green’s function. In most cases, this is not the case.

1. Diagrammatic rules

From Eqs. (B7) to (B16), we can deduce the rules to trans-
late diagrams into equations with the correct prefactors:

(1) At order n, construct all unique combinations of ver-
tices with n ingoing and n outgoing legs in the target space.

(2) For each unique combination of vertices, we get a
prefactor of #perm/(n!)2. #perm is the magnitude of the set
of all permutations of the assigned target-space indices and
their connectivity that are are inequivalent under exchanging
vertices.

(3) To get the correct sign, we have to define a represen-
tative diagram of the group. We pick one specific permutation
and label all ingoing legs from in to i1 and all outgoing legs
from īn till ī1.

(a) From the derivatives of the exponential, we get a
prefactor of (−1)#vertices × (−1)#Ã1:1

.
(b) To count the number of permutations of derivatives,

we count the permutations to bring the index order of the
specific permutation to the index order ī1 · · · īnin · · · i1. In

total, we get (−1)P . Additionally, we get a (−1)#A−:odd
,

where #A−:odd is the number of vertices with an odd num-
ber of rest-space fields.

(c) To collect the rest-space expectation value, we start
with the rightmost vertex and write the corresponding rest-
space fields leftmost in the expectation value. Then, the
vertex to the left of the rightmost diagram contributes the
next fields and so on and so forth.

Therefore, in total we find

#perm

(n!)2
(−1)#vertices × (−1)#Ã1:1 × (−1)P × (−1)#A−:odd

.

(B17)

As examples for the prefactor, let us consider diagram (c1)
in Fig. 1. For this, we can either label the in(out)going as
(i1, i2, ī2, ī1), (i2, i1, ī2, ī1), (i1, i2, ī1, ī2), or (i2, i1, ī1, ī2). Each
of these possibilities corresponds to a topological distinct
connectivity as the number of crossings is different for each
contribution and no undistinguishable vertices appear, so we
have a prefactor of 4. As another example, consider diagram
(c2). Here, we replace one B2:2 vertex by two A1:1 vertices.
These are indistinguishable and exchanging their leg labeling
does not lead to a topological distinct connectivity. Therefore,
the prefactor is only 2. If we were to replace one of the A1:1

vertices with a A1:3 one, they are again distinguishable and we
find again a prefactor of 4. For a graphical construction, see
Fig. 11.

While it is in principle possible to rewrite Eqs. (B7)–(B16)
in terms of connected n-particle Green’s functions of the rest
space, it would lead to even more terms and is therefore not
instructive. Graphically, we get additional minus signs due to
the permutations necessary to restructure the rest-space fields.
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FIG. 11. Selection of diagrams (a) to (d) for which we construct the prefactor and the assigned expectation value. The permutations P can
be constructed graphically by the number of crossings between connecting the same indices in the assigned index set and the reference index
set as explicitly shown in (a1), (a2), (a3) and (a4) for diagram (a). Additionally, we draw all possible labelings and explicitly cross out those
that are equivalent to another permutation under exchanging vertices indicating which permutation they are equivalent to.

APPENDIX C: BAND SPACE VERSUS ORBITAL SPACE

We formulated the theory in orbital instead of band space
for three reasons: First, the two-particle interaction is not
gauge invariant and no general algorithm to comb the sign
structure of the orbital-to-band transformation is known.
While this is not problematic for pure density-density type
interactions, in systems with delocalized orbitals there might
be contributions to more general interaction matrix elements
that change under gauge. Second, bands that mix different
orbitals can generate large anomalous interaction components.
To see this, consider two localized orbitals that form bonding
and antibonding states,

φb/a = αb/ad1 + βb/ad2, (C1)

with d(†)
1,2 the two annihilation (creation) operators of the local-

ized orbitals. When calculating Coulomb matrix elements, we
immediately observe that A3:1 in band space (the φb/a basis)
is proportional to

A3:1
bbba ∝ α3

bαaA2:2
1111 + β3

bβaA2:2
2222, (C2)

i.e., density-density interactions A2:2 in orbital space (d1/2).
Hence, the unitary transformation to φb/a can substantially
alter the structure of the target-space Hamiltonian. While this
at first glance sounds counterintuitive, we have to keep in
mind that integrating out parts of the system renders the uni-
tary transformation from orbital to band space noninvertible.

In other words, the target-space model depends on the basis
choice in the full space. In band space, we expect the dia-
grammatic expansion to be less controlled due to anomalous
vertices becoming (potentially) larger. Finally, the orbital to
band transformation renders the interaction strongly momen-
tum dependent due to the momentum dependence of the basis
change itself. Therefore, we mainly discuss orbital space in
the main text. An advantage of a band space formulation on
the other hand is the absence of A1:1-type couplings.

APPENDIX D: EXACTLY SOLVABLE TOY MODEL

The simplest possible example we can apply this method-
ology to is a (0 + 0)D field theory. While in a sense it is trivial
as it is exactly solvable, it still illustrates the central ideas of
the approach. As a starting point, we define

S[ f , f̄ , c, c̄] = − μ f

∑
σ

f̄σ fσ + U f̄↑ f↑ f̄↓ f↓︸ ︷︷ ︸
S f

− μc

∑
σ

c̄σ cσ + Ũ c̄↑c↑c̄↓c↓︸ ︷︷ ︸
Sc

+ C
∑

σ

( f̄σ fσ c̄σ̄ cσ̄ )

︸ ︷︷ ︸
A

(D1)
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as the total action. We will in the following integrate out the c fields following the formalism above. The full partition function
is given by

Z =
∫

D fD f̄
∫

DcDc̄ e−S[ f , f̄ ,c,c̄] = (
μ2

f − U
)(

μ2
c − Ũ

) − 2μ f μcC + C2, (D2)

and the target-space Green’s function is given by

G f =
∫

D fD f̄
∫

DcDc̄ f̄σ fσ e−S[ f , f̄ ,c,c̄] =
(
μ2

c − Ũ
)
μ − μcC

Z . (D3)

We can also obtain this target-space Green’s function by first integrating out the rest-space fields. The nonvanishing cumulants
of the rest-space (c) theory read

G(2)
c = 1

Zc

∫
DcDc̄ c̄σ cσ e−Sc[c,c̄] = μc

μ2
c − Ũ

, (D4)

G(4)
c = 1

μ2
c − Ũ

− (G(1) )2, (D5)

G(n>4)
c = 0. (D6)

Therefore, the effective field theory is given as

Seff [ f , f̄ ] = S f − G(2)
c

∑
σ

C f̄σ fσ + C2
(
G(4)

c − (
G(2)

c

)2)
f̄↑ f↑ f̄↓ f↓

= (
μ f − G(2)

c C
) ∑

σ

f̄σ fσ − (
U − C2G(4)

c + (
G(2)

c

)2)
f̄↑ f↑ f̄↓ f↓. (D7)

Thus, we directly find

Zeff = 1

Zc
Z. (D8)

The prefactor drops out of all observables and thereby we exactly recover the Green’s function in the target space with the
effective theory.

APPENDIX E: CALCULATING INTERACTION MATRIX ELEMENTS

To calculate the interaction matrix elements, we first perform a Wannierization and store the real-space Wannier functions on
a common origin. Here, we have to ensure that the real-space box is big enough such that all Wannier functions decay to zero
within it. Whenever we multiply two Wannier functions with shifted centers R, we have to consider only those belonging to the
same lattice distance box, as out-of-box values do not generate overlap. Since this box typically is determined by lattice vectors,
we additionally have to include the base change Jacobian. Next, we calculate

U1234 = 〈ψ3ψ4|Ĥpot|ψ2ψ1〉 =
∫

drdr′ V (|r − r′|)ψ3(r)∗ψ4(r′)∗ψ2(r′)ψ1(r), (E1)

by the Fourier transformation method [124,157]. For this, we first use translational invariance to set one of the Wannier centers
to zero. Next, we insert the Fourier transformation of the Coulomb interaction in 3D resulting in

U1234 = e2

2π2

∫
drdr′

∫
dq

1

q2
eiq(r−r′ )ψ3(r)∗ψ4(r′)∗ψ2(r′)ψ1(r)

= e2

2π2

∫
dq

1

q2

(∫
dreiqrψ3(r)∗ψ1(r)

)
︸ ︷︷ ︸

f13(q)

(∫
dr′e−iqr′

ψ4(r′)∗ψ2(r′)
)

︸ ︷︷ ︸
f24(−q)

, (E2)

where we introduced the Fourier transformation of a left and
a right leg of the interaction as f . Notably, since the functions
under the integral are continuous at the origin, we encounter
a singular integral. To evaluate this expression for arbitrary
orbitals, we first wannierize all orbitals within a cubic box
chosen such that the orbitals have only negligible weight
outside of the box. Each box is centered around the atom

the atomiclike orbital is centered at. To evaluate the products
of two Wannier functions, we linearly interpolate between
the different grids assuming that the wavefunction is zero
outside of its respective grid; i.e., we obtain the products on
a regular grid. In the next step, we discretize the real-space
integrals and evaluate them through a fast Fourier transform
procedure. Finally, we evaluate the outermost integral by a
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summation over q volumes for each of which we assume a
constant function value allowing to regularize the q = 0 patch
explicitly by performing the integral in spherical coordinates.
We checked that we recover the correct values for selected
numerical test functions [124]. To ensure that the real-space
cube is large enough and finely enough resolved, we check
that all orbitals have a norm sufficiently close to 1.

APPENDIX F: RELATION TO HAMILTONIAN-BASED
DOWNFOLDING

A central question is how to relate the presented formalism
to the Hamiltonian-based approaches, e.g., Löwdin downfold-
ing [53] or canonical transformations [62]. We recapitulate
that in these approaches one also starts with a separation of
the Hilbert space into a target space and a rest space, here
written in matrix form

Ĥ =
(

Ĥf f Ĥc f

Ĥ f c Ĥcc

)
. (F1)

The aim of most of these approaches is to bring the Hamilto-
nian into a block diagonal form—decoupling the target from
the rest space, either for the full spectrum or specific target
states. Therefore, these approaches downfold the stationary
Schrödinger equation by guaranteeing parts of the spectrum
of the full operator to be exactly reproduced. Naturally—
once the exact form is found—all observables on the target
space are guaranteed to be exact (since time evolution does
not couple the two anymore). As one works directly on
the Hamiltonian, naively one works with exponentially large
spaces and the states we downfold into are by construction
true eigenstates of the initial Hamiltonian (up to a unitary
transformation).

In contrast, the path integral (or traced based) downfolding
approaches guarantee that the observables on a predefined tar-
get space are exactly reproduced and ensure this by dressing
the quantum action accordingly. The states we downfold into
are any basis states of the initial problem for which we find the
theory to be convergent—in stark contrast to the Hamiltonian-
based downfolding. Furthermore, since in this formalism we
construct the target-space problem via the partition function,
the target-space model technically depends on the temperature
of our calculation. Due to these technical differences, we
do not expect the downfolded models to agree between the
approaches in a trivial way.

APPENDIX G: MODEL FOR MULTIORBITAL
DOWNFOLDING

1. Kinetics

To obtain a tight-binding model for a multiorbital system,
we first run a density-functional theory calculation of SrVO3

using VASP [138,139] with the Perdew-Burke-Ernzerhof
[158] parametrization of the exchange-correlation functional.
We set the plane-wave cutoff to 600 eV, use a Gaussian broad-
ening of 0.05 eV, and include 120 bands in the calculation.
All calculations are performed on a 123 momentum mesh.
The lattice parameter is set to a = b = c = 3.846 52 Å. In a
subsequent step, we construct a Wannier model including the

FIG. 12. Band structure of the 14-band model for the multiorbital
downfolding example. The coloring of the bands indicate which
orbital has the majority of the weight for the respective band.

nine oxygen 2p and the five vanadium 3d orbitals with Wan-
nier90 [140]. The noninteracting band structure is visualized
in Fig. 12.

2. Interactions

On each of the atoms, we introduce a Hubbard-Kanamori
type interaction, with U = 5 eV and J = 0.6 eV for the vana-
dium 3d orbitals and U = 4 eV and J = 0.5 eV on the oxygen
2p orbitals of each individual oxygen atom. Additionally,
we include a density-density interaction between nearest-
neighbor oxygen 2p orbitals of 1 eV and a density-density
interaction between the oxygen and the vanadium of 1.75 eV.

3. Downfolding

All four downfolding variants are implemented using the
divERGe library [141]. For cRPA and cFRG, we utilize the
gproj feature, which projects out a defined subspace, strictly
following the original proposed algorithms (for cRPA, we
additionally constrain the flow equations to only include the
charge channel). To implement PCD@cRPA and PCD, we
reset the Green’s function by overriding the Green’s function
generator function such that the Green’s function is purely
on the rest space. Again, for the RPA variant, we constrain
the flowing channels. The FRG code only includes diagrams
between target and rest spaces that end in a two-particle
interaction; thus, we include the missing contributions by
explicitly adding them in a postprocessing step. The most
relevant of these is diagram (c3) (see Fig. 1). To avoid dou-
ble counting, we neglect the flow of the self-energy in the
rest space. We solve the flow equations on a 123 momen-
tum mesh with an additional refinement of 33 for the bubble
integrals. The form-factor cutoff is chosen such to include
nearest-neighbor atoms. We end the flow at a minimal scale
of � = 0.01 eV.

4. DMFT calculation

To test whether the different downfolding schemes are
differing in the observed physical behavior, we solve the
resulting models within dynamical mean-field theory. The
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tight-binding Hamiltonian is evaluated on a 1003 kmesh.
We solve the DMFT self-consistency at β = 20 and use the
anisimov double-counting scheme [145]. To calculate the J

imbalanced cases, we first solve the self-consistency in the
averaged case and then restart from this solution keeping the
double-counting fixed in the process.
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