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Free-fermion dynamics with measurements:
Topological classification and adaptive preparation of topological states
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We develop a general framework for classifying fermionic dynamical systems with measurements using
symmetry and topology. We introduce two complementary classification schemes based on the Altland-Zirnbauer
tenfold way: (1) the many-body evolution operator (mEO) symmetry class, which classifies fermionic dynamics
at the many-body level and naturally extends to interacting dynamics, and (2) the single-particle transfer matrix
symmetry class, which classifies free-fermion dynamics at the single-particle level and connects to Anderson
localization physics. In the free-fermion limit, we show that these two frameworks are equivalent via a dynamical
bulk-boundary correspondence: The topology of the dynamical system’s spacetime bulk determines the topology
of the area-law-entangled steady-state ensemble living on its temporal boundary. Next, we prove that symmetry-
invariant, postselection-free Gaussian measurements are realizable in only four of the ten mEO classes (A, AI,
BDI, D); the remaining six require either postselection or interacting (non-Gaussian) measurements. Building
on these results, we construct general postselection-free topological adaptive circuits that realize topological
dynamical phases in any spatial dimension for the four admissible mEO classes. These circuits simultaneously
provide a protocol for preparing and stabilizing free-fermion topological states in all ten symmetry classes.
As a concrete demonstration, we construct and simulate 2 + 1d adaptive circuits that realize mEO-class-A
topological dynamics, steering toward a steady-state ensemble of Chern insulators in O(1) circuit depth. Finally,
we numerically characterize topological phase transitions, dynamical domain-wall modes, and robustness to
coherent noise, identifying finite error thresholds at which trajectory-resolved and trajectory-averaged quantities
undergo distinct phase transitions.
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I. INTRODUCTION

Dynamical quantum systems driven by both unitary evolu-
tion and measurements provide a setting for exploring realms
of out-of-equilibrium quantum matter. Since the discovery of
the measurement-induced entanglement phase transitions in
dynamical qubit systems [1–6], the landscape of dynamical
phases and transitions featuring entanglement scalings has
been under extensive exploration (see, e.g., Refs. [1–20]).
This landscape is further enriched by the interplay between
global symmetry and many-body entanglement [21–33].

In contrast, our understanding of the role of topology in
dynamical systems with measurements is limited without as-
suming any spacetime periodicity. In qudit-based systems,
previous works [23,24,34] have identified examples of dy-
namical phases where the system can reach topologically
nontrivial final states in the long-time limit. However, a sys-
tematic topology characterization in qubit-based dynamical
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systems has yet to be developed. Meanwhile, recent explo-
ration of dynamical topological phenomena through the lens
of fermionic systems has shown promise both in modeling
classes of topological dynamical systems [35–40] and ad-
vancing the general framework of topological classification
[27,37,39]. These recent developments are partly enabled by
nontrivial topologies emerging even in the free-fermion limit.

In free-fermion dynamical systems, both unitary evolution
and measurements are implemented by Gaussian operators
that preserve the noninteracting nature of fermionic states.
In other words, a noninteracting fermionic state, described
by a Slater determinant or its charge-unconserved general-
ization, remains noninteracting under both unitary evolution
and measurement-induced wavefunction collapse. A general
strategy to systematically study the topology of such free-
fermion dynamics is based on the Altland-Zirnbauer (AZ)
tenfold symmetry classification [27,37,39,41]. Reference [27]
showed that free-fermion dynamics with measurements can
be unified with the classic Anderson localization problem of
disordered fermions in equilibrium under this AZ symmetry
classification. The spacetime propagation of fermions in the
dynamical system can be identified with the elastic scatter-
ing in space in the Anderson localization problem through
a single-particle transfer matrix (sTM) framework. Conse-
quently, the AZ symmetry classification, developed initially
for disordered fermions [41], also applies to free-fermion
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dynamics with measurements. In this paper, we refer to
the resulting AZ symmetry class through the sTMs of the
free-fermion dynamics as the sTM class KsTM. Like in the An-
derson localization problem, one generally expects the sTM
class KsTM to govern the universal behaviors of free-fermion
dynamics.

The unification between free-fermion dynamics and the
Anderson localization problems further suggests that free-
fermion dynamical phases exhibiting area-law entanglement
entropy in the long-time limit share the same topological
classification as disordered topological insulators or super-
conductors within the same sTM class KsTM [37,39,42]. For
area-entangled free-fermion dynamics in 1 + 1d spacetime,
concrete quantum circuit models that confirm this topological
classification have been identified in Refs. [35–40].

A crucial and timely direction is to seek systematic micro-
scopic models that realize topological free-fermion dynamics
in higher-dimensional spacetime. The construction of the
desired models, especially the ones with postselection-free
measurements, is not immediately clear from the abstract
topological classification above and the existing 1 + 1d ex-
amples. Identifying such models will not only confirm the
proposed abstract topological classification but also provide
platforms for further investigating the phase transitions be-
tween dynamical phases with different topologies. Moreover,
the models without postselection will offer recipes for ef-
ficient simulations of the topological dynamical phases of
matter on programmable quantum platforms [43–47].

On a separate note, the formulation of the AZ symmetry
class KsTM based on the sTMs has features that seem sub-
optimal and require deeper understanding. The time-reversal,
particle-hole, and chiral symmetries associated with the sTM
class KsTM constrain the structure of sTMs in free-fermion
dynamics, but not in the conventional manner that global
symmetries constrain the fermion propagator in Hamiltonian
systems. That is because these symmetries are the explicit
global symmetries of the Anderson localization problem that
the free-fermion dynamics maps to in the aforementioned
sTM framework. However, they do not directly act on the
Hilbert space of the dynamical fermion system.

Moreover, this current AZ symmetry classification based
on sTMs is limited to free-fermion systems. Information about
single-particle propagation is insufficient to describe interact-
ing systems. Therefore, a symmetry classification scheme is
desirable based on the symmetries acting on the dynamical
system and generalizable to interacting cases. As we show
in this paper, developing this symmetry classification scheme
will also inform the general construction of topological free-
fermion dynamics in higher spacetime dimensions.

In this paper, we first introduce a symmetry classifica-
tion scheme for fermionic dynamics with measurements and
feedforward. This scheme is directly based on the explicit
symmetries of the dynamical system and the many-body evo-
lution operators (mEOs) that capture the quantum evolution
along different quantum trajectories. We will refer to the AZ
symmetry class identified through the mEOs as the mEO class
KmEO. We show that, in the free-fermion limit, the mEO
class KmEO is in one-to-one correspondence with an sTM
class KsTM. Also, mEO-based symmetry classification natu-
rally extends to interacting fermion dynamics. Interestingly,

by analyzing the effects of the time-reversal, particle-hole,
and chiral symmetries associated with the mEO class KmEO

in area-law-entangled phases of the free-fermion dynamics,
we uncover a dynamical bulk-boundary correspondence—the
nontrivial topology of the spacetime bulk implies a topolog-
ical steady-state ensemble, which effectively resides on the
temporal boundary of spacetime. In light of this dynami-
cal bulk-boundary correspondence, constructing microscopic
models of topological free-fermion dynamics amounts to
designing dynamics that generate a topologically nontrivial
steady-state ensemble within the same mEO class KmEO.

The realization of area-law-entangled topological dy-
namics necessarily involves measurements. Notably, the
symmetry class imposes nontrivial constraints on the allowed
forms of measurement in the free-fermion limit. Specifi-
cally, we prove that in the free-fermion limit, measurements
without postselection are permitted only for the four mEO
classes KmEO = A, AI, BDI, and D. These four mEO classes
correspond to sTM classes KsTM = AIII, BDI, D, and DIII,
respectively, in the absence of interactions. In contrast, topo-
logical dynamics in the remaining six mEO classes KmEO =
AIII, DIII, AII, CII, C, and CI must involve postselection in
the free-fermion limit.

Building on the dynamical bulk-boundary correspondence
and the measurement constraints imposed by symmetry
classes, we develop a general construction of postselection-
free topological adaptive circuits that realize topological
free-fermion dynamics in arbitrary spacetime dimensions for
the mEO classes KmEO = A, AI, BDI, and D. Each of these
topological adaptive circuits implements measurement-and-
feedforward operations to steer the system toward a target
free-fermion topological state in one of these four symme-
try classes. By the dynamical bulk-boundary correspondence,
such adaptive circuits realize an ideal scenario of topological
free-fermion dynamics, in which the steady-state ensemble
consists of a single topological state. In our construction,
the target topological state is formulated as the common
eigenstate of a set of noncommuting stabilizers. The topolog-
ical adaptive circuit repeatedly measures these stabilizers and
applies “error-correcting” feedforward operations when the
measurements yield undesired outcomes. Conceptually, our
construction is similar to the measurement-induced steering
protocol for the Affleck-Kennedy-Lieb-Tasaki (AKLT) state
presented in Refs. [48,49], where the individual terms in the
frustration-free Hamiltonian of the AKLT states play the role
of the noncommuting stabilizers.

As a concrete example, we apply this general construc-
tion to topological free-fermion dynamics in mEO class A in
2 + 1d spacetime. The resulting adaptive circuits target and
stabilize Chern insulator states in two spatial dimensions as
their steady states. Furthermore, we use an effective Lind-
bladian description to estimate the timescale of the system’s
convergence toward the target Chern insulator states.

The same construction of topological adaptive cir-
cuits is still applicable when we choose target states
that belong to the remaining six mEO classes KmEO =
AIII, DIII, AII, CII, C, and CI. However, the resulting circuits
should not be viewed as topological dynamics in these sym-
metry classes, as the measurements involved explicitly break
the symmetries associated with these six symmetry classes.
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This does not contradict the dynamical bulk-boundary cor-
respondence. In any case, these adaptive circuits can be
treated as a method for preparing and stabilizing free-fermion
topological states in all symmetry classes. This method is
fundamentally different from the previously proposed method
for preparing invertible topological states [50,51], which does
not include mechanisms to correct errors in the preparation
and to stabilize the target state after the preparation.

The topological adaptive circuits that steer the system
precisely toward a single topological state generally require
quantum gates with exponential tails. It is therefore es-
sential to understand how these circuits behave when their
gates are restricted to act within a finite range. As an ex-
ample, we consider topological dynamics in mEO class A
in 2 + 1d spacetime. The finite-range version of the corre-
sponding adaptive circuits will no longer steer the system
toward a single state. Nevertheless, our numerical simulations
show that they still produce nontrivial steady-state ensem-
bles of Chern insulators with the same Chern number. Thus,
these finite-range adaptive circuits remain valid models for
mEO-class-A topological free-fermion dynamics in 2 + 1d
spacetime. Notably, our simulations also show that the non-
trivial steady-state ensemble is reached within O(1) circuit
depth. This means that our finite-range topological adaptive
circuits provide efficient recipes for preparing and stabilizing
Chern insulator states in two dimensions.

Our mEO-class-A topological adaptive circuits contain a
parameter that allows us to adjust the Chern number in the
steady-state ensemble. This parameter enables us to explore
a phase diagram with different topological dynamics. Using
numerical simulations, we show that the topologically dis-
tinct dynamics are separated by dynamical topological phase
transitions. This transition further confirms the expectation
that the Chern number of the steady-state ensemble reflects
the topology in the spacetime bulk. Moreover, we construct a
dynamical system that interpolates between two topologically
distinct adaptive circuits in real space. From the spacetime
perspective, this dynamical system contains two topologically
distinct 2 + 1d spacetime domains. Notably, we find numeri-
cal evidence for nontrivial dynamical modes localized on the
1 + 1d topological domain wall. This observation generalizes
the previously discovered dynamical modes localized on the
0 + 1d topological domain walls [37].

Finally, we numerically investigate the stability of our
topological adaptive circuits against coherent noise, modeled
as additional local random unitary gates interspersed through-
out the circuit. We find that the Chern numbers of the states in
the steady-state ensemble remain nontrivial up to a finite error
threshold. Interestingly, we find that the behavior of individ-
ual quantum trajectories and that of the ensemble-averaged
density matrix undergo distinct quantum phase transitions at
different error strengths.

Organization of paper

The organization of the paper is as follows:
(1) Classification framework and no-go theorems (Sec. II):

Introduces two complementary classification schemes: the
sTM class and the mEO class. We show that, in the noninter-
acting limit, the two classification schemes are in one-to-one

correspondence and give rise to equivalent topological clas-
sifications related by Bott periodicity. This correspondence
underpins a dynamical bulk-boundary relation. Furthermore,
we establish that postselection-free Gaussian measurements
are admissible in exactly four of the ten mEO classes; the
remaining six require either postselection or non-Gaussian
(interacting) measurements.

(2) Adaptive Circuit Construction (Sec. III): Describes a
general adaptive protocol for preparing arbitrary free-fermion
topological states and for realizing free-fermion topological
dynamics, with an explicit 2 + 1d construction that prepares
Chern insulators. Also introduces an effective Lindbladian
theory to estimate convergence timescales.

(3) Numerical characterization (Sec. IV): Presents a nu-
merical study on dynamical topological phase transitions in
our 2 + 1d adaptive circuit. We also numerically demonstrate
and study the preparation of 1 + 1d dynamical topologi-
cal domain walls. Furthermore, we characterize convergence
and robustness to coherent errors, observing distinct er-
ror thresholds for trajectory-resolved and trajectory-averaged
quantities.

(4) Appendixes: These contain technical proofs, extended
constructions, and supporting arguments. Topics include
the sTM-mEO correspondence (Appendix A), the relation-
ship between symmetry class and admissibility of Gaussian
positive-operator-valued measures (POVMs) (Appendix B),
topological obstructions and overcomplete Wannier functions
(Appendix C), and the effective Lindbladian theory construc-
tion and convergence analysis (Appendix D).

II. SYMMETRY AND TOPOLOGICAL CLASSIFICATION
OF FERMIONIC DYNAMICS WITH MEASUREMENTS

This section focuses on the symmetry and topological
classification of fermion dynamics with measurements. We
begin by reviewing the sTM symmetry class, introducing the
identified mEO symmetry class, and showing their one-to-
one correspondence in the free-fermion limit. Next, we study
the topological classification of free-fermion dynamics with
measurements within each symmetry class and introduce dy-
namical bulk-boundary correspondence. Finally, we examine
how the symmetry classes impose constraints on the allow-
able forms of measurements. We provide a summary of each
subsection next. Furthermore, a high-level overview of our
classification schemes and the relationships between them is
provided in Fig. 1.

In Sec. II A, we introduce the basics of free-fermion
dynamics with measurements, particularly the many-body
evolution operators that capture the system’s evolution along
different quantum trajectories. We will use the terminology
free-fermion dynamics and Gaussian dynamics interchange-
ably.

In Sec. II B, we review the description of free-fermion
dynamics using the single-particle transfer matrix. Following
Ref. [27], we review the universal group structure underlying
the sTMs in free-fermion dynamics and the associated AZ
symmetry classes. We refer to the AZ symmetry class iden-
tified via the sTM as the sTM class KsTM in this paper. In
this sTM description, free-fermion dynamics is unified with
the Anderson localization problem of disordered fermions
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FIG. 1. Conceptual framework for classifying fermionic dynamical systems with measurements using symmetry and topology. Here, ψ̂†
i

and ψ̂i denote fermion operators satisfying {ψ̂†
i , ψ̂ j} = δi j . A free-fermion dynamical system in D = d + 1 spacetime dimensions can be

described either at the many-body level by Gaussian mEOs or at the single-particle level by sTMs. Each representation admits an AZ tenfold
symmetry classification, with the respective AZ class denoted by KmEO and KsTM. In the noninteracting limit, these two representations are
related by a one-to-one correspondence. This correspondence further gives rise to two equivalent topological classifications: one via the
steady-state ensemble in d spatial dimensions based on the mEO framework, and one via single-particle propagation in d + 1 spacetime
dimensions and its mapping to Anderson localization problems under the sTM framework. The AZ classes KmEO and KsTM are related by
dimensional reduction (as shown in Table II), which underlies a dynamical bulk-boundary correspondence (shown in Fig. 2). Unlike the
sTM representation, the mEO framework naturally accommodates interactions, enabling a direct extension of the classification to interacting
fermionic dynamical systems.

in equilibrium. We discuss the suboptimal features of the
sTM classification scheme, including the implicit role of the
symmetries associated with KsTM in the dynamical systems
and the difficulties in extending to interacting dynamics.

In Sec. II C, we introduce a scheme for the AZ symmetry
classification of fermion dynamics with measurements, which
we refer to as the mEO class KmEO. This scheme is directly
based on the mEOs of the dynamics and the symmetries that
directly act on the Hilbert space of the dynamical systems.
It applies to both free-fermion dynamics and interacting dy-
namics. In the case of free-fermion dynamics, we provide a
one-to-one correspondence between the mEO class KmEO and
the sTM class KsTM.

In Sec. II D, we discuss the topology of the area-law-
entangled phases of free-fermion dynamics with measure-
ments in all symmetry classes. A topological classification
of area-law-entangled free-fermion dynamics was proposed in
Refs. [37,39]. Concrete models exhibiting topologically non-
trivial dynamics in 1 + 1d spacetime have been investigated
in Refs. [35–37,39,40]. In this work, we propose a dynamical
bulk-boundary correspondence that connects the topology of
area-law-entangled free-fermion dynamics with the topology

of the steady-state ensemble generated by the dynamics. The
relation between these two symmetry classification schemes,
i.e., the sTM class and mEO class, plays a vital role in this dy-
namical bulk-boundary correspondence. This correspondence
informs a general construction of microscopic models that
realize the topological free-fermion dynamics, which will be
presented in Sec. III.

In Sec. II E, we show that symmetry classes impose
constraints on realizing free-fermion dynamics with measure-
ments. In particular, in four of the ten symmetry classes
KmEO = A, AI, BDI, and D, measurements without postselec-
tion are permitted in the free-fermion limit. In the remaining
six symmetry classes, measurements that maintain the free-
fermion limit need postselection.

A. Free-fermion dynamics with measurements and many-body
evolution operators

We review the basic formalism underlying free-fermion
dynamics with measurements [52]. We will use the ter-
minology free-fermion dynamics and Gaussian dynamics
interchangeably. Free-fermion dynamics is a restricted class
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of quantum dynamics in which the fermionic quantum many-
body states are always Gaussian throughout evolution. Pure
Gaussian states can intuitively be thought of as ground states
of free-fermion parent Hamiltonians, i.e., Slater determi-
nant states (or their charge-unconserved counterparts). Mixed
Gaussian states can be simply viewed as finite-temperature
Gibbs states generated by free-fermion parent Hamiltonians.
Note that when we use this intuition of a generic Gaussian
state, we do not necessarily require the parent Hamiltonian to
be local. The density matrix of a generic (charge-conserved)
Gaussian state has the form

ρ̂ ∝ e−λ
∑

i, j hi j ψ̂
†
i ψ̂ j , (1)

where ψ̂i denotes the ith complex fermion operator in the
system, h is a Hermitian matrix, i.e., hi j = h∗

ji, and λ ∈ R.
This density matrix describes a pure Gaussian state in the limit
λ → ±∞. One can straightforwardly generalize Eq. (1) to the
cases without charge conservation.

Another defining feature of Gaussian states is that they
satisfy Wick’s theorem: The two-point correlation func-
tions encode any higher-point correlation functions in such
states. As a result, Gaussian states are completely determined
by their collection of two-point functions—their correla-
tion matrices. For example, in the case of charge-conserved
complex fermions, the correlation matrix is given by Gi j ≡
Tr(ρ̂ψ̂

†
i ψ̂ j ). Efficient classical simulation of the Gaussian

states, including their dynamics, can be performed using their
correlation matrices.

Now, we introduce the notion of free-fermion or Gaussian
dynamics with measurements. In the language of quantum
circuits, such dynamics are generated by Gaussian unitary
gates and Gaussian measurements. Their definition will be
illustrated in the case of charge-conserved complex fermions
and can be straightforwardly generalized to the charge-
unconserved case using the Majorana fermions. Gaussian
unitary gates take the general form of ei

∑
i j Ji j ψ̂

†
i ψ̂ j with a

Hermitian matrix J . The Gaussianity of a fermionic quantum
state remains after the evolution under a Gaussian unitary
gate.

Next, we introduce formalism for general measurements.
A general quantum measurement can be defined using an
ensemble of operators {K̂m}m, called Kraus operators, and
a collection of non-negative weights {wm � 0}m [53] ({·}m

means the set including possible m values). Both Kraus op-
erators K̂m and the corresponding weight wm are labeled by
the possible measurement outcomes m. The Kraus operators
and their weights satisfy the POVM condition:∑

m

wmK̂†
mK̂m = 1̂. (2)

For any normalized incoming state |ψ〉, the probability of
obtaining the measurement outcome m is given by the Born-
rule probability pm = wm〈ψ |K̂†

mK̂m|ψ〉. The POVM condition
guarantees the normalization of the Born-rule probabilities∑

m pm = 1. Each outcome m corresponds to a quantum tra-
jectory where the wavefunction collapses according to |ψ〉 →

K̂m|ψ〉
‖K̂m|ψ〉‖ . In principle, one can absorb the weights into the

Kraus operators by redefining K̂m → √
wmK̂m. Keeping the

weight explicit is convenient for generalizing the case where

the measurement outcomes form a continuous set. In this
case, wm can be viewed as the measure for integration on this
continuous set of outcomes m.

For a Gaussian measurement, we require each Kraus oper-
ator K̂m to be a Gaussian operator. More precisely, K̂m takes
the form e

∑
Km

i j ψ̂
†
i ψ̂ j with a general complex matrix Km that

depends on the measurement outcome. A simple example of
a Gaussian measurement is the weak measurement of particle
number ψ̂†ψ̂ on a single fermion mode. The corresponding
Kraus operator ensemble is {emκ (ψ̂†ψ̂−1/2)}m=±, with κ ∈ R
the measurement strength and weights w± = 1

2 cosh κ
. This

measurement recovers the standard projective measurement of
ψ̂†ψ̂ when the measurement strength diverges κ → +∞. The
measurement outcomes m = ± correspond to finding ψ̂†ψ̂ =
1 or 0. One can readily see that a fermionic Gaussian state
always evolves (or collapses) into a Gaussian state in each
quantum trajectory of a Gaussian measurement.

In a discrete-time formulation, Gaussian dynamics can be
viewed as a quantum circuit comprising Gaussian unitary
gates and Gaussian measurements. In every quantum trajec-
tory, which is labeled by the outcomes m = (m1, m2, . . .) of
all measurements in the dynamics, the evolution of the quan-
tum state is given by a Gaussian (or free-fermion) many-body
evolution operator:

V̂m = exp

⎛⎝−
∑
i, j

Mm
i j ψ̂

†
i ψ̂ j

⎞⎠, (3)

where Mm is a trajectory-dependent complex matrix. Micro-
scopically, V̂m is the time-ordered product of all the Gaussian
unitaries and the Kraus operators associated with a quantum
trajectory labeled by measurement outcomes m. The evolution
of the system’s quantum state within this trajectory is given
by |ψ〉 → V̂m|ψ〉

‖V̂m|ψ〉‖ . Generically, V̂m is nonunitary when mea-
surements are present. Generic Gaussian quantum dynamics
(with both unitary gates and measurements) can thus be faith-
fully characterized by an ensemble of mEOs MmEO = {V̂m}m
and their corresponding weights. It is important to note that
Gaussian quantum dynamics with measurements is distinct
from generic nonunitary Gaussian dynamics due to the POVM
condition for measurements when there is no postselection.
The POVM condition can be violated when we postselect a
subset of measurement outcomes.

When the mEO ensemble {V̂m}m includes operators beyond
the Gaussian form [Eq. (3)], we refer to the corresponding
dynamics as interacting dynamics. For interacting dynamics
with postselection-free measurements, the POVM condition
is still enforced on the interacting mEO ensemble. This pa-
per focuses on the discrete-time formulation of the Gaussian
quantum dynamics with measurements. For curious readers,
the continuous-time counterpart can be studied using the
framework of quantum state diffusion [54–56]. The univer-
sal behavior of the Gaussian quantum dynamics should not
depend on the choice of continuous-time or discrete-time for-
mulations.

So far, we have not addressed the spatial structure of
Gaussian dynamics. Later, when we consider the Gaussian
dynamics of a quantum system in d spatial dimensions, we
will focus on the dynamics microscopically generated by local
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TABLE I. Classification of fermionic dynamics with measurements based on the discrete symmetries of mEOs. Each mEO class is labeled
according to the AZ classification scheme. For each mEO class KmEO, we list the discrete symmetries, TRS, PHS, CS, the corresponding
sTM class KsTM in the free-fermion limit, the sTM group G, and whether the mEO class admits postselection-free measurements. Here, KmEO

denotes the AZ or Cartan label associated with each class. See Ref. [57] for definitions of each sTM group.

mEO class KmEO TRS PHS CS sTM class KsTM G Postselection-free gaussian measurements

A 0 0 0 AIII GL(N,C)
AIII 0 0 1 A U(N, M )
AI +1 0 0 BDI GL(N,R)
BDI +1 +1 1 D O(N, M )
D 0 +1 0 DIII O(N,C)
DIII −1 +1 1 AII SO∗(2N )
AII −1 0 0 CII U∗(2N )
CII −1 −1 1 C Sp(2N, 2M )
C 0 −1 0 CI Sp(2N,C)
CI +1 −1 1 AI Sp(2N,R)

unitary gates and local measurements (with spatially local
Kraus operators).

B. Single-particle transfer matrix and its tenfold
symmetry classification

In this subsection, we briefly review the description of
fermionic Gaussian quantum dynamics with measurements
using the single-particle transfer matrix. The sTM description
plays a crucial role in the unification of the Gaussian quantum
dynamics of free-fermion systems in d + 1 spacetime di-
mensions and the classical Anderson localization problem of
disordered fermions in equilibrium in (d + 1) spatial dimen-
sions under the AZ tenfold symmetry classification [27,41].
As explained later, this unification is an important stepping
stone toward unveiling the nontrivial topology in fermionic
quantum dynamics.

As discussed above, the Gaussian dynamics with measure-
ments can be characterized by an ensemble of Gaussian (or
free-fermion) mEOs. A charge-conserving mEO of the form
V̂ = exp(−∑

i, j Mi jψ̂
†
i ψ̂ j ) with a complex matrix M can be

faithfully captured by its sTM t. The sTM t is defined by how
V̂ evolves a single-fermion operator:

V̂ ψ̂iV̂
−1 =

∑
j

ti jψ̂ j, t = eM . (4)

Generalization of the sTM to cases without charge conser-
vation is straightforward (see Ref. [27] for examples). Note
that when V̂ is not invertible, for example, in the presence of
projective measurements, we should think of V̂ as the limit
of mEOs where the projective measurement is replaced by
weak measurements of increasing strengths that asymptote to-
ward the projective limit. Using Eq. (4), one can describe any
free-fermion mEO ensemble MmEO using the corresponding
ensemble MsTM of sTMs.

To understand the universal behavior of Gaussian dynam-
ics in the limit of large spacetime volume, we should treat
the sTM ensemble as an ensemble of elements of a certain
group G, an intrinsic characteristic of the dynamics. The group
structure of the sTM emerges due to the simple fact that the
product of the sTMs t1 and t2 for two consecutive periods
of time should produce the sTM t = t2t1 for the combined

evolution. Reference [27] showed that the sTM group G of
a generic Gaussian dynamics with measurements, due to the
randomness of measurement outcomes, should be one of the
ten classical groups [58] listed in the sixth column of Table I.
Each of these groups is associated with an AZ symmetry class
[27,57,59], which we now refer to as the sTM class KsTM

in this paper. The definition of each group can be found in
Ref. [57].

Now, we provide some heuristics on how the sTM group
G and the sTM class KsTM emerge. Microscopically, it was
shown that the sTMs of Gaussian dynamics with measure-
ments in a fermionic system of d + 1 spacetime dimensions
can be mapped to the transfer matrices that describe the
elastic-scattering amplitude of free fermions across a static
disordered system in (d + 1) spatial dimensions [27]. The
latter setting is the classical Anderson localization problem
of disordered noninteracting fermions in equilibrium. The
measurement outcomes in the Gaussian dynamics correspond
to the disorder pattern in the corresponding Anderson local-
ization problem. Therefore, there is a general correspondence
between Gaussian dynamics with measurements in (d + 1)-
dimensional spacetime and the Anderson localization problem
in (d + 1)-dimensional space.

For the Anderson localization problem, it is known that
the transfer matrices that compute the elastic-scattering ampli-
tudes (with generic disorder) should be treated as the elements
of one of the ten classical groups. The time-reversal symmetry
(TRS), the particle-hole symmetry (PHS), and chiral symme-
try (CS) of the Hamiltonian underlying the elastic disorder
scattering dictate which of the ten classical groups emerges
[57,59–61]. Depending on whether TRS, PHS, and CS are
present, and whether their single-particle actions square to
±1 if present, there are exactly ten AZ symmetry classes,
with each class leading to one of the ten classical groups. The
symmetry class (and its corresponding transfer matrix group)
controls the universal behavior of the disordered free fermions
at long wavelengths.

Based on the correspondence between Gaussian dynamics
and the Anderson localization problems, the AZ symmetry
classification of the latter applies to the former systems as
well [27]. This classification is crucial in understanding the
phase diagram of Gaussian dynamics with measurements
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[27–31,37,39,62,63]. Because this symmetry classification of
Gaussian dynamics with measurements is based on sTMs,
we refer to this symmetry class as the sTM class KsTM of
the Gaussian dynamics. This terminology is to be contrasted
with a related but different symmetry classification scheme,
namely, the mEO class KmEO, which is generalizable to
interacting dynamics (see Sec. II C). This tenfold sTM clas-
sification can alternatively be obtained from the perspective
of nonunitary evolution generated by non-Hermitian Hamil-
tonians. Combining the symmetry classification of generic
non-Hermitian Hamiltonians and the group structure of the
sTM inherited from time evolution, one can also obtain
the same tenfold symmetry classification of sTM ensembles
[39,64,65].

Note that, despite the aforementioned correspondence,
Gaussian dynamics with measurements and the classical An-
derson localization problems are not the same problem. In the
former, the probability distribution of the random measure-
ment outcomes is controlled by the Born rule (which depends
on the system’s quantum state). In contrast, the probability
distribution of static disorder in the Anderson localization
problem is predetermined by the model or the material of
interest. In replica-trick-based analytical treatments, this dif-
ference in the probability distributions amounts to different
replica limits [28–30]. References [28,30] have also provided
examples where this difference can lead to properties of crit-
ical phases and transitions in the Gaussian dynamics that
differ from their counterparts in the Anderson localization
problem. However, it is possible that the correspondence be-
tween area-law-entangled phases in the Gaussian dynamics
and their Anderson-localized counterparts is more robust. We
will elaborate on this point in Sec. II D.

Moreover, we want to address the relation between the
POVM measurement conditions and the symmetry classifica-
tion. As discussed above, Ref. [27] introduced the symmetry
classification of Gaussian dynamics with measurements based
on the sTM ensemble MsTM associated with the ensemble of
quantum trajectories in the dynamics. This previous treatment
did not focus on possible relations between the symmetry
classes and the POVM conditions, which can have nontrivial
implications on the possible microscopic realizations of the
Gaussian dynamics in different symmetry classes. One of the
intriguing results we obtained in this work is the nontriv-
ial constraint between Gaussianity, symmetry class, and the
POVM conditions. In fact, mEO ensembles in certain symme-
try classes cannot satisfy the POVM condition unless either
interactions are included (i.e., non-Gaussian measurements)
or the ensemble consists of purely unitary Gaussian operators
(up to multiplicative constants).

These results are summarized in the last column of Ta-
ble I and are extensively discussed in Sec. II E. Here, we
briefly highlight the following points. In the four sTM
classes KsTM = AIII, BDI, D, and DIII, the POVM condition
can be satisfied by Gaussian mEO ensembles in the pres-
ence of measurements. Physically, this means that there
exist Gaussian measurements compatible with the relevant
symmetry constraints without postselecting quantum trajec-
tories. Many previously studied models, including those
in Refs. [27–31,35,38,62,63,66–69], already provide exam-
ples of fermionic Gaussian dynamics with postselection-free

measurements in these four sTM classes (even though the
symmetry aspects were not always explicitly emphasized).

In contrast, for the remaining six sTM classes KsTM =
A, AII, CII, C, CI, and AI, the POVM condition cannot be
satisfied by any Gaussian mEO ensemble in the presence
of measurements (see Sec. II E for more details). Note that
an mEO ensemble with each mEO proportional to a unitary
operator is considered not to contain any measurements, as
it physically describes random unitary evolutions. This result
implies that the realization of Gaussian measurements in these
six sTM classes requires postselection.

However, one can introduce interactions to eliminate con-
straints between symmetry classes and the POVM condition.
In other words, postselection can be avoided in non-Gaussian
measurements (see Sec. II E).

Despite the significance of the sTM-based symmetry clas-
sification in understanding the universal behavior and phase
diagrams of dynamical free-fermion systems with measure-
ments, it has suboptimal features. First, the symmetries
associated with the sTM class KsTM should not be viewed
as symmetries acting on the Hilbert space of the dynamical
fermion system in the conventional sense. Instead, they are
the explicit symmetries of the corresponding Anderson lo-
calization problem and, hence, determine the sTM group G.
Second, this sTM-based symmetry classification is limited to
free-fermion systems, as there is no faithful single-particle de-
scription of interacting dynamics. In Sec. II C, we introduce a
symmetry classification scheme—the mEO class—that over-
comes these two shortcomings of the sTM-based approach.

C. Symmetry classification of mEOs and its correspondence
with the sTM-based classification

We have reviewed the sTM-based symmetry classification
KsTM of Gaussian dynamics with measurements and its limita-
tions. In the following, we introduce a symmetry classification
scheme, the mEO class KmEO, directly based on the mEOs
of the dynamical systems. This scheme makes the roles of
the symmetries, including TRS, PHS, and CS, more explicit
and accommodates interacting dynamical systems. In the free-
fermion limit, there is a one-to-one correspondence between
the mEO class KmEO and the sTM class KsTM. This symmetry
classification scheme also lays the foundation for the discus-
sion of the topologies of fermionic dynamics in Sec. II D.

To analyze the AZ symmetry classification of fermion dy-
namics at the many-body level, we directly examine TRS,
PHS, and CS of the mEO ensemble MmEO that describes the
quantum trajectories. We denote the many-body TRS action
as T̂ , the PHS action as Ĉ, and the CS action as Ŝ . The action
Ĉ is unitary, while both T̂ and Ŝ are antiunitary many-body
operators. The actions of TRS, PHS, and CS can be generally
written as

TRS: T̂ ψ̂iT̂ −1 =
∑

j

(UT )i jψ̂ j, T̂ iT̂ −1 = −i, (5)

PHS: Ĉψ̂iĈ−1 =
∑

j

(UC )i jψ̂
†
j , ĈiĈ−1 = +i, (6)

CS: Ŝψ̂iŜ−1 =
∑

j

(US )i jψ̂
†
j , ŜiŜ−1 = −i, (7)
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where the first-quantized actions of TRS, PHS, and CS are
denoted by the unitary matrices UT,C,S , respectively. Further-
more, there are two types of TRS and PHS corresponding to

T̂ 2 = (±1)N̂F and Ĉ2 = (±1)N̂F , (8)

where (−1)N̂F represents the (many-body) fermion parity op-
erator. These two types of TRS and PHS in Eq. (8) correspond
to the following constraints on their first-quantized actions:

UTU∗
T = ±1 and UCU∗

C = ±1. (9)

CS is the product of TRS and PHS. When both TRS and PHS
are present, CS is also preserved. When both are absent, CS
might still be a symmetry of the system. Depending on which
types of TRS, PHS, and CS are present, there are in total ten
possible symmetry patterns, known as the ten AZ symmetry
classes, which are summarized in the first four columns of
Table I. In conventional notation, 0 represents the absence of
the symmetry and ±1 refers to the two types of TRS and PHS.

Next, we establish the criteria to determine whether TRS,
PHS, and CS are present in the dynamics with measurements.
Let MmEO denote the mEO ensemble associated with the
dynamics. If TRS, PHS, or CS is present in the dynamics,
we require every mEO V̂ ∈ MmEO to commute with the cor-
responding symmetry action. Physically, this means that a
symmetry, if present, should be preserved in every quantum
trajectory.

Take TRS as an example. For the dynamics to respect TRS,
each mEO V̂ ∈ MmEO must satisfy

T̂ V̂ T̂ −1 = V̂ . (10)

This condition ensures closure under mEO multiplication: if
V̂ and V̂ ′ both satisfy TRS, then so does their product V̂ V̂ ′.
Consequently, TRS remains preserved under coarse grain-
ing of timescales and governs the universal behavior in the
limit of large spacetime volume. Moreover, if the dynamics
preserves TRS, any TRS-invariant state |ψ〉 = T̂ |ψ〉 evolves
into a TRS-invariant state in every quantum trajectory, i.e.,
V̂ |ψ〉 = T̂ V̂ |ψ〉.

Importantly, this notion of TRS does not involve reversing
the direction of time. Instead, the antiunitary nature of T̂
acts as a “realness” constraint on each mEO. The criteria
for particle-hole symmetry and chiral symmetry) naturally
generalize Eq. (10), and are likewise stable under mEO mul-
tiplication. We caution that one might view the mEO as
an exponentiated non-Hermitian operator and apply the 38-
fold non-Hermitian symmetry classification. However, those
non-Hermitian symmetry classes incompatible with mEO
multiplication are irrelevant to the behavior of the dynamics
after coarse graining. Our formulation of TRS, PHS, and
CS is robust under coarse graining. A similar single-particle
consideration appears in Ref. [39].

With the general definition above, we are now ready
to define the symmetry classification for the free-fermion
nonunitary dynamics, based on whether TRS, PHS, and CS
are present in MmEO, using the AZ tenfold symmetry classi-
fication (see the first four columns of Table I). We call this
symmetry classification the mEO class KmEO. This definition
does not rely on the specific form of the mEOs and therefore
applies to both Gaussian and interacting fermionic dynamics

with measurements. Later, we will argue that in area-law-
entangled phases of fermionic dynamics, the information of
the initial state is quickly washed out by measurements. Con-
sequently, the symmetries in the mEO class KmEO will also
emerge as symmetries of the system’s area-law-entangled
steady-state ensemble in the long-time limit.

For Gaussian dynamics with measurements, one can define
both the sTM class KsTM and the mEO class KmEO. However,
they are not necessarily equal for a given system: KsTM 
=
KmEO. Instead, as shown below, there is a one-to-one cor-
respondence between them. In this sense, the two symmetry
classifications are equivalent in the free-fermion limit.

To establish this one-to-one correspondence between KsTM

and KmEO, we examine the TRS constraint [Eq. (10)] and
its PHS and CS counterparts on a Gaussian mEO V̂ =
exp(−∑

i, j Mi jψ̂
†
i ψ̂ j ):

TRS: T̂ V̂ T̂ −1 = V̂ ⇐⇒ M = U†
T M∗UT , (11)

PHS: ĈV̂ Ĉ−1 = V̂ ⇐⇒ M = −(U†
CMUC )ᵀ, (12)

CS: ŜV̂ Ŝ−1 = V̂ ⇐⇒ M = −(U†
S M∗US )ᵀ. (13)

Recall that M is the generator of the sTM, i.e., t = eM . One
can show that the constraints on M in each mEO class KmEO

match exactly the requirements for t = eM to be an element
of one of the ten sTM groups G. Since the sTM class KsTM

is defined according to the sTM group G (see Sec. II B),
this implies a one-to-one correspondence between the mEO
classes KmEO and the sTM classes KsTM, listed row-by-row in
Table I. A full proof is given in Appendix A.

Interestingly, this correspondence between the mEO and
sTM classes manifests as a permutation: within the eight real
symmetry classes (AI, BDI, D, DIII, AII, CII, C, and CI), the
sTM and mEO classes are related by a cyclic permutation.
Likewise, the two complex classes (A and AIII) are permuted
under this correspondence. A similar permutation of symme-
try classes also appears in the context of Anderson localization
problems [57,59,70].

Another remark is that, in light of the one-to-one corre-
spondence between the mEO and sTM classes in Gaussian
dynamics, the former can be viewed as a way to extend the
sTM classes to interacting dynamics. Strictly speaking, the
sTM class is not well defined in interacting dynamics due
to the lack of a faithful single-particle description. However,
recent works [71,72] show that for interacting fermionic dy-
namics continuously connected to noninteracting limits, the
sTM class of the noninteracting system still strongly influ-
ences the universal behavior when interactions are turned on.
With the mEO classification developed here, we argue that
the universal behavior of the interacting dynamics studied in
Refs. [71,72] should be understood as governed by the mEO
class of the system, which maps to the corresponding sTM
class in the noninteracting limit. More generally, we expect
the mEO-based symmetry classification to serve as a general
tool for predicting universal behavior in interacting fermionic
dynamics in the large-spacetime-volume limit, which we will
pursue in the future.
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TABLE II. Periodic table of topological insulators and supercon-
ductors [70,77], organized by the Bott clock [42,75,76]. The arrows
illustrate the “dimensional reduction” from the Gaussian circuits
in sTM class KsTM in D = (d+1)-dimensional spacetime to their
steady-state ensembles in mEO class KmEO in D = d spatial dimen-
sions. The map between AZ labels KsTM → KmEO obeys a shift in
the Bott clock. The topological invariants connected by the arrow are
identical, reflecting a dynamical bulk-boundary correspondence: the
topology in the spacetime of the Gaussian dynamics with measure-
ments determines the topology of the steady-state ensemble at the
spacetime boundary. For example, a 1+1d circuit in sTM class DIII
yields a 1d steady state in mEO class D, with both exhibiting a Z2

classification.

AZ Class D = 1 D = 2 D = 3 D = 4
0

0 0

0 0 0

2 0 0

2 2 0

2 2

0 2 2

0 2

0

0 0 0

0

0
0 0

A
AIII
AI
BDI
D
DIII
AII
CII
C
CI 0

D. Topological dynamics, steady-state ensembles, and
dynamical bulk-boundary correspondence

In this subsection, we focus on the classification of area-
law-entangled topological Gaussian dynamics in the ten AZ
symmetry classes. We will show that the topology of the
dynamics in the spacetime bulk can be manifested by the
topology of the steady-state ensemble effectively living on
the temporal boundary of the spacetime. This relationship
between the two types of topologies can be viewed as a dy-
namical bulk-boundary correspondence.

First, we provide a general argument for the topological
classification of the Gaussian dynamics with measurements.
In Sec. II B, we reviewed the unification of the Gaussian
dynamics with measurements in d + 1 spacetime dimensions
and the Anderson localization problem of disordered fermions
in (d + 1) spatial dimensions. This unification further sug-
gests a correspondence between the phases of Gaussian dy-
namics with area-law entanglement and disordered localized
phases in the Anderson localization problem in the same sTM
class KsTM [37,39]. Within each symmetry class, the latter can
be further subdivided into insulators or superconductors with
different topologies (see reviews in Refs. [70,73,74]). These
topological insulators and superconductors are expected to
have corresponding area-law-entangled Gaussian dynamics
with the same topological classification. This reasoning leads
to a topological classification of area-law-entangled Gaussian
dynamics summarized in Table II, with the first column inter-
preted as the sTM class KsTM and the dimension D referring
to the spacetime dimensions of the Gaussian dynamics (as
well as the spatial dimension of the corresponding disordered
Anderson-localized phase).

This classification provides a general principle for ex-
ploring topological Gaussian dynamics with measurements.

However, there has not been a general recipe to construct
microscopic models for these topological phases of Gaus-
sian dynamics. A particularly interesting question is how to
realize a topological phase of Gaussian dynamics without
postselecting the quantum trajectories. Avoiding postselection
is crucial for efficiently simulating the dynamics of interest
on programmable quantum platforms. References [35–39]
have identified examples of Z2- and Z-classified topological
Gaussian dynamics in 1 + 1d spacetime realized in the form
of postselection-free monitored Gaussian circuits in sTM
class KsTM = DIII and D. However, sTM-class-A topologi-
cal Gaussian dynamics in 1 + 1d has only been found using
postselection [37]. Concrete postselection-free realizations of
topological Gaussian dynamics in higher dimensions remain
unexplored.

An important result of this paper is a general construction
of Gaussian circuits with postselection-free measurements
that realize topological Gaussian dynamics in general dimen-
sions in sTM classes KsTM = AIII, BDI, D, and DIII. For the
remaining six classes KsTM = A, AII, CII, C, CI, AI, we show
that the topological dynamics classified in Table II requires
postselection in the free-fermion limit.

To better understand the nature of the topological dy-
namical phases classified in Table II, and to motivate our
construction of the corresponding Gaussian circuit, it is in-
formative to examine the symmetries and topologies of the
steady-state ensemble produced by the mEOs. For this pur-
pose, using the mEO symmetry class KmEO to characterize
the dynamics is helpful. By definition, if the initial state
|ψ0〉 respects the symmetries in KmEO, the evolved state
V̂m|ψ0〉 must respect those same symmetries in every quantum
trajectory. More interestingly, in the area-law-entangled topo-
logical phase, we argue that symmetry preservation should
asymptotically hold for every long-time trajectory regard-
less of the initial state. In other words, the steady-state
ensemble should consist of states respecting the symme-
tries in KmEO. This expectation is motivated by prior works
showing that, in the area-law-entangled phases, the frequent
measurement-induced wavefunction collapse can efficiently
erase information about the initial state [8,11,21,25]. As a
result, in the long-time limit, the states in the steady-state
ensemble inherit the global symmetries of the dynamics re-
gardless of the initial state (unless those symmetries are
spontaneously broken).

Next, we argue that the steady-state ensemble of the area-
law-entangled topological phase of Gaussian dynamics is
an ensemble of short-range-correlated Gaussian states. The
single-particle spacetime propagation in the topological Gaus-
sian dynamics maps to the spatial propagation of a particle
in the corresponding Anderson-localized topological phase
(see Sec. II B for review). Therefore, we expect that the
steady-state ensemble of the area-law-entangled topological
Gaussian dynamics is an ensemble of short-range-correlated
Gaussian states, each satisfying the symmetries in the KmEO

class of the dynamics. This steady-state ensemble resem-
bles the localized ground states of disordered free-fermion
Hamiltonians in the symmetry class KmEO. Therefore, the
topology of the steady-state ensemble should also follow the
topological classification shown in Table II, where the AZ
class should now be interpreted as the mEO class KmEO and D
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Topological steady-state ensemble 

in d-dim. space

Area-law-entangled topological dynamics

in (d +1)-dim. spacetime

Time

FIG. 2. Schematic illustration of dynamical bulk-boundary cor-
respondence between the area-law-entangled topological dynamics
in (d + 1)-dimensional spacetime and the topological steady-state
ensemble in the d-dimensional space on the spacetime boundary.

as the spatial dimension. Here, we assume that for dynamics
that respect locality, the area-law-entangled states in the same
steady-state ensemble should share the same topological in-
variant.

Now, we have two different ways to interpret the classifica-
tion in Table II, depending on whether the AZ class refers to
KsTM or KmEO and whether D refers to the spacetime or spatial
dimensions of the dynamical system. We argue that the two
interpretations reflect the following dynamical bulk-boundary
correspondence. For the topological classification of dynam-
ics in the spacetime bulk, we use the sTM class KsTM and
spacetime dimension. When we switch to the equivalent mEO
class (see Sec. II C) and replace the spacetime dimension by
the dimension of the space located at the boundary of space-
time (see Fig. 2), we move diagonally in Table II as indicated
by the arrows. Notice that the topological invariants connected
by the arrows are identical. Mathematically, this phenomenon
is known as Bott periodicity. It has appeared previously in
the classification of topological insulators and superconduc-
tors [42,75,76]. In the context of Gaussian dynamics, this
observation strongly suggests a dynamical bulk-boundary cor-
respondence:

The topology of the area-law-entangled Gaussian dynamics in
the spacetime bulk can be manifested by the topology of the
steady-state ensemble effectively living on the time slice at the
spacetime boundary.

This dynamical bulk-boundary correspondence exactly
matches the examples identified in Refs. [37,39]. For instance,
the two area-law-entangled topological Gaussian dynamics in
1 + 1d spacetime in sTM class KsTM = DIII were found to
produce the two topologically distinct steady-state ensembles
in one spatial dimension in mEO class KmEO = D.

In light of this dynamic bulk-boundary correspondence,
designing microscopic models for topological Gaussian dy-
namics with measurements is equivalent to constructing
dynamical systems that generate a topological steady-state
ensemble. Guided by this observation, we obtain a systematic
construction of Gaussian circuits with postselection-free mea-
surements that represent the topological Gaussian dynamics in
mEO classes KmEO = A, AI, BDI, and D (equivalent to sTM

classes KsTM = AIII, BDI, D, and DIII). This construction is
presented in Sec. III.

For the remaining six symmetry classes KmEO = AIII, DIII,
AII, CII, C, and CI, we show in Appendix B that Gaussian dy-
namics in these symmetry classes must involve postselection
if measurements are included. Since fully unitary dynamics
cannot realize any area-law-entangled dynamical phase, the
topological dynamics in these remaining six symmetry classes
require postselection when realized in the free-fermion limit,
consistent with the sTM-class-A example found in Ref. [37].
However, symmetry-compatible interacting measurement op-
erations can relax the need for postselection, leading to
genuine symmetry-constrained fermionic dynamics with mea-
surements. The next subsection will provide an example for
the mEO class AII. The possibility of realizing topological
dynamics in these six symmetry classes without postselection
in the interacting limit is left for future study.

E. Gaussian POVM admissibility in different
symmetry classes

As discussed in Sec. II A, without postselecting quantum
trajectories, the mEO ensemble MmEO = {V̂m}m must satisfy
the POVM condition ∑

m

wmV̂ †
mV̂m = 1̂, (14)

where wm � 0 is the weight for the quantum trajectory with
measurement outcome m. If an mEO ensemble does not
satisfy this condition, its realization as dynamics with mea-
surements must involve postselection. We now ask: for which
symmetry classes can Gaussian mEO ensembles with mea-
surements satisfy Eq. (14)?

Definition 1 (Gaussian POVM Admissibility). An mEO
class KmEO is said to admit a Gaussian POVM if there exists an
ensemble of Gaussian Kraus operators {K̂m}m, invariant under
the symmetries of KmEO, together with non-negative weights
{wm � 0}m, satisfying the POVM condition

∑
m wmK̂†

mK̂m =
1̂, such that the ensemble is not reducible to a set of Gaussian
unitary operators (up to multiplicative constants). This defini-
tion is independent of the spatial dimension and the number
of fermion modes.

The exclusion of unitary-only ensembles is essential: any
symmetry class trivially satisfies the POVM condition if only
unitary mEOs are considered, which corresponds to random
unitary dynamics without any measurements. With this defi-
nition in hand, we state the main result of this subsection.

Theorem 2 (Gaussian POVM Admissibility Constraint). In
the free-fermion limit, exactly four of the ten mEO classes
admit symmetry-invariant Gaussian POVM:

KmEO ∈ {A, AI, BDI, D}. (15)

For the remaining six mEO classes, KmEO ∈
{AIII, DIII, AII, CII, C, CI}, no Gaussian mEO ensemble
containing measurements can satisfy the POVM condition.
The proofs of admissibility (by explicit construction)
and inadmissibility (by contradiction using the Cartan
decomposition of the log-singular-value spectrum) are given
in Appendix B.
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Remark 3 (Role of interactions). The Gaussian constraint
is essential to the above theorem. Introducing interactions
can restore POVM admissibility in all six excluded classes.
For instance, in mEO class AII, measuring the non-Gaussian
operator n̂↑n̂↓ yields the Kraus operator ensemble {n̂↑n̂↓, 1̂ −
n̂↑n̂↓}, both elements of which commute with the time-
reversal symmetry T̂ with T̂ 2 = (−1)N̂F and satisfy the
POVM condition [Eq. (14)]. Therefore, the realizability con-
straints identified here apply strictly to the free-fermion limit
and motivate the search for interacting, postselection-free re-
alizations of topological dynamics in the six excluded mEO
classes.

These results are summarized in the last column of Ta-
ble I. In the following, we provide heuristics regarding the
constraints between the mEO class KmEO and the POVM
condition.

For the mEO classes A, AI, BDI, and D, one can find
fermion modes that are singlets under the corresponding
symmetries, so measuring their occupation numbers yields
symmetry-compatible Kraus operators. For example, consider
mEO class KmEO = AI (equivalent to sTM class KsTM =
BDI), which features TRS with T̂ 2 = +1. One can find a
basis where each fermion mode ψ̂ is invariant under T̂ , i.e.,
T̂ ψ̂ T̂ −1 = ψ̂ . Weakly measuring the occupation number n̂ =
ψ̂†ψ̂ leads to two Kraus operators

K̂AI
m=± = 1√

2 cosh κ
emκ (n̂−1/2) (16)

associated with the two measurement outcomes m = ±. Both
Kraus operators commute with T̂ . In the limit κ → ∞, this
measurement becomes the projective measurement of n̂, with
outcomes m = ± corresponding to n̂ = 1 and 0.

In contrast, the symmetries in mEO classes AIII, DIII,
AII, CII, C, and CI require a certain doublet structure in
the fermion modes. Take the mEO class AII as an example.
The TRS with T̂ 2 = (−1)N̂F requires the fermion operators
to form Kramers doublets. Let ψ̂↑ and ψ̂↓ denote a pair of
fermion operators in a Kramers doublet. Measuring the num-
ber operators n̂↑ and n̂↓ independently without postselection
breaks TRS when their outcomes mismatch, because TRS
requires the measurement outcome of n̂↑ to be the same as that
of n̂↓, which can only be achieved by postselecting the mea-
surement outcomes. In Appendix B, we present a systematic
proof that no Gaussian mEO ensemble with measurements
in the six mEO classes AIII, DIII, AII, CII, C, and CI can
satisfy the POVM condition. Therefore, their realizations re-
quire measurements with postselection. Note that this type of
postselection essentially rejects all but an exponentially small
fraction of quantum trajectories of the entire quantum cir-
cuit. Direct application of quantum-classical cross-correlation
methods [78,79] does not reduce the cost of this form of
postselection.

III. TOPOLOGICAL ADAPTIVE DYNAMICS AND
STEERING TOWARD FREE-FERMION

TOPOLOGICAL STATES

In this section, we focus on a general microscopic construc-
tion of free-fermion dynamical systems consisting of unitary
evolution and measurements that can realize distinct dynami-

cal topological area-law-entangled phases. These microscopic
models are formulated as adaptive fermionic Gaussian circuits
with postselection-free measurement-and-feedforward opera-
tions. Based on the dynamical bulk-boundary correspondence
(Sec. II D), if the adaptive Gaussian circuit of the mEO class
KmEO can steer the quantum system toward a topological
steady-state ensemble in the same mEO class, the topology
of the circuit dynamics can be classified by identifying the
mEO class and spatial dimension of the dynamics. The corre-
sponding topological classification can then be obtained from
Table II. In an ideal scenario, the topological steady-state
ensemble contains only one free-fermion topological state.

In Sec. III A, we present a general construction for
postselection-free topological adaptive Gaussian circuits that
can steer the system toward a target free-fermion topological
state. This construction applies to target topological states
in any dimension and symmetry class. However, its impli-
cation differs depending on the target state’s (traditionally
defined) symmetry class. When the chosen target topologi-
cal state belongs to the symmetry classes {A, AI, BDI, D},
our construction leads to an adaptive Gaussian circuit whose
mEO class matches the target’s symmetry class and, there-
fore, realizes the topological Gaussian dynamics classified in
Table II. When the chosen target topological state belongs to
classes {AIII, DIII, AII, CII, C, CI}, the corresponding adap-
tive circuit contains gates that do not respect the target state’s
symmetry class. Hence, it does not realize the topological
Gaussian dynamics in these classes, which is consistent with
the fact that topological dynamics in these classes require
postselection in the free-fermion limit. Nevertheless, we can
still treat the constructed adaptive circuit as a protocol for
preparing and stabilizing free-fermion topological states.

In Sec. III B, we provide a concrete demonstration of
mEO-class-A topological dynamics in 2 + 1d spacetime. The
corresponding topological adaptive circuit targets a Chern
insulator in two spatial dimensions. In addition, we estimate
the convergence timescale to the target state by analyzing an
effective Lindbladian description of the trajectory-averaged
density matrix dynamics.

A. General construction of topological adaptive circuit

In the following, we introduce the general construction of
a topological adaptive circuit that steers the physical system
toward a target free-fermion topological state in any symmetry
class and any spatial dimension using local operations. As
mentioned earlier, the topological adaptive circuits realize the
topological Gaussian dynamics in mEO classes KmEO = A,
AI, BDI, and D when we choose the target topological state to
respect one of these four symmetry classes. For target states
in all ten symmetry classes, our adaptive circuit construction
serves as a protocol for preparing and stabilizing free-fermion
topological states.

Our construction is based on a stabilizer formalism of free-
fermion topological states, which we introduce in Sec. III A 1.
Measuring these stabilizers can determine whether the state
of the system matches the target topological state. Our topo-
logical adaptive circuits are designed to repeatedly measure
these stabilizers and perform error-correcting feedforward op-
erations to steer the system toward the target topological state.
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The detailed construction is presented in Sec. III A 2. Impor-
tantly, our adaptive circuit is postselection-free.

1. Stabilizer formalism for free-fermion topological states

We outline a general stabilizer-type formalism for free-
fermion topological states in all AZ symmetry classes. In
this formalism, the free-fermion topological state of interest
will be described as the unique state that satisfies a set of
stabilizing conditions with spatially localized stabilizers. The
symmetry properties of the stabilizers depend on the symme-
try class. This formalism will serve as the foundation for the
topological adaptive dynamics that steer the system toward the
desired free-fermion topological states using a measurement-
and-feedforward protocol.

A free-fermion topological state |TS〉〉 can be generally
treated as the insulating ground state of a noninteracting
parent Hamiltonian ĤTS. Here, we will use the double ket
notation | · 〉〉 to denote the many-body wavefunction, while
single kets | · 〉 denote single-particle states. To demonstrate
the main idea of the stabilizer formalism, we will focus on
the case where |TS〉〉 (and its parent Hamiltonian) is realized
in a translation-invariant lattice system. We will later dis-
cuss the generalization to non-translation-invariant systems.
A translation-invariant free-fermion topological state |TS〉〉 is
essentially a noninteracting band insulator (of either charged
complex fermions or Bogoliubov quasiparticles). We will
introduce the localized stabilizers for the topological state
|TS〉〉 using the overcomplete Wannier (OW) basis [80] of
the single-particle band structure of the noninteracting parent
Hamiltonian ĤTS. Note that the OW basis has been referred to
as the coherent state basis in past literature [80–83]. As will
become clear, the overcompleteness of this basis circumvents
possible obstructions [83,84] to finding a local orthonormal
basis for topological bands, enabling the description of |TS〉〉
using localized stabilizers.

Concretely, let us consider the free-fermion topological
state |TS〉〉 on a d-dimensional lattice with N fermion modes
per unit cell, where ĉr,μ and ĉ†

r,μ denote the annihilation and
creation operators of the μth fermion modes in the unit cell
at location r. Using a properly chosen band structure given by
the parent Hamiltonian ĤTS, |TS〉〉 can be defined as a band
insulator (or superconductor) that fully occupies the M � N
lowest bands (and leaves the rest of the bands empty). De-
pending on the nature of |TS〉〉, the relevant band structure is
either formed by regular charged complex fermions or charge-
less Bogoliubov quasiparticles.

For a given band with index n (1 � n � N), the projection
of the fermion operators centered at r with the flavor μ,
ĉr,μ, onto this band, produces a localized fermion operator
χ̂r,μ,n associated with the single-particle OW wavefunction
Wr,μ,n(r′, μ′) (with arguments r′ and μ′) after normalization:

χ̂r,μ,n =
∑
r′,μ′

Wr,μ,n(r′, μ′)ĉr′,μ′ . (17)

The normalization of this OW wavefunction is such that∑
r′,μ′ |Wr,μ,n(r′, μ′)|2 = 1. We denote the single-particle OW

state with the wavefunction Wr,μ,n(r′, μ′) as |Wr,μ,n〉. The
single-particle OW state |Wr,μ,n〉 consists of degrees of free-
dom only in the nth band and is generically exponentially

localized around r in real space [80]. |Wr,μ,n〉’s with different
values of r and μ are not necessarily orthogonal to each
other. However, the set {|Wr,μ,n〉}r,μ of OW states (for all
values of unit cell location r and mode index μ) forms an
overcomplete localized single-particle basis for the nth band
despite the band topology [80–83,85]. In Sec. III B 1, we will
demonstrate the technical details for the construction of the
OW states |Wr,μ,n〉 and the associated fermion operators χ̂r,μ,n

in a concrete example of a Chern insulator. Here, we will
not dive into the technicalities and focus on the key ideas for
establishing the stabilizer description of |TS〉〉.

The number operators

N̂r,μ,n ≡ χ̂†
r,μ,nχ̂r,μ,n (18)

of the localized OW modes χ̂r,μ,n can serve as the stabilizers
for the free-fermion topological state |TS〉〉. The fact that |TS〉〉
fully occupies the bands n = 1, . . . , M and leaves the bands
n = M + 1, . . . , N completely empty is equivalent to the fol-
lowing stabilizing conditions:

N̂r,μ,n|TS〉〉 = |TS〉〉, for n = 1, . . . , M,

(1 − N̂r,μ,n)|TS〉〉 = |TS〉〉, for n = M + 1, . . . , N, (19)

for all choices of r and μ. Note that the stabilizers N̂r,μ,n

and (1 − N̂r,μ,n) with different subscripts r, μ, and n do not
always commute with each other (unlike those in standard
quantum error-correcting stabilizer codes).

Nevertheless, these stabilizers enjoy the following three
crucial properties: (1) Each of the stabilizers N̂r,μ,n and
(1 − N̂r,μ,n) is exponentially localized in real space; (2) each
stabilizer has eigenvalues 0 and 1; and (3) the free-fermion
topological state |TS〉〉 is the unique common eigenstate of
all the stabilizers with eigenvalue being 1. In Sec. III A 2, we
will see that these properties underpin the topological adaptive
circuit that steers the system toward the target topological
state |TS〉〉. In particular, property (1) will ensure the locality
of the dynamics. Measuring the number operator N̂r,μ,n will
allow us to examine whether the system locally resembles
the target state |TS〉〉. The topological adaptive dynamics will
be designed to gradually steer the system toward the state
that obeys the stabilizing conditions [Eq. (19)]. The overcom-
pleteness of the OW basis guarantees the uniqueness of the
solution to Eq. (19) [see property (3)] and, hence, ensures that
the topological adaptive circuit eventually reaches the desired
target state |TS〉〉.

Now, we argue that the stabilizer formalism introduced
above can be generalized to free-fermion topological states
|TS〉〉 without translation symmetry. In this case, we can treat
such a |TS〉〉 as the insulating ground state of a disordered
noninteracting parent Hamiltonian. The single-particle Hilbert
space can be divided into two orthogonal subspaces, one oc-
cupied by |TS〉〉 and the other unoccupied by |TS〉〉. Every local
fermion operator ĉr,μ can be projected onto these two single-
particle sub-Hilbert spaces, leading to a generalization of the
localized OW modes χ̂r,μ,n. Subsequently, one can write down
the number operators associated with the projected modes and
the stabilizing conditions for |TS〉〉 similar to Eq. (19).

Moreover, we would like to discuss the relation between
the stabilizers and the symmetry classes of the topological
state |TS〉〉. If TRS or PHS is present and squares to 1, one can
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choose the OW modes χ̂r,μ,n so that each of them is a singlet
under all the symmetries. One can work in the Majorana
fermion basis to find such singlet OW modes in some cases.
The corresponding number operator N̂r,μ,n commutes with the
symmetries. The mEO symmetry class of the evolution gen-
erated by measuring N̂r,μ,n is the same as the symmetry class
of the free-fermion topological state |TS〉〉 in the conventional
definition. This is the case in (mEO) symmetry classes A, AI,
BDI, and D.

In the remaining six symmetry classes (AIII, DIII, AII,
CII, C, and CI), the stabilizers do not commute with the
symmetry operations. For example, a topological state with
spinful electrons in symmetry class AII, with TRS T̂ 2 =
(−1)NF , requires all the single-particle fermion modes to
form Kramers doublets. A stabilizer associated with a spin-
up fermion mode must transform into one associated with a
spin-down fermion mode. Measuring these stabilizers inde-
pendently without postselection will lead to dynamics with
TRS-broken mEOs.

2. Topological adaptive circuit that steers toward a free-fermion
topological state

Now, we present the general construction of the topological
adaptive circuit that steers the quantum system toward a target
free-fermion topological state |TS〉〉 (regardless of the initial
state). The steering is achieved by repeated stabilizer measure-
ments and error-correcting feedforward operations. We will
discuss the timescale for the convergence toward |TS〉〉. This
circuit can realize the topological Gaussian dynamics in mEO
classes KmEO = A, AI, BDI, and D classified in Table II. At
the same time, it provides a general protocol for preparing
and stabilizing free-fermion topological states in all symmetry
classes, which we will elaborate on.

Concretely, the topological adaptive circuit targets the free-
fermion topological state |TS〉〉 by iterating the following cycle
of measurement-and-feedforward operations. In each cycle,
the adaptive circuit measures the localized number operator
N̂r,μ,n [see Eq. (18)] of the OW modes for all values of r, μ,
and n one after another. The measurement outcome for each
N̂r,μ,n is 0 or 1. After each measurement, the feedforward
operation depends on whether the outcome matches the sta-
bilizing condition [Eq. (19)] for |TS〉〉. If the outcome matches
the stabilizing condition, the adaptive circuit will proceed to
measure the next localized number operator. If the measure-
ment outcome of N̂r,μ,n does not match Eq. (19), the circuit
will apply an “error-correcting” unitary gate that attempts
to correct the undesired outcome with a finite probability
before moving on to the next localized number operator. A
construction of this error-correcting unitary will be presented
below. A cycle of operation completes after every operator
N̂r,μ,n is measured and the subsequent feedforward operation
is carried out. The so-defined cycle is iteratively implemented
in the proposed topological adaptive circuit. All the operations
involved in this circuit are Gaussian and exponentially local-
ized.

It is straightforward to conclude that once the system
reaches the target topological state |TS〉〉, it will remain in
the same state under the measurement-and-feedforward op-
erations above. Because |TS〉〉 is the unique solution to the

stabilizing condition [Eq. (19)], |TS〉〉 is the only steady state
of this topological adaptive circuit. If an error occurs on the
state |TS〉〉, this circuit will remove the error and restore |TS〉〉.
In this sense, this topological adaptive circuit not only pre-
pares but also stabilizes the topological state |TS〉〉.

Now, we describe the error-correcting unitary gate that
corrects the undesired measurement outcomes of N̂r,μ,n that
violate the stabilizing conditions formulated in Eq. (19). To
implement such error correction, we first introduce an extra
ancillary system that shares the same lattice structure as the
original physical system where the target state |TS〉〉 is defined.
We denote the fermion operators in the ancillary systems
as d̂r,μ. Throughout the dynamics, the ancillary system will
always be in a product state with a finite particle density and
trivial topology. We should view the total system as a bilayer
structure, where the top layer represents the physical system
P and the bottom layer represents the ancillary system A.

We can choose the error-correcting unitary gates in the
form of fermionic SWAP (fSWAP) gates:

fSWAP(ĉ, d̂ ) ≡ exp

(
i
π

2
(ĉ† − d̂†)(ĉ − d̂ )

)
, (20)

which interchanges any given pair of physical fermion mode
ĉ and ancillary fermion mode d̂ , under the conjugation by
the fSWAP gate [86]. This unitary gate moves the particles
between the physical and the ancillary system. When the
measurement of N̂r,μ,n yields an undesired outcome, the sub-
sequent error-correcting unitary gate is given by the local
fSWAP gate fSWAP(χ̂r,μ,n, d̂r,μ). Conceptually, the ancillary
system plays the role of a particle bath. When the undesired
occupation N̂r,μ,n occurs, the fSWAP gate can (probabilisti-
cally) correct it by transferring particles between the physical
system and the bath. One way to make it local is to imag-
ine that the physical and ancillary systems are arranged in
a bilayer geometry, which ensures that the error-correcting
fSWAP operations remain local. The use of an ancillary sys-
tem to pump particles in and out of the physical system
is similar in spirit to a recently proposed error correction
scheme proposed for fault-tolerant fermionic quantum proces-
sors [87].

For example, consider the case where N̂r,μ,n = 0
matches the stabilizing condition [Eq. (19)] as an exam-
ple. The undesired outcome N̂r,μ,n = 1 can be corrected by
fSWAP(χ̂r,μ,n, d̂r,μ) that moves the particle from the mode
χ̂r,μ,n to the ancillary mode d̂r,μ when the latter mode is
empty. When the ancillary mode d̂r,μ is occupied, the ac-
tion of fSWAP(χ̂r,μ,n, d̂r,μ) is trivial, leaving the undesired
measurement outcome of N̂r,μ,n uncorrected. Therefore, the
probability of successful error correction depends on the prob-
ability of finding the mode d̂r,μ empty. To ensure that the error
correction can happen with a finite probability, we include
the random incoherent local redistribution of particles in the
ancillary system as a part of each cycle of the adaptive dy-
namics. This redistribution dynamics can be implemented as a
unitary gate that generates random particle hopping among the
ancillary modes, followed by the measurements of all density
operators d̂†

r,μd̂r,μ. Because of the incoherent redistribution

dynamics, any mode d̂r,μ has a finite probability to be empty
(or occupied). In the case where N̂r,μ,n = 1 matches the
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stabilizing condition [Eq. (19)], one can perform a paral-
lel analysis to show that fSWAP(χ̂r,μ,n, d̂r,μ) can correct
the undesired measurement outcome N̂r,μ,n = 0 with a finite
probability.

Regarding the locality of this topological adaptive circuit,
both the measurements and the error-correcting gates are
localized with exponentially decaying tails due to the localiza-
tion property of the OW modes χ̂r,μ,n. The exponential tails
are present because this circuit precisely targets one single
topological state |TS〉〉. A finite-range topological adaptive cir-
cuit can be obtained by replacing all of the OW modes χ̂r,μ,n

by their finite-range-truncated (and normalized) versions. Ev-
ery operation in this circuit becomes strictly finite ranged.
Even though Eq. (19) no longer holds for the number oper-
ators of the truncated OW modes, the finite-range topological
adaptive circuit can still steer the system toward a steady-state
ensemble consisting of states with the same topology as the
original target state |TS〉〉 for mEO classes A, AI, BDI, and D.
We provide numerical evidence for this statement in concrete
examples presented in Sec. IV.

The symmetry properties of this topological adaptive cir-
cuit depend on the target topological state |TS〉〉. If |TS〉〉
belongs to symmetry classes A, AI, BDI, and D (in the con-
ventional sense), one can see that all the operations, including
the measurements and the unitary gates, respect (following
the definition of Sec. II C) the symmetries in the relevant
symmetry class (upon choose the right basis). In other words,
the mEO class of the circuit dynamics is the same as the
symmetry class of the target state. By the dynamical bulk-
boundary correspondence, we conclude that our topological
adaptive circuits realize the topological Gaussian dynamics in
these four symmetry classes as classified in Table II. When we
choose a target topological state |TS〉〉 in the symmetry classes
AIII, DIII, AII, CII, C, and CI, the postselection-free mea-
surements in the adaptive circuit do not respect the relevant
symmetries. Hence, the topological adaptive circuits with a
target state in these six symmetry classes should not be treated
as the topological Gaussian dynamics in these six mEO sym-
metry classes. This is consistent with our earlier conclusion
(see Sec. II E) that the realization of the topological dynamics
in the mEO classes AIII, DIII, AII, CII, C, and CI must involve
postselection in the free-fermion limit. Regardless of the sym-
metry aspects, our topological adaptive circuit can always be
treated as a protocol to both prepare and stabilize free-fermion
topological states |TS〉〉 in any dimension and any symmetry
class.

Now, we discuss the timescale for the system to converge
to the target topological state |TS〉〉 under the proposed topo-
logical adaptive circuit focusing on the symmetry classes
A, AI, BDI, and D. Because different localized number
operators N̂r,μ,n do not always commute, and because the
error-correcting unitary only corrects the undesired mea-
surement outcomes with a nonzero probability, the system
generically does not reach the target topological state |TS〉〉
after one cycle. Nevertheless, as the adaptive circuit repeats
the cycle described above, the system will be steered toward
|TS〉〉 in O(1) cycles, which will be shown in concrete exam-
ples in Secs. III B and IV. Within each cycle, the number of
measurements scales with the total system size. In the original
(untruncated) adaptive circuit, the measurements of different

N̂r,μ,n do not commute and, hence, need to be implemented
sequentially, rendering the total circuit depth per cycle to scale
with the total system size. In contrast, in the finite-range adap-
tive circuit, the number operators of the finite-range-truncated
OW modes commute when their supports do not overlap. This
feature enables the parallelization of many measurement-and-
feedforward operations, reducing the circuit depth of each
cycle to O(1) and is thus independent of the total system
size. Crucially, this truncation does not change the symmetry
properties of the circuit.

In addition, we would like to compare our protocol
with other methods for preparing topological states. Notably,
Ref. [50] proposed a protocol to prepare an invertible topolog-
ical state together with its conjugate via unitary operations,
and discards the unwanted conjugate copy in the end. This
method lacks a mechanism to eliminate or mitigate errors
that may occur during the preparation process. Additionally,
it does not protect the target state against noise after prepa-
ration. In contrast, our adaptive protocol can not only steer
the systems toward the target state but also protect the target
state by persistent error correction. The stability of our adap-
tive protocol is studied numerically in a concrete example in
Sec. IV D.

Conceptually, our construction is similar to the pre-
vious measurement-induced steering protocol for the 1d
AKLT state presented in Refs. [48,49]. The AKLT state
enjoys a frustration-free Hamiltonian. That means individ-
ual terms in the Hamiltonian annihilate the AKLT state. In
the measurement-induced steering protocol, these individual
Hamiltonian terms play a similar role to our noncommuting
stabilizers.

It is also helpful to compare our adaptive circuits with
the existing dissipative schemes used to prepare topological
states. There has been extensive work on engineering Lindbla-
dians that dissipatively prepare target quantum states [88–98].
In particular, Refs. [90,92] study the dissipative preparation
of Chern insulators in two spatial dimensions. In general,
our adaptive circuit protocol avoids engineered dissipation
entirely, relying instead on local measurement dynamics com-
bined with unitary feedforward (and an ancillary system) to
prepare topological states at the level of individual quantum
trajectories. In Sec. III B, we will apply our adaptive circuit
construction to mEO class A in 2 + 1d. The correspond-
ing adaptive circuit prepares and stabilizes two-dimensional
Chern insulators. As we will see, the finite-range version
of our adaptive circuit can produce pure-state Chern insula-
tors in individual quantum trajectories in finite time. There
are trajectory-to-trajectory variations arising from an intrinsic
measurement randomness and the truncation of OW modes.
In contrast, the previous dissipative schemes only prepare a
single mixed-state analog of a Chern insulator when using
finite-range jump operators [90,92].

The technical details skipped in the discussion above will
be illustrated in a concrete example in Sec. III B.

B. Topological adaptive steering dynamics
that targets a chern insulator

In the following, we discuss a concrete example of a Gaus-
sian topological adaptive circuit that realizes the mEO-class-A

023147-14



FREE-FERMION DYNAMICS WITH MEASUREMENTS: … PHYSICAL REVIEW RESEARCH 8, 023147 (2026)

(and equivalently, sTM class AIII) topological Gaussian
dynamics in 2 + 1d spacetime dimensions. As required by
the mEO symmetry class A, the circuit conserves the total
charge (or total particle number) in the system. It steers the
system toward a Chern insulator in two spatial dimensions,
which is a manifestation of the topology in the dynamics via
the dynamical bulk-boundary correspondence (see Sec. II D).
This example follows the general construction outlined in
Sec. III A.

Section III B 1 presents the technical details of the sta-
bilizer formalism for a target Chern insulator state |CI〉〉.
Section III B 2 presents the topological adaptive circuit that
steers the system toward |CI〉〉. In Sec. III B 3, we estimate
the timescale for the system’s convergence to |CI〉〉 using
an effective Lindbladian description of the evolution of the
trajectory-averaged density matrix under the proposed circuit
dynamics.

1. A chern insulator in 2d and its stabilizer formalism

We present the stabilizer formalism for a 2d Chern insu-
lator state |CI〉〉, setting the stage for the construction of the
topological adaptive circuit that targets this state. Concretely,
we focus on a Chern insulator state |CI〉〉 given by the ground
state of a noninteracting two-band parent Hamiltonian ĤCI.
In real space, the system is defined on a 2d square lattice
with two fermion modes ĉr,1 and ĉr,2 per unit cell. The unit
cell coordinate r = (x, y) ∈ Z2 is given by a pair of integers.
For convenience, we start with the momentum-space-resolved
parent Hamiltonian of the target state |CI〉〉 as

ĤCI =
∫

d2k
(2π )2

ĉ†(k)(�n(k) · �σ )ĉ(k) (21)

with

�n(k) = (sin kx, sin ky, −α − cos kx − cos ky). (22)

�σ = (σ x, σ y, σ z ) represents the vector of Pauli matrices and
ĉ(k) = (ĉ1(k), ĉ2(k))ᵀ is the momentum-space fermion oper-
ator with its two components corresponding to the two modes
ĉ1 and ĉ2 of a unit cell. Here, α ∈ R is a tuning parameter
for the target state |CI〉〉. The parent Hamiltonian ĤCI gives
rise to two single-particle bands, and the Chern insulator |CI〉〉
is defined as the insulating ground state, with the lower band
fully occupied and the upper band empty. The band gap is fi-
nite as long as α 
= 0,±2, which we will assume unless stated
otherwise. The topological properties of |CI〉〉 can be tuned by
the parameter α: |CI〉〉 has Chern number 1 for α ∈ (−2, 0),
−1 for α ∈ (0, 2), and 0 for |α| > 2.

The single-particle projectors onto the upper and lower
bands of ĤCI are denoted by the subscript ±, respectively, as

P±(k) = 1

2

(
1 ± �n(k)

|�n(k)| · �σ
)

. (23)

Using this projector, we can write down the (normalized) lo-
calized fermion operators χ̂r,A/B,± whose single-particle OW
wavefunction forms an overcomplete basis of the upper (+)
and the lower (−) bands:

χ̂r,A/B,± ∝
∫

d2k
(2π )2

eik·rτ †
A/BP±(k)ĉ(k), (24)

where τA = (1, 1)ᵀ/
√

2 and τB = (1, −1)ᵀ/
√

2. Up to nor-
malization factors implicit in Eq. (24), the fermion operators
χ̂r,A/B,± are the projection of the local fermion operators
ĉr,A = 1√

2
(ĉr,1 + ĉr,2) and ĉr,B = 1√

2
(ĉr,1 − ĉr,2) onto the up-

per (+) and the lower (−) band of ĤCI. In principle, any
choice of two orthogonal vectors τA/B suffices for our con-
struction. For example, if we choose τ ′

A = (1, 0)ᵀ and τ ′
B =

(0, 1)ᵀ instead, the corresponding localized OW modes will
be the projections of cr,1 and cr,2. Here, under our current
choice of τA/B, the normalization factors for all the OW modes
remain O(1) for all values of the tuning parameter α, which
is convenient for the subsequent numerical studies of the
adaptive dynamics.

The single-particle OW state |Wr,A/B,±〉 associated with the
localized fermion operator χ̂r,A/B,± has the wavefunction

Wr,A/B,±(r′, μ′) ∝
∫

d2k
(2π )2

eik·(r−r′ )[τ †
A/BP±(k)]μ′, (25)

where [· · · ]μ denotes the μth component of the OW function.
This wavefunction is exponentially localized around r as long
as the band gap in ĤCI is nonzero, i.e., α 
= 0,±2, leading to
a tunable localization length via the parameter α.

The set of OW states {|Wr,ν,±〉}r∈Z2,ν=A,B forms an over-
complete localized basis for the upper band + (lower band
−) of ĤCI, though neither {|Wr,A,±〉}r∈Z2 nor {|Wr,B,±〉}r∈Z2

is a complete basis of the upper (lower) band on its own.
(See Appendix C for more discussion on the completeness
of the basis in Chern bands.) As discussed in Sec. III A 1,
the (over)completeness of the basis will guarantee that the
target Chern insulator state |CI〉〉 is the unique many-body
state satisfying all the stabilizing conditions presented below
in Eqs. (26) and (27)—a crucial property that will ensure the
convergence of the proposed topological adaptive circuit in
Sec. III B 2.

The stabilizing condition for the Chern insulator state |CI〉〉
is given by

N̂r,ν,−|CI〉〉 = |CI〉〉, ∀ r ∈ Z2, ν = A, B, (26)

(1 − N̂r,ν,+)|CI〉〉 = |CI〉〉, ∀ r ∈ Z2, ν = A, B, (27)

where the number operators N̂r,A/B,± are those of the (normal-
ized) localized OW modes χ̂r,ν,±:

N̂r,ν,± ≡ χ̂
†
r,ν,±χ̂r,ν,±, (28)

for ν = A, B. When α 
= 0,±2, namely, when the band gap
in ĤCI is nonzero, each N̂r,A/B,± is exponentially localized
around r. The localization length diverges as the gap closes.
With finite localization length, the adaptive circuit constructed
from the recipe in Sec. III A will respect the locality of the
system and steer the system precisely to the target Chern
insulator state |CI〉〉. As we will see later, the parameter α will
offer a tuning knob that interpolates mEO-class-A Gaussian
dynamics with different topologies, manifested by the differ-
ent steady-state Chern numbers.
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FIG. 3. Schematic for the topological adaptive circuit as described in Algorithm 1. The physical system (red on the top layer) and the
ancillary system (blue on the bottom layer) are both 2d square lattices of the same size with two fermion modes per unit cell. In each cycle,
the circuit first measures the localized number operators N̂r,ν,± in the physical system and applies feedforward operations to correct the
measurement outcomes (red boxes). The circuit then redistributes the particles in the ancillary system (blue box) to prepare for the next cycle.

2. Topological adaptive circuit that steers toward
a chern insulator

Equipped with the stabilizer formalism of the Chern insu-
lator |CI〉〉, we are ready to introduce the topological adaptive
circuit that steers the physical system to |CI〉〉 following the
recipe outlined in Sec. III A 2.

The total system includes the physical system that will
host the Chern insulator |CI〉〉 and an ancillary system. Both
systems are 2d square lattices with two modes per unit cell.
The two auxiliary fermion modes at each unit cell r in the
ancillary system are denoted as d̂r,A and d̂r,B. Conceptually,
the desired topological adaptive circuit steers the physical
system to |CI〉〉 by filling (depleting) the lower (upper) band of
ĤCI [Eq. (23)] via measurement-and-feedforward operations.
The fully filled lower band corresponds to the stabilizing con-
dition [Eq. (26)], while the completely depleted upper band
corresponds to Eq. (27).

The topological adaptive circuit for |CI〉〉 implements the
measurement-and-feedforward quantum algorithm summa-
rized in Algorithm 1 (which is also schematically shown in
Fig. 3). Below, we provide the details and reasons for each
step. First, we initialize the physical system (red dots in Fig. 3)
and the ancillary system (blue dots in Fig. 3) in two decoupled
pure Gaussian states. Each of the initial Gaussian states has a
fixed charge (or particle number), and the total charge Q of
the entire system must be in the range Q ∈ (Nuc, 3Nuc). Here,
Nuc is the number of unit cells in the physical system as well
as in the ancillary system. Our topological adaptive circuit
conserves the total charge (or particle number). Regardless of
the details of the initial state, this circuit will steer the physical
system toward |CI〉〉, which consists of Nuc particles, and bring
the ancillary system to a trivial (Q − Nuc)-particle product
state. The constraint on Q is simply due to the range of charge
that the ancillary system can hold, i.e., Q − Nuc ∈ (0, 2Nuc).

After initialization, the topological adaptive circuit iterates
a two-step cycle. The first step involves stabilizer measure-
ments and error-correcting feedforward operations (see the
right column in Fig. 3). Concretely, the circuit goes through
the unit cell label r one by one. For each unit cell loca-
tion r ∈ Z2, four local density operators N̂r,A/B,± will be
measured. After each measurement, the feedforward opera-
tion is a do-nothing operation if the measurement outcome
matches the stabilizing conditions [Eqs. (26) and (27)]. If
the outcome does not match, the feedforward operation is an
error-correcting fSWAP gate.

More specifically, when a measurement finds N̂r,A/B,− =
0, it means that the localized OW mode χ̂r,A/B,− in the lower
band of ĤCI is missing a particle. The local unitary gate
fSWAP(χ̂r,A/B,−, d̂r,A/B) probabilistically corrects the error by
taking a particle from the ancillary mode dr,A/B and fill-
ing it in the mode χ̂r,A/B,−. The success rate of this error
correction depends on the probability of having an avail-
able particle in the ancillary mode dr,A/B, which is finite.
When a measurement finds N̂r,A/B,+ = 1, the localized mode
χ̂r,A/B,+ of the upper band contains an unwanted particle. The
local error-correcting unitary gate fSWAP(χ̂r,A/B,+, d̂r,A/B)
probabilistically depletes the mode χ̂r,A/B,+ by moving the
unwanted particle to the ancillary mode dr,A/B. The suc-
cess probability is tied to the probability of finding the
mode dr,A/B empty (before the fSWAP gate), which is again
finite.

The second step in the cycle randomly redistributes local
charge within the ancillary system (see the top blue box in
Fig. 3). An implementation of this redistribution begins with
a charge-conserved random unitary gate:

∏
〈r,r′〉

eiθr
∑

ν=A,B (d̂†
r,ν d̂r′ ,ν+H.c.)

∏
r

eiθ ′
r (d̂†

r,Ad̂r,B+H.c.), (29)
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where 〈r, r′〉 denotes the nearest-neighbor pairs of unit cells
at r and r′. Furthermore, θ ′

r and θr are independent ran-
dom phase angles between 0 and 2π for every r. After the
random unitary gate, the circuit measures all the particle
number operators d̂†

r,ν d̂r,ν for r ∈ Z2 and ν = A, B. These
measurements collapse the ancillary system into a product
state with a random charge distribution. The randomness of
the charge distribution in the ancillary system guarantees
finite success probabilities for the aforementioned fSWAP
gates in correcting the undesired measurement outcomes of
N̂r,A/B,±. Conceptually, the ancillary system acts as a bath
that supplies the particles needed to fill the lower bands in
the physical system and provides space to dump the un-
wanted particles detected in the upper band of the physical
system.

The iteration of the two-step cycle described above grad-
ually fills (depletes) all of OW modes χ̂r,A/B,− (χ̂r,A/B,+) in
the lower (upper) band of the physical system. The over-
completeness of {|Wr,ν,+〉}r∈Z2,ν=A,B and {|Wr,ν,−〉}r∈Z2,ν=A,B
as a basis of the upper (+) and the lower (−) bands guar-
antees the physical system’s convergence to the desired
Chern insulator state |CI〉〉. Here, we have assumed that the
band gap in ĤCI is nonzero, i.e., α 
= 0,±2. This conver-
gence timescale is O(1) in the number of cycles, which we
can estimate using an effective Lindbladian description for
the evolution of the trajectory-averaged density matrix (see
Sec. III B 3).

Recall that each number operator N̂r,A/B,± is localized
around r with an exponential tail. The corresponding local-
ization length, controlled by the parameter α, is finite (except
at α = 0,±2). Since the operators N̂r,A/B,± do not always
commute with each other, Algorithm 1 implements their mea-
surements sequentially in each cycle. That means the circuit
depth of each cycle is O(Nuc).

We can modify the topological adaptive circuit into a
finite-range version by truncating and normalizing each OW
mode χ̂r,A/B,± within a finite-range neighbor of r. Then, we
replace N̂r,A/B,± by the number operator of the corresponding
truncated OW modes. This modification ensures that all oper-
ations in the circuit are strictly local (i.e., finite-ranged with no
exponential tails). Since the number operators of the truncated
OW modes commute when their supports do not overlap, their
measurement-and-feedforward operations can be parallelized.
This parallelization can reduce the circuit depth of each cycle
to O(1).

Note that the number operators of the truncated OW modes
no longer strictly obey the stabilizing conditions [Eqs. (26)
and (27)] for |CI〉〉. Nevertheless, our numerical studies in
Sec. IV show that the finite-range topological adaptive cir-
cuit can still steer the physical system toward a steady-state
ensemble of 2d area-law-entangled states sharing the same
nontrivial Chern number. That means the finite-range topolog-
ical adaptive circuits also provide examples of the topological
Gaussian dynamics in mEO class A (which is equivalent to
sTM class AIII). The parameter α can be used to tune the
topology of the circuit dynamics, manifested by the steady-
state Chern numbers. As will be shown in Sec. IV, the change
of the topology of the dynamics leads to a dynamical topolog-
ical phase transition.

ALGORITHM 1. Topological adaptive protocol for steering to-
ward 2d Chern insulator.

Initialization: Arbitrary free-fermion states in both
the physical and the ancillary system, with definite
total charge Q ∈ (Nuc, 3Nuc).

Output: The physical system converges to the Chern
insulator state |CI〉, while the ancillary system hosts
a random product state.

# Adaptive Protocol
Step 1: Stabilizers measurements and
error-correcting feedforward operations

for r ∈ unit cell coordinates do
for ν = A, B do

# Fill lower band of ĤCI

Measure N̂r,ν,−
if N̂r,ν,− = 0 then

Apply fSWAP χ̂r,ν,−, d̂r,ν

end

# Deplete upper band of ĤCI

Measure N̂r,ν,+

if N̂r,ν,+ = 1 then

Apply fSWAP χ̂r,ν,+, d̂r,ν

end

end

end

Step 2: Particle redistribution and
measurement in the ancillary system

Apply random local charge-conserving Gaussian
unitary gates Eq. (29) to the ancillary system to
redistribute particles. Measure all the number
operators d̂†

r,A/Bdr,A/B to collapse the ancillary

system to a product state.

Step 3: Iterate
Repeat steps 1–2 until the physical system converges
to the Chern insulator state |CI〉.

3. Effective Lindbladian description

Under the topological adaptive circuit dynamics for |CI〉〉,
the evolution of the system’s density matrix averaged over all
quantum trajectories can be captured using quantum chan-
nels. In the following, we will write this quantum channel
and obtain its effective Lindbladian description. We will an-
alyze this effective Lindbladian description to gain insight
into the system’s convergence to the target Chern insulator
state |CI〉〉〈〈CI|. Our analysis here corroborates our numerical
studies presented later in Sec. IV. In the following, we present
the main results of our analysis. The technical details are
summarized in Appendix D.

In the topological adaptive circuit, the most important
ingredients that achieve the steering toward the Chern insu-
lator are the measurements of the localized number operators
N̂r,A/B,± and the subsequent feedforward operations. Each of
the measurement-and-feedforward operations induces a quan-
tum channel acting on the trajectory-averaged density matrix
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ρ̂tot for the entire system, including both the physical and
ancillary systems:

Er,ν,−(ρ̂tot ) = N̂r,ν,−ρ̂totN̂r,ν,− + fSWAP(χ̂r,ν,−, d̂r,ν )

·(1 − N̂r,ν,−)ρ̂tot (1 − N̂r,ν,−)

·fSWAP(χ̂r,ν,−, d̂r,ν )†, (30)

Er,ν,+(ρ̂tot ) = (1 − N̂r,ν,+)ρ̂tot (1 − N̂r,ν,+)

+fSWAP(χ̂r,ν,+, d̂r,ν ) · N̂r,ν,+ρ̂totN̂r,ν,+
·fSWAP(χ̂r,ν,+, d̂r,ν )†, (31)

with ν = A, B. Here, Er,ν,± corresponds to the measurement-
and-feedforward operation associated with N̂r,ν,±. The tensor
product of |CI〉〉〈〈CI| in the physical system and any density
matrix ρ̂a in the ancillary system, i.e., ρ̂tot = |CI〉〉〈〈CI| ⊗
ρ̂a, stays invariant under the action of these two quantum
channels. This conclusion is the direct consequence of the
stabilizing conditions [Eqs. (26) and (27)].

Recall that the topological adaptive circuit randomly re-
distributes particles in the ancillary system after each cycle.
To approximate the ancillary system as an incoherent particle
bath, we treat it as a Markovian environment that is in-
stantaneously refreshed after each elementary measurement-
feedforward step. Specifically, we assume that the state of
the total system remains in a product form throughout, ρ̂tot =
ρ̂ph ⊗ ρ̂a, where ρ̂ph is the physical system’s density matrix
and ρ̂a is approximated as a product of Gaussian mixed states
on each ancillary mode with a fixed particle number n̄a per an-
cillary fermion mode. Formally, we enforce Tr[ρ̂ad†

r,νdr,ν] =
n̄a for each ν and unit cell r. To avoid correlations between
distinct elementary measurement-feedforward operations that
reuse the same ancillary modes, we minimally enlarge the
ancillary Hilbert space by introducing two additional modes
per unit cell, allowing each elementary feedforward operation
(fSWAP) to act on an independent ancillary mode. Tracing
out the ancillary system under such approximations yields
the effective quantum channels acting solely on the physical
system:

Ẽr,ν,−(ρ̂ph) = N̂r,ν,−ρ̂phN̂r,ν,− + (1 − n̄a )(1 − N̂r,ν,−)

· ρ̂ph(1 − N̂r,ν,−) + n̄aχ̂
†
r,ν,−ρ̂phχ̂r,ν,−, (32)

Ẽr,ν,+(ρ̂ph) = (1 − N̂r,ν,+)ρ̂ph(1 − N̂r,ν,+)

+ n̄aN̂r,ν,+ρ̂phN̂r,ν,+

+ (1 − n̄a )χ̂r,ν,+ρ̂phχ̂
†
r,ν,+. (33)

Here, the local particle density n̄a in the Markovian-
approximated ancillary system is in the range n̄a ∈ [0, 1]. The
set of channels {Ẽr,ν,−}r∈Z2,ν=A,B generate processes that fill
the lower band of the parent Hamiltonian ĤCI, while the
set of channels {Ẽr,ν,+}r∈Z2,ν=A,B deplete the upper band. We
readily verify that the target density matrix |CI〉〉〈〈CI| remains
invariant under these channels.

To understand how the physical system’s average density
matrix ρ̂ph converges to |CI〉〉〈〈CI|, we approximate the ef-
fects of the discrete-time channels Ẽr,ν,± by a continuous-time
Lindbladian description by assigning infinitesimal probabili-
ties dt to each measurement-feedforward operation [99–102].

This yields an effective Lindblad generator for each cycle:

Lcycle =
∑
r∈Z2

∑
ν=A,B

[
Lgain

r,ν + Lloss
r,ν + Ldephas.

r,ν

]
, (34)

with components explicitly defined as

Lgain
r,ν = n̄aD[χ̂†

r,ν,−], (35)

Lloss
r,ν = (1 − n̄a )D[χ̂r,ν,+], (36)

Ldephas.
r,ν = (2 − n̄a )D[N̂r,ν,−] + (1 + n̄a )D[N̂r,ν,+], (37)

where D[L̂](ρ̂) = L̂ρ̂L̂† − 1
2 {L̂†L̂, ρ̂} is the standard dissipa-

tor, with jump operator L̂. Formally, the Lindbladian evolution
of the average density matrix over time t is given by etLcycle

.
Crucially, the continuous parameter t corresponds to the num-
ber of cycles in the discrete-time formulation of the adaptive
protocol.

We analyze how the physical system’s density matrix ρ̂ph

converges to |CI〉〉〈〈CI| in the effective Lindbladian description
through the evolution of the two-point correlators. Despite
the non-Gaussian dephasing terms present in the Lindbladian
(34), we can obtain a closed-form differential equation that
controls the dynamics of the two-point correlator (see Ap-
pendix D), allowing us to estimate the convergence timescale
toward the Gaussian Chern insulator steady state. Due to the
translational invariance of Lcycle, it is convenient to formulate
the Lindbladian in momentum space. Accordingly, we will
study the dynamics of the momentum-space two-point func-
tion, which is given by

Gμμ′ (k) = 〈ĉ†
μ(k)ĉμ′ (k)〉, (38)

with mode orbital indices μ,μ′ = 1, 2, and where the expec-
tation value 〈· · · 〉 is taken with respect to the physical system’s
density matrix ρ̂ph.

While the non-Gaussian terms limit complete integrability
of the two-point function dynamics, we can analytically de-
termine the convergence timescale of the lower and the upper
band occupation densities. We define the occupation densities
via

ḡ±(t ) =
∫

d2k
(2π )2

〈ψ±(k)|G∗(k)|ψ±(k)〉, (39)

where |ψ±(k)〉 are upper (+) and lower (−) band Bloch states
at momentum k and (· · · )∗ denotes complex conjugation. We
show in Appendix D that the occupation densities converge to
their steady states ḡ+(t → ∞) → 0, ḡ−(t → ∞) → 1 expo-
nentially, with a convergence time Tconv. determined by

1/Tconv. = min
n,k

∑
ν=A,B

1

Zν,n
τ †
ν Pn(k)τν, (40)

where Zν,n ≡ ∫
d2k

(2π )2 τ
†
ν Pn(k)τν is a normalization factor.

While τ †
ν Pn(k)τν/Zν,n can vanish at certain k’s for a given

ν due to nontrivial band topology, these zeros occur at
distinct momenta for different orbital choices ν—see Ap-
pendix C for a detailed discussion. As a result, the sum∑

ν=A,B τ †
ν Pn(k)τν/Zν,n remains nonzero for all k. Conse-

quently, the convergence time must be finite, i.e., Tconv. ∼
O(1).
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The fact that the convergence time remains finite is a con-
crete reflection of how redundancy in the (overcomplete) set
of local jump processes circumvents topological zeros [the
zeros of τ †

ν Pn(k)τν/Zν,n occur at distinct k for ν = A, B, so the
sum over ν stays strictly positive]. Topological obstructions
in the dissipative preparation of Chern insulators have been
noted previously [90,92]. Our use of an overcomplete family
of exponentially localized jump operators stabilizes a pure-
state Chern insulator steady-state with a finite, system-size
independent convergence time.

Furthermore, the analysis presented here (and elaborated
on in Appendix D) shows that our adaptive circuit can also be
viewed as a dissipative topological ground-state-preparation
protocol with exponentially localized jump operators, in
which the ancillary layer is replaced by a memoryless supply
of fresh ancillas, in close analogy with recent ancilla-based
dissipative state-preparation protocols [98,103]. While the ef-
fective Lindbladian description developed here was derived
specifically for the 2+1D mEO-class-A adaptive circuit, it is
not hard to see that analogous effective Lindbladians can be
constructed for adaptive circuits in other mEO classes and in
different spatial dimensions.

We caution that in the effective Lindbladian descrip-
tion, the filling of all the lower band OW modes and the
depletion of the upper band OW modes effectively occur
simultaneously. Therefore, the result Tconv. ∼ O(1) should be
interpreted as the conclusion that our discrete-time adaptive
protocol reaches the steady-state Chern insulator after Tconv. ∼
O(1) cycles of the measurement-and-feedforward operations
on all of the OW modes, as discussed earlier. This Lindbla-
dian description does not address the circuit depth needed to
implement each cycle.

In the finite-range versions of the topological adaptive cir-
cuits, each cycle can be implemented in O(1) circuit depth.
Our numerical simulation in Sec. IV will show that these
circuits steer the physical system towards the topological
steady-state ensemble in O(1) circuit depth.

IV. NUMERICAL SIMULATIONS: ADAPTIVE
TOPOLOGICAL DYNAMICS FOR CHERN INSULATORS

AND PHASE TRANSITIONS

In the following, we numerically study the finite-range
version of the topological adaptive protocol, which steers
toward the Chern insulator state |CI〉〉, as described in Al-
gorithm 1. We characterize its steering ability, convergence
timescale, and phase transitions. In Sec. IV A, we examine
the steering ability of the adaptive circuit as a function of
the tuning parameter α that controls the target-state topology.
We also investigate the α-tuned topological phase transition
between different topological dynamical phases. In Sec. IV A,
away from the transitions, we observe that the dynamics of
the adaptive protocol converges exponentially fast, reaching a
topological state in O(1) cycles regardless of the initial state
and for various spatial truncations of the OW modes. This
exponential convergence motivates us to study the dynami-
cal topological modes localized on the topological domain
wall created by spatially varying α. Regarding the purifi-
cation dynamics, we find that the topological domain-wall
mode purifies algebraically slowly, unlike the bulk modes,

which purify exponentially fast, as shown in Sec. IV C. Fi-
nally, we test the robustness of the adaptive protocol against
local perturbations in Sec. IV D, where we add a local
unitary perturbation periodically between every cycle. We
find that the adaptive protocol is robust against symmetry-
invariant noise below a critical noise strength, beyond which
the protocol fails to steer the system toward the nontriv-
ial Chern insulator states. Two different transitions in both
the trajectory-averaged and trajectory-resolved quantities are
found as a function of the noise strength.

A. Dynamical topological phases and transitions

In the following, we present a numerical study of the
topological adaptive circuit introduced in Sec. III B. This nu-
merical investigation focuses on the finite-range version of
the topological adaptive circuit (the adaptive circuit is shown
in Fig. 3, while the finite-range OW functions illustrated
in Fig. 4). By tuning the parameter α [see Eq. (21)], we
obtain a phase diagram of distinct area-law-entangled topo-
logical dynamical phases and dynamical topological phase
transitions.

To investigate the phase diagram, we study both
“trajectory-resolved” and “trajectory-averaged” quantities.
Trajectory-resolved quantities refer to quantities that require
the resolution of individual quantum trajectories. They are
typically the averages of nonlinear functions, such as the real-
space Chern number [see Eq. (41)] and entanglement entropy,
of the density matrices in individual quantum trajectories. In
contrast, trajectory-averaged quantities refer to quantities that
can be directly obtained using the average density matrix over
all trajectories. The resolution of individual quantum trajecto-
ries is not required for these quantities.

We start with a physical system on a square lattice P of size
L × L with periodic boundary conditions, with two complex
fermions per site, as shown in the red dots in Fig. 3. The
corresponding ancillary system, effectively acting as a bath
defined on a square lattice A with the same size, is shown in
the blue dots. We initialize both systems in a random product
state labeled by real-space charge distribution and evolve the
system under the protocol in Algorithm 1 for L cycles.

To ensure the circuit consists of only finite-range oper-
ations, we truncate the OW fermionic mode χ̂r,ν,± up to
different ranges parametrized by nshell, as illustrated in Fig. 4.
Here, nshell means that the truncated OW mode χ̂r,ν,± is sup-
ported on (2nshell + 1) × (2nshell + 1) sites. Our finite-range
adaptive circuit is built from the truncated (normalized) OW
modes and their associated number operators. This truncation
is what enables an O(1)-depth implementation of each cy-
cle: the untruncated OW modes generically have full spatial
support, so the measurement-and-feedforward operations as-
sociated with different centers r do not commute and cannot
be parallelized. Once truncated, operations on centers sep-
arated by more than O(nshell ) act on disjoint supports and
therefore commute, so the operations within a single cycle
can be partitioned into a fixed (i.e., L-independent) number of
mutually commuting groups and executed in parallel, yielding
O(1) circuit depth per cycle at fixed nshell. As we later show
in Sec. IV B, these finite-range topological adaptive circuits
steer the physical system toward a topological steady-state
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FIG. 4. The real-space profile of the four local modes χ̂0,ν,± = ∑
r,μ W0,ν,±(r, μ)cr,μ centered at the origin (from the left to the right column

are χ̂0,A,−, χ̂0,B,−, χ̂0,A,+, χ̂0,B,+) on sublattice 1 (top row, a-d) and 2 (bottom row, e-h), corresponding to the topological phase at α = 1 in ĤCI

in Eq. (21). The radius of the circle indicates the amplitude of each localized mode, and the color indicates the phase. The top-left panel
shows how the finite-range OW functions are defined, where the truncation range is specified by the number of “shells.” These truncated OW
functions are what are used for numerical simulation of our adaptive protocol, as discussed in Sec. IV A.

ensemble in O(1) cycles for a range of nshell values, so that
the total preparation runs in O(1) circuit depth.

We first focus on the trajectory-resolved quantities, which
can help us understand the properties in individual quantum
trajectories. To verify the steering ability of the adaptive pro-
tocol, we compute the real-space Chern number C for the
Gaussian state ρ̂ appearing in a quantum trajectory from its
correlation matrix [104,105] as

CG ≡ 12π i[tr(GPAGPBGPC) − tr(GPCGPBGPA )], (41)

where PA,B,C are the spatial projectors onto the three disjoint
regions A, B, and C on the physical system, as shown in the
inset of Fig. 5(a), and

[G](r,μ),(r′,μ′ ) ≡ tr(ρ̂c†
r,μcr′,μ′ ), (42)

is the two-point correlation matrix of the Gaussian state ρ̂

within the physical system P [106]. Ideally, we require the
length scale of the triple region, A ∪ B ∪ C, to be larger than
the correlation length but smaller than the system size to
ensure the quantization of the Chern number. Numerically,
we choose the radius of the triple region to be 0.4L, which
ensures the stability of the estimated Chern number C away
from the critical point; namely, α is away from 0 and ±2.
To save numerical resources, for each state ρ̂ from a specific
trajectory, we average over different ways of partitioning the
triple regions by sweeping their intersection point over the
entire lattice P for physical systems.

By averaging the Chern number over different trajecto-
ries, we obtained the trajectory-resolved Chern number CG,
shown in Fig. 5(a) as a function of α for various system
sizes L = 12, 16, and 20 (dotted, dashed, and solid lines).
Here, the notation (· · · ) denotes the average over trajectories

properly weighted by the Born-rule probabilities. We find a
dynamical topological phase transition at α = 2, separating
the two area-law-entangled dynamical phases whose steady-
state ensembles possess distinct topologies. We clarify that
the numerical study here is restricted to the parameter range
α ∈ (1.5, 2.5). When α is smaller than and away from 2, the
adaptive circuit generates a topological steady-state ensemble
that exhibits an average Chern number CG that converges to
−1, while CG vanishes in the topologically trivial dynamical
phase for α > 2. The topological phase transition at α = 2,
indicated by the jump of CG, is robust against the truncation
of the localized mode χ̂r,ν,±; even the truncation is only up
to the second shell [triangles in Fig. 5(a)], i.e., nshell = 2.
Near the critical point α = 2, CG becomes nonquantized due
to the diverging correlation length that exceeds the size of
A ∪ B ∪ C. Therefore, we do not observe a single-parameter
scaling behavior of the Chern number.

The topological phase transition induced by α, the param-
eter that controls the target state (before truncation), is also
accompanied by a change in the squared two-point correlation
function

CG(r) ≡ 1

2L2

∑
μ,μ′,r′,i={x,y}

∣∣tr(ρ̂c†
r′,μcr′+rei,μ′

)∣∣2

= 1

2L2

∑
μ,μ′,r′,i={x,y}

∣∣[G](r′,μ),(r′+rei,μ′ )
∣∣2

. (43)

We take the squared modulus to remove random phases. The
average over r′ and the directions ei is a technical step for
saving numerical resources. After averaging over the trajec-
tories, we obtain the trajectory-resolved second moment of
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FIG. 5. (a) Trajectory-resolved real-space Chern number in Eq. (41) as a function of α on the square lattice for the physical system P with
L = 12 (dotted lines), L = 16 (dashed lines), and L = 20 (solid lines). The localized modes χ̂r,ν,± in Eq. (24) are truncated to a finite range
up to the second shell (red triangles), third shell (green squares), and fifth shell (blue circles). The ensemble size is 100 with self-averaging
over different partitions of the triple regions A, B, C, as indicated in the inset. (b) Averaged two-point correlation function CG(r) in Eq. (43) in
an L = 20 square lattice in the topological phase (α = 1.5, blue lines), at critical point (α = 2, black lines), and trivial phase (α = 2.5, green
lines) with localized modes χ̂r,ν,± truncated up to the second shell (triangles), third shell (squares), and fifth shell (circles). The inset shows the
correlation function at α = 2 with an algebraic decay as a function of the chord distance L

π
sin( πr

L ) in the log-log scale. (c) Averaged bipartite
mutual information Ia,b between two strip regions a and b (see inset) as a function of α in a square lattice of L = 12 (dotted lines), L = 16
(dashed lines), and L = 20 (solid lines) with the localized mode truncated to a finite range of the second shell (red triangles), third shell (green
squares), and fifth shell (blue circles).

the two-point correlation function CG(r), which exponentially
decays inside the topological phase at α = 1.5 in blue lines,
and the trivial phase at α = 2.5 in green lines, respectively, as
shown in Fig. 5(b). This exponential decay is robust against
the truncation of the localized mode. At α = 2, it remains
a long-range algebraic decay, manifesting a characteristic
feature of the criticality in the continuous topological phase
transition.

In Fig. 5(c), we show the trajectory-resolved bipartite mu-
tual information Ia,b between two strips a and b of widths both
being L/4 in the physical system P as sketched in cyan in the
inset (here, Ia,b = Sa + Sb − Sa∪b, where Sa, Sb, and Sa∪b are
the von Neumann entanglement entropies for the subsystem
a, b, and a ∪ b, respectively). We find that the mutual infor-
mation asymptotically vanishes in both the topological phase
and the trivial phase, implying area-law-entangled phases in a
2d lattice for α away from 2. At α = 2, the mutual information
manifests a singular jump decreasing as the system size and
nshell increase.

This steady-state ensemble generated by our α-tuned,
finite-range, adaptive circuit protocol shares some similarities
with the quantum state in conventional topological quantum
phase transitions in equilibrium systems. In Fig. 6, we show
the Chern number CGCI and the bipartite mutual informa-
tion ICI

a,b, corresponding to the ideal ground state |CI〉〉 of

the Hamiltonian ĤCI in Eq. (21) with the same triple-region
partitioning as in Fig. 5(a) and strip regions in Fig. 5(c). We
find that the real-space Chern number CGCI in the equilibrium
system does show a jump at α = 2, qualitatively consistent
with the dynamical system as in Fig. 5(a). For both topological
and trivial area-law-entangled phases, the bipartite mutual
information ICI

a,b tends to vanish with increasing system size,
and the critical point shows a peak around 0.5, consistent with

the dynamical system [see Fig. 5(c)] in the thermodynamic
limit where L → ∞ and nshell → ∞.

As we tune the target state by the parameter α, there is also
a singular change in the trajectory-averaged density matrix
of the system, which should be responsible for some of the
singular features shown in Fig. 5. This singular change in the
trajectory-averaged density matrix is manifested by a change
in the spatial scaling of the trajectory-averaged correlation
matrix CG(r) defined as

CG(r) ≡ 1

2L2

∑
μ,μ′,r′,i={x,y}

∣∣[G](r′,μ),(r′+rei,μ′ )
∣∣2

, (44)

as shown in Fig. 7(a). G is the trajectory-averaged correla-
tion matrix. Here, we again observe that long-range algebraic
decay emerges around α = 2, implying that most of the con-

FIG. 6. (a) Real-space Chern number in Eq. (41) CGCI of the
ground state |CI〉〉 of the Hamiltonian ĤCI in Eq. (21) for L = 12 (dot-
ted lines), L = 16 (dashed lines), and L = 20 (solids lines). (b) Ideal
bipartite mutual information ICI

a,b of |CI〉〉 between two regions a and
b [see the inset in Fig. 5(c)].
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FIG. 7. (a) Two-point correlation function CG(r) associated with
the trajectory-averaged CG in an L = 20 square lattice in the topolog-
ical phase (α = 1.5, blue lines), at critical point (α = 2, black lines),
and trivial phase (α = 2.5, green lines) with localized modes χ̂r,ν,±
truncated up to the second shell (triangles), third shell (squares),
and fifth shell (circles). The inset shows the correlation function at
α = 2 with an algebraic decay as a function of the chord distance
L
π

sin( πr
L ) in the log-log scale. (b) Eigenvalue spectrum λi of the

trajectory-averaged correlation matrix G for the physical system P
under various α = 1.6 (squares), 1.9 (circles), 2 (crosses), 2.1 (trian-
gles), and 2.4 (plus sign). Inset shows the spectral gap � [Eq. (45)]
as a function of α using the same color and marker, with dashed lines
indicating the vanishing of the spectral gap around α = 2.

tribution of the criticality is already contained in the averaged
correlation matrix G.

At this stage, our numerical evidence demonstrates the
existence of two topologically distinctive phases. Regarding
the nature of the phase transitions, there are still two possible
scenarios: (1) the trajectory-averaged and trajectory-resolved
quantities both experience a transition at the same value α = 2
and (2) trajectory-resolved quantities experience a different
transition at a smaller α in addition to the singularities at α =
2 caused by the trajectory-averaged transition. In previously
investigated nontopological adaptive dynamics, the trajectory-
averaged and trajectory-resolved quantities are often found
to undergo different transitions [107–111], suggesting the
possibility of scenario (2) in our setting. However, with
the current numerical precision, we cannot yet conclusively
determine which scenario occurs. Further numerical investi-
gation will be conducted in future work to distinguish these
two scenarios.

Meanwhile, we do have an example where the trajectory-
averaged and trajectory-resolved transitions split once we
include the random unitaries, as discussed in Sec. IV D.

Another interesting feature of our adaptive circuit is the
similarity in magnitude between the trajectory-resolved and
trajectory-averaged correlation matrices, implying a small de-
gree of trajectory fluctuation. This can be probed by a spectral
gap � defined by the eigenvalue spectrum {λi} of G in the
physical system P [112],

� ≡ min
λi>0.5

λi − max
λi<0.5

λi. (45)

For a pure Gaussian state, the eigenvalue of the correlation
matrix must be either 0 or 1. For a mixed or non-Gaussian
state, there are eigenvalues in between, i.e., λi ∈ (0, 1). There-
fore, this spectral gap quantifies how close the system is
compared to a pure Gaussian state. Figure 7(b) shows that

FIG. 8. Dynamics of the trajectory-resolved Chern number con-
verging to a target topological state at α = 1.5 averaged over 100
different trajectories. The system sizes are L = 12 (dotted), L = 16
(dashed), and L = 20 (solid), with localized modes truncated up to
the second shell (red triangles), third shell (green squares), and fifth
shell (blue circles). The inset shows the trajectory-resolved Chern
number offset by one on the log scale.

the final steady-state ensemble is very close to a single pure
Gaussian state when α is away from 2, implying a very
small trajectory-to-trajectory fluctuation. This is because the
adaptive circuit effectively steers most trajectories toward the
same final state. Intuitively, we can think of the steady-state
ensemble as the ideal target state with different disorders
caused by the truncation of the OW wavefunction. Around
α = 2, the spectral gap closes, and more disorder appears in
the ensemble, eventually causing a phase transition.

B. Dynamics of converging to the target state

We also study the dynamics of the adaptive protocol to
reach the steady state for various system sizes (dotted, dashed,
and solid lines for L = 12, 16, and 20) and various truncation
ranges (triangles, squares, and circles for truncation up to the
second shell, third shell, and fifth shell), as shown in Fig. 8.
We confirm that the average trajectory-resolved Chern number
CG reaches the steady state with Chern number being −1 in
O(1) cycles for the topological phase at α = 1.5, for all trun-
cations nshell = 2, 3, 5 of the localized mode χ̂r,ν,±, consistent
with the result Eq. (40) of the effective Lindbladian analysis
in Sec. III B 3. Furthermore, it approaches the putative topo-
logical phase with the Chern number −1 exponentially in the
early stage, as shown in the inset.

C. Dynamical topological domain-wall modes

We have established that the (finite-range) topological
adaptive circuit can be tuned between different topological
dynamical phases in 2 + 1 spacetime dimensions using the pa-
rameter α. We now introduce a 1 + 1d spacetime domain wall
between different topological dynamical phases and study the
dynamical domain-wall modes. This study generalizes the
investigation of dynamical topological modes on a 0 + 1d
domain wall between 1 + 1d topological dynamical phases in
Ref. [37].
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FIG. 9. Topological edge modes induced by a line-defect domain
wall in a 2d square lattice of L = 30 with the periodic boundary
condition for a single trajectory, separating the topological phase
(dark blue region in the left inset) and trivial phase (light blue region)
parametrized by α = 1 and α = 3, respectively. The bottom panel
shows the dynamics of the integrated entanglement contours (dark
blue line) integrated in the topological region (dark blue region with
α = 1), trivial region (light blue line and light blue region with
α = 3), and the domain-wall region (orange line and orange region)
in the semilog scale, with the smaller inset showing the log-log scale.
The top row shows the snapshots of the local Chern marker C(r)
[Eq. (46)] (rescaled by tanh for visibility) and the middle row shows
the entanglement contour s(r) [Eq. (47)] for the physical system P
at three typical time steps, t = 1, 4, and 10 (from left to right).

Concretely, we create the domain wall by considering the
topological adaptive circuit with a spatially varying α as
shown in the inset of Fig. 9. We choose α = 1 in the darker
blue region for the topologically nontrivial dynamics (with
steady-state Chern number −1) and α = 3 for the topologi-
cally trivial dynamics (with steady-state Chern number 0) in
the light blue region on a 2d square lattice of L = 30 with
periodic boundary conditions. The dynamical domain wall
lies along the horizontal dashed lines.

To detect the topological edge mode, we introduce
two metrics, the local Chern marker [104,113] and the
entanglement contour [114], which can be considered
as the real-space-resolved Chern number and real-space-
resolved entanglement entropy. Note that these quantities are
specialized to Gaussian states. The definitions of these quan-
tities are as follows.

The local Chern marker is computed for a pure Gaussian
state described by the correlation matrix G as [104,113]

C(r) ≡ 2π i
∑

μ

[GXGY G − GY GXG](r,μ),(r,μ), (46)

where X and Y are position operators in the x and y di-
rections, i.e., [X ](r,μ),(r′,μ′ ) = xδr,r′δμ,μ′ and [Y ](r,μ),(r′,μ′ ) =
yδr,r′δμ,μ′ with r = (x, y). This local Chern marker tests
the noncommutativity of the two spatial directions, and is
nonzero only in a topological state. Therefore, it can be used
to directly detect the topology in the bulk of the physical
system P .

The entanglement contour [114] provides the spatial
distribution of entanglement that contributes to the total en-
tanglement entropy, defined as

s(r) ≡ −
∑

μ

[GP∪A ln GP∪A

+ (1 − GP∪A) ln(1 − GP∪A)](r,μ),(r,μ), (47)

which can be used to visualize the spatial position of the
emergent topological modes. Note that the entanglement con-
tour s(r) spatially resolves the von Neumann entanglement
entropy between the region where r is defined (i.e., P ∪ A)
and its complement. Here, we introduce an additional “refer-
ence system” with the same number of sites R customary for
studying the purification dynamics [8].

We initialize the reference system R to be maximally en-
tangled with the physical and ancillary systems P ∪ A, and
then track the timescale of the purification process at each site
via s(r). The expectation is that the degrees of freedom away
from the domain wall should purify quickly, as they reside in
the bulk of the area-law-entangled topological dynamics. In
contrast, the degrees of freedom on the domain wall are ex-
pected to exhibit distinct purification dynamics, indicating the
existence of dynamical topological domain-wall modes. This
purification behavior has been demonstrated for the 0 + 1d
domain walls between 1 + 1d topological dynamical phases
in Ref. [37]. Here, we extend it to 2 + 1d spacetime dimen-
sions.

We choose a single trajectory of the adaptive protocol as
shown in Fig. 9 and present the local Chern marker C(r)
(top row) and entanglement contour s(r) (middle row) in the
physical system P at three typical snapshots at t = 1, 4, and
10 [115]. The three curves are the entanglement contour (dark
blue) integrated over the topological phase α = 1 (the dark
blue region in the inset), integrated over the trivial region
α = 3 (light blue regions), and integrated over the crossover
regions (orange stripes), respectively.

In the very early stage t = 1, the local Chern marker al-
ready shows a topological bulk region with a nonzero Chern
marker, whose support spatially overlaps with the topological
region in the bulk, as seen in the dark blue region between
the two dashed lines in the inset of Fig. 9. After a few cycles
t = 4, the local Chern marker saturates in the bulk topological
region (blue), and remains zero in the trivial region (white)
[116]. At the same time, the entanglement contour develops
a peak at the boundary between the topologically different
regions, suggesting the presence of nontrivial modes localized
at the boundary (see middle row of Fig. 9). The integrated
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entanglement contour around the boundary decays alge-
braically (orange lines in the bottom panel of Fig. 9), much
slower than the exponential decay of the entanglement contour
in both the bulk region for the trivial phase (light blue lines)
and topological phase (dark blue lines).

Our numerical results provide strong evidence for the
existence of nontrivial dynamical modes localized on the
topological domain wall. Conceptually, we expect these dy-
namical domain-wall modes to be a nonequilibrium version
of the chiral modes between two different Chern insulators. A
detailed theoretical characterization of these modes is left for
future investigation.

D. Robustness of topological adaptive circuit
and noise-induced transitions

Finally, we demonstrate the robustness of the adaptive pro-
tocol in steering the dynamics to the target topological state
against local coherent noise.

Here, we model the local coherent noise as random
charge-preserving U(1) unitaries on each site (r, μ), which
are periodically added between each cycle of the adaptive
protocol, i.e.,∏

r,μ

U (θr,μ) ≡
∏
r,μ

e4π iθr,μ(ĉ†
r,μ ĉr,μ− 1

2 ), (48)

where θr,μ is a random parameter independently sampled
from a uniform distribution in [0, σ ), and σ ∈ [0, 1] is a site-
independent global tuning parameter controlling the strength
of the perturbation (all previous results can be understood as
the limit of σ = 0).

A single application of Eq. (48) acting on any state G does
not change the calculated Chern number defined in Eq. (41),
which is manifestly U(1) gauge invariant. However, it perturbs
the local profile of the wavefunction away from the target
state. The perturbed state is therefore no longer stabilized by
the localized number operators N̂r,ν,± of the OW mode χ̂r,ν,±
centered around different r [χ̂r,ν,± does not always commute
with U (θr,μ) because the unitary is only U(1) invariant locally
on each site μ], and thus serves as a perturbation to the
adaptive protocol to counteract its steering capability toward
the target state.

We numerically study the stability of the adaptive proto-
col by starting with the unperturbed (finite-range) topological
adaptive circuit at α = 1 and then turning on σ . We present
the results in Fig. 10, where we study the dynamics from two
aspects: The trajectory-resolved quantities are shown in the
left column [Figs. 10(a), 10(c), and 10(e)]. The trajectory-
averaged quantities are shown in the right column [Figs. 10(b),
10(d), and 10(f)].

We find that the trajectory-resolved Chern number CG re-
mains robust against the perturbation up to σc,1 ≈ 0.2, beyond
which it starts to deviate from the target Chern number −1
as shown in Fig. 10(a). However, for a regularized trajectory-
averaged Chern number CG̃, it remains quantized at −1 even
up to σc,2 ≈ 0.55, and then jumps to 0, as shown in Fig. 10(b).

This regularized Chern number CG̃ is introduced to char-
acterize whether the trajectory-averaged mixed-state density
matrix of the system has the targeted topology and chiral-
ity of the (noise-free) adaptive circuit. Technically, CG̃ is
directly calculated using the trajectory-averaged two-point

FIG. 10. (a) Trajectory-resolved Chern number CG and (b) reg-
ularized trajectory-averaged Chern number CG̃ [see Eq. (49)] as a
function of the perturbation strength σ at α = 1 in a square lattice
of L = 12 (dotted lines), L = 16 (dashed lines), and L = 20 (solid
lines) with localized modes χ̂r,ν,± truncated to finite ranges cor-
responding up to the second (red triangles), third (green squares),
and fifth (blue circles) shells. (c) Trajectory-resolved correlation
function CG(r) and (d) regularized trajectory-averaged correlation
function CG(r) as a function of the perturbation strength σ at α = 1.
(e) Trajectory-resolved bipartite mutual information Ia,b. (f) Eigen-
value spectrum λi of the trajectory-averaged correlation matrix G for
the physical system P under various σ = 0 (squares), 0.4 (circles),
0.55 (crosses), 0.7 (triangles), and 1 (plus sign). Inset shows the
spectral gap � [Eq. (45)] as a function of σ using the same color and
marker, with a dashed line indicating the vanishing of the spectral
gap around σ ≈ 0.55.

functions G (which only depends on the trajectory-averaged
mixed-state density matrix). Since the real-space Chern num-
ber formula [Eq. (41)] was originally introduced for pure
Gaussian states whose correlation matrices only have 0 and
1 eigenvalues [104], we regularize G, which comes from the
trajectory-averaged mixed state, before applying Eq. (41).
We continuously deform the eigenvalue λi of the trajectory-
averaged G to be 0 and 1 as per

G̃ ≡ 1

2
+ 1

2
sgn

(
G − 1

2

)
, (49)

023147-24



FREE-FERMION DYNAMICS WITH MEASUREMENTS: … PHYSICAL REVIEW RESEARCH 8, 023147 (2026)

where sgn is the sign function applying to the eigenvalues of
G. With the regularized trajectory-averaged two-point correla-
tion matrix G̃, we then compute the regularized Chern number
CG̃ following Eq. (41). We assume that this regularization is
a smooth deformation as long as the spectral gap, as defined
in Eq. (45), is finite, which we will show below. A similar
regularization procedure was also used to study the Chern
numbers of dissipatively prepared mixed states [50].

The two distinct critical values of σ can be also veri-
fied from the trajectory-resolved second-moment correlation
function CG(r), and from the squared trajectory-averaged
correlation function CG(r), respectively, as shown in
Figs. 10(c) and 10(d). In Fig. 10(c), averaged trajectory-
resolved correlation function CG(r) remains exponentially
decaying until σ ≈ 0.2 [black lines in Fig. 10(c)], and then
becomes algebraically decaying, implying a critical phase for
σ � 0.2. Such a phase was previously found also in 2 + 1d
monitored free-fermion systems and was shown to exhibit
∼L ln L entanglement scaling [62,63]. This phase is also re-
ferred to as the “metallic phase.” Therefore, our adaptive
circuit undergoes a trajectory-resolved topological-metallic
transition around σc,1 ≈ 0.2.

In addition, we study the trajectory-resolved bipartite mu-
tual information Ia,b in the same geometry as in Fig. 5(c) with
two strip regions a and b, as shown in Fig. 10(e). The crossing
in the mutual information provides further evidence for the
trajectory-resolved topological-metallic transition at around
σc,1 ≈ 0.2.

In contrast, for the trajectory-averaged correlation func-
tion, CG(r), we observe a transition from exponential decay to
the algebraic decay at σc,2 ≈ 0.55 [black lines in Fig. 10(d)],
beyond which it becomes exponentially decaying again. Both
the results on the trajectory-averaged correlation function
and the regularized Chern number CG̃ together suggest a
trajectory-averaged topological transition at σc,2 ≈ 0.55. No-
tably, this trajectory-averaged transition occurs in the regime
where the trajectory-resolved behaviors of the circuit already
have entered the “metallic phase.” Note that, as we average
over trajectories, the effect of the random coherent errors in
Eq. (48) can be identified with that of the incoherent de-
phasing channels with respect to the occupation ĉ†

r,μĉr,μ of
local orbitals. Hence, the result here provides evidence for
the stability of our adaptive circuit under incoherent errors as
well.

Finally, we present the spectral gap of the σ -tuned transi-
tion in Fig. 10(f). We find that almost all eigenvalues λi are
either 0 or 1 at σ = 0, implying a pure state. This is expected
since most of the trajectories are identical in the absence of
random unitary perturbations, consistent with Fig. 7(b). The
spectral gap � does not immediately collapse after σ turns
on. A finite gap is sustained until σc,2 ≈ 0.55, implying the
robustness of our adaptive Algorithm 1 against the local per-
turbations. Around σc,2 ≈ 0.55, we find that the spectral gap
closes and reopens, consistent with the trajectory-averaged
correlation functions CG(r) changing from exponential decay
to algebraic, and then back to exponential decay again. This
σ -tuned spectral gap in Fig. 10(f) is much smaller than the
one observed in the α-tuned transition, implying a much larger
trajectory-to-trajectory fluctuation in G due to the random uni-
taries than the trajectory-average G itself. This differs from the

α-tuned transition with modest trajectory fluctuations. This
large trajectory-to-trajectory fluctuation also corroborates the
observation that the magnitudes CG(r) and CG(r) are very
different for the same values of σ .

In this numerical study, we observed a clear separation
between the trajectory-average and trajectory-resolved transi-
tions, similar to earlier works [107–111] on nontopological
adaptive circuits. However, it is somewhat surprising that,
in our adaptive circuit with coherent noise, the regularized
trajectory-averaged Chern number remains even after cross-
ing the trajectory-resolved transition. The trajectory-averaged
transition occurs in the regime where the trajectory-resolved
behaviors belong to the “metallic phase.” In previously stud-
ied nontopological settings, the trajectory-averaged transition
typically happens before the trajectory-resolved transition as
the strength of noise (or other effects that interfere with the
adaptive steering in the circuit) increases. Understanding the
mechanism that determines the ordering of these transitions is
an interesting direction for future work.

V. CONCLUSION AND OUTLOOK

A. Summary of results

In this work, we have developed a symmetry classification
framework applicable to both interacting and noninteracting
fermionic dynamical systems, as well as a general con-
struction of fermionic topological dynamical systems with
measurements in arbitrary spacetime dimensions. We dis-
cussed two distinct symmetry classification schemes for
fermionic dynamics with measurements: the mEO symmetry
class and the sTM symmetry class. The sTM classification
is the previously developed symmetry classification of free-
fermion dynamical systems with measurements, based on the
single-particle description of the dynamics [27]. It utilizes the
general correspondence between the single-particle spacetime
propagation in free-fermion dynamics and the single-particle
elastic-scattering processes in the Anderson localization prob-
lems of disordered fermions, which enables the assignment of
the sTM class of dynamical systems according to the standard
AZ symmetry class for the (static) disordered fermion system.
In contrast, the mEO class provides a symmetry classification
scheme directly based on the time-reversal, particle-hole, and
chiral symmetries of the dynamical system. The symmetries
are examined at the many-body level. Hence, the so-obtained
mEO classification naturally extends to interacting fermionic
dynamics. We have rigorously shown that the mEO and sTM
classifications are in one-to-one correspondence in the nonin-
teracting limit.

The sTM and mEO classes provide complementary per-
spectives for a topological classification of free-fermion dy-
namics, emphasizing its different aspects (Table II). The sTM
framework emphasizes the spacetime fermion propagation
in the dynamics and their connections to the single-particle
elastic scattering in (disordered) topological insulators or su-
perconductors. This perspective has been previously discussed
in Refs. [37,39]. The mEO framework offers a perspective,
emphasizing the topology of the quantum states generated
by the fermion dynamics in the long-time limit. Unlike the
sTM-based framework, this framework is not fundamentally
limited to noninteracting systems. Remarkably, the two com-
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plementary perspectives underpin a dynamical bulk-boundary
correspondence: the topology of area-law-entangled Gaussian
dynamics in the spacetime bulk manifests in the topology of
the steady-state ensemble, effectively living on the temporal
boundary of spacetime.

Guided by this correspondence, we constructed Gaus-
sian adaptive circuits with postselection-free measurements
that realize area-law-entangled topological dynamics in mEO
classes A, AI, BDI, and D (which correspond to sTM classes
AIII, BDI, D, and DIII, respectively). These adaptive circuits
rely on measurement-and-feedforward operations, which steer
the systems toward steady states with nontrivial topology and
stabilize them. Hence, in addition to realizing the area-law-
entangled topological dynamics, our Gaussian adaptive circuit
construction provides a general protocol to efficiently prepare
and stabilize any free-fermion topological state in any space-
time dimension using only local operations.

Indeed, our Gaussian adaptive circuits can be generalized
to prepare and stabilize free-fermion topological states in the
remaining six symmetry classes, AIII, DIII, AII, CII, C, and
CI, as well. However, such Gaussian circuits involve opera-
tions, especially measurements, that break the symmetries in
these six mEO classes. Hence, they should not be treated as a
realization of the area-law-entangled topological dynamics in
mEO classes. Nevertheless, they are valid protocols for topo-
logical state preparation and stabilization in any symmetry
class.

In fact, we also prove that any Gaussian measure-
ments in the six mEO classes AIII, DIII, AII, CII, C, and
CI require postselection. Therefore, realizing the area-law-
entangled topological dynamical phases classified in Table II
in the noninteracting limit also needs postselection. Interact-
ing realizations of these phases, using postselection-free and
symmetry-respecting non-Gaussian measurements, are inter-
esting possibilities for future exploration.

To demonstrate our construction for the adaptive circuit,
we further studied and simulated a concrete 2 + 1d realization
for mEO class A. This adaptive circuit uses measurement-
and-feedforward operations to steer the system toward a 2d
Chern insulator, and thereby realizes the mEO-class-A area-
law-entangled topological dynamics in 2 + 1d according to
the dynamical bulk-boundary correspondence. This adaptive
circuit applies repeated cycles of stabilizer measurements to
detect local deviations from the target state and feedforward
operations to correct the deviations. Each operation is expo-
nentially localized, and the number of operations per cycle
scales with the system size. Using an effective Lindbladian
approach that captures the evolution of the trajectory-averaged
density matrix, we have argued that our protocol can prepare
topological states within O(1) cycles.

The operations in each cycle are not parallelizable due to
the (noncommuting) exponential tails of the measurements,
which are needed for targeting a single Chern insulator.
Interestingly, when the measurement operations are trun-
cated to be finite range, the adaptive circuit can still steer
the system toward a topological state ensemble, with each
state sharing the same topology as the original target state.
Such a topological steady-state ensemble can be reached
in O(1) circuit depth (per cycle), which can be confirmed
numerically.

Finally, we conducted extensive numerical simulations of
the finite-range version of our adaptive protocol at both the
trajectory-resolved and trajectory-averaged levels and con-
firmed its expected convergence behavior and required circuit
depth. By tuning the parameter that controls the Chern num-
ber of the target state, we realized dynamical topological
phase transitions, which we characterized using the real-space
Chern number, mutual information, and correlation function
scaling of the steady-state ensemble. Furthermore, by spa-
tially varying the control parameter, we realized a 1 + 1d
dynamical topological domain wall between different 2 + 1d
topological dynamical phases in mEO class A. Dynamical
domain-wall modes with slow entanglement dynamics, dis-
tinct from those in the bulk, were identified. Conceptually,
these modes are expected to be the higher-dimensional gen-
eralization of the 0 + 1d dynamical topological domain-wall
modes found in Ref. [37].

Finally, we characterized the robustness of our adaptive
protocol to local coherent noise and identified finite noise
thresholds beyond which trajectory-resolved and trajectory-
averaged quantities undergo distinct phase transitions. Similar
separation between the trajectory-resolved and trajectory-
averaged transitions has been found in nontopological adap-
tive circuits [107–111].

B. Outlook and future directions

Our results open several compelling directions for further
study. First, we have shown that the area-law-entangled topo-
logical dynamical phases in the mEO classes AIII, DIII, AII,
CII, C, and CI must involve postselection in the noninteract-
ing limit. Searching for the interacting and postselection-free
realization of these topological dynamical phases is a natural
direction to pursue. More generally, it is well known that the
classification of topological insulators and superconductors in
equilibrium changes and becomes richer when interactions are
included [117–123]. Now, equipped with the mEO symmetry
classification, we can ask whether a similar change and en-
richment happen to area-law-entangled topological dynamics
in each mEO symmetry class. Studying the general classifica-
tion of interacting area-law-entangled topological dynamics is
a promising future direction.

Second, our numerics provide evidence for 1 + 1d dy-
namical topological domain-wall modes in our mEO-class-A
topological adaptive circuit, which appear to be dynamical
analogs of the chiral edge modes found at interfaces between
topologically distinct Chern insulators in equilibrium. How-
ever, their precise nature remains unclear. Are they chiral? Is
there an analytic description, akin to low-energy edge theory
in equilibrium topological phases, that captures their prepa-
ration dynamics? Answering these questions could provide
valuable examples for a more systematic investigation of topo-
logical defects in dynamical quantum systems.

Regarding the topological transitions between different
mEO-class-A topological dynamical phases discussed in
Sec. IV A, due to finite numerical resolution, we cannot con-
clusively determine whether the system exhibits a single or
two distinct dynamical topological phase transitions in our
(coherent noise-free) finite-range topological adaptive circuit.
Prior works [107–111] on (nontopological) adaptive circuits
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have found that trajectory-resolved and trajectory-averaged
quantities often exhibit distinct transitions. So, further investi-
gation is needed to clarify this structure in our setting. A more
careful examination of the trajectory-averaged behavior and
the trajectory-to-trajectory fluctuations will be important for
this investigation, which we will pursue in the future. Given
that our topological adaptive circuit models can be broadly
applied to different dimensions and symmetry classes beyond
our mEO-class-A example, we can use them as toy models to
generalize our studies to a much broader class of dynamical
topological phase transitions.

Regarding the noise-induced transitions in our mEO-class-
A topological adaptive circuit (see Sec. IV D), the separation
between trajectory-averaged and trajectory-resolved transi-
tions is clear. However, their ordering appears unexpected. In
many earlier examples [107–111] where the adaptive steering
protocols are interfered with by noise (realized, for example,
as random unitaries), the trajectory-averaged transition typi-
cally happens before the trajectory-resolved transition as the
strength of noise increases. The trajectory-averaged transition
is also referred to as the absorbing phase transition. In our
setting, the two transitions occur in the opposite order. It
is an interesting future direction to understand the potential
mechanism that determines the ordering of these two types of
transitions.

In the context of quantum state preparation, the ability to
prepare free-fermion topological states on-chip is potentially
useful for quantum simulation and for engineering topological
boundary/defect physics in a controlled setting. Topological
free-fermion phases support symmetry-protected edge and
defect modes that are robust to local, symmetry-respecting
perturbations, making them natural targets for noise-resilient
quantum applications. However, topological boundary and
defect modes are often difficult to realize and control in
conventional solid-state materials. Our adaptive protocol is
thus a stepping stone toward preparing controllable topologi-
cally protected edge/defect modes on programmable quantum
hardware. More broadly, many topological phases are chal-
lenging or currently impossible to realize in conventional
solid-state systems. From this perspective, our adaptive circuit
construction has the potential to enable controlled studies of
topological phases that are otherwise experimentally inacces-
sible.

Finally, we briefly comment on experimental prospects
for our adaptive circuits. Apart from serving as toy models
for the study of topology in quantum dynamics, our adap-
tive circuits also provide general protocols for preparing and
stabilizing free-fermion topological states. Most of the cur-
rent programmable quantum platforms are based on qubits.
Jordan-Wigner or Bravyi-Kitaev mappings [124] are neces-
sary for embedding our adaptive circuit into qubit-based or
other bosonic hardware. Using such qubit-fermion mappings,
1 + 1d versions of our Gaussian adaptive circuit could be real-
ized on near-term qubit platforms with midcircuit readout and
ancillas, offering a clear proof of principle for 1D free-fermion
topological state stabilization. Importantly, because our adap-
tive protocol is strictly Gaussian, it admits efficient classical
simulation. This, in turn, enables systematic benchmarking of
gate and measurement fidelities to identify concrete thresh-
olds prior to hardware implementation. On the other hand,

TABLE III. One-to-one correspondence between the mEO class
KmEO and the sTM class KsTM for free-fermion dynamics. Within
both the complex and real AZ symmetry classes, the two classifica-
tions are related by a cyclic permutation. The associated sTM groups
G and maximal compact subgroups U ⊂ G are also listed. Definitions
for both G and U can be found in Ref. [57].

mEO class KmEO sTM class KsTM G U ∼=
A AIII GL(N,C) U(N )
AIII A U(N, N ) U(N ) × U(N )
AI BDI GL(N,R) O(N )
BDI D O(N, N ) O(N ) × O(N )
D DIII O(N,C) O(N )
DIII AII SO∗(2N ) U(N )
AII CII U∗(2N ) Sp(2N )
CII C Sp(2N, 2N ) Sp(2N ) × Sp(2N )
C CI Sp(2N,C) Sp(2N )
CI AI Sp(2N,R) U(N )

there has been notable recent progress on fermionic quantum
processors with fermionic degrees of freedom appearing at
the hardware level [87,125,126]. Our adaptive circuit may
find native realization in the future generations of fermionic
quantum processors.
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APPENDIX A: CORRESPONDENCE BETWEEN
SINGLE-PARTICLE TRANSFER MATRIX CLASS AND

MANY-BODY EVOLUTION OPERATOR CLASS

For free-fermion dynamics, we have introduced two types
of symmetry classification: the sTM class and the mEO
class. The former is defined using the group structure of
the single-particle transfer matrix, while the latter is defined
using the symmetry properties of the many-body evolution
operator. The symmetry constraints on mEOs are formulated
in Eqs. (11)–(13). In this Appendix, we clarify the relation
between the two classifications.

For a given free-fermion dynamical system, the sTM class
and the mEO class have a one-to-one correspondence, sum-
marized in Table III. This table is obtained through the
following chain of reasoning: upon specifying an sTM class
KsTM, one fixes an sTM Lie group G and thereby a Lie algebra
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g, which parametrizes an associated mEO via

V̂ = exp

⎛⎝∑
i j

Mi jψ̂
†
i ψ̂ j

⎞⎠, M ∈ g. (A1)

The mEO class KmEO is then determined by the symmetries
preserved by the sTM Lie algebra g—that is, whether M ∈ g

satisfies some combination of Eqs. (11)–(13).
It is worth noting that KsTM 
= KmEO. In fact, within the

eight real symmetry classes (AI, BDI, D, DIII, AII, CII, C, and
CI), the sTM and mEO classes are related by a cyclic permu-
tation. A similar permutation occurs within the two complex
classes (A and AIII) as well. We provide a case-by-case proof
of this correspondence, with our results summarized in the
first two columns of Table III.

To prove the correspondence summarized in Table III case
by case, we first set up our notation. We denote the 2 × 2
Pauli matrices as σ x,y,z and refer to TRS or PHS of ±1 type as
even (+) and odd (−). The N × N identity matrix is denoted
by 1N . We also define � ≡ iσ y, which is commonly referred
to as the symplectic form in mathematics and quantum optics
literature [127]. Elements of sTM groups G will be denoted by
t, while M = ln(t) will denote elements of the corresponding
Lie algebras g. Definitions for each of the ten classical groups
can be found in, for example, Ref. [57].

Correspondence between sTM Class A and mEO Class AIII:
In a lattice system of 2N complex fermion modes, the sTM
group associated with sTM class A is given by

U(N, N ) = {t ∈ GL(2N,C) | t(σ z ⊗ 1N )t† = (σ z ⊗ 1N )},
(A2)

where σ z acts on the two sublattice indices. The matrix M,
associated with the sTM via t = eM , belongs to the Lie algebra
of the sTM group U(N, N ):

u(N, N )={M ∈ C2N×2N | M(σ z ⊗ 1N ) + (σ z ⊗ 1N )M† =0}.
(A3)

Now, we define the CS with its first-quantized action given by
US = (σ z ⊗ 1N ). One can check that the Lie algebra implies
that M ∈ u(N, N ) satisfies

M = −(U†
S M∗US )ᵀ. (A4)

According to Eq. (13), the mEO V̂ = e
∑

i j Mi j ψ̂
†
i ψ̂ j respects CS.

TRS and PHS are generically broken in mEOs that correspond
to class-A sTMs. Therefore, sTM class A corresponds to mEO
class AIII.

Correspondence between sTM class AIII and mEO class
A: In a lattice of N complex fermion modes, the sTM group
associated with sTM class AIII is the general linear group
over the complex field GL(N,C). The associated Lie algebra
is gl(N,C) = CN×N , meaning M ∈ CN×N is a square complex
matrix. It is easy to show that the corresponding mEO V̂ does
not preserve TRS, PHS, or CS. Therefore, sTM class AIII
corresponds to mEO class A.

Correspondence between sTM class AI and mEO class CI:
In a lattice of 2N complex fermion modes, the sTM group

associated with sTM class AI is given by

Sp(2N,R) = {t ∈ GL(2N,R) | t(� ⊗ 1N )tᵀ = � ⊗ 1N },
(A5)

where � acts on two sublattice degrees of freedom. The asso-
ciated Lie algebra is

sp(2N,R)={M ∈ R2N×2N | M(� ⊗ 1N )+(� ⊗ 1N )Mᵀ =0}.
(A6)

Because M ∈ sp(2N,R) is real, even TRS is trivially satis-
fied with UT = 12N since M = M∗. Odd PHS is satisfied by
defining UC = � ⊗ 1N , which implies UCU∗

C = −12N . One
can check that the Lie algebra implies that M ∈ sp(2N,R)
satisfies

M = −(U†
CMUC )ᵀ. (A7)

Since both TRS and PHS are preserved, CS is also
preserved—these are symmetries of class CI. Therefore, sTM
class AI corresponds to mEO class CI.

Correspondence between sTM Class BDI and mEO Class
AI: In a lattice of N complex fermion modes, the sTM group
associated with sTM class BDI is the general linear group over
the real numbers GL(N,R). The associated Lie Algebra is
gl(N,R) = RN×N , meaning M ∈ RN×N is a square real matrix.
It is easy to show that M only preserves even TRS with UT =
1N , since M = M∗ and U2

T = 1N —these are the symmetries
of class AI. Therefore, sTM class BDI corresponds to mEO
class AI.

Correspondence between sTM Class D and mEO Class
BDI: In a lattice of 2N Majorana fermion modes, the sTM
group associated with sTM class D is given by

O(N, N ) = {t ∈ GL(2N,R) | tᵀ(σ z ⊗ 1N )t = (σ z ⊗ 1N )}.
(A8)

The associated Lie algebra is

o(N, N )={M ∈ R2N×2N | Mᵀ(σ z ⊗ 1N )+(σ z ⊗ 1N )M =0}.
(A9)

Since M is real, even TRS is trivially preserved with UT =
12N . Even PHS is satisfied by defining UC = σ z ⊗ 1N . Then,
one can check for M ∈ o(N, N ) that M satisfies

M = −(U†
CMUC )ᵀ. (A10)

Even TRS and even PHS (and thus, CS) correspond to the
symmetries of class BDI. Therefore, sTM class D corresponds
to mEO class BDI.

Correspondence between sTM class DIII and mEO class
D: In a lattice of N Majorana fermion modes, the sTM group
associated with sTM class DIII is given by

O(N,C) = {t ∈ GL(N,C) | tᵀt = 1N }. (A11)

The associated Lie algebra is

o(N,C) = {M ∈ CN×N | M = −Mᵀ}. (A12)

Only even PHS is preserved by M ∈ o(N,C), with UC = 1N ,
while TRS and CS are not preserved—these are the symme-
tries of class D. Therefore, sTM class DIII corresponds to
mEO class D.
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Correspondence between sTM class AII and mEO class
DIII: In a lattice of 4N spin-1/2 Majorana fermion modes, the
sTM group associated with sTM class AII is given by

SO∗(2N ) = {t ∈ SO(4N,C) | t†(� ⊗ 12N )t = (� ⊗ 12N )}.
(A13)

The associated Lie algebra is

so∗(4N ) = {M ∈ C4N×4N | M = −Mᵀ, M†(� ⊗ 12N )

+ (� ⊗ 12N )M = 0}. (A14)

Odd TRS is satisfied by defining UT = � ⊗ 12N , which obeys
UTU∗

T = −14N . Even PHS is satisfied by defining UC = 14N .
Then, one can check that for M ∈ so∗(4N ), M satisfies

M = U†
T M∗UT , (A15)

M = −(U†
CMUC )ᵀ. (A16)

Odd TRS and even PHS (and thus, CS as well) are the sym-
metries of class DIII. Therefore, sTM class AII corresponds
to mEO class DIII.

Correspondence between sTM Class CII and mEO Class
AII: In a lattice of 2N spinful complex fermion modes, the
sTM group associated with sTM class CII is given by

U∗(2N ) = {t ∈ GL(2N,C) | (� ⊗ 1N )ᵀt∗(� ⊗ 1N ) = t},
(A17)

where � acts on the spin-1/2 degrees of freedom. The associ-
ated Lie algebra is

u∗(2N ) = {M ∈ C2N×2N | (� ⊗ 1N )ᵀM∗(� ⊗ 1N ) = M},
(A18)

where � = iσ y. Odd TRS can be satisfied by defining UT =
� ⊗ 1N , which obeys UTU∗

T = −12N . One can check that for
M ∈ u∗(2N ), M satisfies

M = U†
T M∗UT (A19)

and no other symmetries—these are the symmetries of class
AII. Therefore, sTM class CII corresponds to mEO class AII.

Correspondence between sTM class C and mEO class CII:
In a lattice of 4N spinful complex fermion modes, the sTM
group associated with sTM class C is given by

Sp(2N, 2N ) = {t ∈ GL(4N,C) | t†(σ z ⊗ 12N )t

= σ z ⊗ 12N , (σ z ⊗ � ⊗ 1N )ᵀt∗

× (σ z ⊗ � ⊗ 1N ) = t}. (A20)

The associated Lie algebra is

sp(2N, 2N ) = {M ∈ C4N×4N | M†(σ z ⊗ 12N )

+ (σ z ⊗ 12N )M = 0, (σ z ⊗ � ⊗ 1N )ᵀM∗

× (σ z ⊗ � ⊗ 1N ) = M}. (A21)

Here, matrices of the form X ⊗ 12N act nontrivially only on
the two sublattice degrees of freedom, while 12 ⊗ X ⊗ 1N act
nontrivially only on the two spin-1/2 degrees of freedom. The
two conditions on M ∈ sp(2N, 2N ) imply that

M = −(12 ⊗ � ⊗ 1N )ᵀMᵀ(12 ⊗ � ⊗ 1N ). (A22)

Thus, M ∈ sp(2N, 2N ) is invariant under odd TRS with UT =
σ z ⊗ � ⊗ 1N , and invariant under odd PHS with UC = 12 ⊗
� ⊗ 1N —these are the symmetries of class CII. Therefore,
sTM class C corresponds to mEO class CII.

Correspondence between sTM class CI and mEO class C:
In a lattice of 2N complex fermion modes, the sTM group
associated with sTM class CII is given by

Sp(2N,C)={t ∈ GL(2N,C) | tᵀ(� ⊗ 1N )t=� ⊗ 1N }.
(A23)

The associated Lie algebra is

sp(2N,C)={M ∈ C2N×2N | Mᵀ(� ⊗ 1N )+(� ⊗ 1N )M =0}.
(A24)

The Lie algebra implies that

M = −(� ⊗ 1N )ᵀMᵀ(� ⊗ 1N ). (A25)

One can check that M ∈ sp(2N,C) preserves odd PHS with
UC = � ⊗ 1N and does not preserve any other symmetries—
these are the symmetries of class C. Therefore, sTM class CI
corresponds to mEO class C.

APPENDIX B: GAUSSIAN POVM ADMISSIBILITY
IN DIFFERENT SYMMETRY CLASSES

1. Problem statement

In this Appendix, we determine which symmetry classes
admit ensembles of symmetry-invariant many-body evolution
operators that support nontrivial, postselection-free Gaussian
measurements—that is, Gaussian POVMs. Here, “nontriv-
ial” excludes the case where the mEO ensemble consists
purely of Gaussian unitary mEOs, which trivially satisfy the
POVM condition. We henceforth assume nontriviality im-
plicitly. Moreover, for symmetry classes that do not admit
Gaussian POVMs, we do not rule out the possibility that
interacting, symmetry-compatible mEOs could still give rise
to a valid POVM—this is why we specify “Gaussian” POVM
throughout. An example where interactions enable POVM
admissibility despite symmetry constraints is discussed in
Sec. II E. Note that much of the Lie group/algebra notation
used in this Appendix will follow Appendix A.

Our starting point is the continuum generalization of the
discrete POVM condition introduced in Eq. (2):∫

dMω(M )K̂†(M )K̂ (M )
!= 1̂. (B1)

In the above, K̂ (M ) is a Gaussian mEO parametrized by
M ∈ g, where g is the Lie algebra associated with the cor-

responding sTM group. We use the notation
!= to denote a

required equality, i.e., a constraint that must be satisfied for
a valid Gaussian POVM to exist. Furthermore, dMω(M ) is
an unspecified measure over g. Equivalently, we define ω(M )
to be an unspecified nonnegative scalar weight function over
g—a continuum generalization of the discrete weight func-
tion introduced in Eq. (2). In the above, the mEO ensemble
{K̂ (M )}M∈g is elementwise invariant with respect to the dis-
crete symmetries associated with mEO class KmEO. We will
refer to a weight function as trivial if it constrains K̂ (M ) to be
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unitary for all M, and as nontrivial if not. The problem now is
to determine which mEO classes can admit Gaussian POVMs
via analysis of Eq. (B1) for each symmetry class.

Criterion for Gaussian POVM admissibility: A given mEO
class KmEO admits a Gaussian POVM if and only if there
exists an ensemble of Gaussian Kraus operators {K̂ (M )}M∈g
that is invariant under the symmetries of KmEO and a non-
trivial weight function ω(M ) such that Eq. (B1) is satisfied.
Recall that we define a nontrivial weight function to be a
weight function that does not constrain the entire ensemble
{K̂ (M )}M∈g to be purely unitary. Conversely, we say that mEO
class KmEO does not admit Gaussian POVMs if Eq. (B1) is not
satisfied for any nontrivial choice of ω(M ).

We now turn to our analysis of Gaussian POVM ad-
missibility for each mEO class. As discussed in Sec. II E,
we find that mEO classes KmEO ∈ {A, AI, BDI, D} ad-
mit Gaussian POVMs, while symmetry classes KmEO ∈
{AIII, C, CI, CII, DIII, AII} do not. For Gaussian POVM ad-
missible classes, it suffices to establish the existence of a
symmetry-compatible Gaussian Kraus operator K̂ (M ) and a
nontrivial weight function ω(M ) such that the POVM con-
dition [Eq. (B1)] is satisfied. We begin with the symmetry
classes that admit Gaussian POVMs.

For the classes that do not admit Gaussian POVMs, we
employ two distinct strategies to establish Gaussian POVM
inadmissibility. The first applies to mEO classes KmEO ∈
{AIII, C, CI, CII}, while the second applies to classes
KmEO ∈ {DIII, AII}. The results of these proofs are summa-
rized in the right-most column of Table I in the main text.

2. Establishing existence of Gaussian POVMs
for mEO classes A, AI, BDI, and D

mEO class A admits Gaussian POVMs: Consider a system
of N complex fermion modes with mEO-class-A symmetries.
For this class, we have G = GL(N,C) and thus M ∈ gl(N,C).
We show that there exists a symmetry-compatible K̂ (M ) and
weight function ω(M ) that admits a Gaussian POVM for mEO
class A. Consider the following choices for N = 1, with the
1 × 1 “matrix” M being parametrized by a real number λ ∈ R
and a phase φ ∈ S1:

K̂ (λ, φ) = e(λ+iφ)n̂,

ω(λ, φ) = 1

2π

1

2 cosh(α)
[δ(λ + α) + δ(λ − α)]e−λ, α ∈ R,

(B2)

where n̂ is the fermion number operator. Physically, such a
choice of Kraus operator and weight function corresponds
to weak measurements of single-mode fermion occupation,
with measurement strength λ, followed by a random unitary
rotation parametrized by a phase θ .

Clearly, our choice of K̂ is compatible with the symmetries
of the mEO class A. Substitution of Eq. (B2) into Eq. (B1)
leads to∫ 2π

0
dφ

∫
R

dλω(λ, φ) K̂†(λ, φ)K̂ (λ, φ)

=
∫ 2π

0

dφ

2π

∫
R

dλ
1

2 cosh(α)
[δ(λ + α) + δ(λ − α)]eλ(2n̂−1)

= 1

2 cosh(α)
[e−α(2n̂−1) + eα(2n̂−1)]

⇒
∫ 2π

0
dφ

∫
R

dλω(λ, φ) K̂†(λ, φ)K̂ (λ, φ) = 1̂. (B3)

Therefore, Gaussian Kraus operators with mEO-class-A sym-
metries can admit a Gaussian POVM.

mEO class AI admits Gaussian POVMs: Consider a system
of N complex fermion modes with mEO-class-AI symmetries.
For this class, we have G = GL(N,R) and thus M ∈ gl(N,R).
We show that there exists a symmetry-compatible K̂ (M ) and
weight function ω(M ) that admits a Gaussian POVM for mEO
class AI. Consider the following choices for N = 1, with the
1 × 1 “matrix” M being parametrized by a real number λ ∈ R:

K̂ (λ) = eλn̂,

ω(λ) = 1

2 cosh(α)
[δ(λ + α) + δ(λ − α)]e−λ, λ, α∈R.

(B4)

While similar to mEO class A, mEO-class-AI symmetries en-
force a realness condition of K̂ , leading to a purely nonunitary
weak measurement of single-mode fermion occupation with
measurement strength λ.

Our choice of K̂ is compatible with the symmetries of the
mEO class AI. One can verify that substitution of Eq. (B4)
into Eq. (B1) satisfies the POVM condition, following the
same logic as mEO class A.

Therefore, Gaussian Kraus operators with mEO-class-AI
symmetries can admit a Gaussian POVM.

mEO class BDI admits Gaussian POVMs: Consider a
system of 2N Majorana fermion modes with mEO class
BDI symmetries. For this class, we have G = O(N, N ) and
thus M ∈ o(N, N ). We show that there exists a symmetry-
compatible K̂ (M ) and weight function ω(M ) that admits a
Gaussian POVM for mEO class BDI. However, to do so, we
will have to work in a rotated representation of the Lie algebra
o(N, N ), in contrast to the definition provided in Eq. (A9), but
more on this later.

Consider the following choices of Kraus operator and
weight function for N = 1, with 2 × 2 generator M = iλ�

being parametrized by a single real number λ ∈ R:

K̂ (λ) = exp

[
−1

2
iλ(γ̂1 γ̂2)�

(
γ̂1

γ̂2

)]
,

ω(λ) = 1

2 cosh(2α)
[δ(λ − α) + δ(λ + α)], α ∈ R, (B5)

where the Majorana fermions γ̂i satisfy {γ̂i, γ̂ j} = 2δi j . Such
a choice of Kraus operator and weight function physically
corresponds to a weak measurement of single-mode fermion
parity, with measurement strength λ.

Recall that the discrete symmetries of class BDI are even
TRS and even PHS (and thus, CS). One can check that the
Hermitian single-particle generator M = iλ� satisfies class
BDI symmetries with UT = σ z for even TRS and UC = 12 for
even PHS. Now, consider the product K̂†(λ)K̂ (λ) involved in
the POVM condition [Eq. (B1)]. One can show

K̂†(λ)K̂ (λ) = cosh(2λ) − sinh(2λ)iγ̂1γ̂2, (B6)
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where we have used γ̂ 2
i = 1. Substitution of Eq. (B6) and our

choice of weight function defined in Eq. (B5) into Eq. (B1)
leads to ∫

R
dλω(λ) K̂†(λ)K̂ (λ)

=
∫

R
dλ

1

2 cosh(2α)
[δ(λ − α) + δ(λ + α)]

× (cosh(2λ) − sinh(2λ)iγ̂1γ̂2) = 1̂. (B7)

Therefore, Gaussian Kraus operators with mEO-class-BDI
symmetries can admit a Gaussian POVM.

We now show that M lives in a rotated representation of
the Lie algebra o(N, N ) associated with mEO class BDI. For a
system of 2N Majorana fermion modes, we have constrained
M to satisfy M = M†, so that M lives in the Hermitian sub-
space of

{M ∈ C2N×2N | (σz ⊗ 1N )M∗(σz ⊗ 1N ) = M, M = −Mᵀ},
(B8)

with σz acting on two sublattice degrees of freedom. This
particular rotation switches from a Majorana fermion basis to
a complex fermion basis.

We can show that M lives in a different representation of
the Lie algebra o(N, N ) associated with the mEO class BDI.
Indeed, consider the rotation

M = e−i π
4 (σ z⊗1N )M ′ei π

4 (σ z⊗1N ). (B9)

Then, the algebra given in Eq. (B8) implies that M ′ obeys the
algebra

{M ′ ∈ R2N×2N | (σ z ⊗ 1N )M ′(σ z ⊗ 1N ) = −M ′ᵀ}, (B10)

which is precisely the definition of Lie algebra o(N, N ) asso-
ciated with mEO class BDI provided in Eq. (A9). Now, even
TRS is implemented via single-particle action UT = 12N , and
even PHS is implemented via UC = σ z ⊗ 1N . Note that if we
constrain M ′ to live in the Hermitian subspace of o(N, N ),
the only choice that can satisfy such constraints is the trivial
zero matrix M ′ = 0. This is the reason we chose to work in a
rotated representation of o(N, N ), i.e., Eq. (B8).

mEO Class D admits Gaussian POVM: Consider a system
of N Majorana fermion modes with mEO-class-D symme-
tries. For this class, we have G = O(N,C) and thus M ∈
o(N,C). We show that there exists a symmetry-compatible
K̂ (M ) and weight function ω(M ) that admits a Gaussian
POVM for mEO class D.

Consider the following choices of Kraus operator and
weight function for N = 2, with the 2 × 2 single-particle gen-
erator M = i(λ + iφ)� being parametrized by a real number
λ ∈ R and a phase φ ∈ S1:

K̂ (λ) = exp

[
−1

2
i(λ + iφ)(γ̂1 γ̂2)�

(
γ̂1

γ̂2

)]
,

ω(λ, φ) = 1

2π

1

2 cosh(2α)
[δ(λ − α) + δ(λ + α)], α ∈ R,

(B11)

where the Majorana fermions γ̂i satisfy {γ̂i, γ̂ j} = 2δi j . Such
a choice of Kraus operator and weight function physically
corresponds to a weak measurement of single-mode fermion

parity, with measurement strength λ, followed by a random
unitary rotation parametrized by a phase θ . Unlike mEO class
BDI, mEO class D is not invariant under TRS, allowing for
operations that combine measurement and unitary evolution.

To verify that our choices of Kraus operator and
weight function defined above satisfy the POVM condition
[Eq. (B1)], one can show that∫ 2π

0
dφ

∫
R

dλω(λ, φ)K̂†(λ, φ)K̂ (λ, φ) = 1̂. (B12)

The algebra that follows is identical to the algebra used to
verify the POVM condition for mEO class BDI. It follows that
Gaussian Kraus operators with mEO-class-D symmetries can
admit a Gaussian POVM.

3. Proofs of Gaussian POVM inadmissibility for mEO classes
AIII, C, CI, CII, DIII, and AII

a. Cartan decomposition of classical Lie groups

In the following proofs of Gaussian POVM inadmissibility,
we will repeatedly make use of the degeneracy structure of
the spectrum of Hermitian Gaussian operators of the form
K̂†(M )K̂ (M ), where K̂ (M ) is a symmetry-invariant Kraus op-
erator in mEO class KmEO parametrized by a single-particle
generator M. These operators arise naturally in the integrand
of the POVM condition, and can always be diagonalized in
the number basis as

K̂†(M )K̂ (M ) ∼ exp

[∑
α

λα (M )n̂α

]
, (B13)

where {λα}α constitutes the spectrum of the single-particle
generator

H ≡ ln(eMeM†
) (B14)

of K̂†(M )K̂ (M ) [128]. Equivalently, {λα}α represents the log-
singular-value spectrum of the sTM t = eM associated with
the mEO class of interest. To determine whether K̂†(M )K̂ (M )
is compatible with POVM normalization for a given mEO
class, we must understand the allowed degeneracy patterns in
the spectrum {λα}α—specifically, whether they must appear
in symmetry-related multiplets. To this end, we make use
of the Cartan decomposition of Hermitian elements in Lie
algebras associated with each symmetry class. Each of the
ten Altland-Zirnbauer classes defines a noncompact Lie group
G that contains the single-particle transfer matrices of Gaus-
sian Kraus operators. The single-particle generators H defined
above live in the Hermitian subspace of the corresponding
Lie algebra g. Every such group admits a Cartan (or polar)
decomposition of the form

G = UAU , A = ea,

where U ⊂ G is a maximal compact subgroup and a ⊂ g is
a maximal Abelian subspace. Consequently, every Hermitian
H ∈ g can be brought into the form

H = U †A(D)U, (B15)

where U ∈ U and A(D) ∈ a is a linear function of a real diag-
onal matrix D = diag(λ1, λ2, . . .) constrained by symmetry.
The existence of this decomposition is guaranteed by standard
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Cartan theory [129,130], though explicit construction can be
subtle. For each symmetry class, we have derived a canonical
form for A(D) and found that it generically takes the form

A(D) = V1 ⊗ D ⊗ V2, (B16)

where V1 and V2 are fixed matrices determined by symmetry.
Physically, the entries λi of D encode measurement strength:
D = 0 if and only if K̂ is unitary. The matrices V1,2 control the
degeneracy structure of the sTM log-singular-value spectrum.
In practice, they are typically simple: 1 × 1 or 2 × 2 identity
matrices, Pauli matrices (up to a factor of i), or weight-2 Pauli
strings. To illustrate how this decomposition works in detail,
we provided derivations of Cartan decompositions for mEO
classes DIII and AIII next.

Example I: Cartan decomposition of mEO class DIII.
Consider an mEO class DIII dynamical system acting on a
lattice of 4N spin-1/2 Majorana modes. The dynamics are
constrained by even PHS and odd TRS. From Table III, we
identify the corresponding sTM class as KsTM = AII. The
associated sTM group is GAII = SO∗(4N ), with Lie algebra
gAII = so∗(4N ). The maximal compact subgroup is UAII =
SO(4N ) ∩ Sp(4N,R) ∼= U(2N ). For convenience, we recall
the definitions of GAII, UAII, and gAII:

GAII = {t ∈ SO(4N,C)| t†(� ⊗ 12N )t = � ⊗ 12N }, (B17)

UAII = {t ∈ SO(4N )| [t,� ⊗ 12N ] = 0}, (B18)

gAII = {M ∈ C4N×4N | M = −Mᵀ, M†(� ⊗ 12N )

+ (� ⊗ 12N )M = 0}. (B19)

Here, � ⊗ 12N acts nontrivially only on the spin degrees
of freedom of the Majorana modes and represents the first-
quantized action of TRS on the system.

Given a Hermitian element H ∈ gAII, one can show that H
admits the following Cartan decomposition:

H = iOᵀ[σ z ⊗ D ⊗ �]O, (B20)

where D � 0 is a real N × N diagonal matrix and O ∈ UAII.
Here, we identify V1 = σ z and V2 = i�.

Proof. Let H = H† ∈ gAII. Since H is Hermitian and anti-
symmetric, it must be purely imaginary and can be written
as H = iH̃ , where H̃ is real and antisymmetric. Any such
matrix admits the canonical form H̃ = Oᵀ[D ⊗ �]O, with
D � 0 real diagonal and O ∈ SO(4N ) [52]. The condition
H ∈ gAII further requires {H,� ⊗ 12N } = 0, which in turn
implies that the decomposition Oᵀ(D ⊗ �)O must also satisfy
this symmetry. To ensure this, we impose [O,� ⊗ 12N ] = 0,
which restricts O to lie in the maximal compact subgroup
UAII [see Eq. (B18)], as required by the Cartan decomposition
[Eq. (B15)]. For consistency, the matrix D ⊗ � must then an-
ticommute with � ⊗ 12N . Since D is diagonal, the constraint
{D ⊗ �,� ⊗ 12N } = 0 can only be satisfied if D = σ z ⊗ D̃,
with D̃ � 0 a real diagonal N × N matrix. Substituting back
into H yields the claimed decomposition in Eq. (B20). �

Since we are working in a Majorana fermion basis, we
can pair each mode in the subspace on which 12N ⊗ � acts
nontrivially. Switching to the number basis then leads to a
log-singular-value spectrum that comes in ± pairs.

Example II: Cartan decomposition of mEO class AIII. Con-
sider an mEO class AIII dynamical system acting on a lattice
of 2N complex fermion modes with two sublattice degrees of
freedom. The dynamics are constrained by CS only. From Ta-
ble III, we identify the corresponding sTM class as KsTM = A.
The associated sTM group is GA = U(N, N ), with Lie alge-
bra gA = u(N, N ). The maximal compact subgroup is UA =
U(N ) × U(N ). Recall the definitions of GA, UA, and gA:

GA = {t ∈ GL(2N,C) | t(σ z ⊗ 1N )t† = σ z ⊗ 1N }, (B21)

UA = {t ∈ GL(2N,C) | t = tA ⊕ tB, tA, tB ∈ U(N )},
(B22)

gA = {M ∈ C2N×2N | M(σ z ⊗ 1N ) + (σ z ⊗ 1N )M† = 0}.
(B23)

Here, σ z ⊗ 1N acts nontrivially only on the sublattice degrees
of freedom of the complex fermion modes and represents
the first-quantized action of CS on the system. Furthermore,
⊕ denotes the direct sum of matrices, i.e., block-diagonal
concatenation.

Given a Hermitian element H ∈ gA, one can show that H
admits the following Cartan decomposition:

H = (UA ⊕ UB)†[σ x ⊗ D](UA ⊕ UB), (B24)

where D � 0 is a real N × N diagonal matrix and UA ⊕ UB ∈
UA. Here, we identify V1 = σ x and V2 = 1.

Proof. Let H = H† ∈ gA. Since H is Hermitian, the con-
straints placed on H by gA imply that H anticommutes with
σ z ⊗ 1N . It follows that H can be decomposed as

H =
(

H̃
H̃†

)
, (B25)

where H̃ ∈ CN×N . Now apply a singular value transformation
to H̃ such that H̃ = U †

A DUB, where UA and UB are N × N
unitary matrices that are not necessarily identical and D � 0
is a real diagonal matrix. It follows that we can decompose H
into the form of Eq. (B24). �

Switching to the number basis [i.e., diagonalizing σ x in
Eq. (B24)] then leads to a log-singular-value spectrum that
comes in ± pairs.

It is a straightforward (though tedious) exercise to derive
the Cartan decompositions in Eqs. (B15) and (B16) for each
symmetry class. Once obtained, one can determine the de-
generacy structure of the spectrum of H (equivalently, the
log-singular-value spectrum of t ∈ G). This spectral structure
will be essential in the proofs below.

b. Gaussian POVM Inadmissibility for mEO classes
AIII, C, CI, and CII

Proof of Gaussian POVM inadmissibility for mEO classes
AIII, C, CI: Here, we present proofs by contradiction for
mEO classes AIII, C, and CI. Specifically, we assume for
each class that a Gaussian POVM exists, and then derive
two mutually incompatible conditions that arise from the
imposed symmetry constraints and the POVM condition.
The resulting contradiction invalidates the initial assumption,
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thereby proving that these mEO classes do not admit Gaussian
POVMs.

Suppose, on the contrary, that mEO classes AIII, C, and CI
do admit Gaussian POVMs; i.e., the POVM condition∫

dMω(M )K̂†(M )K̂ (M ) = 1̂ (B26)

holds for a choice of nontrivial weight function. Here, the
Kraus operators respect the symmetries of the mEO class of
interest, and ω(M ) is an unspecified weight function. We will
refer to a weight function as trivial if it constrains K̂ (M ) to be
unitary for all M, and as nontrivial if not.

Gaussian Kraus operators invariant under the symmetries
associated with mEO classes AIII, C, and CI require U(1)
symmetry and have the following generic form:

K̂ (M ) = exp

⎛⎝−
∑

i j

Mi j ĉ
†
i ĉ j

⎞⎠, M ∈ g, (B27)

where ĉi=1,2,... are a set of complex fermion operators sat-
isfying {ĉ†

i , ĉ j} = δi j and g is the Lie algebra associated
with the mEO class of interest. Let us define the Fock
vacuum as |vac〉〉, where the double ket notation denotes a
many-body Fock state. Since K̂†(M )K̂ (M )|vac〉〉 = |vac〉〉, it
follows that if Eq. (B26) holds, the weight function must be
normalized: ∫

dMω(M ) = 1. (B28)

We will refer to this as the first constraint. Next, we compute
the Fock space trace of K̂†(M )K̂ (M ). If Eq. (B26) holds, then
it follows that∫

dMω(M ) Tr(K̂†(M )K̂ (M )) = Tr(1̂). (B29)

This will be the second constraint. Because the argument of
the trace is Hermitian, we can diagonalize K̂†(M )K̂ (M ) and
rewrite Eq. (B29) as∫

dMω(M ) Tr exp

[∑
α

λα (M )n̂α

]
= Tr(1̂), (B30)

where {λα}α are the log-singular values of the sTM t = eM

associated with the Kraus operator K̂ (M ). For simplicity, we
do not transform the measure on M in the above and treat each
λα = λα (M ) as an implicit function of M.

We show that Eqs. (B28) and (B30) cannot simultaneously
hold for classes AIII, C, and CI, except in the case of a trivial
weight function, contradicting the original assumption that the
mEO class of interest admits a Gaussian POVM and proving
the desired statements. To proceed, we specialize to each mEO
class.

One can show that for the three symmetry classes of inter-
est {AIII, C, CI}, the spectrum {λα}α has a doublet structure
and comes in ± pairs via Cartan decomposition. Suppose our
system of interest has 2N complex fermion modes, with two
internal degrees of freedom that we label as A and B. Splitting
the index α → (A/B, i = 1, 2, . . . , N ) and relabeling λα as

λi ≡ λA,i = −λB,i, we can rewrite Eq. (B30) as∫
dMω(M ) Tr

N∏
i=1

exp [λi(M )(n̂A,i − n̂B,i )] = Tr(1̂) = 22N .

(B31)

The integrand is lower bounded as

Tr
N∏

i=1

exp [λi(M )(n̂A,i − n̂B,i )]]=2N
N∏

i=1

(1 + cosh(λi))�22N,

(B32)

with equality only when λi = 0 for all i = 1, 2, . . . , N . Inte-
grating both sides of the second equality above with respect
to the weight function ω(M ) and applying the weight function
normalization condition [Eq. (B28)] gives∫

dMω(M ) 2N
N∏

i=1

(1 + cosh(λi)) � Tr(1̂), (B33)

with equality holding only for the choice of trivial weight
function ω(M ) = ∏N

i=1 δ(λi(M )).
Thus, the normalization condition [Eq. (B28)] and the trace

constraint [Eq. (B30)] cannot simultaneously be satisfied un-
less the weight function is trivial, contradicting the original
assumption of Gaussian POVM admissibility for mEO classes
AIII, C, and CI. It follows that mEO classes AIII, C, and CI
cannot admit Gaussian POVMs. �

Proof of Gaussian POVM inadmissibility for mEO class
CII: The proof of Gaussian POVM inadmissibility for mEO
class CII is quite similar to the proof for mEO classes AIII,
C, and CI, since class CII requires U(1) symmetry as well.
However, our system of fermions will need additional de-
grees of freedom to satisfy class CII symmetries. Consider
a system of 4N complex fermion modes with two sublattice
degrees of freedom labeled as A/B and two spin-1/2 degrees
of freedom labeled as ↑ / ↓. Because of U(1) symmetry, the
weight function normalization constraint [Eq. (B28)] still ap-
plies. However, the evaluation of Eq. (B30) changes slightly—
the Cartan decomposition of class CII leads to a spectrum
{λα}α that consists of ±-paired eigenvalues, each with double
degeneracy. Indeed, Eq. (B30) becomes

∫
dMω(M ) Tr

(
N∏

i=1

exp(−λi(M )(n̂A,↑,i − n̂B,↑,i )) exp(λi(M )(n̂A,↓,i − n̂B,↓,i ))

)
= Tr(1̂) = 24N . (B34)

The integrand is lower bounded as

Tr

(
N∏

i=1

exp(−λi(n̂A,↑,i − n̂B,↑,i )) exp(λi(n̂A,↓,i − n̂B,↓,i ))

)
= 22N

N∏
i=1

(1 + cosh(λi))
2 � 24N , (B35)
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with equality only when λi = 0 for all i = 1, 2, . . . , N . Integrating both sides of the second equality above with respect to the
weight function ω(M ) and applying the weight function normalization condition [Eq. (B28)] gives us∫

dMω(M ) 22N
N∏

i=1

(1 + cosh(λi))
2 � Tr(1̂), (B36)

with equality only holding for the choice of trivial weight function ω(M ) = ∏N
i=1 δ(λi(M )). Thus, Eqs. (B28) and (B34) cannot

simultaneously hold except for the choice of trivial weight function, contradicting our original assumption of Gaussian POVM
admissibility for mEO class CII—it follows that mEO class CII cannot admit Gaussian POVMs. �

c. Gaussian POVM inadmissibility for mEO classes DIII and AII

Proof of Gaussian POVM inadmissibility for mEO class DIII: Unlike mEO classes AIII, C, CI, CII, and AII, mEO class
DIII does not respect U(1) symmetry, as imposing U(1) on a class DIII system renders it effectively described by a class AII
system. For this reason, the weight function normalization constraint is not implied if we suppose that class DIII admits Gaussian
POVMs. Instead, we develop an alternative proof by contradiction, deriving two mutually incompatible constraints implied by
the POVM condition.

A Kraus operator that respects class DIII symmetries takes the form

K̂ (M ) = exp

⎛⎝−1

2

∑
αβ

Mαβ γ̂αγ̂β

⎞⎠. (B37)

Here, {γ̂α}α denotes a collection of Majorana fermions satisfying γ̂ 2
α = 1̂ for all α, such that

{γ̂α, γ̂β} = 2δαβ. (B38)

Suppose, for contradiction, that mEO class DIII admits Gaussian POVMs, i.e., the POVM condition∫
dMω(M )K̂†(M )K̂ (M ) = 1̂ (B39)

holds for a choice of nontrivial weight function ω(M ). Here, the Kraus operators respect mEO class DIII symmetries.
Consider a system of 4N spin-1/2 Majorana fermion modes with mEO class DIII symmetries. Splitting the index

α → (↑ / ↓, i = 1, 2, . . . , 2N ), one can show that the integrand of the POVM condition can be decomposed as

K̂†(M )K̂ (M ) = ÛO

[
N∏

i=1

exp(−λi(M )iγ̂↑,2i−1γ̂↑,2i ) exp(λi(M )iγ̂↓,2i−1γ̂↓,2i )

]
Û †

O (B40)

via Cartan decomposition of the Hermitian single-particle generator H = 1
2 ln(e2Me2M†

) ∈ so∗(4N ), which is the Lie algebra
associated with mEO class DIII. Here, ÛO is a Gaussian unitary in mEO class DIII, with first-quantized action ÛOγ̂αÛ −1

O =∑
β Oαβ γ̂β . Here, O ∈ SpO(4N ) ≡ Sp(4N,R) ∩ SO(4N,R) ∼= U(2N ); i.e., O lives in the maximal compact subgroup associated

with mEO class DIII (sTM class AII). The log-singular values of the associated transfer matrix t = eM satisfy λi ≡ λ↑,i = −λ↓,i.
Tracing over the Fock space then yields the constraint∫

dMω(M )
N∏

i=1

cosh2 (λi(M )) = 1. (B41)

This will be our first constraint implied by Eq. (B39).
Next, we construct a many-body operator that (up to a factor of i) generates the odd TRS of class DIII and commutes with

ÛO. Define

�̂ = 1

2

2N∑
i=1

∑
a,b=↑,↓

�abiγ̂a,iγ̂b,i =
2N∑
i=1

iγ̂↑,iγ̂↓,i =
N∑

i=1

[iγ̂↑,2i−1γ̂↓,2i−1 + iγ̂↑,2iγ̂↓,2i]. (B42)

One can verify that

[ÛO, �̂] = 0 (B43)

for any O ∈ SpO(4N ). This follows from the fact that SpO(4N ) is the subgroup of orthogonal matrices that commute with the
symplectic form �, i.e., [O, (� ⊗ 12N )] = 0, where � acts on the spin-1/2 subspace.

Now multiply both sides of Eq. (B39) by �̂2 and take the trace over Fock space. Using [ÛO, �̂] = 0, we obtain∫
dMω(M ) Tr

([
N∏

i=1

exp(−λi(M )iγ̂↑,2i−1γ̂↑,2i ) exp(λi(M )iγ̂↓,2i−1γ̂↓,2i )

]
�̂2

)
= Tr(�̂2). (B44)
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The RHS is straightforward: Tr(�̂2) = 2NTr(1̂).
To evaluate the LHS, we expand

�̂2 =
N∑

j,k=1

[(iγ̂↑,2 j−1γ̂↓,2 j−1)(iγ̂↑,2k−1γ̂↓,2k−1) + (iγ̂↑,2 j γ̂↓,2 j )(iγ̂↑,2k−1γ̂↓,2k−1)

+ (iγ̂↑,2 j−1γ̂↓,2 j−1)(iγ̂↑,2k γ̂↓,2k ) + (iγ̂↑,2 j γ̂↓,2 j )(iγ̂↑,2k γ̂↓,2k )]. (B45)

After substituting the above into Eq. (B44), we evaluate it term by term. The key idea is that only terms involving bilinears acting
on the same set of Majorana modes contribute a nonzero trace. We will make use of the following expansion of the integrand in
Eq. (B44):

exp(−λi(M )iγ̂↑,2i−1γ̂↑,2i ) exp(λi(M )iγ̂↓,2i−1γ̂↓,2i )

= cosh2 λi − sinh λi cosh λi(iγ̂↑,2i−1γ̂↑,2i − iγ̂↓,2i−1γ̂↓,2i ) − sinh2 λi(iγ̂↑,2i−1γ̂↑,2i )(iγ̂↓,2i−1γ̂↓,2i ). (B46)

The above expansion follows by identifying each Majorana pair γ̂a,2i−1, γ̂a,2i with a single fermion mode, such that iγ̂a,2i−1γ̂a,2i =
2n̂a,i − 1̂. It follows that the integrand on the LHS of Eq. (B44) can be written as a sum of four terms. The first two terms evaluate
to

Term 1: Tr

(
N∏

i=1

[cosh2 λi − sinh λi cosh λi(iγ̂↑,2i−1γ̂↑,2i − iγ̂↓,2i−1γ̂↓,2i )

− sinh2 λi(iγ̂↑,2i−1γ̂↑,2i )(iγ̂↓,2i−1γ̂↓,2i )](iγ̂↑,2 j−1γ̂↓,2 j−1)(iγ̂↑,2k−1γ̂↓,2k−1)

)

= δ jk

N∏
i=1

cosh2(λi )Tr(1̂), (B47)

Term 2: Tr

(
N∏

i=1

[cosh2 λi − sinh λi cosh λi(iγ̂↑,2i−1γ̂↑,2i − iγ̂↓,2i−1γ̂↓,2i )

− sinh2 λi(iγ̂↑,2i−1γ̂↑,2i )(iγ̂↓,2i−1γ̂↓,2i )](iγ̂↑,2 j γ̂↓,2 j )(iγ̂↑,2k−1γ̂↓,2k−1)

)

= δ jk sinh2(λ j )

⎡⎣ N∏
i 
= j

cosh2(λi(M ))

⎤⎦Tr(1̂). (B48)

Terms 3 and 4 follow similarly since Eq. (B45) is invariant under swapping indices j ↔ k.
Combining all terms and simplifying, Eq. (B44) becomes∫

dMω(M )

(
N∏

i=1

cosh2(λi(M ))

)⎛⎝1 + 1

N

N∑
j=1

tanh2(λ j (M ))

⎞⎠ = 1, (B49)

which is our second constraint.
We now show that Eqs. (B41) and (B49) cannot simultaneously hold unless ω(M ) is trivial. Subtracting Eq. (B41) from

Eq. (B49), we obtain ∫
dMω(M )

(
N∏

i=1

cosh2(λi)

)⎛⎝ N∑
j=1

tanh2(λ j )

⎞⎠ = 0. (B50)

However, the integrand satisfies (
N∏

i=1

cosh2(λi )

)⎛⎝ N∑
j=1

tanh2(λ j )

⎞⎠ � 0, (B51)

with equality only when λi = 0 for all i. Hence,∫
dMω(M )

(
N∏

i=1

cosh2(λi)

)⎛⎝ N∑
j=1

tanh2(λ j )

⎞⎠ � 0, (B52)
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with equality only for the trivial weight function ω(M ) = ∏N
i=1 δ(λi ). Therefore, Eqs. (B41) and (B49) cannot both hold unless

ω(M ) is trivial, contradicting our original assumption. We conclude that mEO class DIII does not admit Gaussian POVMs. �
Proof of Gaussian POVM inadmissibility for mEO class AII: Finally, we show that mEO class AII does not admit Gaussian

POVMs. Although class AII requires U(1) symmetry, the argument used for classes AIII, C, CI, and CII does not directly
apply due to the doubly degenerate log-singular-value spectrum of the sTM group associated with mEO class AII. Instead, we
demonstrate that mEO class AII can be viewed as a constrained subclass of DIII when expressed in a Majorana basis. Since we
have already shown that class DIII mEOs do not admit Gaussian POVMs, the same conclusion follows for class AII.

Consider a system of 2N spinful complex fermions with mEO class AII symmetries. A Gaussian Kraus operator that respects
mEO class AII symmetries will have the form

K̂ (M ) = exp

⎛⎝−
N∑

i j=1

∑
ab=↑,↓

Mab,i j ĉ
†
a,iĉb, j

⎞⎠ (B53)

where a and b denote spin-1/2 degrees of freedom. Suppose, for contradiction, that mEO class AII admits Gaussian POVMs;
i.e., the POVM condition ∫

dMω(M )K̂†(M )K̂ (M ) = 1̂, (B54)

holds for a choice of nontrivial weight function ω(M ). Here, the Kraus operators respect mEO-class-AII symmetries.
The integrand of the POVM condition can be written as

K̂†(M )K̂ (M ) = exp

⎛⎝−
N∑

i j=1

∑
ab=↑,↓

Hab,i j ĉ†
a,i ĉb, j

⎞⎠, (B55)

with H = ln(eMeM†
) being a Hermitian single-particle generator. Now, introduce spinful Majorana fermions via ĉa,i = γ̂a,2i−1 +

iγ̂a,2i and rewrite the above as

K̂†(M )K̂ (M ) = exp

⎛⎝−
2N∑

i j=1

∑
ab=↑,↓

H̃ab,i j γ̂a,iγ̂b, j

⎞⎠, (B56)

where the augmented single-particle generator H̃ ∈ C4N×4N is given by

H̃ = i[12 ⊗ ImH + � ⊗ ReH]. (B57)

Since H = H†, we have ImH antisymmetric, while ReH is symmetric. Recall that the sTM Lie algebra associated with mEO
class DIII (sTM class AII) is

so∗(4N ) = {M ∈ C4N×4N | M = −M�, M†(� ⊗ 12N ) + (� ⊗ 12N )M = 0}. (B58)

It is clear that H̃ lies in a constrained Hermitian subspace of so∗(4N ). The extra constraint imposed by U(1) symmetry forces H̃
to be parametrized entirely by H . Nevertheless, H̃ is a valid Hermitian element of so∗(4N ), which implies that the proof used for
general mEO class DIII POVM inadmissibility applies here as well. Therefore, we conclude that mEO class AII does not admit
Gaussian POVMs. �

APPENDIX C: TOPOLOGICAL OBSTRUCTIONS IN
CHERN BANDS AND OVERCOMPLETE

WANNIER FUNCTIONS

In this Appendix, we briefly review the topological ob-
struction to constructing exponentially localized Wannier
functions in Chern bands and how it can be circumvented by
relaxing the requirement of completeness. While Chern bands
forbid a complete set of exponentially localized Wannier func-
tions [131], one can instead construct an overcomplete set
of nonorthogonal but exponentially localized coherent states
[20,80–82]. We refer to such states as OW functions in this
paper.

To make this construction explicit, it is convenient to
use the projection method for Wannier function construction
[83,132]. We now introduce notation that is independent from
the main text. Let |ψn(k)〉 denote the single-particle Bloch

wavefunction at momentum k in the nth band of the parent
Hamiltonian ĤCI, with n = ±. The corresponding single-
particle momentum-space projectors to the upper and lower
bands are given by

P±(k) = |ψ±(k)〉〈ψ±(k)|, (C1)

consistent with the definition in Eq. (23).
Using these projectors, we define the (normalized) single-

particle OW wavefunctions, which form an overcomplete
basis for the upper (+) and lower (−) bands:

|Wr,ν,±〉 =
∫

d2k
(2π )2

eik·r fν,±(k)|ψ±(k)〉, (C2)

where fν,n(k) is a form factor. The form factor is defined as
the overlap between the Bloch state and a choice of “trial”
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local orbital |τν (k)〉:
fA/B,±(k) ∝ 〈ψ±(k)|τA/B(k)〉, (C3)

where {|τν〉}ν=A,B form an orthonormal basis and ν = A, B
denotes distinct choices of local orbitals. In the main text,
we choose |τA〉 = (1, 1)ᵀ/

√
2 and |τB〉 = (1, −1)ᵀ/

√
2

for our adaptive protocol. The proportionality reflects that
each form factor is L2-normalized over the Brillouin zone:∫

d2k
(2π )2 | fν,n(k)|2 = 1.
In Chern bands, a topological obstruction manifests di-

rectly in the form factors fν,n(k) used to define OW functions
[20]. For bands with Chern number 1, the form factor fν,n(k)
vanishes at a unique momentum k0

ν,n for each choice of local
orbital ν and for each band n:

fν,n
(
k0

ν,n

) = 0. (C4)

As a result, each OW function becomes orthogonal to exactly
one Bloch state per band in the thermodynamic limit〈

Wν,n
(
k0

ν,n

)∣∣ψn
(
k0

ν,n

)〉 = 0, (C5)

where |Wν,n(k)〉 is the Fourier transform of the real space OW
function. Hence, an OW function basis constructed using only
a single orbital choice (e.g., ν = A) is incomplete, missing one
Bloch state per band. That is, the set

{|Wr,A,n〉}r∈Z2,n=± (C6)

fails to span the full single-particle Hilbert space by two
states. However, the zeros of fν,n(k) differ for ν = A and
ν = B. Thus, by including OW functions from both orbitals,
we obtain the combined set

{|Wr,A,n〉}r∈Z2,n=± ∪ {|Wr,B,n〉}r∈Z2,n=±, (C7)

which does span the full single-particle Hilbert space. Intu-
itively, the ν = A basis “patches” the “hole” in the ν = B
basis, and vice versa. While this resolves the topological
obstruction, it also introduces redundancy. To quantify the
resulting overcompleteness, consider a system with N unit
cells and two orbitals per unit cell. Thus, the total number of
OW functions is 4N ,

|{|Wr,ν,n〉}r∈Z2,ν=A,B,n=±| = 4N, (C8)

whereas the Hilbert space dimension is 2N . The OW func-
tion basis is thus overcomplete by 2N elements, and this
redundancy persists in the thermodynamic limit N → ∞.
Nevertheless, the resulting basis consists of exponentially lo-
calized states.

For a system of many Chern bands with total Chern num-
ber |C| > 1, each form factor fν,n(k) may vanish at multiple
momenta, with the total degree of the zeros summing to |C|
[83]. As a result, OW functions from a single orbital ν will be
orthogonal to up to |C| Bloch states per band and fail to span
the full Hilbert space. To patch these “holes” in the basis set,
one can combine OW functions from multiple orbitals whose
form factor zeros occur at distinct locations. The minimal
number of such orbital types needed depends on the number
and degree of zeros in fν,n(k).

APPENDIX D: DETAILS ON LINDBLADIAN ANALYSIS
FOR ADAPTIVE CHERN INSULATOR PREPARATION

In this Appendix, we provide further details on the effec-
tive Lindbladian analysis of our adaptive protocol to prepare
Chern insulators. Note that this analysis applies to the untrun-
cated version of our protocol, and so we retain the exponential
tails of overcomplete Wannier functions in our analysis. We
will begin by constructing the quantum channel that describes
each trajectory-averaged cycle of our protocol. Following this,
we approximate the ancillary system as a Markovian bath
with fixed local particle density and trace it out, yielding an
effective channel that only acts on the physical layer. The
effective channel is then embedded into a continuous-time
description, yielding an effective Lindbladian that drives the
physical system toward the Chern insulator state. We then es-
timate the timescale of convergence for our adaptive protocol
by analyzing the two-point operator dynamics generated by
this effective Lindbladian.

1. Effective quantum channel on physical layer
via markovian approximation

The complete quantum channel, which describes the
trajectory-averaged dynamics for a single cycle of our
adaptive protocol, consists of four elementary measurement-
feedforward operations (depletion and filling) per unit cell,
followed by a sequence of random charge-conserving Gaus-
sian unitary gates that redistribute charge in the ancillary
system, and then a measurement of all local ancillary oc-
cupations. Formally, we write the quantum channel Ecycle

representing a single cycle of our circuit as

Ecycle = Emeas.
a E rand.

a

⎡⎣∏
r∈Z2

∏
ν=A,B

∏
n=±

Er,ν,n

⎤⎦, (D1)

where the channels Er,ν,n are

Er,ν,−(ρ̂tot ) = N̂r,ν,−ρ̂totN̂r,ν,− + fSWAP(χ̂r,ν,−, d̂r,ν )

·(1 − N̂r,ν,−)ρ̂tot (1 − N̂r,ν,−)

·fSWAP(χ̂r,ν,−, d̂r,ν )†, (30)

Er,ν,+(ρ̂tot ) = (1 − N̂r,ν,+)ρ̂tot (1 − N̂r,ν,+)

+fSWAP(χ̂r,ν,+, d̂r,ν ) · N̂r,ν,+ρ̂totN̂r,ν,+
·fSWAP(χ̂r,ν,+, d̂r,ν )†. (31)

In this section, the ordered “multiplication” of channels
denotes repeated application—one should think of it as a
sequence of compositions of channels. The ancillary-only
channels Emeas.

a , E rand.
a are given by

Emeas.
a =

∏
r∈Z2

∏
ν=A,B

Ea,r,ν ,

Ea,r,ν (ρ̂) = n̂a,r,ν ρ̂n̂a,r,ν + (1 − n̂a,r,ν )ρ̂(1 − n̂a,r,ν ), (D2)

E rand.
a (ρ̂ ) =

∫
dμ(θ) Ûa(θ)ρ̂Û †

a (θ). (D3)

The channel Emeas.
a (ρ̂) represents the trajectory-averaged

dynamics of the local ancillary occupation measurements
n̂a,r,ν ≡ d†

r,νdr,ν , while the channel E rand.
a (ρ̂) represents the
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trajectory-averaged random local charge redistribution in the
ancillary system. In the above, Ûa(θ) is product of U(1)-
symmetric local Gaussian unitaries that is parametrized by
a set of independently random phases θ = (θ1, θ2, . . .) dis-
tributed according to a normalized measure dμ(θ)—see
Eq. (29) for an explicit choice of Ûa(θ). Both Emeas.

a (ρ̂) and
E rand.

a (ρ̂) act only on the ancillary system.
A direct calculation shows that the unique fixed point of

Ecycle is

ρ̂ss = |CI〉〉〈〈CI| ⊗ σ̂a, σ̂a ∝ 1̂{Q̂a=�Q}, (D4)

where |CI〉〉 is the Chern insulator many-body state on the
physical layer, and the steady-state ancillary-system density
matrix σ̂a is a maximally mixed state over a definite global
charge sector with charge �Q. Here, �Q = Q − Nuc denotes
the total charge of the ancillary-system steady state, with Q
being the total initial charge of the whole system, and Nuc

denotes the number of unit cells in each layer. Furthermore,
Q̂a = ∑

r∈Z2

∑
ν=A,B n̂a,r,ν denotes the global charge operator

on the ancillary system.
To derive an effective channel acting only on the physical

layer, we adopt a Markovian approximation for each ele-
mentary measurement-feedforward step. At every elementary
step within a single cycle, we assume the ancillary system
is instantaneously refreshed as a product Gaussian state with
fixed local charge density; i.e., the total density matrix can
always be written as

ρ̂tot = ρ̂ph ⊗ ρ̂a, Tr[ρ̂an̂a,r,ν] = n̄a ∀ ν, r, (D5)

during its evolution within a cycle, where n̄a ∈ [0, 1] is the
uniform occupation probability for each local ancilla.

Since both the filling and depletion channels decompose
into two noncommuting channels (corresponding to different
orbital combinations ν = A, B), we minimally enlarge the an-
cillary Hilbert space by adding two additional orbitals per unit
cell and modify the protocol such that each fSWAP acts on
an independent ancillary mode, removing correlations intro-
duced by reusing the same ancillary-layer orbitals for both n
and fixed r, ν. With this setup, the ancillary system can be
traced out channel by channel, yielding an effective channel
that acts solely on the physical layer. The result is

Ẽcycle =
∏
r∈Z2

∏
ν=A,B

∏
n=±

Ẽr,ν,n, (D6)

where the effective channels Ẽr,ν,n are

Ẽr,ν,−(ρ̂ph) = N̂r,ν,−ρ̂phN̂r,ν,− + (1 − n̄a )(1 − N̂r,ν,−)

· ρ̂ph(1 − N̂r,ν,−) + n̄aχ̂
†
r,ν,−ρ̂phχ̂r,ν,−, (32)

Ẽr,ν,+(ρ̂ph) = (1 − N̂r,ν,+)ρ̂ph(1 − N̂r,ν,+)

+ n̄aN̂r,ν,+ρ̂phN̂r,ν,+

+ (1 − n̄a )χ̂r,ν,+ρ̂phχ̂
†
r,ν,+. (33)

2. Continuous-time embedding and effective
Lindbladian theory

Inspired by the framework of continuous-time error correc-
tion [99–102], we embed the discrete-time channel dynamics
into a continuous-time setting by promoting the quantum

channel to the generator of a continuous-time semigroup,
which necessarily takes the form of a Lindbladian genera-
tor [133]. To embed the trajectory-averaged dynamics into
an effective Lindbladian, we assign each local elementary
measurement-feedforward channel an infinitesimal success
probability dt [134], resulting in the following update rule for
the density matrix:

ρ̂ph(t + dt ) = (1 − dt )ρ̂ph(t ) + dt Ẽr,ν,n(ρ̂ph(t )). (D7)

This corresponds to the embedding

Ẽr,ν,n −→ edtLr,ν,n , Lr,ν,n ≡ Ẽr,ν,n − Id, (D8)

where Lr,ν,n defines the local Lindbladian [135] and Id de-
notes the identity channel, i.e., Id(ρ̂ ) = ρ̂. Consequently, the
complete channel over one infinitesimal circuit time step is
identified with

Ẽcycle −→ exp(dtLcycle),

Lcycle =
∑
r∈Z2

∑
ν=A,B

∑
n=±

(Ẽr,ν,n − Id). (D9)

We can reorganize Lcycle into three separate terms

Lcycle = Lgain + Lloss + Ldecoh., (D10)

with

Lgain = n̄a

∑
r∈Z2

∑
ν=A,B

D[χ̂†
r,ν,−], (D11)

Lloss = (1 − n̄a )
∑
r∈Z2

∑
ν=A,B

D[χ̂r,ν,+], (D12)

Ldephas. = (2 − n̄a )
∑
r∈Z2

∑
ν=A,B

D[N̂r,ν,−] + (1 + n̄a )

×
∑
r∈Z2

∑
ν=A,B

D[N̂r,ν,+], (D13)

and where

D[L̂](ρ̂) = L̂ρL̂† − 1
2 {L̂†L̂, ρ̂} (D14)

is the standard dissipator, with jump operator L̂. The dissipator
superoperator can be seen to arise naturally once the identity
channel is subtracted from the operator-sum description of
the local channel. Indeed, the Kraus operators of a channel E
become the jump operators for the corresponding Lindbladian
LE = E − Id.

The time-local Lindbladian in Eq. (D10) governs the
coarse-grained evolution of the physical density matrix and
provides an analytically tractable description of the adap-
tive circuit dynamics. Here, Lgain represents the filling of
lower band orbitals through particle swaps from the an-
cillary system, occurring with a rate proportional to the
fixed local ancillary orbital occupation probability n̄a. Sim-
ilarly, Lloss describes the depletion of upper band orbitals,
proportional to the complementary occupation probability
(1 − n̄a ). The dephasing term Ldephas. encodes additional
measurement-induced dephasing arising from randomness in
the overcomplete Wannier function occupation measurement
outcomes. It is easy to verify that the unique fixed point of
Lcycle is |CI〉〉〈〈CI|, as guaranteed by the stabilizer conditions
given by Eqs. (26) and (27).
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Having constructed an effective Lindbladian for the
trajectory-averaged dynamics, we now estimate the conver-
gence timescale of the discrete-time adaptive protocol by
determining the convergence timescale of its effective Lind-
bladian description, which we find to be O(1). This is in
agreement with the numerical evidence presented in Fig. 8,
which finds that the discrete-time adaptive protocol exponen-
tially converges to the fixed point in O(1) cycles. Moreover,
the effective Lindbladian description offers useful intuition: it
reveals that including both orbital combinations ν = A, B—
i.e., the overcompleteness of the Wannier function basis—is
essential for a gapped relaxation timescale.

3. Two-point operator dynamics and convergence timescale

To extract the convergence timescale, we analyze the
Heisenberg evolution of the two-point operators under the
dynamics induced by the effective Lindbladian [Eq. (D10)].
While the gain and loss components of Lcycle preserve
Gaussianity—since their jump operators are linear in fermion
operators—the dephasing term Ldephas. does not. Nevertheless,
because the dephasing jump operators are Hermitian, the two-
point function still evolves under a closed equation of motion
[136,137]. Although the many-body state may become non-
Gaussian during its evolution, the Heisenberg equations of
motion of higher-point correlators form a closed hierarchy:
The evolution of 2k-point functions depends only on corre-
lators of order �2k. In particular, the two-point dynamics
are independent of higher moments and admit a closed-form
expression. Since the steady state is Gaussian, it is fully de-
termined by its two-point function. Hence, we expect that
analyzing the convergence of the two-point operators will

suffice to estimate the timescale at which the adaptive protocol
prepares the Chern insulator state. We will use the notation
established in Appendix C in this subsection.

Exploiting translation invariance, we work in momentum
space. We define momentum-space operators for the σ th
fermion mode in the physical layer as

ĉr,σ =
∫

d2k
(2π )2

eik·r ĉσ (k), (D15)

and similarly for the momentum OW operators χ̂
†
ν,−(k). The

k-space two-point operator is then defined as

Ĝση(k, k′) = ĉ†
σ (k)ĉη(k′), (D16)

where σ, η = 1, 2 label orbitals. The two-point function is
then just the expected value of the two-point operator G ≡
〈Ĝ〉, where the expectation value is taken with respect to the
physical density matrix. If the density matrix evolves in time
according to Lcycle, i.e.,

d ρ̂ph = dtLcycle(ρ̂ph(t )), (D17)

it follows that the two-point function time evolves in the
Heisenberg picture according to the dual Lindbladian:

Ġση(k, k′, t ) = 〈Lcycle†(Ĝση(k, k′, t ))〉, (D18)

where the dual dissipator is defined as D†[L̂](ρ̂) = L̂†ρ̂L̂ −
1
2 {L̂†L̂, ρ̂} [138]. Using the fact that the dual dissipator can be
expressed in terms of commutators

D†[L̂](ρ̂) = 1
2 (L̂†[ρ̂, L̂] + [L̂†, ρ̂]L̂), (D19)

we can write the components of the dual effective Lindbladian
Lcycle† in momentum space as

Lgain†(ρ̂ ) = n̄a

∫
d2k

(2π )2

∑
ν=A,B

1

2
(χ̂ν,−(k)[ρ̂, χ̂

†
ν,−(k)] + [χ̂ν,−(k), ρ̂]χ̂†

ν,−(k)), (D20)

Lloss†(ρ̂) = (1 − n̄a )
∫

d2k
(2π )2

∑
ν=A,B

1

2
(χ̂†

ν,+(k)[ρ̂, χ̂ν,+(k)] + [χ̂†
ν,+(k), ρ̂]χ̂ν,+(k)), (D21)

Ldephas.(ρ̂) = − (2 − n̄a )
∫ 4∏

i=1

d2ki

(2π )2

∑
ν=A,B

1

2
[χ̂†

ν,−(k1)χ̂ν,−(k2), [χ̂†
ν,−(k3)χ̂ν,−(k4), ρ̂]](2π )2δ(k1 − k2 + k3 − k4)

− (1 + n̄a )
∫ 4∏

i=1

d2ki

(2π )2

∑
ν=A,B

1

2
[χ̂†

ν,+(k1)χ̂ν,+(k2), [χ̂†
ν,+(k3)χ̂ν,+(k4), ρ̂]](2π )2δ(k1 − k2 + k3 − k4), (D22)

where we note that Ldephas. = Ldephas.† is self-dual.
Assuming a translation-invariant initial state [139], we restrict attention to the diagonal k-space components Gση(k) ≡

Gση(k, k) and analyze their Heisenberg evolution under the effective Lindbladian Lcycle. Because the dual Lindbladian Lcycle†

just consists of commutators with single-fermion operators and Hermitian fermion bilinears, the action of Lcycle† on the two-point
operator is equivalent to a c-number valued superoperation on the two-point function [137]. Expanding the overcomplete Wannier
field operators in terms of fermion orbital modes via

χ̂
†
ν,±(k) =

∑
σ

fν,±(k)|ψ±(k)〉σ ĉ†
σ (k), (D23)
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where |ψ±(k)〉σ denotes the σ th component of the two-component Bloch state |ψ±(k)〉, it follows from Eqs. (D18) and (D20)–
(D22) that the Heisenberg evolution of the two-point function is given by

Ġση(k, t ) = n̄a

∑
ν=A,B

| fν,−(k)|2
[

P∗
−(k) − 1

2
{P∗

−(k), G(k)}
]

ση

− (1 − n̄a )
∑

ν=A,B

| fν,+(k)|2
[

1

2
{P∗

+(k), G(k, t )}
]

ση

+ (2 − n̄a )
∑

ν=A,B

| fν,−(k)|2
[(∫

d2q
(2π )2

| fν,−(q)|2〈ψ−(q)|G∗(q, t )|ψ−(q)〉
)∗

P∗
−(k) − 1

2
{P∗

−(k), G(k, t )}
]

ση

+ (1 + n̄a )
∑

ν=A,B

| fν,+(k)|2
[(∫

d2q
(2π )2

| fν,+(q)|2〈ψ+(q)|G∗(q, t )|ψ+(q)〉
)∗

P∗
+(k) − 1

2
{P∗

+(k), G(k, t )}
]

ση

,

(D24)

where we follow the notation established in Appendix C. In particular, fν,n(k) are L2-normalized form factors of the correspond-
ing overcomplete Wannier functions, P±(k) ≡ |ψ±(k〉〈ψ±(k)| denote projections on to the upper (+) and lower (−) band Bloch
states at a momentum k, and (· · · )∗ denotes complex conjugation. It is easy to verify that Chern insulator two-point function
GCI(k) = P∗

−(k) is the unique steady state of the Lindbladian evolution. This follows from the fact that at the many-body level,
the Chern insulator state |CI〉〉〈〈CI| is the simultaneous steady state of all local terms in the Lindbladian (D10).

We now extract the relaxation timescale of the two-point function dynamics. First, complex conjugate both sides of Eq. (D24)
(for simplicity of notation) and expand G∗(k, t ) in terms of band basis matrix elements

G∗(k, t ) = g+(k, t )P+(k) + g−(k, t )P−(k) + α(k, t )|ψ+(k)〉〈ψ−(k)| + α∗(k, t )|ψ−(k)〉〈ψ+(k)|, (D25)

where g±(k, t ) ≡ 〈ψ±(k)|G∗(k, t )|ψ±(k)〉 are scalar functions representing the diagonal components and α(k, t ) ≡
〈ψ+(k)|G∗(k, t )|ψ−(k)〉 represent the off-diagonal components. Note that the unique steady states for each scalar function
are given by

g+(k, t → ∞) = 0, g−(k, t → ∞) = 1, α(k, t → ∞) = 0, (D26)

which gives us G∗(k, t → ∞) = P−(k), as desired. We can derive equations of motion for g±(k, t ) and α(k, t ) by projecting
both sides of Eq. (D24) onto band basis matrix elements. This leads to

ġ+(k, t ) = −2
∑

ν=A,B

| fν,+(k)|2g+(k, t ) + (1 + n̄a )
∑

ν=A,B

| fν,+(k)|2
[∫

d2q
(2π )2

| fν,+(q)|2g+(q, t )

]
, (D27)

ġ−(k, t ) =
∑

ν=A,B

| fν,−(k)|2[n̄a − 2g−(k, t )] + (2 − n̄a )
∑

ν=A,B

| fν,−(k)|2
[∫

d2q
(2π )2

| fν,−(q)|2g−(q, t )

]
, (D28)

α̇(k, t ) = −
∑
n=±

∑
ν=A,B

| fν,n(k)|2α(k, t ). (D29)

The off-diagonal equation of motion [Eq. (D29)] can be
solved exactly, leading to

α(k, t ) = α(k, 0)e−[
∑

n=± γn(k)]t , (D30)

where we have defined the dissipation rates

γ±(k) ≡
∑

ν=A,B

| fν,±(k)|2. (D31)

These dissipation rates will show up again, and we pause to
comment on their relationship with topological obstructions.
In our setting, the dissipation rates remain nonzero for all k.
While the individual form factors fν,±(k) do possess zeros in
the topological phase, these zeros occur at distinct momenta
for different orbital combinations ν—see Appendix C for a
detailed discussion. Through Eq. (D31), we can see that it
is crucial that we use both local orbitals ν = A, B such that
γ±(k) 
= 0 for any k. The relaxation time will be shown to be
the reciprocal of the minimal value of γn(k), so using both
ν = A, B ensures that the relaxation time is finite.

We can show that the dissipation rates are O(1) quantities.
First, because the form factors have distinct zeros for different

ν, we have that γ±(k) > 0 for all k. Second, since the form
factors are normalized, i.e., satisfy

∫
d2k

(2π )2 | fν,±(k)|2 = 1, we

have that | fν,±(k)|2 is independent of system size; i.e., they
are O(1) quantities. As a result, the dissipation rates γ±(k)
are strictly positive and O(1) (away from the gap closing
points).

Since γ±(k) > 0, we see from Eq. (D30) that α(k, t →
∞) → 0 for all k, as expected from Eq. (D26). In contrast,
we cannot solve the equations of motion for the diagonal
components g±(k, t ) explicitly. However, we can still deter-
mine the relaxation time of the occupation densities in each
band. Consider the upper band component equation of motion
[Eq. (D27)] and integrate both sides of Eq. (D27) with respect
to k over the entire two-dimensional Brillouin zone. Making
use of the fact that the form factors fν,n(k) are L2-normalized
with respect to k, we can simplify the result to

∫
d2k

(2π )2
ġ+(k, t ) = −(1 − n̄a )

∫
d2k

(2π )2
γ+(k)g+(k, t ).

(D32)
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Now, define the k-space averaged diagonal components

ḡ±(t ) =
∫

d2k
(2π )2

g±(k, t ), (D33)

which physically correspond to the total occupation densities
of the n = ± bands. Furthermore, we define the dissipation
gaps

δ± ≡ min
k

γ±(k). (D34)

Then, it follows from Eq. (D32) that ˙̄g+(t ) is upper bounded
as

˙̄g+(t ) � −(1 − n̄a )δ+ḡ+(t ), (D35)

which yields the solution

ḡ+(t ) � ḡ+(0)e−(1−n̄a )δ+t . (D36)

We see that the upper band occupation density is upper
bounded by exponential decay, with a decay rate set by the
product of the ancillary “hole” occupancy (1 − n̄a ) and the
dissipation gap δ+ > 0.

A similar analysis can be performed for the lower band
component equation of motion. Integrating both sides of
Eq. (D28) with respect to k and applying normalization con-
straints on the form factors, we find∫

d2k
(2π )2

ġ−(k, t ) = 2na − n̄a

∫
d2k

(2π )2
γ−(k)g−(k, t ).

(D37)

Separating out the steady-state solution g−(k, t ) = 1 +
δg−(k, t ) and simplifying leads to∫

d2k
(2π )2

δġ−(k, t ) = −n̄a

∫
d2k

(2π )2
γ−(k)δg−(k, t ).

(D38)

Now, define the k-space averages of the steady-state deviation
δg(t ). It follows that one can upper bound the lower band
occupancy density deviation as

δg−(t ) � δg−(0)e−n̄aδ−t . (D39)

We see that the lower band occupation density is upper
bounded by exponential decay, with a decay rate set by the
product of the ancillary particle occupancy n̄a and the dissipa-
tion gap δ− > 0.

Taking into account Eqs. (D30), (D36), and (D39), we infer
that the longest relaxation timescale Tconv. of the effective
Lindbladian is given by

1/Tconv. = min[(1 − na )δ+, naδ−] ∝ min
k,n

[γn(k)], (D40)

which is equivalent to the result in the main text [Eq. (40)].
We have already argued that for any finite-size system, the

dissipation rates are O(1) quantities. Since n̄a ∈ [0, 1], we
have that Tconv. ∼ O(1) and is thus independent of system
size. We therefore estimate that the discrete-time adaptive
protocol reaches the steady-state Chern insulator in O(1)
measurement-feedforward cycles, in agreement with numer-
ics (see Fig. 8).
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