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‘We investigate the nonequilibrium dynamics of core-hole excitations in a one-dimensional fermionic few-body
system consisting of a spin-polarized Fermi bath coupled to a single heavy mobile impurity. The bath is
initially prepared in a particle-hole configuration by emptying a selected bath single-particle orbital, while
the impurity is displaced with respect to the center of the bath confinement potential. The quench dynamics
are initialized by suddenly switching on the impurity-bath interaction. To resolve the resulting dynamics, we
combine two complementary ab initio approaches, namely, the MultiLayer MultiConfiguration Time-Dependent
Hartree method for mixtures and a multichannel Born-Oppenheimer framework. We show that the postquench
response is governed by the interaction strength, impurity confinement, mass imbalance, and the location of
the initially prepared hole within the Fermi sea. The density evolution and impurity center-of-mass motion
reveal a competition between mixing and demixing of impurity and bath, while the von Neumann entropy
demonstrates the buildup of pronounced many-body correlations. Most importantly, the occupation dynamics
of the initially emptied orbital identifies deep core holes as substantially more robust against refilling than bulk
or edge vacancies. Our results establish core-hole excitations as robust dynamical many-body features in trapped
ultracold fermions and provide a controlled route toward probing orthogonality response, correlation buildup,

and hole refilling in real time.
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I. INTRODUCTION

The nonequilibrium dynamics of interacting many-body
systems remains one of the central challenges in modern
physics. Although equilibrium properties can often be de-
scribed in terms of effective quasiparticles, such as polarons,
their real-time response following a sudden perturbation
provides a direct view into the buildup of correlations, entan-
glement, and collective rearrangement.

A prominent example is provided by core-hole excitations
in atomic and molecular systems, where the sudden removal
of an inner-shell electron creates a highly nonequilibrium
state. The resulting localized vacancy triggers an ultrafast
reorganization of the surrounding electronic cloud and can
initiate prominent relaxation channels such as Auger de-
cay and interatomic/intermolecular Coulombic decay [1-7].
These processes constitute a hallmark of correlated electron
dynamics, since the fate of the initially created hole is not
governed by an isolated single-particle process, but by the
collective response of the many-body environment.
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From a complementary many-body perspective, the sudden
creation of a localized hole is also closely related to the core-
hole problem known from condensed-matter physics, where
x-ray absorption or emission induces an abrupt change of the
local scattering potential experienced by a Fermi sea [8—11].
In that context, the response is governed by collective particle-
hole excitations and may lead to Anderson’s orthogonality
catastrophe, namely, the vanishing overlap between the many-
body states before and after the perturbation [9]. Although
the microscopic realization differs between molecular and
solid-state systems, both settings raise the same fundamental
question of how a many-body environment reorganizes after
the sudden appearance of a localized hole.

Ultracold atomic systems provide a highly controllable
alternative setting in which impurity dynamics, orthogonality-
catastrophe physics, and nonequilibrium many-body response
can be explored in real time. In particular, impurity quenches
in fermionic environments have been proposed as a route
to observe orthogonality-catastrophe phenomena in the time
domain [12-14], while interferometric experiments have
demonstrated decoherence and ultrafast many-body dynamics
of impurities immersed in Fermi seas [15,16]. More broadly,
these developments connect naturally to the physics of quan-
tum impurities and Fermi polarons in ultracold gases [17,18],
as well as to the wider setting of trapped one-dimensional
few-body mixtures [19].

Motivated by these developments, we investigate the
dynamics following core-hole excitations in a fermionic
few-body system consisting of a spin-polarized Fermi bath
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coupled to a single mobile impurity. In contrast to the ref-
erence impurity-quench settings, we prepare the bath in a
particle-hole configuration by emptying a selected single-
particle orbital. At time ¢ = 0, the interaction between bath
and impurity is switched on suddenly. Hence, we mimic
the abrupt appearance of a local scattering potential as in
the x-ray-edge problem and drive the system far from equi-
librium. This protocol serves two complementary purposes:
First, it realizes a controlled analog of the core-hole setup
in a trapped ultracold-atom setting. Second, it allows us to
directly monitor how the initially empty orbital is dynami-
cally refilled through impurity-induced many-body processes.
In this way, observables such as the buildup of impurity-
bath entanglement and the occupation of the emptied orbital
provide a unified characterization of the resulting nonequilib-
rium response. To address the involved interplay of fermionic
statistics, correlations, and nonequilibrium dynamics, we ap-
ply robust time-dependent ab initio approaches, given by
the multilayer time-dependent Hartree method for fermions
(ML-X) and a multichannel Born-Oppenheimer (MCBO) ap-
proach.

Finally, we focus on a physically relevant heavy-impurity
regime, consisting of a light fermionic bath and a substan-
tially heavier impurity subject to harmonic confinement. Such
a setting is directly motivated by experimentally realized
mass-imbalanced mixtures, including SLi-*K, SLi-’3Cr,
Li-34Sr, and °Li-%Rb, which span mass ratios m;/mp ~
6.7-14.5 and allow for tunable interspecies interactions
[20-26]. This parameter regime is particularly well suited
for our study, since the large mass imbalance enhances the
separation of impurity and bath timescales and thereby pro-
vides a natural setting for analyzing quench-induced core-hole
dynamics, impurity localization, bath rearrangement, and the
emergence of nonadiabatic many-body effects.

The structure of this work is as follows. In Sec. II, we
introduce the underlying Hamiltonian together with the nu-
merically exact ab initio methods that provide the framework
for the subsequent analysis. In Sec. III, we investigate the dy-
namics in terms of the one-body densities, the center-of-mass
position of the impurity, and many-body measures such as the
von Neumann entropy and the hole occupation. Finally, we
conclude with a summary and outlook in Sec. IV. Technical
details of the employed methods are provided in Appendixes
A and B, alongside a convergence analysis in Appendix C.

II. SETUP, METHODOLOGY, AND OBSERVABLES

In this section, we introduce our quench protocol and
Hamiltonian, summarize the two ab initio approaches used
to obtain the real-time dynamics, and outline our main ob-
servables for tracking the quench-induced dynamics of the
core-hole excited system.

A. Quench protocol and preparation of a particle-hole excitation

We consider a bath of Ny = 5 spin-polarized fermions and
a single impurity (V; = 1) confined in a one-dimensional har-
monic trap. We prepare both species without interaction (g =
0), so that both bath and impurity are initially uncorrelated.

The bath species follows the single-particle Hamiltonian

L 2o\ 1 2
T 2 A - 2(.B
= =1 " 2mg <3x§3) * ZmbB(xj) ’ M

with mp and wp being the mass and trap frequency of the bath,
respectively. The bath is initialized in a particular particle-hole
configuration for the fixed particle number Np; i.e., a vacancy
(hole) is created in a chosen single-particle orbital, while the
next free orbital is occupied instead. Denoting by |[FS(Np)) the
reference Fermi-sea configuration of the noninteracting bath,
given by the Slater determinant obtained by filling the lowest-
in-energy Np orbitals, a single particle-hole excitation reads

[W5(0)) = [Wgy) = ;¢ [FS(Np)) , (@)

where h € {0, 1, ..., Ng — 1} labels the initially unoccupied
(hole) orbital and p = Np the additionally occupied orbital.
Here, 62 (¢,) creates (annihilates) a bath fermion in the
nth single-particle orbital corresponding to the noninteracting
bath Hamiltonian Hp. These operators are defined in terms of
the fermionic field operators as é; = f dx ¢, (x)\ilg(x), where
¢n(x) is the nth single-particle eigenstate of the harmonic
oscillator. They obey canonical anticommutation relations
{Cn, 6’;} = 8y and {C,,, ¢} = 0, owing to the orthonormality
of the harmonic-oscillator eigenbasis. In this formalism, the
reference is the Nz-body Fermi sea |FS(Np)) = ]_[;Vigl 6; |0).
This setup can be realized in state-of-the-art experimental re-
alizations: Single-atom controlled quantum-gas microscopes
and optical-tweezer platforms provide the key ingredients for
the preparation and manipulation of tailored few-fermion con-
figurations, including such defectlike excitations [27-30].
The impurity follows the Hamiltonian

; e\ 1
H = —2—,%[(@) + mie(d = x)?, 3)
with m; and w; being the mass and trap frequency of the
impurity, respectively. The initial state of the impurity is the
ground state of a shifted harmonic trap centered at x;, (p,(o)(xl).

At t =0, we perform a quantum quench by suddenly
switching the interaction between the bath and the impurity
to a finite value, thus driving the system far out of equilib-
rium [31,32]. Since we are considering a fermionic setup,
intraspecies interaction in the bath species is excluded due to
the Pauli principle. This protocol mimics the sudden appear-
ance of a scattering potential in the bath (core-hole problem),
while enabling direct access to the ensuing real-time refilling
dynamics and correlation buildup [11].

The total Hamiltonian of the interacting system reads A =
1‘73 + I‘?[ + [‘?31, where

Np
Hy =Y gs(xf —x'). )
k=1

with g being the interaction strength connected to the s-wave
scattering length and transverse confinement according to Ref.
[31]. The interaction can be tuned via a magnetic field exploit-
ing Feshbach resonances or via the transverse confinement by
utilizing confinement-induced resonances [33].

As pointed out in the Introduction, we focus on a heavy
impurity in a weaker trapping confinement, w; < wpg, which
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(b) Dynamics (g #0)

(a) Initial State (t=0)
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FIG. 1. Schematic representation of our setup. (a) Initial nonin-
teracting configuration of the Fermi bath with Ny = 5 particles and a
hole excitation /, together with a single displaced impurity (N; = 1).
(b) Dynamics following the interaction quench g # 0, during which
the bath atoms interact with the impurity, resulting in population
redistribution and a refilling of the initially empty hole state.

was identified in our previous works [34,35] as a favor-
able regime for pronounced quench-induced dynamics and is
therefore particularly suitable for analyzing the accompanying
nonadiabatic effects. A smaller w; reduces the confinement
energy cost opposing interaction-induced displacement and
broadening of the impurity wave packet. At the same time, the
impurity oscillator length £; = /7i/(m;wy) increases as wy is
lowered. Thus, although the impurity remains heavy, weaker
confinement makes it more susceptible to bath-impurity inter-
actions and correlations induced by the spatial inhomogeneity
of the bath after the quench, thereby enhancing their role in
the subsequent nonequilibrium and nonadiabatic dynamics.
This directly leads us to the setup defined by m; = 5.0mg
and w; = 0.5 wg, which we shall refer to in the following
as the reference setup. A sketch of this setup is shown in
Fig. 1. Motivated by this substantial mass difference between
the impurity and the bath species, we employ the MCBO
approach.

In the following, we use harmonic-oscillator units based on
mp, wp, and 7. Thus, the length scales are expressed in terms
of bp =+~ & Within this system, the time unit is a)gl and
the interaction unit is fiwglp.

The dimensionless evolution times considered here can
be connected to experimental few-body platforms by using
tohys = o = 777 - A a representative scale, few-fermion mi-
crotrap experiments realize axial trapping frequencies of the
order fz ~ 1kHz [36,37]. This gives wz' ~ 0.1 ms, implying
that the maximal time interval of our analysis, t = Sa)gl,
corresponds to a few tenths of a millisecond. This is many
orders of magnitude shorter than typical few-atom trap life-
times, which can reach tens of seconds, and also well below
heating timescales in low-noise optical trapping setups, where
ground-band heating rates in the regime of 1072s~! have
been demonstrated [38]. Thus, the predicted dynamics occur
on timescales that are well separated from typical loss and
heating processes in state-of-the-art few-body experiments.

The sudden interaction quench drives the initially uncor-
related impurity-bath system into a correlated nonequilibrium

regime. To describe this dynamics quantitatively, we employ
two complementary ab initio approaches. We first introduce
the numerically exact ML-X method, which provides the full
many-body benchmark description, and subsequently turn to
the MCBO framework, which is motivated by the heavy-
impurity species.

B. The ML-X method

The multilayer multiconfiguration time-dependent Hartree
method for mixtures (ML-X) is a variational, ab initio, and
numerically exact approach to simulate the nonequilibrium
quantum dynamics of bosonic and fermionic particles, as well
as their mixtures [39—41]. It employs a multilayered ansatz
that variationally optimizes the quantum basis across multiple
structural levels of the total many-body wavefunction. This
expansion adapts dynamically to interparticle correlations at
the single-particle, single-species, and multispecies levels, en-
abling efficient and accurate simulations.

The total wavefunction,

D
W) =Y VT 0)) T 1), (5)
k=1

is represented using a Schmidt decomposition of rank D.
This decomposition expands the many-body wavefunction in
terms of single-species functions |‘IJ,§’ (1)), where o denotes
the species. The Schmidt weights, A(t), quantify the entan-
glement between different species, providing a compact rep-
resentation of the system dynamics. Each single-species func-
tion |\TJ,§’ (1)) is expanded in terms of Fock states made up of
d° time-dependent single-particle functions (SPFs), |¢7 (1)),
which dynamically adapt to the evolving system. These SPFs
are further expressed on a discrete variable representation
(DVR) basis, enabling an efficient and precise representation
of the spatial degrees of freedom. A detailed derivation of this
multilayer representation, including the role of the hierarchi-
cal structure of the ansatz, can be found in Appendix A.

Ground states are determined via imaginary-time propa-
gation. The Hilbert space truncation is characterized by the
configuration C = (D;d?;d"), chosen to adequately account
for interspecies entanglement and bath state occupation.

While ML-X provides a numerically exact treatment of
the full correlated dynamics, the pronounced mass imbal-
ance of the underlying system also suggests a complementary
reduced description in terms of impurity motion on bath-
induced potential-energy curves, which will be introduced in
the following.

C. The multichannel Born-Oppenheimer approach

Motivated by the presence of a heavier and thus less mo-
bile impurity, it is natural to complement the full many-body
treatment by a Born-Oppenheimer-type description [42]. To
this end, we employ a generalized MCBO ansatz

\IJ(xf, o ,xf,ﬂ,x,;t)
M
= Z ‘-IJ_]',]()C];I)\IJ]‘,B()C?, - ,XIIE/E;)C[) . (6)
j=1

(5., X;ffﬁ W) 5(x1))
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Here, |W;g(x;)) denotes an orthonormal bath basis with a
parametric dependence on the position of the impurity x;,
where j =1,2,... The impurity wavefunctions W;;(x;;t)
are the expansion coefficients in the many-body basis of the
coupled system and obey the normalization condition

M
> [ dniwennp =1 )
=1

Applying the Dirac-Frenkel variational principle [43,44],
(8W|H — ihd,| V) = 0, (8)

with the ansatz of Eq. (6), we can derive the time-dependent
equation of motion

w0 =~ 3 (8-~ ia)
ih— X, t)=—— — — A (x
dr k, I\ 2m1 ot kj 8)6] kj\Al

J
X (‘Sjl_ - lA_jl(x1)> Wy (xp)
8)61

M
1
+ E <3k18k(x1) + 5k1§mlw%(x1 —x,)?
=1

+ Vit (xz)) W g (xg, 1). 9)

Here, Ayj(x;) = i(W p(x1)|0, ¥ p(x;)) denotes the nonadia-
batic derivative coupling, which measures how strongly the
bath eigenstates change with the position of the impurity due
to the impurity-bath interaction.

A natural and practical choice for the bath basis is given by
the eigenstates of Hg + Hg; for the fixed impurity position x;,
namely,

(Wi ()| Hp + Hpr |V 5(x1)) = 8 ex(xp), (10)

with & (x;) the potential-energy curves (PECs). These curves
define the adiabatic energy landscape through which the
impurity moves. In addition to the PECs, Eq. (9) contains
the derivative couplings Ag;(x;), which mediate interchan-
nel transfer, and a geometric renormalization term V" (x7).
Explicit derivations and further diagnostics are given in Ap-
pendix B. For details on the derivation of the corresponding
static equations, see Ref. [34].

Before proceeding, we specify the implementation of the
interaction quench. Although real-time propagation is per-
formed with the interacting Hamiltonian at g # 0, the initial
state is prepared in the noninteracting case g = 0. Hence, the
initial state must be projected onto the postquench MCBO
basis.

At t = 0, the total state is factored into the ground-state
impurity wavefunction (p}O)(xl) and the bath state |Wg(0)) of
Eq. (2), which contains the particle-hole excitation. However,
for t > 0, the MCBO expansion employs the interacting bath
eigenstates |W; p(x7)) associated with Hg + Hg(g) at fixed
impurity position x;. Therefore, the initial channel amplitudes
are obtained as

W1 (50) = 0¥ 0r) (W 500) | Ws(0)) . (11)

This projection determines the initial populations of the adi-
abatic PECs at the quench and thereby sets the stage for
subsequent real-time dynamics.

After having specified both the quench protocol and the
theoretical methods used for the time evolution, we now in-
troduce the observables that will be used to characterize the
resulting real-space dynamics, correlation buildup, and hole
refilling.

D. Dynamical observables

To characterize the postquench dynamics, we monitor
real-space one-body densities, the impurity center-of-mass
position as an indicator of mixing and demixing dynamics,
the impurity-bath entanglement entropy, and the occupation
of the initially emptied bath orbital.

The initial particle-hole excitation is prepared in the non-
interacting bath basis. Accordingly, the hole index % labels
a harmonic-oscillator orbital of the uncoupled bath Hamilto-
nian. For the present setup with Ny = 5 fermions, we focus
on three representative hole indices: & = 0, corresponding to
a core hole deep inside the Fermi sea; & = 2, corresponding
to a bulk hole; and & = 4, corresponding to a hole at the
Fermi edge, i.e., close to the Fermi surface. As discussed
in the Introduction, this distinction is physically important
because the energetic constraints and Pauli blocking depend
strongly on the location of the vacancy within the Fermi sea
and therefore have a pronounced impact on the subsequent
dynamics.

We define the local density operators in terms of the field
operators U, (x), as

o (x) = U ()W, (x), o e(B, 1) (12)

The corresponding one-body densities are
PP (xst) = (W(t)| iy (x) [W(2)) . (13)

They provide a direct real-space measure of the postquench
response. Within ML-X, the one-body densities are straight-
forwardly obtained from the reduced one-body density
operators, while in the MCBO picture they can addition-
ally be resolved into impurity-channel contributions [34,35],
which allow a determination of the nonadiabaticity. In par-
ticular, by calculating Ap P (x;1) = pV(x;1) — pP(x; 0), we
can characterize the spatial evolution of the one-body density
of species o. We further calculate the impurity center-of-mass
position

() = /dxxp}"(x;m, (14)

which tracks the impurity trajectory and provides a compact
diagnostic of interaction-induced mixing and demixing be-
tween the impurity and the fermionic bath. Because the bath
is centered at x = 0 and the impurity is initially displaced, im-
purity motion toward the center corresponds to mixing, while
motion away from the bath cloud corresponds to demixing.
This can be understood as the impurity accessing states of
lower or higher energy, which are associated with tendencies
toward component miscibility and immiscibility, respectively.

To quantify the buildup of impurity-bath correlations, we
employ the Schmidt decomposition of the total many-body

033346-4



CORE-HOLE EXCITATION DYNAMICS OF ...

PHYSICAL REVIEW RESEARCH 8, 033346 (2026)

wavefunction as provided naturally within ML-X,

D
W) =D Vo) [T )| T 1)), (15)
k=1

where A, (¢) are the natural populations of the Schmidt decom-
position. From them, we compute the von Neumann entropy

D
SIN(E) == M) In di0). (16)

k=1

The growth of Syn(#) signals the buildup of genuine impurity-
bath entanglement. Since the Schmidt decomposition is
intrinsic to ML-X, this quantity is particularly direct to eval-
uate in that framework. In the MCBO analysis, the natural
populations are obtained by diagonalizing the reduced density
matrix constructed from the channel amplitudes in Eq. (6)
and the corresponding bath-state overlap kernel, rather than
from a Schmidt decomposition directly. The agreement with
the ML-X results therefore serves as an additional indicator of
convergence.

A basis-resolved measure of the refilling dynamics is pro-
vided by the occupation of the initially emptied bath orbital,

m(t) = (W) e [W(0)) a7

where 62 and ¢, create and annihilate a bath fermion in the
noninteracting orbital ¢;(x), respectively. By construction,
n,(0) = 0 describes the empty hole state. Because n,, () refers
to the occupation of the specific, initially emptied noninteract-
ing orbital, it directly measures the persistence or refilling of
the prepared core- (h = 0), bulk- (h = 2), or edge-hole (h =
4) excitation. Consequently, it is the most direct observable for
identifying whether a dynamically robust core-hole excitation
is realized after the quench.

In the following, these observables are used to analyze
different aspects of the nonequilibrium evolution: The one-
body densities provide a real-space view of the postquench
response, (x;(¢)) tracks mixing and demixing, Syn(#) quanti-
fies impurity-bath entanglement, and n;(¢) directly measures
the dynamical stability of the prepared core-, bulk-, and edge-
hole excitations.

II1. RESULTS

We now turn to the nonequilibrium dynamics following
the sudden switch-on of the impurity-bath interaction at t =
0. Our main goal is to identify how the initially prepared
particle-hole excitation affects the subsequent real-space and
many-body dynamics, and, in particular, under which con-
ditions a robust core-hole excitation can be dynamically
maintained. The results presented in the following are ob-
tained using the MCBO method for computational efficiency.
To ensure their reliability, we compare to ML-X calculations,
which provide an ab initio numerical benchmark. In particu-
lar, the von Neumann entropy constitutes a stringent test of
convergence; a detailed analysis is provided in Appendix C.

A. Real-space density dynamics: Core-,
bulk-, and edge-hole response

We begin by analyzing the spatiotemporal one-body den-
sities of the bath and impurity species, which provide direct
insight into how the impurity motion and the initially prepared
bath hole shape the real-space dynamics. First, we consider
the intermediate-interaction regime, g = 1.0 fiwgfp, with the
impurity initially displaced to x; = 2.0, i.e., positioned at
the edge of the bath cloud as shown in Fig. 2. This setup
is designed to probe how the impurity perturbatively affects
the bath, with the aim of inducing only weak excitations
rather than a strong global response. For the core-hole case,
h = 0, switching on the interaction at + = O slightly pushes
the impurity further outward [panel (c;)], signaling an initial
demixing tendency between impurity and bath species [com-
pare panels (a;) and (c;)]. At the same time, the bath develops
a weak density depletion propagating across the entire cloud,
akin to a phonon mode, which becomes particularly visible in
the density difference [panel (by)]. The impurity density also
broadens while being displaced. A qualitatively similar behav-
ior is observed for the bulk-hole preparation, i = 2, where the
bath oscillation pattern closely resembles that of the core-hole
case, but appears to be more pronounced [see Figs. 2(a;),
2(b,), and 2(cy)]. In contrast, for the edge-hole case, & = 4,
the perturbation is weaker: Although the bath still exhibits a
similar oscillatory pattern, the impurity density remains more
localized and shows no pronounced broadening [panel (az)].
Overall, the main observation in this weakly perturbed regime
is that the collective bath oscillation is largely insensitive to
the specific hole preparation and exhibits a similar pattern
in all cases, as can be inferred, in particular, from the bath
density difference A pél)(x; t) [see Figs. 2(b3) and 2(c3)].

Next, we reduce the initial displacement to x; = 1.0¢p
while keeping the interaction strength fixed, as shown in
Fig. 3. In this case, the impurity is initially closer to the
region of maximal bath density and therefore a stronger local
response occurs. Indeed, the bath displays a more pronounced
collective oscillation. For the core-hole case, the density
dynamics clearly show a temporary refilling of the central de-
pleted region during the oscillation [see Fig. 3(b;)], reflecting
the stronger overlap of the impurity with the hole location.
In contrast, for bulk- and edge-hole preparations, &7 = 2 and
h = 4, the dynamical changes in bath and impurity densities
become less pronounced. This can be traced back to the differ-
ent spatial profiles of the involved bath orbitals depending on
the hole position: The 2 = 0 orbital has its maximum density
at the trap center, whereas the higher orbitals corresponding
to h=2 and h =4 are more extended and exhibit sub-
stantial probability density away from the center. Therefore,
an impurity initially placed at small displacement overlaps
most selectively with the core-hole configuration, while its
effect on the bulk- and edge-hole preparations is spatially less
distinct.

We now turn to the stronger interaction regime, g =
2.0 hwplp. For x; = 2.0¢p, shown in Fig. 4, the excitation
pattern in the bath becomes significantly more pronounced
for all hole preparations. In the case of the core hole,
h =0, the impurity is displaced more strongly and de-
velops a visible internal minimum in its density profile,
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w
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FIG. 2. Spatiotemporal evolution of the coupled bath-impurity dynamics. The top row [panels (a;)] displays the bath one-body density

(1)

pg)(x; t), the middle row [panels (b;)] the associated density difference Apy (x;t), and the bottom row [panels (c;)] the impurity one-body
density p,(l)(x;t). Parameters are g = 1.0 ilgwp, x; = 2y, m; = 5.0mp, and w; = 0.5wp. From left to right, the columns correspond to the
initial hole states 7 = 0 (i = 1, core hole), h = 2 (i = 2, bulk hole), and & = 4 (i = 3, edge hole). The green arrows indicate the density-depleted

regions associated with hole initialization.

see Fig. 4(c;). A similar feature also appears for the
bulk-hole case h =2, see Fig. 4(cy). More generally, a
stronger bath-impurity coupling leads to more pronounced
oscillatory dynamics of the bath, consistent with the pre-
viously identified phononlike density-wave response in
Figs. 2(ay), 2(by) for h = 0. In particular, for 4 = 2, the impu-
rity density exhibits particularly strong broadening, indicating
that this combination of interaction strength and initial dis-
placement is especially sensitive to the spatial structure of the
bath orbital.

Finally, we consider the stronger coupling together with the
smaller displacement, x; = 1.0¢p, as shown in Fig. 5. In this
regime, all hole preparations exhibit pronounced collective
bath excitations. For core-hole preparation, the impurity is

drawn to x; = 0, i.e., toward the location of the hole, see
Fig. 5(cy). In contrast to the weaker coupling cases, for the
other two hole preparation schemes in Figs. 5(c;), 5(c3), in
contrast to the weaker-coupling cases, the previously observed
demixing tendency is strongly reduced: For the bulk-hole
case, h = 2, a slight residual demixing remains visible, but
the most prominent feature is again the substantial broadening
of the impurity density. This behavior is likely related to the
density minima associated with the bath-hole structure. In
contrast, for the edge-hole case, h = 4, the impurity density
remains comparatively compact and does not show a similar
strong broadening. This is consistent with the flatter spatial
structure of the edge orbital and the corresponding bath den-
sity distribution.
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FIG. 3. Spatiotemporal evolution of the coupled bath-impurity dynamics. The top row [panels (a;)] displays the bath one-body density

(1)

,0,(;1) (x;t), the middle row [panels (b;)] the associated density difference Apg’(x;t), and the bottom row [panels (c;)] the impurity one-body
density pl(l)(x;t). Parameters are g = 1.0 ilgwg, x, = 1€g, m; = 5.0mp, and w; = 0.5wp. From left to right, the columns correspond to the
initial hole states # = 0 (i = 1, core hole), h = 2 (i = 2, bulk hole), and » = 4 (i = 3, edge hole).

Having established these general features from the density
evolution, we next turn to the mean position of the impurity to
quantify the observed mixing and demixing behavior and to
characterize the impurity motion more systematically.

B. Impurity motion: Mixing and demixing dynamics

To quantify the impurity dynamics beyond the qualitative
picture provided by the density evolution, we now analyze
the impurity center-of-mass position, (x;(¢)), shown in Fig. 6.
This observable provides a direct measure of the degree
of mixing or demixing between impurity and bath during
the postquench dynamics. Across the individual panels, we
compare the effect of the initial impurity displacement and
the hole preparation, while the columns further illustrate

how these trends are modified by changing the impurity
mass and trapping frequency. In particular, moving row-
wise at fixed interaction strength allows us to examine how
reduced mobility caused by a larger mass, or enhanced mo-
bility caused by weaker confinement, modifies the impurity
response.

We first focus on the weak-coupling regime, g =
1.0 iwglp. For the smaller initial displacement, x; = 1£p,
shown in Fig. 6(a;), the core-hole preparation, # = 0, leads
to a clear inward motion of the impurity, indicating mix-
ing with the bath. In contrast, for the bulk- and edge-hole
cases, h =2 and h =4, the impurity is displaced further
outward, signaling demixing. Among these, the strongest
demixing occurs for 7 =2, which can be traced back to
the density depletion associated with the hole in the bath
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FIG. 4. Spatiotemporal evolution of the coupled bath-impurity dynamics. The top row [panels (a;)] displays the bath one-body density

(1)

,0,(;1) (x;t), the middle row [panels (b;)] the associated density difference Apg’(x;t), and the bottom row [panels (c;)] the impurity one-body
density pl(l)(x;t). Parameters are g = 2.0 ilgwg, x, = 2p, m; = 5.0mp, and w; = 0.5wp. From left to right, the columns correspond to the
initial hole states # = 0 (i = 1, core hole), h = 2 (i = 2, bulk hole), and & = 4 (i = 3, edge hole).

profile. For the larger displacement, x; = 2¢p, the behavior
changes qualitatively. In the core-hole case, the impurity no
longer moves inward, consistent with the fact that the central
hole cannot be efficiently refilled when the impurity starts
farther away. At the same time, the demixing in the bulk-
hole case becomes weaker, since the impurity is initially
positioned closer to the corresponding depleted region. For
the edge-hole preparation, 4 = 4, the impurity is pushed far-
thest outward, reflecting the extended spatial character of the
edge orbital.

These trends are modified quantitatively, but not quali-
tatively, when increasing the impurity mass to m; = 10mg.
As expected, the heavier impurity exhibits a reduced over-
all displacement, consistent with its lower mobility. For the
smaller shift, the same ordering between the different hole

initial states remains visible, although the inward motion for
h = 0 is weakened. More strikingly, the larger shift and 7 = 2
initial state supports a tendency toward mixing rather than
demixing, indicating that the interplay between reduced mo-
bility and the spatial structure of the hole can qualitatively
alter the impurity trajectory. A similarly enhanced sensitivity
is observed when weakening the impurity confinement. In this
case, the impurity becomes more mobile and correspondingly
more responsive to the detailed bath structure.

We now turn to the stronger interaction strength, g =
2.0 hwplp, shown in the lower panels [Fig. 6(b;)]. Overall,
the same qualitative features of the dynamics persist, but
the balance between mixing and demixing shifts toward a
stronger outward repulsion. For the reference setup, m; =
5.0mp and w; = 0.5wp, the stronger coupling largely acts as a
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FIG. 5. Spatiotemporal evolution of the coupled bath-impurity dynamics. The top row [panels (a;)] displays the bath one-body density
,0,(;1) (x;1), the middle row [panels (b;)] the associated density difference A,o,(;)(x; t), and the bottom row [panels (c¢;)] the impurity one-body
density pl(l)(x;t). Parameters are g = 2.0 ilgwg, x, = 1€g, m; = 5.0mp, and w; = 0.5wp. From left to right, the columns correspond to the
initial hole states # = 0 (i = 1, core hole), h = 2 (i = 2, bulk hole), and » = 4 (i = 3, edge hole).

renormalization of the weak-coupling behavior: The core-hole
case still shows the strongest tendency toward mixing, but the
inward motion is reduced, while the demixing in the other
hole initial states becomes more pronounced. Physically, the
stronger repulsive interaction keeps the impurity more local-
ized and suppresses its penetration into the bath.

A similar pattern is found for the heavier impurity, m; =
10mgp, although in this case the dynamics becomes even more
restricted. In particular, for the bulk-hole case the partial mix-
ing tendency observed at weaker coupling is suppressed, and
the impurity remains more strongly localized near its initial
position. Thus, enhanced interaction and reduced mobility
cooperate to inhibit inward motion.

Finally, for the weak-trap case [Fig. 6(bs)], the stronger
interaction favors demixing even more clearly. Most no-

tably, the mixing tendency of the core-hole preparation
at small initial displacement is suppressed. This shows
that reduced spatial localization of the impurity, caused
by the weaker confinement, facilitates a broader overlap
with the bath and thereby lowers the energetic cost of
an outward displacement. As a result, in all noncentral
hole preparations the impurity is more efficiently expelled
from the bath region.

In general, the center-of-mass motion of the impurity
confirms and sharpens the picture suggested by the densities:
Mixing is favored primarily for the preparation of the core
hole and the small initial displacement, while demixing dom-
inates for larger shifts, stronger interactions, and parameter
regimes that enhance the susceptibility of the impurity to
repulsive bath-induced forces. However, a central conclusion
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FIG. 6. Impurity center-of-mass motion (x;(¢)) for the three hole initial states 7 = 0, 2, 4. The upper [panels (a;)] and lower [panels (b;)]
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heavier-impurity case m; = 10mp and the weaker-trap case w; = 0.2wp, respectively.

from Fig. 6 is that the impurity response is not governed by the
hole index alone. Instead, it depends on the relative impurity-
hole geometry, namely, on the spatial relation between the
initially displaced impurity and the unoccupied orbital. This
explains the observation that a change of x, can cause reorder-
ing of the hierarchy of impurity trajectories among core-,
bulk-, and edge-hole preparations. The labels core, bulk,
and edge therefore characterize the energetic position of the
vacancy, while the observed impurity motion is additionally
shaped by the spatial structure of the corresponding hole
orbital.

After analyzing the mixing and demixing on the one-body
level, we focus on the many-body correlations generated
during the quench. To address this aspect, we investigate
the impurity-bath entanglement through the von Neumann
entropy.

C. Entanglement growth and the special
role of core-hole excitations

As shown in Fig. 7, the von Neumann entropy exhibits
an overall initial increase over the first time interval, At ~
0.4/wg, for all investigated configurations. This early-time be-
havior is largely governed by the interaction quench itself and
is consequently common to all setups. Comparing the upper
panels (a;), corresponding to the weaker interaction strength
g = 1.0hwglp, we find that the duration and magnitude of
this initial collective growth depend on the impurity mass m;
and trapping frequency wy. In particular, the reference setup
and the heavier-impurity case, m; = 10 mp, show an almost

identical initial rise and saturation of the von Neumann en-
tropy. Thus, increasing the impurity mass does not noticeably
modify the early-time entanglement dynamics. However, a
different behavior is observed for the more weakly trapped
impurity (w; = 0.2wg) [panel (a3)], where the initial increase
is more pronounced, whereas the splitting of the entropy
curves sets in at nearly the same time. This behavior indicates
that weaker confinement promotes a larger initial buildup of
entanglement and extends the common early-time response
before the details of the hole preparation become relevant.
After this initial collective stage, the entropy dynamics
becomes strongly dependent on the interplay between hole
position and initial impurity shift. For the reference case
my; = 5.0mp and w; = 0.5wp [panel (a;)], this dependence is
particularly pronounced. For the smaller shift, x; = 1.0¢p, the
Fermi-edge hole (h = 4) leads to a strong suppression of the
subsequent entanglement growth, such that the von Neumann
entropy remains nearly constant at later times. In contrast,
the core (h = 0) and bulk (h = 2) holes show a continued
increase. This suggests that the corresponding orbitals provide
a larger effective interaction region with the impurity. For the
larger shift, x; = 2.0¢p, the trend changes: Here, the core-hole
configuration (h = 0) displays the weakest further increase
of the entropy. This can be attributed to the large spatial
separation between the deeply unoccupied core orbital and
the initially displaced impurity, which reduces their effective
overlap. In this case, the impurity is pushed further outward
and couples only weakly to the bath background. In contrast,
the bulk-hole case (h = 2) still supports a broader interaction
region and consequently yields the strongest entanglement
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growth. Indeed, for both shifts the largest entropy values are
reached in the bulk-hole configuration.

Increasing the impurity mass to m; = 10mg [panel (ay)]
generally reduces the hole-dependent differences in the en-
tropy dynamics. Accordingly, the separation between the
individual curves becomes smaller. Most configurations show
a reduced entanglement growth compared to the lighter-
impurity case, consistent with the slower and more localized
impurity motion. An exception occurs for the edge-hole case
h = 4 at x; = 1£p, where the entropy increases more strongly.
Similarly, for the larger shift x; = 2¢p, the edge-hole behavior
remains comparable to that of the lighter impurity. For the
bulk hole, 7 = 2, the large-shift case remains close to the
results of the reference setup, whereas the smaller-shift case
exhibits a slight increase. The strongest reduction occurs for
the core hole, 1 = 0, where the entropy is clearly suppressed.
Overall, the larger impurity mass reduces the impurity mo-
bility and thus weakens its coupling to the bath, especially for
the more localized core orbital, while the broader higher-lying
orbitals remain more effective in generating entanglement.

A qualitatively opposite tendency is found when the im-
purity confinement is weakened to w; = 0.2wp [panel (a3)].
The weaker trap increases the spatial extent of the impurity
wave packet and enhances its mobility, which in general leads
to stronger entanglement. In particular, for the core-hole case
h =0, the weaker confinement gives rise to a broader and

more mobile impurity cloud. The decisive effect in the present
case, however, is its increased spatial extent, which maintains
a substantial overlap with the hole-prepared bath configura-
tion even for the larger shift x, = 2¢p. In the more strongly
confined cases, this overlap is strongly suppressed. Conse-
quently, the corresponding von Neumann entropy shows a
stronger growth. This shows that the buildup of entanglement
is governed not only by the impurity dynamics, but also cru-
cially by the spatial shape of its wave packet.

The above observations allow for a simple physical
interpretation. Increasing the impurity mass primarily sup-
presses its motion and consequently reduces the buildup
of interspecies entanglement. Conversely, enhanced impurity
mobility tends to favor stronger entanglement growth. At the
same time, the results clearly demonstrate that the spatial
overlap between the impurity and the unoccupied hole state is
the key ingredient controlling the efficiency of the postquench
excitation processes.

Turning to the stronger interaction regime (g = 2/iwp{p),
shown in the lower panels (b;), we observe an overall in-
crease of the entanglement compared to the weaker-coupling
case. At the same time, the qualitative trends established
for the intermediate interaction g = 1hwglp with respect to
impurity mass and trapping frequency remain intact. In partic-
ular, for the larger shift x; = 2¢5, the core-hole configuration
h = 0 consistently exhibits a comparatively reduced entropy
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FIG. 8. Time evolution of the hole-state occupation n,(t) for the three hole initial states 7 = 0, 2, 4. The upper [panels (a;)] and lower
[panels (b;)] rows correspond to g = 1.0iwplp and g = 2.0hiwplp, respectively. Both shift values x; = 1€ and x; = 2¢p are provided. The
index i = 1 labels the reference setup with m; = 5.0mp and w; = 0.5wg, while i =2 and i = 3 correspond to the heavier-impurity case

m; = 10mp and the weaker-trap case w; = 0.2wg, respectively.

growth across all parameter sets. This again reflects the spa-
tial separation between the impurity and the corresponding
hole state: The bath density effectively screens the impu-
rity from the core-hole excitation, thereby suppressing the
corresponding entanglement generation relative to the other
setups.

Although the von Neumann entropy provides a global mea-
sure of the correlation buildup, it does not directly reveal the
fate of the initially prepared vacancy. To address this central
question, we now turn to the occupation n;(¢) of the emptied
bath orbital, which offers the most direct probe of hole persis-
tence and refilling.

D. Hole occupation and the emergence of core-hole excitations

Considering the occupation of the hole state, n,(¢) [Eq.
(17)], this observable provides the most direct summary of the
postquench many-body response, since it condenses the ef-
fects of impurity-induced density redistribution, orthogonality
dynamics, and correlation buildup into the fate of the initially
emptied bath orbital. Therefore, we investigate the behavior
of hole occupation in Fig. 8.

The panels of Fig. 8(a;), with i = 1, 2, 3, show the weaker
interaction regime, g = 1.0%wpflp, while Fig. 8(b;) corre-
spond to the stronger coupling, g = 2.0fiwglp. The first
central observation is that increasing the interaction strength

systematically enhances the refilling of the hole orbital,
demonstrating that the interaction is the dominant driving
mechanism behind the hole-state occupation. This trend is
fully consistent with the stronger orthogonality response and
the enhanced entanglement generation discussed previously
in Fig. 7: Stronger coupling promotes a more substantial re-
arrangement of the bath around the impurity and, thereby, a
more efficient redistribution of population into the initially
vacant mode. However, at the level of the impurity param-
eters, the magnitude of n;(¢) is strongly modulated by the
impurity mass m; and, in particular, the trapping frequency
wy, especially for g = 1hwpflp, which determine the spatial
overlap between impurity and bath and, thus, the efficiency of
the induced transfer process.

In particular, the combination of a core hole, 7 =0,
with the larger displacement, x; =2.0¢p, yields the
smallest occupation overall, indicating that strong geometric
separation suppresses the refill of the emptied orbital even
when the orbital lies in the central, otherwise most relevant
region of the bath. A similarly reduced occupation is found
for the edge hole, h = 4, with a small displacement, again
reflecting that the refill process is highly sensitive to the
detailed spatial arrangement of the impurity hole rather than
to the hole index alone.

In contrast, the bulk-hole configuration (h = 2, x; = 1£p)
shows one of the largest hole occupations, which can be
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observed particularly for the stronger interaction strength,
g = 2.0hwplp. This behavior is consistent with the density
evolution in Figs. 5(ay), 5(cy), where the bath density devel-
ops a pronounced accumulation around the impurity position.
The associated redistribution of bath atoms provides favorable
conditions for population transfer into the initially empty or-
bital and thus efficient hole refilling.

Among impurity configurations, the reference and heavy-
impurity cases [Figs. 8(a;) and 8(ap)] display broadly
comparable dynamics, whereas the weak-confinement case
[Fig. 8(a3)] shows a markedly suppressed hole occupation in
the weak-coupling regime, except for the bulk-hole prepara-
tion (h = 2, x; = 1€p), whose evolution remains comparable
to the reference setup. This observation further demonstrates
that the magnitude of n;,(t) cannot be determined from a single
impurity parameter alone but instead reflects the combined
influence of interaction strength, impurity confinement, and
the relative impurity-hole geometry. Considering the stronger
coupling g = 2.0hwglp, the comparison between weak and
strong interactions [especially Figs. 8(a3), 8(bs)] shows that
interaction effects can partially overcome this geometric dis-
advantage, such that even the weakly trapped impurity induces
a noticeably larger occupation. Conversely, the strongly sup-
pressed configuration (h = 0, x, = 2£p) remains only weakly
populated throughout the considered evolution time, in agree-
ment with the weak modification of the central depleted region
found in Figs. 2(a;), 2(c;), as well as in Figs. 4(a;), 4(c).

The comparison between (x;(¢)) in Fig. 6 and n,(¢) in
Fig. 8 shows that real-space mixing and orbital refilling are
related but distinct aspects of the dynamics. In particular,
inward impurity motion indicates increased spatial overlap
with the bath. Nevertheless, in the present repulsive setting, an
impurity located in the hole region also acts as a local barrier
for bath atoms and can thereby hinder population transfer
into the depleted orbital. Efficient refilling therefore requires
more than global impurity-bath overlap: It depends on how the
impurity-induced bath dynamics couple the occupied orbitals
to the initially unoccupied mode ¢,. This explains why the
configuration (h =0, x; = 1£p), despite showing the clear-
est tendency toward mixing, does not necessarily yield the
largest ny(t).

Beyond the initial growth regime, which extends ap-
proximately up to ¢ >~ 3/wp, several configurations show
a tendency toward transient saturation, observable as a re-
duced slope of ny,(¢), within the considered evolution time.
For the reference setup [Figs. 8(a;), 8(b;)], the decrease of
slope at t >~ 3/wp is followed by nonmonotonic/oscillatory
behavior most clearly observable for & =0, x; = 1£p, and
g =2hwplp but also h=2 and h =4, x, =2¢g for the
same interaction. A similar, and in some cases even more
pronounced, nonmonotonic behavior is observed for the heav-
ier impurity [Figs. 8(az), 8(b;)], whereas for the weaker
impurity confinement [Figs. 8(az), 8(bs)] nonmonotonicity
appears at later times implying a lower frequency of n;(t)
fluctuations. This delayed onset of nonmonotonicity reflects
the slower impurity dynamics associated with the reduced
trapping frequency w;. Therefore, our system exhibits sat-
uration tendencies in the hole occupation and we do not
expect substantial refilling of the hole state beyond ¢ > Swgl.
That said, the apparent saturation dynamics of n;,(t) is con-

figuration dependent and generally oscillatory/nonmonotonic
rather than a smooth relaxation toward a unique stationary
value.

Hence, n;,(¢) unifies the main conclusions of the preceding
analysis: While the interaction strength sets the overall scale
of the many-body response, the impurity mass and confine-
ment geometry decisively shape how efficiently this response
is converted into an actual refill of the hole state.

IV. SUMMARY AND OUTLOOK

Summarizing, our results establish a general physical pic-
ture of hole dynamics in the interacting impurity-bath system.
The density evolution and, in particular, the center-of-mass
motion of the impurity demonstrate that the impurity acts
as a mobile scatterer whose coupling to the fermionic bath
is governed by the interplay of interaction strength, confine-
ment, and the character of the hole, i.e., the initially prepared
bath excitation, leading to a dynamical competition between
mixing and demixing of the bath and impurity species. Go-
ing beyond this single-particle picture, the von Neumann
entropy quantifies the entanglement generated during the evo-
Iution and shows that these processes are accompanied by
pronounced many-body correlations. Finally, this collective
response is manifested in the hole occupation, which directly
tracks the fate of the initially emptied bath orbital and, most
importantly, distinguishes deep core holes from bulk or edge
vacancies by demonstrating their substantially enhanced dy-
namical stability. Hence, core-hole excitations emerge as a
robust dynamical many-body feature, retaining their stability
in a regime where impurity motion, bath rearrangement, en-
tanglement growth, and orthogonality response are all clearly
developed.

Future perspectives arise naturally from the present dynam-
ical core-hole picture. An immediate extension is to address
multiple impurities or spinful baths. The present study as-
sumes a pure zero-temperature particle-hole preparation. In
the finite fixed-Np setting considered here, finite temperature
(T # 0) would require a canonical ensemble average over
thermally populated initial bath configurations, rather than
propagation of a single pure particle-hole state. Each ther-
mally weighted component could, in principle, be propagated
with the same many-body methods, followed by ensemble
averaging of the observables. Such averaging affects impurity-
induced orthogonality dynamics in trapped Fermi systems
[12,14] and level occupations in finite few-fermion traps [45].
Thermal admixtures should affect edge-hole preparations
more strongly, since they involve low-energy rearrangements
close to the highest occupied bath levels, whereas deep core-
hole preparations are expected to remain comparatively robust
for kT < hwg. An explicit finite-temperature propagation is
left for future work.

Moreover, attractive impurity-bath interactions provide a
natural extension. Although orbital selectivity and impurity-
hole geometry should remain relevant, attraction favors
enhanced overlap and possibly bound impurity-bath config-
urations, which may qualitatively modify the refilling and
entanglement dynamics [17,46]. Extensions to higher dimen-
sions and larger bath sizes constitute natural future directions.
Additional spatial degrees of freedom and more fermions
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open further scattering and particle-hole redistribution chan-
nels, potentially modifying refilling timescales and reducing
finite-size effects. At the same time, the orbital selectivity and
impurity-hole geometry identified here should remain relevant
in trapped geometries.

Since the essential ingredients of our protocol, given by
mass imbalance, interaction quenches, and precise preparation
of the initial state, are accessible in ultracold-atom experi-
ments, our results motivate time-resolved measurements of
hole refilling and impurity motion as probes of nonequilib-
rium many-body dressing. In this way, core-hole excitations in
ultracold gases may offer a route toward engineering and ob-
serving robust correlated excitations beyond the conventional
quasiparticle paradigm.
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APPENDIX A: THE ML-X METHOD

At the beginning of Sec. II, we provided a concise overview
of the numerical approaches employed. The purpose of this
Appendix is to dive into the ML-X method. The ML-X ansatz
expresses the total many-body wavefunction, |W(¢)), as a
linear combination of j =1,2,..., D distinct orthonormal
functions for each involved species:

W(1)) = ZAJBJAt)!\Pf;(t))!‘PJ’,(f))

JpJjr=1

(AD)

where W7 () (o0 =B,I) are species wavefunctions and
Aj, j,(t) are time-dependent expansion coefficients. This
decomposition is formally equivalent to a Schmidt decompo-
sition of rank D,

[W(r)) = (A2)

D
> VRO BEO) F0),
k=1

considering the A, (#) (Schmidt weights) as eigenvalues of the
reduced density matrix p{"*)(r) and eigenstates |7 (1)) as
Schmidt modes. Here, the reduced density matrix for species

o is given by

Ns

pl(,N)(xl,...,xNﬂ,x/l,...,x;\,n,t) =/de;’
j=1
o / (ol o
x W* ( bt —xl,...,xNo :xNa,xl,...,xNﬁ,t)
xW(xf:xl,...,x,c\’,a=xNU,xf,...,x,‘(’,6,t), (A3)

with & # o. Here, N, and N; denote the number of atoms
belonging to the respective species o, &. Within the ML-X
framework, the density matrix operator can be expanded

as PNy, Xy, X, XN 1) = (x| P ()]
X, ,xl’\,a ), with the density matrix operator
D
pey =Y [pNO], [T o)y, (A4)

Jojg=1
jg=1

with the matrix elements Z AT DAy () =
[PN)(1)];,.;;  calculated  from the  time- dependent

expansion coefficients [see Eq. (A1)]. Hence, diagonalizing
(PN (1)1}, for jo. ji, =1,..., D yields A (1) and Y (1)).
The key feature of the ML-X method is the multilayered
structure. It arises from the expansion of each species wave-
function [W7 (7)) in terms of time-dependent number states
[7(1))° leading to
(W) =Y BI0)IA@)°. (A5)
where B;.’ﬁ(t) corresponds to time-dependent expansion co-
efficients in the single-species number state basis, |7i(?)).
These number states are built in terms of d° time-dependent
variationally optimized SPFs given by ¢/ (¢),1 = 1,2, ...,d°,
with 77 = (ny, ..., ngo ) corresponding to the number of atoms
in each SPF. In the lowest layer, the SPFs are expanded in a
time-independent DVR basis {|k)} and are defined as

97 (1)) = Z

In this study, we used the points on the DVR grid M = 150
of a harmonic oscillator.

To compute the ground state at the beginning of our anal-
ysis, imaginary-time propagation is performed using 7 = if.
This causes the energy of the state to decay proportionally to
e~ EW=Eo)X "converging to the ground state (Ey) as t — oo.

The ansatz’s Hilbert space truncation is characterized by
the choice of the orbital configuration space, which is repre-
sented by C = (D; d®;d"), where we choose the following set
for our investigation [34]:

(1) d® = 18: bath orbitals to capture the intraspecies bath
correlations,

(2) d' = 12: are found to be enough for convergence of
the impurity species,

(3) D =4d' =12: incorporating all possible Schmidt
modes of interspecies entanglement, for given d’.

This choice is based on an extensive convergence analysis
for our ground state, which has also demonstrated its validity
in the dynamics, as shown by examining the occupation num-
bers of the respective orbitals. The equations of motion are

% Olk). (A6)
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derived using the Dirac-Frenkel variational principle [43,44]

(8\11(t)|ih% — H|¥()) = 0. (A7)

This leads to D? linear differential equations for A, ;(7),
coupled to nonlinear integro-differential equations for B; A0
and C? Tk ).

APPENDIX B: DERIVATION OF
POTENTIAL-ENERGY-SURFACE DIAGNOSTICS
IN SECOND QUANTIZATION

In this Appendix, we provide explicit expressions for the
geometric renormalization term entering the MCBO equa-
tions of motion, together with the second-quantized derivation
of the impurity density matrix and the projector-based diag-
nostics used to analyze potential-energy-surface occupations.

The geometric renormalization term appearing in Eq. (9)
reads

m o,
Vit () = 2—ml< kB( |1 —Pu lI’B (x,)>, (B1)
where
R M
Pu=) 19, 50)) (¥ 500) (B2)
j=1

is the projector onto the truncated M-channel bath subspace.
Physically, the potential renormalization represents how the
motion of the impurity species causes changes in the ki-
netic energy of the bath, as well as subtle adjustments in the
bath-impurity interaction that are not captured solely by the
adiabatic approximation.

The multichannel Born-Oppenheimer ansatz of Eq. (6)
written in the second quantization formalism reads

M
) =3 [ dn w0 ¥] 0l0) @ a0
=1
B3)

Here, W; ;(x;;t) denotes the channel-resolved impurity wave-
function and is the only time-dependent variational quantity
in the ansatz. The states |W;p(x;)) describe the bath for a
fixed impurity position x;. As discussed in Sec. IIC, they
are chosen as eigenstates of the bath Hamiltonian Hy + Hg;,
with x; treated as an external parameter. Finally, the operator
‘i’,T (xy) creates an impurity particle at x; and together with the
corresponding annihilation operator ¥, (x;) obeys the canon-
ical fermionic anticommutation relation {;(x,), li/; ()} =
5()6 1 — )Cz).

1. Impurity one-body density matrix

In this formalism, the one-body density matrix of the im-
purity is defined as

o (a1, x231) = (W] (x) Wy (o) [ (1)), (B4)

which after some straightforward fermionic anticommutation
algebra reads

M

I
oy (1, xo5t) = Z W s )W r (x5 1)
jk=1

X (W p(x1)| Wy p(x2)).

This shows that the one-body density matrix con-

tains contributions from overlaps between bath states

(W p(x1)| W p(x2)), weighted by the corresponding

1m[1;ur1ty amphtudes Notice that the one-body density
(x;3t) = ,0] (x,, xr;t) further simplifies to

(B5)

M
o Cerst) =Y 1 (e )P,
N e’

Jj=1

(BO)
=p},} ()
where we have defined p;ll) (x;;1) as the channel-resolved den-

sity contribution. The overlap between bath states is simplified
because (\IJ]',B(X])l‘-IJk,B(XI» = (Sj,k.

2. Projectors onto Born-Oppenheimer channels

To derive the probability of occupying a certain PEC curve
J, we introduce the projector

P, = f i 195 ) (W (). B7)
where |W;(x;)) are defined as
1)) = B (x)107) ® |W;.5(x1)). (B8)

This projector resolves the many-body state onto the jth
Born-Oppenheimer channel, integrated over all impurity
positions. It is straightforward to verify that these op-
erators satisfy the projector relations 73 Pk =4 kP and
P =1 P; = Iy, where Iy, denotes the identity in the truncated
M-channel subspace. These properties can be straightfor-
wardly proven by noting that (W;(x;)|W(x2)) = 8;x8(x; —
X2), stemming from fermionic anticommutation relations and
(W (x| Wi, (x1)) = 8 [see discussion below Eq. (B6)].
In the next step, we calculate the expectation value of the
projector

(WP, () = / dx; W11

=[x ol (B9)
where we have again used (V;p(x;)|Wi p(x7)) =3d;. The
above expression shows that the probability of occupying a
particular state on the PEC depends solely on the norm of the
impurity wavefunction in the jth channel integrated over all
space. In addition, Eq. (B9) justifies a posteriori the definition
of ,0](.’1,) (x7) as the contribution of the jth PEC to the one-body
density in Eq. (B6), since the integral of this density function
gives the occupation of the corresponding PEC.

More specifically, one may further resolve the jth channel
into eigenstates |¢,, ;) of the impurity motion on that PEC:

Ponj = W ;) (W . (B10)
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FIG. 9. Time evolution of the impurity-bath von Neumann entropy Syn(#) for the core-hole initial state with 2 = 0. Panel (a) corresponds
to the intermediate interaction strength ¢ = 1.0 fiwglp, while panel (b) shows the stronger interaction case g = 2.0 fiwg{p. In each panel, the
ML-X result is compared to MCBO calculations with different numbers of PECs.

The corresponding state in this case is defined as

W, j) = /dxl G ;)P ()I0)) ® W, (1)),  (B11)

where ¢, ;j(x;) is the wavefunction of the impurity state of
which we wish to determine the occupation. The operator

Pm,j obeys all the proper projector properties, provided that
the |¢,, ;) states for varying m form an orthonormal basis; the

particular property 7531 i= Am, ;j only requires that the state is
normalized [ dx; |¢p, j(x,)|2 = 1. By incorporating the above
assumptions, the expectation value of the projector 75,,,, j reads

2
(W) Py | W(1) = ‘fd)q G Dgm,j(xp)| . (B12)

Note that (W; p(x;)| Wi g(x;)) = 8§, was used for this deriva-
tion [see discussion below Eq. (B6)]. Therefore, the occupa-
tion of a given state ¢,, ;j(x;) of the jth PEC in the many-body
state is just the squared overlap of jth PEC component of the
MCBO wavefunction \I/j’-f ;(x7; 1) with the wavefunction of the
target state ¢, ;(x7).

APPENDIX C: CONVERGENCE ANALYSIS

To verify convergence and justify the use of the MCBO
method, we focus on the von Neumann entropy Syn, which
can be accessed straightforwardly within the ML-X approach.
The convergence of the ML-X calculations has already been
established in our previous works [34,35]. Since the present

study addresses quench dynamics and places particular em-
phasis on entanglement, it is essential to demonstrate that the
MCBO method also yields reliable results. In particular, as
we have shown in Refs. [34,35] Syn is a sensitive measure
of convergence of MCBO. In general, entanglement measures
are more sensitive to convergence than one-body densities and
related observables. Therefore, establishing convergence for
the von Neumann entropy provides strong evidence for the
reliability of the remaining quantities discussed in the main
text.

To this end, Fig. 9 compares MCBO results obtained with
M = 50, 100, and 300 PECs to the ML-X reference. In the
main text, we use M = 300, while the ML-X calculations
are performed with the orbital configuration space C = (D =
12, d® =18, d' = 12) (see Appendix A).

For the intermediate interaction strength, g = 1.0 hiwp{p,
already M = 50 PECs capture the qualitative overall behavior
of the von Neumann entropy, see Fig. 9(a). However, the
early-time dynamics after the quench is more demanding and
consequently requires the inclusion of up to M = 300 PECs in
order to achieve agreement with the ML-X reference. For the
stronger interaction strength, g = 2.0 iwglg, convergence be-
comes even more demanding, see Fig. 9(b). However, within
the relevant time interval, the MCBO and ML-X results show
the same qualitative behavior, with only small deviations re-
maining. Therefore, we conclude that the MCBO calculations
are sufficiently converged and that the results presented in the
main text are reliable.
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