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Understanding equilibration and universality after sudden quantum quenches remains a central challenge in
isolated many-body systems. Persistent oscillations and anomalous scaling reported in lattice models appear to
challenge the standard picture based on integrability and quantum-to-classical correspondence. Focusing on the
quantum O(n) model in the large-n limit, we show that these apparent anomalies originate from lattice effects and
an underlying integrable structure. In particular, we map the postquench dynamics onto an integrable Neumann
system and we derive an exact action-angle description valid in the thermodynamic limit. This framework
explains both the convergence of long-time averages to the generalized Gibbs ensemble and the emergence
of persistent oscillations associated with an isolated mode at the upper edge of the phonon spectrum. We further
show that the expected thermal universality class is recovered in the appropriate scaling regime, while the

oscillations disappear in the quantum-field-theory limit.
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I. INTRODUCTION

The approach to equilibrium in isolated quantum systems
is a central problem in modern statistical mechanics [1]. While
thermalization in classical systems is typically attributed to
dynamical chaos [2,3], quantum systems evolve unitarily and
do not admit a direct classical notion of chaos. Nevertheless,
a statistical description of equilibration has been established
through the eigenstate thermalization hypothesis [4—7], whose
broad validity in interacting systems has been extensively
investigated [8—15].

Quantum quenches provide a particularly powerful proto-
col to probe equilibration and universality in isolated many-
body systems [16,17]. Beyond asymptotic thermalization,
quenches often display universal dynamical scaling [18,19]
and universal energy statistics [20,21], reflecting the univer-
sality class of the associated equilibrium critical point via the
quantum-to-classical correspondence [22]. Integrable systems
play a crucial role in this context: Although they do not
thermalize due to the presence of infinitely many conserved
quantities, they can equilibrate through dephasing—often
termed kinematical chaos [23-25]—Ileading to relaxation to-
ward a generalized Gibbs ensemble (GGE) [26-31]. The
kinematical chaos hypothesis has been shown to be violated
in systems with strong long-range interactions [32-34].
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Other reports of persistent oscillations in the long-time
dynamics, referred to as weak ergodicity breaking, have arised
in local lattice systems after quantum quenches [35-42]. In
parallel, scaling behavior apparently incompatible with ther-
mal universality has been observed in the large-n O(n) model
[43,44], while the applicability of the GGE in this setting
has been questioned [45]. These findings would suggest the
emergence of unconventional dynamical universality classes,
intermediate between integrability and thermalization, or gen-
uinely nonthermal critical behavior.

In this work, we show that these seemingly anomalous fea-
tures admit a coherent and unified interpretation once lattice
effects and the full dynamical structure of the theory are prop-
erly accounted for. Focusing on the O(n) symmetric model in
the large-n limit—a paradigmatic and exactly solvable setting
for nonequilibrium field theory [22,46,47]—we demonstrate
that the model is integrable and exhibits weak equilibration
to a GGE—meaning that long-time averages converge to the
GGE predictions—resolving the puzzle raised in Ref. [45].
We further show that the expected thermal universality class
[48] is recovered in the appropriate dynamical scaling regime,
while lattice-induced crossover effects account for the devia-
tions reported in Refs. [43,44].

Most importantly, we uncover an action-angle description
of the postquench dynamics in the thermodynamic limit:
This structure naturally explains both the weak equilibration
to the GGE and the presence of persistent oscillations, the
latter being associated with a resonance at the upper edge
of the phonon spectrum. This mechanism provides a physi-
cally transparent explanation of weak-ergodicity breaking in
lattice systems and clarifies why such oscillations disappear
in the quantum-field-theory limit, offering insights expected
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FIG. 1. (a) Sketch of the quantum O(n) model for r < 0: The
model consists of a chain of locally coupled bosons kept in place by a
quartic potential. (b) Sketch of the large-n limit of the model: In this
regime, the model can be described as a gas of phonons scattering
through the time-dependent, self-consistent mass. (c¢) Sketch of the
quench dynamics: Starting from the ground state, the system is driven
out of equilibrium by a sudden quench of the bare mass r~ — r
(here r < 0).

to remain relevant beyond the specific integrable model con-
sidered.

II. THE O(n) QUANTUM ROTORS

Let us consider a d-dimensional (cubic) lattice with lattice
spacing a and N = (L/a)? sites: For each site j, we intro-
duce an n-component vector variable ®; and its conjugate
momentum ITj, such that [, T15'] = i 8, o8y, with &, &’ =
1, ..., n. The interaction is described by the O(n)-symmetric
quartic nearest-neighbor Hamiltonian

H= Z H2+U<I>2+—Z(<I>—<I>) (1)

where U(®%) =r ®2/2 4+ A(®%)?/(4n), with A > 0 and r
representing the bare mass of the theory [see Fig. 1(a)].
The Hamiltonian (1) represents a lattice discretization of the
usual O(n) bosonic field theory, which is recovered as a — 0,
L = N'"4aq — oo: In particular, for < 0, depending on the
dimensionality, the ground state of the model may undergo
a transition between a massive ({(®) = 0) and a massless
({®@) # 0) phase [49], (-) denoting the quantum expectation
value.

The dynamics of the model for a ground-state quench is
known to become tractable in the limit n — oo, due to two
facts: (1) the ground state of the initial Hamiltonian is homo-
geneous and factorized over the component indices; (2) such
a factorization is maintained at any finite time ¢ [43,45,47],
so that it is possible to replace <I>J.2d>§ — n(cbi)cbs." in the
Heisenberg equations of motion (e.0.m.) coming from Eq. (1).

As a result, in this limit, the system can be naturally de-
scribed in terms of » identical phononic chains, in which each
bosonic field « interacts with each other through a collec-
tive degree of freedom, which plays the role of an effective,
dressed mass [see Fig. 1(b)]. In particular, in terms of the

Fourier-transformed bosons

1 o
Oy = — Y Mo,
R

1 .
[y = — e_‘kdn' 2)
e

([®x, Mk] = i8k k), one has

O =11, Tl =—(m*(t) + w}) Dy 3)

As the evolution of each component is decoupled, the index o
has been dropped. Here, wj = 4a~> Zf)’:l sin?(k,a/2) is the
lattice dispersion relation, while the effective mass is deter-
mined self-consistently by m?(t) = r + A(®?) (see Fig. 1).
In the large-N limit, k will become continuous in the inter-
val [—m /a, 7w /a], and so will a)ﬁ in the interval [0, A], with
A = 4da~>. It is worth noting that m?(¢) need not be positive
at all times, while m?(z) > 0 for any stationary state.

In the ground state, |r)k|gg = 1/2(m +a)k) 172 and the
renormalized mass is given by the self- consmtent relation [47]

mi =r_ +LZ; “

gs
N i+ o}

(see also Appendix C). This allows us to link the quantum
critical properties of the model to the infrared behavior of the
sum in Eq. (4), for mg = 0 in the N — o0 limit. If such sum
converges, then a (negative) critical value rg, of the bare mass
r exists such that mg; — 0 as r — rg. This marks the onset
of Bose-Einstein condensation in the k = 0 mode. The critical
scaling behavior can be characterized by the scaling of the
renormalized mass, mgs ~ (¥ — rgs)“. For d > 3, the system
belongs to the mean-field universality class, with a correlation
length exponent v = 1/2. As the dimension is lowered within
the range 1 < d < 3, the exponent acquires a dimensional de-
pendence, v = 1/(d — 1), reflecting the increasing influence
of fluctuations. In the limit d — 1, the transition disappears
as r — 0 [48].

We will consider the following quench protocol: For ¢ < 0,
we choose r~ > 0 and assume the system to be in the ground
state of the Hamiltonian in Eq. (1) with » = r~; then, at
t =0, the bare mass is quenched to its (possibly negative)
final value r [see Fig. 1(c)]. For ¢t > 0, the evolution of the
system is described by Eq. (3). In turn, these can be simpli-
fied by parametrizing the second-order moments as |n|> =
(L PK), 20(ipk) = (M@ + Hee.), and |p|? = (T} ).
Up to normalization, ng, px can also be seen as the compo-
nents of the expansion of the fields @y, [T in the basis of the
ladder operators ax, a_x (see, e.g., Ref. [45]). Then, the e.o.m.
can be rewritten as
—(m* + wp) k., &)

Mk = Pk, Pk =

with
2 A 2
m =+ Il (6)
k

Let us notice that, as in our protocol, both the e.0o.m. and the
initial condition only depend on wlz(, so that all the ny corre-
sponding to degenerate frequencies are in turn degenerate at
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any 7. The number of nondegenerate modes will be denoted

by N.

III. INTEGRABILITY

We now show that the semiclassical equations of motion
arising in the large-n limit of the quantum O(n) model can
be mapped onto a classical integrable Neumann system. In
particular, the e.o.m. in Eq. (5) describe the motion of the
classical Hamiltonian

2
1 A
1= LSOl D) + o (Thl) - @
k k
As already noticed in Ref. [45], besides H itself, the U(1)
symmetry of the Hamiltonian results in the presence of a
set of N-trivial integrals of motion, namely, £x = J(;pk):
Although these can be classically interpreted as angular mo-
menta, at the quantum level their value is fixed by the energy
of the quasiparticles in the initial state. Thus, the classical
angular momentum cannot vanish but rather has to obey
lx > 1/2 VK, due to the quantum zero-point energy [50].
As the number of (real) degrees of freedom is 2N, these
conserved quantities are not enough to make the dynamics
integrable.

On the other hand, in the context of classical integrable
systems, Hamiltonian (7) belongs to the Neumann class of
integrable models [51-55], whose integrals of motion can be
written in the form of dressed single-mode energies

|77k|Z|’7k/

Z \pE k| + |pPang | — 2R (g pr )R (0 pi)
2 2 ?

Wy, — Wy

(|pk| + (r+wk)|77k| +

®)

where the primed sum symbol denotes the summation
over all the modes nondegenerate with wyg. Notice that
H =) e (see Appendix A for a proof). As shown in
the following sections, this correspondence provides di-
rect access to the thermodynamic limit of the integrable
dynamics. In particular, it allows us to derive the proper-
ties of the generalized Gibbs ensemble and, more impor-
tantly, to construct an explicit action-angle description of
the thermodynamic dynamics, from which we obtain the
exact excitation spectrum. Such an action-angle descrip-
tion of the thermodynamic limit does not appear to have
been previously derived in the literature on the classical
Neumann model.

IV. GENERALIZED GIBBS ENSEMBLE

Since the quasiparticle spectrum wg becomes continuous
in the thermodynamic limit, it is natural to expect the long-
time averages of observables such as m?(¢), |n(¢)|?, and
|p(t)|? to converge to the corresponding expectation values
mége, |nk|§ge, and | Pk|§ge predicted by the GGE. Within the
GGE, these quantities can be related to the conserved charges
ex through the virial relation [px|3,. = (M3, + 0|7k 3ges
whose validity is proven in Appendix B. We will, however,

give here a physical interpretation: If we replace m?(t) with
its (time-independent) GGE expectation value mgge, this rela-
tion corresponds to the virial theorem expected for a gas of

noninteracting harmonic modes (phonons) with frequencies

Vo + mgge By exploiting this virial relation, we can thus

rewrlte €k as

€k | | 1 L A Z |7Ik’|§ge (9)
mége + o e 2N W W — o
where, again, the primed summation occurs over all the non-
degenerate frequency modes. Equation (10) is valid to O(N~")
terms, which are negligible in absence of macroscopic occu-
pation of the finite k modes. By performing the sum of both
sides over K, the skew-symmetric sum in the right-hand side of
Eq. (9) vanishes, so that one finds the self-consistent condition

2
for my,,:

gge =r+4 Z mz (10)

K Mage + oy

in full agreement with the leading-order perturbative result in
Refs. [47,56].

Assuming that nge # 0, it is also possible to gain more
information about the distribution of |7 |ee through the use
of the generating function

(u)_ 1 — LZ |nk|§ge (11)
Peogellt) = 2N - u—a)i.

Indeed, for any u at a finite distance from the spectral band
{w}} (ie., u ¢ [0, A] for large N), one finds, up to O(N~')
corrections,

1
Page (1) = ——Zm2 e (12)
k

gge Wy

which links the moment of the distribution of [7f|ge tO
those of the distribution of €. In particular, as the spectrum
becomes continuous in the thermodynamic limit, it is also
possible to derive a closed expression for the distribution of
|72 |gee (see Appendix B).

V. DYNAMICAL CRITICAL BEHAVIOR

When the sudden quench r_ — r from the ground state
is performed, we expect the long-time averaged value m? =
limyz_, o % fOT m2(t)dt of the renormalized mass to coincide
with its GGE value (10). It can be shown (see Appendix C)
that for a ground-state quench,

|7

r—ro=(mk,—m (1 + v Z m) (13)
gge

where |1} |gs = 1/2(mg, + wi)~'/? are the ground-state ampli-
tudes. It follows that mge. — mys always has the same sign
as r —r_, and, in particular, mgee = mys iff r =7r_ = rgs.
Moreover, we find that the ground-state critical point (r— =
res» Mgs = 0) is also the GGE critical point. By varying the
postquench bare mass r in the region r < r_, a critical point
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FIG. 2. (a) Out-of-equilibrium phase diagram. Blue dots represent the long-time average of the order parameter, ¢ = 1o/+/N (right y
axis), while red squares denote the squared mass, m? (left y axis), as functions of the final bare mass . For r < r;ge, the system exhibits
a finite order parameter (¢ > 0) and a vanishing mass (m> = 0), whereas for r > Tgee the order parameter vanishes (¢ = 0) and the mass
remains finite (m* > 0). The gray dashed line marks the GGE prediction for the dynamical critical point r = Fgee- The numerical results for
the averaged squared mass (red squares) are also in excellent agreement with the GGE prediction (10) (green solid line). The insets display the
scaling behavior of the averaged order parameter (blue dots, left inset) and of the averaged squared mass (red dots, right inset) as functions of

or = |r — r¢, | in a log-log scale near the transition. The extracted critical exponents are consistent with the spherical-model universality class

gge
ind=3:m?~ |8r|>, with v = 1/(d —2) =1, and ¢ ~ |6r|f, with 8 = 1/2. Deviations from the power-law scaling of the squared mass
at very small 8r arise from finite-size effects. The system size is L = 5ax 10?, the lattice spacing is @ = 3, and the initial value of the bare
massisr- =1 > Fgees & = L. (b) Time evolution of the squared mass m?(¢) following a sudden quench from the disordered phase (r_ = 1)
to the ordered phase (r = —10) in d = 3, for different lattice spacings a (curves in different shades). The system size is L = 8a x 10°, with
X = 1. In the field-theory limit (¢ — 0), the dynamics converge to the GGE prediction (green dashed line). For any finite lattice spacing,
m?(t) approaches persistent, undamped oscillations around the GGE prediction. For sufficiently small a, however, the asymptotic oscillation
amplitude becomes extremely small and is barely visible on the scale of the figure. (c) Time evolution of the order parameter ¢(¢) for the
same quench and system parameters as in panel (b). For finite lattice spacing, ¢ (¢) displays fast, undamped oscillations superimposed on the

standard oscillations around the potential minimum in the broken phase. The insets in panels (b) and (c) show the corresponding phase-space

trajectories in (m, 7iz) and (¢, ¢) space, respectively.

reee emerges in the GGE equilibrium, such that the renor-
malized mass mgee in Eq. (10) vanishes as r — rg,.. For

. . .
I < Iy the zero mode 7y condenses, signaling the appear-

ance of a spontaneous magnetization ¢ = 19/+/N. Around
the transition, the system exhibits dynamical scaling behav-
ior, characterized by universal critical exponents mgge ~ (¥ —
Tege)'s Page ~ (Fgge — r)#. From Eq. (10), we find that no
symmetry-broken phase exists for dimensions d < 2, while
v=1/(d —2) for 2 < d < 4, which reaches the mean-field
value v = 1/2 for d > 4. The scaling exponent of the or-
der parameter remains dimension independent, with 8 = 1/2
[48,57].

Figure 2(a) presents the dynamical phase diagram of the
model ind = 3 for initial states with r~ > rg.. The solid green

line shows the renormalized squared mass mége, obtained by
solving Eq. (10) as a function of the postquench bare mass r.
The critical point g, is identified by the condition mége =0.
The empty squares represent numerical results from time evo-
lution, where the long-time average of the squared mass is
computed. These values collapse onto the GGE prediction,
supporting the validity of the kinematical chaos hypothesis,
which asserts that long-time averaged dynamics are governed
by statistical ensembles.

The insets in Fig. 2(a) examine the scaling behavior of
both the order parameter and the GGE mass. In the vicinity of
the critical point, where |r — rg,.| < 1, the scaling exponents
match those of the thermal universality class, consistent with

the dynamical quantum-to-classical correspondence [22]. For
deeper quenches, a crossover to trivial scaling exponents
v=1/2 and B = 1/4 emerges, identified in Refs. [43,44].
This crossover can be attributed to the shrinking of the critical
scaling window, which is bounded by the condition mge. <
3mgsa’ /(87?) and becomes narrower for small values of a
(see Appendix C for the details).

VI. WEAK-ERGODICITY BREAKING

Although the time-averaged squared mass m? matches the
GGE prediction, the full postquench dynamics from the dis-
ordered to the ordered phase depends on the lattice spacing
a. For any finite a, m(t) exhibits persistent, undamped os-
cillations around the GGE value, signaling weak-ergodicity
breaking. As shown in Fig. 2(b), these oscillations become
asymptotically periodic, with their amplitude vanishing as
a — 0. This behavior stems from a resonance at the edge of
the quasiparticle spectrum and persists even in the thermo-
dynamic limit (N — o0), challenging the expectations of the
kinematical chaos hypothesis.

This resonance phenomenon is better understood in terms
of Jacobi quasiparticles. The Jacobi coordinates are a set of
separable coordinates [52] for the Hamiltonian (7), defined as
the zeros of the generating function

A me|*
puy=1--3"———,

14
2N — U — (14
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FIG. 3. (a) Jacobi quasiparticle picture: Each microscopic degree
of freedom oscillates between the turning points uli of the poten-
tial V() for u > 0. The negative zero u = —u of V(1) physically
represents the effective GGE mass mgge. As uf are bounded by
the bare frequencies w7, as the spectrum becomes continuous for
N — o0, the first N — 1 Jacobi quasiparticles acquire a well-defined
energy, while the oscillation of the A'th quasiparticle beyond the
edge of the spectral band has a finite support, leading to the emer-
gence of a Higgs mode with persistent oscillations. (b) The set of
action variables {J;, £;} that constrain the dynamics on invariant tori
(see inset) can be computed from the complex plane singularities
of f(u) = /(u+ w)V(u), as integrals around its branch cuts and
residues at the poles {w,} respectively. In the QFT limit (a — 0),
this allows the direct computation of the spectrum of the model and
a proof of the equilibration to the GGE predictions.

analogous to that introduced in Eq. (11) for the GGE. Their
peculiarity lies in the fact that u;, together with the associated
momenta P;, form a set of separable coordinates of H, as
their motion is constrained to the zero-energy subspace of
the effective Hamiltonian H; = A*P?/N? + V(1) = 0. Here,
V(1) is the potential

V(u)—u—i—r——z

4N2 Z

PRl

(see Appendix D for a derivation of these properties). Since
the motion is confined to the region where V(#) < 0 and
u > 0, the positive zeros of V (u) deﬁne the turning points
of each coordinate u;, denoted as ul The quantum condi-
tion £, > 1/2 ensures that these coordinates remam bounded.
For 1 £ N — 1, the turning pomts satisfy ")1 <u < u;r <
a)l e while the final pair u v_1 lies beyond the band edge
and is only bounded from below by the ultraviolet cutoff
a)/z\Ll = A, as shown in Fig. 3(a). The potential also has a
negative zero at u = —p < 0. In the thermodynamic limit
(N — 00), the spectrum becomes continuous: |w; — w;4+1| &
l/(,o(a),z)N) and the quasiparticles u; for [ =0,..., N —2
localize around well-defined energies. However, the behavior
of the final quasiparticle ux/—; depends on whether the limit
is taken at finite or vanishing lattice spacing. In either of
these limits, we can thus derive an integral expression for
the potential V (u). In particular, for u ¢ [0, A] (i.e., far from
the spectral band) one has that V(1) approaches the regular

Hilbert transform

A / / /
vmg(u)zwrr—x/ d”L)f(”), (16)
0 u—u
where p(u') is the density of states of the phononic modes
in the interval u’ € [0, A]. On the other hand, for w, < u <
wer1 We have to take into account the singular structure
of the potential. It is thus convenient to parametrize u; =
a)l2 + 91/(np(w§)N), with 6; € [0, 7]. In the new variable 6,,
V (u;) = V;(0) takes the (local) universal form

(7 p(w}) 1)’
45in% 0

AT O (a)lz) €

tan 6
(see Appendix E for a proof).

The Jacobi particle formalism allows us to derive explicit
expressions for the excitation spectrum {2k} in the thermody-
namic limit. Indeed, the spectrum of the model can be linked
to the fundamental frequencies of the classical Hamiltonian
H. In turn, this can be obtained by expressing H in terms of
the action variables

d N uf
J :fz—”’P,(ul) =— / duy/=V (). (18)

lll

Vi(0) = reg(wzz)

a7

as ; = dH/dJ;. In the next section, we will discuss the re-
sult both in the quantum-field-theoretical (QFT) limit (@ — 0,
Na® — o0) and on the lattice (N — 00, a = const).

A. Spectrum in the QFT limit

In the limit where the lattice spacing vanishes (a — 0),
the excitation spectrum {2} takes a strikingly simple form,

namely,
Q= /m, + o, (19)
where m2,, is fixed by €y through Eq. (10). Before examining

the formal proof of Eq. (19), let us notice that the expression
has a straightforward interpretation: The model can be seen
as a relativistic gas of free bosons in which the mass mg
is not an external parameter, but rather it is fixed by the
initial conditions. Therefore, the QFT regime adheres strictly
to the kinematical chaos hypothesis [23], which posits strong
equilibration to the GGE.

Although the technical details will be given in Appendix F,
let us now examine briefly the origin of Eq. (19). The main
idea behind the argument is that in the QFT regime one can
avoid dealing with the explicit expressions (16) and (17) of
the potential V (u) in the thermodynamic limit. Rather, one
can exploit the relatively simple analytic structure for finite N
and take the N — oo limit only at the end.

To this aim, we introduce the auxiliary function f(u) =

N (u+ m2,)V (1) and study its s1ngu1ar1tles on the complex

gge
plane. Let us notice that for large N, V (— m&ge) = 0 as the last

term in Eq. (15) is O(N~') Vu ¢ [0, A]. As a consequence,
this choice ensures that f(«) is analytic for $iz < 0 half plane.
On the other hand, the residues at the poles located at u = wlz
are linked to ¢;, while contour integrals around the branch cuts
of f(u) can be directly related to the classical action variables
(18), by exploiting the fact that the support of each integral
becomes of O(N~!). Finally, the residue of f(u) at u = oo

043026-5
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can be linked to the Hamiltonian H = Zk €k, thus allowing
us to express the Hamiltonian in terms of the action variable.
The schematic idea of the procedure is illustrated in Fig. 3(b).

B. Spectrum on the lattice

Also for finite @, the phonon dispersion wlz becomes con-
tinuous in the thermodynamic limit. Then, the width of each
oscillation, ul+ —u;, forl=0,..., N —2, scales as O(N~1).
However, the final mode ux_; lies beyond the band edge A
and retains a finite support, resulting in an isolated frequency
that persists in the continuum limit N — oo, thus hindering
the idea behind the complex-analysis argument exposed be-
fore.

As a consequence, the final expression of {€2;} and its
derivation become much more cumbersome and will be left
entirely to Appendix G. Luckily, we can also provide here a
transparent physical interpretation of our result: The isolated
mode corresponding to uar—; is indeed responsible for long-
lived oscillations in the system, as its characteristic frequency
Qpn—1 = 0H/dJn -1, remains isolated in the thermodynamic
limit, thus surviving the dephasing process. As explicitly
demonstrated in Ref. [58], similar synchronization phenom-
ena arise due to singularities in the quasiparticle spectrum
and are, therefore, absent when the momentum space integrals
are smoothly regularized e.g. with a Gaussian or exponential
regularization [59,60].

As m?(¢) is thus periodic at large times, it acts as a Floquet
driving in the equations of motion (5): The continuous part of
the spectrum ({€;} =0, ..., N/ — 2) can thus be seen as the
Floquet spectrum arising from this driving.

VII. CONCLUSIONS

In this work, we identify a general dynamical mech-
anism underlying weak-ergodicity breaking after quantum
quenches: a resonance at the upper edge of the quasipar-
ticle band. Using the large-n limit of the O(n)-symmetric
model as a paradigmatic and exactly solvable setting, we show
that persistent oscillations are a high-energy, lattice-induced
phenomenon, which vanish as the lattice spacing a—or equiv-
alently, the ultraviolet cutoff A—is removed. The relevance of
this mechanism to ergodicity breaking observed in numerical
simulations [35,37,40] can be tested by analyzing how the
amplitude and frequency of oscillations depend on the lattice
spacing.

Within the same framework, we provide an explicit demon-
stration of GGE thermalization in this model, resolving the
puzzle posed in Ref. [45]. In the quantum-field-theory limit
(N, A — 00), the relevant observables equilibrate to the GGE
in a strong sense, while for finite lattice spacing they display
persistent oscillations around the GGE averages [Figs. 2(b)
and 2(c)]. We further identify the dynamical critical scaling
regime and show that it belongs to the thermal universality
class, in agreement with the quantum-to-classical correspon-
dence [22].

An important open question concerns the fate of persistent
oscillations beyond the integrable limit. While perturbative
approaches suggest undamped oscillations even at long times
[61-63], other studies predict a finite damping that increases

with quench strength [64]. In our case, oscillations are pro-
tected by integrability, but incorporating 1/n corrections is
expected to clarify their stability and may enable the explo-
ration of more general dynamical critical phenomena, such as
symmetry rebreaking recently observed in ¢* theories [65].
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APPENDIX A: INTEGRALS OF MOTION

We will now show that the quantities €, defined in Eq. (8)
are actually integrals of motion for the Hamiltonian evolution
(5). First, it is convenient to rewrite €y as

1 U« —0Ox\(Prx
= —(pt, nt , Al
“k 2(1)k nk) (_Qk Tx Nk (AD)
where
o mwel?
Ug=1+ — >
‘ - 2N Z wp — wy
Tomrtap 4oyl Z|nk|
2N m a)k/—a)k 2N
A 'R p)
Q=50 55 (A2)

2N o O — W

The evolution of Uy, Qk, Tk is described by a similar set of
closed ordinary differential equations, namely,

Ux = 20k,

. Ay
T = =2(m” + ) Ok + S Rrpo.

Ak
Ok =Tk — (m* + wp) Uk + ——

|2
2N

(A3)

vk being the degeneracy of the mode wy, so that

)»Vk
an

— i )( )_0 (A4)
2R (g px)

*

el by

€k =
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APPENDIX B: GGE ENSEMBLE

In this Appendix, we will analyze the properties of the
GGE equilibrium ensemble, namely,

P(p,n) = Z ¢~ i Brexp ot (p, fl)

(B1)
where the Lagrange multipliers i, wy are fixed by the values
of the integrals of motion. In the following, we will use the
notation A(p, 1)gge to represent the average of the function
A(p, n) over the probability distribution (B1).

1. Virial relation

We will now show that the virial condition | plz(lgge =

m2,, + wﬁ)mﬁlgge actually holds. We start by rescaling the

gge

momenta by a factor px =,/ + a)lz( Pk for some u > 0. We
find that

(P ) =/ 1 + o} S0 )

1
ex(p,m) = (M + wk)<\1)k} + |'7k| +

Z |Pk/77k| + |pk’7kr — 20 K <)1(771‘; Pk’)s}‘(’?kpk)
A PR

i, (B2)

(] +172))

Ll A
W, .+
2\ ¥ 2N £

with oy v = x/(u —i—a)ﬁ,)/(u —l—a)]z(). For N — oo, the fluc-
tuations of the quantity within brackets in the last line are
suppressed, so that we can replace it with its ensemble av-
erage. By choosing thus

A‘ ~
_r+ﬁ2(|ﬂf«|gge+ [P o) (B3)

we have that the probability measure becomes symmetric
under the exchange nx <> px. As a consequence, | ﬁi,lgge =

2
M| gge and

A
p=rt ; |1 | g = M (B4)

so that, finally, coming back to the original variables, one has
the virial condition | plz(| gge = (mége + a)ﬁ)lnﬂ gge-

Through the use of the virial relation we just proved, we
can straightforwardly obtain Egs. (9) and (10). Indeed, replac-
ing the relation into the definition of the integrals of motion,
we have

A I ge Aa
ek = (Mgget @) ke I+oN Z 2 _ﬁ|nk|gge'

m k Wy
(B5)

In the following, we will assume that mge > 0 so that
|7 |gee = O(1) and the last term can be neglected for N — oo,
so that we obtain Eq. (9).

2. Mode distribution

We want now to derive an expression for |n12(| oge DY invert-
ing Eq. (12). Let us notice that Eq. (12) is defined for any u
far from the spectral band {a)lz(} (i.e., u ¢ [0, A] for large N).
In the N — oo limit, the spectral band becomes a continuum
[0, A] so that the above expression can be written in integral
form as

|- &/’ dEp(E)In (E)lgge

\/ / dE
2
E+m

p(E) being the density of states of the phononic dispersion
i . Finally, by taking the analytic continuation of the equality
above just above the branch cut [0, A] and using the Plemelj
formula, one finds

P(E)e(E)

e P9

MT;O(E) _ dE'  p(E")e(E")
1 Elgge =3 E/+m§geE—E'+i0'
B7)

APPENDIX C: GROUND-STATE QUENCH

For ¢ = 0, the system is in its ground state with 7( = 0) =
r_. In this state, every mode is in the ground state of a two-

dimensional harmonic oscillator of frequency 5212( _= més +

a)lz( més being the value of effective mass over the ground state,

so that

i 1
]y = (@) = ———
2,/ma +
_1 /5 2
|pk|gs I'Ikl'l )= 3 Mg + Wi,
i
MePiles = (PxIl) = X (ChH
and m is determined by the self-consistency condition
m?, =r_+ ! (C2)
gs N - més n a)i
so that the ground-state critical point takes place for r_ = rg,
with
A - (C3)
e = ToN a W .

Let us now consider the quench r_ — r: In this case, we have
fx = 1/2, VK, and

1 r—r
€k = E s+ a)k
4./m + a)k
A ’ 2 st k
e (C4)
8N o O — i ~|— w},
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C
T~ Tgge

10—2_

1073
1073 10 -4 1073

Tgge =T

FIG. 4. Panels (a) and (b) show, respectively, the scaling of the long-time average of the squared mass m> and of the order parameter

@ = 19/+/N as functions of 87 = |r — Fege

| close to the dynamical transition (log-log scale), for different values of the lattice spacing a. The

numerical results for m? obtained from the equations of motion (red squares) are in excellent agreement with the GGE prediction (solid lines).
The system size is L = 5ax 10°, A = 1. The scaling behavior consistent with the spherical-model universality class ind = 3, m? ~ (r — Tgge )2,

¢~ (rgge — r)/2 emerges within the range of numerically accessible §r only for sufficiently large lattice spacings (a > 1). Conversely, for

smaller lattice spacings (a < 1), the numerical data display an effective scaling m? ~

findings in Refs. [43,44].

1. Critical properties for a ground-state quench

The GGE prediction for mgg, given by Eq. (10),

Myge =7+ Zmz (€5

gge + wk

reads for a ground-state quench as

’
. EAM
Mase r+2Nzk: gge+wk
A LA
+r—r) — —g
4N; My + 0

(2 — ) izﬂ

Together with Eq. (C2), which links r_ and mg, Eq. (C6) fixes
the value of mg, in terms of r_ (and thus myg). In particular,
with the help of Eq. (C2), we find [Eq. (13)]

(Co)

|7 g

A
rer= (e m§s>(1 gy m) ©
k gge

From Eq. (13), setting mge. = 0, we find

A 1
e =T g1+ 5 ) ———
Kk a)k /m + a)k
— o Y — (1 + mé“) ()
—_ T - R — _2 .
2N - més"‘wi 2wy

— r)"/* in agreement with previous

(r =S, & ~

As the expression above is surprisingly linear in A, the exact
result coincides with the first-order perturbative expansion
obtained in Refs. [47,56].

By expanding close to the critical point, we have

r— rgge gge2 + O( gge) (C9)

sothat v = (d —2)~! for 2 < d < 4. In particular, for d =3
one can compute the series coefficients within the Debye
approximation, finding

e 3mgeT
gge SA3
where A is the ultraviolet cutoff and y, ~ 1.

This result shows that the GGE critical point coincides
with the thermal one, giving v =1 in d = 3. However, the
critical scaling window in which such exponents can be ob-
served is restricted by the condition mgee < 3mgsa’/(87?),
which becomes increasingly narrow for smaller lattice spac-
ings a. Consequently, as illustrated in Fig. 4, for a small
but finite quench depth 8r = |r — rg,.|, decreasing a induces
a crossover toward the mean-field exponents v = 1/2 and
B = 1/4. This accounts for the numerical scaling behavior
reported in Refs. [43,44].

E gge + ya m2 (C10)

gge’

APPENDIX D: JACOBI COORDINATES

By setting 1y = &ke’™, we have that 6, €y are trivially a
pair of separable canonical coordinates, as 6 is cyclic in H.
We will now prove that the Jacobi coordinates, defined by the
relation

2 _
so(u)-l—iz LR, )
1

2N i Uu— w

form a set of separable coordinates for the Hamiltonian H (7)
(notice that in the last equality we chose to label the nonde-
generate frequencies such that w;y; > ;). By differentiating

043026-8



UNIVERSALITY AND WEAK-ERGODICITY BREAKING IN ...

PHYSICAL REVIEW RESEARCH 8, 043026 (2026)

twice with respect to time and by using Eq. (5) together with
the identity

1 1 1 1
_ _ (D2)
w—u)u—u) w—u \u—uw u—uy

(valid for [ # 1), we find

V()= (u+me* + 3¢ o) — 139)>.  (D3)

From this, we find that, in correspondence of u = u;, one has

V@) + 3(0:9) |uy, = 0. (D4)

To prove the separability, we have now to prove that the
conjugate momentum to u; is P, = N/(2A) 9,¢|u=y,. To see
that, it is convenient to write explicitly & in terms of u;, by
expressing the residues of the poles of ¢(u) in terms of u,
namely,

A @ — up
—N‘fzz = —(6012 - Ml) 1_[ ms (D5)
w,;ﬁwl/ ! r
from which
1 0§ _ 1 1 (D6)
& Juy - 2a)12 —up

We then find that the momentum P, corresponding to u; is
given by

&y 1 & pr N
P = — Dy = — = __a u=uy »
) E le 7 %, pr— 7 0 |u=u,

(D7)

where we used the equation of motion &
variables.
Let us notice that, more explicitly, one has

up —uy
11

— u—a),
ll;é[ l 1

= p; for the original

D8
2)\. uj ( )

APPENDIX E: LOCAL FORM OF V (u)

Here, we derive the expression that the potential V (u) of
Eq. (15)

Vu)=u+

N2 Z _ wk)
(ED)

takes in the thermodynamic limit. As noticed above, far from
the singularities (# ¢ [0, A]), one can replace the sum with
integrals, obtaining

Vreg(u)=u+r—x/ A pUEW) )
0

u—u

p(u) being the density of states of the phonon dispersion 7.

Notice that Vi,(z) is analytic everywhere except the interval
z € [0, A], where it has a branch cut. Moreover, for u € R \
[0, A], we inherit the polynomial structure V (1) < O for u <
—u and Uy <u< ”/J(/fr Let us notice, however, that in
this limit u, | — A.

We want now to prove that for u € [a)]z, wl2 1] in the N —
oo limit the potential is given by Eq. (17), namely,

2
imp(ed)e | (rp(o})t)
Vi(6)) = p.V. Viea(0?) —
16 = pv- Vieg () tan 6, 4sin” 6,

(E3)

where 6, is the rescaled variable

Aw 2

u = + —91, (E4)

with Aa)lz = wlz+l — a)lz and 6; € [0, ]. Notice that this def-

inition coincides with the one of the paper, as one has
(NAw?)™" = p(u) up to higher corrections in N~".

The idea behind the proof of Eq. (E3) is to separate V (u)
in Eq. (E1) into a slowly varying part, which is approximately
constant over the interval (wy, we41), plus a fast part, which
contains the singularities around each ;. The slowly varying
part will be simply given by Vreg(w,%). On the other hand, the
singular part, coming from the poles in the vicinity of u = a)lz,
can be estimated as follows:

1
Vo

In the large-N limit, w; and €; vary slowly with /; on the other
hand, the contribution of the terms with [’ >> [ vanish, so that
one can approximate €, ~ osl,N(wl2 — a)lz,) ~ —NAwlz(l =1).
We have that

Zul—wz

4

€
. (E5
_)ZN(Q)ZZ—COIZ,)+NACU129/JT E3)

2
u, — wy I

2
NAa)2 Z 7 +0/ rr,o(a),)el cotf.

(E6)
Similarly,

N2 Z u; —wl,

~Ta

7 — )+ NAw0/x]>
(E7)

which can be estimated analogously as before [or, equiva-
lently, by deriving both sides of Eq. (E6) with respect to 6,
and replacing ¢; with £;]. One has

NQZ

I u; — wl,)

2

V4
2 2( 2 1
=a°p°(w , E8

(l)sinze E8)

which finally gives Eq. (17).

APPENDIX F: SPECTRUM IN THE QFT LIMIT

We will now present in detail the argument sketched above
to compute the spectrum of the model in the QFT limit. In this
limit, as the spectrum becomes continuous, and u;r —u ~
N~! VI, while the ultraviolet cutoff A ~ a=2 — oo. In this
limit, the explicit form of the potential V (u) in the thermo-
dynamic limit is not needed, as the strategy is to exploit the
finite N singularity structure of V («) in Eq. (E1) and take the
thermodynamic limit only at the end.

In order to find the spectrum of the problem, we have to
express H = ), €k in terms of the action variables J;. As

043026-9
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explained in the body of the paper, we introduce the auxiliary

function
S) =/ (u+ V). (F1)

This has A/ ﬁrst order poles for u = w? and N branch cuts
for u; <u < ”z If we consider the contour at infinity Co
and we deform it on the real axis, we have

$ a0 =Y omivesr@+ Y [ dzr@. @)
Coo 1 1 G

where C; are counterclockwise contours that go around the
q, <u< ‘11 branch cut (see also Fig. 3). It is crucial that, in
the QFT limit, the factor /i + u can be considered constant
along each branch cut. While for [ £ A — 1 this is simply
a consequence of the fact that the spectral gap closes, for
[ = N — 1, the integration interval is located beyond the edge
of the spectrum A and thus unbounded. Yet our assumption
becomes true in the field-theoretical limit in which A — oo:
Indeed, as u/i\h1 = O(A), one has Ju+p=+/A>+pu+
O(A™"). We have

u[*
[ azrr==2 [ 17w
G u;
& —2i,/a),2 —}—/Lf l v =V (u)du
U
2mik 5
= -} + . (F3)

—ﬁﬂz,/w% + . (F4)

On the other hand, since f(z) ~z+ (r + u) — [AH/(2N) +
(1w —r)?/81z7" + O(z7?), one has

N2
7& dz £(z) = —2ni(%7{ + %) (F5)

while

Res,» f(2) =

so that finally we get an expression for 7 in terms of J;, £; and
W, namely,

(nw—r)
H=-N"p Xl:,/w} + 1 +£).  (F6)

We still have to express the zero w in terms of J;. To do so, we
consider the function

V(z)
z+u

8(2) = (F7)
which has the exact branch cut and pole structure of f(z),
but a different behavior at infinity, namely, g(z) =1 —
(1w —r)/2z7" + O(z7?). If we integrate it on the same con-
tour, we get

A 205+ 4
M—V=—E —_—,
N B
VA

which is an implicit equation for . Combining Eqgs. (F6)
and (F8), one has the form of the Hamiltonian H(J;) in

(F8)

terms of the action variables J;, ¢;. Since the Hamilto-
nian depends only on 2J; + ¢;, we have ;, = @, i.e,
a set of doubly degenerate frequencies. The latter are
given by

oH
Q = — = 2
1 3t Vor +u

20+ £

a)lz+,u

on
£
= ,/a)lz+,u. (F9)

Notice that we can interpret u as the asymptotic value of the
(squared) effective mass. On the other hand, by exploiting the
definition of u, (V(—u) = 0), one gets the self-consistency
equation in terms of €;, namely,

0=—pu+r+— ZMM

Unless 1 ~ N, we see that the last term on the right-hand
side is negligible for N — o0, so that one has

A €k
:r+_ - 9
o Nzk:u—i-wk

: _ 2
from which yu = Moo

(F11)

APPENDIX G: LATTICE CASE

If we keep the lattice spacing a (and thus the momentum
cutoff A) finite, we have to resort to the explicit expression for
the potential V (1) in the N — oo limit derived in Appendix E,
i.e., Egs. (E2) and (E3).

In particular, as un—; ¢ [0, A], we have that

JN1=—/ du

[where, as before, b = uT N1 the largest zero of Vi, (u)]. For

reg (u) (GD

1=0,..., N —2,itis convenient to write the integral in 6:
NAw? [
=" [ a0 y=i@)

TZA 0-

= _b + —\S\/pVVreg (@2) + irmp(wf )€
2 7T)\.p( 4 1
4 1

= —— 4+ ———3/ Vi (? + i0), G2
2 7'[)»,0(6012) eg( 1 ) (G2)

where we made use of the definition [Eq. ((E2) of V. In
the continuum, we can again introduce E = a)lz € [0, A] and
J(E) = (J; + £,/2), so that

aAp(u)T () = I/ Vieg(u 4 i0).

By carefully handling the singularity structure of ,/Vies(z),
this expression can be inverted with the use of the
Cauchy-Plemelj formula. In particular, we have that, outside
the interval [0, A ], o/V () has branch cuts foru < — p and

(G3)

043026-10



UNIVERSALITY AND WEAK-ERGODICITY BREAKING IN ...

PHYSICAL REVIEW RESEARCH 8, 043026 (2026)

u € [A, b], while at z = 0o /V(z) ~ /z. We have thus

(z+u)(z A) [b—u p(u)J (u)
V@ = <1+ / Ju+puVA—-—u u—z )

which can alternatively be written by coming back to the discrete formulation as

V(z) =

—b N

N -2
(z+u)(z—A)(1+ y
Z

By expanding both sides around z = oo, and remembering that V (z) = z + r — AH/Nz~' + O(z~?), we find

A
uw—r+b—A=—

and

(GH
_ 3 2
Z 20 + EZ\/ b— ; (G5)
=0 W} =2 (A — o) (1 + @7)

24l | b—o? )

2

NS Jor+ 1 A— o
(211 +41); (G

- ——(A+r)(b A)——(u—r—i—b A)2+Z,/w, + 1

which are the lattice analogs of the relations (F8) and (F6), respectively.
Yet, since on the lattice we still have the free parameter b, we ought to express this in terms of J;. This can be done by

exploiting the last action variable Jar_;:

A
=2 [ [T

Equation (G7), together with conditions (G6) zznd (G8), allows
us to compute directly the isolated frequency 2 = dH /9 —1
and the rest of the spectrum €2;, = dH/9dJ;, ;2 = dH /9L,

APPENDIX H: NUMERICAL METHODS

The numerical results shown in the paper are obtained by
numerically integrating the equations of motion in Eq. (5),
which govern the evolution of the complex variables 7; and
Pk, using a fourth-order Runge-Kutta algorithm with suitably
small time steps.

In order to access larger system sizes in three dimensions
(d = 3), we employ the Debye approximation [67,68], which
consists in replacing the cubic Brillouin zone spanned by k =
(ky, ky, k) with a sphere of radius A. This approximation pre-
serves the low-momentum density of states while significantly
reducing the computational cost. Within this scheme, the
problem is effectively reduced to 2L/a degrees of freedom,

Z(2J+€) b—of /b du
T (A “’z)(“"‘wz) A O —u

(e +u)(A —u)
u—>ab ’

(G8)

(

corresponding to the complex variables 1 and py, labeled by

2
k=022 T (H1)
L L a
which evolve according to
) = @), prt) = —(m* @) + wp)m@),  (H2)

with the squared mass m?(t) computed self-consistently at
each time step through

L k#£0

The order parameter corresponds to the normalized zero
mode, ¢ = /L/any.

The initial conditions are fixed by the ground-state condi-
tions.

d ak\“=V
2(r>—r+“—2<;) k(@ + Ino)*.  (H3)
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